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Chapter 1

Introduction

The rapid advances in the experimental control of quantum systems over the last
decades paved the way to what has been called the second quantum revolution [,
that is the possibility to engineer exotic quantum states in the laboratory with
unprecedented precision. This promises to generate new technologies based on purely
quantum phenomena, as can be seen for example from the quantum technologies
roadmap [2] sponsored by the European Quantum Flagship [3].

Remarkable new directions of research were opened by the so-called quantum
simulators [4], that is the realization of Feynman’s pioneering idea of quantum de-
vices that could simulate other quantum systems [5]. Several experimental platforms
can already serve for this purpose, such as ultracold atoms in optical lattices [6],
trapped ions [7] and arrays of cavities [§]. These technologies allow for the investi-
gation of new phenomena that are not found in Nature spontaneously, as physicists
can now engineer theoretical models in the laboratory with a high degree of control.
Because of this, there is now great interest in the behaviour of quantum systems
which are driven out of equilibrium, usually as a consequence of quenches, ramps or
periodic drivings [9], since they can show the emergence of physics that has never
been observed before. Equilibrium can be lost also through interaction with an ex-
ternal reservoir, and the emerging physics is intriguing even for a static two-level
system [10].

The interplay between driving and dissipation can lead to even more interest-
ing and surprising phenomena, such as dissipative phase transitions [11], 12, [13].
Furthermore, one can also assume a different perspective and think of engineer-
ing dissipation cleverly, so to exploit it as a resource [I4], [I5, 16]. It is indeed
possible to prepare interesting quantum states as steady states of a dissipative time-
evolution [I7, (18], 19l 20]: in some cases, it might be easier to reach the steady-state
of an open system rather than preparing the ground state of a closed one [21].

From the quantum computation side, despite the ambitious long-term goal of a
universal quantum computer is still very far, there are already prototypes that are
being tested and used. They are still at an early stage so that the quality of the qubits
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is not good enough for ensuring the unitary dynamics one would need. According
to John Preskill’s definition [22], we currently are in the Noisy Intermediate-Scale
Quantum (NISQ) technology era: we already have — or are going to have within
five or ten years — devices whose behaviour is not fully quantum coherent, but can
nevertheless lead to deep insights into complex physical problems. Since dissipa-
tion effects enter crucially in the performance of these devices, understanding the
behaviour of driven open quantum systems has become of primary importance for
their development.

All these reasons motivate the research activity on driven-dissipative quantum
systems described in this thesis, which can be divided into two main branches:
the first is related to dissipation in Quantum Annealing (QA) — alias Adiabatic
Quantum Computation (AQC) —, while the second regards dissipation effects in
topological pumping. Both topics will be introduced in the following sections. After
that, an overview of the theoretical methods to compute the dissipative dynamics is
provided.

1.1 Dissipation in Quantum Annealing

At the intersection between quantum simulators and quantum computers lies a very
interesting class of devices called quantum annealers [23), 24} 25, 26, 27]. They aim
to solve optimization problems by applying a strategy named Quantum Anneal-
ing (QA), often also called Adiabatic Quantum Computation (AQC). The protocol
works as follows. Assume to encode the solution of a given problem in the ground
state of a suitable Hamiltonian. The goal is to find such a state by performing an
adiabatic connection with another Hamiltonian, typically describing a much simpler
physical system. To be more concrete, suppose that the optimization problem is
encoded in the following (classical) target spin Hamiltonian:

Hr =" 3" Jiiniy0565 .67, (1.1)

p il,iQ...ip

where, for each site, we used the Pauli matrices, & = (6%,6Y,6%). There are in
general p-body interactions, but all the operators commute, so we can regard fIT as
describing a classical system. We now introduce another much simpler Hamiltonian
that does not commute with the target one, for example

Hp=-Y 47, (1.2)

which we call driving Hamiltonian. We interpolate between target and driving
Hamiltonian through a controllable time-dependent parameter s(t) € [0,1], with
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t € [0, 7], 7 being the total evolution time (or annealing time), so that

~ ~

H(t) = (1—s(t)) Hp + s(t)Hr , (1.3)

where we impose s(0) = 0 and s(7) = 1. Therefore, at the beginning the ground
state of H(0) is very easy to prepare — simply all the spins are aligned along the
6% direction:

Wy (0)) = ®|T>i,m : (1.4)

with | 1); . being the eigenstate of 67 with positive eigenvalue. Then, one changes
s(t) adiabatically to remain close to the instantaneous ground state of H(t), ex-
ploiting the adiabatic theorem [28] 27]. If adiabaticity holds throughout the whole
dynamics, one eventually reaches the desired ground state of fAIT and therefore can
read the solution of the optimization problem. The success of this procedure can be
estimated through the overlap between the final time-evolved state |¢)(7)) and the
true final ground state |Wqs(7)):

Pys = |((7)[Wes (1)) . (1.5)

Big companies have invested much in building the prototypes of quantum an-
nealers. The most popular one belongs to D-Wave®, which claims to currently have
2000 superconducting flux qubits available in their D-Wave 2000Q machine. How-
ever, earlier versions of this machine had qubits exhibiting a strongly incoherent dy-
namics. Indeed, Ref.s [29, B0] study the behaviour of a single D-Wave® qubit that
undergoes a Landau-Zener transition, demonstrating that the experimental data
match well with the theoretical predictions found by assuming incoherent dynamics.
Therefore, it is clear that superconducting flux qubits in D-Wave®’s machine suffer
from interaction with their surroundings and the non-unitary dynamics induced by
dissipation must be accounted for.

With the long-term goal of understanding dissipation in these complex devices,
the QA-related research activity described in this thesis tackles two problems on pro-
totypical simplified models, see Ref.s [31, 32]. The first is the dissipative Landau-
Zener model, which describes two quantum states undergoing an avoided crossing
in the presence of thermal noise. Despite its apparent simplicity, there are still the-
oretical open questions related to it. There are two main reasons to investigate the
driven-dissipative dynamics in this model. First, it models a simple non-trivial driv-
ing scheme applied to a qubit: it is very unlikely that one can understand dissipation
in many-qubits systems without having a clear idea of what happens to just one of
them. Secondly, the Landau-Zener model captures the frequent situation in which
the ground and first excited states of a many-body driven system anti-cross. It can
thus be related to QA problems. Following this argument, the theoretical analy-
sis of the dissipative Landau-Zener model in Ref. [33] concluded that interaction
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with a thermal bath might enhance the QA final ground state probability over the
corresponding coherent value. This phenomenon has been defined as thermally as-
sisted AQC. Although other works on the same model showed no evidence for such
improvement, a recent paper from the D-Wave® group [34] remarkably reported
experimental evidence for the environment improving the QA performance: the au-
thors implemented QA on a 16-qubit Hamiltonian, whose parameters were tuned so
to have a spectrum with ground state energy always well separated from the other
levels, except for one point in which there was a Landau-Zener anti-crossing. The
experiment, tailored to test the theoretical prediction of Ref. [33], seemed to confirm
the possibility of thermally assisted AQC. In our study, we revisit this issue, finding
evidence for such a mechanism only in the cases of coupling directions which are
transverse to the driving field. For the cases with purely longitudinal couplings, like
the model in Ref. [33], we observe no improvement in all the cases studied.

During any non-trivial QA dynamics, it can also happen that one encounters
some kind of phase transition, be it a second-order critical point or a first-order
transition, where the gap protecting the ground state — in principle non-zero, for
a finite system — vanishes as the size of the system goes to infinity [35, [36] B7].
In this case, the adiabaticity condition can never be perfectly fulfilled. Our second
work, discussed in Chapter 4| and presented in Ref. [32], studies dissipation in QA
when crossing the second-order quantum phase transition in the quantum spin-
1/2 Ising chain in transverse field. The density of defects is, in this case, the
natural estimator of the final ground state probability in Eq. , with zero defects
corresponding to perfect annealing. In the absence of dissipation, it is known that

—1/2 where

the density of defects follows a Kibble-Zurek scaling law, nges(7) >~ 7
T is the annealing time and plays the role of the adiabatic parameter. Interaction
with a thermal bath modifies this scenario considerably. One can argue that an
environment will likely have an opposite effect on the density of defects [38]: at
some large enough 7, the system will start to thermalize, leading to an increase of
ndef(T) over the coherent value. Our work aims to address the following question:
under interaction with a thermal bath, is it always possible to find an Optimal
Working Point (OWP), that is an optimal annealing time for which the density of
defects is minimized? Although all the previous studies in the literature seemed to
point at a positive answer, we find that this is not always the case, depending on
the bath temperature and the interaction strength. In particular, we predict the
absence of OWP in the regime of temperatures the current quantum annealers seem
to work at.

1.2 Dissipation in topological pumping

Since the pioneering explanation of the integer quantum Hall effect [39], the study
of topological phenomena in condensed matter physics has become a quite intense
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field of research, the so-called topological insulators [40]. These materials have a fi-
nite energy gap between the highest occupied electronic band and the lowest empty
band — like ordinary band insulators —, but they also show quantization of some
observables and the emergence of gapless edge states protected by time-reversal sym-
metry [40]. These peculiar effects happen because these systems present a non-trivial
Berry curvature in the Hamiltonian parameter space [41], 42]. Of particular interest
is topological adiabatic transport, first studied by Thouless [43], who showed that
certain periodically-driven models, despite being band insulators, can move charge
in a quantized fashion [42]. Topological adiabatic pumps — also called Thouless
pumps — have gained much attention after they have been realized in two different
experiments employing ultracold atoms in optical lattices [44] 45]. In both cases, the
experiment can be modelled by a periodically-driven Rice-Mele model [46], which is
one of the simplest examples of topological adiabatic pumps.

Charge quantization is expected to be robust against several unavoidable ex-
perimental factors, like noise in the driving scheme or small disorder in the lattice.
One can as well wonder about the impact of dissipation due to the interaction with
an external environment. In our third work, discussed in Chapter [5| and presented
in Ref. [47], we investigate how weak dissipation from a thermal bath can affect
pumped charge quantization in the periodically-driven Rice-Mele model. A
former study of the same (non-dissipative) model [48] for small but finite driving
frequencies w — adiabaticity corresponds to w — 0 — showed that the pumped
charge deviates from the quantized value quadratically in w. Here we remarkably
find that a bath at low enough temperature can fight such deviations, leading to
a pumped charge which can be much closer to perfect quantization. We call this
effect thermally assisted Thouless pumping, and we analyse it within the Floquet
formalism.

1.3 Methods for computing dissipative dynamics

There are different approaches to model theoretically the time evolution of the state
of a system which is not isolated from its surroundings. All of them must treat
such a state within the density matrix formalism since decoherence makes any time-
evolved state more and more mixed. A common approach is to write a Markovian
quantum master equation (QME) in Lindblad form [49, [50} 51],

d i . PO 1 (as2
=7 [HSaPS] +) v (LiPSL;r' ~3 {LEL@PS}) ; (1.6)
ij

with L; the so-called Lindblad operators that characterize the dissipation channels
and 7;; components of the so-called dampening matrix [52]. For time-independent
systems and dissipations, a necessary and sufficient condition for positivity preser-
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vation of the density matrix is that the dampening matrix is positive semidefi-
nite [49] [50} 511 52]. This condition remains unaltered even if the dampening matrix
is time-dependent, with the proviso that its positive semidefiniteness holds for all
times [53]. It is very common in the scientific literature on open systems to start
directly from a Lindblad equation in the form of Eq. and choose appropriate
Lindblad operators that provide the dissipation channels one looks for [54, 55]. The
advantage of this approach is that, as we said, positivity can be preserved and the
structure of the equation is rather simple; as a drawback, however, one might lose
intuition about the physical sources of dissipation.

Another approach — the one we will adopt throughout this thesis — is to con-
sider the system under study in interaction with its environment. Already in the
80s, Caldeira and Leggett proved that one can model weak dissipation by simply
coupling the system to a set of harmonic oscillators, with an interaction linear in the
oscillator coordinates [56, [57]. This is often called the Caldeira-Leggett bath. Numer-
ical methods exist to solve the resulting dynamics of the system alone in this setting.
We mention here the Quasi-Adiabatic Path Integral (QUAPI) technique [58] [59] [60],
which computes the time evolution of both system and bath, taking into account
also a (properly truncated) memory kernel able to capture non-Markovian dynamics.
A more recent approach exploits the exact mapping between the bath of bosons and
semi-infinite discrete chains [61]: one can use methods like tensor networks to com-
pute the overall dynamics, by properly truncating the size of the chains [62]. Both
approaches are computationally heavy, but they are reliable also at non-Markovian
and strong coupling regimes. Another interesting technique able to reach the strong
coupling regime is the so-called Hierarchy of Equations [63] [64], where one derives
and solves a set of nested differential equations to obtain the system dynamics. How-
ever, the number of differential equations — and the ensuing computational cost —
increases as the coupling becomes stronger.

Starting from a Caldeira-Leggett bath, under weak coupling and Born-Markov
approximations, one can also derive the so-called Bloch-Redfield quantum master
equation (QME) [65] [66, 52] [67], as will be discussed in Chapter [2, Unfortunately,
this equation cannot ensure positivity preservation because, in general, it cannot
be written in Lindblad form, like Eq. . However, as will be detailed, in some
specific limits it can be recast in such a form after applying the so-called Rotating-
Wave Approximation (RWA) [66],52]. The advantage then would be to have a master
equation whose terms are reminiscent of the microscopic details of the system-bath
interaction and the bath Hamiltonian. The QME can be solved by direct integration,
for example through Runge-Kutta methods (and this is the approach we will follow
in this thesis).

Alternatively, there exist several approaches to simulate the density matrix dy-
namics using tensor networks [68] 21]. One possible way is to use Matrix Product
Density Operators (MPDO) [69], which extend the notion of Matrix Product States
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(MPS) to generic density matrices. By construction, this Ansatz guarantees the pos-
itivity of the system’s reduced density matrix at all times. To simulate the dynamics,
one can for example map an MPDO (of dimension L x L) to an MPS in ”superket”
form (a vector of dimension L?) through Choi isomorphism [70} [71]. One can then
solve the dissipative time-evolution of the superket according to a Schrédinger-like
equation where, instead of the Hamiltonian, there is a Liouvillian superoperator [68].
Another approach that ensures positivity consists in evolving the purification of the
reduced density matrix, instead of the reduced density matrix itself [72]. One can
otherwise resort to quantum trajectories methods [73], [74] [75] [76]: instead of propa-
gating the full density matrix in time, one reconstructs it statistically by averaging
over many independent time evolutions of pure states subject to random interactions
induced by the Lindblad operators. The advantage is that pure states require much
fewer variables for their description compared to mixed states, so one can tackle
systems with bigger Hilbert spaces. However, since many repetitions are required,
this technique is not ideal for small Hilbert spaces.

1.4 Overview

We start in Chapter [2] with a derivation of the Bloch-Redfield Quantum Master
Equation (QME), which is the starting point of all the calculations in this thesis.
Different variants of QME will be derived, depending on the approximations used.
Next, the basic mechanisms of dephasing (or decoherence) and relaxation are illus-
trated in the context of a static two-level system in interaction with a thermal bath,
the so-called spin-boson model. We then move to discuss original research results.
The dissipative Landau-Zener problem and the issue of thermally assisted QA are
discussed in Chapter [3] The following Chapter [ is then devoted to dissipation ef-
fects in the QA of the quantum Ising chain in a transverse field. In Chapter [5| we
discuss the effects of dissipation in topological pumping. We conclude with some
final remarks and future research perspectives.
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Chapter 2

Quantum master equations for
driven-dissipative systems

This chapter introduces the tool that will be used to compute the dissipative dy-
namics of a generic system in (weak) interaction with one or more Caldeira-Leggett
baths. Sec. introduces the setting of the Caldeira-Leggett bosonic reservoir.
Then, under the assumptions of weak coupling and Born-Markov approximation, in
Sec.[2.2) we derive the well-known Bloch-Redfield Quantum Master Equation (QME).
In Sec. we describe how to obtain a Lindblad QME from the Bloch-Redfield one,
employing the so-called Rotating-Wave Approximation (RWA). In Sec. we ap-
ply the previously derived equations to compute the dissipative dynamics of a static
two-level system. We highlight the thermalization process on this system, showing
how the mechanisms of relaxation and dephasing (or decoherence) take place in this
setting.

2.1 Systems in interaction with thermal bosonic baths

Suppose that we have a system in interaction with its environment and we want to
write the total Hamiltonian that describes both. Then, a general expression for the
system plus environment can be [66, [52]

Hyot(t) = Hs(t) + Hsp + Hg , (2.1)

where ﬁs(t) is the system Hamiltonian (that can be time-dependent), Hpg is the
environment Hamiltonian and H. gB describes the interaction between the two. When
the interaction is weak, a good description for the environment Hamiltonian is to
consider one or more sets of harmonic oscillators with different frequencies [56, [57],

Hp =" hunblb, (2.2)
vl
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where v identifies the set of harmonic oscillators and [ indicates their modes. The
BITU operator creates an excitation of energy hwy,. We will refer later to a set of
harmonic oscillators also as a bath of bosons. The interaction between system and
environment can be conveniently modelled as [56], 57]

ﬁSB = ZAV & Bl/ 5 (23)

A, and B, acting respectively on the system and on the bath Hilbert space. B, is
taken to describe creation and annihilation of bosons in the bath, according to the
operator

B, => (b}, +b,) - (2.4)
l

The A, operator can be whatever operator would be suitable to describe the action
of the bath on the system. It can even be time-dependent and, without loss of
generality, it is usually chosen to be Hermitean [52]E| The parameters );, are real
and related to the bath spectral function:

To(w) =Y A0(w — wy) . (2.5)
l

In a nutshell, A} gives the (unnormalized) probability that a process involving the
V" bath and exchanging energy Aw, can take place. In general, one has a continuum
of modes for each bath, so that Eq. is usually defined in the continuum limit.
A very common choice is the so-called ohmic spectral function, which has the form

Jo(w) = 2h% a, we /e (2.6)

with «, a dimensionless coupling constant and w,., a cutoff frequency. Eq.
is plotted in Fig we observe that the maximum of the function is at w = we,,
with value J(we,) = 2h%aywe,/e. Therefore, one first sets the cutoff frequency to
determine the range of frequencies that come more probably into play. Then, one
adjusts the coupling strength by tuning «,,. Although we mostly adopt ohmic spec-
tral functions throughout this work, it is worth to mention that slight generalizations
of Eq. exist. They are defined as

J(w) =2k o, ws"wi;s” ew/wer (2.7)

and are called sub-ohmic (s, < 1) and super-ohmic (s, > 1), where the frequencies
in the spectral function do not grow linearly with w, but sub or super-linearly,

If A, is not Hermitean, it can always be expressed as a combination of two Hermitean operators,
for example Al,,l = (Al, + Al) /2 and fLyg =1 (A,, — Al) /2, so that A, 0B, = Al,,l ® B, +12L,,2 ®
B,.
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©/og

Figure 2.1: Ohmic spectral function.

respectively.

The system and the bath are initially uncorrelated, as we are assuming to put
them in contact only at the beginning of the evolution,

Prot(0) = ps(0) @ pB (2.8)
with the bath taken to be at thermal equilibrium,
e_ﬁﬁB

B=—=—,
Tr{e AHs}

~

(2.9)

with 8 = (kgT)~!, kp the Boltzmann constant and T the bath temperature. As
will be clear in Sec. within the perturbative Bloch-Redfield approach the state
of the bath can be regarded as unaffected by the interaction with the system, so
that it remains at equilibrium at all times t, pp(t) = pB.

It is also very useful to define correlation functions that quantify the degree
of correlation between processes that happen at different times [52]. Consider two
different baths, denoted by indices v and v/. In general, their correlation function is
given by

Cow(t) = (Bur(t) Bu1(0))eq (2.10)
where, since the B, operators are Hermitean, it follows that Cr(t) = Cu(—t).
The Fourier transform of the correlation function,

+0o0 .
Yo (W) = / dt e“'C,,(t). (2.11)

will also turn out to be of crucial importance in the following. Notice that C% ,(t) =
Cyy(—t) implies immediately that 7,,/(w) = 7, (w), hence the diagonal terms



18 2.2. THE BLOCH-REDFIELD QUANTUM MASTER EQUATION

for / = v must be real. A direct computation of correlation functions and their
respective Fourier transforms for uncorrelated baths and Ohmic spectral functions
can be found in Appendix [A] In the derivation of the Bloch-Redfield QME, we will
encounter also one-sided Fourier transforms of C,,/(t),

Ty () = /0 dt e “1C, (1) | (2.12)

which is in general complex. Employing the inverse Fourier transform of Eq. (2.11))
and using it to substitute C,,/(t) in the expression for I',,/(w), one can show thatﬂ

1

I (w)= 5%1/(00) + o, (W), (2.13)

where we have introduced the Hilbert transform of v,/ (w),

+oo /
T (w) =P / A 3 () (2.14)

2 w—w

o : . .
which is also an Hermitean matrix, o,/ (w) = o7, (w).

2.2 The Bloch-Redfield quantum master equation

We derive here the main tool we will employ throughout this work to compute
the dissipative dynamics of quantum systems: the Bloch-Redfield Quantum Master
Equation (QME) [66] 52, [67].

