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Abstract

The purpose of this paper is to show that it is possible to replace Monod’s

type model of a chemostat by a constraint based model of bacteria at the

genome scale. This new model is an extension of the RBA model of bac-

teria developed in a batch mode to the chemostat. This new model, and

the associated framework, leads to a dramatic improvement in the predic-

tion capacities of the chemostat behaviour. Indeed, for example, the internal

states of the bacteria are now part of the prediction outputs and the chemo-

stat behaviour can now be predicted for any limiting source. Finally, the

first interests of this new predictive method are illustrated on a set of classic

situations where predictions are already close of the well-known biological

observations about chemostat.

This paper is an extended version of [8] that includes a discussion on the

modeling assumptions.

1 Introduction

The chemostat is a specific and popular experimental method introduced in the

field of microbiology in the early 50s in [19, 20, 21]. The chemostat consists

in growing micro-organisms in a culture vessel where a defined fresh medium is

pumped from a reservoir into the culture vessel at a given flow rate (called the

inflow or dilution rate). As the culture liquid is removed at the same flow rate than
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the inflow, the volume of culture remains constant. By providing essential sub-

strates / nutrients in excess at the exception of a limiting one, the chemostat gen-

erally ensures the perpetual regeneration of the micro-organisms at a growth rate

controlled by the limiting nutrient (remember that a part of the micro-organisms

is removed by the outflow). This growth rate is equal to the dilution rate.

Experimental data have validated this general principle and shown that a chemo-

stat inoculated with an unique micro-organism reaches, after a transient phase, a

steady-state regimen where the micro-organism population and all the substrates

concentrations in the culture vessel are constant. This regimen, called a balanced

regimen, is used to study the physiology of micro-organism(s) under stable and

controlled conditions and for a wide range of flow rates and thus of growth rates.

For example, the chemostat is used to investigate if the micro-organism population

uses energy for maintenance (at the growth rate close to 0) and if, more generally,

the biomass production yield with respect to the limiting energy source is constant

or not, see e.g. [17, 23, 22, 29, 24, 30, 34, 26].

The chemostat is also useful for the experimental study of the evolution of liv-

ing organisms, including the evolution and competition between genetic variants

within a population (such an issue is already considered in [21]) or even between

populations of different micro-organism species, see e.g. [28, 16, 33] and also the

textbooks [35, 27]. Finally, the chemostat is widely used in biotechnology as a

mean to continuously produce molecules of interest such as vitamins, see e.g. [4,

6] and more generally [9].

Another specific feature of the development of the chemostat is that it has been

accompanied since its origin by the development of dedicated mathematical mod-

els describing how they work, see [19, 21, 15]. The phenomenological model

developed in [19] is nowadays known as Monod’s model of the chemostat. More

importantly from our point of view, the chemostat has stimulated interactions be-

tween the modeler / mathematical and biological communities, which have led to

significant progress on fundamental issues such as those related to the evolution

and competition between populations of micro-organism species (including issues

related to microbial ecology).

However, the phenomenological nature of Monod-type models implies that some

essential questions are currently beyond any theoretical investigation. In fact, to

consider them, it is clearly necessary to have chemostat models functioning with

extended predictive capabilities. This clearly requires a finer modeling of the

micro-organism and in particular to have internal / infra-scale models of cells,

also called whole cell models in the literature, that would somehow and ideally

predict the behaviour of cell regardless of the composition of the culture medium.
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This last claim is the origin of this work, since our aim is to investigate if and

how the new constraint-based method called Resource Balance Analysis (RBA)

introduced in [12, 13], which performs quantitative predictions of the internal

behavior of cells [14], can be extended to the chemostat.

We first recall that at the center of the RBA method is the concept of resource

allocation between the cellular processes, see [11] for a review. RBA formalizes

the relationships defining the interactions and allocation of resources between the

cellular processes in a balanced regimen as a set of linear constraints. Actually,

RBA predicts, for a given medium defined by a vector of substrate / nutrient con-

centrations, the (possibly empty) convex set of all feasible phenotypes that ensures

either cell viability only (no growth) or growth at a given growth rate. For a given

growth rate, each point of this set (when non empty) corresponds to a bacterial

cell configuration compatible with the chosen growth rate. The bacterial cell con-

figuration is mainly defined by the abundance of each molecular machine present

within the cell, i.e. the enzymes catalyzing the metabolic reactions or the ribo-

somes producing the proteins to cite the two main sets of machines, and by the

activity of all molecular machines, such as the metabolic fluxes associated for the

enzymes or the flow of protein production for the ribosomes.

Like other constrained-based methods, see e.g. [32, 2], the RBA method calls the

resolution of linear programming problems, and from this point of view, fulfills

one of the central issues of the development of predictive methods for internal

models of cells, i.e. the capability to compute predictions efficiently despite the

large model size. The prediction of the cell configuration for a large number of

medium configurations, and thus the prediction of cell regulations such as the

well-known catabolite repression or lesser known ones [31], is then possible.

