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1 Introduction and summary of results

Equivariant localization has provided new tools to explore supersymmetric gauge theories
on various space-time geometries, unveiling rich algebraic and geometric structures of their
moduli spaces of vacua. This has also had a deep impact on various branches of math-
ematics. In particular, N' = 2 supersymmetric gauge theories in four dimensions were



analysed via these techniques starting from [1]. See the review [2] for a recent overview on
the subject. In this paper we apply equivariant localization to compute the supersymmet-
ric partition function and BPS correlators of gauge theories with general gauge group on
unoriented and open four manifolds. More precisely, we investigate gauge theories on Zo-
quotients of the four-sphere, namely RP* and the hemisphere HS*, and on a Zy-quotient
of the HS*, whose boundary is the Lens space L(2,1) = RP?. The one-loop gauge theory
computation is performed by a direct analysis of harmonic modes expansion around the
fixed locus of the equivariant action, by generalizing the techniques applied in [3] in the
HS* case for b= 1.

We also study the three-dimensional gauge theories living on the boundaries of the four-
manifolds, finding coupled 3d/4d systems which describe defects in the four-dimensional
gauge theories.

An immediate application of our results is obtained by specializing to SU(2) quiver
gauge theories, which realize an extension of AGT correspondence [4] to unoriented/open
Liouville correlators. AGT correspondence naturally arises from the study of two Mb5-
branes compactified on product manifolds My x Cy ,,, where the latter is a Riemann surface
of genus g and n regular punctures. The gauge group SU(2)3973+" and field content of the
four-dimensional ' = 2 supersymmetric theory are specified by the geometry of Cy,, [5]. In
particular, for genus g = 0 one gets superconformal linear quivers with n — 3 nodes and for
g = 1 circular quivers with n nodes [6]. Liouville theory correlators on Cj ,, are reproduced
by the supersymmetric partition function of the corresponding gauge theory on My = S*.
This correspondence can be generalized by considering supersymmetric quotients of the
M5-brane theory. Orientable quotients of S* by a finite group I' € SU(2), resulting in
four-manifolds locally described by ALE spaces C2/T, were first considered in [7-10], were
it was proposed that the corresponding two-dimensional CFT becomes a parafermionic
theory. In particular, for I' = Zy the gauge theory reproduces the correlators of N' = 1
Super-Liouville theory [11].

The Zs-quotients we consider in this paper result instead in open and/or unoriented
four-manifolds. Since the (2, 0) six-dimensional superconformal theory expected to describe
the dynamics of M5-branes is chiral, the four-dimensional Zs-action has to be accompanied
by a suitable involution of Cy ,, producing open/unoriented Riemann surfaces. For Riemann
surfaces of arbitrary topology we expect a superconformal quiver SU(2) gauge theory to
arise whose Coulomb moduli space is described by the moduli space of complex structures
of open/unoriented Riemann surfaces. Since these surfaces can be always constructed as
the Zo-quotient of closed Riemann surfaces, we expect the corresponding gauge theory to be
obtained as a suitable quotient of the quiver gauge theory associated to the oriented double.

For g = 0 the quotients result in the two-disk D or the real projective plane RP?.
Liouville amplitudes on the latter are compared with the gauge theory partition function
on RP*. Concerning the disk, one can choose two types of boundary conditions, namely
FZ7ZT [12, 13] or ZZ [14], whose gauge theory counterpart are Dirichlet or Neumann bound-
ary conditions on the S boundary of the HS*. For g = 1, Zy involutions give rise to
annulus A, Moebius strip M and Klein bottle K. From the Mb5-branes perspective, it is
natural to expect these to correspond to suitable quotients of circular quivers. When the



resulting open/unoriented Riemann surface has boundaries, the relevant FZZT /ZZ bound-
ary conditions are implemented by imposing Dirichlet/Neumann boundary conditions on
the fields associated to the SU(2) nodes of the gauge theory quiver.

Notice that one can consider both bulk and boundary insertions. In particular, bound-
ary insertions are necessary to describe the strongly coupled frame of gauge theory, arising
when bulk insertions are separated very far away. Indeed, in this case bulk insertions can
approach a boundary making an open Liouville channel open up.

We consider the basic building blocks, i.e. the bulk-to-boundary two-point function
and the boundary three-point function. We interpret them as the partition functions,
respectively, of 3 and 4 free massless 4d hypermultiplets, with a specific 3d gauge theory
living on the boundary. The whole 3d — 4d system preserves 4 supercharges.

Our results connecting unoriented/boundary Liouville correlators with N' = 2 gauge
theories on quotients of S* can be summarized as follows.

e Crosscap with two bulk insertions versus partition function of SU(2), Ny = 4 gauge
theory on RP*, in the topological sector of gauge connections with trivial holonomy:

4 Q Q
<Va1(Q)Va2(O)>RP2 = ZEI\%IE:4 (Ml =] — 57/“ = Qg — 5?‘]7 61762) . (1-1)

e Disk with two bulk insertions and FZZT boundary conditions' with s = 0 versus
HS* SU(2), Ny = 4 with Dirichlet boundary conditions:

— 4 H

Vs @Vea D5 = P (1 = n = G = 2= Frna) - (12)

e Disk with two bulk insertions and ZZ boundary conditions versus HS*, SU(2), Ny = 4
with Neumann boundary conditions:

S1=82= 4 eu
<Va1(Q)Vaz(0)>%Zy( ==l o Z]{II}S:ZLN (Ml =a) — %7#1 =ag — %;q, 61,62>- (1.3)

e Klein bottle amplitude versus Zs-quotient of SU(2) x SU(2) circular quiver on RP*
in the topological sector of gauge connections with trivial holonomy:

4
<1>IC = Z%I%(Q)XSU(Q)]ZQ (Q7 €1, 62)- (1-4)

The identity operator insertion on the Klein bottle in Liouville CF'T corresponds to
N = 2* with mass p = 1 for b = 1. This applies also for the analog cases below
until (1.8).

e Annulus with FZZT boundary conditions versus Zs-quotient of SU(2) x SU(2) circular
quiver on HS* with Dirichlet boundary conditions:

FZZT, s1=52=0 HS*, Dir
<1>A s1=s2 :Z[SU(2)><SU(2)}Z2(q’61’62)' (1.5)

"We remark that in [15] Dirichlet boundary conditions are rather matched with Ishibashi states. The
difference is probably due to the fact that [15] refers to a different notion of Dirichlet boundary conditions.




e Annulus with ZZ boundary conditions versus Za-quotient of SU(2) x SU(2) circular
quiver on HS* with Neumann boundary conditions:

77, (r1,r2)=(s1,s2)=(1,1 4 Neu
()5 e ):Zgg(2)1\;su(2)122(q’61’62)' (16)

e Annulus with (FZZT,ZZ) boundary conditions at the two ends as a circular quiver
quotients on HS* with Dirichlet/Neumann boundary conditions on the two nodes:

FZ77T/2Z,(s=0/(s1,s2)=(1, HS*, Dir/Neu
(1)EZET/22, (520 (31,92)=(1.1) :Z[SU(Q)XS/U@)]ZQ(q,€1,62), (1.7)

e Moebius strip with FZZT/ZZ boundary condition vs. Zy quotient of SU(2) x SU(2)
circular quiver on HS*/Zy with Dirichlet/Neumann boundary conditions:
FZZT/7ZZ _ ,HS*/Z2,Dir/Neu
<1>M - Z[SU(Q) XQSU(Q)]ZQ (q’ €1, 62) (18)
where, as above, s = 0 for FZZT and (si,s2) = (1,1) for ZZ. The non-orientability

of the Moebius surface is compensated by an half-integral Chern-Simons level on the
boundary RP? theory.

e Disk bulk/boundary two point function with FZZT boundary conditions versus 3d
U(1) N =4 with Ny =2 (called TSU(2)) coupled to 3 4d free hypers:

(Wg(1) Va0 AT = Z[Brsy@)](B,o;0). (1.9)

e Disk three point boundary function with FZZT boundary conditions versus 3d N' = 2
U(1) with Ny = 4 and monopole superpotential coupled to 4 4d free hypers:

(W5, (0) W3, (1)Tg, (00)) AT, 50 = Z[By(1),n;=4l(B1, B2, B33 01,02,03).  (1.10)

We remark that the FZZT amplitudes with s = mb + nb~! and ZZ amplitudes with
(s1,82) = (m,n) are reproduced from the respective cases described above via Wilson
line insertions.

The structure of the paper is as follows. In section 2 we describe the equivariant
localization formulae for general gauge theories on RP* and HS*. In section 3 we specialize
to SU(2) quivers and perform the comparison with Liouville amplitudes on open/unoriented
Riemann surfaces with bulk insertions, while section 4 is devoted to the boundary insertions
case and the corresponding three dimensional gauge theory sectors. Section 5 contains some
open questions and few technical appendices complete the presentation.

While we were typing this paper, [15] appeared which has partial overlap with our
section 3.

2 Localising gauge theories on RP* and HS*

The calculation of partition functions and BPS correlators of supersymmetric gauge the-
ories on RP* and HS* via localization can be obtained by realizing those manifolds as



Zo-quotients of S*. Henceforth, we first review the results for the S* partition function in
order to set-up the notation for the subsequent computations.

It is well known that A/ = 2 supersymmetry can be realised on a four-manifold by
turning on some background fields, which can be either seen as coming from a rigid limit
of supergravity backgrounds [16-18] or as auxiliary fields needed to enforce the rigid N =
2 supersymmetry algebra [19]. Global supersymmetry transformations are generated by
suitable Killing spinors satisfying the following equations

Dinéa + T opoméa = —iomély,

_ —l o (2.1)
Dpéa+T" 0ri0méa = _Zo'mfA’
with &y = %6'nD”§A and &, = ﬁanDng_A, and the auxiliary equations:
0"5" Dyn Dnéa + 4D Tynno ™" 0’4 = M, 2.2)

0" Dy Dpéa + AD Ty d™5 €4 = ME4.

Tk, T* and M are anti-self-dual, self-dual and scalar background fields respectively. We
denote by A, B,...the SU(2)z doublet indices.? The covariant derivatives act on the
spinor as

1 .
Dpéa = 0méa + ZQ%)UabgA +ipV,, 5y
1 .
l%maz%a@+fm%a@—wmma+m@mﬁm

where V. B, is the SU(2)% gauge field, 22 are components of the spin connection one-form
and I'’,,,, are the Christoffel symbols.? Similar formulae hold for the right handed spinors*
with 7, instead of og.
Let us review the solution of the above equations on round S4. We use the following
angular coordinates
xro = Rcosr

<
+
ASH

x1 = Rsinr cos

(@]
@}
|}

&.
=
TN TN T
<
(ORI
hSS
S—— ———

To = Rsinrcos (2.4)

<
|
ASS

r3 = Rsinrsin

x4 = Rsinrsin (g) sin < )

23U(2)r denotes the R-symmetry group, whereas SU(2)r will be used to denote the right-handed
generators of the Lie algebra of the isometry group of S* fixing the poles.

3Indices from the middle of the Latin alphabet (I, myn,p...) are curved and those from the beginning
(a,b,c,...) are flat.

4The representation we work with is given by

NI oD D
@)
o
n

TN TN TN
<
A\
<

where 7% are the Pauli matrices.



where 0 < r <7m, 0< 0 <7 0<¢ <21, 0<1vy <d4rm, and ¥ ~ ¢y + 4w. The metric is
given by
1
ds? = dr® + i sin®r (d6? + sin 0°d¢® + (dyp + cos 0d¢)?)
Using the above data, one may verify that a solution of the main Killing spinor equation
eq. (2.1) is

§an = \}icos (g) ban , &&= \}5 sin (g) 6% (2.5)

corresponding to the background fields:
Vm BA =0, Tkl =0, Tkl =0. (26)

The auxiliary equation eq. (2.2) is automatically satisfied with M = —R/3 = —4/r2  where
R is the Ricci scalar and r is the radius of the four-sphere. We set r = 1 here onwards.
We start by considering pure N' = 2 Super Yang-Mills theory, whose vector multiplet
consists of a pair of scalars (¢, ¢), a gauge field A,,, gauginos (Aqa, /_\é), and a triplet of
auxiliary fields Dap = Dpa, all transforming in the adjoint representation of the gauge
group G. The details of the supersymmetry transformation and gauge fixing terms are
relegated to the appendix B. The general N' = 2 supersymmetric Yang-Mills action is

given by
Ly = Tr %anF’"” + 16 Fp (@T™ + ¢T™™)
— 4Dy, D™ 4 2M ¢ 4 64° T T™ + 64> Ty T
— 2iIM 0 Dy A a — 204, Aa] + 204, A a]
419, 3 — ;D Dap

which can be specialized to S* by fixing the background fields as in (2.6).
The saddle-point about which one considers fluctuations is found by requiring that
O fermions = 0, where Q = 0+ Op, which are the supersymmetry differential
(egs. (B.1), (B.8)) and the BRST differential (eqs. (B.5), (B.9)) respectively. The saddle-
point turns out to be [17]
Am =0, ¢2=0, ¢1 =a9, Dap = —iagwas,

where ag is a Lie algebra-valued constant, ¢y = i(¢ + @), ¢o = ¢ — ¢ and wap a bilinear in
the £4s.
The localizing action is given by the Q-transform of

Viee = Tr (@)\QA)T)\O[A + (@Xi)“ﬁ] + gauge-fixing terms,
which in terms of the “cohomological variables”
v = Q¢27
U, = QA = QA — Dic,

Xa = E%A4 (05,



can be written as
Viee = Tt [(Q\IJ)T\II + (Q¥™) W, + (Oxa)xa | + gauge-fixing terms. (2.8)

The gauge-fixing terms are:

Tr [¢G + ¢By + cay) .

