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Abstract
In [4] Batyrev and Cox proved the "Lefschetz hyper-surface theorem" for toric
varieties, which claims that for a quasi-smooth hyper-surface X = {f = 0} in
a complete simplicial toric variety P2k+1

Σ the morphism i∗ ∶ Hp(PΣ) → Hp(X)
induced by the inclusion, is injective for p = 2k and an isomorphism for p < 2k.
This allows us to define NLβ, the main geometrical object of this work, the locus
of quasi-smooth hypersurfaces of degree β such that i∗ is not an isomorphism.
Following the tradition we call it in [10] the Noether-Lefschetz locus, while some
authors call it Hodge loci when P2k+1

Σ = P2k+1. This is a interesting geometrical
object since it is the locus where the Hodge Conjecture is unknown [8]. The
cornerstone of this thesis, a Noether-Lefschetz theorem, is a consequence of
"the infinitesimal Noether-Lefschetz theorem" namely, Bruzzo and Grassi in [7]
showed that if the multiplication R(f)β⊗R(f)kβ−β0 → R(f)(k+1)β−β0

is surjective,
where β0 is the class of the anticanonical divisor of P2k+1

Σ , the Noether-Lefschetz
locus is non-empty and each irreducible component has positive codimension.
We prove in Chapter 2 that if kβ − β0 = nη (n ∈ N) where η is the class of
an ample, primitive and 0-regular divisor and β is 0-regular with respect to η,
then every irreducible component N of the Noether-Lefschetz locus respect to β
satisfies n + 1 ≤ codimN ≤ hk−1,k+1(X). The lower bound generalize to higher
dimensions the work of Green in [20], Voisin in [47] and Lanza and Martino in
[28] and the upper bound extend some results of Bruzzo and Grassi in [9]. In
Chapter 3, continuing the study of the Noether-Lefschetz components, we prove
that asymptotically the components whose codimension is bounded from above
are made of hypersurfaces containing a small degree k-dimensional subvariety
V . As a corollary we get an asymptotic characterization of the components of
small codimension, generalizing the work of Otwinowska in [37] for P2k+1

Σ = P2k+1,
Green in [19] and Voisin in [47] for P2k+1

Σ = P3. Finally in chapter 4 we prove
asymptotically the Hodge Conjecture when V as before is smooth complete
intersection. We also present a generalization of [8], proving that on a very general
quasi-smooth intersection subvariety in a projective simplicial toric variety the
Hodge conjecture holds. We end this work with a natural and different extension
of the Noether-Lefschetz loci. Some tools that have been developed in the thesis
are a generalization of Macaulay theorem for Fano, irreducible normal varieties
with rational singularities, satisfying a suitable additional condition, and an
extension of the notion of Gorenstein ideal to toric varieties.
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Introduction

What is nowadays the Noether-Lefschetz theorem was stated in 1882 by Max
Noether, and was proved in 1920 by Salomon Lefschetz using algebraic topological
methods. In Lefschetz’s words:

“It was my lot to plant the harpoon of algebraic topology into the body of the
whale of algebraic geometry".

For a smooth complex projective variety Y , the Picard group PicY is a
classical invariant. While a curve is essentially determined by its Picard group
— or, to be precise, by its Jacobian as an abelian variety — this is far from true
in higher dimensions. Given a variety X ⊂ Y , one can ask whether the restriction
map PicY → PicX is an isomorphism; this is in general false if dimY = 2, true
if dimY ≥ 4 and X is a hypersurface — this is called Grothendieck-Lefschetz
theorem (see [38])— , and is a complicated issue if dimY = 3. The precise
result for Y = P3 is that for an embedded surface of degree d ≥ 4, the restriction
map is an isomorphism for a very general surface, i.e., for all surfaces outside a
countable union of proper closed subschemes of the space of degree d surfaces.
This is the Noether-Lefschetz theorem, a high point in algebraic geometry and
Hodge theory. It allows one to define the Noether-Lefschetz locus as the locus
where the restriction map is not an isomorphism. The main geometrical object of
this thesis is a generalization of the definition of this locus, and its main purpose
is the study of its irreducible components.

The algebraic geometry community somehow lost interest in the Noether-
Lefschetz theorem, until the late 1950s when algebraic geometry received a boost
from Grothendieck’s unifying theory of schemes, and mathematicians were able
to look at old problems in a new perspective. Since 1980 several refinements of
Noether-Lefschetz theorem have been produced, when the subject was injected
with new ideas coming from infinitesimal variations of Hodge structures, as in the
foundational paper [12] of Griffiths and his students Carlson, Green and Harris.