This article is another investigation on the potentialities of the RBA method which

is now made easier to the community by the software RBApy [3]. Its main ob-

jective is to show that the method, introduced in batch mode in [12, 13] and ex-

perimentally validated in [14], can be extended to the chemostat problem. The

model being presented in Section 2, it is shown in Section 3 that the problem of

determining the balanced regimen of the chemostat can be obtained by solving

by dichotomy (on the population variable) a series of convex optimization prob-

lems, under realistic and mild assumptions on the modeling of transporters. In

order to show the interests of this new method, we compare in Section 4 a first set

of predictions with results available in the biological literature, and show the re-

markable agreement with the known behaviour of bacteria in chemostat. Section

5 concludes the paper.
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Notation. The symbol R, R≥ and R> denote the set of real, non-negative real and

positive real numbers respectively. Rn and R
m×n denote the set of real vectors of

length n and real matrices of size m× n respectively. X⊺ denotes the transpose

of X . For a vector x ∈ R
n, xi denotes its i-th component. Finally, the symbol

∆
=

means “equal by definition”.

2 RBA Model for the bacteria in a chemostat

2.1 The chemostat model

When the chemostat is well-stirred, its dynamical model can be described (see

e.g. [1, 9] for details) by the following system of differential equations:

{

dX(t)/dt = [µ(S(t))−D]X(t)

dSi(t)/dt = D
[

S̄i −Si(t)
]

−X(t)κi(S(t)), i ∈ S
(1)

where1

• X(t)∈R≥ denotes the concentration of the cell population in the chemostat

(gDW/L);

• D ∈ R≥ denotes the dilution rate of the chemostat, more precisely it is the

percentage of the chemostat volume that is replaced per unit of time (h−1);

• S(t) ∈ R
ns
≥ denotes the vector of concentrations of the ns substrates in the

chemostat medium (mmol/L). The set of indices of substrates is denoted by

S : S
∆
= {1, . . . ,ns};

• S̄ ∈ R
ns
≥ denotes the vector of concentrations of the ns substrates in the

chemostat inflow (mmol/L);

and where

• µ is a function defined from R
ns
≥ into R≥ which provides the value of the

growth rate (in h−1) of the population for a given vector of substrate con-

centrations S;

1The units are: gDW for gram of cell dry weight, L for liter, h for hour and mmol for millimole.
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• κ is a function defined form R
ns
≥ into R

ns which provides the vector of ex-

change fluxes per unit of cell population (mmol/gDW/h). By convention,

the i-th component of the vector κ is non-negative when the cell imports the

i-th substrate.

We associate to the chemostat model this first problem.

Problem 1 For given D > 0, X > 0 and vector of inflow concentrations S̄ ∈ R
ns
≥ ,

find if there exists a vector S∗ ∈ R
ns
≥ such that the system of equalities

{

µ(S∗) = D

D(S̄i −S∗i ) = Xκi(S
∗), for all i ∈ S

holds.

2.2 Monod’s type chemostat model

Monod’s chemostat model derived in [19] corresponds to experimental set-ups

where the concentration of one substrate / nutrient is chosen to be limiting and

the other ones are chosen to be largely in excess or are being controlled [25, 4,

5, 6]. That led J. Monod to develop a model where only the limiting substrate is

considered, i.e. to the case ns
∆
= 1.

Furthermore, the experimental data indicates that there exists an empirical rela-

tionship between the growth rate function µ and the uptake function κ when they

are considered as functions of the limiting substrate, i.e.,

µ(S)
∆
=

µmaxS

KS +S
and κ(S)

∆
=

1

YS

µmaxS

KS +S

where µmax is the maximum specific growth rate, KS is the saturation constant and

YS is a coefficient defined by Monod as an efficiency constant, which is nowadays

referred to the biomass production yield with respect to the limiting resource S.

It is also shown in [19] (see also [15]) that the obtained chemostat model has

an unique stable equilibrium point (X∗,S∗)⊺ when D < µmax (and implicitly also

when D is greater to some minimal value greater than 0) and that this equilibrium

is such that X∗ ∆
= YS(S̄− S∗) and µ(S∗)

∆
= D. The latter relation is well-known

and indicates that, in a balanced regimen, the micro-organism population in the

chemostat has a growth rate equal to the dilution rate.
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Finally, straightforward computations lead to the explicit expressions of the equi-

librium components:

S∗
∆
= KS

D

µmax −D

X∗ ∆
= YS(S̄−S∗) = YS

(

S̄−KS

D

µmax −D

)

.

Monod’s model, represented by the functions µ and κ , is unable to predict the

internal behaviour of a cell, which is one of the objective of this article. The

purpose of the next section is to present a detailed way, namely the RBA method,

to represent this behaviour, allowing a large set of substrates as well as complex

behaviors.

