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Table 2
Results of modeling change point procedure

H 5| E@6) | E(6)
20 0.25 101910 100890
50 0.20 101180 103090
100 0.20 105540 104510
150 0.15 107340 103880
200 0.10 114740 107300
400 0.05 122410 113170

It should be noted that with the growth of H there is bigger length of delay
in change point detection. It is connected with the accuracy of estimation.
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NONPARAMETRIC ESTIMATION OF NET PREMIUMS
IN COLLECTIVE LIFE INSURANCE FOR THE M INDIVIDUALS
G. M. Koshkin, Ya. N. Lopukhin
National Research Tomsk State University, Tomsk, Russia

Introduction. One of the main problem in actuarial mathematics is to find
the «right» ratio between premiums and benefits. In this case, the calculation of
net premiums allows to cover damages and to give the zero average income of
the insurance company. Note that in the section, devoted to this area in the
known book «Actuarial Mathematics» [1], is used the calculation of net pre-
miums on the base of mortality tables. Interesting results by this approach have
been presented in [2—6]. At present, the theory and practice of insurance is
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strongly required the using complex mathematical models and processes. Such
results are obtained in [7—10]. In this paper, we develop the ideas from [11-15].
The nonparametric estimators of the net premium functionals for the different
statues of collective life insurance are constructed, and the asymptotic properties
of the proposed estimators are studied.
Collective Life Insurance

The concept of status is the useful abstraction in the collective life insur-

ance according to [1]. Consider m members of ages x,,x,,...,x, who desire to

buy insurance policy. Let us denote the future lifetime of the k-th individual by
T(x,)=X —x,. Let us put in a correspondence a status U with its future life-
time 7(U) and a set of numbers 7'(x,),7(x,),...,T(x,) [11]. In [12-15], there

were considered the cases of the joint-life status and the last-survivor status. In
this paper, we consider the general case of the k-survivor status, which is de-

k : :
noted U := and exists as long as at least alive a k among the m
X[ iXy el X

individuals x,,x,,...,x, , 1.e., it 1s considered destroyed upon the occurrence of

the (m-k+1) death.
Also, separately consider the case of the [k]-deferred survivor status
[£]
X 1Xy ol X,
alive, 1.e., the status starts at the (m-k)-th death and lasts until the (m-k+1)-th
death. This status is widely used in the calculation of sequences payments of li-
mited duration [11].
Note that the new statuses can also be combined from the above base sta-
tus. Mixed status is a condition in which basis is a combination of statuses, and
at least one of them asked for more than one individual. For example,

U=

. Here, if a k of the m individuals x,,x,,...,x, are exactly

X, :X,:X;:x, it condition persists if there are alive at least one of x; and x, and

at least one of x; and x,. The destruction moment of status x, : x, : x; : x, 1s
T(U) = min[max(T(x,), T(x,)), max(T (x,), T(x,))]-
Similarly, the fracture point may be found for a combination of statuses.
Functionals of Net Premiums in Collective Life Insurance
Consider the random variables Z, = X, —x,, i =1,m. Order them in ascend-

ing and obtain the order statistics Z,, i= 1L,m. By analogy with the joint-life

status [15] the net premium is defined as

]Ee‘S’dP{T(U) <t} Te‘f”dp{z(mkﬂ) <t

k:0 =2 ° (1)

S(X,%,,...5X,,) P{Z(l) >O}

XXy X,

where S(x,,x,,...,x,,) 1s the survival function of m individuals.
9



In the case of the [K]-deferred survivor status, we have

o]

J.e_&dP{Z(mka) <t< Z(mfk)}

A =0 =4 -4 .
K] S(x,xy,..0,%,) - k

XXy X,

XXy X, X)Xy 0X,,

Similarly, the net premiums functionals for mixed cases can be written. For

example, the net premium for x; : x, : x; : x, is defined by the formula

0

je_S’dP{min[max(Zl,Zz),max(Z3,Z4)]}

0

X)X X50X,

S(X)5%5,%5,%,)
Nonparametric Estimates of Net Premiums in Collective Life Insurance
Let (Z,,,.-.2,)), (ZisseeisZ,5)s..s(Z,,,...,Z, ) be an m-dimensional ran-
dom sample of a size n. Denote the corresponding ordered set as (Z,,),,...,Z,)),
(Zyar s Zimy)se-s(Zaypse-sZyn)-  Estimate  the  distribution  function

>~ (m)n

P{Z(mfkﬂ) <t}, the survival function P{Z(l) >O} by the nonparametric esti-
1< 1< . .

mates —Zl (Z iy <D —Zl (Z); >0). Then nonparametric estimate of (1)
= =

1s

0

J‘ei&d (FlliZ::](Z(m—kn)i < t)j B ilazn:.[e& g(t B Z(m—k“)i)

2 _0 i=1l o =

k

1 n 1 n
X[y Xy, —ZI(Z(I)I. > O) *Z[(Z(l)i > O)

n i ni

R S T

= e m—k+1)i I Z > O

r ; (Z oty > 0) O, (x,,%y,...,%,,0,k)

- : (2)

:ZZI(Z(I)Z'>O) S, (x,%,,...x,)
P

where S(u) is the Dirac delta-function. Obtaining the formula (2), we use the
filtering property of the delta-function: I @(x) 3(x—a)dx=g(a).

