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ABSTRACT: We report on a systematic replica approach to calculate the subsystem trace
distance for a quantum field theory. This method has been recently introduced in [J. Zhang,
P. Ruggiero and P. Calabrese, Phys. Rev. Lett. 122 (2019) 141602], of which this work
is a completion. The trace distance between two reduced density matrices p4 and o4 is
obtained from the moments tr(pg — 04)" and taking the limit n — 1 of the traces of
the even powers. We focus here on the case of a subsystem consisting of a single interval
of length ¢ embedded in the low lying eigenstates of a one-dimensional critical system of
length L, a situation that can be studied exploiting the path integral form of the reduced
density matrices of two-dimensional conformal field theories. The trace distance turns
out to be a scale invariant universal function of ¢/L. Here we complete our previous
work by providing detailed derivations of all results and further new formulas for the
distances between several low-lying states in two-dimensional free massless compact boson
and fermion theories. Remarkably, for one special case in the bosonic theory and for another
in the fermionic one, we obtain the exact trace distance, as well as the Schatten n-distance,
for an interval of arbitrary length, while in generic case we have a general form for the
first term in the expansion in powers of ¢/L. The analytical predictions in conformal field
theories are tested against exact numerical calculations in XX and Ising spin chains, finding
perfect agreement. As a byproduct, new results in two-dimensional CF'T are also obtained
for other entanglement-related quantities, such as the relative entropy and the fidelity.
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1 Introduction

The characterisation of the entanglement content of extended quantum system has become
a crucial theme in modern physics [1-3] at the level that a few experimental protocols to
measure such entanglement have been already set up [4-8]. The reason of this very large and
diversified interest in the entanglement of many body quantum systems is manyfold. On the
one hand, entanglement became a standard and powerful tool to characterise the phases
of matter, especially in connection with criticality [9-17] and topological order [18-21].
Furthermore, entanglement is also a key feature to design new numerical algorithms based
on tensor network states [22-24]. More generically, characterising subsystems is essential
to understand the phenomenon of equilibration and thermalisation of an isolated non-
equilibrium quantum systems [25-38|, and the entanglement dynamics is also related to
the black hole information loss paradox [39-42] through gauge/gravity duality [43—45]. For
this reason, the entanglement entropy in holographic theories and its relation to quantum
gravity have also been extensively studied [46-56].

Nonetheless the information that the entanglement provides about a given subsystem
may not be enough for some applications. Specifically, it can be equally important to
develop tools enabling to distinguish between subsystems in different states, i.e. to distin-
guish reduced density matrices (RDMs). The problem of measuring the distance between
density matrices has been intensively considered in quantum information theory, where
several different measures have been introduced and analysed, see e.g. [57, 58] as reviews.
A proper measure of the difference should be a metric in a mathematical sense, meaning it
should be nonnegative, symmetric in its inputs, equal to zero if and only if its two inputs
are exactly the same, and should obey the triangular inequality. Given two normalised
density matrices p and o (i.e. with trp = tro = 1), an important family of distances is
given by

Da(p,0) = 17 llo = ol (11)
which depends on the real parameter n > 1. These distances are known as (Schatten)
n-distances, and are defined in terms of the (Schatten) n-norm (of a general matrix A) [58]

= ()" (12)

with A; being the nonvanishing singular values of A, i.e. the nonvanishing eigenvalues of
VATA. When A is Hermitian, \; are just the absolute values of the nonvanishing eigenvalues
of A. The normalisation in (1.1) is fixed so that 0 < D,(p,0) < 1. As long as we are
dealing with finite dimensional Hilbert spaces, all distances (including D, (p, o) in (1.1))
are equivalent, in the sense that they bound each other

Cum Dn(ps0) < Din(p, @) < n Du(p, 0), (1.3)

for some constants ¢,,,,. However this ceases to be the case for infinite dimensional Hilbert
spaces, because the constants c¢,,,, depend on the Hilbert space dimension. For this same
reason, it is not obvious how to compare distances between RDMs associated to subsystems



of different size, which is one of our main goals in this paper. Given this state of affairs, it
is natural to wonder whether one distance is on a special foot compared to the others. In
this respect, it is well known that the trace distance

1
D(p,0) = 5o~ ol (1.4

(i.e. (1.1) for n = 1) has several properties that made it more effective than the oth-
ers [57-59]. In particular, an important feature of such metric is that it provides an upper
bound for the difference between the expectation values of observables in the two states p
and o, i.e.

[tr(p — 0)O] < [lp = o][1[|Ollcc = 2D(p,0)|O]|c- (1.5)

It is clear that the bound (1.5) does not depend on the Hilbert space dimension, while it
would not be the case if one uses n # 1 in (1.1). This means that if p and o are “close”,
also the expectation values of an arbitrary observable O (of finite norm) are “close”. We
will provide in this paper important examples of how choosing the “wrong distance” could
lead to misleading results.

In an extended quantum system, especially in a quantum field theory (QFT), it is
extremely difficult to evaluate the trace distance (1.4), as, for example, discussed in [59].
This is one of the reason why in the literature there has been an intensive investigation of
the relative entropy [60-70], defined as [71]

S(pllo) = tr(plog p) — tr(plog o). (1.6)

S(p|lo) bounds the trace distance according to the Pinsker’s inequality [58]

D(p, o) </ 55(0lo). (17)

It is definitely a useful tool in quantum information theory, but is not a metric: indeed it
is not symmetric in its inputs, it may be infinite for some density matrices, and does not
satisfy the triangle inequality [58].

Another quantity, already studied in literature, that provides an indication of the
difference of two states is the fidelity [62], defined as [57, 58]

F(p,0) = tr\/\op\/o = tr\/\/po/p. (1.8)

Although not obvious by definition, the fidelity is symmetric in p and o. (Notice that often
in the literature the square of F(p, o) is called fidelity, generating some confusion.) By
definition 0 < F(p,o) < 1: in particular, for two close states F(p,o) approaches 1, and
for two far away states F(p,o) approaches 0. Trace distance and fidelity also satisfy the

1= F(p,0) < D(p,0) < /1= F(p,0)*. (1.9)

Unfortunately, neither the fidelity is a metric, and therefore does not provide a proper

inequalities [57]

distance for extended quantum systems. However, it can be used to define a metric [57] as
arccos(F'(p,0)).



Recently, we developed a systematic method to calculate the trace distance between
two RDMs in generic QFTs in ref. [72]. The present paper is an extension of the Letter [72].
Here, on top of providing many details of the calculations that were not reported in [72]
for lack of space, we also produced new results for subsystem trace distances in 2D free
massless compact boson and fermion theories. Furthermore, as a byproduct of our analysis,
we provide new results for the relative entropy and fidelity, which, as mentioned above,
have both already been largely studied in literature.

Our approach to compute the trace distance is based on the path integral represen-
tation of the RDMs and an ad hoc replica trick. As detailed in the following, one first
needs to compute D, (p, o) with n. being an even integer, and then consider its analytical
continuation to arbitrary real values. The trace distance is then given by the following
replica limit

D(p,o) = lim D, _(p,0). (1.10)
Nne—>1

This strategy closely resembles the calculation of the entanglement negativity (an entan-
glement measure for generic mixed states) in [73-75]. The method can be applied to many
different situations, but in [72] we focused on one-dimensional (1D) systems described by a
2D Conformal Field Theory (CFT), with the subsystem consisting of an interval of length
¢ embedded in a circle of length L. In such setting, entanglement measures as the Rényi
and the von Neumann entropy have been considered. In particular, using the twist oper-
ators [12, 13, 76] and their operator product expansion (OPE) [77-85], a universal short
interval expansion has been derived. This expansion also generalises to subsystem trace
distances between the low-lying excited states in 2D CFT.

The remaining part of the paper is arranged as follows. In section 2 we review the path
integral approach to entanglement in QFT and in particular in CFT. In section 3, after
presenting in details the replica trick for the trace distance, we derive the universal formula
of the leading order trace distance of one interval in the short interval expansion and exact
results for a special class of states. In section 4 we consider the 2D free massless compact
boson theory and calculate trace distance and several n-distances. We test our analytic
predictions against exact numerical calculations for the XX spin chain. We also provide
some further results on relative entropy and fidelity. The same quantities for the 2D free
massless fermion theory are investigated in section 5 and tested against exact numerical
calculations in the critical Ising spin chain. We conclude with discussions in section 6. In
appendix A, we review the needed information about the XY spin chain, of which the XX
and Ising models represent special cases. In appendix B and appendix C we give some
identities that are useful to the calculations of relative entropies in the boson and fermion
theory, respectively. In appendix D we provides some details of the analytic continuation.

2 Entanglement in QFT: an overview

In this section we present an overview of the path integral approach to the entanglement
entropy and introduce all concepts that will be used in the following sections to calculate
the trace distances between RDMs of the low-lying eigenstates in CFT.



Replica tricks. The most useful measure of bipartite entanglement in a pure state is
the entanglement entropy, defined in terms of the RDM of a quantum state. For a generic
state |1) with density matrix p = [) (1|, the RDM of a subsystem A is p4 = tr 1p (A being
the complement of A) and its entanglement entropy is the corresponding von Neumann

entropy S4 = —trpalogpa. In the replica approach, it is obtained from trp'y, computed
at first for n integer and then analytically continued to real values, through the limit
R
Sa = —lim —trp'}. (2.1)
n—1 0n

When n is an integer, trp’y may be computed in the path integral formalism. In fact, in 1D
systems described by 2D QFTs, this path integral representation is the partition function
on a n-sheeted Riemann surfaces, in which the j-th sheet represents p4 ;, the j-th copy of
the state p4.

A generalisation of this replica trick has been then introduced in refs. [62, 63] for the
relative entropy, cf. eq. (1.6). It relies on the path integral representation of tr (p’o’}'),
with p4,04 being two RDMs, and reads
d tr(p Aafffl)

S(palloa) = — lim —

2.2
n—10n trp’y (2:2)

Twist fields. Moreover, still in 1D systems, for a subsystem A consisting of m disjoint
intervals, trp’y can be expressed (for integer n) as a 2m-point correlation function of some
special fields 7 and 7 known as twist fields [12, 13, 76]. This correlation is evaluated in
the state p, = ®j_;p; of the corresponding n-fold theory, denoted as CFT", as shown in
figure 1 (left). For the simple case of a single interval (m = 1)

trp’y = (T(£,£)T(0,0))p, (2.3)

The above relation and twist fields in general can be defined in any 2D QFT but turn out
to be particularly useful when dealing with a CF'T, where twist fields are primary operators
in CFT", with conformal weights [12]

c(n? —1)
24n

¢ being the central charge of the single copy CFT. In the case when p4 corresponds to

hy = h, = (2.4)

the ground state (vacuum) of the CFT, the moments of the reduced density matrix for A
being a single interval in an infinite system are fixed by global conformal invariance to be

trpl = (T(£,0)T(0,0))p, = ¢y ( , (2.5)

€

where ¢, (with ¢; = 1) is the normalisation of the twist operators (related to the boundary
conditions induced by the twist operators at the entangling surface [86-88]) and e is an
ultraviolet cutoff.