2.3 The RBA model of bacteria in the chemostat context

The problem described below is obtained with the following assumptions: for

each substrate in the medium,

1. it is either imported or exported but not both. The set of imported substrates

is denoted Si while the set of exported ones is denoted Se;

2. there is one transporter in the cell;

3. if it is imported, the transporter efficiency is described by a Michaelis-

Menten function;

4. if it is exported, the transporter efficiency is a constant.

These assumptions are actually realistic as shown by the validation results of Sec-

tion 4 and as argued in the appendices 7.2 and 7.3. The RBA problem can then

be formulated as the following linear programming problem (see Appendix 7.1 or

[3] for a short description and [12, 13, 14] for a detailed description).

Problem 2 For given µ ≥ 0 and S ∈ R
ns
≥ , find E ∈ R

nE
≥ , T ∈ R

nT
≥ , R ≥ 0, C ≥ 0,

η ∈ R
nE and ν ∈ R

nT such that the following constraints hold:

(C1) Mass conservation:

a) µ
(

C
p
EE +C

p
T T +C

p
RR+C

p
CC+C

p
GPG

)

−Spv f = 0,

b) µX̄ c −Scv f = 0,
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c) µ
(

Cr
EE +Cr

T T +Cr
RR+Cr

CC+Cr
GPG

)

+Srv f = 0,

d) Siv f = 0;

(C2) Translation apparatus and chaperon folding capacity:

a) µ
(

CR
EE +CR

T T +CR
RR+CR

CC+CR
GPG

)

≤ kT R,

b) αcµ
(

CR
EE +CR

T T +CR
RR+CR

CC+CR
GPG

)

≤ kCC;

(C3) Cytoplasm (density) and membrane (surface) occupancy:

a) C
D⊺

E E +CD
R R+CD

C C+CD
GPG ≤ DD,

b) C
S⊺
T T +CS

RR+CS
CC+CS

GPG ≤ DS;

(C4) (Internal) enzymatic capacity: −kiEi ≤ ηi ≤ kiEi, for all i ∈ E ;

(C5) Transporters capacity:

a) 0 ≤ νi ≤
ViSi

Ki +Si
Ti, for all i ∈ Si, with Vi > 0 and Ki > 0,

b) 0 ≤−νi ≤ViTi, for all i ∈ Se, with Vi > 0;

where v
⊺

f

∆
=

(

ν⊺,η⊺
)

and where E denotes the set of internal enzymes, that is the

set of enzymes that are not transporters.

The decision variables E, T , R and C are, respectively, the vectors of concentra-

tions of internal enzymes, transporters, ribosome and chaperon (mmol/gDW ); ν

and η are, respectively, transporter and internal fluxes per unit of cell population

(mmol/gDW/h). For the purpose of this paper, we stress that the constraint (C5−a)
is a finer description of the constraint (C4) for the import transporters. Needed for

the proofs, we also notice that all the data in (C3) are by definition non-negative,

meaning more precisely that the entities actually take some place in the cytosol or

the membrane.

For notational convenience, we introduce the variable P⊺ ∆
=

(

T ⊺,E⊺,R,C
)

and

LinRBA[µ](P,v f ) which consists in the constraints from (C1) to (C4) and (C5−b).

Problem 2 then reads: for given µ ≥ 0 and S ∈ R
ns
≥ , find P ∈ R

nE+nT+2
≥ and v f ∈

R
nE+nT such that LinRBA[µ](P,v f ) and (C5−a) hold.
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2.4 A RBA model in a chemostat

We then reformulate Problem 1 in the RBA framework.

Problem 3 For given D > 0, X > 0 and vector of inflow concentrations S̄ ∈ R
ns
≥ ,

find if there exist vectors S∗ ∈ R
ns
≥ , P∗ ∈ R

nE+nT+2
≥ and v∗f ∈ R

nE+nT such that the

following constraints:














D(S̄i −S∗i ) = Xν∗
i , for all i ∈ S

0 ≤ D(S̄i −S∗i )≤ X
ViS

∗
i

Ki +S∗i
T ∗

i , for all i ∈ Si

LinRBA[D](P∗,v∗f )

(2)

hold.

3 Resolution of the chemostat problem

In this section, we prove that Problem 3 is a convex problem. We first prove that

the resolution of Problem 3 can include only the import transporters where S̄i > 0

with i ∈ Si.

Proposition 1 Assume that Problem 3 is feasible and let (S∗,P∗,v∗f ) be a solution

of Problem 3. Then for every i ∈ Si, we have
{

S̄i = 0 ⇒ S∗i = 0

S̄i > 0 ⇒ S∗i ∈ (0, S̄i].

Proof. Let us assume that S̄i
∆
= 0 for an i ∈Si. We have 0 ≤−DS∗i . But since S∗i is

non negative and D > 0, S∗i is necessarily null. The proof of S∗i > 0 is performed

by contradiction: assume S̄i > 0 and S∗i = 0 for some i ∈ Si. It then implies that

0 ≤ DS̄i ≤ 0, i.e. S̄i = 0 since D > 0, which is a contradiction. Finally, S∗i ≤ S̄i

comes from 0 ≤ D(S̄i −S∗i ) together with D > 0.

