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A deterministic optimal design problem for the heat
equation

Heiko Gimperlein*f Alden Waters?

Abstract

For the heat equation on a bounded subdomain © of R?, we investigate
the optimal shape and location of the observation domain in observability
inequalities. A new decomposition of L?(R?) into heat packets allows us
to remove the randomization procedure and assumptions on the geometry
of © in previous works. The explicit nature of the heat packets gives new
information about the observability constant in the inverse problem.

1 Introduction

This article considers an optimal design problem for the heat equation: What
is the optimal shape and location of a thermometer if we would like to recon-
struct the heat distribution in a domain? We aim to introduce techniques from
microlocal analysis, related to heat packet decompositions, in order to address
a rigorous formulation of this question. The explicit nature of the heat packets
sheds light on certain randomization assumptions and technical hypotheses in
previous works.

Optimal design problems for the placement of sensors have attracted much
interest in analysis and computational mathematics. Recent works include
[3, 5, 6, 8], which consider observability and optimal design problems for wave
and Schrodinger equations. For the heat equation, an observability estimate
goes back to [10], and [12] considers a simplified optimal design problem with
random initial conditions. The dissipativity of the heat equation makes the
reconstruction of high frequencies much less stable, one of the issues addressed
in this article.
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For a precise statement of a model problem, we consider a solution u(t, x)
to the heat equation u; = Awu in a bounded smooth domain Q@ C R?, d > 1,
with homogeneous Dirichlet boundary conditions and arbitrary initial condition
u(0,-) € C(Q), c.f Appendix Theorem 4.1 for well-posedness estimates. Given
T > 0 and a bounded measurable subset w C €2, we denote by Cr(w) the best
constant such that

T
CT(w)/Q|u(T,x)]2 dx S/o /|u(t,x)2 dt dx (1)

when u(0,-) € CX(92). Cr(w) gives an account for the well-posedness of the
inverse problem of reconstructing v from measurements over [0,7] x w. This
problem was first examined in [10], where it was proved that Cr(w) > 0 for
smooth compact Riemannian manifolds, under the conditions that the solution
intersects the observability set w in a nontrivial manner.

This article studies for which subdomains the heat equation is observable,
and whether there are optimal ones. In the paper [9], a parametrix to the
linear Schrodinger equation is built. We build solutions to the heat equation
after their model, but we change the variable it — ¢t. We rescale their original
high frequency data to obtain information about L?(2) data. Thus, a key new
ingredient in our investigation is a decomposition of the initial data
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of u into heat packets following [9]. Here ¢, are constants, £, belongs to a
lattice in R?, and ¢ is a frequency parameter; we specify them later. While
this decomposition is valid in whole space, we may reduce to this case after
approximating the heat kernel on 2. The heat packets replace the propagated
Dirichlet eigenfunctions of €2, but still allow almost explicit calculations.

We exhibit a family of optimal design problems which accurately approxi-
mate the true optimal design problem when the initial data is not high frequency
and the time scale is of the same size as the frequency. We let Cﬁ (w) denote the
constant associated to this approximate optimal design problem. In particular,
we set:

H En: Cn¢n(t’ I) ||%2(w><(O,T))

Ci(w) =
T (W) 1> cndn(T, 96)”%2(9)

(2)

We let 0 < € <« 1 be a small constant; the precise conditions on e will be
specified in terms of a fixed positive constant n with n < 1 and the timescale T'.
The parameter € describes the number, IV, of initial data points &, we need in
our frame-based approximation. The parameter 7 describes the convergence of
the approximate observability constant C# (w) to Cr(w). In particular we show
that € needs to increase with the timescale T', and € may increase monotonously
with 7.



For computational clarity, we assume that ¢» € C2°(), with suppy C
[~1,1]%. Our initial data u(0, ) we say is of the form

w(0,2) = e Fap (‘”f)) ,

with €y a number in (0, %diam(Q)) which is sufficiently small enough for suppu(0, z) C
2. The data is at minimal distance 0 from 9Q with 0 € (\/€p,1). These as-
sumptions on the initial data are required for the decomposition of the initial
data into Gaussians and are only made for compuational simplicity. We search

for an optimal subdomain w in the set

My = {w C Q | w is measurable and of Lebesgue measure |w| = M|Q] } .

It accounts for the fact that we measure the solutions on a subdomain of {2
with a fixed volume.

The classical approach of [12] involves separation of variables using a basis of
eigenfunctions A¥; = —\;¥;. Here one would decompose the solution into this
basis as u(t,r) = > 72, aje” %W (x). If we define b; = aje” 7%, the question
becomes to examine

2
T 00
Cr(w) = inf / / b: Nt (2)| dx dt
=g mi, ) Z (@)

e()‘j“‘)\k)T — 1

where o denotes the spectrum of the matrix. This is a hard spectral problem
since little is known about [ W;(x)¥(x) dz even in the case of the disk: the
restriction of inner products of arbitrary Bessel functions to subsets w C
cannot be computed explicitly.