We choose the gauge-fixing function G = 0, A”™. What is relevant for the localization proce-
dure is only the quadratic truncation of the localizing action QV,., which we schematically
write as

@Vveclquad = (fermions)TKfermion(fermions) + (bosons)TKboson(bosons). (2.9)

Upon integration over the fluctuations, one finds the one-loop determinants

det K fermion
AR — \ 2.10
1-loop det Kboson ( )

The calculation of the one-loop determinants can be simplified by introducing
X = (¢2, Am;ag, Bp) and ZE = (xq,C,C)

in terms of which the quadratic truncation of (2.8) can be written as
) Doy Dox X
Do D Q=

det Kfermion _ detE Q2 _ detCokerDm Q2
det Kposon detx Q2 detker Dy Q2

[1]

Viee ’quad = (QXa

Correspondingly, we get

(2.11)

Rather than computing the ratio of determinants above via index theorem, as done in [20]
and [17], we now proceed to explicitly determine the spaces Coker Dy and Ker Dyp, and
compute the corresponding 02 eigenvalues. As we will see in the following, this method
can be easily extended to Zy quotients of the four-sphere calculating the relevant ratio of
determinants for the RP* and HS* cases.

The part of Viec|quada that yields Dy is:

3
> Xa(Qxa)t + D (QU™) + 60, A™ + By + cag (2.12)

a=1

from which the terms containing ¢, and D 4p may be dropped since they do not contribute
to Dg.



2.1 Gauge theories on RP*

In this section we compute of the partition function and Wilson loops of N’ = 2 supersym-
metric gauge theories with compact semi-simple gauge group G on RP*. We first discuss
the one-loop determinants calculation. The instanton contribution will be discussed in the
next subsection 2.1.1.

As anticipated in the previous section, we compute one loop determinants for su-
persymmetry multiplets by solving the kernel and cokernel partial differential equations
(PDEs) corresponding to Dig operator. The Dy operator is read from the fermionic func-
tional V used to localize the physical actions S for gauge and hyper multiplets. The PDEs
are solved by diagonalizing them in the basis provided by SO(4) ~ SU(2)z x SU(2)g har-
monics, which are discussed in appendix A. It turns out that the PDESs reduce to ordinary
differential equations in variable r and as explained in the appendix C, each ODE can
be expressed as linear combinations of the generators of SU(2). This has the important
consequence that SU(2) g commutes with kernel and cokernel differential equations and the
solutions arrange themselves in SU(2) g multiplets. Let us denote by Xy the set of dynam-
ical fields in the kernel, and by X; the fields in the cokernel of Dig. In our computation
¢1, D op only contribute via an overall factor in the index and so we set them to zero in the
one-loop computation. We denote by a = 1, 2,3 the three directions in the tangent space
of the equator S% and use the following combinations of gauge fields A, belonging to X
in this basis.

A+ =A1+ily, A_= A1 —iAy and As. (213)
The fermions x, are correspondingly denoted as

X+ =X1+ix2, Xx-=x1—ix2 and xs. (2.14)

In this basis the differential equations appear simpler. The computation can be further
simplified by noting that, since D1y commutes with QQ, it closes on the fields of same Q2
eigenvalues both in Xy and X;. Since the kernel and cokernel differential equations can
be written only in term of SU(2);, generators, all the fields in Xy carry the same SU(2)gr
charge equal to gr and those in X7 will carry —ggr. The solutions of kernel and cokernel
equations are organized in SU(2)p multiplets each of dimension 25 + 1 with the following
possible values of jr

jR:jL7jL+17jL_17 (215)

as determined by the SO(4) harmonics.

The strategy to compute the one-loop determinants on RP* ~ S* /Zs2, is to take the
solutions for kernel and cokernel equations on S* and then apply the antipodal Zs projection
on this solution set. This is done both for vector multiplet and hypermultiplet and then
the invariant modes are combined to get the total one loop determinant.

The analysis of ODEs can be performed in the simpler case of U(1) gauge group, the
generalization to general gauge group G, being obtained by multiplying the vector multiplet



index by the factor > .oots e’ ® in the adjoint representation, and the hyper multiplet in

the representation R of G by the factor > pER e'?®_ Finally, by using the eigenvalues of 02
operator for the kernel and cokernel zero modes of Dy we calculate the one-loop factor

~o\ 1/2
Zir = [ d6tCoker D1g (2.16)
-loop detker D1 Q2

We will work with the following Killing spinor £ = (£,.4,i£%) on the covering space S*

% cos 5 0
0 L cosT
€= S V2 T2 (2.17)
5503 0
0 —% sin 5
for the metric
2
ds® = g datds” = dr? + f(i) (dl92 + sin 02d¢?® + (dip + cos qub)g) : (2.18)
We use Hopf fibration coordinates
o 0 .
z1 = sinrsin *61%, Z9 = sinr cos fe’wy, t=cosr (2.19)

with 0 <0 <7, 0<¢ <27mand0 <1 <4n. In these coordinates, the antipodal Zy action
reads

r—em—r, ¥—1Y+2m, (2.20)
and correspondingly
21 = —21, 22— —2z2, t——t. (2.21)
On the Killing spinor we have
LsinZ 0
V2 P
0 L sin §
Zy: &= , . V2 (2.22)
ﬁ 0S b} '
0 —ﬁ cos 5

so that this is not preserved under the Zs projection. In terms of the two component

notation
COS(%) 0 B zsin(%) 0
Ea=| V2 Al =l 2 (2.23)
O COS(Q) 0 _’LSIH(Q)
V2 V2
we have
. .5 B 5 . B
Ly :Ea — —i€poza, &A= iER0O3s. (2.24)



It is easy to check that anyway the localising action Q\gV remains invariant provided that
we choose the following transformation properties of dynamical and ghost fields

X3 — —X3, X+ = X+ X— 7 X—> c— ¢ c—¢
Ay — Ay, Ag — Ay, Ay — Ag, A — —A,, o1 — o1, P2 = —Po
(2.25)
The projection for fermions can also be written in terms of As as
Ly : Mg — —idgoPy, A4 — idgod, (2.26)

and these projections are consistent with supersymmetry transformations.

Za-projection on the vector multiplet. On RP* there are two Pin, structures: one
structure with monodromy +1 as one moves along the orientation reversing loop and an-
other structure with monodromy —1. On S*, the double cover of RP*, these two types of
spinors translate into two parity conditions

PV =40, (2.27)

where the two sides of the equality are to be evaluated at antipodal points. These parity
projections are consistent with N' = 2 supersymmetry.

It is interesting to remark that® since m1(SO(3)) = Zg and 73(SO(3)) = Z, an SO(3)
bundle on a general 4-manifold M is characterized by two topological invariants. One
is the instanton number k and the other is the non-abelian magnetic flux or an element
of H?(M,Zs) called the second Stiefel-Whitney class of the SO(3) gauge bundle. If we
represent the second Stiefel-Whitney class as u = w2(SO(3)), then these two topological
invariants are related by

k= —T“ mod 1. (2.28)

See e.g. [21] for more explanations. The element of H?(RP*, Z) with u = 0 corresponds to
the untwisted sector of perturbative and non-perturbative parts of the partition function. It
is identical to the contribution of an SU(2) gauge bundle. However for u # 0 € H?(RP*, Z5)
one gets the contribution of the twisted sector. This operation is carried out on the one-
loop part by shifting the product over the modes by % and in the non-perturbative sector
by shifting k& by the relation (2.28).

Let us start by discussing the trivial holonomy sector. As shown in the appendix C,
for the vector multiplet the solution set of the kernel equations is empty. We have the
following projection condition for cokernel fields

X3 = —X3, X+ = X4, X— < X—y C—C C—C (2.29)

The QQ eigenvalue of the fields x3,c and ¢ is n + ia - o with multiplicity n + 1, and that
of x4+,X— is n + ia - a with multiplicity n — 1. It is important to observe that the cokernel

When all fields are in the adjoint representation, the gauge group can actually be taken to be

SU(2)/Z2 ~ SO(3).

~10 -



equations are coupled and the system for xs, ¢, ¢ admits a unique solution up to a constant.
Therefore they count as a single mode in the harmonic expansion. Thus according to (2.29),
X3 give contribution from odd modes only and x and x_ will give contribution just from
even modes. Explicitely for y3

H H n+ia- )"t = H H (2n —1+ia- ) 20 +ia - o) H!

acAn>1 acEAn>1
= [[ [[@n-1+ia-a)* 1" (2.30)
aEAn>0
and for x4, x—
HHn+za a) HH2n—1+za )? 1 (2n +ia - o)t
acAn>1 aEAn>1
= H H (2n +ia - a)?" ! (2.31)
acAn>1

The unregularized product can be rewritten as
H H (2n—+ia )™ 1 (2n—1+ia ) 1T (2n—ia-) 1 (2n—1—ia-a)? 1T (2.32)
ac€AL n>1
whose (-function regularized form is

271'0,‘04

Zvec,RIP’4 . H T(Za ) Oé)
1—loop ia- o
aEA L

I'(1 + ia - a)? cosh (2.33)

For the non-trivial holonomy sector, a similar analysis yields the following expression
for the vector multiplet contribution to the one-loop determinant:

T 289 r 4 g 02 sinn? T2 (2.34)
a -« 2
aEA L

Za-projection on hypermultiplets. Under the Zs action the fields in matter hyper-

multiplet belonging to the kernel and Cokernel of D]rly P transform as follows
gAB - q11 — q11, q12 — 412, g21 — —q21, q22 — —q22,
Yap: Y11 — 211, Y12 — Y12, Y1 — —Xo1, Yoo — —Xg.  (2.35)

Here we are using the conventions of section 4 of [3]. As shown in the appendix C, for
the hypermultiplet the solution set of cokernel PDEs is empty and only the kernel fields
contribute. For completeness we give the mode expansion of kernel fields g4 in a general

qur e H H(k+u+ia-p)k,

pER k>1

q: [ [Ik=n—ia-p)",

pER k>1

q21 - H H(—k+u+ia-p)k7

pER k>1

g [[[I(-k—p—ia-p)*, (2.36)

pER k>1

representation R

- 11 -



whose Zg projection under (2.35) gives

qui e H H(2k+,u+ia-p)2k,

pER k>1

g2 [ T]@k—n—ia-p)*,

peERk>1

qo1 : H H(—Qk + 1+ p+ia-p)*t
peEREk>1

g2 [ J](-2k+1-p—ia-p)* " (2.37)
pER k>1

where p is the mass parameter. The one-loop determinant turns out to be

( H H(2k + p+ia-p)* 2k — p—ia- p)?*(2k —1— p—ia-p)*!
peER k>1

=

x(2k — 14 p +ia - p)%—l)

:<HH(k+u+m-p)k(k—u—ia'p)k> ’ (2.38)

peER k>1

The regularised form of the above is given by

I

A ( []c+p+ia-p)GA—p—ia- p)> (2.39)
PER

D=

= (HH(uﬂ'a-p))_

PER

In the massless case p = 0 this reduces to

hyper,RP* . B
0 = ( I #ia- p)> (2.40)

pPER

[V

Combining the above with the vector multiplet contribution (2.33), the one loop partition
function of N/ = 2 with a massless hypermultiplet in a real representation reads

N

R,RP* T(ia- « ) Ta -« , B
Zlfloop,,uzo = H Eaa)r(l ta- a)Q COSh2 9 ( H H(la : p)) (241)
aEA L PER

A notable case we will need in the following is that of ' = 2* theory with u = 1 (namely,

the maximally supersymmetric case for the unsquashed case b = 1) whose hypermultiplet
one loop determinant reads

N

ZhE ( [[ 62+ ia-G(ia- a>)
acA

NI
NI

= <HH(1+ia-a)>_

aEA

= ( IT xia- a)> (2.42)

aEA
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Combining it with the vector multiplet contribution one finally gets

M=

N=2% RP4 Y (ia - @) _ Ta- o . B
21 looppu=1 = H Wr(l +ia - ) cosh? 5 ( H T (ia - a))
acA

=~ T coth ( 7“‘2' O‘) (2.43)

where in the second line we used standard identities on the Y and I' functions. Let us
present the one-loop contribution for N' = 4 gauge theory

N=4RP* T(ia - «) . 9 o T - Y 1
2 doop = H Wf(l +ia - @)” cosh 5

aEAL . <Ha€A H(ia - a))

B Y (ia - @) , Ta - I'(—ia - «)
N H ia- o P(L+ia- ) cosh® 2 (Hf(l—l—ia~a)(H(1+ia-a))>

NI

N

a€A+ a€A
T (ia - @) , 9 27ra-a< I'(—ia - a) )2
— H ——T'(1+ia - a)” cosh H - -
wen, O 2 ory I'(1+ia-a)(Y(ia-a))
T a -«
L (am)en(75) st
aEA 4

Finally, for the system of four hypermultiplets we denote the mass parameters as
pisi = 1,...,4. These mass terms in the Lagrangian are generated by gauging a U(1)%
subgroup of the flavour symmetry group SO(8). By using the above results for the mas-
sive hypermultiplet in the fundamental representation and in order to implement the Zo-
projection in the matter sector, we make the following identification of mass parameters

p1 =3, fl2 = pa (2.45)

As a consequence under the Zsy projection the hypers of masses j1, 13 give rise to two half
hypers which under the identification p; = ps combine to give one hypermultiplet. Simi-
larly other two hypers of masses us, 4 under Zs projection and identification po = g give
rise to a second hypermultiplet. To compute the hypermultiplet contributions explicitly,
we have to determine the transformation of the component fields of the hypermultiplet
under the Zy action. We first note that the Killing spinors (¢,€) and (£, €) transform as

E1a — —i&1as €90 — €24

Elo — €14, Era — —ifas (2.46)

Consistency with supersymmetry transformations given in appendix B requires us to choose
the transformation of the scalar and fermions in the hypermultiplet as

q1 — q1, q2 — —q2,
P — i)Y, a— (2.47)
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Projecting out the Fourier components which do not obey this transformation, we get the
following contribution to the one-loop part

Z4half—hypers = H H F2(1 tia+ ,Uz) (248)
£ =12

It is interesting to note that this contribution of hypers is identical to that on the Hemi-S*.
Finally the full expression for the one-loop part is the following

_ Y(ia- :
A XG0 b 4 g 0)? cosh? T2 [T IT T2t £iapm) (2.49)
oop ia - o 2 A
CMGA+ + Z:LQ

2.1.1 Instanton contribution

Let us now discuss the instanton contribution to the supersymmetric partition function on
RP*. It is convenient to work on its double cover S*, with a suitable antipodal identification.
For example in stereographic coordinates (%, %) with X; € R?* the antipodal
identification is

4X;
X — — ¢ 2.50
’ X; X; (2:50)
where summation over i = 1,...,4 is understood. On S* the contribution to the super-

symmetric partition function comes only from point-like instantons and anti-instantons at
the South pole and North pole respectively. Under the antipodal identification, instantons
of charge k are mapped to anti-instantons of charge —k. In other words, since RP* is non-
orientable, as an instanton is moved along the orientation reversing path, it comes back to
the original position as an anti-instanton due to non-trivial monodromy. As a result the
f-term

B 0
3272

Sh / d* e, p0 F' FP7 (2.51)
which is added to the SYM action to give the vacuum a topological charge, flips it sign
under antipodal map and hence is ill defined. However for § = 0, 7 the integral remains
invariant. For @ = 0 this is obvious, and for § = 7 due to 27 periodicity. For § = 0 the
coupling constant is 7 = % and, due to the antipodal identification of North and South
poles, the non-perturbative contribution is just one factor of Nekrasov instanton partition
function with the above value of 7. The other case # = 7w will be discussed later in the case

corresponding to the Moebius strip.