In the late 80s and early 90s, C. Voisin made interesting contributions to the
theory, and since 2000 her student Otwinowska gave an asymptotic generalization
of many results. Moreover, in 2009 Ravindra and Srinivas [39] provided an
analogue of the Noether-Lefschetz theorem for class groups of hypersurfaces
of normal varieties using a pure algebraic approach. In parallel, Bruzzo and
Grassi generalized in [7] the Noether-Lefschetz theorem to toric threefolds using
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the Hodge theory; more specifically, they proved the theorem as a consequence
of an “infinitesimal Noether-Lefschetz theorem for toric varieties". A direct
consequence of that theorem is the cornerstone of this thesis, a Noether-Lefschetz
theorem, allowing one to extend the definition of Noether-Lefschetz locus to
higher dimensional toric varieties.

Chapter 1 is mostly not original; it introduces and motivates the topic of this
thesis. We start the chapter in the toric varieties context proving "the hyper-
surface Lefschetz theorem", and continue showing “the infinitesimal Noether-
Lefschetz theorem", and more importantly to us, we show one of its consequences,
which we called the "cornerstone result". We finish the chapter generalizing the
definition of the Nother-Lefschetz locus to projective simplicial toric varieties,
this being the first original result of this work.

In chapter 2, we start constructing explicitly the irreducible components of
the Noether-Lefschetz locus in toric varieties and then we find a lower and an
upper bound for their codimension. The lower bound is a generalization of what
is known in the literature as the explicit Noether Lefschetz theorem, while the
upper bound is a consequence of the Griffiths transversality, which for the setting
of orbifolds — and so in particular for complete simplicial toric varieties — was
proved implicitly by Liu and Zhuang in [31].

In chapter 3, extending the ideas of Otwinowska in [36] and [37], we describe
asymptotically the components of the Noether-Lefschetz locus by showing the
existence of a subvariety V of suitable dimension and bounded degree. Moreover,
we characterize those with smallest codimension for the case of toric threefolds.

Finally, in chapter 4, thanks to the description provided in chapter 3, we prove
an asymptotic Hodge conjecture for a non-very general quasi-smooth hypersurface
when V , as before, is a smooth complete intersection subvariety. We also show
a Noether-Leschetz theorem and discuss a natural and new perspective of the
Noether-Lefschetz loci inspired by the work of Mavlyutov in [33]. And we finish
the thesis showing that on a very general quasi-smooth intersection subvariety
in a projective simplicial toric variety, Hodge conjecture holds, generalizing the
main result of Bruzzo and Grassi in [8].
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Chapter 0

Preliminaries

0.1 Complex orbifolds

The notion of orbifold was introduced under the name of V -manifold by Satake
in [43] and it is the one we will discuss here. Nowadays, there are more general
notions of orbifolds and the V - manifolds are known as effective orbifolds, see [1]
for more details.

Definition 0.1. Let X be a d-dimensional variety

• X is a complex orbifold if for every p ∈ X there exists a triple (U,G,φ)
where U ⊂ Cd is a connected neighborhood of p, G ⊂ GL(d,C) is a finite
subgroup with no complex reflections other than the identity and φ ∶ U →X
is a complex analytic map such that φ(gx) = φ(x), ∀x ∈ U and ∀g ∈ G.
(U,G,φ) is called a local chart of X. A complex reflection is an element of
GL(d,C) of finite order with d − 1 of its eigenvalues equal to 1.

• An embedding λ ∶ (U,G,φ) ↪ (V,H,ψ) between two orbifold charts is an
embedding λ ∶ U ↪ V such that ψ ○ λ = φ.i

• A subvariety Y ⊂ X is a suborbifold if for every p ∈ Y there is a local
chart (U,G,φ) of X such that the inverse image of Y in U is smooth at
[φ−1(p)] ∈ U/G.

In general a subvariety which is an orbifold does not need to be a suborbifold.
One can think about a suborbifold, roughly speaking, as a subvariety where its
singular points are those coming from the ambient space.

Definition 0.2. Given p ∈X and a local chart (U,G,φ) ∶= U/G.

iAn important result for the study of orbifolds [34]: given two embeddings of orbifold charts
λ,µ ∶ (U,G,φ)↪ (V,H,ψ) there exists a unique h ∈H such that µ = j ⋅ λ.
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• A C∞ k-form on U/G is defined to be a C∞ form ω ∈ Ωk(U) such that
ω(gx) = ω(x) ∀x ∈ U and ∀g ∈ G.