As a first step, we need to move to the interaction picture, to focus just on the
evolution induced by the interaction between system and environment. Given the
“non-interacting” Hamiltonian Hy(t) = Hg(t)+ Hg, the corresponding free evolution
operator is

A~ ) t A~ A~ A~
Ug(t, 0) = Texp (—;/ dt, Ho(t/)> = Uos(t, 0) X U()B(t, 0) s (2.15)
0

2To compute the integral, define w™ = w + ie, where € is an infinitesimal imaginary part added
to ensure convergence of the integral. Then,

e} . . “+oo dw/ -, “+oo dUJI Vo (UJ/)
_ dt z(w+ze)t/ & e t - N _— / aw- 122 _
) / ¢ 2 Yo (W) = 0 _ 2T w—w' + i€

oo

+o0 too
. ZP/ dw’ 'Vuu ) + 1/ dw’ vyy/(w/)(S(w _ w/) _

2T w—w 2
- 571/1/’ (W) + iUuu’ (w) 5

Notice that, in the first step, we made use of [~ d¢ ! W= i) — /() — ' +i€), while in the second
step we employed the standard relation 1/(w — ' + i€) = P(1/(w — w')) — ind(w — '), where P

denotes the Cauchy principal value.
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where Texp stands for the time-ordered exponential and Upg(t,0) and Ugp(t,0) are
the non-interacting propagators for the system and the bath respectively. The second
equality holds simply because the system and bath Hamiltonians belong to differ-
ent Hilbert spaces and therefore commute. The density matrix in the interaction
representation,

Prot.1(t) = (7(;[(757 O)ﬁtot(t)ﬁo(t; 0), (2.16)

obeys a Liouville-von Neumann equation,

d . i[5 .
prona () = — | Hspa(t), prors (1)) (2.17)

h
where fAISBJ(t) = ﬁg(t, O)ﬁISB(t)ﬁo(t,O) is the system-bath Hamiltonian in interac-
tion representation. Integrating Eq. (2.17)) in the interval (0,t¢) we have

ot

o o 1 = o

Prot,1(t) = Prot,1(0) — h/ dtq [HSB,I(tl)vptot,I(tl)] . (2.18)
0

We can then iterate Eq. (2.18) to express prot,r(¢1) on the r.h.s., to get

.t

~ o (4 = ~

Prot,1(t) = Prot,1(0) — h/o dtq [HSB,I(tl)a ptot,[(o)}
(2.19)

1 t t1 R R
— 712/ dtl/ dto [HSB,I(t1)7 [HSB,I(tZ)vﬁtot,I(tZ)} } .
0 0

At this point, we make the crucial assumption of weak coupling. To go on, we ex-
ploit the fact that we can always isolate a scalar a out of the interaction Hamiltonian,
so to quantify the coupling strength. In our case, we can redeﬁne HSBI — aHSB I,
with a < 1. Then, each occurrance of HSBJ in Eq. (2.19) would yield a factor «
in front. Moreover, the system’s state can be perturbatively expanded in «, so that
Prot,1(t2) = prot,1(0) +O(«) for ta € [0,t]. We can thus write Eq. up to second
order in « as

ia [t ~
Prot,1(t) = Prot,1(0) — h/ dty [HSB,I(t1)7 ﬁtot,[(o):|
o2 y t R N
— 2/ dt1/ dto [HSB,I(tl), [HSB,I(t2),ﬁtot,1(0)H +0(a?).
h* Jo 0
(2.20)

To obtain a master equation in differential form, we take a time derivative and trace
out the bath degrees of freedom, to get an evolution equation for the system alone,
ps(t) = Trp{prot }. After this, we obtain

¢
%ﬁs,l(t) = (7); / dtaTrp [HSBI( )s [ﬁSB,I(t2>7/3tot,I(0)]] +0(a?). (2.21)
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where the first correction in «, after tracing out the bath, is null due to the assump-
tion that Trg{ppB.1(t)} = 0. We can calculate the trace by using Eq. (2.3) and
assuming that the system and the bath start in a separable state as in Eq. (2.8)), so
that

jtPSI =% Z ( [ Sualt )PSI(O)] + H.c.> +0(a¥), (2.22)

where we defined the convoluted and integrated system operators

t
5 [ -
v 70
t A~
= Z/ dr Cyy (1) Apn(t — 7).
v 70

In the second equality we simply made the change of variable ¢ — ¢ = 7, to get
an expression that will be useful later on. Since, up to zero order in «, pgi(t) =
ps1(0)+0(a), Eq. (2.22)) can be equivalently rewritten, in ”closed” differential form,
as

(2.23)

jtPSI 2 Z ( [ Sui(t)ps(t )} + H-C-> +0(a”) (2.24)

which is still valid up to second order in «. This is the so-called Bloch-Redfield
quantum master equation in the interaction representation. Going back to the
Schrédinger picture, Eq. (2.24]) becomes

7 [~ o? o~
%ﬁs(t) = — [Hs(®), 50| - 3 Z ( Ay, 8,(0)ps(0)] + H) +0(%), (2.25)

where the convoluted operator in the Schrodinger picture now looks

~

t
Su(t) = Uo(t,0) S, (t) U (£,0) = > / dt’ Cy(t —t') Uo(t, ')A, Ul (¢, 1) . (2.26)

Notice that, as a result of the approximations done on pio,7(t) and pgi(t) to
lowest order in «, we now have an equation that considers the evolution of the
system disregarding completely the evolution of the bath, which is kept unchanged
in time. Therefore, this approach is consistent with the application of the so-called
Born approximation [60], i.e. neglecting the build-up of correlations between system
and bath in time:

Prot,1(t) =~ psi(t) ® pB . (2.27)

Moreover, notice that the QME only depends on the system’s state at time ¢ and not



CHAPTER 2. QUANTUM MASTER EQUATIONS 21

on previous times. This lack of memory is usually called first Markov approxzimation.
But this does not mean that Eq.s and describe a truly Markovian
interaction. Indeed, the non-Markovian nature of such equations is hidden in the
fact that the operator §,,(t) appearing in Eq. depends on the past through
the integral over ¢. However, in many physical situations, it is possible to perform
a further simplifying assumption, called the second Markov approzimation [66 52].
Suppose one can define a characteristic time-scale of the bath 75, after which the
bath correlation functions go to zero, C,,(t > 78) ~ 0. Then, one often assumes
that the system’s dynamics is much slower than the bath one, so that ¢ > 75 in
Eq. . This means that the system’s dynamics is insensible to the short memory
of the bath, leading to an effective Markovian system’s dynamics. In this setting,
for all t > 75 Eq. can be approximated with

S~ 52t =Y" /0 dr Copr (7) Dot t = ) AT (11— 7) (2.98)

where we performed the change of variables ¢t —t' = 7 and sent the upper limit of
the integral to infinity. Within this approximation, we can now regard Eq. as
describing a Markovian dynamics.

A very important property of Eq. is that it preserves the trace of the
density matriz. Indeed,

L rvg {ps ()} = Trs {jtﬁs(t)} —0, (2.20)

dt

the last equality coming from the fact that in Eq. only commutators appear
and their trace must be zero because of the cyclic property of the trace. Moreover,
observe that the right-hand side of Eq. is manifestly Hermitean, which implies
that the Hermitean nature of ps(t) is evidently preserved during the evolution. Un-
fortunately, the positivity of the system’s density matrix is not a priori preserved by
the Bloch-Redfield quantum master equation. However, there are some special cases
in which one can write the Bloch-Redfield QME in Lindblad form, thus guaranteeing
positivity preservation. This topic is discussed in the upcoming Sec.

2.3 Lindblad equations from the Bloch-Redfield QME

Under further specific approximations, it is possible to cast the Bloch-Redfield QME
Eq. in Lindblad form, thus ensuring positivity preservation. For example, as
shown in Sec. 2:3.1] a bath with no memory at all, i.e. 73 — 0, leads almost
straightforwardly to a Lindblad QME. However, this is an extreme limit and we
will not use it in the rest of the work. On the other hand, one can also recover
the Lindblad form by applying the so-called Rotating-Wave Approximation
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(RWA) [66], 52]. Despite some similarities, there may be different ways to perform
the RWA, which lead to different equations. For systems with sufficiently slow
drivings (or simply with static Hamiltonians), one may employ the RWA by looking
at the system energy levels [77], as detailed in Sec In the different setting of
periodic drivings, one can exploit the Floquet representation of states and perform
the RWA according to the system’s quasi-energies [78] [79], see Sec.

To achieve these last two results, it will be convenient to fix a basis of states
{la)} — let it be generic, for now — to re-express some terms in the Bloch-Redfield
QME in the interaction picture. Specifically, we can add identities 1 =} |a)(a| to
get

1(t - UT 0)|a)(al A, |b)(b|Uos (t — 7,0 2.30
7) os( a)(a| A, |b)(b[Tos(t - 7,0) . (2.30)

2.3.1 Lindblad QME for memoryless baths

Suppose that each process occurring in our baths is completely uncorrelated with
what happened before, that is

Cl,,/ (t) — Dw/ (S(t) . (2.31)

This implies that the convoluted operator S ) of Eq. - becomes
1 ~
HQZIDVV,AM, )
14

where the 1/2 comes from integrating the delta function only at positive times. By
substituting Eq. (2.32)) into Eq. (2.25)), it is easy to see that

%f)g(t) = 7 |:Hs( :| 2 ZDVV ( v ps(t )Au_%{AVAV’aPAS(t)})+O(a3)7

(2.33)
where we exploited the fact that, since the bath operators B, are Hermitean,
D} , = D,. This equation can be brought to Lindblad form by a simple uni-
tary transformation: since the matrix D, formed by the D,,, as components, is a
positive matrix, it can be diagonalized by a unitary transformation U such that
U' DU = diag(d,,), where diag(d,,) is a diagonal matrix with the positive eigenval-
ues of D, d, > 0. Then, we can define the Lindblad operators as follows
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so that we eventually obtain the QME explicitly in Lindblad form [49]:

>

iﬁs(t) = —% [ﬁS(t)v s(t)} + (;;j Z (ﬁuﬁs(t)ﬁ,t - %{ﬁLﬁu,ﬁs(t)}) +0(a?).
' (2.35)

2.3.2 Rotating-wave approximation for adiabatic drivings

We will consider here a time-dependent system with adiabatic driving and show how
we can get a Lindblad QME with the RWA [77]. The treatment for time-independent
Hamiltonians is just a sub-case of what we will present and it is more standard and
rigorous [66] [52].

Following Ref. [77], where the problem has been analysed first, we impose a
strict adiabatic approximation, in the sense that the time evolution operator for the
system is approximated up to zero-order in the adiabatic parameter,

Uos(t,0) = Ugg(t,0) + O < Af ) , (2.36)
m’LTL
where £/(A2. t¢) < 1 is the adiabatic parameter, with A, the smallest gap be-
tween ground state and first excited state, t; the total evolution time and, defining
{la(t))} as the eigenbasis of Hs( ) (a(t)|8Hs(t)|b(t))| [77]. Further-
more, assuming that the characteristic time-scale of the bath 75 is much smaller
than the time-scale associated to the system’s dynamics, we can regard the system
Hamiltonian as time-independent within times of the order of g, so that we can

carry out the following approximation:

Dos (£t —7) = Texp <; /ttTdt At )) ~ exp <;ﬁs(t)7-> (2.37)

Consider now Eq. (2.30) again, where the basis {|a)} a(t))} is chosen to
be the system Hamiltonian eigenbasis at time t, Hg(t)|a(t) E,(t)]|a(t)). Then,
exploiting the fact that Ugs(t —7,0)= Ugs(t, 0)Ups(t,t — 7), we have

I =

t - T Z eZMab(t 0) (t)TAmab(t)IAfab(O) ) (238)

where f145(t,0) = pa(t,0) — up(t,0), with pe(t,0) being the dynamical plus Berry
phase accumulated during the adiabatic dynamics of the eigenstate |a(t)). Moreover,
Agp(t) = (Eq(t) — Ep(t))/h, and we defined

yab(t) (a(t)| Ay [b(t)) (2.39)
Lap(t) = |a(t))b(?)] (2.40)
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We can apply this to the Bloch-Redfield QME in interaction picture, Eq. (2.24)), to
obtain

d i
ZpPsalt = ZZ ( e (B0 FpeabOD A, 4 (£) Ay ca()T o (Dae(t)) X

vv' abed

(2.41)

Let us take a look at the exponential for a time-independent system first: in this case,
we would have only the dynamical phase, i.e. e(Hab(t:0)+1ca(t.0)) — gi(Ba—Ept+Ee—Ea)t/h,
If ¢ is large enough, so that (E, — Ey + E. — E4)t/h > 1, the corresponding factor
in the master equation would experience very fast oscillations, which would average
out during the evolution. Therefore, it would be legitimate to neglect these terms,
performing the so-called Rotating-Wave Approximation (RWA), alias secular
approximation [60, 52]. For a time-dependent system, the application of the RWA
is in general “far from rigorous”, quoting Ref. [77]. Indeed, the phase in the ex-
ponential is an integral over time, where the dynamical and Berry phase vary in
time. Nevertheless, we can guess that the RWA should still retain a good degree of
reliability whenever the system energies and eigenstates do not change remarkably
in time during the whole evolution. Let us suppose that the oscillatory terms are
indeed negligible and impose

elHar @O tpeat0) T 5 o) - (2.42)
In particular, it is crucial that Agp(t) = Age(t), therefore we require that the dynam-
ical and Berry contributions vanish independently. Then, starting from Eq. ,
using Eq. and exchanging some summation indices, we finally arrive at the
following Lindblad QME for adiabatically-driven systems under RWA:

d
= —— |H, t
dtPSI() h[ Ls.1(t), ps.a( )}4'
. R 1. . (2.43)
+ D Yabea(t) (Labw) () Lio(0) = 5 {L5.(0) £y (0), psa() | ) :
abed
where we have defined:
2
«
Vabcd(t) = ﬁ Z 5,uab(t,0),,udc(t,0) Al/,cd AV’,ab Yo (Acd(t)) ) (244)

2
~ « ~
HLSJ (t) = f Z Z 6ﬂab(t70)nu‘dc(t70) Al’yab<t)AV/7bC(t)O'VV/ (Aab (t))LaC(O) . (245)

vv! abce
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We can now rewrite Eq. (2.43)) in the Schrodinger representation by using the free
time evolution operator Ups(t,0), so that

 pst) = — 1 [Fis0) ps(0)] + Dis(1,0) - sa() s 1,0

Eventually, the Bloch-Redfield QME in Lindblad form and in the Schrédinger
picture looks

@ pst) = 1 [s(t) + rs(0), ps(0)] + (2.46)
+ > Yabea(t) (ﬁab@) ps0) Ely(6) — 5 {E(0) Ey (1), ps(1) ) ) L (247)
abed

where now the Lamb shift Hamiltonian has the Lindblad operator computed at time
t:

2
~ o A
Hys(t) = D G 0 siae (t:0) Aviab () Avr pe (B0 (D () Lac(t) . (2.48)

vv! abce

This QME can be brought to the standard Lindblad form by diagonalizing the
matrix of Yap.cd = Ya,8 components, as we did to get Eq. (2.34)) [52]. If we assume
that there are no degenerate spectral differences, we can further write

O 10y (0), 1200 (£,0) = Oab Oc,d + 0ad Ope (1 = bap) (2.49)

i.e. we keep only the terms corresponding to 1) a =b& c=dand 2) a=d & b=,
where the factor (1—9,) on the r.h.s. prevents us from counting twice the terms with
a =b=c=d. As a consequence, the QME in Lindblad form for non-degenerate
spectral differences becomes

D as(t) = — L [As() + Frs(), ps(0)] +

+ > Aaal) (ﬁab@) psO) Ely(0) — 5 { ELy(0) iabu),ﬁs(t)}) +

ab,a#b

(2.50)

Notice that .qpp(t) is a sum of terms proportional to 7,,/(0), therefore it is only
responsible for the so-called pure dephasing. The g5, (t) is instead responsible for
transitions between energy levels, since we assume a # b. Furthermore, it can be
shown that Eq. brings to a decoupling of the dynamics of populations and
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coherences of the density matrix [52], in the form of classical rate equations for the
populations.

2.3.3 Rotating-wave approximation for periodic drivings

We derive here a QME in Lindblad form for the specific case of periodically-driven
systems of period 7. In order to do so, we employ the instantaneous Floquet basis
relative to the non-dissipative system’s dynamics 78, [79]. Let us thus introduce the
Floquet states [80} 81 [82) 83] for the unitary dynamics, which are solutions to the
time-dependent Schrodinger equation, as

[Ya()) = e~ My (t)) (2.51)

which are labelled by a, and where ¢, is the associated quasi-energy and |ug(t)) is
the Floquet mode, which is periodic, i.e. |ug(t + 7)) = |ua(t)).

The Floquet states form a basis for the system’s Hilbert space for any time ¢,
so we can use them to get more insight into the QME. For any operator AZ,I(t’ ) we
can use the basis of states in Eq. (2.51)), |a) = [1q(t')). Exploiting the fact that for

Floquet states UOS(tQ, t1)|va(t1)) = |[ta(t2)), we can easily write Eq. (2.30]) as
Aun(#) = 3 ) A (¢) 4 O (0} =

N (2.52)
= Z S eiBankt Ak i (0))(w(0)]
ab k

where, in the second equality, we exploited the periodicity of (uq(t')|A,|us(t')) to
write it as a Fourier series,

(ua (") Ay up (¥ Ze_zgkt/Auab> (2.53)

with Q = 27 /7. Here, we defined the quantity Ay, = (€4 — €5)/h — Qk. Using this
in the Bloch-Redfield QME in the interaction picture, Eq. (2.24), we can carry out
a calculation very similar to the one in the previous section, to get

d /

vv! abed kk' (254)

X [ﬁab(o)a f’cd(o)ﬁs,l(t)] + HC) s

with
ab(t) = [Ya () Pp(t)] - (2.55)

Again, we see that there are potential rapidly-oscillating terms as the evolution time
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Agp k+A g g )t

t increases. Indeed, we can treat the factor il as in the previous section

and perform a RWA according to the coherent dynamics quasi-energies:

i( A A t RWA
el( vt Aca) — 5Aab,k7AdC,—k/ = 5Aab,k:Adc,k '6k,—k’ . (2.56)

Applying the RWA, using Eq. (2.13]), we get the following QME in Lindblad form
in the Schrodinger representation

D pst) = 1 [s(t) + Hrs(t), ps(0)] + (2.57)

abed

+ Z ’Yabcd( PS( ) i’Tc(t) - % {[A,Lc(t) ﬁab(t)v ﬁS(t)} ) ) (258)
where we defined

His(t) = hZZZMM%kMQM%WmWM@ (2.59)

vv' abc

Yabed = ﬁ Z Z 5Aab,kvAdc,k Azk/:,cd (Al]i’,ba> 'YVV’(AbaJC) . (2.60)
vk

Notice how this equation formally looks very similar to Eq. (2.43)) for the adiabatic
driving case, although we have very different Lindblad operators and coefficients.

If there are no degeneracies in the quasi-energies spectrum, we can also set a =
b& c=d and a = d & b = ¢, being careful of not over-counting the a =b=c=d
case, i.e.

5Aab,kaAdc,k = 5a,b 5C,d + 5a,d 6b,c (1 - 6a,b) ) (26]—)

analogously to Eq. (2.49)). Then, Eq. (2.57)) for the case of no degenerate quasi-
energies differencies becomes

Cos(t) = — 1 [Bs(r) + Fus(t), ps(1)] +

+ 0y %m( ) ps(t) Liy (1) - % {Zh®) iab(t)’ﬁS(t)U T (262

ab,a#b
+-§jmm%( ps) Efy (1) — 5 {EL0) 2, @%ﬁﬁﬂ})-

Notice, again, the analogy with Eq. for the adiabatic case. It is thus not
surprising that also Eq. leads to a decoupling of the dynamics of coherences
and populations, but this time in the Floquet basis. It can be shown that the
coherences modules go to zero in the stationary limit so that one is left with simple
rate equations for the Floquet stationary populations.
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2.4 Thermalization in static systems

Let us start our journey among the open quantum systems from the simplest setting
we can think of: a spin-1/2 coupled to a bosonic reservoir. This is known as the
spin-boson model and has been thoroughly studied [10} [84], 85]. Despite its apparent
simplicity, the spin-boson model exhibits quite interesting physics depending on the
details of the interaction Hamiltonian (like coupling strength, bath temperature or
spectral density) [10]. In this chapter, we review it in the weak coupling regime
utilizing the Bloch-Redfield QME, Eq. , to illustrate the basic mechanisms of
dephasing and relaxation, which are very clear in this time-independent setting.

2.4.1 The spin-boson model

The spin-boson model describes a time-independent two-level system coupled to one
thermal bath. The total Hamiltonian has the form of Eq. (2.1), where the system
Hamiltonian is

~ € A

Hg = -6+ —o", 2.63

s= oo+ s (2.63)

with 6¥, v = x,y, z the usual Pauli matrices. The eigenstates of 6% can be thought
as two macroscopic states, with energy difference €, coupled by a tunnelling term
A. The bath Hamiltonian is as in Eq. (2.2)) with only one value of v in the sum
since we have only one reservoir. The interaction is modelled by Eq. (2.3), with B
describing the emission/absorption of bosons from/in the bath, and

A~

A=s (2.64)

describes how the interaction affects the system state [10], 85]. Notice that the cou-
pling along 67 is general enough: if we had another operator, we simply could apply
a unitary transformation to go back to Eq. with a proper renormalization of
e and A. It is more interesting to look at the problem in the system energy basis.
We can introduce a new set of Pauli matrices 7, corresponding to this basis, and
we can rewrite the total Hamiltonian as

HE — %?z + (sinf 7 + cosf #%) ® B + Hp , (2.65)
where AFE is the gap between the two system’s eigenstates, while 6 tunes the coupling
direction with respect to the system energy basis.

