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Abstract. This paper is devoted to the research of the model of insur-
ance company with an unlimited insurance field and the parameter of
arrival process of insurance risks, which depends on the risks that are
already insured in the company. Using method of characteristic func-
tions we got joint probability distribution of a two-dimensional stochastic
process of a number of risks that are insured in the company and a num-
ber of benefit payments. We also got expressions for the expected values
and variances of components of a two-dimensional process. Total benefit
payments is reviewed and its distribution and numerical characteristic
are found.
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1 Introduction

In modern economics mathematical methods are widely used, both for solv-
ing practical tasks and for theoretical modeling of sociology-economic process.
These models and their researches are getting pretty much of attention nowa-
days. Models of actuarial mathematics, which studies insurance, are not left aside
either. Generally, all the papers devoted to the research of insurance company’s
mathematical models have such characteristics of a company’s work as: expected
values of risk’s number, capital, bankruptcy possibility and so on. Thus, paper
[1] is about model of insurance company takes into account advertising expenses,
paper [2] is about model with possibility of reassurance of some company’s risks.
In [3] we got the distribution of number of benefit payments with random vari-
able of the duration of the contract and the stationary Poisson arrival process
of insurance risks. In [4] by using method of asymptotic analysis we have found
probability distribution of two-dimensional process of a number benefit payments
and a number of insurance risks, given that the arrival process of insurance risks
is stationary Poisson. In this paper we research two-dimensional process of a
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number of benefit payments and a number of risks, that are insured in the com-
pany, in case when the parameter of the arrival process of insurance risks depends
on the risks that are already insured in the company, which considers possibility
of an implicit advertising, which is no doubt present in real life. Models with
this arrival process of insurance risks are reviewed in [5 ], but methods of model’s
research are of diff erent nature and the process of a number of benefit payments
is ignored.

2 Mathematical Model and Formulation of the P roblem

L et’s review the model of insurance company with an unlimited insurance field
[6 ] in the form of q ueuing system with an unlimited number of servers (F ig. 1).
The validity of the insurance contract matches the server’s duration of req uest
handling. W e will assume that risks are fl owing into company, forming the arrival
process with intensity that depends on a number of insured risks. Intensity of
that arrival process will be determined by two components: parameter λ, which
determines the arrival process of risks that come independently from insured
ones, and parameter α, which determines the arrival process of risks that are
under the infl uence of “ implicit advertising” . E very risk that has been in the
company for the period of insurance police validity regadless of other risks gen-
erate a demand for insurance payment with γ intensity. A nd these req uests also
form the stationary Poisson process of events. Its natural to assume that benefit
payment is determined by insured accident. W e will assume that duration of the
insurance contract for each risk located in the company will be random variable
that is distributed by exponential law with parameter µ.

F ig . 1. Model of the insurance company in form of q ueuing system with an unlimited
number of servers.

Designations: n(t) — number of benefit payments during the time interval
[ 0 , t ], i(t) — number of insurance risks located in the company at instant of
time t, P (i, n, t) = P{i(t) = i, n(t) = n} — probability distribution of a two-
dimensional process of a number of benefit payments and a number of insurance
risks at instant of time t. The task is to find this distribution.
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3 J oint P robability D istribution of T wo-D imensional

Stochastic P rocess of a Number of Insurance Risk s

and a Number of B enefi t P ayments

L et’s set up a system of K olmogorov diff erential eq uations [7 ] for probability
distribution P (i, n, t) using the ∆ t method. F irst, the prelimit eq ualities:

P (i, n, t + ∆ t) = P (i, n, t)(1− (λ + iα)∆ t)(1− iγ∆ t)(1− iµ∆ t)
+(λ + (i− 1)α)∆ tP (i− 1, n, t)

+iγ∆ tP (i, n− 1, t) + (i + 1)µ∆ tP (i + 1, n, t) + o(∆ t).
(1)

S ystem of diff erential eq uations will have this form:

∂P (i, n, t)

∂t
= −[λ + i(α + µ + γ)]P (i, n, t) + (λ + (i− 1)α)P (i− 1, n, t)

+(i + 1)µP (i + 1, n, t) + iγP (i, n− 1, t).
(2)

To solve system (2) let’s introduce function:

∞
∑

i= 0

∞
∑

n= 0

ejuiznP (i, n, t) = H(u, z, t), (3)

that is characteristic by u and generating by z, where j is the imaginary unit.
W e will continue solving the task of determining the form of this function. Then,
form system (2), considering properties of characteristic functions, we will get
partial diff erential eq uation of first order for the function H(u, z, t):

∂H(u, z, t)

∂t
= −λH(u, z, t)(1− eju)

+j
∂H(u, z, t)

∂u
(α + µ + γ − αeju − µe−ju − γz).