• A holomorphic k-form on U/G is a G- invariant holomorphic k− form on
U .

Using the above definition of embedding there is a natural notion of patching
k−forms on different charts. Holomorphic k-forms on an orbifold are called Zariski
k-forms on X and they determine a sheaf Ω̂k

X that although may fail to be locally
free, the sheaf is locally free on the smooth locus of X. Moreover,

Proposition 0.3 ([17] Proposition A.3.1). If X is an orbifold and i ∶ U0 ↪ X is
the inclusion of the smooth locus then Ω̂k

X = i∗(Ωk
U0

) where Ωk
U0

is the classical
sheaf of holomorphic k-forms on the complex manifold U0.

0.2 Deformation of complex orbifolds

We present a generalization of Ehresmann’s theorem to orbifolds following [31].
Let U ⊂ Cd be an open set and let X be an orbifold such that every point
has a chart of the form U × (Vα/G) so there exists a canonical projection
πα ∶ U × (Vα/G) → U . These πα’s fit together to form a natural morphism
π ∶ X → U .

Definition 0.4. A smooth family of compact orbifolds over U is an orbifold X
as before with its natural projection π ∶ X → U , such that as a map of topological
spaces, π is proper.

Remark 0.5. If π ∶ X → U is a smooth family of compact orbifolds each fiber of
the underlying continuous map has a natural compact orbifold structure.

Lemma 0.6 ([31] Lemma 3.4). A smooth family of compact orbifolds over a
contractible open set U , π ∶ X → U is trivial.

Analogously to the classical case a Kähler form on an orbifold is a real, smooth
closed (1,1)-form which is positive at every point, that is, its pullback in every
chart is positive.

Definition 0.7. A holomorphic family of compact polarized complex orbifolds
over U is a holomorphic family of compact complex orbifolds π ∶ X → U such that
there is a Kähler form ωu on the fiber π−1(u) = Xu which varies smoothly with
respect u.
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0.3 Projective simplicial toric varieties

Now we focus in projective simplicial toric varieties and we will discuss its relation
with the notion of orbifold.

Definition 0.8. Let M be a free Abelian group of rank d, let N = Hom(M,Z),
and NR = N ⊗Z R.

1. A convex subset σ ⊂ NR is a rational k-dimensional simplicial cone if there
exist k linearly independent primitive elements e1. . . . , ek ∈ N such that
σ = {µ1e1+⋯+µkek}, with µi non negative real numbers. The generators ei
are said to be integral if for every i and any non negative rational number
µ, the product µi is in N only if µ is an integer.

2. Given two simplicial cones σ,σ′, we say that σ′ is a face of σ (we then write
σ < σ) if the set of integral generators of σ′ is a subset of the set of integral
generators of σ.

3. A finite set {σ1, . . . σr} of rational simplicial cones is called a rational
simplicial complete d-dimensional fan if

• all faces of cones in Σ are in Σ;

• if σ,σ′ ∈ Σ, then σ ∩ σ′ < σ and σ ∩ σ′ < σ′;
• NR = σ1 ∪ ⋅ ⋅ ⋅ ∪ σr.

A rational simplicial complete d-dimensional fan Σ defines a toric variety PdΣ
of dimension d having only Abelian quotient singularities, which we will denote
just PΣ if the dimension is clear or not relevant. Moreover, PΣ is a global orbifold
(see theorem 1.9 in [4]).

In order to study hyper-surfaces in a simplicial toric variety we will introduce
the notion of Cox ring in a general context, then we will see that when this ring
coincides with a polynomial ring in the case of toric varieties.

Definition 0.9 (Cox ring). Let Y be a complete variety with finitely generated
class group Cl(Y ), then the Cox ring associated to Y is

S(Y ) ∶= ⊕
D∈Cl(Y )

H0(Y,OY (D)).

A detailed analysis of this ring when Cl(Y ) is free is given in Section 4 of [2].

Example 0.10 ([22] Corollary 2.10). Let Y be a smooth projective variety with
Pic(Y )R = N1(Y ) where N1(Y ) are the classes of numerically equivalence Cartier
divisors. Then, Y is a toric variety if and only if its Cox ring is a polynomial
ring.
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Example 0.11 ([27] Example 2.6 ). The Cox ring need not be finitely generated;
a counterexample is provided by a K3 surface with Picard number 20.