In order to avoid this problem, Privat, Trelat and Zuazua [12] replace a; by a
sequence of real-valued random variables {7a;};jenvex and thereby introduce
a random field w, (¢, z). The ﬁ}’ are independent identically distributed, of mean
0, variance 1 and fast decay (e.g. Bernoulli). They then study the case of an
averaged observability constant

e()xj-F)\k)T -1

rand s v QU
Cr"(w) =info ()\j W (EBY8y) /w

) e?AjT -1

e2>\jT_1
=inf ——— [ U.(2)® dx .
Il R

From the above we see that removing the randomization hypothesis reduces to
a difficult spectral problem: To determine inner products on the subdomain w
of eigenfunctions for the Dirichlet Laplacian on 2. We instead introduce an

U,(z)Wg(x) dx)



approximate problem, denoted by A which consists of a finite number of inner
products of explicit functions. For the uniqueness results, we must randomize
the initial data. We also assume that wu(¢, ) intersects the observation domain
w at some time ¢y € (0,7") and this intersection is bounded below by mg. We
set my = m0|]w|]6(1)(m77. This criterion is related to [3].

Our main result is:

Theorem 1.1. Let M € (0,1) and T < min{e%“ml(C’S,d|]1,[)(x)||cz+s(9))_1,m154},
s> d/2 an integer, and Q C R?, then

a) Cr(w) 2 CH(w) > 0 for all w € Myy.

b) There ezists a unique w* € Mys such that C?’mnd(w*) > C’;}’m"d(w) for all

w € Myy.

¢) The subset w* is open and semi—analytic. In particular, the Hausdorff mea-
sure of Ow* is 0.

The randomized initial condition required in [12], which also included strong
implicit assumptions on the geometry of €2. In order to study the randomized
problem further, Privat, Trelat and Zuazua require strong assumptions on the
level sets of these eigenfunctions ( (H7) in [12]) and thereby on Q2. Here, we show
that removing randomization amounts to the computation of a finite number
of inner products of explicit functions, for which the assumptions on level sets
can be verified. We show that the problem can be modeled for arbitrary initial
data in L?(£2) by Gaussians, suggesting that a deeper analysis of the heat kernel
could be useful in including the randomized terms for the uniqueness results. In
particular we prove one cannot ignore the non-randomized terms entirely in this
scenario. We provide quantitative upper and lower bounds on their contribution
to the observability constant. The smoothness assumption on 2 is needed for
the uniformity of the estimates in Kac’s principle to hold in Proposition 2.2. A
deeper analysis of the heat kernel could be used to remove this assumption and
will be the subject of future work.

The number of grid points required for the reconstruction of C#(w) in-
creases drastically at high frequencies. Of course, the initial data must be
in H}(Q) for the solution to even exist, so in some sense this phenomenon is
to be expected. The poor convergence for the high frequencies suggests that
the use of monochromatic waves, which is introduced by randomization intro-
duces a significant loss of information in the optimal design problem. In par-
ticular, the randomized observability constant only provides an upper bound
Crand(w) > Cp(w), while we have

Cr(w) > Cﬁ (w).

In essence, we are looking at the worst case scenarios for the behavior of w.
The reason we cannot extend to infinite times, is that the errors in the approx-
imation argument dominate for large times. We also give an example of high
frequency data showing the difficulty of removing the randomization assump-
tion of [12].



It should be noted that [12] is the first paper to construct an optimal observ-
ability domain w in any sense, and we rely on their ideas extensively. It is an
earlier result of [10] that Cr(w) > 0 for compact connected smooth manifolds.

The heat packets lead to a numerical approximation scheme, where one
determines a subset wy € Mjs with the best constant in (1) among finite
linear combinations of heat packets

u = Z CnPn -

In|<N

A basic problem is the convergence of wy to w* as N — oo in Hausdorff
distance. There are well-known counterexamples due to spillover phenomena
[8] for hyperbolic equations. However, the penalization of high frequencies in
the heat equation allows to prove such a result, similar to [12] for randomized
initial conditions:

Theorem 1.2. a) wy; is uniquely determined, semi-analytic and open.
b) The sequence wy converges to w* as N — oo. In fact, wy = w* for large N.

Section 2 considers the auxiliary problem in the half-space, in which explicit
computations based on the Gaussian heat packets are possible. The model for
C#(w) and the proof of Theorem 1.1 a) is given Section 2. The proofs of The-
orems 1.1 b),c) and 1.2 are established together in Section 3. The construction
of the frame implies that we have precision over N. For us, the results indicate
N increases with an increase in T'.

Notation: For z € C? we write ||z||> = 2Tz for the square of its length and
|z|? = 2Tz for the analytic extension of the absolute value on R

2 Truncation to model problem in upper half plane

We consider our initial data to be a smooth compactly supported function, and
explain how this can be used to obtain information on optimal design problems
for more general Lz(Rd) data later in the paper. For general conditions, the
evolution is approximated by a superposition of heat packets. We start with
the upper half plane as our model and use the Feynman-Kac principle to move
the problem to the bounded domain (2.

We assume diam(€2) > n, and |Q2] = 1. We extend ¥ by 0 to a smooth
function on R% and use the following lemma to decompose the function into
heat packets. For the computation using Kac’s principle it is convenient if the
origin, without loss of generality, has the maximal distance %diam(ﬂ) to Of.