(4)

S olution for this diff erential eq uation is determined by solving of the following
system of ordinary diff erential eq uations for characteristic curves [8 ]:

d t

1
=

d u

−j(α + µ + γ − αeju − µe−ju − γz)
=

d H(u, z, t)

H(u, z, t)λ(eju − 1)
. (5 )

W e will start by finding the two first integrals of this system. F irst, let’s take a
look at this eq uation:

d t =
d u

j(α(eju − 1) + µ(e−ju − 1)− γ(1− z))
. (6 )

W e will change variables eju − 1 = v, and, considering

u =
ln(v + 1)

j
, d u =

d v

j(v + 1)
, e−ju =

1

v + 1
, j2 = −1, (7 )
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the E q . (6 ) will have this form:

d t =
d v

−(αv2 + (α− µ− γ(1− z))v − γ(1− z))
. (8 )

L et’s take a look at right part of the last eq uation. W e can write down

αv2 + (α− µ− γ(1− z))v − γ(1− z) = α(v − v1)(v − v2), (9 )

where v1 and v2 are the roots of said q uadratic eq uation. L et’s write down
expressions for v1 and v2:

v1 =
1

2

[(

1− µ

α
− γ

α
(1− z)

)

+
√

D
]

,

v2 =
1

2

[(

1− µ

α
− γ

α
(1− z)

)

−
√

D
]

,

(10)

where discriminant is

D =
(

1− µ

α
− γ

α
(1− z)

)2

+ 4
γ

α
(1− z) > 0. (11)

Therefore, roots v1 and v2 are real and diff erent. B esides, given that natural
condition α < µ, roots v1 > 0 and v2 ≤ 0.

Thus, based on the foregoing, E q . (8 ) could be written in this form:

d t =
d v

−α(v − v1)(v − v2)
. (12)

S olution for E q . (12) will have this form:

t =
1

α(v1 − v2)
ln

(

v − v2

v − v1

)

− ln(C̃1), (13)

which will be determining our first integral. L ets write down expression for con-
stant C̃1, we have:

C̃1 = e−t

(

v − v2

v − v1

)
1

α(v1−v2)

. (14)

W e denote C1 = C̃
α(v1−v2)
1 , then

C1 = e−tα(v1−v2)

(

v − v2

v − v1

)

. (15 )

O ther first integral will be found from eq uation:

d H(u, z, t)

H(u, z, t)λ(eju − 1)
=

d u

−j(α + µ + γ − αeju − µe−ju − γz)
. (16 )
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L et’s make similar change of variables eju − 1 = v. W e will introduce function
H1(v, z, t) = H(u, z, t). L ets write down eq uation (16 ) for the function H1(v, z, t)
while splitting variables:

d H1(v, z, t)

H1(v, z, t)
=

λvd v

−(αv2 + (α− µ− γ(1− z))v − γ(1− z))
, (17 )

or considering (9 )

d H1(v, z, t)

H1(v, z, t)
=

λvd v

−α(v − v1(z))(v − v2(z))
, (18 )

where v1 and v2 are determined by expressions (10). L et’s write down the solution
for E q . (18 ), assuming that v1 = v1(z) and v2 = v2(z):

H1(v, z, t) = C2

[

(v − v2)
v2

(v − v1)v1

]
λ

α(v1−v2)

. (19 )

W e will introduce arbitrary diff erentiable function φ(C1) = C2. Then the
general solution of E q . (18 ) considering (15 ) will have this form:

H1(v, z, t) = φ

[

e−α(v1−v2)t

(

v − v2

v − v1

)][

(v − v2)
v2

(v − v1)v1

]
λ

α(v1−v2)

. (20)

W e define particular solution with the help of initial conditions. To do this,
we will write down value of function H(u, z, t) at t = 0. Then

H(u, z, 0) =

∞
∑

i= 0

∞
∑

n= 0

ejuiznP (i, n, 0) =

∞
∑

i= 0

ejuiP (i), (21)

because at the initial time (i.e. at the moment when insurance company starts
their work) there were no benefit payment, which means P (i, n, 0) = P (i) , if
n = 0 , and P (i, n, 0) = 0, if n > 0.

L et’s denote H(u, z, 0) = G(u), then by using eq uation (4) we can write down
the eq uation for function G(u):

j(µ− αeju)
d G(u)

d u
+ λejuG(u) = 0. (22)

S olution will have this form:

G(u) = C3

(

eju − µ

α

)− λ

α

. (23)

W e will find constant C3 from condition G(0) = 1. W e have:

C3 =
(

1− µ

α

)
λ

α

, (24)



1 6 8 D . D ammer

then

G(u) =







1− α

µ
eju

1− α

µ







− λ

α

. (25 )

C onsidering (20) we can write down

H1(v, z, 0) = φ

(

v − v2

v − v1

)[

(v − v2)
v2

(v − v1)v1

]
λ

α(v1−v2)