Definition-Proposition 0.12 (Irrelevant Ideal). Let D be an ample Cartier
divisor on Y with S(Y ) finitely generated and let RD = ⊕∞

m=0 S(Y )mD. The
irrelevant ideal is defined as

B(Y,D) ∶=
√
JY,D where JY,D =< RD >

Actually B(Y,D) it is independent of the choice of the ample Cartier divisor D,
so we denote it B(Y ) (see [2]).

Example 0.13. Given a fan Σ and taking a variable xi for each 1-dimensional
cone ρi in Σ, the Cox ring S(Σ) is the polynomial ring C[x1, . . . , xn]. Moreover
considering for every σ ∈ Σ and xσ = ∏ρi⊄σ xi, the irrelevant ideal B(Σ) is
generated by the xσ’s.

Let L be an ample line bundle on PΣ, and denote by β ∈ Cl(Σ) its degree. A
section of L is a polynomial in Sβ.

Definition 0.14. Let f be a section of L, and let V(f) = {f = 0} in SpecS(Σ).
the hypersurface cut in PΣ by the equation f = 0 is quasi-smooth if V (f) ⊂ Cn is
smooth outside Z(Σ).

Proposition 0.15 ([4] Proposition 3.5). A hyper-surface X ⊂ PΣ is quasi-smooth
if and only if X is a sub-orbifold of PΣ.

Proposition 0.16 ([4] Proposition 4.15). If f is the general section of an ample
invertible sheaf, then X is a quasi-smooth hypersurface in PΣ.

Remark 0.17. Let PΣ be a projective simplicial toric variety and let β ∈ Cl(Σ)
be a Cartier class. Let f ∈ P(H0(OPΣ

(β)) such that X0 = {f = 0} ⊂ PΣ is quasi-
smooth. Let U ⊂ P(H0(OPΣ

(β)) be the open set parametrizing the quasi-smooth
hyper-surfaces and let X ⊂ U ×PΣ be its tautological family. Since U is a complex
manifold and X a complex orbifold we have the assumptions of Ehresmann’s
theorem. Hence π ∶ X → U is locally trivial.

0.4 A Lefschetz theorem in toric varieties

A very important result in the theory of Kähler complex orbifolds is the existence
of a pure Hodge structure [42]. So it is pretty natural to ask when the Hodge
Structure of a hyper-surface coincides with the Hodge structure of its ambient
space. The next theorem is a first step in that direction, a refinement of the
Lefschetz hyperplane theorem. .

8



Theorem 0.18 ([4] Theorem 10.8). Let X be a quasi-smooth hypersurface of a d-
dimensional complete simplicial toric variety P, and suppose that X is defined by
f ∈ Sβ. If f ∈ B(Σ) then the natural map i∗ ∶H i(P)→H i(X) is an isomorphism
for i < d − 1 and an injection for i = d − 1.

The above result shows that the interesting part of the cohomology of a quasi-
smooth hypersurface X occurs in dimension d − 1. Moreover by Theorem 9.3.2
in [18] hp,q(PdΣ) = 0 when p ≠ q hence the no trivial injectivity of i∗ occurs (k, k)-
Hodge decomposition Hk,k(X), which makes sense when d is odd. The question
raised at the beginning of this subsection will be given a complete answer, using
the notion of variation of the Hodge structure.
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Chapter 1

Infinitesimal Noether-Lefschetz
theorem for toric varieties

In this chapter we prove the cornerstone of this thesis, a Noether-Lefschetz
theorem, which is a consequence of the "Infinitesimal Noether-Lefschetz theorem
for toric varieties". Namely, we show under certain conditions that a very
general hypersurface (quasi-smooth) of a odd dimensional toric variety P2k+1

Σ

all its rational (k, k)-forms come from the rational (k, k)-forms of P2k+1
Σ ,

i.e., Hk,k(Xu,Q) = i∗(Hk,k(P2k+1
Σ ,Q)) where i∗ is the morphism induced in

cohomology by the inclusion. The proofs and the structure of the Chapter are
mainly based in the papers [4] and [7] so that there is not much original, except
for the definition of the Noether-Lefschetz locus in a complete simplicial toric
variety P2k+1

Σ in the last part of the Chapter. We recover the definitions given in
[7] and [36] when k = 1 and P2k+1

Σ = P2k+1, respectively.

1.1 Primitive cohomology of a hypersurface.
Let L be an ample line bundle on PdΣ and let X be a hypersurface in PdΣ cut off
by a section f of L then f ∈ B(Σ) ([4] Lemma 9.15). Denoting by i ∶ X ↪ PΣ

the inclusion and by i∗ ∶ H●(PΣ,C) → H●(X,C) the associated morphism
in cohomology; by the "hypersurface Lefschetz theorem", i∗ ∶ Hd−1(PΣ,C) →
Hd−1(X,C) is injective.

