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Abstract—A transformation of a discrete-time martingale with conditionally Gaussian increments into a
sequence of i.i.d. standard Gaussian random variables is proposed as based on a sequence of stopping times
constructed using the quadratic variation. It is shown that sequential estimators for the parameters in AR(1)
and generalized first-order autoregressive models have a nonasymptotic normal distribution.
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The role of sequential analysis methods in theoret-
ical and applied studies of stochastic processes has
increased in recent years. For the first time, the useful-
ness of sequential analysis for autoregressive processes
was shown in [1, 2] as applied to the estimation of the
drift coefficient of a diffusion process. Sequential
analysis is also successfully used in statistical inference
for discrete-time processes, thus improving the
asymptotic and nonasymptotic properties of classical
least squares estimators (LSE) and maximum likeli-
hood estimators (MLE) [3, 6,7, 9, 11]. The goal of this
study is to prove one property of discrete-time martin-
gales with conditionally Gaussian increments, which
is then used to obtain nonasymptotic distributions for
sequential estimators of the parameter in AR(1).

1. TRANSFORMATION OF A MARTINGALE
WITH CONDITIONALLY GAUSSIAN
INCREMENTS

Theorem 1. Let (M, % )¢ be a square integrable
martingale with a quadratic variation ((M) )
that

(a) P((M)_ = +e0) = 1;
(b) Law(AM, | F ) = N(0,6;_),k =1,2, ..., ie.,

the ¥ ,_,-conditional distribution AM, = M, — M,_, is
a Gaussian distribution with parameters 0 and

6i = E(AM) | F ).

such
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Forevery h > 0, define the sequence of stopping times
TO = TO(h) = Oa

n
. . 2
T, =1, =inf{n>71, z Gy = hyp,

k=1;_+1
jz1
where inf{(J} = oo, and the sequence of random variables

1 < . .
m.(h) =— o, (h )HAM,, =12 .., (
,(h) %Z W DAM, (1)

=T+l

where
AN (R R CRY L0}
WEDZ\ B it k=x,m

and B,(h) are correcting multipliers, 0 < (h) <1,
determined by the equations

T;-1
2 2
Z Ot Bj(h)c‘r/-(h)—l =h.
k=1;_+1
Then, forany h > 0, {m (h)} ;=1 I8 asequence of inde-
pendent standard Gaussian random variables.

Proof. First, we show that m, (k) is a Gaussian ran-
dom variable with parameters (0, 1), i.e., it has the
characteristic function

Gu) = Ee™ ™ = 77 )
Introducing the sequence of truncated times
T (L N)Y=1 (W) AN,N =12, .., wedefine
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T(hN)

Exti) =1 3 (b DAM,.

k=1

Since lim & (h) = m,(h) a.s., we have
N —

o) = lim Ee™**®.
N — o
Here, " can be represented as
) a2 0
Ee""" = ¢ "Ee™ ™ 1 Ry, 3)
where

R, =E PV ) [ o N _ e—é];
N
iuoe, (h,)AM
E,(/i/)(h,u) = z [%X(kg(m}

L Wi oy
2h

k=1

X{ksr(h)}:| )

P N
&V (hu) = ‘2‘—}1 D 0k (DO K k<xiny-

k=1

1 ﬁ 2 2
Since |expEY ") <e” and lim &Q(hu) =%,
N — o 2
we have

lim Ry =0. 4)
N —
Calculating the repeated conditional expectations

and taking into account that the increments AM, have
a conditionally Gaussian distribution yields

Ee® ™0 = E[E@™ "™ |F )= Ee® = = 1.
Combining this equality and limit relation (4) with
(3), we derive formula (2), i.e., m;(h) ~ N(0, 1).
Now let us show that the characteristic function of

the random vector (m,(h), ..., m,(h)) foralll = 2,3, ...
has the form

/ /
iij(h)uj 7%2143-
j=1

L u):=Ee’™ =e ’

(pl(u) = (p(ulr ..

Since

-1
iz m;(hu;

@,(u) =Ele’” Ele™ "™ | F . 1t,

it is sufficient to check that

2
u

E[eim/(h)u/ | %1171] = 677a [ = 2’ 3’ (5)
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We have (see [4])

Ele™™" | F . 1= lim Ele"™™ |F

n— oo

‘:,,,An];

moreover,

n
im(h)u, _ im(h)u,
Ee™ ™ | F . 1= D E[e™™ | F Ixw =
=0

n (©)
= ZE[eé(h’[’t)g | @I]X{T[—I:l};
t=0

Eh1,1) = ﬁ > b DAM ;.

k =1t+1
Introducing the truncated times
T, AN, N=t+1Lt+2 ...
and the sequence of random variables

AN

Ev(hl,1) :«/LZ > o DAMw, N =t+1, ...,

k =t+]

we find
E[e*"" | F 1= lim E[e>"" |F =¢ . (7)
N — o

Combining this relation with (6) yields (5). Theo-
rem 1 is proved.
Remark 1. The Gaussian property of the random

variable m,(/#) seems to be a discrete analogue of a
well-known property of Ito stochastic integrals
stopped at a special time (see [2, Theorem 17.6]).