, (26 )

or






1− α

µ
(v + 1)

1− α

µ







− λ

α

= φ

(

v − v2

v − v1

)(

(v − v2)
v2

(v − v1)v1

)
λ

α(v1−v2)

. (27 )

N ow the task is to define the form of function φ(.). L et’s denote

x =
v − v2

v − v1
. (28 )

Then

φ(x) =









(

1− α

µ

)

(v2 − v1)

(1− x)− α

µ
(1 + v2 − x(1 + v1))









λ

α

x
λv2

α(v2−v1) , (29 )

where it is considered that

v =
v2 − xv1

1− x
. (30)

N ow we can write down the expression for function φ(.):

φ

[

e−α(v1−v2)t

(

v − v2

v − v1

)]

= eλ v2t

[(

1− α

µ

)

(v2 − v1)(v − v1)

]
λ

α

×
[

(v − v1)− (v − v2)e
α(v2−v1)t−

−α

µ

(

(v − v1)(1 + v2)− (v − v2)(1 + v1)e
α(v2−v1)t

)

]− λ

α

×
(

v − v2

v − v1

)

λv2
α(v2−v1)

.

(31)

A ccordingly, we will write down the expression for function H1(v, z, t), taking
into account that v1 and v2 are functions of z and have the form (10). W e have:

H1(v, z, t) = eλ v2(z)t

[(

1− α

µ

)

(v1(z)− v2(z))

]
λ

α

×
{

(v1(z)− v)

[

1− α

µ
(1 + v2(z))

]

−(v2(z)− v)eα(v2(z)−v1(z))t

[

1− α

µ
(1 + v1(z))

]} − λ

α

.

(32)
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B y passing from variable v to variable u, let’s write down the expression for
function H(u, z, t):

H(u, z, t) = eλ v2(z)t

[(

1− α

µ

)

(v1(z)− v2(z))

]
λ

α

×
{

(v1(z)− eju + 1)

[

1− α

µ
(1 + v2(z))

]

−(v2(z)− eju + 1)eα(v2(z)−v1(z))t

[

1− α

µ
(1 + v1(z))

]} − λ

α

.

(33)

Thus, resulting function (33) is characteristic function of two-dimensional sto-
chastic process of a number of risks that are insured in the company and a num-
ber of benefit payments. K nowing this function, we can find one-dimensional
marginal distributions of processes i(t) and n(t).

4 P robability D istributions of a Number of Insurance

Risk s and a Number of B enefi t P ayments

L et’s suppose that in (33) u = 0, now we can get generating function of process
n(t):

H(0, z, t) = F (z, t) = eλ v2(z)t

[(

1− α

µ

)

(v1(z)− v2(z))

]
λ

α

×
{

v1(z)

[

1− α

µ
(1 + v2(z))

]

−v2(z)eα(v2(z)−v1(z))t

[

1− α

µ
(1 + v1(z))

]} − λ

α

.

(34)

W e write down characteristic function of process i(t) by assuming that in (33)
z = 1. B ecause of

v1(1) =
µ

α
− 1, v2(1) = 0,

we have

H(u, 1, t) = G(u) =







1− α

µ

1− α

µ
eju







λ

α

. (35 )

S ince the resulting characteristic function (35 ) does not depend of time, we can
say that process of a number of insurance risks is stationary.

L et’s find probability distributions for a number of insurance risks P1(i) and a
number of benefit payments P2(n, t), by looking at numerical example. F igures 2
and 3 show distributions P1(i) and P2(n, t) for the following parameters: λ = 0.6 ,
µ = 1, α = 0.9 , γ = 0.1, t = 1.
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F ig . 2 . P robability distribution of a number of insurance risks

F ig . 3 . P robability distribution of a number of benefit payments

5 Numerical Characteristics of a Number of Insured

Risk s and a Number of B enefi t P ayments

N ow we can write down expected values for a number of risks and a number of
benefit payments:

E{i(t)} =
1

j

d G(u)

d u

∣

∣

∣

∣

u= 0

=
λ

µ− α
, (36 )

and

E{n(t)} =
∂F (z, t)

∂z

∣

∣

∣

∣

z= 1

=
λγ

µ− α
t. (37 )
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F ollowing expressions are for variances:

D{i(t)} =
λµ

(µ− α)2
, (38 )

and

D{n(t)} = 2
λµγ2

(µ− α)3
t +

λγ

µ− α
t− 2

λµγ2

(µ− α)4

(

1− e−(µ−α)t
)

. (39 )

F ormulas (36 ) and (38 ) match with the result we got in [5 ], where one-
dimensional process of a number of insured risks considering “ implicit adver-
tising” is researched.