2.2 Gauge theory on HS*

The explicit computation of the supersymmetric partition function on HS* was performed
in [3]. Here for completeness we recall their results and also compute new cases which are
needed for the comparison with Liouville theory. The possible choices of supersymmetric
boundary conditions are Dirichlet and Neumann.
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Dirichlet Boundary Condition for the vector multiplet. The Dirichlet boundary
conditions on the boundary S of the hemisphere for the fermionic fields = are given by

X:l:(p)|p:7r/2 = X0; C’p:ﬂ/Q =0,
X3‘p:7r/2 =0, E’p=ﬂ'/2 =0,

where g is a constant. The solutions of the cokernel equations are displayed in appendix C.
The ones compatible with the above boundary conditions are those corresponding to |qz| =
jr + 1. Therefore, the multiplicity of an eigenvalue n +ia - v is |n| — 1, as opposed to 2|n|
for the spherical case. The corresponding unregularized product is given by:

H H(n +ia-a)" Yn —ia-a)"! (2.52)

acA4 n>1
which, upon regularization and choosing the gauge group to be SU(2), becomes

I'(1 + 2ia)?
ia ’

Zyee (a) = T(2ia)

Dir, 1-loop (253)

Let us consider Wilson loops in the boundary of the hemisphere. Solely for this section,
we will use the coordinates (p, ¥, p, x), where p = w, X = #, and where ¢ and x are
periodic with period 2. There are two classes of closed loops in the boundary S2, one
winding around ¢, and another winding around y. Following [17], the circles supporting
the Wilson loops are:

Sy (P = ;T) t (20, 71, T2, 23, 74) = (0, €1 cos p, €1 sin , 0, 0),
S)1< (p = 72r> : ($0,$1,$2,$3,1’4) = (07070762 COS X, €2 SinX)‘

The supersymmetric Wilson loops are

Wy (R) = TrgP expi/ dp(Ay, +ie1¢1),
51.(3)

WX(R) = TryP expi/ dX(AX + ’iEQ(Z)l).
Sxlp=3

These have the following vevs:

Wy (R) = TrgrP exp (—27ba)
Wy (R) = TrrP exp (—27Tb_1a) :

To compute their expectation values, one simply inserts these classical expressions in the
integral expression for the partition function. Omne could also consider a more general
Wilson loop that winds m-times around ¢ and n-times around y in the fundamental repre-
sentation. These play a relevant role for the matching between gauge theory and Liouville
amplitudes.
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Neumann boundary conditions for the vector multiplet. Neumann boundary con-
ditions are:

X+ (p)|p=r/2 = 0.

The only non-trivial solutions to the cokernel equations compatible with this boundary
condition correspond to |qr| = jr + 1. The multiplicity of a solution with eigenvalue
n +ia -« is |n| + 1. The one-loop partition function is

s = [ [[(n+ia-a)" ' (n—ia-a)"*! (2.54)

acAL n>1
which, upon regularization and choosing the gauge group to be SU(2), gives

1
I'(1— 2ia)2(ia)

T (2ia)

The partition function is obtained by integrating the above over the Coulomb branch
parameter. Analogous to the case of a sphere, we must include the factor arising from the
Vandermonde determinant:

1a

zZy%e (@) =T (2i0) p— g

1-loop, Neu

(2.55)

Dirichlet boundary conditions for the hyper-multiplet. Let us recall that the
solution set of cokernel PDEs is empty in the hypermultiplet case. Therefore the only con-
tribution comes from the kernel fields as in (2.36). Imposing Dirichlet boundary conditions
amounts to set

s T T s
di2 (9, 2> =0, dag <9> 2) =0, Y11 <9; 2) =0 Y29 (97 2> =0,
T T T T
80(112 <9, 2> = 0, 89q21 <9, 2> = 0, 89211 (0, 2) = O, 89222 (0, 2) =0

(2.56)

and

&qll(ﬁ, ;) =0, 0y (9, g) =0, 8 (9, g) =0, 85 (9, g) =0 (2.57)

This translates into the following expression for the one-loop determinant

NI

(H H(k—u—ia~p)k(k+u+ia-p)k> (2.58)

peR k>1

and after regularization to

N

Zlgbi]f,irfloop = ( H G(l — M ia - p)G(l + 1a - p)) (259)
pPER
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For the the N' = 2* theory at u =1

A = ([ e oo

aEA

N

N

G(1 —ia-a)G(1 +ia-a)T(1 +ia-a))
—(H ( )G( )T >>

QA I'(—ia- «)

(g

aEA

Combining it with the vector one loop part one gets

1

1
Ne2* el H(ia - «) : I'(—ia - a) i
ZDir71—1oop - (H ia - asinh(ima - Oz)) H I'(1+ia-a)H(ia- )

a€A a€A

(1) (1rees)

_ <H T'(ia - O;il“.(ojz‘a : a)) ? (2.61)

a€A

Finally, the one-loop contribution of N' = 4 theory with Dirichlet BCs can be obtained by
combining the one-loop part of N’ = 2 vector multiplet with that of N' = 2 hypermultiplet
in the adjoint representation

G(1+ia-)G(l —ia-a)
ZV(?C —

Dir,1—loop H a- o Sinh(ﬂ'a . Oé)
€A

H(ia -«
_ e

a - asinh(ma - @)

acA L

h 1
ZD}iIE(leiloop = < H H(lCL . Oé) (262)
aEA

Combining them one get the perturbative part of N' = 4 vector multiplet with Dirichlet
BCs on HS4

1
ZDI“ loop = H H{ia - a)a asinh(ma - @) (H H(ia - «) ) (2.63)

aEA L

[NIES

NI

From the identity G(1+ia-a)G(1—ia-a) = H(ia-«), it is clear that H(ia-o) = H(—ia ).
Therefore one gets

1 1

N = H(ia -
Dir, . loop H (ia a)a - acsinh(ma - ) 8 H(ia - )
aEAL

= ] - (2.64)

ek, O asinh(7a - a)

17 -



Neumann boundary conditions for the hyper-multiplet. Neumann boundary con-
ditions imply

T
dig <9, 2> =0, da2 <9,
T
Oy <9’ 2> =0,  Opdoe <9,

and

S~
I
o

o oy

~
I
o

(2.65)

™ ™ ™ ™
87«(112 <9, 2) = 0, 87-(3122 (9, 2), 87«211 (9, 2> = 0, 87222 <9, 2) =0 (266)

It is clear from the mode decomposition that we will get the following result

[SIES

(H H(k—u—ia-p)k(k+u+m-p)’“>

peER E>1

(HHGl—I—u—I—m p)G(1 —p —ia-p)) (2.67)

pER k>1

This is identical to the previous case which for y = 1 leads to

N

Shyperp=1 _ <H I'(1+ia-«)H (ia - a)) (2.68)

Neu,1—loop F(—ia . Oé)
aeR

Combining it with the vector one loop part one gets

[V

1
. 3
N | . I(~ia-a)
ZNew1 doop = (CXI;IRH(M'Q)CL-@Slnh(ma-a)) (};{F(ljtia-a)H(ia-a)

= -asinh(7a - « : I'(1+ia-a)l(—ia- ) 3

aER acR

- (HF 1+ia-«) ) (2:69)

The perturbative part of N' = 4 vector multiplet with Neumann BCs is given by

NI

ZNeu | loop = H H(ia - a)a - asinh(ma - o) x ( H H(z’iw@)

aEA aEA
= H a-asinh(ma - a). (2.70)

OZGA+
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2.2.1 Instanton contribution

In the computation of the partition function on S* the non-perturbative contributions arise
only from point like instantons and anti-instantons located at the fixed points of the U(1)
isometry which is used to localize the path integral, namely the South and North poles
of S%. If a Zs-involution acts on S* with the S® at the equator as its fixed locus, then,
with either supersymmetric Dirichlet or Neumann BCs, the non-perturbative contribution
_ Zk

. 3 _ . .
ZE o = ZE ason- Since m3(S%) = Z, the instanton sector is

will be just one factor of Z.
characterized by an integer k equal the winding mode at the equator. Let us remind for
completeness the expression of the instanton partition function for N’ = 2* theory at fixed

instanton number

Zhan—r = 3 d" H H 0‘5 —m)lert €2~ Bop — ) (2.71)

(e e — F
7 P/ek o f=1seY 1+ €2 )

where Yy,o0 = 1...N is the set of Young diagrams N—tuples, |Y| = Yo Yo = k the
instanton number, the equivariant hypermultiplet mass m is related to the physical mass
m as m = m+ 952 and Eqp(s) = (—hy,e1 + (vy, +1)e2) +ag — aq with aq, ag elements of
the Cartan of the gauge group. Note that for the special value m = 0 the ratio in stt N9+
cancels to one and therefore the sum over the Young diagrams produces 1/n(7) factors [22].

This will turn out to be useful in the comparison with Liouville theory amplitudes. To
this end, it is important to underline that the insertion of Liouville identity operator on
the torus corresponds to ' = 2* theory on S*, where the mass of the hypermultiplet is
i/r [23]. In our normalization this is the case u = 1, where u =m/,/e1e.

3 Comparison with Liouville theory

Let us start by briefly reviewing basic relevant facts about AGT correspondence [4]. The
N =2 SU(2) gauge theory can be formulated on the squashed four sphere

St o = (@0, ..., xa)|af + (2} + 23) + €5(25 + xF) =1}

and its spectral content can be put in correspondence with the geometry of an auxiliary
Riemann surface. Liouville theory correlators on such a surface can be put in correspon-
dence with supersymmetric gauge theory partition function. In particular, the four points
correlator on the Riemann sphere corresponds to the partition function of the Ny = 4
gauge theory on the squashed four sphere.

Z(m; 75 €1, €2) o (e2040(0) 2a3d(1) (2020(q) L2016(0)y, (3.1)
where m encodes the mass parameters my, ..., my, and b is the parameter that appears in
the Liouville action 1

Sy = yo /sz [(8a¢)2 + dmpe?| (3.2)
The dictionary between the two theories has been tested to be
b= €1 _ 2miT R 2 o
=\ q=e"", oy =(Q/2) +imy,

where Q = b+ b~ 1.
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The usual correspondence is based on closed Riemann surfaces, while here we discuss
the case of open/unoriented Riemann surfaces. These can be obtained as Zy involutions
of closed ones. It is then natural to consider gauge theories on Zsy involutions of the
four sphere. Indeed, AGT correspondence arises from M5-branes compactifications on the
product of the four sphere and the Riemann surface itself. Since the six-dimensional (2,0)
theory describing the dynamics of Mb5-branes is chiral, the Zs involution has to act on both
factors consistently [24], namely has to be either antipodal or with fixed points on both
factors. There are different classes of Zo actions, distinguished by their fixed point locus.
We will study the resulting quotients of the original theory in two cases, focusing on the
Ny =4 and N = 2* theories, that is on the possible quotients of Riemann surfaces of genus
zero and one.

Let us consider the Zs quotients of the four punctured Riemann sphere. This can be
a two-disk or an RP?. In the unorientable case, the Zs action is the antipodal action on
the four-punctured two sphere producing the RP? with two punctures, namely:

antipodal map
. @

where we have assumed that the punctures were aligned so as to make the antipodal

identification possible. On the four dimensional factor, the Zs quotient is the RP* geometry.
In the orientable case the fixed locus of the involution is the equator and, depending

on the location of the punctures with respect to it, one has three possible configurations:

reflection map
. @

e Two points on the boundary and one point in the bulk:

reflection map
. @

e Four points on the boundary:

reflection map
. @

On the four dimensional factor, the Zy quotient is the H.S* geometry.

e Two points in the bulk:
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In the study of Liouville field theory on open surfaces, one has to choose the boundary
conditions. We are allowed a choice of two boundary conditions: J,¢p = 0 or ¢ — oo at
the boundary of the disk. These correspond, respectively, to the FZZT [12, 13] and the ZZ
brane [14].