We can then now present the main result of the paper.

Proposition 2 Problem 3 is a convex feasibility problem.

Proof. By virtue of Proposition 1, only the transporters associated to non-zero S̄i

with i ∈ Si have to be considered. Looking to the remaining constraints, only the

constraints

D(S̄i −Si)≤ X
ViSi

Ki +Si
Ti, for all i ∈ Si such that S̄i > 0
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are potentially non-convex, being the only ones which are nonlinear. Thus if these

constraints are actually convex, the overall problem is convex. The result follows

from the fact that in this case, the decision variable Si associated to an i ∈Si such

that S̄i > 0 belong to (0,+∞) which is a convex set. For every Si ∈ (0,+∞), the

previous constraint can be rewritten as

D

(

S̄iKi

Si
−Si +(S̄i −Ki)

)

−XViTi ≤ 0

which is a convex constraint as the left-hand side function is convex being the sum

of convex functions.

Actually, it is interesting to characterize the set of X values such that Problem 3

remains feasible. To do so, we introduce the following optimization problem.

Problem 4 For a given D > 0 and a vector of inflow concentrations S̄ ∈ R
ns
≥ , the

chemostat with RBA maximization problem is defined by

sup X

X∈R≥,S∗∈R
ns
≥ ,P∗∈R

nE+nT +2
≥ ,v∗

f
∈RnE+nT

such that the constraints (2) hold.

The next result indicates that this problem has a maximum and that this maximum

can be obtained by performing a dichotomy on X .

Proposition 3 Assume that Problem 4 is feasible and let X∗ denote the supremum.

Then the following statement holds:

(i) the supremum of Problem 4 is a maximum;

(ii) for every X such that 0 ≤ X ≤ X∗, Problem 3 is feasible.

Proof. Let us first prove (i). It relies on the extreme value theorem. Since the ob-

jective function is continuous, the result is obtained if the feasible set is compact,

that is bounded and closed. The closedness of the feasible set is proved using the

facts that the intersection of a finite number of closed sets is closed and that a set

defined as the pre-image of a closed set by a continuous function is closed.

The boundedness is proved as follows. Since we have assumed that all entities

actually take some place somewhere, the entities are bounded by the constraint

(C3), that is P is bounded. Thus the fluxes v f are also bounded by the constraints
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(C4) and (C5). For the constraint (C5 − a), we need to notice that S∗i ∈ (0, S̄i],
i ∈ Si, so that the efficiency of the transporter is also bounded. And since S∗i ∈
(0, S̄i], i ∈ Si, these S∗i are bounded; X is also bounded due to the constraints

D(S̄i −S∗i ) = Xν∗
i for all i ∈ Si. Finally, S∗i , i ∈ Se, is also bounded due to same

constraint.

Let us prove (ii). Let us denote (X∗,S∗,P∗,v∗f ) a solution of Problem 4. Let X

be such that 0 ≤ X ≤ X∗. We construct (S,P,v f ) to be a solution of Problem 3.

We set P = P∗, v f = v∗f so that LinRBA[D](P,v f ) holds. Finally we set S such that

D(S̄i−Si) = Xνi, i ∈S . We show that such Si are non-negative. For each i ∈Se,

we have S̄i−Si ≤ 0 since νi ≤ 0, that is Si ≥ S̄i ≥ 0. Since X ≤ X∗, for each i ∈Si,

we have S̄i −Si ≤ S̄i −S∗i , that is Si ≥ S∗i ≥ 0. Finally, since we have

0 ≤
ViS

∗
i

Ki +S∗i
≤

ViSi

Ki +Si
, for all i ∈ Si,

(C5−a) holds since Ti is non-negative, which completes the proof.

4 A first validation of RBA prediction

Since we have already shown in [14] that the predictions made by the RBA method

are consistent with the experimental data when the concentration of substrates in

the culture medium is known, the purpose of this section is to illustrate the poten-

tial of the RBA approach to capture some well established behaviours observed

through biological experiences with chemostats. All illustrations are then made

by adapting to the chemostat problem the RBA model of Bacillus subtilis devel-

oped and calibrated in [14]. Finally, we note that the RBA predictions reported in

the following are those that correspond to the resolution of Problem 4 where the

bacteria population is maximized.

4.1 Chemostat in glucose-limited conditions

We consider the experimental conditions defined in [4] where the limited nutrient

is the glucose. Following [4], we assume that the input concentration of glucose

is 34 mmol/L. Our first question is whether we obtain, when we change the

chemostat dilution rate, the classic characteristic of the growth rate as a function of

the concentration of the limiting substrate. This curve is similar to the one that was

adjusted by Monod to develop his model. In fact, the resulting curve described in

10



Fig. 1 has the expected characteristics, except that a positive offset concentration

in the medium is needed even at a null growth rate. This offset results from the

cell’s use of energy in order to maintain constant certain physiological quantities

such as e.g. the osmotic pressure or the pH of the cytosol. The initial Monod

model was modified to integrate a maintenance cost [23] but its existence was

debated during a long time due to the difficulty of measuring this maintenance.