Definition 1.1. The primitive cohomology group Hd−1
prim(X) is the quotient

Hd−1(X,C)/i∗ (Hd−1(PΣ))

Lemma 1.2. The exact sequence

0→ i∗(Hd−1(PΣ),C)→Hd−1(X,C)→Hd−1
prim(X)→ 0

splits orthogonally with respect to the intersection pairing in H●(X,C).
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Proof. The Hard Lefschetz theorem holds also for projective orbifolds [51]. Then
the morphism c1(L) ∪ _ ∶ Hd−1(PΣ) → Hd+1(PΣ) is an isomorphism. Let
i∗ ∶Hd−1(X)→Hd+1(PΣ) be the Gysin map. The following commutative diagram
of vector spaces

0

��

0

��
0 //

��

Hd−1(PΣ) //

i∗

��

Hd−1(PΣ) //

l
��

0

0 // ker i⋆ //

��

Hd−1(X)
i∗
//

��

Hd+1(PΣ) //

��

0

0 // ker i∗ //

��

Hd−1
prim(X)

s

TT

//

��

0

0 0

provides a straightforward splitting s of the exact sequence in the middle column.
Let ⟨, ⟩ be the intersection pairing in cohomology and since that i∗ and i∗ are
adjoint with respect to the intersection pairing. The upper-right square commutes
since by Poincaré duality

⟨i∗i∗α,β⟩ = ⟨i∗α, i∗β⟩ = ⟨c1(L) ∩ α,β⟩ = ⟨l(α), β⟩ .

If α ∈Hd−1(PΣ,C) and β ∈Hd−1
prim(X), we have

⟨i∗α, s(β)⟩ = ⟨α, i∗(s(β))⟩ = 0.

Remark 1.3. Note that asH●(X,C) ≃H●(X,Q)⊗QC, one can work indifferently
with rational or complex coefficients.

As we have mentioned before Hd−1(PΣ,C) and Hd−1(X,C) have pure Hodge
structures, and the morphism i∗ is compatible with them, so that Hd−1

prim(X)
inherits a pure Hodge structure. We shall write

Hd−1
prim(X) =

d−1

⊕
p=0

Hp,d−1−p
prim (X)

1.2 Cohomology of the complement of an ample
divisor

Proposition 1.4. There is a natural isomorphism

12



Hp,d−p−1

prim (X) ≅
H0(PΣ,Ωd

PΣ
(d − p + 1)X)

H0(PΣ,Ωd
PΣ

((d − p)X)) + dH0(PΣ,Ωd−1
PΣ

(d − p)X)

Proof. This follows from Corollaries 10.2 and 10.12 in [4].

The resulting projection, multiplied by the factor (−1)p−1/(d − p + 1)! will be
denoted by

rp ∶H0(PΣ,Ω
d
PΣ

(d − p + 1)X)→Hp,d−p−1

prim (X) (1.1)

which is called the p-th residue map in analogy with the classical case. This map
will play an important role in the Chapter 3.

Definition 1.5. Let X = {f = 0} ⊂ PΣ be a hypersurface and let J(f) be the ideal
of the Cox ring generated by the derivatives of f . The ring R(f) = S(Σ)/J(f) is
the Jacobian ring of X.

The Jacobian ring encodes almost all the information about the primitive
cohomology of X.

Proposition 1.6 ([4] Theorem 10.13). If p ≠ d/2−1, Hp,d−p−1

prim (X) ≅ R(f)(d−p)β−β0

where β0 = −degKPΣ
, β = degL.

1.3 The Gauss-Manin connection
Let Uβ be the open subscheme of ∣L∣ parametrizing the quasi-smooth hypersur-
faces with degree β = degL, and let π ∶ Xβ → Uβ be the tautological family on
Uβ; we denote by Xu the fiber of π at u ∈ Uβ. Let Hd−1 be the higher direct
images of the constant sheaf C whose fiber at u is the cohomology Hd−1(Xu), i.e.,
Hd−1 = Rd−1π∗C which is a local system by Ehresmann’s theorem for orbifolds. We
have associated a vector bundle Hd−1 =Hd−1 ⊗COUβ and a flat connection ∇, the
Gauss-Manin connection, of Hd−1. Since the hypersurfaces Xu are quasi-smooth,
the Hodge structure of the fibers Hd−1(Xu) of Hd−1 varies holomorphically with
respect to u [45]. The corresponding filtration defines holomorphic subbundles
F pHd−1, and the graded object of the filtration defines holomorphic bundles.
The bundles Hp,d−p−1 given by the Hodge decomposition are not holomorphic
subbundles of Hd−1, but they are diffeomorphic to GrpF (Hd−1), thus they have a
holomorphic structure. The quotient bundles Hp,d−p−1

prim of Hp,d−p−1 correspond to
the primitive cohomologies of the hypersurfaces Xu. Let πp ∶ Hd−1 → Hp,d−p+1

prim be
the natural projection.