We decompose ¢ as follows:

Lemma 2.1. [Generalization of Lemma 4.14 in [9]] Fiz ¢ € C°(R?) as above
and n € (0,1) and € € (0, 1diam(2)). We define ¢, (z) = ead/21/1(a:/eo). Let

d denote the distance of the center of 1e,(x) to the origin. Then there is a



small 0 < € < 1 depending on n,€y such that the following holds: For o

Veodlog(e™), L = ologlog(e™!) there are coefficients {c"},cza and &, = %
with:
" |$‘2 _
ba@) = ¥ G (s igee)| Salie@leg - ©
nEZd L2(w)

Moreover,

" Sk Crp(oeo L)Y min {1, (€0|§n|)_k}

for all k € N. One may choose ¢ = 0 unless

nGS:{kEZd: )§|§k|§%}‘

1
€0 loglog(e—1
if we include all the vectors them n = 0.

The proof in [9] is for d = 3. We include it here to show that the smallness
condition on € is compatible with later restrictions on e in our paper. The
proof in [9] is for high frequency data only, which we rescaled to obtain our
result, since ¢y is arbitrary. The rescaling affects ¢ and L. This implies the
set of required vectors S becomes wvery large as ¢g — 0. The integer k reflects
the regularity of 1, and it is possible to bound k£ by d provided € is small,
and still produce an ¢? sequence ¢,. The construction of the #? bound requires
€0 < 0 < 1, but it should still be possible to construct an £? sequence as long
as 6 > 0.

Proof. We define

2
cn = (2m0) ¢ / Yoo () (2m0?) Y exp <|43;’2 —in - z> dz

[-7L,mL]d

and

2\—d/4 jz? z
dn(z) = (2m0?) ¥ exp (—402 +in - L> .
Note that [[¢n(2)||12(rey = 1. As the Fourier series of a smooth function con-
verges uniformly, we have by Plancherel’s theorem:

Ve (@) = ) cudul2) (4)
nezd
on [—wL,wL]% If € is sufficiently small, suppipe, C [—Z£, ZE]4. The series (4)
gives the result immediately if w C €, which it is. The error comes from the
truncation, which we will prove a bound on using the estimates on the |c,|.
We now prove an upper bound on the coefficients. Let M; be a constant

such that [[¢| ce(qy < Mi. From the definition of ¢, we obtain
Ud/2 g

x|? oe
enl < 72 Inbeo (@) exp () 3oy < 75907



In order to derive the upper bound, we use integration by parts. Let D =
ZMLT'@ - V. We see that DF exp(—in- %) = exp(—in- £). The adjoint of D is given
by D! = —iV - | |2 We therefore obtain the following

ool = (2nL) | [ DFexp (i £ ) e} omo?)V xp (1)
Rd

S / exp (—m%) Ak [ o PPy () (270 Y exp (';;';)] dz

Rd

(1)) S () e ()

(e0o)¥2 (L \*
< M .
~kTpd eo|n| !

The claimed upper bound follows. For the remaining claim we notice that

2
’Ynm—/(ﬁn Qbm )dw—eXp< 2L2‘n_m’2>

Fix N € N. If n < N, we use the upper bound for ¢, to estimate

(oe0)? o’ coN\?
H Z Cn¢n HL2(Rd S LQd Z exp —@’n_m‘z S T ]\4’1 )

In|<N Inl,lm|<N

For n > N, we use the second upper bound for ¢, with & = d to obtain

(oe0)? [ L\** 1 1 o? 9
D abn S\ o 2. n[EmpE P\ 212 [n —m|
[n|=|m|>N

€0
In|>N LQ(Rd)
d d
o 1 L
S| — — <[ — | M.
~ <60> 2 [m|2d ™~ <€0N) !
[n|>|m|>N
We conclude
I Z Cn¢n||i2(Rd) + | Z Cn¢n||%2(]1{d) < (log IOg(E_l))_dMl .
|”\§m InIZ%bglog(e*l)

The assertion follows provided that

(loglog(e )™M, < 1 . (5)



This observation of [9] gives a precise expansion of the initial condition into
Gaussian heat packets

1 T —x0]? .
) = o (T i o a0))

which evolve in R? according to simple analytic formulas and are centered

around a suitable zg. In the decomposition we selected, xg = 0, by our choice

of origin. Here zy denotes the fact that we could have had more that one ),

in our decomposition for u(0,z). We leave xg in to show that it is difficult to

do the Gramian computations when the centers are not suitably separated.
For simplicity we write

G0 (t, ©) = [exp(tARa)Pn 2] (t, 7)

where we have that

o d/2 |z — 2o + 2i&at|? 9 .
Gy (t, ) = (\/W> exp (— 402 +1) —t[&n]” + & - (2 — 330)) .

We let
KR (t,,y) = (4mt) =2 exp(—|z — y|?/4t)

denote the heat kernel in R? and k% the corresponding heat kernel in . We
take Kac’s principle, Proposition 6.3.1 in [2], to approximate the evolution of
the heat packets in the upper half plane. Kac’s principle states:

Proposition 2.2. Assume that Q C R? is smooth, and let x € Q be fized. For
every y € Q) we let

It follows that

, (47t)"% exp(—d(y, T)2/4t) if < to(y),
0 < kR (t,a:,y) - kﬂ(t7$7y) <

(dmto(y) "2 exp(—d/2) if > to(y).
(6)

A short computation using Kac’s principle shows that:

Lemma 2.3. We have for 0 <t < nod*, and %]l coy < Mo,

| exp(tAn) e, () — exp(tAga) Ve, (%)l c(0,17x0) < % M,

whenever ¢y < 6% < 1.