Fig. 1 is actually a Pirt curve (see also comments on carbon distribution of Fig.

6).

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Glucose concentration in the medium (mmol/L)

0

0.1

0.2
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0.5
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G
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e 
(1

/h
)

Figure 1: “Monod’s curve” in glucose-limited conditions

We have furthermore depicted on Fig. 2 the evolution of the glucose import and

acetate export fluxes as a function of the dilution rate. The increasing nature of the

glucose import and the existence of a switch on the acetate production is consistent

with experimental data presented in [4, 5] even if the predicted switch appears for

a dilution rate between 0.3 and 0.4 h−1 but experimentally between 0.2 and 0.3

h−1 (see Fig. 5D in [4]). This switch highly depends on the respiratory system

whose parameter calibration may lack of precision due to the lack of data on the

membraneous proteins.

More generally, since we have access to the internal states of the bacterial cell, it

is possible to observe on the prediction that the switch for acetate production is

associated to a modification of the TCA cycle enzyme concentrations (see Fig. 3).

This last observation is in accordance with experimental data and with the status
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Figure 2: Import and export fluxes in glucose-limited conditions
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Figure 3: TCA enzymes concentration in glucose-limited conditions
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of the catabolite repression in chemostat (see e.g. [5] and [7]). It is expected
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Figure 4: Glucose and acetate concentration in culture medium in glucose-limited

conditions

that the concentration of the glucose in the culture medium is increasing as a

function of the dilution rate (see Fig. 4). Indeed, since the glucose is the limiting

substrate and since the transporter efficiency is a Michaelis-Menten function, a

higher transporter efficiency is obtained by a higher glucose concentration in the

culture medium. The acetate concentration confirms the computed export rate,

it is low below 0.3 h−1 of dilution rate whereas it is high above 0.4 h−1. It is

surprising however that the acetate concentration decreases above a dilution 0.4

h−1: actually the increase in export does not compensate for the higher dilution

rate.

Fig. 5 displays the cell population. Here again, there is a change in behavior with a

decrease of population between 0.3 and 0.4. This decrease is related to the export

of acetate and the change of the biomass production yield. This change cannot

be predicted by Monod-type models. Indeed, a part of the carbon flux, imported

through the glucose in the cell, is exported via acetate instead of being used for

the biomass or energy production: the yield is necessarily lower when acetate is

produced.

In fact, when the dilution rate changes, the distribution of carbon between biomass,

respiration and overflow dramatically changes as shown in Fig. 6. We stress the

importance of maintenance cost at a low dilution rate in the distribution of car-
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Figure 5: Cell population and carbon yield in glucose-limited conditions

bon. Indeed the energy requirements for cell maintenance lead to an increase in

the proportion of glucose used to produce energy at the expense of biomass when

the dilution rate is decreasing.

4.2 Chemostat in sulfate-limited conditions

As seen in the previous section, the prediction of bacterial cell behavior towards

a limited–carbon source leads to complex behaviors due to the dual role of the

carbon source in growth, i.e. as a precursor of biomass but also as a source of cell

energy. In order to obtain a less complex behavior, it is sufficient to take as limiting

source a substrate that has a role only in the formation of biomass. We consider

that the inflow medium is the same than in the previous section except that the

sulfate is now the limiting nutrient. To this end, its initial and non–limiting con-

centration was reduced from 47 to a limiting concentration around 0.1 mmol/L.

As expected, the behaviour of the bacterial cell as a function of the dilution rate

is much more regular in this case. Fig. 7 shows once again Monod’s curve re-

lated to sulphate–limited conditions. As shown in Fig. 8, the fluxes of glucose

and sulphate are both increasing almost linearly as a function of the dilution rate

of the chemostat. The slight nonlinearity is due to the modification of the bacte-

rial cell composition through the increase in the number of ribosomes needed for

supporting “higher” growth rate.
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4.3 Switch of limiting substrate

These illustrations of the interest of using the RBA approach for the chemostat

are concluded by considering a scenario where the limiting nutrient in the inflow

changes. This experience is classic and consists in changing the inflow composi-

tion at a given dilution rate. The results illustrate that the RBA approach recovers

the behavior of the chemostat for a so–called dual limitation, defined between car-

bon and nitrogen substrates in [10], here between glucose and sulfate (see Fig. 9

and Fig. 10).