Let us first consider the FZZT boundary condition. As seen earlier in eq. (3.2), the
bulk Liouville interaction term is given by fz \/Eue2b¢. In the presence of a boundary, one

1/4 ), 5eP®. The constant pp, often called the

also has the boundary interaction term | ox 9
boundary cosmological constant, is unrestricted and parametrizes the family of conformally
invariant boundary conditions. One has therefore a scale invariant ratio (u%/u) on which
the correlation functions depend. It is customary to trade the scale invariant ratio with a
parameter s as follows:

cosh? 7bs g

sinmb?  pu

Therefore the bulk one-point function with FZZT boundary condition will depend on the
continuous parameter s. For the ZZ boundary condition the bulk one-point function in this
case depends instead on a choice of two positive integers, m and n, as explained in [25].
As we will show in the following, these two classes of boundary conditions correspond
respectively to Dirichlet and Neumann boundary conditions of the gauge theory on the
HS* 1In the rest of this section we discuss bulk punctures, the boundary ones being
deferred to the subsequent section 4.

In the following we will provide evidence of the correspondence described so far. More-
over, we will also treat Zo involutions of genus one curves. In this case the complex double
is a torus and the Klein bottle, annulus and Moebius strip can be obtained by applying
different anti-holomorphic involutions, as show in the following figure:

(=D—e=

T e
The conformal families of tori admitting such involutions are Lagrangian submanifolds in
the Teichmiiller space of the covering torus modded by the translations 7 — 7 + 1, with
{r € C|Im(r) > 0, =1 < Re(r) < 3}. These are vertical straight lines at Re(7) = 0 for the
annulus and the Klein bottle while at Re() = £3 for the Moebius strip. Since the double
cover of these internal geometries of the M5 compactification is a torus, we expect that the
corresponding gauge theory to be a Zs-quotient of an appropriate circular quiver. This is
indeed the case as we will show in detail in the following. For the case of Moebius strip,
we will actually follow an equivalent approach, by performing a Zs-quotient of the annulus
amplitudes. However, keeping in mind the torus double covering is useful to discuss the
instanton sector of the corresponding gauge theory. In particular this makes transparent

the arising of a # = m topological term in the four dimensional gauge theory action in
this case.
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3.1 RP? with two punctures vs. Ny =4 on RP4

The Liouville two point correlator on RP? can be conveniently expressed in terms of the

O]

The right hand side of the figure corresponds to the expression (up to the conformal block

OPE as in the following diagram:

which is not relevant for the present discussion):

c <§ +ima, % + im27% B m) X (Vo/2+ia)rp? » (3.3)

where C' is the DOZZ three-point function and the second factor is the crosscap wavefunc-
tion U (a) as in [26].
Let us unpack the product in eq. (3.3) as

C <§ +imy, % + img,% — ia> Ue(a)

- H Iy (iiaj:iml + imgy + Cj)
++4

[(1 + 2iab)T(1 + 2iab™ ') cosh(mab) cosh(ﬂab_l))

a

x <T(2m)

(3.4)

=p—1 | [ T2 (Fia +imy +imy +1) (T(m) o

(14 2ia)? cosh(mz)2>
e '

The last expression makes precise contact with the one-loop partition function of Ny = 4
on RP* as computed in section 2, formula 2.49. In particular, the first factor on the
right corresponds to the hypermultiplet contribution and the second factor to one loop
contribution of the vector multiplet in the trivial holonomy sector (namely, the projection
on even modes).

3.2 Disk with two bulk punctures vs. Ny =4 on HS4

As before, the Liouville amplitude is decomposed as:
@

C (g +1ma, % + ima, % a m) X (VQ/2+ia) disk- (3.5)

giving
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Before we can evaluate the second factor on the right above, we have to choose the boundary
condition for the Liouville field on the disk, namely either FZZT or ZZ.

In the FZZT case, the disk one point function turns out to be

[ (1 + 2iba)T(1 + 2iab~!) cos(27msa)

(Vo/atia)FzzT,s = Vs(a) ~ “5ira (3.6)
By writing the above product as
1
[liosTs (iz’a £ imy % ima + %) o

" (T(2ia)r(1 + 2iba)T'(1 + ?iab‘l) cos(27r3a)>
—2ima

one can easily find the dictionary with gauge theory. Indeed, for s = 0, the above expression

coincides with the one-loop partition function of Ny =4 on H 5S4 with Dirichlet boundary

conditions, which can be obtained from 2.53 and 2.59. The case s = pb+rb~! is related to

the expectation value of a corresponding Wilson loop winding (p,r) times the two circles

at the S? equator.

Now we turn to the ZZ boundary condition. Rather than a continuous parameter as
in the previous case, the bulk one-point function now depends on two positive integers.
When both of them are equal to one we have:

2ima

; ~ U ~ . .
<VQ/2+m>ZZ,(1,1) 1,1(61) T(1— 2iba)F(1 _ 2iab—1) (3.8)
The full Liouville theory amplitude reads
C (Cj + imy, % + imeo, % - ia) X Uy 1(a). (3.9)

and is explicitly given by

C <Q22 + imy, % + ’L"fTLQ,% — ia) X \1’171((1)

' . ' Q ) 2ima
~ Iy ( tia + + - ) (Y2
H 9 < ta £ imy £ img + S ( za)F(l — 2iba)T'(1 — 2iab—1)

+++
(3.10)

This expression corresponds to the one-loop partition function of of Ny =4 on H 5S4 with
Neumann boundary conditions, see 2.55 and 2.67. Similarly to the FZZT case, for higher
values of the integer parameters in the Liouville amplitude, one finds the corresponding
Wilson loop expectation values.
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3.3 Klein bottle vs. quotiented circular quiver on RP*

Let us now turn to the amplitudes obtained from quotients of the torus. We decompose
along an intermediate channel according to the following pictures:

T Pl
| | - .
\\ 4’,} \ /f ‘\ _/,‘}// \\\L\/’}
A . A 48
A W) \ ( )
U -/ (0 RV
0 o )
Moo — 00—
¢ 0 (GG
The Liouville amplitude for for Klein bottle Ky is given by [25]:
00 qP2
Zx :/ dPU(P)Uo(—P)L (3.11)
. n(T)
where
. Pb- ['(1+2iPb)'(1+ 2iPb~!
Do (P) = poirr A LU F 2POTA 4 20PY7) by cosh(xPbY) (3.12)

2mi P

and ¢ = e~ ?™". We have defined g = 7py(b?) and we will use this throughout. Simplifying
this expression we get

2

/ cosh Pb) cosh(nPb~1) ¢” (3.13)
Ziy = 22 sinh(7 Pb) sinh(7Pb=1) n(q) '
where the identity T
7r
T(1+2)T(1 — 2) = 14
(1+2)l(1-2) sin(7z) (3:14)

has been used. As discussed at the beginning of this section, the corresponding gauge
theory turns is a circular quiver with two SU(2) gauge nodes and two bifundamental hy-
permultiplets. The Zs action which defines RP* acts on the gauge group SU(2) x SU(2)
as an automorphism. Under this automorphism both the two SU(2) nodes and bifunda-
mentals are swapped and result in an A/ = 2* SU(2) gauge theory. The resulting modes
combine to give the correct expression for the Klein bottle partition function, as we will
now explain. The Dynkin diagram associated to SU(2) x SU(2) is of type Dg ~ Ay x Aj.
It is represented by two disconnected nodes, with each node corresponding to a simple
root and moreover these two simple roots are orthogonal. The automorphism symmetry
corresponds to switching the two nodes and is implemented by conjugating with a O(4)
matrix with determinant equal to —1. Since the nodes of our root system are disconnected,
it can be consistently quotiented by this automorphism symmetry to yield the invariant
part of it and we get

D2 — Bl,

SU(2) x SU(2) — SO(3) (3.15)
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bi-fundamental
SU(2)> <SU(2)

bi-fundamental

lZg projection

adjoint-hyper

Figure 1. Z, projection of the SU(2) x SU(2) gauge theory.

Consequently, the one-loop part of the Zg projected theory (see the above picture), by
using the results of section 2, is given by

Y (—2ia)T'(1 — 2ia)? cosh(ma)? " Y (2ia)T(1 + 2ia)? cosh(ra)?
aH (1 + 2ia) aH (1 — 2ia)
472a? cosh(ra)*
T2 sinh(27a)?
72 cosh(7a)?

= htral (3.16)

Zl—loop -

where we used the identities H(1 — 2ia) = Y(—2ia). We remark that the above is the
one-loop contribution of N/ = 2* theory with p = 1, which corresponds to the insertion of
the identity operator in Liouville theory [23], thus perfectly matching our expectations.

Annulus vs. Za-quotient of SU(2) x SU(2) circular quiver on HS%. Let us start
by considering an annulus with full FZZT boundary conditions parameterized by s; and sa:

Zgrsy = /OO dP\I/sl(P)\IJSZ(—P)% (3.17)

—0o0

2miT

where ¢ = ¢ and

1+ 2iPb)T'(1 + 2iPb™ 1)
—2miP

-1 T
U (P) =2 VAP ( cos(27sP). (3.18)

On simplifying:

P2

cos((27T81P) cos(2msaP) g (3.19)

1 [e.e]
Zsyisg = —= dP— : .
2 /oo sinh (207 P) sinh (20— 17 P) n(7)

As we learnt in the disk case, the relevant boundary conditions on the gauge theory side
are the Dirichlet ones.
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Let us discuss first the case s1 = sy = 0. The Zo quotient of the circular quiver
gauge theory corresponding to FZZT boundary conditions on the two sides of the annulus
amounts to impose SUSY Dirichlet boundary conditions on the two SU(2) gauge nodes and
on the two bifundamental hypermultiplets. Moreover, the two Coulomb branch parameters
a1, as have to be identified under the Zs action. The Dirichlet boundary conditions on the
circular quiver gauge theory is imposed in the following way:

a) for one SU(2) node the Dirichlet BCs are imposed on the positive roots, whereas for
the other SU(2) the boundary conditions are imposed on the negative roots.

b) for SU(2) gauge group at the two nodes, each of the two bifundamentals transforms
in the (2, 2) representation, so that imposing Dirichlet BCs on the bifundamental will
result in a ‘half’ bifundamental.

c¢) identifying the two Coulomb branch parameters a; = az = a under the Zg action will
imply that the two half nodes and two half bifundamentals combine to give N = 2*
SU(2) theory with p = 1.

The resulting one-loop partition function is therefore

1-loop _ H(ZCL . O[) 1 _ 1
g H (H(ia - )H (ia - a))% (sinh7(a-a))  (sinh(27a))?’ (3.20)

aEA

which, when combined with the classical ¢ ? term and the % instanton term provides
the integrand of (3.19). The general result for s; = m;b + n;b~!,i = 1,2 is obtained by
inserting Wilson loops in the supersymmetric path integral.

In the case of full ZZ boundary conditions the annulus Liouville amplitude is

oe] P2
q
Z(mlnl),(mgng) = /_OO dP‘lj(mlnl)(P)‘lJ(mgng)(_P)n(T)
oe] P2
=22 / dP | sinh(27bP) sinh(%b*lp)%
— 00 n\r

" (sinh(27rm1 Pb~1) sinh(2mma Pb~1) sinh(27n1 Pb) sinh(27no Pb) >
sinh?(27 Pb—1) sinh? (27 Pb)

(3.21)
where ( 1) ( )
sinh(27mPb~") sinh(27wnPb
Vi (P) =¥ a1)(P) sinh (27 Pb—1) sinh(27 Pb) (3:22)
and
—iPb— 2mi P
W11)(P) = 24 (rpy (7)) 7P (3.23)

I'(1—2iPbo)T(1 —2iPb~ 1)’
This correlator for mq = mo = nqy = ny = 1 corresponds to a Zs quotient of the circular
quiver with Neumann BCs imposed in the following way:

a) for one SU(2) node the Neumann BCs are imposed on the positive roots, whereas for
the other SU(2) the boundary conditions are imposed on the negative roots.
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b) for each of the SU(2) nodes, the two bifundamentals transform in the (2,2) represen-
tation. Therefore, imposing Neumann BCs results in a ‘half’ bifundamental.

c¢) identifying the two Coulomb branch parameters a; = as = a under the Zy action
implies that the two ‘half’ nodes and two ‘half’ bifundamentals combine to give
N = 2* SU(2) theory with pu = 1.

This results in the following expression for the one-loop partition function

Zl*loop — H(’La . Oé) (sinh 7r(a . Oé))
c};IA(H(ia‘a—l)H(ia-a+1))§ (a-a)
1 sinh7(a - o
T ™

(a-a)

aEA
_ (sinh(27a))? '

A (3.24)

This accounts correctly for the Vandermonde factor in the integration measure associated
to the two SU(2) nodes with Neumann BCs, which gives a factor of a*. The formula
for general values of the integer parameters should correspond to the vev of Wilson loops
analogously to what discussed in previous cases.

A remark is in order about S-duality properties of the amplitude (3.21). Indeed by
expressing this in terms of the modular-transformed parameter 7/ = —1/7 one obtains a
finite sum of characters of degenerate representations of the Virasoro algebra:

min(m,m’)—1 min(n,n’)—1

Zmny 'y = D S Xmem-stetmw—2-1(7) (3.25)
k=0 1=0
where
qub*1+nb2/4 _ qubflfnb2/4
Xm,n\T) = 3.26
v n(q) (3.26)

The above formulae claim for a simple gauge theory interpretation of this dual phase which
it would be interesting to explore further.
In the mixed case FZZT/ZZ we finally have the following Liouville amplitude

[e'e) qP2
Zs,(m,n) _/ dP\IjS(P)\II(m,n)(_P)i

—o0 n(7)
_ e sinh(2rmPb~1) sinh(27rnPb)\ ¢’
= ﬁ/oo dpP COS(27TSP) < Sinh(?ﬂ'Pb—l) Sinh(QTFPb) > T)(T) (3.27)

Similarly to the previous two cases, the gauge theory counterpart of this amplitude is
obtained by taking the Zs quotient of circular quiver in the following way:

a) for one SU(2) node the Neumann BCs are imposed on the positive roots, whereas for
the other SU(2) the Dirichlet boundary conditions are imposed on the negative roots.
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b) on each bifundamental we have to impose Dirichlet BCs at one node and Neumann at
the other. Since the representation (2,2) is symmetric with respect to the exchange
of the two nodes, it does not matter at which node we impose Dirichlet and on which
node Neumann BCs. This set of BCs again gives two ‘half’ bifundamentals.

c¢) identifying the two Coulomb branch parameters a; = as = a under the Zy action
implies that the two ‘half’ nodes and two ‘half’ bifundamentals combine to give
N = 2* SU(2) theory with pu = 1.