Proof. We would like an estimate on

sup| [ (K% (t, 2, y) — ka(t, 2, y))te (y) dy | - (7)

t,x
R4

We divide 2 into a region I, defined by d(y,9Q) > t1/4) and its complement,
region II. Using Kac’s principle we can bound (7) from above by

sup [ (amt) 2exp (- WQ)) o 1) dy

t.x

o\ /2
o / (2d> (d(y. 092))~ exp(—d/2)]beo (v)| dy

We introduce coordinates near the boundary 9 with y; = d(y,9) and ¢ =

(y2,...,yq). For the integral in region I, we have after change of variables
diam(Q)/eo ( )
d exp 1 1/
amt) 2 exp (24D futon. /) ' i < e
it

t1/4/€0 y’/€0
In region II the integral can be estimated by

£1/4

om\ ~4?
- —d/2)y; ¢ Yeo (Y1, N dy' d
/ <d> exp(—d/2)y; /y/’ (y1,9")| dy’ dyr

t1/4/60

% 27 ek —d / /
=& (4 exp(—d/2) Yy // [V(y1,y)| dy’ dys
Yy /€o

d/eo

a —d/2 _
=€ <2W> exp(— d/2>M°E 00 (81 -7

and the integral is empty if t/4 < §. If we impose this condition, then quick
inspection of the second integral gives the desired result. O

Initial data closer to the boundary would result in the construction of
a reflected heat packet, which we leave as an area of improvement in our
analysis. For the construction of the parametrix, we impose the condition
lw[Mono < nllu(to, )| 12y for some to € (0,7T). Because we are dividing by
the measure of the set |w|, for 7y to exist, we impose the condition similar to
[3]:
(o) The support of the solution (¢, x) must intersect the observation set w at
a point xq for at least one time to, and |u(tg, zo)| > mo.

The condition implies 7o < F72n, as m(w)Mono < n|[u(0, )| 12()



Lemma 2.4 (Analogue of Proposition 4.7 in [9]). The evolution near the bound-
ary is given by

exp(tAq)te, (z ch¢n 2 (tyx) +o(t,x)

where

[v(t, @) lcoo,r):22(w)) < MWeo () L2(w) -

Proof. This estimate requires two steps. For the first step we have:
n
lexp(tAga)ve, — exp(tA)Yellr2w) < 5l1¥e (@)l 2(w)

by Kac’s principle and (e). For the second step by inequality (3) and the
parabolic maximal principle

eXp(tARd)¢50 - Z Cn¢n,zo (t, x)

L2(w)

exp(tAga) (d’eo - Z Crn®n,zo (l‘)>

n

L2 (w)
| exp(tAra) | 22(w) = 22 10 — Y Endrao (@)l 22

IA

IN

n
Ty ()12
c.f. [7], Theorem 1.3.3. O

In particular, we notice that away from this regime we can approximate
the evolution of the heat packets by the evolution in R%. This approximation
simplifies the analysis considerably, so we choose to focus on this regime as our
model case.

The key ingredient will be precise estimates for the inner products of heat
packets on RY, which follow from the explicit Gaussian shape of ¢y, z,. Analo-
gously to [12], we consider the Gramian matrix G corresponding to the evolved
heat packets:

T
G (0, 0,0) = / / Do (b ) By (1 7).
0 w

Inspired by techniques used for Gaussian frames in [16], we would like to show
that the largest contribution to the observability constant comes from the di-
agonal terms, and that the largest contributions are due to low—frequency heat
packets. In [12] a randomization assumption was required to remove the off-
diagonal terms.

To simplify the notation, set

A(t,n) = exp (-

We define B(zg,Vo? +t) as
B(xo, Vo2 +1t) = {z: |z —xo| < 2(t+%)/?} . (8)

2t0°|¢,|?
o224+t )

10



Proposition 2.5. Let ¢ < 1 and T = e10%. We assume € in Lemma 2.1 is

small enough such that Q C [—o?,0%%. We let Cy be a fized constant depending
on the dimension only. We have the following estimates:

a) Lower bound for the diagonal terms:

" lw N B(xo, Vo2 + 1)

Blzo o 17 A(t,n) dt . (9)

Grn(0, 20, ) > 0d<exp<—1>>0d/o

b) Upper bound for the diagonal terms:

Tw xo, Vo
Grn(xo, T0,w) < Cyo?(1 —l—erfc(l))(erf(l))_l/o | |;fEi ?}Tj_i_)fﬂfl(t,n) dt
(10)

c) An upper bound for the off-diagonal terms:

cw/T o’ d/zAl/Q(tn)Alﬂ(tm)ex (—W)dt (11)
a9l o\t ’ TSP T Y 1)

d) An equality for the off-diagonal terms when |n|,|m| < L, 0® +t < 1, w is
radially symmetric with suppw C [—R, R]%:

|G (0, 20, w)| (12)

T/ 52 \%? 4
:Cd|w|erfR/0 (UQH) <1+(0(1)(J2+t))2>(A1/2(t,n)A1/2(t,m))dt.