Similarly, also tr (p’jo’{') can be expressed in terms of correlation functions of twist
fields, this time evaluated in the state ®7_, p; @}’ o) in CFT™. This is indeed nothing but
the generalisation of (2.3) to the case where the replicas of the CFT are in different states.



Short interval expansion. Hereafter we specialise to a 1+1 dimensional CFT in imag-
inary time 7. The two dimensional geometry can be parametrised by a complex coordinate
z = x+ir, where 7 € R, the spatial coordinate x € [0, L] and we consider periodic boundary
conditions (PBC).

The OPE of twist operators [77-80] can be used to write down and asymptotic expan-
sion of the multipoint correlation functions of the twist operators. For example, in terms
of CFT™ quasiprimary operators and their derivatives, the OPE of twist operators takes
the form [80]

CnEQ(h" +hn)

T(2,2)7(0,0) = Ydr S 9K UK it shic+sgr g (0, 0). (2.6)

»2hn 52hn rl sl
The summation K is over all the orthogonal quasiprimary operators ®x in CFT", with
conformal weights (hr,hx), and they can be constructed from the orthogonal quasipri-
mary operators in the original one-fold CFT. In eq. (2.6) the following constants have
been defined

Ccy 0 F(z+1)
af, = —hedr=l gs = ChedsTl o Gy oY = .27
. Cohesr_1 . O T T+l -y +1) 20

The OPE coefficients, moreover, can be calculated as [78§]

di = O[I(ﬂi{'f‘hK Zlggo z2hK22hK<<I>K(z Z) R (2.8)
with ax being the normalisation of ®x and R, being the n-fold Riemann surface for one
interval A = [0,¢] on the complex plane. The expectation value on R,, can be calculated
by mapping to the complex plane [78].

For a general translationally invariant state p, in the OPE of twist operators we only
need to consider CFT™ quasiprimary operators that are direct products of the quasiprimary
operators {X'} of the original CFT [81, 82]

(I)jl,]27 . Xﬂl S i (2.9)

From the OPE coefficient of lel e XJ’“, which we denote by dj)é Jffk, one can define the
coefficient [81]

bx,.x, = > dy, (2.10)

0<j1, gk <n—1

where the sum is constrained in order to avoid overcounting. For examples, for X; X, one
has 0 < j1 < j2 < n —1, and for &), X}, V;, with X' # Y one has 0 < j1,72,73 <n—1
with constraints j1 < ja, j1 # J3, Jj2 ;é j3. For the RDM p4 of such states, one finds the
following expansion [81-85]

/ —4hy, A
trpli = cn | - 1 At Ax e (X)), (X 2.11
TpA C (6) +Z Z 1 k X1 Xk< 1>p < 1>,0 ) ( )

k=1{Xy, &}



with the summation being over all the sets of orthogonal nonidentity quasiprimary oper-
ators {X'}. This allows to derive the short interval behaviour of the Rényi and entangle-
ment entropies.

Similarly, given two RDMs p4, 04 associated to translationally invariant states, one
can derive the universal leading order of the relative entropy in short interval expansion [64,
65, 84, 85]

\/EF(A¢ + 1)€2A¢ (<¢>P — <¢>U)2 + 0(€2A¢)'
228D (A, +3)  ay

Here ¢ is one of the quasiprimary operators with the smallest scaling dimension among the

S(palloa) = (2.12)

ones that satisfy
(@) # (D)o (2.13)

This is strictly true when there is a single operator satisfying (2.13); in the degenerate
case, we need just to sum all the quasiprimary operators ¢ satisfying the constraint (2.13).
The operator ¢ has conformal weights (hg, ﬁ¢), scaling dimension Ay = hyg + E(p, and spin
S¢ = hgy — ﬁ¢. We choose ¢ to be Hermitian and so the normalisation factor is oy > 0.
Note that ¢ can only be bosonic, i.e. s4 is an integer, otherwise (¢), = (¢)s = 0. When
4 is an even integer (¢),, (¢)o are real, and when sy is an odd integer (¢),, (¢), are pure
imaginary. Moreover, we only consider unitary CFTs, so that hg > 0, l_L¢ > 0. As required
by definition, S(pal|lc4) > 0. For later reference, it’s important to note that (2.12) applies
to both the cases with and without degeneracy at scaling dimension A.

Some exact results for excited states entanglement and relative entropy. We
now consider excited CF'T states obtained by acting on the ground state with a field X
(i.e. |X) = X(—i00)|0)). Here, once again, A is an interval of length ¢ in a finite, periodic,
system of length L. The path integral representation of the corresponding density matrix
| ) (X | presents two fields insertions at +ico. The RDM py relative to the subsystem A
is obtained by closing cyclically |X')(X| along A and leaving an open cut along A. Then
trpy is given by n copies of the RDM px sewed cyclically along A. Following this standard
procedure, we end up in a world-sheet which is the n-sheeted Riemann surface R,, and
the moments of py are [89, 90]

Z(A) Ty X (20) X (2R,
zZy (X)X )R,

trpy = (2.14)
where Z,,(A) = (I)z,, (i.e. the n-th moment of the RDM of the ground state) and z; =
ico, z;, = —ioco are points where the operators are inserted in the k-th copy. In (2.14), the
normalisation is properly taken into account.

For convenience, one usually introduces the universal ratio between the moment of the
RDM in the state X and the one of the ground state, i.e.,

w (0N _ trpl T, X)X ()R,
F ( >_trp’f XX,

L
in which the factors coming from the partition functions cancel out and so the ratio is a

(2.15)

universal function solely of ¢/L.



In the case of A being a single interval, in order to calculate the correlators appear-
ing in (2.15), one could either introduce twist fields (as mentioned above) or consider a
conformal transformation mapping the Riemann surface to the complex plane, where the
correlators themselves can be explicitly evaluated. While the representation in terms of
twist field is a powerful tool to get the short-interval expansion, this second method allows
in some cases to get the full analytic result for an interval of arbitrary length, at least in the
case when X is a primary field and the mapping to the complex plane has no anomalous
terms [89, 90]. The above results have been generalised in the literature to many other
situations, e.g., states generated by descendant fields [91, 92], boundary theories [93, 94],
and systems with disorder [95].

The traces tr (pg,” p}), for two given fields X', ), are obtained by a simple generalisation
of trp% discussed above. In this case, in fact, instead of n copies of the RDM px only,
one considers further m copies of py and joins them cyclically as before. The final result
is a path integral on a Riemann surface with (m 4 n) sheets with the insertion of X, X'
on n sheets and ), Y on the remaining m sheets. Keeping track of the normalization we
get [63]

 Znam(A) (i Y (wi) VT (wy) TTETY X (wi) X (w)) =,
)

B PR) = g Dt YT, (R X T, (210

Also in this case, a universal ratio is usually introduced

G ) = PP D0V T X)X ), 3 0) 3 )i
PP " (o) (T, Y(w) Y (@), (X)X @Dy

(2.17)
A similar strategy will be applied to the trace distances in the following sections.

3 Subsystem trace distance in QFT

In this section we report on the construction of the replica trick for the trace distance (1.4)
introduced in our previous Letter [72]. The problem in the calculations of the trace dis-
tance (1.4) resides in the presence of the absolute value of the eigenvalues of pg — 4.
Because of this absolute value, the only way to directly get the desired quantity would be
by explicitly diagonalising p4 — o 4, a problem that is made even more complicated by the
fact that the two RDMs generically do not commute. Absolute values of matrices can be
anyhow tackled with a replica trick, an idea first introduced, to the best of our knowledge,
by Kurchan [96] and later applied to many different situations [73, 74, 97-101], including to
the entanglement negativity [73, 74]. This trick for the trace distance, and more generically
for all the n-distance for arbitrary real n, works as follows. Given two (Hermitian) density
matrices p and o, we have by definition

lp = ol = trlp— o™ = > |\[", (3.1)

7

with \; being the eigenvalues of (p — o). Note that, for n. being an even integer, it holds

tr|p — ol =tr(p — o)"e. (3.2)



Therefore, if we compute tr(p — o)™ for generic even integer n, = 2,4,---, we can then
consider its analytical continuation to any real number. In case we manage to work out
such an analytic continuation, the trace distance is then simply obtained as

L.
D(pa,o4) = 5 nhg11 tr(pa —oa)"e. (3.3)

The calculation of tr(pg — 04)™ for general integer n is instead a relatively simple issue.
Indeed, expanding the power of the difference, one just has to compute a sum of the traces
of products of p4’s and o 4’s; and we know how to get each of these products, as explained in
the previous section. For example for n = 2 we have tr(pa —o4)? = trp% +tro4 —2tr(paca)
and so on for larger n (but keep in mind that p4 and o4 do not commute). Incidentally,
this simplicity is the main reason why in the literature the (Schatten) 2-distance has been
largely studied in many applications, instead of the more physical trace norm. We stress
that for odd n = n,, tr(pa —o4)™ does not provide the n,-distance (because of the absence
of the absolute value). Also, the limit n, — 1 gives the trivial result tr(p4s —o4) = 0 (in
full analogy with what happens for the negativity [73, 74]).

Therefore, in the context of a general QFT, the quantity we need to evaluate is
tr(pa — o4)", which may be expanded as

tr(pa—oa)" = > (=) (pos - pn-1)s) » (3.4)
S
where the summation S is over all the subsets of Sop = {0,--- ,n—1}, |S| is the cardinality

of § and pjs = 04 if j € S and pa otherwise. Crucially, each term in the sum appearing
in the r.h.s. of eq. (3.4), in a 2D QFT, is related to a partition function on an n-sheeted
Riemann surface (see figure 1, right) and may still be seen as a two-point function of twist
fields (cfr., e.g., [102])

tr(pOS T p(n—l)s) = <T(€7 ﬂ)'f(o, 0)>®jpj3' (3'5)

Such objects already appeared in the replica trick for the relative entropy mentioned
above [62, 63], and, in some cases, they have been explicitly computed [62-66]. Still,
performing the sum in eq. (3.4) and obtaining its analytic continuation is not an easy task.
We stress that egs. (3.4) and (3.5) are very general in the sense they apply to generic
situations for one-dimensional systems, even if in the following we just focus on eigenstates

of CFTs.