We denote by γ̃p the cup product

γ̃p ∶H0(PΣ,OPΣ
(X))⊗H0(PΣ,Ω

d
PΣ

(d − p)X)→H0(PΣ,Ω
d
PΣ

((d − p + 1)X)).
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If u0 is the point in Uβ corresponding to X, the space H0(PΣ,OPΣ
(X))/C(f)

where C(f) is the 1−dimensional subspace of H0(PΣ,OPΣ
(X)) generated by f ,

can be identified with Tu0Uβ. The morphism γ̃p induces in cohomology the Gauss-
Manin connection:

Lemma 1.7 ([13] Proposition 5.4.3). Let σ0 be a primitive class in Hp,d−p−1

prim (X),
let v ∈ Tu0Uβ and let σ be a section of Hp,d−p−1 along a curve in Uβ whose tangent
vector at u0 is v, such that σ(u0) = σ0. Then

πp−1(∇v(σ)) = rp−1(γ̃p(ṽ ⊗ σ̃)) (1.2)

where rp, rp−1 are the residue morphisms defined, σ̃ is an element such that
rp(σ̃) = σ0, and ṽ is a pre-image of v in H0(PΣ,OPΣ

(X)) In particular the
following diagram commutes:

H0(OPΣ
(X))⊗H0(Ωd

PΣ
(d − p)X)

pr⊗rp
��

γ̃p // H0(Ωd
PΣ

(d − p + 1)X)
rp−1

��

Tu0Uβ ⊗Hp,d−1−p
prim (X) γp // Hp−1,d−p

prim (X)

(1.3)

where γp is the morphism that maps v ⊗ α to ∇vα and pr is the projection
H0(OPΣ

(X))→ Tu0Uβ.

Lemma 1.8. If α and η are sections of Hp,d−p−1 and Hd−p,p−1 respectively, then
for every v ∈ Tu0Uβ,

∇vα ∪ η = −α ∪∇vη. (1.4)

Proof. The Gauss-Manin connection is compatible with the cup product by
definition, i.e.,

∇v(α ∪ η) = ∇vα ∪ η + α ∪∇vη

but α ∪ η = 0 because it is an element in Hd,d−2.

1.4 The moduli space of hypersurfaces in PΣ

This section is based in the ideas of Cox presented in [16]. We consider the moduli
spaceMβ for general quasi-smooth hypersurfaces in PΣ with class divisor β but
in order to get a "good" moduli we have to make some restrictions because the
automorphism group of a toric variety is in general non reductive. It is worth
mentioning that there is a new approach to the construction of this moduli using
new results in non-reductive GIT, see [11].

Definition 1.9. Given β ∈ Cl(Σ), let Autβ(PΣ) be the subgroup of Aut(PΣ)
consisting of those automorphism which preserve β.
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Remark 1.10 ([16] Section 4). If Aut0(PΣ) is the connected component of the
identity of Aut(PΣ), then Aut0(PΣ) is a subgroup of finite index in Autβ(PΣ).

When we describe PΣ as the quotient U(Σ)/D(Σ), note that Aut(PΣ) does
not act on U(Σ). However in [16] it is shown that there is an exact sequence

1→D(Σ)→ Ãut(PΣ)→ Aut(PΣ)→ 1

where Ãut(PΣ) is the group of automorphisms of Cr which preserve U(Σ) and
normalize D(Σ). An element φ ∈ Ãut(PΣ) induces an automorphism φ ∶ S → S
which for all γ ∈ Cl(Σ) satisfies φ(Sγ) = Sφ(γ).
Remark 1.11. By differentiating the above exact sequence, we have a surjective
map

κβ ∶H0(PΣ,OPΣ
(X))→ TXMβ

which is the analogue of the Kodaira-Spencer map.

Definition 1.12. Given β ∈ Cl(Σ), let Ãutβ(PΣ) be the subgroup of Ãut(PΣ)
consisting of these automorphisms that preserve β.

The group Ãutβ(PΣ) has the following obvious properties.