We are interested in the dynamics of the system starting from a generic initial
state pg(0). Several techniques can be employed to achieve this goal: under weak
coupling approximation, for example, we can use a suitable QME among the ones
provided in the previous chapter. A well-established result in the literature is that
two different time-scales govern the system’s time-evolution [85]. On the one hand,
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we have the so-called dephasing or decoherence, i.e. the off-diagonal elements of the
density matrix in the system energy eigenbasis tend to zero after a characteristic
dephasing time-scale. This means that the system tends to become a purely mixed
state, losing the quantum superposition between the energy eigenstates. On the
other hand, the populations of the density matrix, again in the system energy eigen-
basis, tend to acquire a Boltzmann distribution depending on the bath temperature.
This phenomenon is denominated relazation and it also takes place within a proper
relaxation time-scale. The interplay of relaxation and dephasing leads the system
to reach a thermal steady state after a transient,

e_ﬁﬁs

ﬁs t—-o0)=—°— s
( ) Tr{e AHs}

(2.66)

where [ is the bath inverse temperature. Notice that pg(t — o0), written in the
system energy eigenbasis, is diagonal. A very peculiar case happens whenever the
system coupling operator A commutes with the system Hamiltonian ﬁs: in that
case, the system energies must be conserved, hence interactions with the bath cannot
change them. Therefore, relaxation does not occur, but we still have dephasing. This
setting is thus called pure-dephasing.

2.4.2 Visualizing dephasing and relaxation

It is instructive to visualize the processes of dephasing and relaxation on the Bloch
sphere. We express the system density matrix in the energy eigenbasis as

G = S (L4 1() - 7) | (2.67)

N |

where r(t) = (r5(t),ry(t),r.(t)) € R® and + = (7%,7Y,7%). By using the Bloch-
Redfield QME written in Appendix [B] one finds that the dynamics of populations
and coherences is decoupled, giving

ro(t) = r(t) £iry(t) ~ e e (2.68)
ra(t) = r$l ~ et (2.69)
where r;? = tanh(B8AE/2) characterizes the thermal equilibrium for the populations,

while 7, and 7y are respectively the dephasing and relaxation time-scales, associated
to the following corresponding rates

1
Y = — = sin? 0 Sx(AE/R) , (2.70)
Tr h?
1
Yo = — = = +cos> 0 5x(0) (2.71)

T, 2 n2
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Ix Ix

Figure 2.2: Dynamics of a spin-1/2 under the spin-boson Hamiltonian for (a) no
dissipation, (b) pure-dephasing and (c) relaxation plus decoherence. In (a), the spin
oscillates coherently. In (b), the coherences of the density matrix go to zero, but the
populations do not change. Plots realized using the Qutip package [86, 87].

with Sx(w) = v(w) + 7(—w) being the Fourier transform of the symmetrized bath
correlation function [85]. These results are illustrated in Fig. where we show the
dissipative dynamics of the Bloch vector r(t), starting from a generic initial pure
state, indicated by the red arrows. Recall that pure states correspond to vectors
that point at the surface of the Bloch sphere while, if the state becomes mixed, the
associated vector points inside the sphere. Panel (a) shows non-dissipative dynamics:
the state is always pure and thus the Bloch vector always points at the surface of
the sphere, precessing at fixed frequency AFE/h. Panel (b) illustrates the peculiar
pure-dephasing case: the coherent oscillations of the previous case are damped in
time, as the Bloch vector tends to dig deeper and deeper inside the sphere; however,
the value of r,(0) never changes, because populations cannot be modified by the
interaction with the bath. Panel (c) eventually displays a generic relaxation plus
dephasing process, where now also r, relaxes to the equilibrium value 757.

Whenever the system Hamiltonian is time-dependent, the phenomena of dephas-
ing and relaxation still occur, but in general it is more difficult to disentangle them.
On the one hand, their time-scales are no more constant and the dynamics is more
complicated than a pure exponential; on the other hand, the energy eigenbasis also
depends on time.
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Chapter 3

The dissipative Landau-Zener
model

We present here results contained in our first paper [31], in which we analyse how
interaction with a bosonic reservoir at thermal equilibrium can affect the dynam-
ics of a two-level quantum system described by the Landau-Zener Hamiltonian. In
particular, we shed light upon the mechanism by which dissipation can remarkably
enhance the final ground state probability over the coherent evolution. We inter-
pret this in the context of Quantum Annealing (QA) — alias Adiabatic Quantum
Computation (AQC) —, in analogy with what has been called “thermally assisted
AQC” [33].

There have been many studies on the dissipative Landau-Zener model over the
years. However, almost all of them focused on a coupling to the environment which
is purely longitudinal — i.e. along the same direction — with respect to the driving.
By purely longitudinal we mean that, if the Landau-Zener Hamiltonian is written
as ﬁLZ = ¢(t)o* + Ad”, the coupling would be proportional to the % operator only.
The reason for neglecting transverse coupling directions, as discussed in Ref. [10], is
probably due to the fact that longitudinal coupling is definitely the dominant noise
mechanism when one deals with a macroscopic two-level system — such as a qubit
in a quantum annealer —, because any transverse coupling would be proportional to
the “exponentially small” (overlap-related) tunnelling matrix element between the
two states that undergo the avoided crossing.

Some analytic results are known for some limiting cases and a purely longi-
tudinal system-bath interaction: at fast sweeps, for low temperatures or strong
couplings, the dissipative dynamics is expected to be identical to the coherent
one [88, [89, 90, 9T, 92]; at very high temperatures and slow sweeps, the system is
expected to reach equal populations at the end of the dynamics [88, [89]. This partial
understanding of the model has been then supplemented by numerical approaches,
such as the weak-coupling Bloch-Redfield QME and the numerically-exact Quasi-



32

Adiabatic Path Integral (QUAPT) technique [58, [59], which have given answers to all
the remaining regimes under the choice of an ohmic bath spectral function [93] 94].
In particular, they highlighted a non-monotonic dependence of the final ground state
probability as a function of the driving speed in the adiabatic region. Importantly,
none of these results showed that such an interaction can improve the final ground
state probability over the one corresponding to the coherent case, i.e. either this
dissipation is detrimental or it does not affect the dynamics.

On the other hand, another study on the very same model in the context of
AQC-QA [33], using again a standard Bloch-Redfield QME, claimed that dissipation
might enhance the final ground state probability, at least in some regimes of ohmic or
super-ohmic bath spectral functions. This phenomenon is known in the literature as
“thermally assisted AQC” [33]. The authors, however, do not integrate the evolution
equations for the Landau-Zener model to support their claim, but rather study
numerically QA on much more complicated models with 12, 16 and 20 qubits. In
the super-ohmic case, their data report thermal improvement. Our analysis does
not support their conclusions.

These are all results related to purely longitudinal interaction. However, a cou-
pling along the transverse direction might as well realize an interesting thermal
improvement, since it couples to the tunnelling term that causes transitions (the 6%
operator in the Landau-Zener Hamiltonian). Notice that a transverse interaction
might be relevant for Landau-Zener processes happening in AQC-QA. Although the
longitudinal coupling is dominant for a single qubit in the D-Wave machine, when
the Landau-Zener physics emerges from the two lowest-lying eigenstates of a complex
multi-qubit Hamiltonian, one would expect that an appropriate model to describe
the dissipation should include couplings to the transverse directions. At zero tem-
perature, the dissipative Landau-Zener model has been exactly solved for generic
coupling directions [90], O], finding an analytic formula for the final ground state
probability that generalizes the famous Landau-Zener formula for the coherent case.
Very interestingly, if the coupling has some transverse component, in some cases
the final ground state probability can be larger than its coherent counterpart, real-
izing again a dissipative enhancement in the spirit of Ref. [33]. The same problem
has also been tackled numerically at finite temperature and for an ohmic spectral
function [95], utilizing Bloch-Redfield QME (with RWA) and QUAPI: the study,
however, does not investigate the non-adiabatic region, where we do find the most
interesting physics.

In this chapter, we revisit the issue of thermally assisted QA using the Bloch-
Redfield QME, benchmarked against the exact results at zero temperature in Ref.s [90,
91] and against the numerically-exact QUAPI technique at finite temperature. In
Sec. [3:I]the physics of the Landau-Zener model is introduced, while Sec. describes
how we model dissipation. In Sec. we present our results: first, we benchmark
the validity of the QME, with and without RWA; next, we investigate the effect of
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both longitudinal and transverse couplings at all temperatures. As we will show,
thermal dissipation can enhance the final ground state probability — i.e. the QA
performance — whenever the system-bath coupling possesses at least a certain de-
gree of transverse component. This effect is prominent at high temperatures and
fast sweeps, although it appears also at low temperatures. To understand more
intuitively this phenomenon, we present a simple model based on a bath made of
a single harmonic oscillator. In Sec. [3.4] we try to make contact with the experi-
ment in Ref. [34], where the authors reported thermally assisted QA on a 16-qubit
Hamiltonian with the annealing dynamics dominated by a unique Landau-Zener
crossing.

3.1 The Landau-Zener problem

The Landau-Zener model, conceived and solved almost a century ago [96, 97, 08, 99],
describes two quantum states that undergo an avoided crossing as a consequence of
driving. The Hamiltonian that captures this physics can be written as

Hs(t) = Yo 4 Do | (3.1)

2 2

with v the driving speed and A the smallest gap through the evolution. Notice
that Eq. reminds of the spin-boson Hamiltonian in Eq. in Sec. with
e now replaced by a time-dependent €(t) = vt. At the extreme times t = 400,
the Hamiltonian eigenstates are equal to the 67 eigenstates — the so-called diabatic
basis —, which we denote by {|1),|])}. If A =0, these states would be eigenstates
of the Hamiltonian for the whole dynamics, but they would change their energies
linearly in time: as can be seen from Fig. the initial ground (excited) state would
become the final excited (ground) state, following the dotted lines that represent the
two uncoupled energy levels. A non-zero A opens a gap in the spectrum, with the
energies given by

EL(t) = ++/(vt)? + A2 (3.2)

and time-dependent eigenstates {|1s(%)), |tex(t))} that form the so-called adiabatic
basis. The presence of A, proportional to 6” in Eq. (3.1]), opens up the possibility
of tunnelling between the two diabatic basis states.

The problem now is to understand the interplay of driving speed and tunnelling
in determining the final state at the end of the time-evolution, given a certain initial
state. Let us thus start from the ground state at t = —oo, i.e. [¢p(—oc0)) =[] ), and
let the system’s state |1(t)) evolve unitarily according to

[(t)) = U(t,—00)| L), (3.3)
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N

Figure 3.1: Energy bands of the Landau-Zener model, corresponding to the adiabatic
states, plotted versus time. The avoided crossing takes place at t = 0, where the
(minimum) gap is equal to A.

where the time-propagator is written as a time-ordered exponential,

-
Ul(t, to) = Texp <—;/ dt’ﬁs(t’)> . (3.4)
to

From the adiabatic theorem [28] we know that, if the condition for adiabaticity
hv < A? is satisfied, we will be able to follow the instantaneous ground state at
any time. If instead adiabaticity is broken, tunnelling between the diabatic states
influences less the dynamics and the state will stay closer to the initial diabatic state.
One can see this by computing the instantaneous ground state probability

P(t) = [(wes (v (O) (3.5)

which also depends on the adiabatic parameter hv/A2. Of particular interest is the
ground state probability well after the avoided crossing, ideally at t = 400, that we
define as

PY(v/A%) = P(t = +00) . (3.6)

This quantity has been exactly calculated, giving what is usually called the Landau-
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Figure 3.2: Plot of the final ground state probability in Eq. as a function of the
adiabatic parameter iv/A2. For slow drivings the initial state follows very closely the
instantaneous ground state and eventually reaches the final ground state with very
high fidelity (adiabatic region, hv/A?). For hv/A? > 1 we enter the non-adiabatic
regime, where Pgf(v/ A?) decreases as tunnelling becomes less effective.

Zener formula [96] [97]:

2
PgSZ(U/AQ) = 1—exp{—7;§v} . (3.7)
The plot of Eq. [3.7 is shown in Fig. [3:2] A high overlap with the final ground state
can be achieved only through an adiabatic driving, hv < A2, as expected. If we
instead sweep faster, we partly follow the diabatic state up to the final excited state
| 1), since we do not spend enough time in the tunnelling region to be able to follow
perfectly the instantaneous ground state.

All this theory is well-known and established. However, things can remarkably
change when dissipation is added, as we will discuss in the rest of this chapter.

3.2 Dissipation in the Landau-Zener model

We model dissipation in the Landau-Zener problem following previous works already
present in the literature [10, 100}, 9] 84 [66], [78]. The system Hamiltonian in Eq.
is subject to interaction with one thermal bosonic reservoir at equilibrium with
temperature T, so that the total Hamiltonian is a sum of system, bath and system-
bath interaction terms, fltot(t) = ﬁs(t) + ]%A[B + PAISB, as in Eq. . The bath
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Hamiltonian is
Hg =" huybfb, | (3.8)
!

while we choose the interaction to be modelled by
N 1 s .
HSB:§(COSQO' +sinf6*)® B, (3.9)

where 6 € [0, 7/2] and B= > )\l(l;lT + 131), given by Eq. specialized for a single
bath. Choosing 6 = 0 realizes a coupling longitudinal to the driving direction, while
6 > 0 provides a transverse component.

It is worth stressing here the importance of the coupling direction chosen by 6.
In Sec. regarding the spin-boson model, we said that a coupling purely along
6% was enough to capture all the physics, since for generic directions one can always
choose a unitary transformation to bring the coupling along 6%, at the cost of a
renormalization of the system Hamiltonian parameters. However, the situation is
different in the present time-dependent setting: to align the coupling along 6%, one
would need a time-dependent unitary transformation so that the renormalization of
the parameters would imply a different non-trivial driving scheme with respect to
Eq. . So, different coupling directions can lead to the emergence of different
physics, as we will observe in Sec. Notice that Eq. is not in the most general
form since the ¥ direction is missing. We made this choice for the sake of simplicity
and in analogy with some previous literature. Both longitudinal and transverse
couplings are in any case guaranteed by our simple choice. Another point to highlight
is that we choose a common bath for both longitudinal and transverse couplings,
while in principle one might as well take two different baths, even correlated between
them. We studied the effect of two different independent baths on the same model,
but we did not find any regime in which results are interestingly different from what
we present in the following for a single common bath.

In our model, the coupling to the environment is captured, in the limit of a
continuous distribution of frequencies, by an ohmic bath spectral function — see
Eq. — which in this setting looks

J(w) =2h qwe /v (3.10)

with a cut-off frequency w. and an overall dimensionless coupling constant «;, which
encodes the coupling strength between the system and the environment. We will set
we = 10A/h from now on, since we have verified that our results are not qualitatively
affected by the choice of the cut-off frequency.

In the spirit of the Landau-Zener problem discussed in Sec. [3.1} we start our
numerical calculation at some large negative time ty = —t, — which we select
such that vt, > A, so that the initial ground state [1)gs(t0)) is very close to being
a o%-eigenstate — and we assume the system and the bath to be decoupled and
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defined by the state pi% = [1hgs(t0)) (tes(to)| @ pB, where pp = e AHs /Z is the bath
thermal equilibrium density matrix at temperature 7', with Z = Tr(e*BﬁB) the bath
partition function and § = 1/(kgT). The ensuing unitary dynamics is captured by
the full evolution operator

St
~ 7 ~
U(t,ty) = Texp <_ﬁ/ dt’ Htot(t')> , (3.11)

to
where Texp is the time-ordered exponential. Information on the two-level system
— e.g. a qubit — is fully encoded in its reduced density matrix

s () = Tem (Ut ) it U1 (8, 10)) (3.12)

and we can extract the probability that the qubit can be found in its (instantaneous)
ground state |tgs(t)) at time ¢ by computing the ground state probability as

Pes(t) = Trs (s(1) [0 (D) W (1)) (3.13)

which generalizes Eq. (3.5)) to density matrices. From the probability Py(t) calcu-
lated at a large positive time ty = —tg = t,, we obtain the quantity that effectively
generalizes the LZ formula in Eq. (3.7),

Pyu(v,T) = Pys(t) (3.14)

which turns out to be effectively independent of the value of ¢, provided vt, > A.
In practice, choosing vt, = 200A is enough to guarantee convergence to the infinite-
time limit; this is the value used throughout this chapter, unless otherwise stated.

3.3 Numerical results

In this section, we present the main results of our paper [31] and bring evidence for
the enhancement over the Landau-Zener probability due to a dissipative dynamics.
Our data have been obtained through the Bloch-Redfield QME with and without
RWA — see the differential equations computed in App. —, which have been
tested against QUAPI data in several regimes, revealing the regimes of reliability.
The differential equations have been solved by means of a standard IV order Runge-
Kutta method. Notice that all the data from QME presented here are related to the
differential equations obtained without RWA.

We start the section from a discussion of the zero temperature case, Sec. [3.3.1]
where we find excellent agreement with the exact results of Ref.s [00, OI], at least
at weak coupling. We anticipate here that the QME turned out to be surprisingly
accurate for a purely-transverse coupling, even for strong interactions and very fast
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drivings, as we will discuss. We then move to finite temperatures in Sec.
We benchmark again the QME against the numerically-exact QUAPI and interpret
the results we obtain. We illustrate the thermal enhancement of the Landau-Zener
probability, which constitutes the main finding of our work [3I]. After that, in
Sec. [3:3.3] we also discuss a simple single-oscillator-bath model, in terms of which the
effect of finite temperature for a 6*-coupling becomes physically very transparent.
Finally, in Sec. we also test the impact of performing the RWA on the Bloch-
Redfield QME.

3.3.1 Zero temperature

Let us start by discussing our results at zero-temperature. In this regime, we have a
perfect benchmark for our QME approach given by the exact predictions by Hanggi
and coworkers [90, [9T], who showed that, in presence of a bath at "= 0 and for an
evolution starting at tg = —oo and ending at ¢ty = +00, the exact generalization of
the Landau-Zener formula reads

2
Wy

Py(v,T=0)=1—¢ 2w |, (3.15)

where Wy, effectively replacing the tunnelling matrix element A in the standard
Landau-Zener formula, for our ohmic bath choice is

2
Wg = ‘A — ahwesin 20| + 2a(hw,)?sin? 6 . (3.16)

According to Eq. , the bath has no effect when acting only along 6% since
Wgzo = A?; on the contrary, it effectively increases the bare tunnelling amplitude
A when, for instance, it acts along 6% since Wj7__ 2 = A? + 2aw?. (Incidentally,
an identical enhancement would hold for a bath coupling along 6¥.) This effective
increase of the tunnelling amplitude leads to a definite enhancement of the proba-
bility to remain in the ground state Pys(v,T = 0): we illustrate this in Fig. [3.3(a),
where the exact predictions of Refs. [90, Q1] reported in Eq. are compared
to the evolution data coming from the QME without RWA for two relatively weak
values of the coupling .. The agreement is almost perfect at weak coupling and, as
shown in Fig. [3.3(b), it also persists in a remarkable and puzzling fashion all the
way up to the strong coupling regime. Therefore, our QME is extremely good for a
pure transversal noise, § = 7/2, even in the strong coupling regime. This excellent
agreement diminishes, or even disappears, if the noise has a longitudinal component,
as shown in Fig. 3.4] where the probability Pys(v,T" = 0) is plotted, for fixed driving
velocities v, versus the noise coupling direction # and for different coupling strengths
a. The reason for this great reliability is still unclear to us, but we speculate that
it might be linked to the fact that the system’s dynamics is Markovian for a purely
transversal coupling, while non-Markovian effects are more pronounced for a purely
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longitudinal noise [53]. Indeed, we have checked the behaviour in time of the trace
distance between pairs of random initial states both for § = 0 and # = 7 /2: in the
former case, we have found non-monotonic trends, hinting that the dynamics must
be non-Markovian [53]; in the latter case, we have found that the trace distance
always monotonically decreases, as expected for Markovian dynamics [53].
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Figure 3.3: Check of the validity of the QME approach at zero temperature for a
pure transversal noise, § = /2. The probability to follow the ground state at zero
temperature Pys(7 = 0) versus (a) the driving velocity hiv/A? and (b) the coupling
strength «. The lines are the exact predictions obtained using Eq. , while the
points correspond to the solution of our QME without RWA, given in Appendix [B.3]
Here Aw,. = 10A.
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Figure 3.4: Check of the validity of the QME approach at zero temperature. Prob-
ability to follow the ground state Pgs(v,T = 0) for fixed driving velocities hv/A?
versus the noise coupling direction 6 for o = 0.02 (a), and o = 0.2 (b). Lines are
the exact results of Ref. [01], points correspond to our QME without RWA, given in

Appendix B3]
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3.3.2 Finite temperature

The previous discussion, besides witnessing the reliability of the QME at T'= 0, has
shown that a coupling transverse to the driving direction at 7' = 0 can improve the
final ground state probability over the coherent value. The crucial question now is:
will a finite-T" bath improve or be detrimental to the T" = 0 dynamics in presence of a
transverse noise? The answer is given in Fig. [3.5] where we plot Pys(v,T) versus the
adiabatic parameter hv/A? for both purely longitudinal and transverse couplings, at
different temperatures. Data are obtained by our QME without RWA, benchmarked
with QUAPI, as we will discuss. Let us first consider the known purely longitudinal
6*-coupling case, § = 0, already studied in Ref.s [93,[101]. In Fig. [3.5|(a), notice that
increasing the bath temperature reduces Pys(v,T’) from the coherent evolution and
T = 0 value Pyg(v,0) = PgZ(v), and it does so in a rather non-monotonic fashion,
depending on the coupling constant «, as previously reported [93], [101]. Therefore,
no thermal improvement is found. But let us now focus on transverse noise. The
data in Fig. |3.5(b) show a very intriguing behavior of Pys(v,T') with temperature.
Remarkably, for a sufficiently fast driving hv/A? > 1, a higher bath temperature
can significantly enhance the performance of the annealing protocol with respect to
the T' = 0 case, hence effectively providing a “thermally assisted” AQC [33]. On the
contrary, this beneficial effect of a bath-temperature increase disappears, turning
into detrimental, in the opposite regime of small driving velocity hv/A2% < 1.