L et’s review correlation coeffi cient of processes i(t) and n(t). K nowing func-
tion H(u, z, t), we can find joint moment of studied processes. W e have:

1

j

∂2H(u, z, t)

∂u∂z

∣

∣

∣

∣

u = 0, z = 1
= E{i(t)n(t)}, (40)

then, considering characteristics we got earlier, let’s write down the expression
for correlation coeffi cient:

rin(t) =
λγµ(1− e(α−µ)t)

√

λµ[2λµγ2(µ− α)t + λγ(µ− α)3t− 2λµγ2
(

1− e−(µ−α)t
)

]
. (41)

N onzero correlation coeffi cient shows the presence of dependence between
processes i(t) and n(t).

6 Numerical Characteristics of V alue of the T otal B enefi t

P ayments

W e will denote S(t) as a value of the total benefit payments for all insured
accidents during the time interval [ 0, t ], ξ — the value of the payment for one
insured accident. L et’s introduce characteristic function of the value S(t):

Ψ(η, t) = E{e−ηS (t)}. (42)

L et’s take a closer look at this function. W e have:

Ψ(η, t) = E

{

e−ηS (t)
}

= E























e

−η

n(t)
∑

i= 0

ξi























=
∞
∑

n= 0

E























e

−η

n(t)
∑

i= 0

ξi

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

n(t) = n























P (n, t)

=
∞
∑

n= 0

E

{

n
∏

i= 0

e−ηξ i

∣

∣

∣

∣

∣

n(t) = n

}

P (n, t) =

∞
∑

n= 0

θn(η)P (n, t),

(43)



1 7 2 D . D ammer

where θ(η) = E{e−ηξ } is the characteristic function of the value ξ. W ith this in
mind we can write down:

Ψ(η, t) =

∞
∑

n= 0

θn(ξ)P (n, t) = F (θ(η), t). (44)

L et’s introduce functions

w1(η) = v1(φ(η)) =
1

2

[(

1− µ

α
− γ

α
(1− φ(η))

)

+
√

D(θ(η))
]

,

w2(η) = v2(φ(η)) =
1

2

[(

1− µ

α
− γ

α
(1− φ(η))

)

−
√

D(θ(η))
]

,

(45 )

where

D(θ(η)) =
[

1− µ

α
− γ

α
(1− φ(η))

]2

+ 4
γ

α
(1− φ(η)). (46 )

E xpressions (45 ), (46 ) are written considering (10) and (11). Then function
Ψ(η, t) will have this form

Ψ(η, t) = F (θ(η), t) = eλ w2(η)t

[(

1− α

µ

)

(w2(η)− w1(η)

]
λ

α

×
(

−w1(η) + w2(η)eα(w2(η)−w1(η)t

−α

µ

[

(−w1(η)(1 + w2(η)) + w2(η)(1 + w1(η))eα(w2(η)−w1(η)t
]

)− λ

α

.

(47 )

N ow, that we know the form of the characteristic function of a value of the total
benefit payments, we can obtain the expected value and the variance of value
S(t). L et’s denote E{ξ} = a1, E{ξ2} = a2. B ecause of

∂Ψ(η, t)

∂η

∣

∣

∣

∣

η= 0

= −E{S(t)}, (48 )

after transformations we will get

E{S(t)} =
λγa1

µ− α
t. (49 )

F or the second initial moment S(t) we can write down

∂ 2Ψ(η, t)

∂η 2

∣

∣

∣

∣

η= 0

= E{S2(t)}. (5 0)

Then the variance of the total benefit payments will have the following form:

D{S(t)} =
λγa2

µ− α
t + 2

λµγ2a2
1

(µ− α)3
t− 2

λµγ2a2
1

(µ− α)4

(

1− e−(µ−α)t
)

. (5 1)
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L et’s take a look at another characteristic of S(t) - coeffi cient of variation
V {S(t)}. It is defined as the ratio of the standart devation to the expected
value:

V {S(t)} =

√

D{S(t)}
E{S(t)} .

B ehavior of coeffi cient of variation V (t) is shown at F ig. 3 with the following
parameters: λ = 5 , µ = 1, α = 0.8 , γ = 0.1, a1 = 10, a2 = 6 0. N umerical
calculations show that V {S(t)} is significantly decreasing with the passage of
time, reaching value of 0.01 at t = 5 40, which allows us to find pretty accurate
prognosed value of the capital of insurance company (F ig. 4).

F ig . 4. Coeffi cient of variation of the total benefit payments

7 Conclusions

Thereby, in this paper we have researched mathematical model of the insurance
company in the form of q ueueing system with an unlimited number of servers.
W e have found the expression for characteristic function of a two-dimensinal
process of a number of benefit payments and a number of insurance risk. A lso
we have found expressions for numerical characteristics of said processes. It is
shown that the results are the generalization of particular cases. C haracteristic
function, expected value and variance of a value of the total benefit payments
have also been found. These results may be used for analysis of indicators of
economic activity of insurance companies.
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