3.1 The trace distance between primary states in CFT

In this section, we specialise to the case when the RDMs p4 and o 4 correspond to low lying
eigenstates of a 2D CFT; we focus on periodic systems of total length L and on a subsystem
being an interval of length ¢. Similarly to the discussion in section 2, analytical results for
an interval of arbitrary length can be obtained by looking to a special class of states in a
2D CFT. We study the distance between RDMs of orthogonal eigenstates associated to
primary operators; as we shall see, while the distance between the entire states is maximal,



subsystems may be rather close and they distance has different functional form depending
on the considered states.

For a general primary operator X, let (hy,hy) be its conformal weights and Ay =
hx+hx and sy = hy —hy its scaling dimension and spin, respectively. We exploit eq. (3.4)
to compute tr (pxy — py)" for two RDMs associated to two primary operators X and ).
For such states, each term of the sum in the r.h.s. corresponds to a correlation function
with insertions of the fields A and ) on the Riemann surface [89, 90], which, as mentioned
above, can be mapped to the complex plane by the map

5 _ 2mt/L 1/n
f(z) = (z—l) . (3.6)

The final result for the entire sum in eq. (3.4) can be then written as a sum of such
correlation functions as follows

n

a 9 a0\ 2SIAX+ISIAY)
\IS2(Slsx+ISIsy) [ 2 gy 22
XZ{( )el ( sin L>

< ([TL (1 2 £ 7 2 Gy Fr0) X G 1)) |

jes

< [TL (72 720 1Y i B0y (5 59) | >@}- (3.7)

jeS

Here S = &/S, fj = e and fie = e’ UtD), Eq. (3.7) relates the even (Schatten)
n-distances between the RDM of two primary states |X’) and |)) to the 2n-point correla-
tion function of the corresponding primary fields on the complex plane. Such correlation
functions may be calculated in some specific cases, as we shall see, but in general it is not
possible to work them out in a closed form as function of n in order to obtain the analytic
continuation for the trace distance. Anyway, even if too complicated to extract direct infor-
mation, from eq. (3.7) we can already draw one very important conclusion. Indeed, in the
limit » — 1 (independently of the parity of n) the dependence on the ultraviolet cutoff e
washes out. Importantly, this means that the trace distance is a universal, cutoff indepen-
dent (i.e., UV-complete), scale invariant function of £/L (i.e., it does not separately depend
on ¢ and L). This is another very important property that puts the trace distance on a
special foot compared to the other Schatten distances that instead are cutoff dependent
and not scale invariant (but only scale covariant since they have non zero dimension).

It is clear from the explicit form of eq. (3.7) that the n-distance D, (pa,c4) of two
RDMs p4,04 with n # 1 is dependent on the UV cutoff €. As for other quantities discussed
above (cfr. egs. (2.15), (2.17)), it is worth and useful to introduce a scale-invariant and
cutoff-independent ratio for the n-distance as

Ltrlpa —oal”

Dn(pa,oa) = (3.8)

2 trpg
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Figure 1. The replica trick to calculate trap%, eq. (2.3), (left) and tra(paopa1---pPan-1)
eq. (3.5), (right). Top: path integral in terms of Riemann surfaces. Bottom: equivalent repre-
sentation in terms of the twist operators in CF'T™. We show the case n = 3 as an example.

in which pg is the RDM of the subsystem A in the CFT ground state. Within this normal-
isation by trpy, the function D,, in eq. (3.8) has the simpler expression in CFT. Note also
that this definition is slightly different compared to the one given in [72]: the present form
gives a quantity between [0, 1], rather than [0, 2] as the one in the Letter and has a normal-
isation that is independent from the inputs of the distance. When there is no ambiguity,
we will also call D,,(p, o) loosely as the n-distance, but the true n-distance is instead

Dy(pa,04) = [Pulpasoa) trpg] /™. (3.9)
The replica limit (3.3) now takes the form
D(pa,o4) = lim D, _(pa,oa). (3.10)
ne—1

Eq. (3.9) also highlights one of the main reasons why the trace distance is better than
all other n-distances. In CFT D,,(pa,04) is always a smooth function of ¢/L in the interval
[0, 1] and so it is its replica limit D(pa, 04). Conversely, since trpf goes to zero as L — oo,
irrespective of the value of ¢/ L, the n-distance always vanishes in the thermodynamic limit.
Consequently, a study of n-distance may artificially signal the closeness of two RDMs that
actually are very different.

3.2 Short interval expansion

Although eq. (3.7) is model dependent and generically complicated to be worked out an-
alytically, it is possible to use the OPE of twist fields (cf. eq. (2.6)) to obtain a general
result in the limit £ < L.

Let pa, 04 be the RDMs of two CFT eigenstates p, o, not only primary and quasipri-
mary states, but also descendents or even thermal states. The OPE of twist fields, eq. (2.6),

~10 -



leads to

4hn,
tuwmﬁmmq%6> ST AN (), (A)e) - (X (X)),
{X1,, X0}

For two different states p, o, quasiprimary operators ¢ such that

(@)p = (#) # 0, (3.12)

should exist (as mentioned in eq. (2.13)). Among these, we select the operator ¢ with the
smallest scaling dimension Ag. In this section, for simplicity, we only consider the case
when only one of such operators exists with the smallest dimension Ay (non-degenerate
case). As mentioned in the section for the relative entropy, s, has to be integer. Hence,
for a general even integer n., we get

£ —4hne e .
trpa—oa =an (1) [0S b (0~ (@) Hole )], (313
with ¢"¢ denoting the direct product of n. ¢’s. Note that bgne = d¢ne(ne_1). Then, we

consider the analytical continuation in n. and get tr|pa — o4|™ for a general real number.
In particular, for n, — 1, this leads to the desired universal leading order term of the trace
distance in short interval expansion

(1R94). (3.14)

A —_
m%mpﬂﬂqw»<m

2 | yas

Here oy is the normalisation of the field ¢ (in most of the cases ag = 1), and the to-be-

determined coefficient x4 is given by the replica limit (n. = 2p, p=1,2,---)

— lim i2Ps¢ pd 2r-1) _ 2P g h¢ he T
T = IHHBZI Yoo pﬂnlr}Q a 2PA¢< I;I f ¢ fﬂ’fﬁ)]> Ji=er.
(3.15)

We stress however that, differently from the corresponding result (2.12) for the relative
entropy, eq. (3.14) only applies to the case with no degeneracy at scaling dimension A.
We will see in the next section how to relax this condition, while applying to the specific
case of the free boson.

Note that in (3.15), we did not keep track of the Schwarzian derivative part in the
conformal transformation of the quasiprimary operator ¢ because it just cancels out in the
limit n. — 1 (i.e. p — 1/2), when using (2.8) to calculate the OPE coefficient d0 (ne b,

From eq. (3.15) and for an integer p = 1,2, - -, the replica limit can be obtamed using
the function Fqu) (¢/L) defined in eq. (2.15) and rewritten as

¢ :2ps / 2pAg - ) .
£ <L> - 1:{; <;Sm 751) <H fa%ff%(fj,e,fj,z)ch(fj,fj)]>C, (3.16)

- 11 -



27\'IJ £ 2mij
wherefjg:ep r) Jfi=er .

In fact, when ¢ is Hermitian we have ¢! = ¢ and so

FiY2(1/2)

Furthermore, if ¢ is a primary operator, Fqu ) (¢/L) is related to the p-th order Rényi entropy
S(p) s(0) for A =10,4] in the state |¢)

FP(0/1) = e~ DISELO-ST00), (3.18)

In refs. [89, 90], eq. (3.18) has been explicitly evaluated for several operators and in some
cases also the analytic continuation is available [103, 104]. Note that (3.18) only applies
to the case that ¢ is a primary operator, while (3.16) also applies to the case that ¢ is a
quasiprimary operator.

Finally we mention that from the inequality (1.7) and from the universal leading order
of the relative entropy (2.12), one can get a universal upper bound to the coefficient x4,
solely depending on the scaling dimension

VAl(Ay + 1)
22A¢+1F(A¢ n %) .

.T¢ S $max(A¢) == (319)

We will check such bound for various examples in the boson and fermion theories.

3.3 Exact general result for the 2-distance from the ground state

We mention that the second (Schatten) norm can be straightforwardly obtained between
ground state pp and a primary state py. Indeed, we have

1tr(po — p¢)2 1 (1 n trpi 2trp0p¢> (3.20)

D 5 = -7 = — —
2(Po; ps) 2 trpd 2 trp? trp?

on which the second term is just the universal function F f) (¢/L) in (3.16) (and calculated
for many ¢’s in [89, 90]), while the last term is just a two point function in a two-sheeted
surface given by (see also (C.1))

2A
" l 4
r(P¢pO) — ( Sln L ) , (321)

trpd 2sin gf

where A, is scaling dimension of ¢. Hence, we finally have

1+ FP/L) - ( we)mﬁ (3.22)

COS —
2

If in (3.20) we replace py with a primary state, the only difference is that trpe, pg, is a
four-point function in the 2-sheeted Riemann surface. The latter can be easily calculated
on a case by case basis, but it has not a simple expression as (3.22). Notice that the
property F (f /L) > 1 ]90] ensures that the r.h.s. of (3.22) is non negative, as it should.

- 12 —



4 Free massless compact boson

In this section, we consider the 2D free massless compact boson theory (i.e. with the target
space being a circle of finite radius) defined on an infinite cylinder of circumference L. The
model is a ¢ = 1 CFT. In condensed matter, such a theory is usually denoted as a Luttinger
liquid and describes the continuum limit of many relevant 1D systems, among which the
XX spin chain that we will explicitly consider. We first compute the trace distance and
more generally the n-distances (with n = 2, 3,4, 5) between several low-lying excited states
in the CFT, and derive some new results for relative entropies and fidelities. All the CFT
results are then checked against numerical calculations in the XX spin chain (but we stress
that our results apply to a larger class of critical systems even interacting ones like XXZ
spin chains and Bose gases).