Proof. The estimates follow from the explicit formula:

/ ' / G (b, )P g (8, ) d dt = (13)

/ /Rdex ( 022—|—t)+ix’<(€n—€m)020_2‘_t>>e}<p( (& +&) ta+t> da dt

In a) we integrate the Gaussian over the intersection of w over the standard—
deviation part of the integrand around xg. We recall the following definitions
of the error and complementary error functions:

b
=l exp(—z?)dz = er
\F/exp %) dx = erfe(b) | ﬁo/ p(—z*)d f(b).

The error function has the following asymptotic behavior [1]:

1
fc(b) ~ Vb >0 14
o C( ) (1 +a; + a2b2 + a3b3 + a4b4)4 - ( )

with a1 = 0.278393, az = 0.230389, ag = 0.000972, a4 = 0.078108.

11



For part a), we start by integrating
Gnn (JZ(), Zo, Rd)

in z, and notice that

}/ \/E> ~ erf(1) .

Then we may replace the limits of integration in the inner product over R?
to those of the ball B(xg, Vo? +t), with small error as dictated by (14). The
desired result follows by a change of variables in x and using

i%f exp(—x?) = exp(—1);

here the limit is over the rescaled ball. The result in part b) follows similarly.
For the result in part ¢) we see

T - T o2 \ %2
/]Rd ¢n,m0(t7m)¢m,yo<t7x) dx dt’ < /0 (02 +t> X

t2(|£n|2 + |£m’2) (l‘o - y0)2 2
XeXP( o2+t _8(0'2+t) — K —&n)” — ...
— t(|&al? + l&ml?) dt . (15)

We notice that exp(—K (&, — &n)?) is decaying for short times. Unfortunately,
we cannot easily exploit the decay in K. In particular, when integrating with
respect to x in (13), this amounts to an estimate on

/exp(ik - x) exp(—az?) dz (16)

w

for some k, a constants without losing information on the oscillatory part. By
Hardy’s uncertainly principle, c.f. [15] Theorem 1, the only way a Gaussian will
Fourier transform to another Gaussian is if the initial data is Gaussian, and we
are integrating over all of R%. Otherwise, we obtain a larger rate of decay. We
define a smooth cut-off function x,,, which is 1 on the support of w. We see
that

| (Xw> exp(—az?) exp(ikz)) 12 (ra)| <

X172, | exp(—a2?) exp(ika) |72 (ay < Cam(w)a™

with C independent of a and k, while

d

(Z)ieXP <—7T2ak2> = /eXP(—GxQ)exp(ik:x) dz.

Rd

12



Thus, we can bound |G, (20, o, w)| with a loss of exponential decay. It follows
that (15) is bounded by

T o2 d/2 o2
Cam(e) [ ( ) exp(—@;‘;w@ !

o2+t o2+t

> exp ( — 7(% _ y0)2> dt .

4(02 +1)
Recall as a modification of Lemma 3 in [15]:

Lemma 2.6. Suppose |f(z)| < exp(—az?) for all x in {z : |x| < R} and some
a > 0. Then f(&) is smooth and one has the bound for £ € I:

2ov  Cq|RlerfR o @
o) = “BEE (14 o) £ (17)

for any interval I, such that |I] < 1.

Proof. The Fourier transform has the Taylor series expansion

R £2

F(€) = £(0) + €0 f(0) + 502 £(0) + O(I& ) - (18)
We can then calculate
e F(€)leo = / (2miz) exp(—aa?) da. (19)
|z|<R
O

Our function which is the integrand in (13) satisfies the criterion of Lemma
2.6 in 1d. We apply the Lemma which generalizes easily to R%. It follows from
the equality (12) the off-diagonal terms contribute substantially to the matrix
norm of a Gramian if 02 < 1 and |n|,|m| < L. Examining the leading order
term part of the contribution in (12), and the upper bound in c) we see

erf Rinf((A~"/2(t,n) AY2(t, m))l|6n (£, 2) 3 0.7y ey <

T 2\ 4/2
o 120 o VAY2 (¢ m
Cd/o ( > (A2 (t,n)AY=(t,m)) dt <

o2+t
Slip((A_l/2 (t, n)A1/2 (t, m)))[|n,a0 (¢, 2) Hi2((o,T)de)

Both prefactors iIgf((A_l/2(t, n)AY2(t,m))) and sup((A~'/2(t,n)AV2(t,m)))
¢
can contribute substantially when summing over n # m. O

We need the following short time estimate.