5 Conclusion

In this article, we have proposed a new chemostat model by replacing the phe-

nomenological and classic Monod’s model (and the variants) by an RBA type

model. As in the case of the RBA method in batch mode, we have proved in

this article that the chemostat problem is also a convex problem under realistic

assumptions. This implies that the problem which involves a few thousands of

decision variables can be easily handled (as it is the case here, where our RBA

model contains more than one thousand decision variables). Finally, the first tests
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of this new method show surprising matches with experimental observations in

qualitative terms for a wild-type strain; these matches are impossible to obtain

with Monod’ type model because of its intrinsic simplicity. In addition, it has

been demonstrated in [14] that the RBA method also has predictive capabilities

for modified strains so that the proposed model can certainly and advantageously

be used in a biotechnological context.
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[3] A. Bulović et al. “Automated generation of bacterial resource allocation

models”. In: Metabolic Engineering 55 (Sept. 2019), pp. 12–22.

[4] M. Dauner and U. Sauer. “Stoichiometric growth model for riboflavin-

producing Bacillus subtilis”. In: Biotechnology and Bioengineering 76.2

(2001), pp. 132–143.

[5] M. Dauner, T. Storni, and U. Sauer. “Bacillus subtilis Metabolism and En-

ergetics in Carbon-Limited and Excess-Carbon Chemostat Culture”. In:

Journal of Bacteriology 183.24 (2001), pp. 7308–7317.

[6] M. Dauner et al. “Intracellular Carbon Fluxes in Riboflavin-Producing Bacil-

lus subtilis during Growth on Two-Carbon Substrate Mixture”. In: Applied

and Environmental Microbiology 68.4 (2002), pp. 1760–1771.

[7] A. Death and T. Ferenci. “Between feast and famine: endogenous inducer

synthesis in the adaptation of Escherichia coli to growth with limiting car-

bohydrates”. In: Journal of Bacteriology 176.16 (Aug. 1994), pp. 5101–

5107.

18



[8] M. Dinh and V. Fromion. “A RBA model for the chemostat modeling”.

In: IEEE Conference on Decision and Control (Dec. 2019). Accepted for

publication.

[9] D. Dochain. Bioprocess Control. John Wiley & Sons, Inc., 2008.

[10] T. Egli. “On multiple-nutrient-limited growth of microorganisms, with spe-

cial reference to dual limitation by carbon and nitrogen substrates”. In: An-

tonie van Leeuwenhoek 60.3 (1991), pp. 225–234.

[11] A. Goelzer and V. Fromion. “Resource allocation in living organisms”. In:

Biochemical Society Transactions (July 2017).

[12] A. Goelzer, V. Fromion, and G. Scorletti. “Cell design in bacteria as a con-

vex optimization problem”. In: IEEE Conference on Decision and Control.

Shanghai, P.R. China: Dec. 2009, pp. 4517–4522.

[13] A. Goelzer, V. Fromion, and G. Scorletti. “Cell design in bacteria as a con-

vex optimization problem”. In: Automatica. Special Issue on Systems Bi-

ology 47.6 (June 2011), pp. 1210–1218.

[14] A. Goelzer et al. “Quantitative prediction of genome-wide resource alloca-

tion in bacteria”. In: Metabolic Engineering 32 (Nov. 2015), pp. 232–243.

[15] D. Herbert, R. Elsworth, and R. C. Telling. “The Continuous Culture of

Bacteria; a Theoretical and Experimental Study”. In: Microbiology 14.3

(1956), pp. 601–622.

[16] S. B. Hsu, S. Hubbell, and P. Waltman. “A Mathematical Theory for Single-

Nutrient Competition in Continuous Cultures of Micro-Organisms”. In:

SIAM Journal on Applied Mathematics 32.2 (1977), pp. 366–383.

[17] A. G. Marr, E. H. Nilson, and D. J. Clark. “The maintenance requirement

of Escherichia coli”. In: Annals of the New York Academy of Sciences 102.3

(1963), pp. 536–548.

[18] P. Mitchell. “Coupling of Phosphorylation to Electron and Hydrogen Trans-

fer by a Chemi-Osmotic type of Mechanism”. en. In: Nature 191.4784 (July

1961), pp. 144–148.

[19] J. Monod. “La Technique de Culture Continue: Théorie et Applications”.
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7 Appendix

7.1 Brief description of the RBA model constraints

At a constant growth rate µ , the cell population evolves as X(t)
∆
= X(0)eµt and

all the concentrations in the cells are constant. In a first approach, a cell can be

viewed as being composed of two parts: i) the metabolic network, comprised of

E and T and the corresponding fluxes η and ν , and ii) the translation apparatus

in a broad meaning, comprised of R and C. To keep the concentration of proteins

constant at a growth rate µ , the cell needs to produce the proteins at a rate equal

to µEi, µTi, µR and µC. With this in mind, we now briefly describe the RBA

problem in batch mode.