This results in the following expression one the one-loop partition function

Zl—loop _ H H(Z(I : Oé)
acA (H(ia - o+ p)H(ia - o — p))2
:H H(ia - «) for n=1

wen (H(ia-a+1)H(ia - a — 1))

- 11 1
aEA - o
_ 1 (3.28)
- 4a? '
where we have used the identity H(z + 1)H (z — 1) = H(x)?z? in the last line. Notice that
the factor a% cancels with the Vandermonde determinant.

3.4 The Moebius strip cases vs circular quiver on HS*/Z,

In this subsection we consider the Moebius strip by realising it as a Zs-quotient of the
annulus, or, equivalently, as a Zs X Zy quotient of the circular quiver on S*. More pre-
cisely, we consider a circular quiver consisting of gauge group SU(2) x SU(2) with edges
representing bifundamental hypermultiplets on S*, and apply the following sequence of
Zo quotients. The first Zo-quotient leads to HS* and corresponds to imposing supersym-
metric boundary conditions, either Dirichlet or Neumann, on the matter content of the
gauge theory. This Zs action will generate two half-vector multiplets coupled through two
‘half’-bifundamentals. On top of the previous Zs action, we apply orientation reversing or
antipodal identification

p—om—p, 00, Yv—=Y+2n, ¢ — .

Note the important fact that the Killing spinor

COS(B)
T
0 COS B
g = isin(ﬂ) vz (329)
2 0
f 77,sin(§)
V2

which is used to perform localization does not depend on ,6,¢ and the action on p
is the same as in the previous Zs action. Therefore the second Zs quotient does not
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break supersymmetry and we can consistently apply it. As usual by now, the different
FZZT/ZZ boundary conditions correspond to Dirichlet/Neumann boundary conditions on
the RP? boundary.

For FZZT the Liouville amplitude is

M o0 qP2
zM = / APV (P)Vy(—P)—t——
_ /°° cos 2wsP q’
B 4sinh wbP sinh b~ 1P g(ir, + 1)

Acting with first Zo on the circular quiver theory implies imposing Dirichlet boundary
conditions on the two SU(2) nodes and the adjoint hyper. As already stated before, the
first Zo action reduces round S* to a Hemi-S*. The antipodal identification acts only on
the boundary of the Hemi-S4, and, as an important consequence, it acts only on the field
modes at the boundary p = . Since hypermultiplets have no boundary contribution, the
antipodal identification does not act on them. The final expression we get is therefore

Zlfloop _ HaGA anl (n + ia'a)n % 1
el (ITaea Hn21(” +1+ida.a)"(—n+ 1+ ia.a)")% [Toca Hn21(2n +ia.a)
_ HaeA G(l—i—ia.a) P(1+M)
(ITaen G2+ ia.a)G(—ia.a)) 2

" (s gffi G(i;auoi)a ¥ (Fi i) ;F<l =

() () o

Combining it with the other half we will get

N (ECTRNIOES) (R

1
 sinh(ma)?

For Z7Z boundary condition the Liouville amplitude reads

0o p?
q
= dPVYc(P)Vpyp(—P)————
/—oo 77(27_6 + %)

p-1 sinh 2rnPbsinh 2rmPb~t ¢

sinh 2 Pbsinh 2rPb=1 g (iTc + l)

=-9 / dP cosh wPbcosh 7P
oo 2

1 /°° sinh 27rnPb sinh 2rm Pb~1 qP2
—0o0

2 sinh wPbsinh 7Pb~1 1) (ir, + 1)’
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Considerations similar to the FZZT case takes us to the following expression for Neumann
boundary conditions

7\ -leor _ Hoea llnzi(n +ia.a)” -x JT [Ten -1 +ia.a)
(Iaea [Lis1(n + 1 +ia.a)*(—n + 1 +ia.c)")2  CAnS:
_ [Toca G +ia.c) 1
a (ITaea G2 +ia.a) G(—ia. oz))% NG
- [loea G(1 +ia.c) I'(—ia.« 2 1
a (ITaea G +ia.a)G(1 — da.cx) ;(F(l—i—zaa > I(5+%2)

B I'(—ia.) 2 1
B l;I <r(1 + z’a.a)) r(L+ faa) (3.32)

2

Combining it with the other half we will get

7= ra[ <F€§_J:C;aai)) % (5 +1 ) ra[ (F(E(iaéz-)aﬁ % (3 +1m'“>

cosh(ma)?
_ cohC (3.33)

which matches with Zf\/fl. FZZT and ZZ amplitudes with more general values of the bound-
ary parameters can be obtained as usual via Wilson loop insertions.

Let us now briefly discuss the instanton contribution for the comparison with the
Moebius strip amplitudes. In this case the gauge theory coupling constant is 7 = % +% =
1Te+ %, where the % corresponds to turn on a half-integer Chern-Simons term on the three-
sphere fixed under the involution. The simplest way to understand this relation is by noting
that the Moebius strip can also be realized as a Zy quotient of a torus, as we remarked at
the beginning of this section. More precisely, the Moebius strip can be obtained by acting
on a torus with the above complex modulus by the following involutions

z = 1—2Z+119,
2= -z, z—2-Z (3.34)

The second set of involutions has a fixed point set which defines the boundary of the
Moebius strip. On the gauge theory side, this has the interesting interpretation of turning
on a f-term with # = «. This can also be interpreted as a contribution from a Chern
Simons term on the RP? boundary.

4 Coupled 3d/4d Gauge theories and boundary Liouville insertions

In this section we consider Liouville theory on Riemann surfaces with punctures on the
boundary. The two building blocks for all the possible amplitudes are given by

e the disk with a boundary and bulk puncture.

e the disk with 3 boundary punctures.
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Both of these cases can be obtained taking a Zs quotient of the 2-sphere with 3 punctures.
In the first case one starts from the 2-sphere with one puncture on the equator:

N

In the second case from the 2-sphere with all three punctures on the equator:

NG/

The 2-sphere with 3 punctures is AGT dual of the 4d N' = 2 theory of the SU(2)? tri-
fundamental, that is 4 free massless hypermultiplets.

The amplitude for these two building blocks are well known. In this section we in-
terpret them as 3d boundary conditions for the theory of 4 free massless hypermultiplets,
following [27] (see also [28-30]). It turns out that the original SU(2) bulk symmetries
are broken to U(1) if the puncture is on the equator fixed by the Zso, while if the punc-
ture is in the bulk of the Riemann surface the global symmetry is still SU(2). There are
also purely 3d symmetries, whose fugacities are the cosmological constants ¢ living on the
boundary segments. Such purely 3d symmetries seems to always be SU(2), sometimes it’s
an apparently U(1), non-trivially enhanced to SU(2),.

We then write the amplitudes for the boundary four point function and the “two
boundary — one bulk” three point function. These can be thought of as the Zs quotient
of the sphere with 4 punctures, that is /' = 2 SU(2) SQCD with Ny = 4, so they represent
boundary conditions for interacting 4d theories. These amplitude are written in terms of

the two basic amplitudes, but they also contain instanton factors.
4.1 “One bulk — one boundary” two point function: 3d N' = 4 U(1) with 2
flavours coupled to 3 4d hypers

The Liouville amplitude for the disk with one bulk puncture (with fugacity «) and one
boundary puncture (with fugacity ()

(Ws()Va(0)ps " = Z[Brsue)(B,a;0) (4.1)

can be taken from eq 5.39 of [25] and gives us the hemisphere partition function Z for the
3d — 4d system:

z [BTSU(Q)] =

Dy(Q/2+23 = ALy(Q/2= B o (Q _ 5)

Ty (Q)T(—28)T5(20)T5(Q — 2a) ~\ 2
x/%zi2”0m5b<gixid+§>dx (4.2)
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Figure 2. Quiver depiction of the 3d — 4d system for the case of the “one bulk — one boundary”
Liouville two point function. X*¢ is a 4d half-hyper, not a full hyper, so we depict it with an arrow.

where F(x +y) = F(x + y)F(z — y) and we redefined & = —Q/2+ o, f = —Q/2 + 5. We
applied the definition of Sy(x)
[y (2)
I'h(Q — )
One can interpret 4.2 as the partition function of a coupled 3d — 4d system living on a half-
S4. T is the contribution of a half-hyper in the 4d bulk. Sb(%r +4y) is the contribution of
3d chiral multiplet living on the S? at the boundary, with R-charge r and global-symmetry

= Sp() (4.3)

fugacity y.

Looking at 4.2, it is easy to see that on the boundary there is U(1) gauge theory with
4 charged fields. x is the fugacity for a 3d U(1) gauge symmetry, with FI parameter o,
which is the fugacity of the topological symmetry.

The four 4d T, fields are in the numerator of the prefactor in 4.2:

o T,(Q/2+2a — B)T4(Q/2 — B) is a 4d half-hyper, SU(2)s-triplet, X ¢

e T,(Q/2 — f3) is a 4d half-hyper, SU(2)s-singlet, Y4¢

o Sy(Q/4+x+ &+ [/2) are two 3d chiral multiplets p; of gauge charge +1
e S(Q/A—xFa+ 5/2) are two 3d chiral multiplets p; of gauge charge —1
o S,(Q/2 — ) is a 3d gauge singlet %3¢

We only see 4 of the 8 half-hypers because this is a hemisphere partition function
instead of a sphere partition function.%

In order to describe completely the boundary condition, we need to write the super-
potential. We consider the most general gauge invariant terms which are also uncharged
under the &, § and o fugacities, and also impose SU(2), non-Abelian global symmetry.
This is given by

Waa_sa = X3 (0151 + pap2) + A (Xﬂplﬁz + X3 p1pr — papa) + Xﬂpzﬁ) (4.4)

The 3d part of this boundary condition is precisely the matter content and superpotential
of the 3d N' = 4 gauge theory T'SU(2), that is U(1) with 2 flavours.

The 4d fields are the field content of SU(2) N = 4 SYM on a half-S*, that is Liouville theory on a torus
with one puncture, modded out by Zs. On the full S* we would see 8 half hypers, and the integral over
the Cartan of SU(2)s and the symmetry with fugacity 8 would be SU(2) instead of U(1). We expect the
3d gauge theory to be related to the S-duality wall gauge theory of 4d N' =4 SYM, that is TSU(N), with
N =2.
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The SU(2)s doublets p;, p; have scaling dimension 1/2, the singlet %3¢ has scaling
dimension 1. The superpotential 4.4 is scale invariant because the 4d fields and the 3d
mesons have scaling dimension 1. Notice that in this case we don’t need the 3d — 4d
superpotential to fix the correct scaling dimensions of the 3d fields, these are fixed just by
the 3d superpotential. The coupling in front of the term X(p;p1 + pep2) is not marginal, it
is needed to fix the scaling dimension of 3. The coupling A is instead exactly marginal.

Another term preserving all the global symmetries is Y4¢(py 1 +pap), but the F-terms
of ¥ coming from 4.4 are setting to zero the gauge invariant (p1p1 + pep2) in the 3d chiral
ring, so we don’t expect the term Y4%(pyp; + pap2) to be present. Therefore, the 3d — 4d
system considered here is a boundary condition for the 3 4d hypers X}ld.

The topological symmetry, with fugacity o, is just a 3d symmetry, in the sense that no
4d fields are charged under it, and it’s enhanced to SU(2),, since U(1) with 2 flavours, with
N = 4 3d susy, is a balanced quiver, so the basic monopoles 9* have scaling dimension 1
and sit in the same supermultiplet of the off diagonal currents of SU(2),. The coupling to
the 4d fields respect the SU(2), x SU(2), global symmetry.

The 3d theory itself displays N/ = 4 supersymmetry and is the so called TSU(2) theory,
which is the S-duality for 4d N' = 4 SYM with gauge group SU(2), but here we are coupling
the 3d theory to a N/ = 2 4d (free) theory, so we expect that the full 3d — 4d system has
only 4 supercharges. In particular the SU(2) x SU(2) 3d R-symmetry of the T'SU(2) theory
is broken to U(1)r x U(1)g.

4.2 Boundary three-point function: U(1) with 4 flavours and Wyon coupled
to 4 free hypers

The three point function gives us the partition function for a 3d — 4d coupled system

<\II/31 (O)‘II/BQ (1)\11,33 (Oo)>g?ozg‘0'2,a3 = Z[BU(l),NfZZL] (617 527 63; 01,02, 03) (45)

(see the second figure at the beginning of this section) can be found from Cgsgjgll in

eq. (5.45) of [25]
Th(Q/2 — P+ 2 £ 53)513(62/2 + <~T~1 — 03 _~B3)Sb(Q/2 + 59+ 63 — (o)
Ly(—281)T(—262)T%(—263)(Q)
—+100 _ _
X/ Sb<i2+$5'3:|:52>5b<22+$:t5'151> (46)

—100

Z[BU(l),Nf:4] =

xS <ff—:l)+0~'3+31:|: B;g) Sy (§—$i52) dr

We shifted the integration variable z by Q/4 — o9 and defined B; = —Q/2 + Bi, 7; =
—Q/2 + o;.