The boson field has holomorphic part ¢ and anti-holomorphic part ¢. The states in
which we are interested are those generated by the action of the following operators: the
identity operator I, with conformal weights (0,0), and its descendent at the second level,
the stress tensors T and T with conformal weights (2,0), (0,2); the currents J = id¢,
J = i0¢ and J.J whose conformal weights are given by (1,0), (0,1) and (1, 1), respectively;
the vertex operators V, 5 = exp(iag + ia¢) with conformal weights (a?/2,a%/2). While T
and T are quasiprimary operators, all the others are primary operators. Details of the 2D
free massless compact boson theory can be found in [105, 106].

We denote the ground state as |0), and the low energy excited states are constructed
by acting on it with a primary operator, obtaining the following set of states: |Va.a), |/),
|J), |JJ). We denote the RDMs of A in these states, respectively, as pa.a, pJ, p, s and
po for the ground state. Note that pgo = po. One should beware to distinguish the density
matrices of the entire system from the RDMs of the subsystem A.

4.1 Short interval results

In this subsection we report the explicit form of the short distance expansion for all the
states we consider for the free boson. The general form is always given by eq. (3.14) with
zg in (3.15) or equivalently (3.17). Here we identify the leading operator ¢ contributing to
each distance and explicitly provide the analytic continuation for z.

4.1.1 Vertex-vertex distance: non-degenerate case

We first consider the distance between two states generated by the a vertex operators,

namely |V 4) and |V 5/). The leading operators entering in the OPE are the primaries .J

and J with expectation values

2T 2T
L’ L

They are both operators with minimal dimension Ay = A7 = 1 and we use the normali-

(N)aa = (Naa = — (4.1)

sation awy = 1. The CFT formula (3.14) only applies to the case with no degeneracies in
the sense of eq. (3.12): this implies for the vertex operator that either « = o/ or @ = &/,
else both J and J would contribute. We first consider the non degenerate case and in a
following subsection the degenerate one.

~13 -



At this point, for the non-degenerate case, the only missing factor is x; (or x 7). This
can be read off egs. (3.17) and (3.18). Indeed the Rényi entropies in the current state
have been derived in the form of a determinant in [89, 90] and analytically continued
in [103, 104]. The final result reads [103, 104]

ud4
2 [ 14+ptpesc
op I ( 2

2 . !
FPe/n) = FP /L) = <Sin ) . 4.2
J (/ ) J (/ ) P L 2 <1—p+pcsc7TLe> ( )

2
Using such result and plugging F§1/2)(1/2) in eq. (3.17), we get

1
= 7= —. 4.3
tr==rp=" (4.3)

Notice that they satisfy the bound (3.19) with @pa, (1) = 1/1/6.
Finally, putting all pieces together in eq. (3.14) we get the leading orders of the trace
distances:

a—aoll { a—a'll
D(paas par.a) = g o < | |

Y V4
i L> ; D(pa,a)Pa,a’) = I +o <L> : (4.4)

4.1.2 Vertex-Current distance: non-degenerate case

Then we consider the trace distance between a vertex state |V, ) and one of the three
current states |J), |J), |JJ). The OPE is again dominated by the current operator, so
to apply eq. (3.14) we need the expectation value of the current in the vertex state, as in
eq. (4.1), and also the expectation values of J,J in the current states |J), |J), |JJ). They
are simply given by

(J)g=()j=(T)yy= (= (T);={(])s;=0. (4.5)
In this case, to apply eq. (3.14), the non degeneracy condition implies either &« = 0 or
a = 0, for which we simply get (using also eq. (4.3))

Dl oy 12, (€
D(pJapOz,O) - D(pJnOO,Ot) — I +o0 i3 )

N o age l
D(PJvPO,a)—D(pJ’Pa,O)— L +o L )

«all 12
D(ijvac,O) = D(ijvpo,a) = |L| +o (L) . (4.6)

When both a and & are non zero, we are in the degenerate case which will be considered
in the following.

Instead, if @« = @ = 0 (i.e. for the distance between the current and the ground state),
the leading term vanishes and we have to go to the next operator in the OPE which is the
stress energy tensor. This can be obtained as follows. The expectation values of the stress
tensors in a general primary state |X) with conformal weights (hx, hy) are given by

m2c  Arlhy _ m2c  Arlhy

7 R - A 7 R (47)
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This result together with eq. (3.14), with the minimal dimension quasiprimary being one
of the stress tensors, eventually leads to

D(po, p.s) = D(po, py) = x1 (4.8)

242 2
22720 —l—o<€ >

L2 L2

In this case, obtaining an analytic result for the coefficient z7 is much more complicated
because T is not primary and eq. (3.18) does not apply. The general expression for 7 may
be written as

. 9 p 2p—1 ) ig
er = 1 (2)'( ), 5= (4.9

This result may seem, at first, quite surprising because in the mapping from the Riemann
surface to the complex plane anomalous terms are present since 7' is not primary. This
is indeed the case for the OPE coefficient for n # 1. However, since for n = 1 the
transformation from the n-sheeted surface to the plane is in SL(2, C), then the Schwarzian
derivative vanishes, and so all the anomaly terms are at least of order (n — 1) [107, 108].
Thus they cancel in the n — 1 limit, i.e. in the p — 1/2 limit. Anyhow, getting a general
closed form for eq. (4.9) is rather difficult and hence, an approximate value for this unknown
coefficients zp will be extracted from the numerical results in the XX spin chain later on.
Finally let us notice that from the decoupling of the holomorphic and anti-holomorphic

sectors we simply have
tr(ps —pyg)" _ trptr(po —py)"

= 4.10
trpp trpg  trog (410
In the limit n — 1, this decoupling leads to
D(ps,ps5) = D(po; py), (4.11)
and, using also eq. (4.8), we get the OPE
227202 0
D(pjspys) = D(pspyj) = tr——F5— +o0 (L2> : (4.12)

4.1.3 Vertex-vertex and vertex-current distances: degenerate case

In the 2D free massless boson theory, we can actually generalise formula (3.14) to the

degenerate case. In fact, consider two states p, o such that both (J), # (J)s and (J), #

(J)o hold. Using eq. (2.8), we get the OPE coefficient of the CFT" operator Jj, - --J

J2k

e 1 1
d’L 7 = + permutations , (4.13)

(4ip) (sin 7312 . sin 7T](2k—1)(2k))
D 2p

(2k—1)!!

where n = 2p so that p = 1,2,--- and we used J? to denote the direct product of 2k
J’s from different replicas of the CFT. We also defined the shorthand j;,i, = Ji; — Jio-
On the r.h.s. of the above equation we have a sum of the permutations of all possible
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pairwise contractions, and the total number of terms is (2k — 1)!!. Similarly, we get the
OPE coefficient of J;, --- Jj%ljji o

J2kq

djlijklji.“jékg 1 1 n tati
’ = ‘ permutations
SR (4ip)2(krtk) (Si e | gin M)Z

2p 2p (2ky —1)1!

1

i i
o T2 (2kg—1)(2kg)
(sm 2 sSin -2 >

5 + permutations , (4.14)

(2ka—1)11

which is a sum of (2k; — 1)!!(2k2 — 1)!! terms. Using the definition (2.10), we find the
0-(2p—1)
J2p

gives b j2(p—) jox, Which is in turn a sum of totally 0225[2(p—k) —1N(2k—1)!!

coefficient b2y = d , which is a sum of (2p — 1)!! terms. A sum of 022;; number of

djl"'jQ(p—k)ji"'jék
J2(p—k) J2k
terms. Since in each sum we add up all the possible permutations, eventually we simply get

by
_ 2k Jr .~k
bJZ(P*k)ij = CQP [2(]) — k) — 1]”(2k — 1)”@ = Cpr2p. (415)
The operator Jj, - - - Jj%rljji - jjékrﬁ instead, has a vanishing OPE coefficient
1 J2ky — 151 Tk, —
di-zklﬂljzk;ﬂ 2l = 0, (4'16)

and we get the vanishing coefficient
br2tp—ry+1 jok—1 = 0. (4.17)

Now, by specifying eq. (3.11), which is valid in a general 2D CFT, to the case of the 2D
free massless boson theory, one finds

)Y b (0= (1) ()= (1) o)

k=0

tra(pa—oa)® = 021’(2

£\ —4h2p 2 /7 SN2
=o)L (10— 00) + (Do) o)) (418)
In particular we can apply eq. (4.18) to two generic vertex operators and finally obtain
their trace distance as

D(paa; parar) = \/(Oé — )2+ (a— 0_/)2% +o0 (i) , (4.19)

generalising (4.4) to the degenerate cases.
Similarly, from (4.18) we straightforwardly get also the distance between the generic
current and generic vertex states as

l 14
D(PJapa,&) = D(Pj,ﬂd,a) — O£2 + 652Z +o0 <L> 3

1

— L
D(pyyspaa) = Va2 + 023 to (L) ; (4.20)

which are the generalisations of (4.6) to the degenerate cases.
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4.1.4 Numerical results in the XX spin chain

In this subsection we test the results for the short length expansion of the trace distance
against exact numerical calculations in the XX spin chain at half filling. Actually our results
apply more generically to all models described by a free boson with arbitrary compacti-
fication radius (i.e. a Luttinger liquid with arbitrary Luttinger parameters K), including,
e.g., XXZ spin chains, repulsive Lieb-Liniger model, etc. We focus onto the XY spin chain
in transverse field, of which the XX spin chain is a special case, because it can be mapped
in a free fermionic model for which the RDM can be written in terms of the two-point
correlation function exploiting of the Wick theorem [10, 11, 109-112] and the construction
of the excited states is discussed [89, 90, 113]. The required details of this approach based
on correlation functions are briefly reviewed in appendix A, with particular emphasis to
the CFT-XX states correspondence.

Within this approach, the RDM is a 2¢ x 2¢ matrix whose 2¢ eigenvalues are related
the 2¢ eigenvalues (for the generic XY chain) of the correlation function. In this way, the
entanglement entropy, as well as many entanglement related quantities are easily extracted
just by diagonalising a matrix which is linear and not exponential in ¢. Clearly this ap-
proach cannot be used for the trace distance because this requires the diagonalisation of
the difference p4 — 04 and, usually, the two RDMs do not commute. For this reason,
we rely on a brute-force approach that consists in explicitly constructing ps and o4 as
2¢ x 2¢ matrices as a Gaussian matrix (see the appendix A for details). Since RDMs are
exponentially large in ¢ we can only access relatively small subsystem sizes (up to £ ~ 7).
Anyhow, compared to exact diagonalisation methods, we can consider arbitrarily large
systems sizes L.