At T > 0 no analytic results are available, and we therefore use QUAPI to
benchmark our QME data. As Fig. shows, the agreement between the QME
results (lines) and the QUAPI data (points) is quite good in the weak coupling regime
and (not shown) for all the temperatures for which a QUAPI simulation is feasible.
Unfortunately, the QUAPI does not provide a very good benchmark for the § = 7/2
case at finite temperature. The reason for this has to do with the Trotter error, which
is proportional to |e(t)|(6t)3, 5t being the Trotter step. This implies that the Trotter
error is very large at the initial and final stages of the evolution, where |e(t)| = v|t| >
A unless the corresponding Trotter time §t is decreased accordingly. In practice, this
makes large values of the evolution time-interval [—t,,t,] intractable with QUAPI.
Nevertheless, we have benchmarked our finite-7" QME data by comparing against
QUAPI the results of evolutions restricted to smaller time-intervals, with vt, ~ 20A,
for which however Pg4(t;) deviates quantitatively from Pys(v,T). In this way, as
shown in Fig. [3.6(b), we verified a rather good agreement between QUAPI and
QME also for transverse noise, for all the temperatures we have studied, at least in
the weak-coupling region.

We also explored the strong coupling regime at finite temperature for a purely
longitudinal coupling. In this case, the analysis was done only with QUAPI, as the
QME would not be reliable at large values of o for § = 0. We find that Pys(v,T)
exhibits a non-monotonic behavior for increasing coupling «, at fixed v, especially
relevant in the adiabatic driving regime (small Aiv/A?%). This is shown in Fig. [3.7
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Figure 3.5: The probability Pys(v,T’) of remaining in the ground state of the Hamil-
tonian Hg (t) versus the driving velocity hv/A2, for a purely longitudinal 6*-coupling
(a) and for a purely transverse 6*-coupling (b) to the ohmic environment, with cut-
off frequency w. = 10A/h and coupling o = 2 x 1073, The black solid line is the
coherent-evolution result PgZ(v), the black dashed line in panel (b) is the exact prob-
ability at zero temperature Pys(v,T = 0) obtained from Eq. [90, OT], while the
various points are QME (without RWA) data for different bath temperatures. Black
arrows indicate the direction of increasing T'. For a transverse coupling, thermally
assisted AQC happens also at T' > 0, but only in the non-adiabatic region.
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Figure 3.6: Pgs(t ) as a function of the driving hv/A? for pure longitudinal (top) and
purely transverse (bottom) noise, at finite temperature kg7 = 25A and different
values of the ohmic coupling strength «, with iw. = 10A. Lines correspond to QME
results, points to QUAPI. The black solid line shows, as a guide to the eye, Pész (v) =
Pys(v,T = 0). Notice that Pgs(t¢) = Pyas(v,T) only for the purely longitudinal noise.
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46 3.3. NUMERICAL RESULTS

where we plot Pys(v,T) at a fixed value of hv/A? = 0.2 and for different tem-
peratures, as a function of the coupling constant «. While for weak coupling the
probability Pys(v,7T) decreases as « increases, the inverse tendency, characterized
by a Pgs(v,T) increasing back towards PgZ, is found when « increases beyond a cer-
tain T-dependent characteristic i, (7). Although the dynamics tends to become
more and more incoherent for large «, the overall form of Pys(v,T) would be very
close to the fully coherent value of Pjgf, in agreement with the Fermi-Golden rule
results of Ref. [I02], obtained from a fully incoherent population-dynamics evolu-
tion. Figure shows details of the dynamical evolution of Pg(t) obtained from
QUAPI at different values of the parameters. In Fig. (left) the driving velocity
is “small” (hv/A? = 0.2), the coherent evolution is essentially adiabatic, and we no-
tice the effect of the finite-temperature bath in the form of a rather sharp decrease
of Pgs(t) around the transition region, followed by a partial recovery which tends
to push Pgs(tr) towards values which are closer and closer to Pys(v,T = 0) as the
coupling o becomes stronger. In Fig. (right) the driving velocity is rather “large”
(hv/A? = 2): here we observe that while for small couplings Pgs(t) is basically on
top of the corresponding coherent evolution dynamics (including almost invisible, on
the scale of the figure, coherent dynamics oscillations), at larger couplings the drop
of Pgs(t) is rather sharp and non-oscillatory, again with a partial recovery which

tends to push Pgs(tf) towards Pys(v, T = 0) as the coupling o becomes stronger.

3.3.3 Single oscillator bath and the thermal enhancement mecha-
nism

To better understand the physics behind the mechanism of dissipative improvement
we just discussed, we consider a drastically simplified model of “environment”, which
is reduced to a single harmonic oscillator [103], with a fixed frequency € coupled to
the system along a fixed direction in spin-space, parameterized as before with the
angle 6. The Hamiltonian is therefore

~

H(t) = Hs(t) + 1m0 + A(cos 067 + sin 06%)(bT+ b) . (3.17)

According to the predictions of Ref. [01], such a zero-temperature “single-oscillator
bath” would still lead to a Pys(v,T = 0) given by Eq. (3.15]), where now

2)\2 2
Wi = |a— 2 sin 29) + 4N sin24 . (3.18)
Notice that we can tune 2 and A so as to get the same I/V(,2 we would have for a
set of infinitely many harmonic oscillators with Ohmic spectrum (see Eq. (20) in
Ref. [91]). Therefore, the behaviour of Pys(v,T = 0) for a Ohmic dissipative problem
can be perfectly mapped into a specific “single-oscillator environment” coupled to
the system. This analogy, which is in principle justified only for T' = 0 and for
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Figure 3.9: Single oscillator approach. Ground state probability Pgs(t) versus time
for (a) hv/A% = 6 and (b) hv/A? = 0.6. Here A = 0.5A and 6 = 7/2. The black
line is the coherent evolution Pgs(t) in absence of dissipation; the blue and red lines
are Pgs(t) at T' = 0 and kT = 2h€2, respectively. In both cases h2 = 50A. Vertical

lines at +t*, the resonance times in Eq.(3.19), highlight the excitation/relaxation
mechanisms.

the infinite-time Landau-Zener problem, helps to elucidate some of the physics of
the problem, which becomes very transparent in the single-oscillator setting. In the
following we will take 22 = 50A and a coupling A = 0.5A. The time evolution of this
simple driven qubit can be studied both at zero and finite temperature utilizing an
exact diagonalization-based Schrodinger dynamics, provided the oscillator Hilbert
space is properly truncated. Fig. shows the results of such a study for a purely
transverse coupling # = 7/2 in the non-adiabatic regime, hv/A% = 6 (a), and in
the “adiabatic” regime hv/A? = 0.6 (b), compared to the “free” coherent evolution.
We observe that a 6%-coupling “bath” is indeed active when the instantaneous gap
of the qubit E(t) = 4/(vt)? + A% matches exactly the oscillator energy hQ). This
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resonance condition happens at two times +t* with

- % ()7 — A7, (3.19)
in which excitation/relaxation of the system can take place by absorption/emission
of a quantum of vibration. The final result is however very different depending on
the driving velocity v. In the fast-driving regime, Fig. m(a), immediately after
the avoided crossing (0 < t < +t*), the system ends up in the excited state with a
significant probability, both at zero and at finite temperature. Thus, a relaxation
mechanism occurring at ¢ = +t* is quite effective in increasing Pgs(t) (the &7-
coupling providing the necessary matrix element at this resonant condition) above
the coherent-dynamics probability (solid black line). We also observe that, at 7' =0
(blue solid line), the relaxation associated with a resonant emission of a quantum
of vibration at t = +t* is the only possible process, since the oscillator is unable to
excite the system at ¢t = —t*. On the contrary, for T' > 0 (red solid line), the bath can
excite the qubit before the avoided crossing, by a resonant absorption of a quantum
of vibration at t = —t*.
Pgs(t) at t ~ —t*, is actually beneficial to the final ground state probability after the
avoided crossing (where the instantaneous ground state is indeed flipped), providing
an enhancement of Pgy(t) over the coherent evolution result at times 0 < ¢t < +t*
(red solid line). Finally, the subsequent relaxation process at t = +t*, although less
effective than at 7' = 0, further improves the final probability Pgs(t¢) up and above

This effect, which reflects itself in a marked decrease of

the coherent evolution result. This state of matter changes if the driving velocity is
small, as shown in Fig. [3.9|b), corresponding to hv/A? = 0.6. Here, the coherent
dynamics is nearly adiabatic. While a zero temperature transverse bath further
improves Pys(v,0) above Py, at finite 7' the combined effect of the excitation at
t = —t* and the subsequent relaxation at t = +¢* is eventually slightly detrimental.

3.3.4 Rotating-wave approximation

Until now, we have never shown results obtained from the QME with RWA. Indeed,
we found that there is no compelling reason to adopt this approximation in the
present time-dependent case, apart from a small simplification of the QME equations
— see Appendix[B.3] First, we have verified that our density matrix remains positive
definite at all times, even if we do not have the master equation in Lindblad form.
Furthermore, we overall find that the difference in the results obtained with and
without RWA is rather small if one stays in the weak-coupling region.
Nevertheless, the RWA results tend to produce, as an artifact of the approxima-
tion, a certain tendency to increase Pys(v,T') in the large v tails, above the coherent
evolution result. We show this in Fig. where we plot QME results obtained
with and without RWA, benchmarked against numerically exact QUAPI data at the
moderate coupling o = 0.02. The RWA line shows a quite clear over-shooting above
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Figure 3.10: Comparison of QME results obtained with and without the RWA for
a longitudinal bath coupling with & = 0.02 and kT = 10A. The points denote
numerically exact QUAPI data. The RWA line shows a quite clear over-shooting
above the coherent evolution result, which is an artifact of the approximation.

the coherent evolution result. This over-shooting was also found in Ref. [L01], where
the QME with RWA was used, but there no benchmark was used to test whether
the results were reliable or not.

3.3.5 Sub/super-ohmic bath spectral functions

We explore here the cases of sub-ohmic and super-ohmic bath spectral functions (not
presented in Ref. [31]). Let us stress that our approach is not strictly valid in the
sub-ohmic case. The reason is that the analytic expression of the Fourier transform
of the correlation function, v(w), is no more well defined in the limit w — 0. Indeed,
looking at Eq. in Appendix while for a super-ohmic spectral function we
would have ygyp(w — 0) = 0, for any sub-ohmic case the same quantity would
diverge. We try to go on ignoring this issue and setting 7sus(w — 0) = 0 even for
the sub-ohmic case. We will see that this very rude and unjustified act of violence
provides anyway good results against our benchmarks.

Let us start from 7" = 0. From the exact results in Ref.s [90, 9I], we know
that for a purely longitudinal coupling dissipation does not change the coherent
Landau-Zener probability. We found exactly the same from our data. For a purely
transverse coupling, we obtain again very good agreement, especially in the super-
ohmic case, as can be seen from Fig. 3.11] Regarding the sub-ohmic case, if at
a = 0.002 the discrepancy between exact and numerical results is almost invisible to
the eye (not shown), we see that this difference increases as « is raised. Indeed, as
the coupling strength becomes bigger, the terms we are neglecting at zero frequency



50 3.3. NUMERICAL RESULTS

1 = /2 !
a = 0.02
08f 08
?
— —
S E o6
> >
z \ -z
% QME-s =01 v % QME -5 = 0.1
A 04r QME-s =14 & A 04r QME -s = 1.4
s QME - s = 2.0
Exact - s = 0.1
2r 2r
0-2 0.2 Exact -s = 1.4 ——
Exact - s — 2.0
0 . . . 0 , ,
0.1 1 10 100 1000 1 10 100 1000
hv/A2 hv/A2
1 M =n/4
=0.2
0.8
—
= o6r
>
z
) QME -5 = 0.1
A 04r QME-s =14 &
QME-s=20 o
ol  Exact-s=0.1
0.2 Exact -s = 1.4 ——
Exact -s = 2.0 ——
0 \ \
0.1 1 10 100 1000 1 10 100 1000
hv/A2? hv/A2?

Figure 3.11: QME data tested against the exact results in Ref.s [90, [91], for different
sub/super-ohmic coefficients s in the spectral function defined in Eq. (2.7)), at a =
0.02,0.2 and 0 = /2,7 /4.

are probably becoming more important. Fig. also shows the case of mixed
couplings (# = 7/4). In this setting the agreement becomes slightly worse, but this
is consistent with our previous analysis of the ohmic case. Notice however that the
sub-ohmic calculation fails terribly at the intermediate o = 0.2.

Finally, let us turn to the finite temperature case and purely longitudinal cou-
pling, where we can safely use QUAPIL Fig. .12 benchmarks the QME against
QUAPI for different sub/super ohmic coefficients, and compares the data with the
coherent Landau-Zener probability. We observe good agreement between the two
methods, even for the sub-ohmic cases, despite our crude approximation. Further-
more, we find no thermally assisted AQC even in this case, although Ref. [33] argues
that a super-ohmic environment can provide it.
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and different sub/super-ohmic coefficients s in Eq. . Lines are obtained from
the QME, points from QUAPI. We highlight a very good agreement and find no
thermal improvement over the coherent curve (black line).
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Figure 3.13: Copy of Fig. 2(c) in Ref. [34]. Difference between each energy level and
the instantaneous ground state versus time. In the inset, a zoom on the avoided
crossing region, which is engineered to be extremely narrow.

3.4 Final remarks

In this study, we have investigated the role of the bath temperature and the spin-
coupling direction in a simple dissipative LZ model, showing that thermally assisted
AQC requires a transverse component of the coupling and is generally effective only
in the fast driving regime. In this setting, we have also benchmarked the Bloch-
Redfield QME, reporting a very good reliability, especially for a purely transverse
system-bath interaction.

We can now try to discuss the results of Ref. [34] in the light of our findings.
Ref. [34] deals with an explicit realization of an approximate two-level system LZ
dynamics using 16-qubit of the D-Wave® machine. For the reader’s convenience, in
Fig. we have reproduced Fig. 2(c) of Ref. [34], which illustrates the scheme of
the energy levels for that model. The gap at the anti-crossing between the two low-
lying instantaneous eigenstates is engineered to be rather small, A = g, = 0.011
mK /kp, compared to a rather large energy separation, JE =~ 50.5 mK/kp, from
all the higher-lying states. In the experiment, several annealing runs are performed
at different driving velocities and temperatures, with 7" ranging from Tj,, = 19.9
mK up to 100.8 mK. Particularly interesting are the first four temperature datasets,
ranging from Tioy up to Thign = 34.9 mK, where the two-level-system approximation
is reasonable, since kgT < dE. The extrapolation of the lowest experimental anneal-
ing data down to 7' = 0 (see Fig. 3 of Ref. [34], reproduced here in Fig. allows
to extract Pys(v,T = 0), which closely matches a Landau-Zener type of expression.
This is, in a sense, not surprising, because of the exact results of Refs. [90} [91]; it is
also perfectly in line with the Fermi golden rule findings in the incoherent-tunnelling-
dominated regime associated with a significant sub-ohmic flux noise [102], as well
as with the seminal analysis by Ao and Rammer [89]. But, as we have discussed,
a LZ form is rather generic: it does not tell you if the coupling is predominantly
in the longitudinal 6*-direction, or if there is some component of transverse noise.
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The finite-T experimental curves with 7' = 19.9 + 34.9 mK are in some sense an
argument in favour of the fact that there should be some transverse noise affecting
the annealing dynamics. Indeed, Fig. 4 of Ref. [34] (reproduced here in Fig. [3.14])
clearly shows that Pgs(v,T') is considerably improved over the 7" = 0 curve in its
fast-driving tail, which would be impossible with a purely longitudinal noise. Con-
sistently with our findings, this “thermally assisted” QA turns into a detrimental
effect in the slow-driving regime. What is hard to explain from our very rough mod-
elling is the fact that the experimentally extracted Pg(v,T’) remains quite different
from 1/2 — the value you would expect at T' = oo — at temperatures which are
incredibly large compared to the minimum gap, kg7 /A = 1809 + 3172. A detailed
understanding of the experimental findings needs a more refined modelling, possibly
including time-dependence of the couplings to the environment, as well as the pos-
sible presence of sub-ohmic noise components, very hard to tackle with traditional
QME weak-coupling techniques. Actually, more than one year after our publica-
tion, the study presented in Ref. [104] reproduced qualitatively the results of the
experiment in Ref. [34]. The authors developed a theory that includes both low
and high-frequency noise, treating the low-frequency one non-perturbatively. They
directly studied the complicated 16-qubits problem, without focusing however on
the simpler dissipative Landau-Zener model.

In the future, the role of a §¥-coupling, which we have not explicitly addressed,
might also be worth looking at. Indeed Y is precisely the Hamiltonian term realising
the shortcut to adiabaticity [105], or transitionless quantum driving, in Berry’s ter-
minology [106], in our LZ problem: this is clear from the presence of the ¢; 6 term
in the rotated Hamiltonian in Eq. , see also Ref. [I07]. Clearly, the possible
time-dependence of the bath-couplings, inherited by projecting the two lowest-lying
instantaneous eigenstates into an effective two-level system, might also play a role,
especially because the larger transverse field present before the anti-crossing might
favour thermal excitations over the thermal relaxations phenomena occurring after
the anti-crossing [34]. Further work is necessary to fully elucidate all these aspects.
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Figure 3.14: Copy of Fig.s 3-4 of Ref [34]. Left panel: Final ground state probability
Pcy versus the measured temperature 7'. Notice the (very rough) extrapolation of
the T' = 0 data by the dashed lines. Right panel: (a) Final ground state probability
versus the annealing time (inversely proportional to our annealing velocity v). The
blue dashed line indicates the extrapolated T' = 0 data, while the others correspond
to finite T. Notice how finite T probabilities are above the 7' = 0 ones in the
fast driving regime, consistently with our results. (b) Total time needed to achieve
Payv = 0.99 by running each annealing of length ¢, several times, versus ty. From
these data, due to dissipation, it seems advantageous to perform very fast annealing
runs several times, rather than one very slow and long one.
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Chapter 4

Optimal working point in
dissipative QA

In this chapter we present our second work, published in Ref. [32], in which we
investigate how dissipation from a thermal bath can affect the QA dynamics on a
quantum spin-1/2 Ising chain in driven transverse field. It is a simple realization of
the general QA Hamiltonian written in Eq. , where the driven transverse field
plays the role of the parameter s(t) connecting target and driving Hamiltonians.
Although simple, this model presents a second-order phase transition from order to
disorder [108], very useful to study the performance of QA while crossing a critical
point, where the gap is closing polynomially in the system size and hence no adiabatic
time-scale exist in the thermodynamic limit. To estimate the closeness to the final
ground state, one defines the so-called density of defects, quantifying the number of
anti-aligned spins with respect to the perfectly ferromagnetic final ground state [109].
For a closed system, taking s(¢t) = t/7 with 7 the annealing time, the density of
defects is known to behave as nge(7) ~ 7 1/2, following a Kibble-Zurek (KZ) scaling
law [I09]. Therefore, the density of defects monotonically decreases as 7 becomes
larger — that is, the driving is more adiabatic.

The presence of dissipation, however, leads to a different physics. There have
been a few studies on the topic: some of them have employed a classical Markovian
noise superimposed to the driving field [38], 110, 111] or a Lindblad master equation
with suitable dissipators [112], [54]; others have considered the effect of one or several
bosonic baths coupled to each spin along the transverse direction [113], 114} 115, [116].
The general common feature that emerges from these studies is that the density of
defects stops following the KZ scaling after a certain 7, and starts to increase again.
This can be seen in Fig. where we report some results presented in Ref.s [110},54].
This effect has been referred to as anti-Kibble- Zurek (AKZ) E] [110]. This is, in turn,

Tt is worth mentioning that the term “anti-Kibble-Zurek” appeared for the first time in a
completely classical setting, the adiabatic dynamics of multiferroic hexagonal manganites [117],
with the crucial difference that the deviation from the expected KZ scenario is there seen as an
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Figure 4.1: Closeness to the final ground state wversus the annealing time for
Ref. [110] (left) and Ref. [54] (right), for different noise strengths. Almost all the
data display the AKZ behaviour, with the presence of a global minimum (the OWP),
even though in the left panel it is unclear whether this global minimum would appear
also at longer annealing times or not.

intrinsically linked to the presence of a minimum of nqet(7) at some intermediate
Topt, known as Optimal Working Point (OWP).