2. SEQUENTIAL ESTIMATION
OF THE PARAMETER IN AR(1)

Consider some applications of Theorem 1 to
sequential estimation problems.

Let an observed process {x,},; be a first-order
autoregressive process AR(1)

X = exk,I +8k’ k > 1, Xg = 0, (8)

where 0 is the unknown parameter, © € R, and {€,},,
is a sequence of independent standard Gaussian ran-
dom variables. The MLE (LSE) of © from the observa-

tions x,..., x,, has the form

n
Zxkqu
k=1
=— .
2
X1
k=1

~

G )

n



678

An unbiased sequential estimator for 6 in (8) with
guaranteed mean-square accuracy was constructed
in [8]. The sequential design is defined by the pair

(t(h), ét(,,)) , where

(h) = inf {n 21 X, 2 h}, inf {g} = e, (10)

k=1

and the estimator éf(h) was a modified LSE of the form

T(h)
0% = Zak-xk 1%k (11)
where
1 if1<k <),
= 12
B {B(h) if k = (h) .

with (/) determined by the equation

(h)-1

Z xl%—l + B(h)xrz(h)—l =h

k=1

Intending to apply Theorem 1, we define a some-

what different sequential design for the estimation of
in (8). Let

‘E(h)

'c(h) Z\/_xk 1Xk>

(13)

where

(h)

= 2
= ZVakxk—la
k=1

while the stopping time ©(/) and the weighting coeffi-
cients o, remain unchanged.

Theorem 2. Let the sequential design (t(h), ét(h)) be

defined by formulas (10) and (13). If (€, ) s is an i.i.d.
N(0,1), then, forall h > 0 and 6 € R,

Pe{%[ér(h) -0] < Z} =®(z), —oo<z< oo,

F
where ch)zL e *du .
SR
Proof. Substituting x, from Eq. (8) into (13) yields
’C(h) T(h)
O = Z\/ Ky = Z\/ kX k-1€k
(14)
h)
VRS Jh
= T— o X, €, =0+ -—=m(h),
= ZIJ R = m(h)

KONEV

_ 1 u(h) .
where m(h) = ﬁZk :p/(xkxk—ﬁk- Introducing the

. n .
martingale M, = Zj_:lxj_lej, we represent m(4) in
the form

wh)

=LZ\/0(_/<AM/¢-
\/Zkzl

By Theorem 1, m(h) ~ N(0, 1).

From this and (14), we obtain the assertion of The-
orem 2.

Corollary 1. Forall —o0o < 0 < oo and h > 0,

m(h)

~ 2n
Ee% CH e)} = Q2n—-1),

Qn— D!

—, n=12...
h

n 2n
Egl0., —6] <

This inequality holds, since % 1.

Remark 2. The nonasymptotic estimates for the
moments of estimate (9) are obtained in [3, 5].

3. SEQUENTIAL ESTIMATION
OF THE PARAMETER IN AR(1):
THE CASE OF VARIABLE VARIANCE

Let {x,},., be an AR(1) process with a variable
noise variance:

(15)

where (€, ), is an i.i.d. N(0, 1), the random variable
x, is independent of (€,);s, 0 € R, (d),s 1S @ given
sequence of constant numbers, and d, # 0.

Assume that

X = exk_l + dkgk’

(16)

The sequential design for the MLE-based estima-
tion of 0 is defined by the formulas

n 2
W) = inf{n > 1: Z% > h},

k=1 "k
T(h)
o
A k=1
er(h) = Ta (17)

a, =1 if k <1(h); and

2 B

wh) x
where h = Z oy =KL
Ol = B(h), where B(h) is determined by the equation
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r(h)—lxz x2
2 T B =P = b
k=1 dk w(h)

Theorem 3. Under condition (16), for all 6 € R and
h>0

Pe{%[em ~g)< z} — D7), —oo<z< oo

Proof. Substituting x, from Eq. (15) into (17) yields

w(h)
Ox0n =e+%m(h>, m(h) = Zr Ut (18)

Consider the martingale

M, z xk 1€k
=1

It is well known (see [4]) that condition (16) is nec-
essary and sufficient for

(M)_ =, Pyisas, 6eR.