We will also consider the (Schatten) n-distances. When n is even, this amounts just
to consider products of RDM that can be manipulated with standard correlation matrix
techniques (cf. ref. [114]). Consequently, in this case we can very easily access subsystem
of very large lengths. See appendix A for details. We stress that this methods cannot be
applied to the (Schatten) n-distances with n odd.

In the remaining of this section we present our results for the trace distances among the
RDMs of several low-lying excited states and discuss their behaviour for ¢ < L, comparing
with the universal CFT prediction just obtained. Our results for several representative
states are reported in figure 2. The various numerical data for the XX chain (symbols in
the figure) perfectly match the leading order CF'T results obtained above (and full lines in
the figure) for £ < L. Such agreement is highlighted in the fourth panel where the data
are reported in log-log plots to make more evident the power law behaviour at small /.
Notice that in some (few) cases the first term in the short length expansion are equal, but
the numerics surely rule out the possibility that the entire scaling functions are the same.
This for example happens for the distances D(p;7, p1,0) and D(pJ, p1,0)-

The numerical data reported in figure 2 can be used to complement the analytic CFT
results obtained above. Indeed for a few distances we have not been able to perform
the analytic continuation to calculate exactly the amplitude x4 appearing in the short
length expansion (3.14). In such cases, matching eq. (3.14) with the numerical results,
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Figure 2. Trace distance D(p,o) between the RDMs in several low-lying states as a function
of the ratio between the subsystem ¢ and the system size L in the XX spin chain. The solid
lines denote the leading order CFT prediction in the limit of short interval, egs. (4.19), (4.20)
and (4.21). The symbols joined by dashed lines represent numerical data, obtained with the method
in appendix A. Different symbols correspond to different L and different colours correspond to
different pairs of states.

we get approximately

D(po,ps) = D(po,py) = D(ps;py5) = D(pg,pyy) = 0.107
227202 0
7\[7T +o ( ) ,

2/2m2¢2 2
Tz te\e)

D(po, py) = 0.166

L2 2
2v/2m2(? 02

Some of these results are also shown in figure 2. Comparison with (4.8) leads to xp ~ 0.107
(which satisfies the bound (3.19) with zmax(2) = 1/v/30 ~ 0.183).

4.2 n-distances for arbitrary subsystem size and analytic continuation

In this subsection, we consider the calculation of the n-distances for arbitrary n and for
arbitrary values of the ratio /L, specialising the general approach in section 3.1 to a few
primary operators in the 2D free massless boson theory. In a specific case we have also
been able to obtain the analytic continuation in n and find the exact expression of the
trace distance for an interval of arbitrary length.
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4.2.1 Distances between vertex states

We first consider the distances between two states generated by vertex operators for which
we can obtain many analytical results. Specialising eq. (3.7) to vertex operators and using
the explicit form of the multipoint correlation functions of the vertices (see e.g. [105]), we
straightforwardly obtain the general form for the n-distance with n even

1 . . a
Dn[Aa] = Dn(pa,@a po/,o’/) =5 Z(_)k Z hn({]la e 7]k})A ) (422)
k=0 0<j1 < <jp<n—1

where we defined
Aa=(a—d)? +(a—-a)?, (4.23)

and the function h,({j1, - ,jr}) of the set {j1, -+ ,jx} as

. S| ji1<j . i
o (S) ( Sln%z ) J1SJ2 sin2 ﬂ(]ln j2) (124
n Q)= o L  wG1—jo /L) o mGi—jz—b/L) :
nsm o= J1.j2€S Sin n Sin .

We stress that for an odd integer, n = n,, eq. (4.22) does not provide the n,-distance.
Indeed, when n = n, is an odd integer, using the identity (B.2) in appendix B, we imme-
diately have the r.h.s. of eq. (4.22) vanishes identically. For even integer n = n., (4.22)
is the (Schatten) n.-distance D,,,. Anyhow, the expression (4.22) as a sum of products of
terms is not in the right form to be manipulated for the analytic continuation, but it can be
considerably simplified for the smallest even integers, leading to the compact expressions

DolAa) =1 — W—KAQ
2|Aal = cos 57 ,

gl Ao ol AN
Dy[Aa] =1+ (cos 2L> +2 (cos 1L °8 2L) , (4.25)
where we defined D, [Aa]| = Dy, (pa,a; Por,ar). These two expressions are consistent with the

leading order results in short interval expansion obtained from (3.11) and (4.18)

w202 2 9rted e
Dy[Aa) = Aa——s — Dy[Aa] = (A)? — . 4.2
daa)=dafsy to( ;). Dildal=@aPi o). (4
To get the above leading order results we used the coefficients by; = b7 = —1—16 for n = 2,

and byy5; = bsr57 = ﬁs%, b5 = ﬁig for n = 4, which are easily read off from the
results in [115]. The predictions (4.25) can be tested against numerical computation in
the XX spin chain for very large ¢ and L, using the method of composition of Gaussian
operators [114] (see appendix A). The results are reported in figure 3: the agreement is
excellent, although some oscillating subleading corrections to the scaling affect the data,
but the presence of such deviations is not unexpected since their presence is well known
for entanglement related quantities [116-121]. We checked carefully, by considering several
values of L and performing extrapolations, that indeed such pronounced oscillations go to

zero in the thermodynamic limit.
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Figure 3. Even n-distance D,[Aa] for n = 2,4 as a function of the ratio between the subsystem
¢ and the system size L in the free compact boson theory. The solid lines are the exact CFT
predictions in (4.25). The symbols are the numerical data for a system of size L = 1024 and
arbitrary ¢. Different colours correspond to different pairs of vertex states p and o (several values
of A« are considered).

The (Schatten) n-distance D, [Aa] for general n (also odd or non-integer) is obtained
from the analytic continuation of D, [Aa] from n. € 2N to an arbitrary real number. To
obtain this analytic continuation, we need to rewrite (4.22) in such a way to remove the
sum over the permutations. We managed to do this only for the special case Aa = 1.
Indeed, for Aa = 1, the scaling function (4.22) for an even integer n. may be rewritten

(after some work) as
ne/2

Dy, [1] = 2m! H [sm 2= Dz } , (4.27)

2n¢

where x = ¢/L. This product formula is of the right form to obtain the analytic continua-
tion. Indeed, using the identity

—t

log sin(ms) = logm — /OOO dteT e +1ei:i): —2_ 1] (4.28)
we get the analytic continuation to arbitrary n
ool [EfEet]
log2D,,[1] :nlog(27r)—2/0 dtT ot =7 —n|-g
(4.29)
In particular, for n = 1, eq. (4.29) simplifies dramatically to (see appendix D)
D[Aa=1] = % (4.30)

Such simple expression tells us that the trace distance in this case is entirely determined
by the leading OPE in eq. (4.4). Then all the contributions from operators different from J
have OPEs with amplitudes that must vanish in the limit n, — 1. It is rather natural to
wonder whether there is a deeper and general explanation of this fact and if there are other
non trivial implications of this property (not only for trace distances, but also for other
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Figure 4. Odd n-distance D, (p, o) for n = 3 (blue) and n = 5 (yellow) as a function of the ratio
between the subsystem ¢ and the system size L in the free compact boson theory. The solid lines
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are numerical data, with different symbols corresponding to different L. The two panels show two
different pairs of vertex states p and o, but both with Aa = 1. Insets: Zoom in log-log scale of the
region ¢ < L.

quantities determined by the same OPE coefficients). Other OPE amplitudes in fact vanish
in the limit n — 1 [78] and this has important consequences, e.g., for the entanglement
negativity [73, 74]. Finally notice that the data for the trace distance D[Aa = 1] in figure 2
are perfectly compatible with the simple linear behaviour of eq. (4.30).

The analytic continuation (4.29) provides also non-trivial predictions for the n-distance
Dy [1], for arbitrary n. We can test this prediction against the XX results which we obtained
from the full RDMs as in eq. (A.21). In figure 4, we report the results we obtained for
n = 3,5. The spin chain calculations and the analytic continuation (4.29) match rather
well, in spite of the presence of the oscillating correction to the scaling [116-121]. They can
appear larger than those reported for even n in figure 3, but this is only due to the smaller
values of ¢ we can access from the diagonalisation of the entire density matrix, compared
to the correlation matrix technique used for even n.

Finally, another limit in which (4.29) simplifies is for n — oo when we get (see ap-
pendix D, eq. (D.6))

lim log Dy 1] _ Q(C/ (_1’1_ %) -¢ (_1’%))7 (4.31)

n—o00 n X

where ('(z,y) = 0,((z,y) denotes the derivative of the generalised ¢ function with respect
to the first argument and = = ¢/L. We plot (D,[1]'/") as function of z for various n
in figure 5. It is clear that the various curves are very close to each other, but always
different. Furthermore they are monotonous functions of n, i.e. (Dy/[1]V/") > (D,[1]'/")
if n” > n and z. By no means this implies that the various n-distances are equivalent:
the true n norm, cf. eq. (3.9), is obtained by multiplying (D,[1])*/™ by (trp2)*/™ that in
the thermodynamic limit L — oo goes to zero for any n > 1. Hence all these n-distances
are zero unless n = 1. Once again this fact shows that the trace distance is the most
appropriate distance when one needs to compared subsystems of different sizes.
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When Aa # 1, we are not able to simplify the general expression (4.22) to a form useful
for the analytic continuation without the sum over the permutation. We only obtained few
specific formulas. For example, for Ao = 2 and n = 6, the general expression can be
simplified to (z = ¢/L)

DG[Aa:2]:g(sin (%x))ﬁ <1+2cos (%))2 (4.32)

x <4 <sin (57)+2sin <2gx>)2+9 <1+2cos (5-)+2cos (27;”»2) :

and a more cumbersome expression can be found for n = 8, but the general structure (if it
exists) is not understood yet.

4.2.2 Distances involving current states

The replicated distances involving current states have a much more complicated structure
compared to the vertex states. For this reason, we briefly focus here on the distance
D(py,p1,0) because the numerical data in figure 2 strongly suggest that this distance is
exactly equal to ¢/L, as the distance between vertex operator with Aa = 1.