Lemma 2.7. Assume that the C** norm of v is bounded by Mo with s > d/2
an integer. Then for all 0 <t < C;%M;lnoeg“ we have

|u(t733) - weo(x)’ < No-

with Cs 4 a constant depending on d and s only.
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Proof. The mean value theorem states that Jtg € (0,1) such that
|u(t, z) — e, (z)] < |Opulto, )|t . (20)
We know by definition d;u = Au, and by Sobolev embedding with s > d/2,
|Aullngy < Codllult, 2)ll sy < Coallu(0, 2) |25+

The last line follows from standard energy estimates (Appendix, Theorem 4.1)
and the finite expansion from Lemma 2.1. Our choice of timescale clearly works
by scaling. O

We conclude from the precise values of the upper and lower bounds in
Proposition 2.5 that:

Corollary 2.8. Let T < e and ¢ sufficiently small. We have the following
bound

2
77f Jo Xo(@)|u(t, z)|*dz dt - I ;C”¢"’10(t’x)HLQ(wx(o,T))
2

fQ [u(T, z)|?dx - ch¢n,xo (T, =T)||%2(Q)
2 fo fQ Xo () |u(t, z)|?dz dt 21)
77 fQ |u(T, z)|*dz ’

with O} (w) < Cr(w), and CiH(w) > 0. The replacement is possible even if we
consider a finite number N of ¢p 4, (t,x) with |n| < N as dictated by Lemma
2.1.

Proof of Theorem 1.1 a) and Corrollary 2.8. . We recall that || ¢n.o, (0, )|/, (RY) =

1. Recall that 7 is the small frame parameter given to us by (3). We make the
natural assumption which we call the bootstrap assumption,

fult, @) = u(0,2)] < no = l[ult, 2) 12y = 20u(0,2) | 1200 -

which is valid for short times and small 7o such that |w|no < nl|u(to, z)|12(w)
for some ty € (0,7). Because we are dividing by the measure of the set |w|,
for no to exist, we must have the criterion (e) hold. The question of validity of
this assumption for arbitrary €g is given by Lemma 2.7, which fails as ¢g — 0
because the timescale shrinks with ;. We also know

u(t, 2) || 2wy < [l exp(tAq)(u(0, ) — ch%,xo(oaw))HL?(w) + |l ch%,zo (t, )| L2 (w)

< (0, @)l 2wy + 1) endbnmo (8, 2| 2

By the bootstrap assumption and the energy estimates in the Appendix, we
have

[u(t, 2) [l 2wy = nllu(0, @)l 2wy 2 nllu(0, )l 2wy = nllult, 2)]l L2(w)-

14



We see also that

| ch(bn,wo(T?x)HLQ(Q) < (T, )| 2 (0) + nllu(0, 2) || L2y < 2[|u(T, )| L2(q)

n

again by the bootstrap assumption and the energy estimates. The desired result
(21) follows. We know from [10] that the left hand side of (21) is nonzero, so
C#(w) is nonzero.

Therefore we have made only the following assumptions on € in terms of the
parameter 7:

0 < (loglog(e 1))~ M; < 1 .

This was used in Lemma 2.1 on the condition (3) precisely dictated by (5). We
also made the short time assumption in Lemma 2.7 and condition (e):

t < Cgmoeg "My, |w|nomo < Mon||u(to, )| 12(.) for some to € (0,7)

and the assumption Q C [~02,02]? for the bounds a,b) in Prop 2.5 to hold.
We notice that the short timescale is only necessary for the bounds on little
w. For longer timescales, the parametrix itself is valid on 2. The timescale
for the parametrix to be valid is largely dictated by Kac’s principle and can be
improved by including reflections at 9f). O

Remark 2.9. For an arbitrary collection of data that there is no interaction,
e.g. Gpn(xo,90) can be not that much different from Gy, (xo, o) unless there
are some strong hypotheses on the separation of xg,yg. Also, the frequency
scales of the relative Gramians change as L and o scale with the respective
distance to the origin. We leave this as an area for improvement in our analysis.

3 Proof of Theorems 1.1 and 1.2

We re-label where it is understood so that we are now studying the randomized
initial field, e.g. ¢, — Bfc,. We drop the subscript zp where it is under-
stood. The estimates on the randomized field are for arbitrary bounded times
T < 02, and we only need the short time assumption for the approximation to
randomized observability constant.

From the previous section, we conclude that our appoximate randomized
obervability constant with heat packets can replace the observability constant
with u, a randomized field as in the Introduction. However, we cannot obtain an
appoximation of the true observability constant because the off diagonal terms
contribute substantially to the matrices required, by Proposition 2.5 ¢,d). In a
deterministic problem, because the heat packets are not orthogonal, one obtains
a generalized eigenvalue problem Gc¢ = AHc¢, which only becomes an honest
eigenvalue problem if one discards that H is not diagonal, i.e. if one neglects
the L%-inner products between different ¢, and assumes they are orthogonal:
Hym = [q (T, )¢ (T, x)dr ~ Cp(T)dpm. All the analysis below is only
possible if Hyp = [o &n(T, )¢ (T, x) dz ~ Cp(T)0pm, whence the need for
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randomization. Without this assumption, one is forced to deal with Gec = AHec,
and an analysis of both G and H is required: The relevant matrix is then G
in the basis eigenvectors of H, and one needs that this is dominated by the
diagonal. In the previous section, we were able to reduce the question to a
finite matrix optimiztation with a lower bound on the observability constant.
One could obtain an poor upper bound in terms of only the diagonal entries,
but this bound is not very sharp.