The 4d hypers X% T,(Q/2— By & B2 & f3) are half of the tri-fundamental of SU(2) 5, x
SU(2)/5’2 X SU(Q)B:;' Only the four half-hypers with negative 3; charge appear. The 4d
fields appearing in the denominator T'y(—2081)T5(—232)T(—283) become 4d N = 2 vector
multiplets upon gluing the boundary three-point function with a bulk-boundary propagator
or with another copy of the boundary three-point function, they will not play a role in
this subsection.
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The 3d gauge theory is U(1) with 4 flavours of charge +1 and 4 flavours of charge
—1. Tt enjoys N = 2 supersymmetry. The 8 charged 3d fields can be organized in 4
charged doublets:

o Sy(Q/A+x—53+p3)isa SU(2),-doublet Q12
e Sy(Q/4+x+5, — () is a SU(2)s,-doublet Q34 = Qq
o Sy(Q/4—x+ 53+ 1 % fs) is a SU(2) 5, -doublet Q1
o Sy(Q/4 — x + &9) is a SU(2)5,-doublet Q34 = Qg
and 8 gauge singlets
o Sy(Q/2+ 61 — b3 — f33) is a SU(2)5,-doublet X3¢
o Sy(Q/2+ Ga + G3 — f) is a SU(2)5,-doublet X3¢
o [,(Q/2 — B =+ B2+ B3) is a SU(2), x SU(2)5,-bifundamental Z4

Notice that the 4d fields Z4? are not charged under the &; fugacities. We use the notation
SU(2), even if the Bi-fugacities are associated to U(1) symmetries.

As opposed to (4.2), in the integral (4.6) there is no FI term, moreover the fugacities of
the 8 charged fields sums up to zero. Together, these facts imply that both U(1) topological
and the U(1) axial symmetries of the U(1) with Ny = 4 gauge theory are broken. The
way to achieve this breaking is to include in the 3d superpotential two terms containing
monopole operators Wpon = 9T + MM~ (see [31] for a study of U(N,.) gauge theories
with such a superpotential). IM* is the basic supersymmetric monopole operator with
topological charge +1.

The 16 gauge invariant quadratic mesons QZ-QJ- of the U(1) with Ny = 4 gauge theory
have the following global symmetry fugacities

Q1 Q2 Qs Q4
Q1| Pr+Pa+Bs Bi—PatPs G1+63+03 —51+63+ P
Qx| Bi+Po—Ps Pr—Po—Ps G1+63—P3 —61+63—P3 (4.7)

Q3| Ga—0G3+ P2 Go—G3—[F2 G1+G2—f1 —G1+G2—

Qs | —02—03+ B2 —02—03—P2 01—02—p1 —01—02—[h

Comparing these charges with the charges of the 8 gauge singlets, we find that the 3d
superpotential compatible with the Cartan generators of all the global symmetries is given
by the monopoles and 8 flipping terms coupling the 8 gauge-singlets to 8 of the 16 mesons:

W=+ M + X3Q,Q% + XQ*Q, + Z Z}%QIQJ (4.8)
1,J=1,2
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The non-Abelian SU(2)5, x SU(2)s, symmetry is respected by these interactions:

SU(2)% z" > sU(2)1
B2 o B3

A

ng ng
SU(2)% SU(2)3

The above superpotential is enough to fix all the R-charges, as we now explain. There
is a Zy charge-conjugation symmetry Q; « Q;, X>¢ < X3 so R[Q;] = R[Q;]. The
SU(2)s, xSU(2)5, symmetry imposes R[Q3] = R[Q4]. The R-charge of the basic monopoles
in a 3d N =2 U(1) gauge theory with 4 flavours is given in terms of the R-charge of the
elementary fields by the usual formula

4

RE] = (1 - R[Qi]) (4.9)

i=1

Let us consider for a moment the 3d theory U(1) with Ny = 4 with Wyyon and the 4 flipping
singlets X, X in isolation, without coupling to 4d fields Z%?. Performing Z-extremization,
for the isolated 3d theory we find

R[Q1] =~ 0.7532, R[Q2] ~0.3215, R[Q34] ~0.4624 R[X>? X379 ~0.7839 (4.10)

This implies that the model we are discussing is different from the models called 74 4)
in [27], which is U(1) with Np = 4 and W = 9" + 9, where the R-charges of the Q’s
are all %

Now instead we couple the 3d theory to 4 free 4d fields Z*?, which must have R-
charge 1.7 This, because of the last term in 4.8, implies that R[Q1] = R[Q2] = % Com-
bining with eq. (4.9), we conclude that in the 3d — 4d coupled system

R[Q1,Q2,Q3, Q4] = %, R[X% X3 =1 (4.12)

"It is also interesting to see what happens if we think of the 4 fields Z*¢ as 3d gauge invariant singlets
732 In this case we have to perform a Z-extremization on two variables. The result is

R[Q1] ~0.771, R[Q:2] ~0.511, R[Qs.4]~0.359. (4.11)

Notice that R[Z}%] =2 — 2R[Q1] < 1, so the unitarity bound for Z{4 would be violated.
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The chiral ring operators of the boundary condition have thus integral R-charges. At
the lowest level, R = A = 1, there are 16 operators: the 8 mesons not appearing the
superpotential and the 8 gauge singlet fields X, X, Z. The fugacities of these 16 operators
are given by

~B1 — B2 — B3| —P1+ Po— B3| —G1 — 63— B3 61— 63— P
~P1 — Bo+ B3| —P1+ Po+ B3| 61+63— Pz —61+ 63— s

—Go 463 —Po| Go—G3— P2 | G14+62— 1 —F1+ 62—

Zu Zip X3
Zo1 Zan QuQ2
X3 Q2Q4 QaQs

Got+ 63— Po |—G2— 63— 2| 61— 62— P —G1— 62— Py
(4.13)

Looking at these quantum numbers, we see that the operators X3¢ and the operators
Qa Q> can be organized in a SU(2)s, doublet. Similarly the operators X 34 and the operators
Q2Q¢ form another SU(2)s, doublet. It is natural to expect that the U(1)s, symmetry is
actually enhanced to SU(2)s,. This enhancement should happen on a special point in the
conformal manifold of the 3d — 4d system. In order to prove this it should be useful to
study non trivial dualities for the theory under consideration, as in [27]. The symmetry
enhancement should also follow from the cyclic Zs symmetry of the 3-points boundary
function: all three symmetries associated to o; are on equal footing and enhance to SU(2).
This cyclic symmetry is indeed non-trivial to prove, see [32].

It was shown in [27] (see also [33]) that the theory Ts4, U(1l) with Np = 4 and
W =M + M~ (with SU(4) x SU(4) global symmetry) is part of a web of dual theories.
20 = 1+ 18 + 1 dual phases are of the form U(1) with Np = 4, W = 9" + M, with 0
or 8 or 16 gauge singlets fields flipping the mesons. There are also dual phases of the form
SU(2) with 6 doublets, again with some gauge singlets flipping fields (6 or 10). This set
of mutually dual 3d theories was coupled in [27] to 16 free 4d hypers to produce SO(12)-
invariant boundary conditions. We can act with all these dualities also on our 3d theory
U(1) with Np =4, W = 9T + 9~ and 4 gauge singlet flipping fields, producing many
dual phases with a varying number of 3d flipping fields.

4.3 Gluing the building blocks: gauge theory interpretation

In this subsection we consider two simple examples of gluing procedure for the building
blocks discussed above and their gauge theory interpretation. The gluing factor is given
by the conformal block of CFT on the strip, which amounts to considering just one copy
of Virasoro descendants. The corresponding gauge theory factor is one copy of Nekrasov
instanton partition function with real coupling. As we will show later, also the one-loop
factors of the gauge theory change. Indeed, concerning the vector, one has to take into
account only half of the modes on each side to reproduce the CFT OPE coefficients.
Moreover, the reality of the mass parameters implies a reduction of the flavour symmetry
of the gauge theory from SU(2)s to U(1)s: this is reflected in the global symmetries of the
boundary 3d gauge theories.

We first consider the boundary four-point function. From the gauge theory viewpoint,
this is obtained from N; = 4 SU(2) gauge theory on HS? with real masses and gauge
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coupling, coupled to a 3d sector living on the S% boundary which is discussed below.
The four-point function is obtained by boundary gluing two disks with three boundary
punctures as in the following figure:

The corresponding amplitude reads
(W7 (2a) W7 (w3) UG (w2) D (1))

010402 /103020 (414)
= [ 8 CRATCR G o (BB 0225,

As we will see this Liouville correlation function corresponds to N' = 2 gauge theory on
Hemi-S* with Neumann BCs and with certain matter content. We consider the one-loop
part in this channel

00'10'40'200'30'20'4

B1,84,8~ B3,82,Q—8
Q

Tp(% — 6+ 61+ Ba) < o ~> (Q o ~)
N 3 3 3 - o2 —01— Spl = + 64461 —
Ty(=28)Tp(—281)Ts(—284)TH(Q) bl =927 01 B1 | Se 5 ot B4

x/d:c [Sb<ff+xélié4>sb(cj+xi525)
XSb<%—$+&1+Bi5~1>5’b(%—$:}:5’4>:|
Tp(% + B+ fo £ fs3) (Q . ~> (Q - - ~>
_ s s S % £, — 65— 05 )5 [ % + ~
XFb(25)Fb(—Zﬂz)rb(—%:s)rb(@) ACIE % ) % 2 T2 &
></dil/ [Sb<%+y_53i62>5b<%+yi&4+3>

xsb<%—y+&3—6ﬂ:53>5b<%—yﬂ:62)] (4.15)

where we have used the redefined fugacities —% + B; = B;.
Forb=1
LS S CE) (4.16)
Dy(~26)0(28)  T(1 - 23)0(25)

which is nothing but the vector one loop determinant for the choice of Neumann BCs on
dynamical fields. This is so because ﬁN denotes vev of the scalar of bulk vector multiplet
and there is an overall integration over it. For the bulk hypers it is clear that four half
hypers with masses iBl + ﬁN4 are coupled to the half of vector multiplet with negative sign
of B and another four half hypers with masses iBg + 53 are coupled to the other half of
vector with positive sign of B.
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We now pass to consider the open gluing of a bulk-to-boundary disk amplitude in the

(N G

following example:

The amplitude reads
BB(a,Q — B,0)Cg, 5

_ Ty(£2a + B)TH(Q + )*Y (@) J2mioy i Q
-t [ s eysa-pze S )a
Q

Iy($ — BB+ f) < L ~> (Q ~ - ~>
_ _ _ — 40— — Syl = + —
(2B Ty (—2Ba)To(—2BTy(@) P\ 2 T 7Rl g Fo k=

x/dm [Sb<%+x—61i51>5b<%+xi6—5’>

XSb<% —x+&1+5i52>5b<% —xi&)}

5 Open questions

There are a number of open questions worth investigating.

To start with, we did not discuss the interpretation and consequences of the Zs-quotient
on the BPS spectrum and infrared properties of the supersymmetric gauge theories. The
Seiberg-Witten curve of the quotient gauge theory is expected to be given by a covering of
the open/unoriented geometries on which the Mb5-branes are wrapped. As noted in [34],
there is a non-trivial interplay between the involution and the S-duality properties of the
BPS spectrum.

The localization computation we performed in section 2 in the RP* case are valid for
all gauge groups and thus amenable for a large N analysis. One can easily obtain matrix
models from the one-loop calculations presented in section 2. This raises the question of a
holographic dual description of these gauge theories.

Localization computations were performed on toric manifolds allowing for new com-
putations in Donaldson theory [35, 36]. It would be interesting to investigate whether our
results could be used to extend Donaldson theory to un-orientable manifolds.

As far as the AGT correspondence is concerned, the higher rank gauge theory compu-
tations performed in this paper should have a natural counterpart in open/unoriented Toda
CFT [37-39]. More work is required to deepen our understanding of the correspondence in
presence boundary punctures. Actually, the bulk-to-boundary overlap wavefunction should
be related to the S-duality kernel for the relevant conformal block/gauge theory instanton
sector, while boundary puncture degenerations should be related to the S-duality kernel
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associated to the disk three-point function. Also, a general analysis of the 4d-3d systems
associated to two Riemann surfaces with boundaries and boundary insertions, by attaching
boundary insertion of each one would be welcome but goes beyond the scope of this paper.

It would also be interesting to perform quotients of four-dimensional manifolds other
than S4. A notable example is S? x S?, whose two-dimensional CFT counterpart has been
related to Liouville gravity [19]. This should give access to a gauge theory description of
the open sector of Liouville gravity, see [40] for recent developments on this topic.

One could also consider quotients of other six dimensional M5-brane geometries, such
as S% x M3, and investigate their consequences at the level of 3d-3d correspondence [28, 41].
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A SU(2) x SU(2) harmonics
Our choice of vielbeins is
1 1 ) 1. . .
€L = "5 cos sin pdf — 3 sin @ sin sin p do,
1 1
e = +§ sin ) sin pdf — §Sin9 cos Y sin p do,
1 1
el = —3 sin pdy — §cosc9 sin p do,
el =dp. (A1)

The subscript will be explained shortly. The non-zero components of the spin connection
derived from the above choice of vielbeins are

1 1
Q}f =3 Qf’f = —5 cosp,
1 1
Qég =3 sin ), Qé4 =3 COS P COoS Y,
1 1
0P = -5 cos Y, Q2 = —3 cos psin 1,
1 1 1
Qf = — cos 0, Qf’ =5 sin 0 cos v, Q}f =3 cos psin 1 sin 6,

1 1 1
9353 =3 sin @ sin v, ng =3 cos pcos P sinf, Q‘;’fl =3 cos 6 cos p.
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Another choice of vielbeins is as follows:
1 1
e}z =5 cos ¢ sin pdf — 3 sin @ sin ¢ sin p da,

1 1
e% =5 sin ¢ sin p df + isinﬁ cos ¢ sin p dip,

1

1 (A.2)
e3R =3 sin pd¢ — 50089 sin p dy

ek = dp,

which is essentially obtained by exchanging ¢ and 1 in er. Call the above set the right-
handed vielbeins, and those in Eq A.1 the left-handed vielbeins.