In the case of the [Kk]-deferred survivor status, the nonparametric plug-in
estimate of net premium is defined as

4 = D (x,%),...,x,,0,k=1)—D (x,x,,...,x,,0,k) |

R S

S (x,%y,...%,,)

Similarly, the nonparametric estimates of the net premiums functionals for

mixed cases can be found. For the status x, :x, : x;:x,, we have

10



IZe‘f’mm[ma’“Zl Zome420) [(min[max(Z,, Z,),max(Z,,Z,)] > 0)
= n i

X)X X50X,

1 n
—Z[(Zmi > 0)
nig

Let = be the symbol of the convergence in distribution.
Theorem 1. If the survival function S(x,,x,,...,x,)#0, thenas n— o

A , —A 1=
XXX, XXX,

Gb(xl,xz,...,xm,28,k)S(x1,x2,...xm)—CI)z(xl,xz,...,xm,ES,k)}

S(x,xy,...x,)

:>N{O,

and the MSE of nonparametric estimate (2) is

D) Eal
u-| A v 1=
X150 X,

B CD(xl,xz,...,xm,26,k)S(x1,x2,...,xm)—CI)z(xl,xz,...,xm,S,k) N O(n%)
nS>(x,%,,...,X, ) .

This theorem is proved as the theorem for the nonparametric estimators of

the joint life status (see Theorem 5 from [14]).
Synthesis of Estimators of Net Premiums for Other Forms of Insurance

The above considered estimators of net premiums were constructed for the
whole insurance; now we consider other forms of insurances.

The p-years term life insurance. In this case, the benefit to pay if the in-
sured will die during of the contract validity. The company does not pay the
benefit if the insured has lived the p years. Then

1Ze—SZ(mk+l)i [(0 < Z(m7k+1)i < p)
j _ g
ko n
p 1
XXX, nZ[(Z(l)l. > O)
i=1

The r years deferred life insurance. This form of insurance provides for a
benefit following the death of the insured when he dies at least r years follow-
ing policy issue. Here, the net premium is expressed in the form

1 C _6Zm— +1)i
—Ze (mokeh I(Z(m_k+1)l.>r)
n i '

A k =
i

— I <
XXy Xy, —ZI(Z(I)Z. > O)
nic

These nonparametric estimators properties are similar to properties of (2).
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Simulations Results

The nonparametric estimates show their adaptability if the distribution is
changed and exceed parametric estimates, oriented on the best result only for its
own distributions. Often, the MSE of nonparametric estimates are less than the
MSE of parametric estimates in 2-3 times. The main modeling results obtained
using data from the Makeham and de Moivre distributions.
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USE OF REGRESSION DEPENDENCES BETWEEN THE HUMAN
DEVELOPMENT INDEX AND DOMESTIC INVESTMENTS FOR
THE MODELING OF OPTIMAL DEVELOPMENT OF THE COUNTRY
V. V. Meshechkin, G. V. Turchaninov
Kemerovo State University, Kemerovo, Russia

The aim of the work is to model the relationships between domestic in-
vestments and the Human Development Index and to use them in constructing of
mathematical model to optimize the development of the country (on the example
of the Russian Federation).

The Human Development Index (HDI) is an aggregate characteristic of the
quality of life, based on a set of basic indicators of longevity, education and lev-
el of life itself as the main characteristics of the human potential of investigated
territory. The index is calculated annually and is a standard tool for the general
comparing of standards of living in various countries and regions. It is published
in the annual United Nations Human Development Reports since 1990 [1].

Different factors affect on the total value of the HDI, some of them directly
and others — indirectly. In this paper, the dynamics of the HDI is associated by
means of regression analysis with domestic investments into such branches as
mining and manufacturing industries, construction, agriculture, etc. According
to collected statistical data for the Russian Federation regression and autoregres-
sion models of different types are built, their comparative analysis is carried out
and the model, which reflects dependences between considered indicators better
than others, is selected. On the basis of this model the problem of maximizing
the HDI in the country due to the optimization and redistribution of domestic in-
vestments in the conditions of limited investment budget is formed [2]. The va-
riables in this problem are values of domestic investments into various branches
by years, the limitations are imposed on their maximum permissible values, and
the target function is the average for all the annual values of the HDI.

For the constructed mathematical model which uses the Human Develop-
ment Index of the country as an optimality criterion, numerical calculations are
carried out, the optimal (in the sense of the problem) solution is found, and con-
clusions about the desired changes of the amounts of branches financing for the
HDI improvement are drawn.

References

1. Human Development Reports [Electronic resource] // URL: http://hdr.undp.org/en/
(date of access 30.06.2014).

2. Turchaninov G.V., Meshechkin V.V. Postroenie optimizatsionnoy modeli razvitiya
strany na osnove indeksa razvitiya chelovecheskogo potentsiala // Obrazovanie, nauka, inno-

13