Even if this is not directly apparent, the constraints (C1) are equality of fluxes (per

unit of cell population) and correspond to the conservation of mass of internal

– to the cell population – metabolites: any metabolite produced is consumed or

exported in the medium, hence the equality to 0. In order to facilitate the under-

standing, these metabolites are classified into 4 groups denoted by p for precursor,

c for constant concentrations, r for recycled and i for the other internal metabo-

lites. The precursor metabolites are used by the translation apparatus while the

recycled metabolites are produced by it, hence the difference of sign between a)
and c). It should be noted that the precursor and recycled metabolites are at the

interface between the metabolism and the translation apparatus. In this context,
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the matrices C
p/r
⋆ correspond to the composition in metabolites of the correspond-

ing entity, with the scalar PG ≥ 0 corresponding to a set of proteins linked to stress

responses or other functions not included in the current model. The constraints a)
and c) thus define an equality of fluxes – corresponding to the necessary ones to

keep the protein concentrations constant – at the interface between the metabolic

network and the translation apparatus. The metabolites in the group c typically

correspond to macromolecules such as the lipid and peptidoglycan necessary to

the membrane and wall synthesis. In this context, µX̄ c corresponds to the neces-

sary flux for the synthesis.

kT and kC being the production efficiency of the ribosome R and the folding effi-

ciency of the chaperon C, the constraints (C2) corresponds to the fact that R (and

C) are high enough to produce (and fold with αC being the percentage of proteins

that actually need the help of the chaperon to fold) the desired quantity of pro-

teins, equal to the µE for the enzymes for instance. In this context, the matrices

C⋆
⋆ correspond to production cost.

DD and DS being saturating occupancies, the constraints (C3) correspond to the

fact that the quantity of proteins is limited (the vectors C⋆
⋆ correspond then to the

size of the entities) by the available space, the volume of the metabolites being

neglected.

The constraints (C4) correspond to the limitation of the reaction flux by the amount

of enzyme that catalyzes the reaction (with ki and ki being the efficiencies in the

backward and forward directions of the enzyme). The constraint (C5) is a finer

description of constraints (C4) for the transporters.

7.2 The efficiency of the transporters is parameterized by a

Michaelis-Menten

We explain here why it is possible to use simple models for modelling the trans-

porter efficiency in spite of the existence of different types of passive and active

transporters in the cell.

The second law of chemical thermodynamics. Like all biochemical reactions,

the transport of a medium substrate across the cell membrane must satisfy ther-

modynamic constraints. For a general biochemical reaction defined by

(A)+(B)⇋ (C)+(D)
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where (A) ,(B), (C) and (D) are given molecules2, the Gibbs free energy associ-

ated to this reaction is defined by

∆G = ∆G0 +RT ln
CD

AB
(3)

with X denoting the concentration of the molecule (X) and where ∆G0 corre-

sponds to the standard free energy of the reaction (J)3. ∆G0 is related to the equi-

librium constant Keq of the reaction (unitless) by the relation ∆G0 = −RT lnKeq

with R the ideal gas constant (J/mol/K) and T the temperature (K). In order for

the reaction to have a net flux of C and D production in a steady-state regimen,

i.e. the net flux is in the forward direction, it is necessary that ∆G < 0.

Passive transporters. The reaction associated to an uniporter T is a passive

(non-energetic) transport given by

(S)m

T
⇋ (S)c

where (S)m and (S)c denote respectively the molecule (S) in the medium and in

the cell. Since the molecule in both sides are the same, the standard free energy of

the reaction is 0, i.e. ∆G0 = 0. A net import flux of (S) inside the cell is possible

only if

ln
Sc

Sm

< 0

that is when the concentration in the medium is higher than the concentration in

the cytosol: Sc < Sm. It is worth noting that in the inverse case, the flux through

the transporter is reversed leading to export the molecule in the medium. That

explains why it is often suggested in the literature that the molecule associated to

a given uniporter is generally immediately modified inside the cell in order that

its concentration in the cytosol remains close to 0. This mechanism then traps

the modified molecule within the cell. A classic example is given by the glucose

uniporter of yeast and the immediate phosphorylation of the imported glucose by

a glucokinase into glucose 6–phosphate, which cannot freely cross the membrane

as a phosphorylated molecule.

2The usual notations are X for the molecule and [X ] for its concentration. To be consistent, we

do not follow this usual notation.
3The units are: J for joule and K for kelvin.
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Following a classical way to describe enzyme kinetics, the efficiency of an uni-

porter is well described by a Michaelis-Menten type function defined by

k(Sm)
∆
=

VSm

K+Sm

which writes with our notation as

k(S)
∆
=

VS

K+S
(4)

where V ≥ 0 is the maximal activity of the transporter and K ≥ 0 is the Michaelis-

Menten constant of the transporter.

Active transporters powered by the proton–motive force. The uniporters are

not the most common transporters in bacteria since a large part of bacterial trans-

porters are active (energized). Among them, the symporters coupling the import of

a substrate of interest with the import of a proton (H+) are the most common. The

energy associated to this class of transporters is related to the so–called proton–

motive force (pmf) and the general theory of chemiosmosis [18]. Actually, when

a gradient of electrical potential exists between the two sides of the membrane,

the Gibbs free energy of the reaction takes a different form. For example, when

only a proton is imported, i.e.