We need the following proposition to aid in the computations. Let Uy =
{Xw : w € Mys} the set of characteristic functions supported on sets in M.
We study the optimal observability constant as a functional on Uy

fo Jo X (@)|u(t, z)*dz dt
fQ |u(T, z)|?dx ’

Cr(xw) = (22)

where the infimum extends over all solutions u € C*°(2) of the initial-boundary
problem for the heat equation with homogeneous Dirichlet boundary conditions
and initial condition u(0,-) € C°(Q).

To assure existence of minimizers, it will be useful to study a relaxed prob-

lem, in which we extend Cr(x,,) from Uy to its closure in L> with respect to
the weak™* topology,

Uy = {a € L>®(9;]0,1]) : /a(x) dx = M|Q|} .
Q

We set:

Cp(a) = fo Jo a(@)|u(t, z)Pdx dt
TG Jo (T, ) |?dx

(23)

In order to understand the existence and properties of x,, which maximize
Cr, we would like to replace u(0, -) by a superposition ) . ¢, ¢y, of heat packets
as in Lemma 2.1. Then we define Cp(x,,) as the infimum over all admissible
choices of ¢,,.

From the discussion above we focus on the analysis in the upper half plane.
As in [12], we may write this as an eigenvalue problem, i.e. with constraint

D lenl” =
n

However, here the time-dependence is not entirely trivial. From Corollary
2.8a) and b) we may then conclude that Cp(x,) > 0, i.e. part a) of Theorem
1.1. Our proof of Theorem 1.1 and Theorem 1.2 will now follow closely along
the lines of [12]. The basic hypotheses on the spectral decompositions there
can be proven for our heat packets, but we retain the ordering (H;) and (Hs)
from [12]. These seemingly natural hypotheses imply strong assumptions on
the level sets of the eigenfunctions for the Dirichlet Laplacian which are never
actually proved in [12].

The following Lemma will be used to show that minimizers of the relaxed
problem are characteristic functions:
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Lemma 3.1 (Hy). Assume that there exist a subset E C Q with |E| > 0, an
integer N € N*, coefficients a; € Ry, |j| < N and C > 0 such that

Zaj/|¢jtx|2dt

<N
a.e. on . Then C =0 and oj = 0 for all j.

Proof. The functions

d N 2 f|e.]242
st = (= ) o (g ) e (<21 )

extend from R? to holomorphic functions of z on C?. Integrating in t, also
T

> aj [|¢;(t,2)|* dt admits a holomorphic extension and is constant on E.
lil<N 0

Because |E| > 0, E contains an accumulation point in Q, and therefore

T

> o [lojtoPa=c

l7ISN Q%

is constant for all z € C?. We integrate both sides of this identity over z € R?

to conclude that
o2 d/2 20¢ .12
2to” ||
> @ /( ) eXP(‘m a

l7I<N

is infinite, whenever C' > 0, a contradiction. Therefore C' = 0, and therefore
o2 \%? 2)¢ 12
2t i
o /( )" o (221 o,
o
l7I<N

As all summands are nonnegative, and the t—integrals positive, we conclude
a; = 0 for all j. O

Let
-1

/ 16;(e. TP de
Q

In order to assure the existence of a solution, we use the relaxation as defined in
[4]. Because the set Uy, is not weak-* compact, we consider the convex closure
of Ups in the weak-* topology of L>°, which is then

Un = {a € L¥(Q; 01\/ )dz = M|Q|}.
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This relaxation was used in [11, 12]. If we replace x» € Uy with a € Uy, we
define a relaxed formulation of the optimal shape design problem, by

sup J(a),

aeﬁ]\{
where the functional J naturally extends to U as
J(a) = inf d; /a(x)|¢](x)|2 dx.
JEN
Q
We show the following:

Lemma 3.2 (Hs). For all a € Uy one has
liminf/ / x)dp|pn(t, ) > do dt > v (T) . (24)
[n]—o0

Here v1(T) is the “appropriately renormalized,” first—frequency heat packet

foT L, 1o1(t, )| da dt
[o1(T, )2 dz
Q

1(T) =

Proof. Tt suffices to prove the estimate for x,, € Uy, because a is in the weak-*
closure of Uys. The estimate (24) is equivalent to

Jo et Pdrdt ST [ |8alt @) dedt
Jolor(T,2)2de ~ njoo £|¢H(T,x)l2dx

We use the shorthand B; for the ball defined by (8). Let my = |w‘gﬁt| and
Cp = exp(—1)(erf(1)) as in Proposition 2.5 a,b). The left hand side has the

upper bound

T
(sgpmt)OfA(t, 1) dt

CpA(T, 1)

exp(2|&1]°T) — 1
26112

(mi") " Ca < (my) "' CaCp'w]

(25)
and the right hand side has the lower bound

1nfm A(t,n)dt
' f |w| exp(2[én]*T) — exp(3/2|¢.*T)

(m?)_lchB > (m?)_lchB

A(T n) |Br| 3/2|&n?
(26)
where we used the fact
. |w|
supm¥ = |w infm¥ = —
tp t | | t t |Bt|

The right hand side of (26) goes to co as n — oo and the claim is verified. This
computation can also be used to show C':,’i‘ (w) > 0 directly, provided we recall
the denominator in the randomized observability constant is bounded below by
3" |en]? by energy estimates in the Appendix. O
n
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Standard variational arguments assure the existence of a unique relaxed
solution:

Lemma 3.3. The optimal design problem admits a unique solution a* € Ujy.