Lemma 1.13. There is a canonical exact sequence

1→D(Σ)→ Ãutβ(PΣ)→ Autβ(PΣ)→ 1

Furthermore, there is a natural action of Ãutβ(PΣ) on Sβ.

Remark 1.14. Let Ãut
0(PΣ) be the connected component of the identity of

Ãut(PΣ). In [16] it is shown that Ãut
0(PΣ) is naturally isomorphic to the group

Autg(S) of Cl(Σ)-graded automorphisms of S. Then Ãut
0(PΣ) ⊂ Ãutβ(PΣ), and

the action of Ãutβ(PΣ) on Sβ is compatible with the action of Autg(S).
If β ∈ Cl(Σ) is an ample class, then we know that a generic element f ∈ Sβ is

quasi-smooth. Then

{f ∈ Sβ ∣ f is quasi-smooth}/Ãutβ(PΣ)

should be the coarse moduli space of quasi-smooth hypersurfaces in PΣ in the
divisor class of β. The problem is that Ãutβ(PΣ) need not be a reductive group,
so that the quotient may not exist. However it is well-known that there is a
nonempty invariant open set

U ⊂ {f ∈ Sβ ∣ f is quasi-smooth}

such that the geometric quotient

U/Ãutβ(PΣ)

exists.
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Definition 1.15. We call the quotient U/Ãutβ(PΣ) a generic coarse moduli space
for hypersurfaces of PΣ with divisor class β.

There is a relation of the Jacobian ring R(f) with the generic coarse moduli
space, namely.

Proposition 1.16 ([4] Proposition 13.7). If β is ample and f ∈ Sβ is generic,
then R(f)β is naturally isomorphic to the tangent space of the generic coarse
moduli space of quasi-smooth hypersurfaces of PΣ with divisor class β.

The local system Hd−1 and its various sub-systems do not descend to the
moduli space Mβ, because the group Autβ(PΣ) is not connected. Nevertheless,
perhaps after suitably shrinking U , the quotient M0

β ∶= U/Aut0
β(PΣ) is a finite

étale covering ofMβ.

Proposition 1.17. There is a morphism

γp ∶ TXMβ ⊗Hp,d−1−p
prim (X)→Hp−1,d−p

prim (X) (1.5)

such that the diagram

H0(OPΣ
(X))⊗H0(Ωd

PΣ
(d − p)X)

��

// H0(Ωd
PΣ

(d − p + 1)X)

��

TXMβ ⊗Hp,d−1−p
prim (X) // Hp−1,d−p

prim (X)

commutes.

Proof. It suffices to prove the Proposition withMβ replaced byM0
β; in fact the

tangent spaces at points M0
β are canonically isomorphic to the tangent spaces

at the image points in Mβ. If ρ ∶ Uβ → M0
β is the induced map (where Uβ

has been suitable restricted), the local system Hd−1 descend to a local system
ρ∗Hd−1 onM0

β and ρ∗ρ∗Hd−1 ≃ Hd−1 (the natural morphism Hd−1 → ρ∗ρ∗Hd−1 is
an isomorphism on the stalks due to the topological base change; note that ρ is
proper. ) Thus we obtain onM0

β holomorphic bundles that are equipped with a
Gauss-Manin connection, which is trivial in the direction of the fibers of ρ. So, if
we define again γp by γp(v ⊗ α) = ∇vα, the commutativity of the diagram in the
statement follows from the commutativity of the diagram 1.3.

The tangent space TXMβ at a point X is naturally isomorphic to the
degreeβsummand of the Jacobian ring of f , i.e., TXMβ ≃ R(f)β [4]. Moreover
by 1.6 Hp,d−p−1

prim (X) ≃ R(f)(d−p)β−β0
.

Proposition 1.18. Under these isomorphisms, γp coincides with the multiplica-
tion in the ring R(f), i.e.,

R(f)β ⊗R(f)(d−p)β−β0
→ R(f)(d−p+1)β−β0
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Proof. Theorem 9.7 in [4] implies

H0(Ωd
PΣ

((d − p)X))/H0(Ωd
PΣ

((d − p − 1)X)) ≃ S(d−p)β−β0
,

and moreover, H0(OPΣ
(X)) ≃ Sβ; the cup product correspond to the product in

the ring S. This implies that the "top square " of the 3- dimensional diagram

H0(OPΣ
(X))⊗H0(Ωd

PΣ
(d − p)X)

��

++

// H0(Ωd
PΣ

(d − p + 1)X)

))