It can be verified that the six one-forms sinpe} and sinpe$, where a € {1,2,3},
satisfy the Killing equation D,,v, + Dyv,, = 0, and therefore correspond to generators of
the isometry group of S*. The SO(4) group is isomorphic to SU(2);, x SU(2) g, where the
subscripts on SU(2) indicate which set of generators it is related to. In order to obtain
the commutation relations of the two SU(2) algebras in the canonical form, we rescale the
generators (written as one-forms) as follows:

7

i
It = isinpelL, rl = §sinpe}%,
12 = —% sinpe?, r? = %Sinpe%, (A.3)
3 i 3 3 i 3
l = g sinper. re = gsinpeg.

We shall denote the Lie derivatives with respect to [* and r® as J} and J§. We also define
Jf = J} +4J?, which are raising and lowering operators for SU(2), and coincide with Lie
derivatives with respect to I+ = {14-i/2. Similar definitions hold for right-handed generators.

Let us first consider scalars. Lie derivative is the usual directional derivative: J} =
19"9,,. Consider a basis in which Jg p are diagonal. Scalar functions belonging to this
basis are given by f(6, p)e'(4¥+r?®)  For such a function to be a highest weight function
with respect to both SU(2)s, it has to be annihilated by JZ r- (We do not have to consider p
dependence since none of the generators act along the p direction. One can freely multiply
an arbitrary function of p, and the resulting function would again be a highest weight
function). It can be easily seen that for a function to be annihilated by both the raising
operators, the highest weights with respect to the two SU(2)s, call them jz and jr, must
be equal. The highest weight function then takes the form

o\
D, = (cos 2> eL(+9) (A.4)
up to a (possibly p-dependent) normalization factor. Acting s times on @;, by Jp, we get:
o 9\ 2L—s 0\ °
(JR)'Pj, = ULy FiliL=s)¢ (cos 2) (sin 2)

which is a highest weight state with respect to SU(2). (therefore is an eigenstate of J3
with eigenvalue jr), but has Jf’% eigenvalue j;, — s. To find the lowest weight state with
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respect to SU(2) g, we act on the above state by J; once more and set the result equal to
zero. Doing so, one finds that (J)*®;, is the lowest weight state when s = 2;j7,. Therefore,
there are 251, states with SU(2); weight equal to jr. Similar result holds if we consider
descendants with respect to the left lowering operator.

Let us now turn to one-forms. The Lie derivative of a one-form w, with respect to ¢
for instance, is given by:

(T W)y = 1™ (Dt — Fntwm) + O (19w ).

We would like to repeat the same exercise and try to find one-forms that are simultane-
ously the highest weight states with respect to SU(2)r and SU(2)r. The calculations are
straightforward, but tedious, and we will therefore be sketchy in our description, emphasiz-
ing only the results that will be important later. Consider a one-form that is an eigenstate
of J%’ R

Wi (1,0, @) = VTR G (4)

Apply the raising operators JZF r to the above one-form, and set the result equal to zero.
One can divide the analysis into two cases:

e &,(f) is not identically zero. In this case, simultaneous vanishing of (J; w), and
(JE w), requires that the highest weights, which we denote j; and jg, are equal.
With this condition, the other components can be easily solved for, and we get the
following highest weight one-form:

g 0\ 2t 0
w0 = el (¥+e) (cos 2) <d1/1 +d¢ + itan 3 df + o« dp>

up to an overall normalization constant, and where « is some constant.

e W,(0) is identically zero. We may no longer conclude that j;, = jg. The ¢ and ¢
components can be easily solved to give

0 JL 0 —JjL ]
Oy = C1 (cos 2) (sin 2> (sin§)’%

0 JR 0 —JRr ]
@y = Oy (cos 2) (sin 2> (sin @)t

The component @y can now be solved for in multiple ways, and the various solutions
agree only when the combinations C1(1 + j; — jr) and Ca(—1+ j; — jr) both vanish.
This can happen if either Cl = 0, CQ 7é O,jL—jR =1lor Cl 7& O, CQ = O,jL—jR =—1.
(If both Cy and C3 vanish, then we have a one-form that is identically zero). We
have, then, the following two possibilities, up to normalization:

L 6 212
wh = elir—Dotisy (cos 2) (sin @ de + i df)

. - 9\ 2L
Wl = tUr+Do+ijed (COS 2> (sin 0 dip + i d)

where, in the first solution j; = jr + 1, whereas in the second solution j; = jr — 1.
We have written jr everywhere in terms of jr.
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Let us now consider scalar combinations of the highest weight one-forms and the left Killing
vectors [ (where a € {1,2,3}). Let us first do this for the one-form with j = jg:

g 9\ 2L . 0 . 0
w0 = [0 = LY +e) <cos 2) (e_w tan 2’ ie”™ tan 2 z) . (A.5)

Further, consider the combinations w%* = wO + §w02:
g , o\ el 0
LT =0, W= 2¢tL (V) iy (cos 2) <sin 2> .

Note that the third component w® is already a scalar highest-weight function with weight
jr. The combination w’t is trivially belongs to a highest-weight representation, whereas

wo_

can be seen to be a level one descendent of a highest weight function with weight jr.:
WO o J 1 @, . Therefore, all of {7, WP, WO~} belong to the highest weight representation
with weight jr.

The same exercise carried out for w’ gives:
o 9\ L1
(wL+, wh3, wL*) = (0, 0, 2" =D(9+9) <cos 2> >,

which implies that all the above components belong to a scalar highest-weight representa-

tion with weight j; — 1. Finally, from w’

(WR+’ wR3a WR_) ~ (@jLJrl’ J[T@]'LJrlv (J[T)2@]'L+1)

we get:

(The ~ sign indicates that each of the terms on the left is proportional to the corresponding
term on the right, but the constant of proportionality, which is irrelevant to our purposes,
may differ for each term.)

Let us summarize: if w is a highest weight one-form with right weight jgr, then the
scalar combinations of w with {I* 13} belong to a scalar highest weight representation
with highest weight jr. This means that we can study one-form highest weight functions
in terms of scalar highest weight functions and their descendents.

B Supersymmetry transformations

The supersymmetry transformation of a vector multiplet is given by [17]:

QA = it omAa — i€4G A A,

Qp = —it* A,

Q¢ = +ic\y,
M = 50" EA(Foun + 86Tnn) + 20" EADin> + 0™ Dy + 2i€[6,6] + Dane”,
Oy = %5m"§_A(an + 8T ) + 26™EADpd + 6™ Dinéad — 2i€ao, @] + DapEP,

ODup = —i€Ad™ DA — i€ DinAa + €40 DA + i€po™ DA a

—2[¢, Earp + EpAa] + 20, Ea)p + EpAal. (B.1)
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The square of the supersymmetry transformation is given by
QQAm =" Fom + D@,
Q%p = " D¢ +i[®, 6] + (w + 20)0,

Q%¢ = iv" Do +i[®, 9] + (w — 20)9,

Q?\g = " Dyda +i[®, Aa] + (211} + @) A+ %akl)\ADkvl + O\, (5:2)
Q234 — i Dy g +i[®, ] + @w _ e) M LD + 04537
Q?Dap = iv"DpDap +i[®, Dag| + 2wDap + © 4c D5 + OpcDC 4,
where
o™ = 2646y
© = —2ipE"1Eq + 2i9€ Ea
w= 1 (£ Déa + Dt o™Er)
O =~ (6% Dpis — D& o"En)
Oap = —ifa0™" Dimép) + iDmé a0 Ep).
In particular, it can be seen that the generator of gauge transformations is
D=0 —w"A,. (B.3)

For the Killing spinors in eq. (2.5), we see that the generators of scaling and U(1)x trans-
formations, w and © respectively, are both zero. The other generators are

. - 1
V" O, = 20y, <I):2i¢sin25+2igbcos2g—2iA¢, Oup = (2 0) ) (B.4)
We now describe the gauge-fixing procedure, more details regarding which may be

found in [20]. In order to perform gauge-fixing, one introduces a BRST-like operator Qp,
and a zoo of fields that satisfy

Qpc = ag +icc, Qe = b, Qpag = ¢, Qpbo = ¢, (B.5)
Qpag = 0, Qpb = [ap, €], @pco = [ag, do], @pco = [ao, bo]- '
To understand the role of each of these fields, consider the gauge-fixing action
QBVGF,g = QpTr E(iamAm> + ¢by + ¢ <a0 — gao):| . (Bﬁ)

(What goes into the action is of course (Q+Qg)Vare, but it can be shown that QVigp ¢ does
not alter the partition function [20]. Further, it will be shown below that £ drops out from
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the final expression, and therefore can be chosen to be zero. But we retain it temporarily
to make the role of some of the gauge-fixing fields more transparent). Expanding the above
expression we get

Tr [b(i0m A™) — (10 D™ ¢) + bby — €co — o)

e (e + o) (50— S )] B.7)

In the first line, the constant fields by, cg, ¢, on integrating over, absorb the zero modes of
b, ¢, c respectively. After this is done, the integration over the remaining modes of b, ¢, ¢
imposes the gauge condition 9,, A™ = 0 (via the term ib0,, A™), and provides the Faddeev-
Popov determinant (via the term i¢d,, D™ c). This successfully fixes the gauge.

The terms in the second line do not give any non-trivial contribution to the partition
function on integration. To see this, rewrite it as

. 2 . 2
Tr[—é(ao—éd(ﬁ—;cc) —I-2I€<do+§cc> ]

Integrating over ag on a real locus and then over ag on an imaginary locus shows that &
drops out and there are no other non-trivial contributions.

To complete this section on gauge fixing, we also need to describe the action of Q on
the gauge-fixing fields:

QC = *(i), QE = O, an = 07 Qbo = 07 (B 8)
Qap =0, Qb=1iw"dne, Qey =0, Qco = 0. .
and that of Qp on the vector multiplet fields:
QpAy = Dpe, Qpscalar = i[c,scalar], Qp fermion = i{c, fermion}. (B.9)

& that appears in Qc was introduced in eq. (B.3). This ensures that the square of 0=
Q + Qp is, besides other bosonic transformations shown in eq. (B.2), a constant gauge
transformation by ag rather than a gauge transformation by d. In particular, for the case
at hand,

Q? = i Lie(v) + Gauge(ag) + SU(2)= (O 45),

where the generators in parentheses are given in eq. (B.4).
Finally, we look at hypermultipets. These are multiplets that have had too much coffee.
B.1 Hypermultiplet Lagrangian for N = 2*

To give mass to a single hypermultiplet, we have to couple it to a background vector
multiplet with abelian gauge group. This abelian gauge group is taken as the subgroup
of the commutant of the embedding of SU(2) in Sp(r). For this coupling to background
vector multiplet to be supersymmetric, the gaugino variation of this extra multiplet is set
to zero and solved for the vacuum solution and finds the following

¢=¢=do, Dip=2pwan (B.10)
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where ¢ is a constant and w4p in the notation of [17] is given by

- 4§A0mn€B (Tmn - Smn) _4€A5mngB (Tmn - Smn)

wAB = = — B.11
£1E £ (B0
Then we get the following Lagrangian for massive matter multiplet
1 - L
Lmat = 5Dmq" D" qa = ¢* {6, é}qa + 54" Dape”
1 A B Lom
+ g(R+ M + {0, ¢o})ean + 2¢0wap | q" — S¥o" Dmp
1 1--- 1 1- - L kl U+ _klm T
Yo+ SYdY — SPdo + S¥eoy + SYo Ty — S¥o T T
—= 1
— M + UAg? — SFAF,. (B.12)

2

where it is understood that vector multiplet fields ® carry Sp(r) indices as ® and im-
portantly for the background vector multiplet the I, J indices belong to the commutant of
gauge group in Sp(r).

C Kernel equations

Before we delve into the details of the calculation, let us first make some useful definitions
and observations. Analogous to the what was done in the section on highest-weight one-
forms, define 4, = 1, A, for a € {1,2,3}. Further, define Ay = A; +iAs. Let us note
the action of Q2 on these new variables (and A, ):

0%A, = 29, (e—“/’A+)
Q24 =2e7py (A
Q% A3 = 20, A3
Q%A, = 20,4,
Q% = 20y P2.

Similarly, we define xy+ = x1 £ ix2. These transform under Q2 (up to a gauge transforma-
tion) as

@2X+ = 2¢"9, (eiinJF)
Q- = 29, <e“¢’X+)
Q?y3 = 20y X3

@20 = 20yc
0%y = 20,6,

Our solution hinges on the following observations: firstly, ) squares to a Lie derivative
over scalars along I3 (with some shifts as in the cases of Ay and x4). Secondly, Do (like
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all D;j) commutes with Q2. These two facts together imply that we can expand the fields
(Ax, Az, A,, ¢2) and (x+, X3, ¢, €) in SU(2)1, x SU(2) g harmonics, and analyse Do over the
Fourier modes. Further, these Fourier modes (with adequate shifts for Ay and xi) will
have the same eigenvalue with respect to o2 Thirdly, as we will show explicitly later, the
equations whose solutions give Ker D1y and Coker D1y can be written only in terms of the
Jrs and without the Jrs. This implies that the J }32 eigenvalue will only serve to count the
multiplicity of the solutions, if a solution exists (we will see this explicitly while computing
Coker Dyg). Concretely, one can expand the fields as follows

A+(¢,9,¢,p) = Z e_i(qL_lwe_iqR(ﬁA-i-,(qL,qR)(07p)v

q9L,9R

A_(,0,0,p) = Z eii(qLJrl)weiiqR(ﬁA—,(!ILJZR)(‘97p)7

qL,9R

¢79 ¢7 Z e ilan)v iqR¢A3,(qL,qR)(07p)7

qL.9R

Ar(1,0,6,p) = Z 6_i(QL)¢e_i‘IR¢Ap’(qL7qR)(9, p),

qL-9R

$2(1,0,0,p) = Y e Ve, (1 0 (0,p),

qL.9R

and

X+(¢707¢7p> = Z ei(qL—i_l)weiqR(bX-i-,(qL,qR)(97p)7

qL,9R

X—(0,0,0,p) = Y ellarmveiandy o 5(0,p),

qL,9R

X3(10,0,6,p) = Y €1Vl ROxg (1 (0,p),

qL,9R

C(¢7 9a ¢7 /0) = Z ei(QL)¢€iqR¢C(QL7QR) (07 p)

qL,9R

E(¢) 95 QS’ ,0) = Z ei(qL)weiQR(z)é(qL,qR) (07 p)a

q9L,9R

where the summation over qr runs from —jgr to jr and the summation over ¢z runs from
—jr — 1 to jr + 1. We recall from appendix A that for scalar harmonics, j;, = jr. We
have also labelled the modes so that all modes with subscripts (qr,¢r) have the same 0?
eigenvalue (not considering the gauge transformation, see below).