Using the correlation functions between current and vertex states, after long but
straightforward algebra one arrives to

2 S ~
tr(ps — p1,0)" |3\ SmL)nH 1
trop Z Z (sin L£)|5\—|73| rl(}“SER m(ri—r2)
0 SCSorCS nlL ’ sin ==
51<82 Sin2 71'(517;52)
X
. 7r(§1—§2+f/L) . 7r(§1—§2—f/L)
L - sin -
1 4.33
X H Z (=5 . wr—s—0/1) | |- (4.33)
reR seg Sl ——sin -



Note that the sum of the set S is over all the subsets of Sp = {0,1,--- ,n — 1}, and the
complement set is S = Sp/S. The sum of R is over all the subsets of S = SU (S + %), and

the complement set is R = S /R. The determinant d;t is for the matrix whose diagonal
entries are vanishing.

Unfortunately, further simplifications appear very difficult. However, this general form
is enough to rule out that the Schatten n-distances D, (ps, p1,0) and Dy, (po, p1,0) are equal:
it is enough to calculate the two distances for some even integer n. For example, for n, = 2
we have (x = /¢/L)

1 ( .3 (TT\ . 3 (T 1 2
Dol J, Vi) = = (1 - sin (7) sin(mz) — 2cos (—) + —(cos(2mz) +7) ) o (4.34)
2 2 2 64
which is different from (4.25) with Aa = 1. However, the differences between these dis-
tances are rather small and of higher order in z (e.g. Da[J, Vi0] — Da[Vo.0, Vio] = O(29)).
The same seems true for higher n. Given the present state of affairs we are not able
to distinguish whether D(p, p10) is equal to ¢/L or just very close to it: the analytic
continuation of eq. (4.33) seems too complicated to solve this issue.

4.3 Application of the OPEs to relative entropies and fidelities

The OPEs of twist fields that we employed for the trace distances can be used also to
derive some new results for the relative entropies and fidelities that can be tested against
exact computations in the XX spin chain (generalising the results in [66, 69]).

4.3.1 Relative entropy

The relative entropies between different CF'T states have been already considered in the
literature. In particular the relative entropy between vertex operators is [62, 63|

S(onalua) =@ = +a -] (1= Faon ). (4.35)

while the one between current and vertex is [66]

¥4 (94

S(psl1ns) = Sloslpna) = 240 +.0%) (1= o )

4 l 1 l
+2 [sin % + log (2 sin 7;) + (2 cse 7;)} , (4.36)
with v denoting the digamma function. Actually the same correlation functions already
derived in [66] also determine the relative entropy between JJ and the vertex as

et (1™ oo™ s [ ™ ston (25 ™Y s (L T
S(pyillpaa)= (44+a”+a”) <1 7 cot L>+4 _sm 7 +log <251n 7 +1 5 C5C T |
37)
We also obtain
o4 7wl V4 Y4 1 AN
S(pyillps)=Sps5llp7)=2 <1—LcotL>+2 _smf—i—log <QSmL> +1 <2CSCL>_ .
(4.38)
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Figure 6. Relative entropy S(p|lo) as a function of the ratio between the subsystem ¢ and the
system size L in the free compact boson. Solid lines are the CFT prediction for short distance,
egs. (4.39), (4.40) and (4.42). The symbols joined by dashed lines represent numerical data (obtained
using eq. (A.21)), with different symbols corresponding to different L. Different colours correspond
to different pairs of states p and o.

The leading order of the relative entropies (4.35), (4.36), (4.37) and (4.38) are
22 2
"2 o _pn2] T4 l
S (paallpara) = [(a —d) + (a-da) } 377 7O (L2> , (4.39)

8t 04
S (psllpo) = S (psllpo) = S (psilles) = S(psilles) = 1514 +o 7)o (4.40)

16740 4
S(psillpo) = Sgpa +o <L4> , (4.41)
9 5 7r2€2 €2
S (pJHPa,a) = S (ijpa,a) = (Oé + ) W + o0 (IJQ> s (442)
242 2
B N a4 Y4
S (psillpaa) = (o +a%) 372 T (L2> (4.43)

and they coincide with the general prediction in (2.12). There are other cases in which we
do not know the exact form of the relative entropies, but nevertheless we can use (2.12) to
get leading order results in short interval expansion

gl iz
S(poHpJ):S(poHpJ):S(pJHpJJ):S(ijpJJ):@Jro i)
167%¢% s
Stoalloss) ="prpe+o( g )
202 2
9 o\ T l

gy T2 S
S (paalloss) = (a+6%) Sz o <L2> |

S (pa,allps) =S (pa,a

167404 s
S (alos) =S eallon) ="tz +o( 13 ) (1.44)

On the spin chain side, we calculate the relative entropies directly from the RDMs

using eq. (A.21). The obtained results are reported in figure 6 and they perfectly match
the CFT predictions.
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4.3.2 Fidelity

The fidelity F'(p, o) between RDMs of low-lying states in 2D CFT has been already inves-
tigated in [62] where it has been shown that it can be rewritten as

F(p, o) = e 25120llo), (4.45)

in terms of the Rényi relative entropy [122, 123]

Sp(pllo) = i 1 log tr[(olgipppcrl?;f)p]. (4.46)

The Rényi relative entropy between a generic primary operator ¢ and the ground
state [62] can be rewritten in terms of the function F(ép) () in eq. (3.16) as

1 psin Z¢ i
S - 1o L FP o | | 4.47
» (Pslpo) Sople <Smng> 5 (pl) (4.47)

Combing the last equation with (4.45) we can get the various fidelities in terms of the
function Fqgl/Q)(l/Q). For example, by using F‘(,Z?d (¢/L) =1 [90] in (4.47), we recover the
result in [62]

2, -2

a“+a
ml 2
F(po, pa,a) = <cos 2L> . (4.48)

However, we can get many more new results without making any calculation. Using
eq. (4.2), in fact, we immediately get

Fz 3+cs40 % )

F(po.p1) = Fpo,py) = ————-2sin—,
T2 <1+Csc>

<3+csc

Fpo,pyy) = <1+csc % (4.49)
8) an

Note that the short interval expansion of (4.4 d (4.49) gives

262 62 3 464 54
F wa)=1—A — ), F(po,ps)=1-A — ), (A

and consequently

202 2
F(p1opas) = Florp00) = Flpysipas) =1~ dagiry to(15). (@s)

Several examples of the leading order results just derived are checked against spin
chains in figure 7. Furthermore, from the numerical results, we conjecture the more gen-

eral result
) (afa/)zq;(afa/)Q

F(poa. s o :( kS 4.52
(pa,ou pa ,Q ) COS 2L ) ( )
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Figure 7. Fidelity F(p,o) as a function of the ratio between the subsystem ¢ and the system size
L in the free compact boson. Solid lines are the CFT predictions for short distance, egs. (4.48)
to (4.53). The symbols joined by dashed lines represent numerical data, with different symbols
corresponding to different L. Different colours correspond to different pairs of states p and o.

as well as

F(ps.py) = CTCﬁ)
F4 2L

F2 3+csc%
4 v 4
Flpsipys) =Fpyps5) = —F—— - 2sin (4.53)
F2 (1+csc 2L>

which perfectly match the numerics.

5 Free massless fermion

In this section, we consider the 2D free massless fermion theory. It is a ¢ = % CFT and
the continuous limit of the critical Ising spin chain (which is a special case of the XY
spin chain with transverse field reviewed in appendix A). We will calculate various trace
distances, relative entropies, and fidelities in the fermion theory and Ising spin chain. The
calculations in the 2D free massless fermion theory and Ising spin chain parallel those in
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the 2D free massless boson theory and XX spin chain. Therefore, our discussion will be
very brief.

In the 2D free massless fermion theory, besides the ground state |0), we consider the
excited states generated by the primary operators o, p with conformal weights (%, %),
¢ and 1) with conformal weights (%,0) and (0, %), respectively, and ¢ whose conformal
weights are instead given by (%, %) We work in units such that all the primary operators

are normalised to 1.

5.1 Trace distance

Here we first focus on the short interval expansion. Using the known scaling function
for the Rényi entropies in the state o and p F¥ () = F,Sp ) (/) =1 [90], and exploiting
eq. (3.17), we immediately get

To =Ty = 51 A 0.841. (5.1)
For the ¢ state, we instead have [103, 104]
5 <1+p+pcso xt )
£ (0) = (2 sin pr -/ (5.2)
P L 2 <1p+1;csc zt >
which, using (3.16), leads to
2. = % ~ 0.318. (5.3)

As a consistency check, the bound (3.19) is satisfied with

/4 T(9/8)

Tmax(1/8) = 55 I(13/8)

~ 0.885, (5.4)

for 2,5, x,, and

1
Tmax(1) = —= ~ 0.408. . ., (5.5)

V6
for x..
Plugging the coefficient (5.3) and the expectation values

(o= (e)p ={e)y = (€)e =0, (e)o=—()u= 7, (5.6)

into the general formula (3.14), we obtain the leading order behaviour of the following
trace distances

i
Do) = Dipnos) = 57 +0 ()
l (
D(po, py) = D(pos py) = Dlpus pp) = Dlpu: pg) = 57 +o{ 7 |-
0 0
D(po, pe) = D(plmpé) = 27 to )’ (5.7)
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the ratio between the subsystem ¢ and the system size L in the free fermion theory. The solid
lines denote the leading order CFT prediction in the limit of short interval, egs. (5.7) and (5.8).
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. D(om ) = 7 +0(7)- (55)

Moreover, still from eq. (3.14) and from the expectation values (5.6), (4.7), we also get

2m2¢? 2
D(po. py) = D(po, pg) = D(py, pe) = D(pg, pe) = ar—5—+o| 15|, (59)
with the unknown coefficients xr = z¢.
We checked several of the CFT results (5.7) and (5.8) against Ising spin chain numerics
in figure 8. From numerical spin chain results, we also get approximately (see again figure 8)

27 2(2 (2
D(po, py) = D(po, ps) = D(py, pe) = D(pg, pe) ~ 0.0916—5—+ 0 75 |,

2m2(? 2 2m2(? 2
D(po, pe) ~ 0.153 +o ( ) s, D(py,py) = 0.115—5— +o0 <L2> . (5.10)

L2 L2 L2
Comparison with (5.9) leads to 7 = x4 ~ 0.0916, which satisfies the bound (3.19) with
Tmax(2) = 1//30 = 0.183. ..