In this work, we reconsider these issues in the setting of a thermal bath in
interaction with our system. Remarkably, we find that the OWP disappears below
a certain temperature, which depends on the system-bath coupling. The possible
situations we encounter are summarized in Fig. where the density of defects is
plotted as a function of the annealing time 7, for various temperatures and fixed
system-bath coupling strengths. Notice that three different situations may emerge,
in which ngef(7) either shows a global or local minimum at some 7op¢ (i.e. the
global/local OWP), and situations where nget(7) deviates from the simple coherent-
dynamics KZ-scaling, but is still monotonically decreasing, hence no OWP is found.
Quite remarkably, as we shall discuss later on, the range of temperatures that are
relevant for current quantum annealers is such that one would predict the absence of
an OWP. We will further comment on the validity of the often-used assumption that
the density of defects can be computed as a simple sum of two contributions [113],
114, 110, 115 54]: one given by the purely coherent dynamics, the other coming
from a time-evolution governed only by dissipators, i.e. neglecting the coherent
part. Since we consider also regimes for which relaxation processes after the critical
point are important, we will provide evidence that this additivity assumption breaks
down for large enough annealing times.

unexplained decrease of nqer(7) for fast annealings, i.e., for 7 — 0. This opposite trend leads to a
mazimum of nger(7) for intermediate 7 and, as far as we understand, has nothing to do with AKZ
which we will address here in our quantum mechanical framework.
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Figure 4.2: Density of defects wversus annealing time for a quantum Ising chain
weakly coupled to an ohmic bath, at different bath temperatures T', compared to the
ideal coherent evolution (KZ) behaviour, nge(7) ~ 7~ /2. The plot highlights the
three distinct behaviours we have found: nger(7) can i) display a global minimum
(green triangles), i) a local minimum (blue circles), i) converge monotonically
towards a large-7 thermal plateau (red squares). Here the system-bath coupling
constant is kept fixed at o = 1072,

4.1 The dissipative quantum Ising chain in transverse
field

The quantum spin-1/2 Ising chain in a driven transverse field is described by the
following Hamiltonian [I18]:

Hy(t) = =J Y |6767 + h(1)57), (4.1)

i
sites, J > 0 the ferromagnetic coupling strength, and h(t) > 0 the external (driving)
field, which is turned off during the evolution. Periodic boundary conditions (PBC)
are assumed, i.e. &xyy+1 = 61. This problem can be analytically tackled by means
of a standard Jordan-Wigner transformation, followed by a Fourier transform [119]
120], which allows to rewrite Eq. in terms of spinless fermions operators ¢, in
momentum space

where 6; = (67,6¢,67) are the usual Pauli matrices on the i*" site, N the number of

oy =% [gk(t)(e,tek —e ety agetet + H.c.)] , (4.2)
k>0
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where &, (t) = 2J(h(t) — cosk) and A = 2Jsink. The k values in the sum de-
pend on the considered fermionic sector, since f[ém commutes with the fermion par-
ity [I09]. The initial ground state belongs to the even-parity sector for any value
of the transverse field, hence the time-evolving state always belongs to that sector.
Due to this fact, one can restrict the choice of the k values to k = 7(2n — 1)/N,
with n = 1,..., N/2, thus fixing the antiperiodic boundary conditions (ABC) for
fermions. With this approach, one can very easily compute the dynamics of the full
system as the dynamics of N/2 two-level systems, overcoming the problem of the
exponentially growing Hilbert space.

Let us now introduce dissipation in this setting. As before, we assume a total
Hamiltonian in the form of Eq. (2.1)), i.e. Hiot(t) = Hs(t) + Hp + Hgp. In analogy
with Ref. [115], we write the system-bath interaction Hamiltonian as

N
. 1 R .
Hsp = —izaf ® B, (4.3a)

i=

1
B =Y "N +1b)), (4.3b)
l

where the i)l are bosonic annihilation operators, and \; are the system-bath coupling
constants. The bath Hamiltonian is taken, as usual, as ﬁB =5 Ty B}Ll;l, where w;
are the harmonic oscillator frequencies. The coupling between the system and the
environment is captured by the ohmic spectral function already defined in Eq. ,
where a quantifies the system-bath coupling strength and w, is a cutoff frequency.
Notice that here we are considering a single (common) bath, which is coupled to all
the spins along the z-direction, as done in Ref. [I15]. This is, essentially, the quantum
version of a noise term acting on the transverse field, whose classical counterpart
was treated in Refs. [38, [110].

To solve for the dissipative dynamics induced by a generic form of the interac-
tion, one would in principle take into account the full system density matrix. But,
unfortunately, this becomes a very challenging problem as soon as the size of the
system grows above few sites. However, the specific choice of system-bath coupling
in Eq. , which generates infinite-range correlations between all the spins in
the chain, allows us to proceed, after further simplifying assumptions, with simple
perturbative QMEs for two-level systems. The fact that the single bath operator
B couples to a translationally invariant term, >, 07 =2 Zk>0(éLék - é_kéT_k),
ensures momentum conservation for the fermions. As argued in Ref. [I15], this in
turn implies that the self-energy for the one-body fermionic Green’s function is k-
diagonal, and all fermionic momenta connected to the external lines have momentum
k. Different momenta k' # k appear only in closed internal loops. At the lowest
order level (second-order) and within the usual Markovian approximation, the tad-
pole diagram, which contains a loop, simply provides a shift of energy levels and
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can be neglected, while the only relevant self-energy diagram has momentum £ in
the fermionic internal line [114]. This suggests that, at least at weak coupling and
within a Born-Markov approximation, it is legitimate to assume that each momen-
tum k does not interact with other momenta k' # k, and that we could write the
coupling to the bath as

Hsp = (e, —e_el ) @ By, (4.4a)
k>0
By =" (b, + ), (4.4b)

l

and Hg = Y k0 21 I;lT’klA)Lk, where we have effectively replicated the original
unique bath into N/2 identical copies, one for each fermionic k-value, all with iden-
tical bath spectral function J(w). This choice greatly simplifies the problem, since
the total Hamiltonian can be written as a sum in k-space:

Hionlt) = 3" Hi(t). (4.5)

k>0

This automatically leads to an ensemble of independent dissipative two-level systems.
Indeed, it is convenient to map the even-parity fermionic Hilbert space to a collection
of pseudo-spin-1/2 quasiparticles, one for each k& > 0, with the identification | 1),

= éLéT,k|0>, and | ), = |0). Introducing the pseudo-spin Pauli matrices 7} =

(f',f ,f',f ,i’,j) to represent such two-dimensional space, the Hamiltonian for each k
mode reads
Hy(t) = (&(t) + Br) 7 + Ap# + > hwy b by, - (4.6)
!
Hence, as anticipated, each driven two-level system is coupled with its own bath of
harmonic oscillators through a 77 term. It is worth to stress that this simplifying
assumption of k-decoupled baths does not modify the thermal steady state that the
system reaches at long time, as we will explicitly show in a short while.
Summarizing the previous discussion, for our specific choice of the system-bath
coupling, the dissipative dynamics of a translationally invariant quantum Ising chain
can be computed by studying the time evolution of N/2 two-level systems in mo-
mentum space, each coupled to an independent identical bath, described by a Gibbs
density matrix at temperature T, = (kp ﬁb)_l, where kg is the Boltzmann’s constant:

. o—BvHz A
PB = m . (4.7)

One might wonder how reasonable is our rather special choice of bath in repre-
senting the dissipative dynamics of an Ising chain. To answer this question, we have
looked at the relaxation towards equilibrium at fixed values of the transverse field,
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by solving the corresponding Bloch-Redfield QME — see Appendix — through
a IV order Runge-Kutta method. Any reasonable weakly coupled bath at tempera-
ture Ty, should allow the system to reach thermal equilibrium values for the operators
one wants to measure. This is indeed what our Bloch-Redfield QME does, but the
equilibrium temperature 7' that the system reaches is actually given by T' = T;/2,
for a reason which is discussed in detail in Appendix [C] In essence, a peculiarity of
our bath-coupling is momentum conservation. For each of the N/2 sectors at fixed
k there would be four different possible states, {é,t|0) el ¢ .10), élcT ©0),]0)}, but the

dissipative dynamics remains always restricted to just two of them, {“T il '10),10)},
i.e. those with presence or absence of pairs of fermions with opposite momenta.
States with only one fermion of momentum %k or —k, {é};|0>,éT_k]0>}, cannot be
reached. This does no justice to the equilibrium thermodynamics, which takes into
account all states in the Hilbert space, 2V = 4M/2 and not only a dynamically
conserved subspace of dimension 2V/2. It turns out, however, that accounting for
such a part of the Hilbert space simply amounts to having a temperature T' = T} /2,
see Appendix [C] for details. Hence, in all the plots we always indicate the effective
temperature 7" = T} /2 that the system would reach at thermodynamic equilibrium,
rather than the bath-temperature T used in our simulations.

4.2 Numerical results

Before presenting our results, it is mandatory to introduce the QA protocol we are
going to simulate, and the figure of merit we will use to quantify its performance.
We choose to vary the external field h(t) in Eq. in the time interval ¢t € [0, 7],
where 7 denotes the total annealing time, and implement a standard linear schedule
h(t) = (1 —1t/7) ho, where hg is the initial value of the field. In this way, the
annealing crosses the zero-temperature critical point of the quantum Ising chain,
he = 1, separating a paramagnetic phase (h > h.) from a ferromagnetically ordered
phase (h < h¢) in the 6% direction. In all the numerical calculations, we fix the
number of sites at N = 1000. Concerning the bath, we choose ha(;lg): 10J as cutoff

frequency in the ohmic spectral function. The initial condition pg”’(0) is chosen to
be the ground state of ﬁék)(O) for h(0) = ho > 1 (we fix hg = 10). The time
evolution of p pk )( t) is then calculated by integrating the corresponding equations of
motion by means of a standard fourth-order Runge-Kutta method. These equations
are provided in Appendix [B.3]

To assess the quality of the annealing, we compute the average density of de-
fects [109, 121] over the ferromagnetic classical Ising state. In the original spin
language, the operator counting such defects reads

N
Ndef = W Z G768) - (4.8)
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Translating it into fermions and pseudo-spins, we can write the desired average as:

1 (k) A
Naet(t) = N Z Tr{ngz)f ,o(sk) (t)} (4.9)
k>0

(K R U
where n((je)f =1-—7fcosk + 7} sink.

In the following, we discuss the dependence of the final density of defects nges(t =
7) on the annealing time 7, for different system-bath coupling strengths o and
temperatures 7' = T},/2. In particular, we characterise the regimes for which an
OWP is present or not, and study how the defect density approaches thermal values
for long annealing times. We also analyse the conditions under which the processes
of coherent and incoherent defect production can be regarded as independent, and
highlight regimes in which this assumption fails.

4.2.1 The optimal working point issue

Let us start by looking at the behaviour of the final density of defects nget(7) as
a function of the annealing time 7. In Fig. we consider a = 1073 and 1072,
for which we have seen in the previous chapter that our perturbative approach is
reliable [31], and different values of T'. For sufficiently high temperatures, we observe
a clear AKZ trend: after the initial decrease, nqef(7) attains an absolute minimum
at some value ngpy = ndef(’fopt) — corresponding to the OWP 7, — and then starts
to increase again towards a large-7 plateau at n., = ngef(7 — 00). By decreasing
T, however, the plateau value no, can become smaller than nqp¢, hence 7,5 would
correspond to a local minimum — surrounded by two inflection points where the
second derivative changes sign — and should be called, strictly speaking, a “local
optimal working point”. A further reduction of 7' leads to the disappearance of
the local minimum at 7,5 — by a merging of the two inflection points —, with a
monotonic decrease of ngef(7) as 7 grows. By comparing the two plots, it is clear that
the presence of an OWP is determined by the interplay between the temperature T’
and system-bath coupling strength .

Fig. displays the final density of defects for a fixed temperature, kT = J,
while scanning « in the range [107*,1071]: we see that very weak couplings favour an
AKZ behaviour, while stronger couplings tend to lack an OWP. Moreover, it appears
neatly that nqer(7) exhibits a convergence, for large 7, towards a value ns(7') which
depends only on the temperature 7. We have verified that such limiting value
coincides with the final (h = 0) thermal value n¢nerm () = nl;(h = 0), indicated by
a horizontal dashed line in Fig. .4 and calculated from the equilibrium average

1 (k) »
nder(h) = & > Te{af A (n)} (4.10)
k>0



62 4.2. NUMERICAL RESULTS

(a)

a=0——
107" Erpr = 0057

[ kpT = 0.07J

[ kpT = 0.10J —*—
| kpT = 0157 ——
kpT = 0257 ——
102 r — 0350 ——
[ kpT = 0.50.J —v—

[ kT =075 —*—
| kpT = 1.50.7 —*— - -3 o
kpT =500 —=— a=10

IR B AT B R IRET L

10-3 T BRI BRI BRI |
102 107! 100 101 102 108 104 105 108
T

10° A (b)

Ndet (T)

a=0— e erey

107" bhpT = 0257
/l_: FkpT =0.35] R
- FksT = 0457 —e— Seee e
g | kpT =050 —o— fooeeonas,
e kpT = 0.60 ] —s— [

102 hpT = 075 —+—
FkpT =1.00J —v—
(kT =1.50.] ——
| kpT = 2.50] —o— _9
a =10
| L mi Lo

kT =5.00J —®—
T B

10-3 i NI, B
102 107! 100 101 102 108 104 105 108

T

Figure 4.3: Density of defects versus annealing time 7 for (a) a = 1073, (b) a =
1072, for different effective temperatures 7', as indicated in the legend. The arrows
indicate the direction of increasing temperatures. The trend for high T is of AKZ
type, with an emergent OWP. At lower 7" and/or higher a values a monotonic trend
smoothly appears, with the absence of OWP.



CHAPTER 4. OPTIMAL WORKING POINT IN DISSIPATIVE QA 63

100 ¢
* kT = J
107 thermal valite N, eass Matains
—
=
~—
(-
]
T
I
102 -0 —
F a=10""* &
[ a=107" —*—
a=10"2 ——
a=10"" ——
10-3 | | | Cnl M| | Lo L
102 107 100 10! 102 108 104 105 108

T

Figure 4.4: Density of defects versus annealing time 7 for kT = J, at different
coupling strengths «. Note that, for large enough annealing times, nges(7) converges
towards the thermal value.

where p&(h) is the system thermal state at bath temperature T, = 27, when the
transverse field is h. The explicit calculation of niperm (7)), following Appendix
leads to 1

Moo (T) = Ninerm (T) = 5(1 — tanh (8J)) . (4.11)

Notice that, for each two-level system, the final gap at t = 7 is 4J < hw,.. Hence,
the bath influences the dynamics until the end. This is at variance with the dissipa-
tive Landau-Zener model, where the final gap is usually much bigger than the bath
cutoff frequency and the final ground state probability does not fully reflect thermal
equilibrium with the bath [124] 94]. Figure [4.5(a) summarizes the values obtained
for nopt(T') versus T, for various a. The stars mark the temperatures Ty, («) where
nopt (I') crosses the (infinite-time limit) thermal value nperm(7'): given «, only for
T > T,,p the minimum at 7,y is an absolute minimum of nger (7). For T < Tiow (o) the
minimum disappears completely — nger(7) is a monotonically decreasing function of
7. For Tiow (o) < T < Typ(ax), nopt survives only as a local minimum. Summarizing,
for the range of o we have investigated (the weak-coupling region o < 107!) one
can construct two characteristic temperature curves, Tiow () < Typ(a) and a phase
diagram, sketched in Fig. [4.5(b). Notice that the two curves are difficult to extrap-
olate from the data for & — 0 because the simulations would require a too large
time-scale to observe the presence or absence of the local minimum in ngp;. We can
however argue, on rather simple grounds, that T,,(cc — 0) should drop to zero as
~ 1/log(1/cv). Indeed, as seen from Fig. |4.5(a), nopt (T, ) appears to be roughly
linear in 7" in the region where it crosses the thermal curve, nop (T, o) >~ AT, with
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Figure 4.5: (a) Dependence of ngpy on T, for various values of a. Each curve
defines an upper value Ty, () at which nopt(Tup) = 1o (Tup) (marked by stars), and
a lower Tiow () at which the local minimum defining nqp disappears. (b) Phase
diagram in the T'— a plane with Ty, () and Tiow (). A proper OWP only exists for
T > Typ(a). The black solid line is a fit of Ty () using Eq. ({#.13)), with C = 2.08
and D = 12.3. The red dashed line is a fit with Tiow (@) = ca~b\/a — a., where
we find . = 5.5-107%, ¢ = 3.58, and b = 0.22. The shaded area alludes to the
typical range of temperatures of interest for the D-Wave® hardware [122] [123], with
kpT ~ 12 mK and J 2 80 mK.
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Figure 4.6: Density of defects versus time for 7 = 10°, kgT = J and different
system-bath coupling strengths. The arrow at t. marks the value of ¢ at which the
transverse field crosses the critical value, h(t.) = h.. For a = 1072, where the
defects density has fully converged (see Fig. , Nget(t) is almost superimposed to
the exact instantaneous thermal one computed from Eq. .

a slope A, which, as we have verified, depends on « in a power-law fashion. Since
Nenerm (1) ~ e=27/58T for small T, we can write the implicit relationship:

Nopt (Tup, @) = AgTyp =~ e 2J/kBTup (4.12)

Assuming a power-law for A, we get, up to sub-leading corrections,

C
- logé +D (loglog é) '

Tup(a) (413)

where C, D are constants. This functional form fits our numerical data in a remark-
ably good way. The behaviour of the Tioy () curve is considerably less trivial. On
the practical side, it is computationally harder to obtain information on the tem-
perature below which a local OWP ceases to exists. Our data suggest that there
might be a critical value a, =~ 5.5-10~% below which a local OWP exists even at the
smallest temperatures, but this might be an artifact of some of the approximations
involved in our weak-coupling QME. All in all, the phase diagram is quite clear — at
least for weak-moderate values of @ — in predicting the presence of a true OWP only
for relatively large temperatures T. We will discuss this in the concluding section.
The fact that the system converges to a thermal state for long annealing times
is quite reasonable, and perhaps expected. Indeed, if the thermalization time-scale
becomes smaller than the annealing time-scale, one would expect that the system’s
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state remains close to the instantaneous thermal equilibrium state at every time
during the whole dynamics. Figure where we plot nqet(t) vs time at fixed
kpT = J and fixed annealing time 7 = 10°, confirms this expectation. In Fig. the
dashed line indicates, as a guide, the “instantaneous” exact thermal value nJ_;(h(t))
computed according to Eq. (see App. [C| for details), while the arrow at t.
marks the value of ¢ where the transverse field h(t) crosses the critical point, h(t.) =
he. = 1. We observe that, for increasing couplings «, the curves tend to be closer
and closer to the instantaneous thermal one, since the thermalization time-scale
decreases.

4.2.2 Interplay between coherent and incoherent defects produc-
tion

As mentioned above, in absence of dissipation, the defects produced are due to
violations of adiabaticity in the coherent dynamics,

d (k Ul (k) Ak
A0 = — [HP @), /5,0 (4.14)
and would be given by
0 1 (k) A(k
ngh(0) = 5 2 Tr{ab sl ()} - (4.15)
k>0
As well known, nS2H (¢ h: T) obe}is/che usual KZ scaling [125]. In the present case,

for the Ising chain, nQ¢ (1) ~ 7
In the literature related to dissipative QA, it is often found that the density of
defects can be regarded as the sum of two independent contributions:

naer (t) ~ i (t) + ngef (1) - (4.16)

The second contribution, ngffs(t), should be due to a purely dissipative time-evolution

of the system state,

d . o
ﬁpgzs = —([Tk, Si(t) pgfs)s} + H.c.), (4.17a)
i 1 (k) A(k
() = & Y Tr{nge A (®)} (4.17D)
k>0

where in Eq. we employed the Bloch-Redfield QME without coherent evolu-
tion, with S’k(t) being the bath-convoluted system operator defined in Eq. . In
particular, based on this “additivity” assumption, Refs. [I13], [114] computed scaling
laws for the defects density in presence of dissipation due to several thermal bosonic
baths independently coupled to the system. In Ref. [I15], an “additive” scaling law
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Figure 4.7: Test for the additivity assumption Eq. (4.16]) for the formation of de-
fects. We compare nger(t = 7), calculated with the full Bloch-Redfield evolution

(continuous curves, filled symbols), to the sum of nfl‘élfl(T) plus the purely-dissipative

evolution contribution nd*¥(7) (dashed curve, empty symbols).

for the same model, derived for the case of a single bath coupled to the system,
is shown to be in excellent agreement with the density of defects obtained from a
dissipative QME time evolution. However, a crucial requirement for these scaling
laws to hold is that thermalization effects after the critical point has been crossed
must be negligible: indeed, in Refs. [113, 114], the adiabatic sweep is stopped at
the critical point or immediately below it, so giving no time to the system to “feel”
the thermal environment; in Ref. [I15], the analysis is carried out for a very small
system-bath coupling «, so that the thermalization time is extremely long, much
longer than the characteristic annealing time scale. As a consequence, after the crit-
ical point crossing, the system is very weakly affected by the bath and the additivity
assumption still holds.

Here we are considering an annealing protocol that can leave enough time to
the system to thermalize after the critical point crossing: indeed, the quantum
critical point is crossed when h(t.) = (1 — t./T)hp = 1, in our units, hence ¢, =
(1 —1/ho)T = 0.97, for hy = 10. This means that, after the critical point, the
system has t,y.1 = 0.17 time to relax to the thermal state, i.e. a time proportional
to the annealing time 7. Therefore, for all the 7 values for which t,y.j is comparable
or larger than the bath thermalization time, the effect of the bath after the quantum
critical point will be not negligible.

Figure [4.7 shows a test of the additivity assumption for four different bath tem-

peratures at fixed coupling o = 1072; for each temperature, we compare the defects
density obtained via the usual Bloch-Redfield QME with that obtained by the sum
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of ng‘;}fl and ngiesfs. For 7 small enough, the additivity assumption always holds, since

tavail i too short, i.e. there is not enough time to feel the effect of the bath after the
critical point is crossed. However, for longer annealing times the additivity starts to
fail: the lower the temperature, the worse it is. In particular, we see that additivity
would always predict the presence of an OWP, but in some regimes the interplay be-
tween coherent and dissipative effects is non-trivial and the two contributions cannot
be considered separately. Note also that for kT = 5J the additivity assumption
seems to hold for every annealing time, even after converging to its thermal value.
However, this is probably because both values tend to converge to the maximum for
the density of defects, and therefore additivity holds better.

4.3 Final remarks

In the work presented in this chapter, we have revisited some of the issues related to
QA in the presence of dissipation. In particular, we have investigated under which
conditions it is possible to find an “optimal” annealing time, the optimal working
point (OWP), that minimizes the number of defects, and therefore maximizes the
annealing performance.

