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U3BECTHOI'O pPe3yJbTaTa O IPeICTaB/ICHUN ITPOU3BOJILHON IIepecTaHOBKU B BUJIE IPOU3BEIC-
HUA TPAHCIIO3UIUA.

DJIeMeHTapHbIe U TIePeCTAHOBOYHBIE CETU SBJISIIOTCS TPUMEPaMU IIPOCTENITNX ONMEeKTHB-
HBIX CeTell U, KaK M[OKa3bIBaeT CJe/ylolllasd TeopeMa, 3TUX IIPUMUTUBOB JIOCTATOYHO JJIs
peain3aIyy MPON3BOJILHON OMEKTHUBHON CETU TMOCTOSHHON IMUPUHBI.

Teopema 1. Cerb Y MOCTOSTHHOW HIMPUHBI ABJISETCA OMEKTUBHON JJIT HEKOTOPOTO
mHOKecTBa ), [2] > 2, B TOM U TOJILKO B TOM CJiydae, KOrJa OHa SKBUBAJIEHTHA [TPOU3-
BeJIEHUIO

HL . ZL,l el ZL7t (I/IJ'H/I ZRJ L ZR¢ . HR),

rae I, (Ilg) — mepecranoBounast cets; X1, ..., 50 (LR, ..., LRt) — dJIEMEHTADHBIE CETH.
[Ipu sTOM 1/IMHA IPOM3BEIEHUST PABHA KOJIMYECTBY BEPIINH CETH Y CO CTEIEHBIO 3aX0/a 2
U COOTBETCTBEHHO HE 3aBUCHT OT BLIOOpA IIPE/ICTABJICHUS.

CaencrBue 1. Eciau cerb ¥ MOCTOSHHON IMUPUHBI SBJIAETCS OMEKTUBHON /I HEKO-
Toporo MHOXKecTBa €, || > 2, To cerb ¥ aABIsIeTCA OMEKTUBHOM JIJIST BCEX MHOYKECTB.

YKazaHnublie B TeopeMe 1 npejictaBiienns OUEKTUBHONM CETU Y B BU/JIE IIPOU3BEJICHUS dJIe-
MEHTapHBIX ceTell OyJ/ieM Ha3bIBATD KaHOHUYECKUMY npedcmasseruimy cetu Y. KonmnaecTo
BEPIIMH CETH Y CO CTEIEHBIO 3axo/ia 2 Oy1eM Ha3bIBATH 6eCOM CETH Y U 0003HadaTh ||X|.

BuekTusnyio cetsb X OyjieM Ha3bIBATH MPaH3umMucHot 04 MHOMCECMEa S, eCJIn MHOYKe-
crBo orobpaxkenuit {XF : F € Q(Q)} asngerca TpansurusabiM. OCHOBHBIM DE3YJILTATOM
paboOThl MOXKHO CUNTATh pa3pabOTaHHBIN aBTOPOM allllapaT Pa3sMeTKHU ceTeil, KOTOPHI 1103~
BOJII€T NPOBEPUTH TPAH3UTUBHOCTH ITPOM3BOJIBLHON OMEKTUBHON CETH, a IIPU OTPHUIATE b~
HOM OTBeTE ONPEJeINTh 0COOEHHOCTH CTPOEHUsI CETH, IPOTUBOpEUaIue TPAH3UTUBHOCTH.
C moMOIIBIO 9TOTO alapara, HAIPUMED, JI0KA3bIBACTCs CJIE/LYIOIIAas TeopeMa.

Teopema 2. FEciu GuekrtuBHast cerb Y MOCTOSHHON IMUPUHBI SIBJISETCS TPAH3UTUBHOI
JUIs HeKOToporo MuozkecTsa €2, || > ||X]|, To ceTp X ABasgeTCS TPAH3NTUBHOMN Jist JTI060T0
MHOKECTBa, MOIIHOCTE KOTOPOro cTporo bosbiie deM || X|.

Crout OTMETHUTD, ITO anmapaT pa3MeTKH 03BOJIAET CHOPMYINPOBATH I 0O0CHOBATD aJl-
ropuT™M MOMMUKAIINT KAHOHMYECKOIO MPEJICTAB/IEH s IPOM3BOIBHON OUEKTUBHON ceT Y
NOCTOAHHON MUpUHBL . B pesyibraTe npuMeHeHus aarOpuTMa MOJydaeTcs OUeKTUBHALA
cetb % Beca ||| < ||X]| + 4n, KoTopas saBaseTCS TPAH3UTUBHOM J1jist OOJIBINEH YacTH MHO-
JKECTB.

Teopema 3. Mojudukanus Y. MpOU3BOJILHON CETH Y ABJISAETCA TPAHIUTHUBHON JIJIs
7060r0 MHOYKECTBA, MOITHOCTH KOTOPOIO CTPOro Oosiblie deM ||X||.

Astop 6raromaput mpodeccopa A. B. Uepemymknny 3a MoCTaHOBKY 3a/1a91 M BHUMAHWE
K [TPOBOJINMBIM UCCJIEIOBAHUSAM.