5.2 An exact result

The data in figure 8 strongly suggest that the distance D(p,, p,) is exactly ¢/L, i.e. com-
pletely fixed by the first term in the OPE expansion. It is natural to wonder whether
we can show this. By replica trick, the stating point is always tr(p, — p,)" that for free
massless fermion theory can be computed by bosonisation (see e.g. [105]). Using standard
bosonisation rules (02 = v/2cos(¢/2) and p? = v/2(siny/2)) and then the known corre-
lation functions of the vertex operators in the bosonic theory, after some long but easy
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algebra we get

> Ti""zj 5;=0

r — n T n/4
U ee) Zionlor 3 )

SCSp {7“2'=:|:1,Sj=:|:1} ]GS
i<i .y Jj<y’ . .
Com(i—d") v /2 Com(j — 8j8:1/2
X(ﬂ‘mg )( 11 sin ™ =7 |%5% )
= n < n
ii'€S JJ'es
(i —Jj)

x( H sin

icS,jeS

ns]-/z)} }1/2}. (5.11)

Note that the sum of the set S is over all the subsets of Sy = {0,1,--- ,n — 1}, and the
complement set is S = Sy/S. We also have S = SU (S + %), S=SU(S+ %)

Further simplifications of this formula appear very difficult. However it is straightfor-

n

ward to check numerically even for a quite large even integer n that

ne ne/2 i 2
tr(pe — pu) _ e H <in (25 —1)¢/L (5.12)
trpge =1 2ne ' '

This is exactly the same as the quantity in free massless boson theory in eq. (4.27). Then,
using the result for the analytic continuation in the previous section, we get the exact
trace distance

l
D(pospu) = 7 (5.13)

which in fact is exactly what the data in figure 8 were suggesting.

5.3 Relative entropy

Some relative entropies in 2D free massless fermion theory have been calculated and checked
against the numerical spin chain results in [69], using bosonisation and results for the free
massless boson in [62, 63, 66]. Here, similarly, we use bosonisation, as well as the methods
and results in [62, 63, 66, 69], in order to get further results. We obtain the following
relative entropies

1 ml 7wl
S(puloa) = S(palow) = S(pulp) = S(pulion) = (1- T con T )

L L
m  wl
S (pollon) = S (pullpo) = 1= cot —, (5.14)
S (pyllpo) =S (pgllpo) = S (pellpy) = S (p:llog)

04 ™ ol 4 1 Tl

= 1—fcot f—i-Slnf—Hog <2s1n L> +1 <2 csc L> , (5.15)
04 ¥l 4 4 1 04

S (pellpo) =2 <1—Lcot L) +2 [SlnL+log (281H L) + (2 cse L)} , (5.16)
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Figure 9. Relative entropy S(p|lo) as a function of the ratio between the subsystem ¢ and the
system size L in the free fermion theory. Solid lines are the CFT short distance prediction, egs. (5.14)
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corresponding to different L. Different colours correspond to different pairs of states p and o.

S(pyllps) =S (pyllon) =S (pglles) =S (pgllow)

_2 1—16 tﬂ-—g —l—inﬂ—g—i—l Qinlg +p Loe™
=1 7 cot 7 | +sin—+log  2sin— 55C¢T |
9 ¥4 194 v ¢4 1 ¥4
S (pellps) =S (pellpu) = 1 (1—Lcot L> +2 [SlnL—i—log <2s1n L) +1 (2 cse L)] .

In particular for the relative entropies S(ps|po0), S(pellpo), S(pellps), We recover known

(5.17)

results in [69]. Some identities that are useful for the calculations of above relative entropies
are collected in appendix C.

In other cases, we were not able to obtain exact results. Nonetheless, using (2.12) and
the expectation values (5.6), (4.7), we can derive relative entropies at the leading order as

ey Iz
152 o\

w202 0
S(prllos) = S(olng) = Souloe) = S(oulog) = 1oz +0 (12

S(pollpy) = S(pollpg) = S(pyllpe) = S(pglp:) =

w22 02
S(pallpe) = S(pullpe) = 155 +o <L2> ,

(5.18)

8ripd 4
S(polipe) = S(pullog) = S(oglips) = o7 +o( 77 ) -

We check some of the leading order relative entropies numerically in figure 9.

5.4 Fidelity

As for the free boson, the fidelities in the fermion theory may be obtained plugging into
eq. (4.47) the results £ (0) = F,Sp) (¢) =1 for the Rényi entropies of ref. [90], obtaining

Fipn.po) = Flonpy) = (cos 77 (5.19)

2L
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Similarly, using Fj”(¢) = F{P(¢) = \/ F” (¢) [90] and (5.2) we get the fidelities

r (3+CSC%) 1—\2 (3‘“350%)
4 . wl 4 . wl
F(po, py) = F (po,pp) = ———\/2sin 7. Fpo, pe) = —)———<2sin .

csc Lf csc Ip
(5.20)

For other pairs of states, instead, we only get the leading order fidelities in short inter-

val expansion
w202 02
F(py, ps) = F(py, pu) = F(pg: po) = Flpg,pu) =1 = g 0 (L2> :

7202 0
F(pe,po) = Flpe,pp) =1— 6112 +o (L?) . (5.21)

We test these CF'T predictions in figure 10. Indeed, the numerical data allows us to
conjecture the following forms

¥4

— 22
o (522)

F(pos,pu) = 4/ cos

and

T <3+cic;’£>
194
F , =F(pj, = \/2 in —, 5.23

(Py» pe) (Pw Pe) - <1+Cicgf> sin — (5.23)

that perfectly match the data, as shown in figure 10.

6 Conclusion and discussion

We developed a systematic approach based on a replica trick to calculate the subsystem
trace distance in one dimensional quantum systems and in particular 2D QFT. We applied
this method to the analytic computation of trace distances between the RDMs of one
interval embedded in various low-lying energy eigenstates of a CFT, especially for free
massless boson and fermion theories. We obtained a full analytic result for the analytic
continuation for arbitrary values of ¢/L only in one case for the free bosonic theory and
another for the fermionic one. For all other pairs of states, we have an analytic prediction
only for the first term in the expansion in ¢/L. We mention that, if needed, one might use
known techniques for numerical analytic continuations (as e.g. in refs. [124, 125]) to obtain
the trace distances from the analytically known n-distances for n even. We also calculated
numerically the trace distances in XX and critical Ising spin chains, obtaining perfect
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Figure 10. Fidelity F(o,p) as a function of the ratio between the subsystem ¢ and the system
size L in the free fermion theory. Solid lines are the CFT predictions, eqgs. (5.19) to (5.23). The
symbols joined by dashed lines represent numerical data, with different symbols corresponding to
different L. Different colours correspond to different pairs of states p and o.

matches with the analytical CFT results. We further check various analytical subsystem
relative entropies and fidelities in the boson and fermion theories with the numerical spin
chains results.

There is at least one aspect of our specific computations that can have important
consequences also for different applications. In fact, we have seen that there are RDMs of
CFT eigenstates that have finite trace distances (and so local operators are not guaranteed
to be the same in the two states), but their (Schatten) n-distances, instead, vanish in the
thermodynamic limit for all n > 1. In CFT, by means of scaling arguments, we are able to
build from the n-norms some indicators that remain finite in the thermodynamic limit (see
e.g. eq. (3.8)), but in a more general case (e.g. in the absence of scale invariance) it is not
clear whether this is possible. It is then natural to wonder whether some of the conclusions
based on the analysis of other distances (as e.g. in refs. [59, 126]) could change if one uses
a more appropriate indicator such as the trace distance.

There are several immediate possible generalisations to the present work. First of all
one can consider other states in CFT: open systems [93, 94], disjoint intervals [127], finite
temperature, inhomogeneous systems [70, 128], etc. Secondly, one can consider subsystem
trace distances in 2D massive theories [76]. Another interesting application is related
to the study of lattice entanglement Hamiltonians and their relation to the Bisognano-
Wichmann ones [126, 129-137]. Besides, one can consider higher dimensional boson and
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fermion theories, trying to adapt the techniques of refs. [138-142], at least in the small
subsystem limit.
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A Review of XY spin chain

The XY model with transverse field is defined by the Hamiltonian

L

1+7 1—7 A

H=-— Z (40?302”“ TO’?O’?_H + §le , (A1)
=1

with 0% denoting the Pauli matrices and L the total number of sites in the spin chain.

One can impose either periodic boundary conditions (PBC) as oYy = o7"¥, or anti-
periodic boundary conditions (APBC) as oY, = =07, 07 | = 0f. When v = 0 it defines
the XX spin chain, while for v = 1 the Ising spin chain which is critical for A = 1.

The Hamiltonian (A.1) can be mapped to free fermions and exactly diago-
nalised [143, 144], as we will briefly review. For further details, especially for the aspects
of interest for this paper, see, e.g., [90, 145] and references therein. We will also review the
calculations of the entanglement entropies, Rényi entropies, and RDMs in the ground and
low-lying excited states in [10, 11, 89, 90, 109-113].

The Hamiltonian (A.1) is mapped to free fermions by the Jordan-Wigner transforma-

-1 -1
a = (Haj-)af, alT: (Haf)af, (A.2)
j=1 j=1

where oli = %(of +i0}). By Fourier transforming, we get

tion

L L
1 . 1 .
by = — ellPray, [ — efllw’“aT, A3
D v P IL (48)
with ¢ = % We also consider two different boundary conditions for a;, ag: the APBC
ar41 = —ai, aE_H = —aJ{, corresponding to the Neveu-Schwarz (NS) sector, and the PBC
ar+1 = ai, aTL 1= al{, giving rise instead to the Ramond (R) sector. The momenta k’s are
half integers in the NS sector

L 11 L L
oddinteger L: k=1— =, ,—— — -, ——1,—,
2 2’2 2 2
1-L 11 L-1
even integer SRR T T b aat (A.4)
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and integers in the R sector

1-L L-1

odd integer L : k:T"”’_l’O’l"”’T’
L L L
i L: k=1-2,-1,01,---,=—1,=.
even integer k 5 0,14, 5 '3

Hence, one has totally four sectors. It is useful to define the parity operator

L
P =exp <7Tiz azral> = exp <7riz bzbk),
=1 k
so that the four sectors are parametrised as

PNS sector with P =1,
APNS sector with P = —1,
PR sector with P = —1,
APR sector with P = 1.

For each of the four sectors, one can write the Hamiltonian as

1 i
H = Z [()\ — COS ) <b£bk — 2) + g (blbik + bkb_k>] :
k

(A7)

(A.8)

In the PNS sector, one selects the states with P = 1, and similarly in the other three sectors.