Interestingly, a proper OWP can be seen essentially only in a high-temperature
regime, kT 2 0.5J. For temperatures which might be relevant for current [122]
123], and presumably future quantum annealers, kT < J, schematically sketched
by a shaded area in the phase-diagram of Fig. b), we found that nges(7) would
be monotonically decreasing (hence without OWP), except for very weak bath cou-
plings, a < 1073, In the intermediate temperature regime, nget(7) displays a local
minimum at finite 7, but the actual global minimum is attained as a 7 — oo ther-
mal plateau. The previous considerations would apply to experimental realizations
where the coupling to the environment can be considered to be weak and ohmic,
which apparently is not the case for the D-Wave® hardware [122] [123], where 1/ f
noise seems to play an important role [126]. The extension of our study to cases
where the bath spectral density has different low-frequency behaviours, such as sub-
ohmic or with 1/f components, is a very interesting open issue which we leave to
future work.

Previously related studies [113, 114] [I15] on the same model did not detect all
these different behaviours, because they either stopped the annealing close to the
critical point [I13], 114] — to highlight some universal aspects which survive in
the presence of the environment — or considered an extremely small, a ~ 1076,
system-bath coupling [I15]: this amounts, in some sense, to effectively disregard-
ing thermalization/relaxation processes occurring after the critical point has been
crossed. Furthermore, we found that additivity Ansatz on the density of defects,
Eq. , breaks down as soon as the bath thermalization time is effectively shorter
than the characteristic time-scale for the system dynamics.
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and different temperatures. Horizontal black lines identify the expected thermal
values for each temperature.

Another interesting outcome of our calculation is the answer to the following
question: if the long-time limit of a dissipative QA dynamics is thermalization, is
it useful to do QA at all? Wouldn’t it be better to suddenly quench the system
to zero transverse field and wait for thermal relaxation to occur? To answer this
question, we compare in Fig. the data obtained by our dissipative QA dynamics,
with those obtained, using the same QME, from a “sudden quench” protocol —
from hg = 10 to hg = 0 — followed by thermal relaxation with the environment at
given T, for three values of temperature, kgT'/J = 0.35,0.75,5, and o = 0.01. The
results illustrate that a dissipative QA is in general a better strategy, especially for
short-intermediate times, and/or in presence of an OWP.

A final comment deserves the issue of how general might be the picture emerg-
ing from our specific model. It is hard to put forward general arguments on this
issue, but the results we obtained suggest that the picture might apply to more
complicated models. Consider, for simplicity, a disordered quantum Ising chain
Hg(t) = — > {Jﬁf&zﬂl + h(t)&f}, with J; € [0, 1], in the presence of a thermal en-
vironment. The classical thermal expectation value for the density of defects at tem-
perature T (for h = 0) will no longer be exponentially small — npepm (1) ~ e~ 2/k8T
with A = 2J the excitation gap —, since the classical problem is now gapless: on
general grounds, for a power-law density-of-states of excitations p(A) ~ A“ one
expects a power-law for the thermal density of defects niperm(T) ~ T9*!. Hence,
Niherm (I') can be made quite small by a sufficiently small 7. On the contrary,
the quantum coherent dynamics is made very slow — indeed, logarithmically slow,
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nSe () ~ 1/log? (y7) — by the infinite-randomness quantum critical point with ex-

ponentially small gaps [127, [121]. Dissipation typically tends to increase the density
of defects, nqef(7) > nS2E(7) ~ 1/ log? (v7), hence we generically expect an extremely
slow approach to thermalization for 7 — oo: it is not unreasonable to think that
such a slow approach to a small thermal value ngperm (T') occurs monotonically from
above, rather than from below, through an intermediate OWP. Clearly, a full proof
of this conjecture would require more work on the dissipative disordered quantum
Ising chain.

In conclusion, we believe that QA protocols realized with quantum annealers for
which thermal effects are sufficiently weak, at sufficiently low temperatures, should
not show any OWP, but rather a monotonic decrease of the error towards a large
running time thermal plateau. Furthermore, it would be tempting to move away
from the reference quantum Ising chain toy-model, and explore the effects of dis-
sipation in more sophisticated models. The use of quantum trajectories [76] or
of tensor-network approaches, recently extended to deal with open quantum sys-
tems [128, 129], could help in addressing generic one-dimensional (or quasi-one-
dimensional) systems, which would be hard to study analytically.
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Chapter 5

Dissipation effects in topological
pumping

This chapter deals with dissipative effects in the periodically-driven Rice-Mele model,
which is a simple model to describe topological adiabatic quantum pumping. Through
our study, presented in our third work [47], we reveal a mechanism by which an en-
vironment at low enough temperature can help the pumping performance against
undesired non-adiabatic effects.

The scientific literature on the topic is very limited. Ref.s [130} [48] have taken
into account thermal effects by using a thermal initial state, instead of the Hamil-
tonian ground state, followed by a unitary dynamics. Within such a framework,
Ref. [130] found that charge quantization is robust against non-zero temperatures
in the initial state when a single pumping cycle is considered. On the other hand,
in the limit of an infinite number of pumping cycles, Ref. [48] found that thermal
corrections are exponentially small for low enough temperatures, but they become
increasingly relevant when the temperature approaches the insulating gap. Concern-
ing papers where a genuine dissipative dynamics is considered, Ref. [131] studied
the Qi-Wu-Zhang model through a Lindblad Markovian quantum master equation,
where they found that the pumped charge, starting from the quantized value, de-
creases monotonically to zero with increasing noise. However, the effect of a physical
thermal reservoir on the system’s dynamics has never been considered in topological
pumping, to our knowledge.

A former study on the periodically-driven (non-dissipative) Rice-Mele model [48]
showed that, for slightly non-adiabatic pumping, the pumped charge deviates from
the quantized value quadratically in the driving frequency. Here we remarkably
find that a bath at low enough temperature can fight such deviation, leading to
a pumped charge which can be much closer to perfect quantization. This is what
in our work we call ”thermally assisted Thouless pumping” [47]. Since a bath at
zero temperature can only absorb energy from the system, we intuitively explain
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Figure 5.1: Pictorial representation of the Rice-Mele model Hamiltonian.

this effect as the system being cooled down to its instantaneous ground state every
time it gets excited by the non-adiabatic driving. This argument, however, does not
consider the Berry phase accumulated during the path (which might be destroyed
by dephasing), so it cannot be exhaustive. We therefore seek further insight in terms
of Floquet bands. It is known that perfect quantization can be obtained whenever
the lowest-energy Floquet band is completely populated, while the other Floquet
bands are empty. We thus compare the lowest-energy Floquet population for the
cases of coherent and dissipative evolutions, confirming that, whenever a dissipative
improvement is found, the latter is always higher than the former.

5.1 The Rice-Mele model

The Rice-Mele model [46] is one of the prototypical models for realizing topological
adiabatic pumping. It consists of a bipartite lattice on which spinless fermions hop
on nearest-neighboring sites. There is no interaction between the particles, but
the hopping terms and the on-site potentials are periodically driven in time. The
dynamics is governed by the Hamiltonian

(5.1)

where N is the number of diatomic cells, é;r A(p) Creates a fermion on site A(B) of the

R cell, Ji(t) and Ja(t) are respectively intra-cell and inter-cell hopping terms and
A(t) modulates the staggered on-site energies. A visual representation of the Rice-
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Mele model Hamiltonian is given in Fig. Notice that periodic driving requires
that Hs(t+7) = H s(t), where 7 is the driving period. We assume periodic boundary
conditions (PBC), which preserve translational invariance every two sites. We take
advantage of this and Fourier transform the fermionic operators for the A and B

sites

~ ikia A

¢ AB) = \ﬁ Z e ap) (5.2)
where the sum over the discrete wave-vectors k = 27n/(Na), withn =0,1,... ,N—1

and a the diatomic cell length, runs inside the first Brillouin Zone (BZ). By applying
this transformation to Eq. (5.1]), we block-diagonalize the Hamiltonian in sectors of
different momentum £k,

Hg(k, 1) (5.3a)

BZ
>
B

= e
> [%A Ck B] HE(1) [Ak’A] : (5.3b)
B

Ck.B

where HS( ) = R(k,t)- 6 is a 2 x 2 operator, expressed in terms of & = (6%,6Y,57)
three Pauli matrices and R(k,t) a 3-dimensional vector with real components

Ry (k,t) = —Ji(t) — J2(t) cos(ka) ,

Ry (kt) = —Jo(t) sin(ka) (5.4)
R.(k,t) = A(t) .

The time-evolution of the system’s state pg(t) is then fully characterized by the
independent dynamics of N two-level systems labelled by their momentum k — call
them pE(t) — governed by their corresponding k-fixed Hamiltonian HE(%).

Let us analyse the spectral properties of each 2-dimensional k-fixed subspace in
Eq. (5.3b). By diagonalizing ”H’Sf (t), one immediately realizes that the two energy
bands are

Ei(k,t) = £|R(k, t)] = i\/Jf(t) S+ J2(E) + 2J1(1) Ja(t) cos(ka) + A2(t) . (5.5)

The energy gap Egap(k,t) = 2|R(k,t)| never vanishes except for one point (k*,t*),
defined by
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for which Egap(k*,t*) = 0. This is a crucial property for Thouless pumping in this
model, as will be explained in Sec. [5.1.2]

5.1.1 The pumped charge and the current operator

In the periodically-driven Rice-Mele model, the three parameters Ji(t), Ja(t) and
A(t) are changed in time in a periodic fashion, so that ﬁs(t + m7) = Hs(t), where
7 is the period and m is the number of cycles. A relevant problem in this setting
is to quantify how much charge we were able to move during the m'" period, the
so-called pumped charge, which is defined, in the thermodynamic limit, as

Qm = lim i/(m at Te{3(t)ps(t)} (5.6)

m—1)1

where L = Na is the chain length, jg(t) is the time-evolved system’s state and J(t)
is the total current operator. As discussed in Appendix [D] this quantity must be
exactly an integer, provided the evolution is unitary, the driving is adiabatic and the
system has a band insulator ground state throughout the whole dynamics [43], 42].

To compute Eq. , we need to express the current operator J (t) for this model.
In real space, we can compute it either by enforcing the continuity equation [132] or
by taking the derivative of the Hamiltonian with respect to a Laughlin flux piercing
the ring [133]:

N

B . a AT A ~ A

30 =gz S [0 el gy a + Bt) iy 4y — Hel . (5.7)
j=1

It is convenient to express Eq. (5.7) by moving to momentum space through Eq. (5.2)):
the current operator then splits into a set of operators acting separately on each k-
Hilbert space. Analogously to Eq. (5.3b)), we can thus write the current operator
as

: N
=3 [da  dsl 70 L:;‘] (5.8)
where

TE(t) = % [Jg(t) sin(ka) &5 + (J1 (t) — Jo(t) cos(/m)) &y} . (5.9)
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Using Eq. (5.9)), we can write the pumped charge in Eq. (5.6)) asﬂ

:/ / L am{Fwsot (5.10)

where pf(t) is the time-evolved state relative to the two-level Hamiltonian ﬁ’sc(t) in
Eq. . Notice that the currents defined above have the physical dimension of
a velocity, [I]/[t]. Therefore, the pumped charge is dimensionless, since k has the
dimension 1/[l]. In general, a very interesting regime in periodically-driven systems
is the steady-state long-time limit, after the initial transient. To address such steady-
state behaviour, we take the limit of infinite pumping cycles and average over all of
them, getting the stationary pumped charge

_ ‘ 1
Q= lim — > Qn, (5.11)
where M is the number of driving periods.

5.1.2 Driving protocols for topological pumping

To achieve quantization of the pumped charge, see also Appendix we have to
require that [43]:

1. the system must be a band insulator over the whole time-evolution. We there-
fore require the half-filling condition (i.e. N particles in the lattice), so that
we fill precisely and only the lowest energy band.

2. the driving must be adiabatic (T — o0).

If these two conditions are fulfilled, the pumped charge is a Chern number and must
be therefore quantized, as discussed in Appendix

From a practical point of view, in this model the Chern number is equal to the
number of gapless points that are enclosed in each driving cycle. Therefore, if we
perform one pumping cycle, there are two distinct topological phases depending on
whether or not we encircled the gapless point during the driving. Fig. illustrates
two topologically inequivalent paths in the parameter space described by (Ji(t) —
Jo(t), A(t)). Notice that, for k& = m/a, the gapless point is at the origin. Path A
encloses the gapless point and hence such a driving pumps a quantum of charge at
the end of one loop. Path B, on the other hand, leaves the gapless point outside

'We switched from a sum to an integral over k in the standard way:

BZ

. 1 dk
Jdim 32109 = J=CE
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Figure 5.2: Examples of possible paths in the Hamiltonian parameter space under
periodic driving. Notice that, with this choice of axes, the gapless point is at the
origin, marked by a red circle. Path A encloses the gapless point, therefore adiabatic
evolution would lead to ) = 1. Path B, on the other hand, would bring @ = 0,
since it leaves the origin outside.

and therefore moves no charge at the end of the evolution. The intuition behind
this is the following: topological properties are independent of smooth variations
of the specific driving protocol chosen, as soon as adiabaticity is perfectly fulfilled
throughout the whole evolution. Therefore, we should be able to smoothly modify
the driving scheme and remain in the same topological phase. However, if we pass by
the gapless point, there is an inevitable breakdown of adiabaticity, since the adiabatic
time-scale goes as 1/ Egap. Therefore, a path that encircles the gapless point cannot
be adiabatically connected to a path that leaves the gapless point outside. This
justifies the presence of the two topological phases.

In the following, we will be interested in the topological phase where we can pump
one quantum of charge per cycle. We therefore parametrize our driving parameters

so to enclose the gapless point in parameter space,

Ji(t) = Jo + 0 coswt
Ja(t) = Jo — dp cos wt (5.12)
A(t) = Apsinwt

where w = 27/7 is the driving frequency and controls the degree of adiabaticity of
the driving. With reference to the parameter space illustrated in Fig. within the
driving scheme in Eq. we are drawing ellipses centered at the gapless point,
with amplitudes dg along the z-axis and Ay along the y-axis. In most of the results
shown below, for a direct comparison with Ref. [48], we fixed dp = Jy and Ay = 3.Jp.
We verified that our findings persist qualitatively also at different §y and Ag.
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5.2 Dissipation in the driven Rice-Mele model

To account for the dissipative dynamics of a quantum many-body system, one would
need to keep all the density matrix components, whose number grows exponentially
with the size of the chain. This task is incredibly hard, especially if one wants to
reach the thermodynamic limit, necessary to see topological charge quantization.

To tackle this issue, we propose here a version of the Rice-Mele model in which
dissipation acts solely within each k-fixed subspace — where 7:(\18“(75) lives, see Eq.
— so that we can still factorize the full dynamics as coming from the independent
time-evolutions of NV dissipative two-level systems, in close analogy with the dissi-
pative Ising chain we dealt with in Chapter To be more specific, we choose to
include identical independent harmonic baths for each two-level system Hamiltonian
ﬁlg(t), coupled in the usual Caldeira-Leggett spin-boson fashion,

Hy() =HED) @1+ (A 6) @ B +1® > hwib] by, (5.13)
l

where A specifies a unit vector for the bath coupling, By = > AZ(IA),TCJ + ISkZ) and A,
are coupling constants. In terms of the original fermions, a 6*-bath coupling — given
by A = (001) — would correspond to a term (éL?Aék’A — éL7Bék7B) ® By.. This will be
our standard choice unless otherwise specified. The interaction between system and
environment is encoded in the bath spectral function J(w) = Y, A?0(w — w;). We
will consider a standard Ohmic dissipation, modelled in the frequency continuum
limit as J(w) = 2ah?w exp(—w/w), where « is the coupling strength and w. is the
cutoff frequency.

5.3 Dissipative pumping results

We discuss here how a weakly coupled bath affects the pumped charge at different
driving frequencies and different bath parameters. The dynamics of the system
state pg(t) is obtained by computing the independent time-evolutions of pf(t) for
each momentum k, by solving the Bloch-Redfield QME with RWA according to the
system energies, see Eq. , corresponding to the total Hamiltonian in Eq. .
To compute the pumped charge, we approximate the integral over k£ in Eq.
with a discrete sum in the first Brillouin zone. All the calculations are performed
with sizes N which we have verified to be large enough to be representative of the
thermodynamic limit: in practice, N ~ 100 is enough in presence of dissipation.
The bath coupling strength is taken to be o = 0.001, while the cutoff frequency w,
in the spectral function is chosen to be much bigger than the widest spectral gap:
we = 1000Jy/h. We comment upon different choices of w. and a in Appendix
We observe that the stationary pumped charge @ converges, as o — 0, towards
a well-defined limiting value, see Appendix Our choice of interaction strength
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Figure 5.3: Pumped charge over the 1% period @ versus driving frequency hw/Jy,
at bath temperatures T ranging from 0 to Jy, compared to the coherent evolution
results of Ref. [48]. Inset: zoom of the w — 0 region, showing the convergence to
finite values depending on 7.

aims at capturing this limit, coherently with the weak-coupling regime in which our
approach is valid.

Let us start considering the behaviour of the pumped charge after a single cycle.

In Fig. m we plot ()1 versus the driving frequency w in Eq. . On the one
hand, at larger values of w, the bath has almost no effect, and the behaviour at
all temperatures remains almost identical to the coherent one, which coincides with
that reported in Ref. [48]. On the other hand, at smaller values of w, the system
has enough time to “feel” thermal effects and in general moves away from the ideal
quantized pumping, corresponding to ()1 = 1. The charge converges to a finite value
which depends on the bath temperature 7', see the inset of Fig. We will return
to this later, while discussing the steady pumped charge.

These results change remarkably when pumping over a larger number of cy-
cles. We find that the charge pumped over the m!” cycle, Q,,, can overcome the
corresponding coherent result in presence of a thermal bath of sufficiently low tem-
perature. This is shown in Fig. Observe that dissipation makes the convergence
to the infinite-time average much faster than the coherent case. Notice also that the
infinite-time average results are precisely described by the Floquet diagonal ensem-
ble formulas, Egs. and , shown by horizontal dashed lines. They will be
discussed later in Sec. [5.4.11

Figure shows the infinite-time pumped charge @ versus the driving frequency
w, for both coherent and dissipative evolutions at different T". The dissipative results
come from Eq. (with M = 100), while the coherent ones are obtained from
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Figure 5.4: Charge pumped in the m!" period @, versus the cycle number m
for the coherent case (circles) compared to two dissipative evolutions (triangles) at
different bath temperatures 7. Here 7 = 20h/.Jy, as for the m = 1 results in the
rectangle shown in Fig[5.3] The three horizontal dashed lines are the corresponding
values from the Floquet diagonal ensemble, Eq. or Eq. , discussed in
Sec. Notice that oscillations in the dissipative evolutions are damped much
more rapidly.
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Figure 5.5: Average pumped charge in the infinite-time limit @ versus driving
frequency hw/Jy, at bath temperatures T ranging from 0 to Jy, compared to the
corresponding data for a coherent evolution (or, equivalently, compared to the Flo-
quet diagonal ensemble values Qg"h in Eq. ) The region of thermally-assisted
improvement over the closed-system pumping is highlighted by a yellow background.
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Eq. , derived in Sec. using Floquet theory H Observe that at T' = 0 the
dissipative results are always well above the coherent ones. We remark that dissi-
pation at 7" = 0 restores a nearly quantized pumped charge Q = 1 away from the
strict adiabatic limit w — 0. This dissipative improvement of the pumped charge
persists also at finite 7', for large enough w. We dub this phenomenon thermally
assisted Thouless pumping. This finding is independent of the specific approxi-
mation used for the QME. We show evidence for this in Sec. [5.5] where we compare
different forms of RWA and the case without RWA, seeing results in good qualitative
agreement (although not quantitative). Interestingly, in the small frequency regime
we observe that Q(w — 0) = Qu(w — 0) for any m > 1, i.e. the w — 0 limit is
independent of the number of driving periods. This is because in the w — 0 limit
the dissipative transient induced by the bath occurs within a single driving period.

Notice that in the literature [130, 48, [134] there have been discussions of thermal
effects in the driven Rice-Mele model by studying the coherent evolution starting
from an initial thermal state. We compared the results obtained from this approach
with the ones coming from the dissipative evolution described in the present paper:
In general, we observed completely different results, both in the short and in the
intermediate frequency ranges of study, as illustrated in Fig. [5.6} This is not sur-
prising, but worth mentioning. Fig.[5.6]is important also in another respect: we see
that in the dissipative case, if we take very different initial conditions, we get the
same asymptotic regime. This is not at all surprising in a dissipative system and
marks the difference with the asymptotic regime of the coherent case [135].

Observe how flat is the w-behaviour of @ for the dissipative evolution at 7' = 0:
it would be interesting to pin-down if the corrections to the strict adiabatic limit
Q(w — 0) = 1 change from power-law [48] to exponentially small in the presence of
zero-temperature dissipation. Unfortunately, this question is extremely difficult to
answer from our numerical data. Moreover, this aspect of the story is highly sensitive
to the type of weak-coupling approximation performed. Indeed, although the results
obtained with other approximations are in good qualitative agreement, they are
quantitatively different in that respect (see the discussion in Sec. . A similar
question might be posed concerning the behaviour of Q(w — 0,7') as a function of
the bath coupling temperature T', a question that is once again numerically elusive
and rather sensitive to the details of the QME used.