For simplicity, we take the gauge group to be abelian. This is analogous to what has
been done in [20] and [17], where the authors first calculate the index for the abelian case,
and then account for contribution due to a non-abelian gauge group to the eigenvalue with
respect to Q2. This contribution to the eigenvalue is ) ag - a, where A represents all
the roots of the Lie algebra of G.

Finally a few words on notation: We will suppress the subscript L in the following while

a€A

referring to Jrs, since we will work almost exclusively with the left-handed generators.
As noted in appendix A, the #-dependence of a scalar harmonic is given by YJr:4L-4%(§)
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(which are related to the Jacobi polynomials), while the p dependence is unrestricted by
the SU(2)r x SU(2)g algebra. Therefore, a Fourier mode such as 3
decomposed as

y(0, p) can be

qL,9R

X3,(q1,,9r) (Ha p) = YjL’qL.QR (G)XB,(qL,qR) (P)

We are therefore using the same symbol for the field, its Fourier mode, and a part of that
mode that depends only on p. We hope no confusion will occur.

C.1 The kernel equations for the vector multiplet

The space Ker D1g consists of the solutions of five differential equations that are obtained
as coefficients of the fermionic fields (xq, ¢, ¢) in eq. (2.12). One of those equations is

0= fm% sin 0 sin p (—40; ¢, — sin’ p@%qbp — 4 cot 6 Dpgpy)
— 3sinpcos pd,0p — 4 csc? 0 ¢ (q% — 2qrqr cosf + qJQ;L.) .
The right-hand side of the above equation is proportional to the Laplacian of ¢,, and
therefore only has a constant solution. We presently focus only on non-constant solutions
that correspond to j; > 0. The (non-zero) constant solutions will be discussed later.
Therefore, we set ¢, = 0 for now.

With this condition, the other differential equations that yield Ker Dyg, in terms of the
Fourier modes, are & = 0,7 =1,...,4, where

1 1
&1 =qrcospA_ — 3 sin p0,A_ +sec pJ ™ A3 + 3 sinpJ~ A,

1 1
&y = qp cospAy + 3 sin pd, A4 + sec pJ T Az — B sinpJ A,
E3=J Ay — JTA_ + (1 +sec? p) tan pd, Az + g, sin pcos pA,
3 1

Ex=J AL +JTA_ —2q A5 — 5 sin p cos pA, — 3 sin? PO A,.
Some notation has been abused above in favour of readability: A, for example, stands for
Ay (qr.qr) (0, p), and similarly others. We will not employ this notation anywhere else. As
advertised earlier, the equations yielding the kernel are written entirely in terms of Jrs.

For clarity, we inform the reader right at the beginning that the result of the following
analysis is that the kernel is empty. We divide the analysis into the following cases:

e |g.| = jr + 1: let us consider the case q;, = jr + 1.

The expressions &1 34 vanish identically on imposing g;, = jr + 1, and the only
non-trivial equation arises £ = O:

2(1 + jiz) cos p AV (p) - sin p 9, AT () ),

solving which gives
AE&L:*]Lv*QR)(p) _ Ag(sin p)*2(1+JL)'
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This solution is clearly singular at the two poles p = 0, , forcing us to set A9 = 0.
Therefore, we do not have a non-trivial solution.

The case q;, = —(jr + 1) is almost identical. In this case, only the equation & = 0 is
non-trivial, but the only solution that is non-singular at the poles is the trivial one.

e |gr| = jr: again, we only provide details for the case q; = jr. The case g, = —j,
is similar. The expression £ identically vanishes. The remaining equations give the
following system of equations:

Ay —2jpcotp —4jpsecpcscp  2jp Ay
Op| A3 | = | —cotp —cot p(1 +sec? p) —jr cos?p As
A, 2csc?p  —4jpesc?p —3cotp A,

where for brevity we have used the shorthand A, = AS{L’lij’qu)(p), Ag =
AgjL’ij’qu)(p) and A, = AgjL’ij’qu)(p). One can proceed by eliminating
ASZL’I_jL’_qR)(p) between the second and third equations, and then integrating for
AgjL’_jL’_qR)(p). One gets

o 1 o ,
AéJL’ L QR)(p) =5 cospsinpAl(jL’_JL’_qR)(p) + C cos p(sin p) 7202+,

Regularity of the solution at the poles forces C' = 0. One can finally use the first

equation (along with the information obtained above) to solve for AE,j LIL ’_QR)(p):

. . y _l - j -
Ag]L’_JL’_qR)(p) = (sin p)~377r <01 COS p — C2Pi 2 (— COS(2P))>
2

where the special function Péa’ﬁ ) (z) in the second term is the Jacobi polynomial
introduced in the appendix A. For the values of the parameters given here, it turns
out to be a polynomial in cos? p of degree 2jr,, or equivalently, a linear combination
of cos(2mp) where m = 0,...,2jr. The only values of Cy and Cy for which the above
function is regular is C1; = Cy = 0. Therefore, ASﬁL’l_JL’_qR)(p) and AgjL’_JL’_qR)(p)
are also zero, and we have no non-trivial solution.
e || < jr. Let us first deal with the case q; = 0. One can solve £3,4 = 0 for
A(iJL’il’_qR) in terms of the other fields and their derivatives, and then use this to
solve the second-order ODE for Agj g ’0’_qR)(p), for instance:
. 1425 1+25
AéJL’O’_qR)(p) = [tan (g)] e [cot (g)} " ese? P,
whose regularity at the poles requires both constants to be zero. Therefore, there is
again no non-trivial solution in this case.

Let us finally deal with the case 0 # |qr| < jr. Rather than directly integrating
the equations and showing that the solutions are not smooth, we will show that the
existence of a smooth solution leads to a contradiction.

Putting it all together, we see that Ker Dy is indeed empty.
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C.2 The cokernel equations for the vector multiplet

To find the equations whose solutions yield the space Coker Dy(, we integrate the relevant
part of the localizing action by parts and substitute the Fourier expansion. The relevant
equations are CE€; =0,¢=1,...,5 where

CEL=2(1 —qr)cospx— +sinpd,x— +2J x3+ 2iJ " ¢p,

CE2 =2(1+qr)cos px+ +sinpdyxy + 2 x3 + 2iJ G,

CE3=—J x4+ + JTx= +sinpd,xs + 2igr cos pcy,

CE4=J x4+ + JTx= + 2qp cos pxs + isin p 0,6y,

CE5 =3x3+2csc?p [J+J_ +JJ+ 2J§] c—3cotpdyc— 820 — 2iqr,Cp.

where we have used similar shorthand as we did while writing the kernel equations in terms
of Jrs: x3, for examples, in a shorthand for x3 (4, ¢4)(0, p), and similarly others. We now
begin the analysis of the above equations, paralleling what we did for the kernel equations.
However, in this case, will find that the cokernel is not empty.

e |qr| = jr + 1: let us first consider the case g, = jr + 1. The equations CE; = 0 are
satisfied identically for i € {2,...,5}. The only non-trivial constraint comes from the
equation C&1 = 0, which gives

(Jr.Jr-4ar) (p) (Jr 7jL:QR)(

sin p 9, = 2jrcospx p)

which yields

p) = x2(sin p)".

ngLujL,QR) (
All the other fermionic fields (x4, x3,¢, ¢,) are identically zero. The multiplicity of
this solution is 257, 4+ 1. The eigenvalue of 02 corresponding to the above solution is
2(jr + 1). Denoting this eigenvalue as n, we see that the multiplicity corresponding
to this eigenvalue is n — 1. For the case q;, = —jr, — 1, the only non-trivial constraint
comes from the equation CE9 = 0, which gives

(JrL,—3L-9r) (

o
XV JL

p) = X (sin p)
This is again the only non-vanishing field. The multiplicity of this solution is 251, + 1.
The eigenvalue of Q? corresponding to the above solution is n = —2(jz, + 1), so that
the multiplicity corresponding to this eigenvalue is |n| — 1.

e |q.| = jr. Let us first consider q;, = jr. The equation C€9 = 0 vanishes identically
(as does the field x). The equations C€1 34 = 0 give the system

X— 2(jr, — 1) cosp —2 —2i X—
sinpd, | x3 | = | —2j¢ 0 —2ijr, cosp X3
Cp 2ij1, 25, cosp 0 Cp
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where Y_, Y3, stand for X(_ijjL*LQR)(p)’ X:(}ijjLJIR)(p% 6](DJ'L,ijqR)(p) respectively.

Besides this, CE5 = 0 gives the following second-order ODE:
sin? p@%c +3cospsinpd,c — 44 (jr + 1)+ 2ij, sin? pCp — 3sin” py3 = 0.

where ¢ stands for ¢U2:72:98)(p), and similarly &, and xs.

(Jr,dr—1,9R) (p)

We can proceed by eliminating x between the second and third equa-

tions of the first-order system. On solving the resulting differential equation we get
L o Y
X' (p) — eI (p) = C [sin pl

To fully solve for Xéj LoJL ’qR)(p) and E,(,j L-JL ’qR)(p), introduce the ansatz

&) (p) = %C [sin o]/ + g(p)

into the first first-order ODE (while also eliminating K Eir 71’qR)(p) using the other

equations). The ODE we get is
: 3 e .
sin? p@ig(p) + 5 cos 2p0,9(p) — jr (2§ + 7+ (24 — 3) cos 2p) = 0.

We will argue that g(p) vanishes identically if it is required to be smooth. In order
to see this, multiply the above equation by sin pg(p) and consider the integral of the
resulting expression over p € (0, 7). Integrating-by-parts the term with 8gg(p) gives

/07r [(—sinp) (sin® p(8,9)% + jr(24r + 7+ (251 — 3) cos 2p)g®)] dp = 0.

where the boundary terms vanish due to the assumed regularity of g(p) at the poles.
Note that g(p) is a real function. The co-efficient of g2 above is easily verified to
be positive for all allowed values of jr. Therefore, the only way the above integral
vanishes is if g(p) = 0 identically. Using this solution we can also immediately see
that X(;jL ’jL_l’qR)(p) vanishes, and the second-order ODE for cULJr:ar)(p) gives us

essentially the inhomogeneous Laplace equation:
. 2 A2 3 . . g 3 . . 251,42
sin” pdyc + §sm2p8pcf4]L(jL+1)c: C §+]L [sin p]

where ¢ = ¢U:7L:97)(p). Since the homogeneous Laplace equation does not have any
non-trivial smooth solution on the sphere, the following solution is unique:

. 1 ;
C(]LaJLﬂR)(p) _ _fc [sin p]2JL
JL
To summarize, the solution is:

ULdLaR) (p) = — —_C[sin p|¥t | &rdran) (p) = Lo lsin o2t |

4jr P 2
o 1 ) )
Xé]Lv]LvQR)(p) _ 50 [Smp]QJL 7
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with all other fields vanishing. The eigenvalue of this solution is 2j7. Referring to
this as n, the multiplicity is n + 1.

The case q;, = —jr, is similar: following the same steps as above, we find that the
non-vanishing fields of the solution set are

C(JL7JL7‘1R)(p) — _rc [sin p]2]L 7 EZ()JLJLy(IR)(p) — _%C [sin p]2jL ’

JL
(JL.iLar) _ 10 127
X3 (p) = 5C [sinp]7*,
The eigenvalue of this solution is n = —2j, and its the multiplicity is |n| + 1.

e |gr| < jr: the analysis of this case is similar to the case |qr| < jr, for kernel equations,
and therefore will not be detailed. The result is that we have no non-trivial solutions
in this case.

We see that the total multiplicity for any integer eigenvalue n € Z is (|n|—1)+(|n|+1) =2|n|.

To the eigenvalues we found above, we need to add the contribution due to the non-
abelian gauge group. After doing so, we see that the ratio of the determinants in eq. (2.11)
is equal to the unregularized product

H H(n +ia - a)*™(n —ia - )™ (C.1)
aceAn>1

The partition function, which is the square-root of the above expression, on regularizing
becomes

H Y(ia - @)Y (—ia - @)
weh, (ta - a)? '
The above expression enters the expression of the total partition function, integrated of the
Lie algebra of the gauge group. When the integral over the entire Lie algebra is reduced to
an integral over the Cartan subalgebra, the integration measure contains a Vandermonde
factor, which precisely cancels the (ia-«)? in the denominator. The total partition function
then is

vec —%Tr(az) 2 . .

= /dae g | Zinst| H Y(ia - @)Y (—ia - «) (C.2)

aEA L
C.3 Including matter

We now introduce matter in the form of four hypermultiplets in the fundamental represen-
tation. In this case we will find that the cokernel is empty while the kernel is not.

Including the contributions due to the hypermultiplets, and specializing the formulae
for SU(2) gauge group, the complete expression for the one-loop contribution is

T (—2ia) T (2ia)
[ Y(Q/2+ia £ imy £img) [[,, T(Q/2 —ia % im3 + imy)

(C.3)
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