To diagonalise (A.8), a further Bogoliubov transformation is needed. For k # 0 and

k # L/2, the Bogoliubov transformation is
0

0 0 0
cp = by cosEk + ibT_k sin Ek’ cL = bz cos Ek — 1b_ sin Ek

The parameter 6 € (—m, 7] is determined by

. sin @, A — COS
smﬁkzry 1 , cos@kziso,
Ek €k

Ep = \/()\ — cos pg)? + 2 sin? .
For k =0 and k = L/2 one also has
co = bo, b =, co=A—1,
crj2 =br o, CTL/2 = bTL/z, epp =A+ 1.

After the Bogoliubov transformation, the Hamiltonian is diagonal

1
H = Zek<c};ck - 5)
k

(A.9)

(A.10)

(A.11)

(A.12)

Note that for 4 = 0, the Hamiltonian (A.8) is already diagonal and the Bogoliubov trans-

formation is not needed.
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The calculation of entanglement entropy in the ground state of the spin chain was
developed in [10, 11, 109-112], and was later generalised to the excited state in [89, 90, 113].
In the NS or R sector of the spin chain, one can define an empty state |, NS) or |, R) that
is annihilated by all the modes ¢

ck|0,NS) =0, k € half integers,

ck|0,R) =0, k € integers. (A.13)
Other energy eigenstates in the spin chain can be denoted by the set of the modes CL
that are excited above the empty state |@,NS) or |[(,R). For examples, the set K =
{—3.3.2} denotes the state 011/201;/20;;/2\@,NS), and the set K = {—1,0} denotes the
state cT_lch), R). From the complex modes a, a}L, one can define the Majorana modes

doj—1 = a; + a;, doy = i(a; — alT) (A.14)
These Majorana modes d,,,, m = 1,2, -+, 2¢ are Hermitian dIn = d,, and satisfy the algebra
{dm,dm } = 20 (A.15)

For an interval with ¢ sites on the spin chain in a state K, one defines the correlation matrix

(A ) K& = G + Ty (A.16)

mm/’»

with the 2¢ x 2¢ matrix written as

Ly T - T
K, 1K ...7K K K
K -1 Lo -2 K ;g
| R ) ] , I} = <_;K fJ.K>’ (A.17)
: : oo Y
P T, oo T
and
£ =23 sinGign)
i = 2 sin(iew),
keK
gl = _% S elliente) 4 % S el te), (A.18)
k¢ K keK
In terms of the 2/ eigenvalues vX, m =1,2,---,2¢ of 'y, the entanglement entropy of the
length ¢ interval in state K is [10, 11, 109-112],
20 K K
_ LY, 149w
Sk(l) =— 2:1 5 log 5 (A.19)
m=

The entire 2¢ x 2¢ RDM in the state K is instead given by

1 S S S S
pr(l) = = Z (d32t - d3Ygedst - d3, (A.20)
$1, - ,820€{0,1}
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and the multi-point correlation functions (d33 - - - dj')x can be calculated from the corre-
lation function matrix (A.16) by the Wick theorem. From the RDMs of various states we
calculate the trace distances and other quantities. The size of the RDMs grows exponen-
tially, therefore we cannot reach very large ¢ and in this paper, in particular, we get up to
¢ =17. Conversely, L can be taken arbitarily large, so that we can probe a large region of
the parameter ¢/L. In particular for the trace distance, for two given RDMs py, o4, the
trace distance is computed from the definition (1.4)

2@
1
D(pa,oa) = 5 3N, (A.21)
=1

with \; being the eigenvalues of p4 — g4. Similarly the n-distances are given by
Dn(pasoa) = (3570, A,

Hence, we have that by the use of Wick theorem, the correlation matrix I' com-
pletely determines the 2¢ x 2¢ RDM pg. For a correlation matrix I', we can denote the
corresponding RDM as pr. The algebra of the RDMs studied in [114, 146], obtaining

prpr = tr(prpr) prxr, (A.22)

where the trace of two RDMs is

1+A
tr(prpr) = 11 —5 (A.23)
A€[spectrum(T'TY)]/2

and one defines
I'xT/=1—(1-T)1+TIT)"(1-T). (A.24)

The relation (A.22) can be used recursively to calculate the trace of the product of several
RDMs, and therefore the even n-distances.

Finally we need to identify the low-lying energy eigenstates in the spin chain with
the corresponding ones in CFT. For XX spin chain and for critical Ising spin chain, this
identification has been discussed, for example, in [90]. In this paper, for simplicity, we
choose L to be an even integer and multiple of 4. In the XX spin chain, we only consider
states in the NS sector. Several examples of the identification of states in the spin chain
and CFT are as follows

1
2

\o>= H ¢l |0, NS) in PNS sector ¢ |0) with (0,0),

cA 1|0> in APNS sector < |V} ) with (1/2,0),
c;_;cé_;|0> in PNS sector <> |V_20) with (2,0),
cl . 3ch Loy |0) in PNS sector <« |Vp2) with (0,2),

_L+%|0> in APNS sector < |V _1) with (0,1/2),
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Cig,écig ,c TA ,10) in APNS sector < |V} o) with (1/2,2),
4 2 4 2 4 2
c_%_%c]%r% %+%] ) in APNS sector « |V2 1) with (2,1/2),
c_%+%c_%+%c%+%c%+%|0) in PNS sector < |V5 o) with (2,2),
¢, LcL_1]0) in PNS sector < |V_11) with (1/2,1/2),
—2 32 4 2
¢, Lco_scr_1]|0) in APNS sector <+ |V_2.1) with (2,1/2),
—%—5 4 2 4 2
cL_ich |0) in PNS sector < |J) with (1,0),
172 713
Ci§,%6—§+%|0> in PNS sector < |J) with (0, 1),
ci%iéc_%+%c%_%c%+%|0> in PNS sector < |JJ) with (1,1), (A.25)

where the notation “with (h, h)” stands for the conformal weights on the CFT side.
In the critical Ising spin chain, we consider several states both in the NS and R sectors.
They include

|0, NS) in PNS sector <« |0) with (0,0),
¢} |0, NS) in APNS sector < |¢) with (1/2,0),

mh—t—"

\@ S) in APNS sector < |¢) with (0,1/2),

toh—t

ci cl|0,NS) in PNS sector < |) with (1/2,1/2),
2

1
3
c}|0,R) in PR sector ¢ |o) with (1/16,1/16),
|0,R) in APR sector < |u) with (1/16,1/16). (A.26)

B An identity in boson theory

For a subset S C Sy with S = {0,1,---,n — 1}, in eq. (4.24) we defined the function
hn(S). In ref. [90], it has been shown that

ha(So) = 1. (B.1)

More generally, for an arbitrary subset S of Sy and its complement S = Sy/S, we have
the identity

BalS) = hu(S). (B.2)
This relation can be simply proved by counting the poles on both sides of the equation, as
described in [63, 90]. Note that SNS =0, SUS = &. Since h,(0) = 1, the identity (B.1)
is a special case of (B.2). One useful corollary of the identity (B.2) is

2 m(j1—32)

sin — B o =9
m(j1—j2+¢/L) sin m(ji—j2—¢/L) hn(8)77 = ha(S) (B-3)

s Sln
J1€8,j2€8
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C Some identities in fermion theory

For a primary excited state |¢) with scaling dimension Ay in a general 2D CFT, it is easy
to get the universal result

n— - 204
tr(pgpp 1) _ ( Slnff ) , (C.1)

trpg nsin %

leading to the universal form of the relative entropy [69]

194 194
S(PQSHPO) = =84 + S0 +2A4 (1 A cot L) . (C.2)

Moreover, in order to compute the relative entropies in the 2D free massless fermion theory,
we need the following identities

oy _ P _
trpg  trpg

1
te(popt) _ trlpopl ") _ < sin 7 )

trpg trpg nsin % | 7
tr(pupg—l) _ tr(pgpﬁ—l) _ sinﬂfe (C.3)
trpf trp nsin £’

which can be obtained by bosonization and follow from

so+-+82pn—-1=0

Cat) '3 "5 (T et

so==%1,,s2p—1=%1  0<j1<ja<n—1

5251 52jp 75251 +192j5+1
2

. . ? 5251 52j9+1
Tl — g + L) 22120241
(11 )smUl 2 L>\ |
0<j1 ja<n—1 "
_ 44527, -1=0 . .
A . m(j1 — J2)
S T

so==%1,,50p_1=%1 1<ji<ja=n—l

5251 5249 75251 +15255+1
2

|

. . £\ 5241%2j0+1 sl 2
. —Jg2+ 1) 5 sin 2%
X H sm——— =\ —— ] >
n AR
1<j1,ja<n—1 Ry

s0+-+82n—1=0

GenT) s X e IT [T

5251 5250 15251 +15255+1
2

so==%1, 52, 1==%1 0<j1<ja<n—1
e 2
. . ¢ 52741 52j9+1 B 7/
LT =gt E)| T sin 2=
(T | TR DEES_(E
n AL
0<j1,j2<n—1 SMoLL

The first of the identities in (C.4) has been proved in [90].
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D Some formulas for the analytic continuation

For n =1, eq. (4.29) simplifies to

* 1 1 et

The two integrals above are both divergent but their sum converges. The calculation may
be simplified by a sort of dimensional regularisation of each integral as

_ > [ _ a —a—1
0 a,—t (1
m@:/'ﬁ“*: (1+a) (D.2)
0 2 2

where ((a) is the Riemann ¢ function. The desired integral (D.1) is recovered in the limit
a — —1 where both I1(a) and Iz(a) diverges, but their difference is finite

muh@—bm»:—;%g, (D.3)

a——1

and hence
logD;[1] =logz. (D.4)

The other limit n — oo is more cumbersome, but can be tackled with the same logic.
The starting formula is

lim bg’mzlog@ﬁ)+/ dt

n—00 n 0

et ) ) 2etm/2 2et7tx/2
s S T2 (ot R - (D)
t xt? t(et—1) axt?(et—1) axt?(el—1)

As before each piece can be regularised in a dimensional way. There is only one problem
with the term 2/(zt?) that cannot be regularised. Anyhow, such a term cannot have a
finite contribution, and so it would be sufficient to take the sum of the finite contribution
of the other four integrals. Proceeding in this way, after long but simple algebra, we arrive
to the very compact form

gDy _2(¢(-11-5)~¢'(-1.3))

n—00 n i

: (D.6)

where ('(z,y) = 9.((z,y) denotes the derivative of the generalised ¢ function with respect
to the first argument. It is possibile that such expression can be further simplified, but for
our goals it is enough to write it as above.
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