5.4 Floquet analysis
To get a deeper insight into the dissipative improvement discussed in Sec. we

look at the density matrix in the basis of the Floquet states related to a unitary
evolution. In particular, one can identify a band of states, the so-called lowest-

2This is because the coherent results converge to the thermodynamic limit only at very large N
and M, so the approach using Eq. is computationally longer and less precise.
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Figure 5.6: Comparison between results from the coherent evolution starting from
an initial thermal state at T = Jy (red squares) and the dissipative dynamics induced
by a bath at T' = Jp, both starting from an initial ground state (blue circles) and from
the thermal state at the same bath temperature (green diamonds). Here we have
a driving period 7 = 20h/Jy. The dissipative and coherent results are completely
different. Notice that the two dissipative evolutions converge to the same stationary
state.

energetic Floquet band [48, [47], with the property that it must be completely filled
in the case of perfectly quantized pumping, while the higher-energetic levels must be
all empty. Whenever one starts from the ground state and performs a non-adiabatic
driving, deviations from perfect quantization of the pumped charge imply non-zero
population of these higher-energetic Floquet bands. We prove here that, whenever
there is a dissipative improvement like in Fig.s and the population of the
lowest-energetic Floquet band for a dissipatively-evolved state is higher than the one
corresponding to unitary dynamics.

To start the discussion, let us introduce some important notions of Floquet theory
applied to charge pumping [48, 47]. Since the driving is periodic, i.e. fAIS(t) =
Hg(t + 7), from Floquet theory [136, [78, 137] we know that the solutions to the
time-dependent Schrédinger equation for the closed system have the following form

[Ya(t)) = e ua(®)) | (5.14)

where « labels the possible solutions, |1, (t)) are called Floquet states, |uqs(t)) are
called Flogquet modes and are T—periodic, and €, are the quasi-energies. In the
present case, using k as a quantum number and a = + for two Floquet states
|k (t)) at each k, we can always rewrite the density matrix p&(¢) in the coherent
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Figure 5.7: Left panels: Stroboscopic dynamics of: (a) the coherences |p* | (m7)|
and (b) the excited-Floquet band population ,0’_“HL (mt), for k = {2/5,1,6/5}m. Here
T =0 and 7 = 20h/.Jy. Right panels: Intra-period dynamics of: (c) |p*_ (¢)| and
(d) pk . (t) after stationarity is reached, for k = 7. All the other parameters are fixed
as in panels (a)-(b). Observe the 7/2-periodicity. In (d), the red horizontal dashed
line shows pf’f_ 4 for the corresponding coherent evolution, much higher than the
dissipative result at 7' = 0. Inset in (d): Comparison between pﬁ . for the coherent
case (red squares) and the time-average p%, = N dtpk  (t)/7 for the dissipative
case (blue circles) versus k.

Floquet basis,

Zpaﬁ ) [0 (WwE()] (5.15)

with plg(t) = (W& ()0 VE(?)).

Let us reconsider the dissipative improvement shown in Fig. within a Flo-
quet framework. Fig. shows that the stroboscopic dynamics of the coherences
|p* . (m7)| (panel (a)) and of the excited-band populations p% , (m) (panel (c)) con-
verge to stationary values for m — oco. The phases of the coherences (not shown)
also converge to fixed values. After stroboscopic stationarity is reached, the intra-
period behaviour of these quantities is illustrated in panels (b) and (d), respectively:
observe a 7/2-periodicity in both cases.
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We construct the lowest-energy Floquet bands by choosing, for each k, the Flo-
quet mode with (period-averaged) lowest-energy expectation. The results shown in
Fig.|5.7(d) allow a direct comparison between the populations of the highest-energy
Floquet bands in the coherent and dissipative cases, showing that pﬁ . is generally
reduced by several orders of magnitude in presence of dissipation at T = 0, hence
improving the topological pumping at finite frequencies. In the main figure, we fix k
and look at the dependence on time, while in the inset we plot the period-averaged
kt'-population ﬁi 4 vs the momentum k. In the inset, we note, incidentally, the
presence of a value of k where the coherent value shows an irregularity and the dis-
sipative value shows a peak. That peak corresponds to a Floquet quasi-resonance
which gives rise to a non-adiabaticity and increases the asymptotic dissipative pop-
ulation of the highest-energy Floquet state [138].

We conclude that dissipation moves the system towards the lowest-energy Flo-
quet state. This state is the one closest to the adiabatic ground state and is the one
which pumps a charge equal to the topological value, up to corrections exponentially
small in the driving frequency [48], [139].

5.4.1 The dissipative Floquet diagonal ensemble

Floquet theory is very useful to express the steady pumped charge Q. Consider the
Floquet states corresponding to a coherent evolution and write the density matrix in

this basis as in Eq. (5.15). Then, employing Eq.s (5.10) and (5.11]), we can express

the pumped charge at stationarity as

Q= lim 12/2 dk Mét —RleE—eBtpk (1) (5.16)
o M—oco M o _x 27 0 € of ’ ’
where
k ok k
Fog(t) = pap(t) I, (1) (5.17)
with
I (t) = (uf () T*()ul(t)) (5.18)

being the matrix element of the current operator between Floquet modes, hence an
explicitly periodic quantity. In the coherent evolution case [48], the density matrix
p(’zﬂ(t) turns out to be time-independent and related to the initial state |¢x(0)) as

PN = (u (0) 0ok (0)) (1, (0) [ (0)) - (5.19)

In turn, if the quasi-energies are non degenerate, when « # 5, the k-integral will
vanish in the limit ¢ — oo, since the oscillating phase factors e UGB il lead to
destructive interference cancellations. More formally, this is a consequence of the
Riemann-Lebesgue lemma applied to the k-integration [135], [140]. Using this result
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in Eq. ( -, and exploiting the infinite-time integration, it follows that only the
populations phSoh = |(u® (0)[1%(0))]? of the Floquet bands come into play, and one

arrives at the so-called Floquet diagonal ensemble [135]

Q= = / d e DA [t (5.20)

In the dissipative case, p';ﬁ (t) is generally time dependent. However, if we look
at the data in Fig. (b,d)7 we observe that the density matrix components pgﬁ(t)
become T-periodic at stationarity. Hence, we can again apply the Riemann-Lebesgue
lemma as done in Ref. [140] and show that only the diagonal terms contribute,
arriving at the dissipative version of the Floquet diagonal ensemble formula for the
average pumped charge:

_ gliss — / dk‘z/ dt gk (1) 35 (1) (5.21)

Fig. 5.4 compares this formula with the actual data obtained by evolving a state for
M cycles, with M large enough to reach stationarity. The horizontal dashed lines
show the predictions from Eq.s and , highlighting that the dissipative
Floquet diagonal ensemble of Eq. characterizes the stationary pumped charge
extremely well.

As in Ref. [48], the asymptotic pumped charge can be related to the properties of
the Floquet quasienergies. To do that, a result coming from our numerics is crucial:
if we approximate p¥_ (t) at stationarity with its average value on one period o,
we get corrections to the pumped charge of the order ~ 107%. So, to a very good
approximation we can replace pga(t) with ﬁga. With this approximation, using
arguments strictly similar to those of Ref. [48], we find that the asymptotic pumped
charge can be written in the form

. 1 [a
oy = L / dk " 7y Opel | (5.22)

which looks very similar to Eq. (4) in Ref. [48], obtained for a coherent dynamics.
Because the derivative with respect to k can be recast as the derivative with respect
to an external flux [48], this equation is also strictly analogous to Eq. (19) of Ref. [79],
where pumping in a dissipative superconducting nanocircuit was considered.

5.5 Test of the generality of the results

All the dissipative results shown in Sec. were obtained using the Bloch-Redfield
QME with RWA in the energy basis, see Eq.s (2.50) and (B.7)), and by fixing the
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Figure 5.8: @Q vs driving frequency w for the dynamics induced by the Bloch-Redfield
equation under different approximations. For all the cases, we still find a remarkable
improvement over the coherent results if 7" is low enough. Notice, in particular, the
good agreement between the two different RWA schemes.

system coupling operator along &, i.e. A = (0,0,1). Here we aim at generalizing
our results to other QMEs and other coupling directions, showing that these cases
are in good qualitative agreement with the ones shown in Sec/5.3]

We therefore repeated the calculations shown in Sec. but this time with
the dissipative evolution computed by means of the Bloch-Redfield QME without
RWA, see Eq.s (2.25)) and , and with RWA in the Floquet basis, see Eq.
and . In we plot @ versus the driving frequency for the three different
QMEs employed, analogously to Fig.[5.5]in Sec. There, “no RWA” stands for the
QME without RWA; “RWAgpergy” corresponds to the QME with RWA in the energy
basis — the one used for the results in the main text —; finally, “RWApioquet”
points at the results obtained from the QME with RWA in the coherent Floquet
basis. We observe that the improvement over the coherent curve is obtained in
all the three cases, suggesting some generality for this behaviour. Furthermore,
the results obtained from the two versions of the RWA seem to match quite well,
especially at smaller frequencies. Nevertheless, the data are quantitatively different,
especially the ones obtained without RWA. For example, at T' = 0.75.Jy and in the
frequency range studied, one might get or not an improvement over the coherent
case depending on the approach used.

Let us now move to the study of system-bath coupling operators different from
6,. We focus here on the case in which each two-level system is coupled to the
reservoir via the &, operator, which would correspond to choosing A = (100) in
Eq. . Fig. shows the result for Q vs the driving frequency. We see that
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Figure 5.9: @ vs driving frequency w for a bath coupled to the system via the
G, operator (A = (100)). We observe a qualitative agreement with the results in
Fig. corresponding to a coupling along &, (A = (001)).

there is no qualitative difference with the result shown in Fig. [5.5] corresponding
to a coupling via 6,. We tried also other coupling operators (for generic A) and we
obtained qualitatively similar results.

5.6 Final remarks

In the present chapter [47], we analysed the role of dissipation from a somewhat
idealized thermal environment — coupling independent baths to each fermionic k-
mode — on topological adiabatic pumping in the Rice-Mele model. We found that
a low-temperature bath can assist against undesired (inevitable) non-adiabatic ef-
fects. Dissipation induces this improvement because it increases the population of
the lowest-energy Floquet band. Indeed, the pumped charge would be essentially
quantized — up to exponentially small terms — when this band is completely filled.
Our findings are qualitatively independent of the system-bath coupling chosen as
long as we stay in a weak coupling regime. We also remark that the phenomena
we see are qualitatively robust if we change the specific approximations behind the
quantum master equation we use (although the quantitative details are different).

The fact that thermal effects can be beneficial is remarkable and interesting for
future experimental realizations. We stress that the effect is not related to a bath
engineering, exploited in the literature for other topological models [20].

A further step towards a deeper understanding would be to study more realistic
couplings to the environment, e.g. via operators acting on sites in real space, which
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break the entanglement in physical space. However, this analysis requires more
sophisticated approaches [76], 141], 61], and is left to future studies.

Another interesting direction would be to study topological measures, such as the
Uhlmann phase [142] and the Ensemble Geometric Phase (EGP) [134]. In particular,
it would be interesting to inquire if the Uhlmann phase of the asymptotic time-
periodic effective density matrix has a relation with the pumped charge, in analogy
with the Berry or the Aharonov-Anandan geometric phase in the coherent cyclic
case [79, [43].
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Final discussion and outlook

This PhD thesis described research activity in the field of driven-dissipative quantum
systems, with special focus on quantum annealing and topological adiabatic quantum
pumping. Dissipation was induced by interaction with a thermal bosonic reservoir,
modelled as a Caldeira-Leggett bath. Almost all the studies have been carried out
assuming weak system-bath couplings and the Born-Markov approximation, so to
justify the use of the Bloch-Redfield QME to compute the dissipative dynamics.

We first tackled the dissipative Landau-Zener problem. On the one hand, we
benchmarked the QME to understand its regimes of reliability: despite the approx-
imations involved in its derivation, we found it works surprisingly well, beyond our
expectations. On the other hand, we shed light upon the mechanism of thermally-
assisted quantum annealing, which we found to happen only whenever the system
and the bath couple (at least partially) along the direction of the tunnelling am-
plitude. We never observed such an effect for couplings longitudinal to the driving
field, neither for ohmic nor for sub/super-ohmic bath spectral functions.

We then studied dissipation in quantum annealing while crossing a second-order
phase transition in the quantum spin-1/2 Ising chain in transverse field. We charac-
terized the regimes of bath temperatures and system-bath interaction strengths for
which one can observe an optimal annealing time or not, concluding that the current
quantum annealing hardware should show no optimal annealing time. Therefore,
slower annealings should lead to better results, as for unitary evolutions. More-
over, we found that the additivity Ansatz for the density of defects only holds when
the annealing time is shorter than the relaxation time. We also studied whether
exploiting relaxation without driving could be favourable over dissipative quantum
annealing, finding that this is never the case.

Finally, we turned to dissipative effects in topological adiabatic quantum pump-
ing. Under unitary dynamics, one observes quadratic-in-w deviations from the quan-
tized value, where w is the driving frequency; however, we reported that a low-
temperature reservoir can decrease such deviations considerably, providing what
we called ”thermally-assisted Thouless pumping”. We analysed this effect in the
Floquet framework: the thermal improvement implies a higher population of the
lowest-energy coherent Floquet band.

Overall, although our modelling of dissipation is somewhat idealized, it permit-
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ted us to reveal basic effects that are very likely to persist in real systems. In
particular, it is clear from our results that dissipation can be a surprisingly good
resource — rather than an obstacle — towards the realization of quantum technolo-
gies. However, a deeper understanding of driven-dissipative systems is still needed
and much work has to be done in this direction.

In the future, it would be very interesting to focus on more general models, tak-
ing into account also disorder and interactions. This is important, for example, in
quantum annealing, where solving an optimization problem requires generically to
deal with a spin-glass system [27]. The study of dissipation in these settings is, how-
ever, a very challenging problem, due to the exponentially-large Hilbert space and
the need to compute the full density matrix. Nevertheless, more refined numerical
techniques like quantum trajectories [73] [74, [75] [76] and tensor networks [68], 21] can
partly serve for this purpose and are definitely worth exploring.

Another intriguing extension of our work would be to model more realistic
system-bath couplings, accounting for non-Markovian effects and/or different bath
spectral functions (accounting for low-frequency noise, for example [104]). This task
requires more advanced and computationally heavy numerical tools [58| [63], (62, [143]
that go beyond the standard Bloch-Redfield approach we outlined in Chapter [2}

In this thesis, we have always modelled the bath to reproduce unavoidable dissi-
pation in real systems. However, it would be fascinating to reverse the perspective
and engineer the dissipative dynamics to accomplish specific tasks, like preparing
quantum states as steady states of open systems. One could, therefore, devise the
environment at will, with dissipators that can be fully controlled and even driven in
time. This line of research goes under the name of ”reservoir engineering” [14}[15] [16].

Finally, another point that is worth exploring is related to topological measures
for generically mixed states. Referring to the dissipative topological pumping dis-
cussed in Chapter [ the results at T = 0 in Fig. [5.5] showed persistence of charge
quantization even in the non-adiabatic regime. It would be very interesting to find
a relation between the pumped charge and some other topological measure, such as
the Uhlmann phase [I142] or the Ensemble Geometric Phase [134].
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Appendix A

Correlation functions for
harmonic uncorrelated baths

In this appendix, we compute more explicitly the bath correlation functions. To
specialize the discussion to the cases studied in this thesis, we assume here that the
baths acting on the system are uncorrelated. This means that only diagonal terms
in the correlation functions can be non-zero, so that C,,/(t) = d,,/C,,(t). We can

compute more explicitly Eq. (2.10), to get

Con(t) = S° AL [ fy (i) + e~ (fr(eom) +1) | (A1)
l

where ( - )eq = Tr{ - pp} and fp(wy) = <IA)T b )eq is the usual Bose distribution

w”lv
function. We can transform the sum into an integral by using the spectral function

defined in Eq. , to write
Con (1) = / dw () [6 fp ) + e (fi(w) +1) ] =
0

_ /0 " dw Jy(w) [coth <QZ:T) cos (wt) — i sin (wt)] ,

where in the second expression we have explicitly split the real and imaginary parts.
The Fourier transforms of the correlation functions can now be expressed as

(A.2)

| 2n J(|w|) fB(Jw]) for w<0
Yo (@) = { 21 Jy(w) (fp(w) +1) for w>0 (A.3)

Notice that, by taking the ratio 7,,(—w)/v.(w) = e P all details about the
bath spectral function J,(w) disappear completely, and the result is essentially a
consequence of a detailed balance condition. The limit of Eq. (A.3) for w — 0
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depends on the details of the spectral function chosen. For the ohmic case in Eq. (12.6))
we get
You(w — 0) = 4dmwhay, kT . (A.4)

For the super-ohmic case the limit is zero, while for the sub-ohmic one it is infinity
and therefore hard to handle.

A popular belief in the community is that the correlation function of an ohmic
bath decays exponentially in time for large temperatures, while it shows a long
polynomial decay only at low temperatures. This implies the idea that the Bloch-
Redfield QME should be valid only at high temperatures, where it is possible to
define a time-scale for the validity of the Markov approximation. We want to prove
here that this argument is wrong and cannot invalidate the reliability of the QME
at low temperatures. Let us thus have a deeper look into the behaviour of the bath
correlation function. Dropping the v index for simplicity, notice that the imaginary
part of C(t) is temperature independent, as can be seen from Eq. . Therefore,
we can extract it from the easy T' = 0 case,

I'(s+1)

T=0 _ > —twt __ 2
C =) = /0 dwJ(w)e = 20(w,) A+ i) (A.5)
so that, for s = 1, we have
Im{C()} = Im{CT="(t)} = —da(huw,)>—2" (A.6)

(1+w2t?)?”

Hence, the imaginary part of C(t) scales as t~3 for ¢ > 1/w,.. The bath correlation
function, for a generic s in Eq. (2.7)), can also be expressed analytically:

C(t) = a(hw,) =5 (kpT)'T*I'(s + 1) x

w : AT
X[C<s+1,1+ﬁgwh;c Wct>+c(s+1,1;hzict)}, (A7)

where I'(z) is the Gamma functionlﬂ and

1

) = S — A8

e = (A8)
n=0

is the Hurwitz Zeta function. Fig. illustrates the behaviour of the real part of

C(t) at different bath temperature regimes: we observe a polynomial decay as t~2

for all temperatures. A slight signature of exponential decay can be seen only at low

'For z integer, the Gamma function gives

Fz+1)=al.
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Figure A.1: First row: Real part of the bath correlation function vs time for
different temperature regimes. Second row: Log-log plot of the absolute value,
to highlight the power law scaling at large times. The orange line represents ¢t~2.
In the low temperature case, there is a tiny region with exponential decay around
t = 100 — as can be seen from the inset in linear-log scale —, but then the power
law starts again.

temperature and intermediate times (see the inset in Fig. , making contact with
the study in Ref. [77]. Therefore, C(t) decays polynomially as t—2 for all temper-
atures and, if the popular belief was correct, the Markovian approximation should
never be appropriate and the Bloch-Redfield QME should never give good results!
However this is not the case, as we see from our benchmarks in Chapter [3} we give
extensive evidence for the reliability of the Bloch-Redfield QME at all temperature
regimes.
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Appendix B

Dissipative evolution equations
for two-level systems

Suppose we have a generic two-level system. Its Hamiltonian, apart from constant
energy shifts, can always be written in the Pauli basis as

Hris(t) =R(t) & , (B.1)

i.e. it is described by a real vector R(t) with three components and & is the vector
of Pauli matrices. We consider a coupling to one common environment, with inter-
action Hamiltonian fAISB = A ® B and the operator acting on the system Hilbert
space is in a generic direction in pseudo-spin space,

A=X-6, (B.2)

with |[A| = 1. For this system, we are going to derive now explicit differential time-
evolution equations starting from the Bloch-Redfield QME.

B.1 Adiabatic evolution and RWA

We derive here the evolution equations for an adiabatic evolution, assuming that
there is no gap closing throughout the whole dynamics. This holds for all the cases
studied in the present work: the Landau-Zener model has a finite gap A by definition,
while the Rice-Mele model has just one gapless point, but we never explore it during
the dynamics we study. Therefore, we can use Eq. . Neglecting the Lamb shift
term, which only renormalizes the frequencies proper of the coherent dynamics in a
small fashion, and dropping the time-dependence from the operators for simplicity,
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we can write
d 7

4 Y fe s 5
Sos= — 1 |Hs.js| + 2 e (sl feal +

-3 (Z mba) (Ib)bl ps +Hee.) + > Yaaaa la)alfs|a)al .
b a a

(B.3)

where we remind that |a) is one eigenstate of Hg(t) and we denoted with |a) its
respective opposite eigenstate.

In order to go on with the calculation, it is very convenient to write all the
operators in Bloch notationE We will write the time-evolved system state as

(1+r-6) (B.4)

| =

ps(t) =
and the system’s eigenstates as

a)a| == (1+r,-6) . (B.5)

N =

This will be particularly convenient because the ground and excited states of the
two-level system in Eq. (B.1), in the notation above, are simply represented by

R ~
rg=—p =R
B (B.6)
Tex = +E =+R,
where \f{| = 1 by construction. There are some generic quantities we have to

compute. Let us start with

b)blps =~ (L4+1p-6)(L+1-6) =

[ R N

[(1+rb-r)1+ (r+rb+i(rb X r)) -&}
and, consequently,

(1+I"I'b).