UDC 512.772.7 DOI 10.17223/2226308X/10/11

HYPERELLIPTIC CURVES, CARTIER — MANIN MATRICES
AND LEGENDRE POLYNOMIALS

S. A. Novoselov
We investigate the hyperelliptic curves of the form Cj : y? = 229+ + a29%! + bz and

Cy : y? = 22912 4 ax9%! + b over the finite field Fy, ¢ =p", p > 2. We transform these
curves to the form C , : y? = 229+ —2px9t 42 and Cop y? = 22912 -2p29+1 41 and
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prove that the coefficients of corresponding Cartier — Manin matrices are Legendre
polynomials. As a consequence, the matrices are centrosymmetric and, therefore,
it’s enough to compute a half of coefficients to compute the matrix. Moreover,
they are equivalent to block-diagonal matrices under transformation of the form
SPW S~ In the case of ged(p, g) = 1, the matrices are monomial, and we prove that
characteristic polynomial of the Frobenius endomorphism x(\) (mod p) can be found
in factored form in terms of Legendre polynomials by using permutation attached to the
monomial matrix. As an application of our results, we list all the possible polynomials
X(A) (mod p) for the case of ged(p,g) =1, g € {1,...,7} and the curve C; is over I,
or sz.

Keywords: hyperelliptic curve cryptography, Cartier — Manin matriz, Legendre
polynomials.

Let F, be a finite field, ¢ = p", p > 2. A hyperelliptic curve of genus g over F, is a
nonsingular curve, given by equation

C:y’ = f(=),

where f € F,[z], f — monic, deg f =2¢g + 1 or deg f = 2¢ + 2.

Hyperelliptic curves were first proposed for use in cryptography by Koblitz [1]. Every
hyperelliptic curve has an associated group — its Jacobian Jo(IF,), where all computations
take place. For applications in cryptography it is required to compute the order of Jo(F,),
which is equivalent to computing of the characteristic polynomial of the Frobenius

endomorphism x(A) of the Jo.
(deg f)(p—-1)/2

Let f(z)P=1/2 = > c;x". Then the Cartier — Manin matrix of the hyperelliptic

i=0
curve C is a matrix W = (w; ;) = (¢;p—;) of the size g x g.

Manin [2| showed that the characteristic polynomial of the matrix W is connected
with the polynomial x()\) in the following way. Let W, = W . W® . . We" ) where
W) = (wfj), then

X(A) = (=1)N[W), = My (mod p).

If the polynomial x(A) mod p is known, we can use Hasse — Weil bound in combination
with other methods to recover the polynomial y(\).

The Cartier — Manin matrices in general can be computed by optimized algorithms
from [3, 4]. In our work we show that for specific curves we only need to compute a half of
elements to find all matrix. Moreover, in the case of ged(p, g) = 1 we can find all the possible
variants of the polynomial x(\) mod p in explicit form in terms of Legendre polynomials.

In this work we study hyperelliptic curves of the form

Cy:y? =% +az9™ +br and Cy:y? = 22972 + ax?™ +b.
These curves are isomorphic to curves
Cip: y* =22 —2p29" + 2 and Cop - y? = 2?92 — 2px9t 1

over the field K = F,[v/b]. Therefore, we can restrict discussion to the case of C} ,, Cy , and
our results for polynomials x(A) holds over I, if b is square and over Fp. if b is not square
in F,. These forms of curves are generalizations of Jacobi quartics [5].

The curves Cy, Cy were first studied by Miller and Lubin [6], who proved that the Cartier
— Manin matrices of these curves are generalized permutation (monomial) matrices. For
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g = 1 these curves are elliptic curves. It is known that number of points of elliptic curves is
congruent to Legendre polynomials [5, 7]. In this work we generalize this to the g > 1 case.
We prove first that coefficients of the Cartier — Manin matrix of (' , are either zeroes or
Legendre polynomials.

Theorem 1. Let W = (w; ;) be a Cartier — Manin matrix of the curve C ,. Then

1) wi; =0, if ip—j # (p—1)/2 (mod g);
2) w;j = Plup—j)/g—-1)/29)(p) (mod p), otherwise.

Then using properties of Legendre polynomials [8] we get result.

Theorem 2. The Cartier — Manin matrix of the curve C , is centrosymmetric in [F.

Therefore, it’s sufficient to compute a half of coefficients for computation of this matrix.

The Cartier — Manin matrix W of any hyperelliptic curve is defined upto transformation
of the form S®WS~! where S is non-singular [9]. Since centrosymmetic matrices are
orthogonally similar to block-diagonal matrices, we can prove theorem.

Theorem 3. The Cartier — Manin matrix W of C , is equivalent to a block-diagonal
matrix via transformation of the form S®W S—1,

Analogous results can be proved for the curve Cj ,.

Theorem 4. Let W = (w; ;) be a Cartier — Manin matrix of C5 ,. Then

1) w;; =0,ifip#j (mod g+ 1);

2) wi;j = Plip—j)/g+1)(p) (mod g+ 1);

3) W is a centrosymmetric matrix in Fy;

4) W is equivalent to block-diagonal matrix via transformation of the form S@ St

In the case of ged(p, g) = 1 the Cartier — Manin matrix of the curve C , is monomial
and we get an explicit formula for x(\) mod p.

Theorem 5. Let the curve (' , is defined over the finite field Fy, ¢ = p”, ged(p, g) =1
and W be a Cartier — Manin matrix of C'; ,. Then W is a monomial matrix with a permu-
tation o, such that o(i) = ip — (p — 1)/2 (mod g) and W, is a monomial matrix with
permutation o™, 0" (i) = ip" — (p" — 1)/2 (mod g). If W, = (w; ;) and 0" = 0103...0,, is
a decomposition of ¢™ into disjoint cycles, then

Jj=1

m |o;]
X()\) =N H (ijl - H w;'ng,Uj,k-q—l) (mOd p)7
where 0 = ji. for o; = (ji, .-, Jjoy))-

Coefficients w; ; of W}, can be computed by using formula:

n—1 n—2 k

Wp = (w;]) = <U}§_n 1 ,] H ’U) k(z) k+1()> .

As application of our methods we found all the possible variants of polynomials x(\) mod p
for the case of ged(g,p) =1, p > 2, and the curve C; over fields F, and F:
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