(H+)m

T
⇋ (H+)c,

the Gibbs free energy is given by

∆G
∆
= F∆ψ +RT ln

H+
c

H+
m

(5)

where ∆ψ corresponds to the difference in the electrical potential between the two

sides of the membrane (by convention ∆ψ > 0 when the electrical potential in the

medium side is lower than in the cytosol side) and F is the Faraday constant. The

concentration of proton has a specific status in chemistry, leading to introduce the

pH notion: pH
∆
=− log10 H+. We can then rewrite (5) as

∆G = F∆ψ −RT ln(10)∆pH

where ∆pH
∆
= pHc −pHm. The pmf is defined by

∆p
∆
=−∆ψ +

RT ln(10)

F
∆pH.
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Obviously, an important actor in the definition of the pmf is the balance between

the flux of proton export by the respiration chain and the flux of import mainly by

the ATPase, but also by active transports to cite a few. It should be noted that the

import of protons linked to these active transports would lead without an active

control to an acidification of the bacterial cytosol. The pmf is under a sophisticated

and active control regulating its level despite the possible variations of the pH of

the medium or the osmotic gradient between the medium and the cell.

When the import of a specific substrate is coupled with the one of a proton, i.e.

(S)m+(H+)m

T
⇋ (S)c+(H+)c,

the Gibbs free energy is given by

∆G =−F∆p+RT ln
Sc

Sm
. (6)

By assuming that the pmf is regulated, it is then not restrictive to assume in a

first approach that the efficiency of such a transporter is also well described by a

Michaelis-Menten function of the substrate where the pmf is incorporated in the

transporter efficiency as a multiplicative constant effect.

For a symporter coupling the import of a substrate with a sodium cation (Na+)

instead of a proton, the same approach can be used leading to define

∆G = F∆ψ +RT ln
Na+c
Na+m

+RT ln
Sc

Sm
. (7)

Actually, Na+ is generally a toxic cation when present in the bacterial cell, and

thus there exists a dedicated mechanism (an antiporter coupling the export of Na+

with an import of protons) exporting Na+ from the cell into the medium leading

to keep the concentration of Na+ in the cytosol very low in a steady-state regimen.

Like other active transporters, the efficiency of this transporter can be described

by a Michaelis-Menten function of the substrate of interest by incorporating the

pmf as a multiplicative constant effect in the efficiency of the transporter.

Active transporters powered by ATP hydrolysis. Another important category

of active transporters are the ones using the hydrolysis of ATP as an energy source.

They couple the import of a specific substrate S to the hydrolysis of ATP into ADP

and Pi where Pi is an inorganic phosphate, i.e.

(S)m+(ATP)c +(H2O)c

T
⇋ (S)c+(ADP)c +(Pi)c
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The Gibbs free energy is then given by4

∆G = ∆G0 +RT ln
ADPcPic

ATPc

+RT ln
Sc

Sm

(8)

where ∆G0 corresponds to the standard free energy of ATP hydrolysis into ADP

and Pi, i.e. ATP+H2O ⇋ ADP+Pi, with a value close to 35−40 kJ/mol.

Like in the previous cases, the cell tightly regulated the energy level in the cell,

leading in a first approach to assume that the efficient of such a transporter is also

well described by Michaelis-Menten like function where the energy level of the

cell only implicitly appears as a constant effect.

7.3 Each substrate is either imported or excreted but not both

at the same time

We discuss hereafter the assumption that the bacterial cell does not use trans-

porters at the same time to import and export the same substrate. This hypothesis

is generally satisfied by a bacterial cell in a steady-state regimen (the case of pro-

ton associated to transporter is discussed below). Indeed, when this assumption is

not satisfied, it leads generally to the definition of a so-called futile cycle where

energy is dissipated for nothing. Indeed, in order that two opposite transports to

be possible, at least one of the transporters has to use energy for thermodynamical

reasons. However, there exists a situation where such a futile cycle could appear:

when a molecule can diffuse freely through the cell membrane (two classic exam-

ples are the acetate and the NH+
4 ). Here without going into too much details, it can

be proved that this case leads to a convex formalization of the chemostat problem

(since diffusion is free and do not necessitate a transporter). It mainly remains

to consider the exception related to the protons. Indeed, in many conditions, the

protons are massively exported into the environment by the respiratory chain and

also massively re-imported into the cell by the ATPase in order to produce energy

(ATP) or, as we saw in the previous section, used as a way to energize the import

of some substrates. So formally the proton does not satisfy our main assumption.

Actually, that does not lead to a major problem since in most of the chemostat

experiments, it is necessary to tightly control the pH of the culture medium by ex-

ternal means. This means that the concentration of proton in the culture medium

is no longer a decision variable but a given constant.

4Note that the water, H2O, is not used in the definition of the Gibbs free energy since it is the

solvent.
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