N =

(blps[b) = Tr{[b)blps} =

! The following identity will be extremely useful to carry out the calculations:

(a-6)(b-6)=(a-b)l+i(axb) &
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The last term in Eq. (B.3|) shows factors like

1
la){a|ps|b)b| = g[ (1+(ra—|—rb) ‘T 41, Ty +i(rg X r)-rb>l+
+ ((1+rb-r)ra+(1+ra-r)rb+(1—ra.rb)r+
+i(raxr+rxrb+raxrb)> -&} ,

which simplify considerably if we take b = @, since this implies rz = —r,, leading to

la)alps|a)a] = i(r (e r)ra tite xT) 6

Finally, the rate terms to be computed are

a2

Yabba = ﬁ’Y(Aba) (al(X-a)|b)(b](X - o)]a) =

OéQ

= %5 7(80) Te{ ) al (A &) B) (Bl - &) | =
a2

= ﬁ’Y(Aba) (1 —TIg 'rb+2(>"ra>(>"rb)> ’

1
2

a2

Yaars = 3 7(0) {al (A - &)la) (BI(A - )[b) =
042
= 59O T{ (A &)la)(al JTe{ (x- &) b) (bl } =

O52

= 5O (A r)(A-ry)

With all these ingredients ready, one can now compute all the terms appearing in
Eq. (B.3). Putting all the pieces together, we can write

2
r=-Rxr—-A".r—p™

i diss ’ (B7)

where the first term on the r.h.s. gives the coherent evolution, while the other two
cause dissipation effects and look as follows:

Mo,z Yy Vxz

ng?: Yy Yoy Vyz (BS)
Yez  Vyz b,z

b™WA = R 4, tanh(BE) , (B.9)
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where
Yo, = (% + W) +R? ('72—“ . W) (B.10)
5 = (7
Vij = RiR; (711 - %o) : (B.11)

and we defined the time-dependent rates

= SX(;f/h) (1 —(X- f{)2) 7 (B.12)
Vo = 5;{_;0) (A-R)?, (B.13)

which, in a time-independent setting, are the so-called relaxation and pure-dephasing
rates, respectively. To write them, we employed the Fourier transform of the sym-
metrized correlation function, Sy (w) = vy(w) + v(—w). For an Ohmic spectral den-

sity, the v(w) rates are given by Eq.s (A.3)) and (A.4]).

B.2 Adiabatic evolution without RWA

Here we focus on the Bloch-Redfield QME before applying the RWA, keeping all the
non-secular terms that having been neglected in the previous approach.

We have to start from Eq. , using the second Markov approximation to
express the S (t) operator as in Eq. (2.28)). It is no more convenient to use the
system eigenstates basis, as in Sec. We express all the operators in Bloch
vector notation instead, according to Eq. . Neglecting all the time-dependence
indices for simplicity and defining |R| = E, w = E/h and R = R/E, we can write
the free system evolution operator as

Upg(t,t — 1) =~ e~ iHs /0 — cos(wt)l4+u-a, (B.14)

where u = —iR sin(wt). Then, we can express the convoluted operator in Eq. (2.28))
as

t ~ .
S(t) ~ / drC(r)e HsOT/M( X\ . g)tHsOT/h — g . & | (B.15)
0

with s = AT(2w) 4+ (R x A) T4(2w) + R(R - X) (g — I'+(2w)), upon defining T'y =
JoSdrC(7), Te(w) = [~ drC(7) cos(w) and Ts(w) = [y drC(7) sin(wr). Within
this notation, the Bloch-Redfield QME without RWA, Eq. (2.25)), looks

2 202

r=-Rxr—— i()\xs—)\x(sxr)+c.c.}:
R

B.16
=7 xr—?{z X (s —s%)— x((s+s)xr)}.
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Carrying out the calculation until the end, one eventually gets a differential equation

of the form of Eq. (B.7),

2
I":ﬁRXI'— QLZ{JS};{WA'I__bnORWA’ (B.17)
where
_WD,m ﬁ’:py :sz
ATngSEWA = :Yya: :)/D,y :sz ) (B18)
_;7721‘ ;Yzy ;YD,Z
_’)’R
b RVA — | tanh(BE(t)/2) . (B.19)
L Vzz
The rates are
Yo,i = Tr T Ve — Vi » (B.20)
Fi; = A\ (Ri(R - ) (Sx (2E) — Sx(0)) — X\iSx (2E)) . (B.21)

B.3 Evolution equations in the instantaneous system
energy eigenbasis

We show here the differential equations used in Ref.s [31}, 82] to compute the dynam-
ics of Landau-Zener-like Hamiltonians. In these works, the equations were written
in a time-dependent basis, to make contact with previous works [101, 95].
We consider thus a system governed by the Landau-Zener Hamiltonian
~ e(ty. A

under the influence of a single bath coupled as ﬁSB = A® B, with

A=sinf6, +cosbo, . (B.23)

We perform a time-dependent rotation on all the operators in the Bloch-Redfield

QME, so that

i A_i. ) A E(t) ~

Hg(t) = R'(t)Hs(t)R(t) = TO':E , (B.24)
where E(t) = 1/€2(t) + A2, R(t) = exp(i¢(t)6,/2) and $(t) = arctan(e(t)/A). With
this choice, relaxation will happen only along the specific 6, component, giving
the possibility of highlighting more clearly the two time-scales of relaxation and

dephasing [85]. Notice that, as a consequence of the time-dependence of the change
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of basis, a new term appears in the QME because

Ops(t) = 0u(RY(t)ps(t)R(t)) =

) . ) (B.25)
= O, R (1) R(t)ps (t) + ps(t) R (£) D, R(t) + BT (£)Dups() R(t) ,

where ;R (t)R(t) = —i¢(t)6,/2. Following the same approaches used before with-
out rotation, we can compute the explicit equations from the Bloch-Redfield QME
with and without RWA. For both cases, neglecting time dependence indices for sim-
plicity, and using ps = (141 - 6)/2, we can write

O = Acon T — Agiss ' T+ b, (B26>

with the following coherent matrix

0 0 —é
Aocn=1(0 0 E| . (B.27)
o —E 0
If we employ the RWA, we find
(v 0 0
Adiss= [0 v 0] , (B.28a)
L0 0
[
b= |0 | tanh(BE(t)/2) . (B.28b)
| 0

Notice how the purely dissipative dynamics of populations and of coherences are
completely decoupled. For a time-independent problem, relaxation would happen
only along &,, while dephasing would take place only along ¢, and ¢, giving rise
to classical rate equations. If we instead do not use the RWA, we get

TR 0 —Vxz
Adiss=| 0 "+ 1 0 , (B.29a)
[ Vza 0 Yo — ’YTR
[ e
b= | 0 | tanh(BE(t)/2) . (B.29b)
| Vzx

The time-dependent rate constants corresponding, for a time-independent problem,
to the usual “relaxation” g, “pure dephasing” v, and “decoherence” 7y, rates [85]
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are defined as

Yr(t) = 2ih2 coth <ﬁE2‘(t)> J(E(t)/h) cos®(o(t) + 0) (B.30a)
(1) = 2;;‘ sin2((t) + 0) (B.30b)
o(t) = 7,(t) + 1vR(t) ; (B.30c)

2

moreover, if we do not employ the RWA, we have the following two extra terms:

Vex(t) = —% coth <ﬁE2(t)> J(E(t)/h) sin2(o(t) + 0) (B.31a)
Yeu(t) = % sin 2(4(t) + 6) . (B.31b)

B.4 Periodic evolution and RWA in the Floquet basis

We proceed here to derive a rate equation for computing the steady state of a
dissipative periodically-driven quantum two-level system. This is used in Chapter
to compute the steady pumped charge in the dissipative Rice-Mele model. Consider
thus the density matrix elements in the Floquet basis as

Pab = (a(t)]ps(t) |15 (1)) (B.32)

so that, for a two-level system, p, _ is the coherence term, while p__ is one of the two
populations. For simplicity, we assume no degeneracies in the differences between
quasi-energies and neglect the Lamb-shift Hamiltonian. Starting from Eq. , we
can thus write a QME where coherences and populations are decoupled. Regarding
the coherence, we have

A 1/. - - - -
Pr—="7% (7—++— TV TV Y- — 2’Y++——>P+— ; (B.33)

where it is possible to show that the real part of the coefficient on the r.h.s. is
negative [83] [79] so that, eventually, coherences are zero in the steady state. One of
the two populations obeys instead the following equation:

P = Yt =Pt — Vb= P—— (B.34)

which is a rate equation that will eventually reach an equilibrium value. Hence,
because py4+ = 1 — p__, we can very simply evaluate the steady state of the system
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by requiring p__ = 0, to get

e
V= + YV
Py =1-p"_.

pSS —

)

(B.35)
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Appendix C

Thermal defects density
calculation

In this appendix, we compute analytically the equilibrium thermal defects density
for an ordered transverse-field Ising chain with a fixed h. To start, recall that the
Hamiltonian in Eq. conserves the parity of the number of up (or down) spins.
As a consequence, the Hilbert space can be partitioned into even and odd parity
sectors. This partitioning survives also when moving to the spinless fermions picture,
so that we can think the Hamiltonian in Eq. ( as being the even fermzon block
of the total Hamiltonian Heven ¢ O (ﬂd Observe that, considering Heven
account for N/2 two-level systems, hence a total of 2V /2 states. Let us, for a moment,
assume that we treat these N/2 two-level systems in a thermal state at temperature
Ty. For a given momentum k, we reduce the basis states to just absence/presence of
pairs of opposite momentum and diagonalize the Hamiltonian f[ék) = &TF + ARTY
to get

only, we

~(k € 0
H(gigg = |:[;€ _ek:| s (Cl)

where € = 4 /{% + Ai. Therefore, the corresponding thermal state is given by

/’j(k) . e diag
therm — 73 (k) =
T {e ™ o} (C2)
1 Brek 0
- ePver 4 e—Brer [ 0 eﬁbfk:| )
This state is expressed in the basis of the eigenstates of flék), which are combinations
of the original basis states | 1) = éL Tk\0> and | })x = |0). The corresponding

creation operators 77};, in terms of which H c(h;g = ek(ﬁlﬁk — fy_kffr_k), are simply
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related to the original fermionic operators by
& = wplly, — VRl (C.3)

where (ug,vg) = (ex + &k, Ak)/\/ 26k (€ + &). Writing the defect density operator
ﬁgg in Eq. (4.9) in terms of the 77;2, the corresponding expectation value over the

thermal state finally reads

1 (k)
nggf = N Z T‘r{n((ilz)f pgfu)arm} =

k>0
1
=5 1= (1 = 2 T (il e }) | = (C.4)
k>0
= %Z {1 — Yk, tanh (ﬁbek)} ;
k>0

where yi = (Agsink — & cosk) /e and Te{Afa, o5V = fr(2Byer), with fp(z) =
1/(1 + e®) being the Fermi distribution function. Notice the factor 2 in the Fermi
function argument, due to the fact that excitations here consist of two fermions,
and cost an energy 2¢;. Eq. gives the density of defects for a system that
thermalizes with a bath at temperature T3, but can only explore states with pairs
of fermions with opposite momenta.

The original problem, however, was a transverse-field Ising chain, and we are
evidently making violence to the correct thermodynamics by looking only at the
even-fermion sector of the Hilbert space: the counting of states, 2%V /2. as opposed to
the 2V states of the full Hilbert space, is a clear witness of that error. Thinking in
terms of the correct approach to the problem, one would immediately realize that
the very fact that the fermionic boundary conditions, and hence the required k-
vectors, change when the fermionic parity changes, brings a non-trivial “interaction”
between fermions, which does not allow for a simple thermodynamical free-fermion
calculation. However, one can devise the following shortcut, which should be correct
in the thermodynamic limit N — oo, when the difference in the k-vectors associated
to the two parity sectors is negligible. Let us assume that we keep the N/2 k-vectors
fixed to those selected by the ABC boundary conditions for fermions, but allow also
for the singly occupied states é;]O) and éLJO) For each of the N/2 values of k, we
have 4 states, hence 4V/2 = 2NV gtates in total. The Hamiltonian at fixed k, in the

basis given by {é,u()), éikm), éLéLJO% |0)}, is now four-dimensional, and given by

0 0 0 0
= (k) 0 0 0 0
H:7 = .
full 0 0 €k 0 (C 5)
0 0 0 —€k
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Figure C.1: Thermodynamics of the defects density in the transverse-field Ising
chain for kgT = J. The PBC thermodynamics (orange solid lines) is calculated
with Eq. , while the OBC thermodynamics (red solid lines and diamonds)
corresponds to Eq. . The blue solid circles are PBC-QME relaxation dynamics
data for N/2 two-level systems for T, = 27.

To get the thermal equilibrium state, we exponentiate ﬁlf(lﬁ)l
1 0 0 0
(k) 1 |0 1 0 0
Prall = qull 0 0 eﬁek 0 ) (06)
0 0 0 e~Pek

where Zpg = 2 4+ e P 4 B¢k, Building on this result, we can compute the defect
density starting from the second line in Eq. (C.4), but noting that now we have

Tr{ﬁ};ﬁkﬁgl)l} = f(Bex). Therefore, it follows that

niull = %Z [1 — yi tanh <%>} , (C.7)

k>0

where y;, is defined exactly as before. A comparison of this equation with Eq.
shows that, restricting to states with only pairs of fermions with opposite momenta,
the density of defects at thermal equilibrium corresponds to the true thermodynamic
one, provided the temperature of the bath is rescaled by a factor 2, i.e. T' = T}/2.

Properly speaking, the expression in Eq. is exact only in the thermody-
namic limit NV — oo. One might wonder how close it describes the equilibrium ther-
modynamics for a finite value of N. Here, an exact and consistent reference value
can be easily obtained for an Ising chain with open boundary conditions (OBC),
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where the spectrum does not depend on the fermionic parity. The price to be paid
is that the diagonalization is not a trivial k-sum of 2 x 2 problems. Nevertheless,
for a given value of the transverse field h, the problem can be always reduced to an
ensemble of N two-level systems. The standard result is then [119, [144]

N
Hope = Z [nmﬂm ﬁmﬁjn} (C.8)
m=1
where ﬁin are the creation operators for the eigenstates with energies €,,, defined as
N
T = D (gm.i€; + ham.icl) (C.9)
i=1

The real coefficients g, i, him,i, together with the energies €,, can be computed
numerically [119] [144]. The thermal state is thus the normalized matrix exponential

of Eq. (C.9): .
(m) 1 e Pem 0

We can finally express the defect density operator in Eq. (4.8) by using the 7,
operators, and then compute its expectation value on the thermal state (C.10)):

OBC __
Nget =

N
72 (A Fr(2Bém) + B fr(- 25%)) (C.11)

m=1

M\H

N

with

N-1

Ay = Z Gmi(Gm,i+1 + Pmit1) (C.12a)
=1
N-1

hm,z gm i+1 + hm z+1) (C12b)
=1

In Fig. [CI] we show the results for the density of defects at kgT = J versus N, for
two different values of the transverse field: the critical value h = h, = 1, and a value
in the ferromagnetically ordered phase, h = 0.5 < h.. The plot reports the results
obtained by three different approaches: i) the PBC formula in Eq. (orange
solid lines); i) an explicit QME relaxation with T;, = 27" (blue circles); i) the exact
OBC evaluation, following Eq. (red solid lines and diamonds). Notice that
the convergence of the PBC results to the thermodynamic limit is exponentially
fast in IV, while the OBC data show 1/N finite-size scaling corrections. This is
illustrated in Fig. where we show the finite-size scaling of both the PBC data
(top) and OBC results (bottom) to the common thermodynamical limit for kgT = J
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and h = 0.5, 1.
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Figure C.2: Difference between density of defects for (a) PBC and (b) OBC and the
expected thermal value at the thermodynamic limit, plotted versus the number of
sites N, for h = 0.5,1. Panel (a): the scaling is exponential in N. Panel (b): the
scaling is polynomial in N; our best fit gives a convergence with 1/N.
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Appendix D

The origin of pumping
quantization

In this appendix, we will review the main ingredients that lead to pumping quantiza-
tion in a periodically-driven non-dissipative non-interacting model [43] [42]. Specifi-
cally, we will see that, under specific conditions, the pumped charge in the thermo-
dynamic limit

Q= lm + /0 W) (D.1)

is equal to a Chern number and must be therefore quantized. Here, L is the
chain length, |1(t)) is the time-evolved state and J(t) is the total current opera-
tor. Eq. is precisely Eq. for m = 1, computed on a state that remains
pure over the whole evolution.

Consider non-interacting electrons subject to a periodic potential, as for the
Rice-Mele model in Sec. Due to the independence of the particles, we can focus
on the single-particle Hamiltonian

Hg = p*/2m + V(z) (D.2)

where V(x) is the periodic potential. Its eigenstates are the famous Bloch wave-
functions |Ynx) = €% |u,s), with (x + a|unk) = (x|u,r) and a the lattice constant,
and k denotes the quasi-particle momentum while n is the band index. A convenient
common choice is to work with a Hamiltonian whose eigenstates are the |u,j) states,
so that they have the same periodicity of the Hamiltonian. This is achieved by the
transformation

(p+ hk)? -

Hg(k) = e ™ Hg o™ = +V(z). (D.3)

2m

Eq. (D.3) gives us the possibility to express the current operator in a rather conve-

nient form,
5 p+hk 1_ ~
J(k) = = -0y Hg(k D.4
m A k S( )7 ( )
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which will turn out to be very useful shortly.

Now, let us require that the ground state of our system is an insulator at all the
times of our driving, i.e. there is a finite gap between the ground and first excited
state during the whole dynamics. We then start from the ground insulating state at
t = 0, which can be written as

occ BZ

= [T1T ) - (D.5)
n k

and drive the system adiabatically, coming back to the initial Hamiltonian after a
time 7, the period of the time-evolution. According to the adiabatic theorem [28],
the time evolution of the state |¥(0)), up to first order in 1/7 and up to a global
phase, can be written as |¥(£)) = [T TT2% [k (t)), where

[k (£)) = [uni (1)) + 0 o tm(t) E, () 7

m#n

(D.6)

with E,(t) being the eigenvalue of fIS(k, t) corresponding to the eigenstate |u,(t)).
We can now compute the current corresponding to the time-evolved state |U(t)).
At fixed band n and momentum k, up to first order in 1/7, we have

(W (0T (8) Wi (8)) = (e (8|3 (k) i (£)) +

+i Z (tnk ()| (B) [tmi (8)) (ke (1) | Orunk (1))

P By (8) — B () —c.c.|.
(D.7)
The first element on the r.h.s. is
1. ~ 1
<unk(t)’ﬁ8kHS(kat)|unk:(t)> = ﬁaszn(kvt) ; (D.8)

where the equality follows from the Hellmann-Feynman theorem. Regarding the
second term on the r.h.s. of Eq. (D.7), we can use the identity

(e (£)| 04 Hs (K, 1) [t (1))

Foht) — En(ht) — (Oktins(®lume(®)) (D.9)

together with the fact that (Oxunk(t)|unk(t)) is purely imaginary, to write Eq. (D.7)
in a very interesting way:

(Wt (O3 () [ (1)) = %akEnw,t) — i (O ()10 (1)) — c.c.) =

= %&fEn(k?t) - Bn(kvt) .

(D.10)
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The quantity By, (k,t) = i ((Ogunk(t)|Opunk(t)) — c.c.) is the Berry curvature associ-
ated to the adiabatic evolution of the state |u,i(t)) [41]. It inherits very intriguing
topological properties: indeed, let us now compute the current by summing over all
the occupied band indices and integrating over the whole first Brillouin zone. Since
the ground state is always a band insulator, the k-derivative of the energies gives
null contribution after integration and summation. The pumped charge can thus be

occ dk T
Q= _;/BZ 27r/0 dtB,(k,t) , (D-11)

that is a double integral of a Berry curvature. This is a topological object: it is
usually called Chern number and it must be an integer [42), 40].

All the above discussion holds under the assumption of independent electrons.
However, this result can be recovered even in case of interacting electrons and disor-

expressed as

der, provided that the system remains an insulator throughout the whole dynamics,
by using the so-called trick of twisted boundary conditions [133] [42].
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Appendix E

Spectral function parameters for
the Rice-Mele model

Let us first focus on how the stationary pumped charge Q changes as the interaction
a is changed over different orders of magnitude. Fig. a) shows this for the
case of 7 = 20h/Jy and T = Jy: we observe that Q converges to a finite value
for « — 0 and that it remains almost constant for weak enough couplings. Since
we want to reproduce the perturbative regimes, for which our approach is valid,
we select « = 0.001, indicated by the arrow in the plot. One might also choose
weaker couplings, but then the number of periods needed to reach stationarity would
increase considerably, requiring much longer simulation times.

We turn now to the issue of choosing the cutoff w, in the bath spectral function.
Generally w, is taken to be the largest energy scale of the system, so that the dy-
namics becomes insensitive to the detail of this parameter. In the present case, since
the system energy gap is always of the order of Jy and we consider temperatures
T < Jy, we require hw, > Jy. The behavior of Q vs the cutoff w,, see Fig. (b),
shows the range of cutoff frequencies for which we observe a convergence of Q. We
therefore selected hw. = 1000Jy. Fig. [E.I|(b) is also useful to illustrate the effect of
some basic dissipation mechanisms. If w. is much smaller than the minimum system
energy gap, the probability of having jumps between energy levels is negligible and
the result tends to become again insensitive to the cutoff value. Then, the only rel-
evant dissipation mechanism comes from pure dephasing, given by 7, in Eq. (B.13).
Notice however that v, ~ T and hence it vanishes at T' = 0. This is consistent
with what we observe in Fig. (b) for hw. < Jo, @ is insensitive to the cutoff;
moreover, for T' = 0, we recover precisely the coherent result, pinpointed by the
horizontal dashed line.
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Figure E.1: Scaling of the steady pumped charge Q as a function of (a) coupling
strenght o and (b) cutoff frequency we, both for fixed 7 = 20h/Jy. Panel (a): The
bath temperature is T' = Jy. We observe convergence for small enough «, and the
arrow points to the value a = 0.001, employed for all the results presented in the
main text. Panel (b): We consider bath temperatures 7' = 0, Jy. The horizontal
dashed line indicates the value of Qg"h, the pumped charge at stationarity for the
corresponding coherent dynamics.
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