Expressing m(#) in terms of M, and applying The-
orem 1, we obtain the claim of Theorem 3.

4. SEQUENTIAL ESTIMATION
OF THE PARAMETER IN A GENERALIZED
REGRESSION MODEL

Suppose that an observed process {x, ], ., satisfies
the generalized regression model

)Ck = (e+nk)xk_1 +8k’ k 2 1, (19)

where (€,),s; and (1), are independent sequences
of ii.d. normal random variables, ~ N, 1),
N, ~ N(0,6°), 6> > 0; the random variable x, is inde-

pendent of the processes (¢,) and (n,), and G’ is
known. The parameter 0 is unknown, and the task is to
estimate it from the observations x;, x;, X, ....

Equation (19) is reduced to the form

Xk = exk_l + \'1 + szlz—l ko
where £, isan i.i.d. N(0, ). Let 2 > 0. The sequential
design ((h), 8,,) is defined as

T(h) = inf {n >1: Z

‘t(h)

xk lxk
Oy =7 Z Jou, :

k 1

xkl
1+(5 xk,1

h}, inf{d} = o,

(20)

where
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if k<1(h),

I
e = {B(h) it k= h).

The quantity 0 < (%) < 1 is determined by solving
the equation

-1 ) i
X _
Z k2 5+ B T(2/') 21 =h;
1 + k 1 1 + (0} Xr(h)_l
) 2
- 3
1+ (5

Theorem 4. For any 6 € R, o’ > 0,and h >0,

Pe{%(ér(h) -6) < Z} =®QR), —ee<z<ee

The proof of Theorem 4 is similar to that of Theo-
rem 3.

Corollary 2. Corollary 1 to Theorem 2 holds for the
moments of estimator (20).

5. SEQUENTIAL ESTIMATION
OF THE PARAMETER IN AR(1):
THE CASE OF UNKNOWN VARIANCE

Suppose that an observed process AR(1) satisfies
the equation

k=1, 21

where {¢,} isan i.i.d. N(0, 1), 6 # 0, and the parame-

ters 0 and o are unknown. To estimate 0 in the case of
an unknown o, the following sequential design

(t(n, h), é(h, n)) is introduced for every 4 > 0:

xk = exk_l +G£k7

T=tnh) =infim2n+1: > xi, 2hAR,|,

k = n+l
B, n) = ~—

T
TAR Z \/(x_kxk—lxk'

T = ptl

(22)

Here, R, is a statistic replacing the unknown variance
2 _N\" 2
6" Let R, —ijlx-

Jj=1»

and o, = B(h). The multiplier 0 < B(h) <1 is deter-
mined by the equation

andlet o, =lifn<k <t

-1

D Xi +Bx;, = hAR,;

k =n+l

T
ilAan = Z @xz—l'

k = n+l1
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v —
F(n_ —p) p here ——r(nzl_p)andl“()—r e dx is
Let 4, =4 —2—2|  n>2p+1. Define ™ Fnp= 2"F(”—1 a= |, x e dx
r(—) 2

h filtrati o 2_ _— the Euler gamma function. Combining this relation
the iltration o =0(x), ¥, =0(xp,Ny, ..., with (21) and taking into account the choice of A4,
M€ -5 €,), 21 yields inequality (23). Theorem 5 is proved.

Theorem 5. Forany — < 0 < o and ¢ # 0, estima-
tor (22) has the following properties for all h > 0 and
n>2p+1:

h o’
Law|—=0(hn)—0)|F,_ | = N|0,——— |,
~ 2p —H!!
Eo ot —0)” < %_
h
Proof. In view of (21), estimator (22) is trans-
formed into

(23)

0(h, n _g4_0Vh m(h, n), (24)
(h, n) h\/m (h,n)
where m(h, n) =(hAnR,,)71/2ZZ o \/OTkxk_,ek .
By Theorem 1,
Law(m(h,n) | %,-) = N(O, 1). (25)

Combining this relation with (24) yields the first
claim of the theorem. From (24) and (25), for the con-
ditional moments, we obtain the formula

A~ » ~\2p 3 2
e fonn-a7 (] 15| -G

Since h > h,

A w_Qp-Dy o
Eool 8(2m) -0 < e B
Applying Anderson’s lemma [10], we obtain

(26)

2p 2p 2p
[9) [9) 9
Ego=—<Ego—F— <Egjo——

.G = }n,p’
R: 2 n—1 p
IR
(¢ €,
=1 I=1
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