Proof. As a result of Corollary 2.8 it suffices to examine the minimization prob-
lem for the functional 7 on Uy,

fo Joal ch¢n(t r)|?dx dt
T = e STt T 0P

If we consider the normalization [, > | ¢n¢n (T, z)|*dz = 1, then it follows that
n

we may equivalently consider

T
. 2
mf/o /Qa(a:) gn dp|dn(t,x)|*dx dt .

For a € Uy, the mapping

a+— dy // )| (t, )| dz dt

is linear and continuous in the weak—x topology of L*°. Therefore J is upper
semicontinous as the infimum of continuous linear functionals. Because Uy, is
compact in the weak— topology, the result follows. O

Proof of Theorem 1.1 b), ¢). We now define the truncated functional

Jn(a) = inf d, / / z) | (t, )| dx dt

for all a € Uy; and consider the problem

sup Jy(a) .

U
The above problem has at least one solution ¢ € Uy, by the arguments
that proved Lemma 3.3, because U, is weak— compact and Jy upper semi—
continuous. Using (H;) and (Hz), we are going to show that the solution a” is
actually a characteristic function of a set w'V, a®¥ = x_~ € Uys. Namely, if we

denote

SN = {a = (an)|n|§N : Z Qn = 1} )

In|<N

the Sion minimax theorem implies
T
sup min dn/ / a(x)| o (t, z)|? dz dt
u 0
M

~ max min /Q a(@)on (2) dz

a€ll py €SN

~ min max /Q a(z)on () dz

a€SN a€l pr
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Here we have defined

Zdan/\gbntx]zdt

In|<N
As a result, there exists oV € Sy such that (aN ,aN ) is a saddle point of the
functional. This then implies that ¥ is a solution to the problem

max / a(z)on (z) dz

a€U pr
Q

By (Hp), the functional ¢y cannot be constant on a subset of Q of positive
measure. This implies the existence of AV such that o™ (z) = 1 when @x(z) >
Ay and @’V (x) = 0 otherwise. As Jy is concave, the set of maximizers is
convex. Since every maximizer is a characteristic function, a”¥ € Uy must be
the unique maximizer. We note that ¢y is analytic and therefore wy is open
and semi-analytic. O

Proof of Theorem 1.2. It remains to compare the maximizers a € Uy of Jy
with the maximizer a* € Up; of J from Lemma 3.3. First,

JNo(a*) < '71(T) )
and (Hs2) applied to a* shows that

T
inf d, [ a*(x) [ |¢n(t,z)* dzdt > v (T) (27)
[}

|TL‘>N0

for some Ny € N. From (27) we have that
J(a*) = min{JNO , inf d; / / x)|dn(t a:)|2d:vdt} = Jn,(a") .
‘1’L|>N0

If a™¥o € Uy is the maximizer of Jy,, we show that J(a*) = Jn,(a’*?) as in [12]
Indeed, because a0 maximizes Jy, over Uy, we have that J(a*) = Jy,(a*) <
JIn, (a™N0). We assume

Ine(a®) < Jn, (a™) (28)
and obtain a contradiction: As Jy, is concave, for every ¢ € (0, 1] the assump-
tion (28) implies

Ing (@ + (@™ —a*)) > (1 — t)Jn, (a*) + tIn, (a™°) > T, (a*) = J(a*) .
By the choice of Ny, one concludes that
Ing (@ + (@™ —a*)) = J(a* + t(a™ —a*)) > J(a*) ,
in contradiction to ¢* being a maximizer of J. So indeed, Jy,(a*) = J(a*) =

In, (a™N0), or a* = a0, O

Remark 3.4. Even though we are finding our optimal set over all indices n, we
remark that the truncation of the admissible indices in Lemma 2.1 implies a
bound on N For the case of high frequency data where ¢g — 0, IV increases
enormously.
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4 Appendix: Well-posedness Estimates for the Heat
Equation

We consider the Dirichlet problem as stated in the Introduction:

Oru = Au
u(t7 x)’xeaQ =0 (29)
u(0,z) = g(x)

with g(z) € C¥(Q), such that  is a bounded subdomain of R? with d > 1. We

claim:

Theorem 4.1. Let k € Ny. Problem (29) admits the following well-posedness
estimate:

lwll oo 0,7y 1% (02)) + N0l 20,7541 (0)) < Cllgll ey - (30)

Proof. We multiply (29) by u and integrate over {2 while applying the divergence
theorem. We note that the boundary condition gives us:

Ld
2dt

u?(t,x) dr + / |Du(t,z)|*dz =0 .
Q Q

Integrating this equation with respect to time and using the initial condition
we obtain

t

;/uQ(t,x)dx—i—//\Du(s,x)]2da:ds: ;/92(;,;)@;,
Q Q

Q 0

Taking the supremum over T' gives the desired result for £k = 0. The result for
k > 0 follows by differentiating the heat equation and choosing V*u as a test
function. O
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