��

Sβ ⊗ S(d−p)β−β0
//

��

S(d−p+1)β−β0

��

TXMβ ⊗Hp,d−1−p
prim (X) //

++

Hp−1,d−p
prim

))
R(f)β ⊗R(f)(d−p)β−β0

// R(f)(d−p+1)β−β0

commutes. We need to show that the "bottom square" commutes as well, which
will follow from the commutativity of the "side squares", and the surjectivity of
the morphism κp⊗rp. The commutativity of the diagram on the right is contained
in the proof of Theorem 10.6 in [4]. The commutativity of the diagram on the left
follows from the commutativity of the previous diagram, with d − p + 1 replaced
by d − p, and the commutativity of

H0(OPΣ
(X)) ∼ //

��

Sβ

��
TXMβ

∼ // R(f)β

which is shown in the proof of Proposition 13.7 in [4].

1.5 A Noether-Lefschetz theorem, the corner-
stone result

Let us recall that a property is said to be very general if it holds in the complement
of a countable union of subschemes of positive codimension. Let us denote by
Hd−1
T (X) ⊂Hd−1(X) the subspace of the cohomology classes that are annihilated

by the action of the Gauss-Manin connection. Coefficients may be taken in C or
Q. Note that Hd−1

T (X) has a Hodge structure.

Theorem 1.19 (Infinitesimal Noether Lefschetz Theorem). For a given p with
1 ≤ p ≤ d − 1, assume that the morphism

γp ∶ TXMβ ⊗Hd−p,p−1

prim (X)→Hd−p−1,p

prim (X)
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is surjective. Then Hp,d−1−p
T (X) = i∗(Hp,d−1−p(PΣ)).

Proof. ReplaceMβ byM0
β and consider the local systems Hd−1 and Hp,d−p−1

prim on
M0

β. Take
α ∈Hp,d−1−p

T (X) ∩Hp,d−1−p
prim (X).

We regard classes in Hp,d−1−p
prim (X) as elements in the fiber of Hp,d−p−1 at the point

[X] ∈M0
β. By assumption β ∈ Hd−p−1,p(X) can be written as β = ∑i γp(ti ⊗ ηi)

with ηi ∈Hd−p,p−1(X). Then by equations 1.2 and 1.4

⟨α,β⟩ =∑
i

⟨α, γp(ti ⊗ ηi)⟩ =∑
i

⟨α,∇tiηi⟩ = −∑
i

⟨∇tiα, ηi⟩ = 0.

So α is orthogonal to Hd−1−p,p
prim (X). By Lemma 1.2 , this means that α

is orthogonal to the whole group Hd−1−p,p(X), hence it is zero. Therefore
Hp,d−1−p
T (X) = i∗(Hp,d−1−p(X)).

The next Lemma, a Noether-Lefschetz theorem, is the cornerstone of this
thesis.

Lemma 1.20. Let d = 2k+1 ≥ 3 and assume that the hypotheses of the previous
Theorem hold for p = k. Then for u away from a countable union of subschemes
of Uβ of positive codimension one has

Hk,k(Xu,Q) = i∗(Hk,k(PΣ,Q)).
Proof. Let Ũβ be the universal cover of Uβ. On it the (pullback of the) local
system Hd−1 is trivial. Given a class α ∈ Hk,k we can extend it to a global
section of Hd−1 by parallel transport using the Gauss-Manin connection. Define
the subset Ũαβ of Ũβ as the common zero locus of sections πk(α) of Hp,2k−p for
p ≠ k, i.e., the locus where α is of type (k, k). If Ũαβ = Ũβ we are done because α
is in Hd−1

T (X), hence is in the image of i∗ by the previous Theorem. If Ũαβ ≠ Ũβ,
we note that Ũαβ is a subscheme of Ũβ and we subtract from Uβ the union of the
projections of the subschemes Ũβ where Ũαβ ≠ Ũβ . The set of these varieties is
countable because we are considering rational classes.

Since TXMβ ≅ R(f)β and Hk+1,k−1

prim (X) ≅ R(f)kβ−β0 , another way to rephrase
the above Lemma is to say that if for a hyper-surface X = {f = 0} ⊂ P2k+1

Σ

with degree β, the multiplication morphism R(f)β ⊗R(f)kβ−β0 → R(f)(k+1)β−β0

is surjective. Then

NLβ ∶= {Y ⊂ P2k+1
Σ quasi-smooth ∣Hk,k(Y,Q) ≠ i∗(Hk,k(P2k+1

Σ ),Q)}
is a proper subscheme of ∣L∣ and every irreducible component has positive
codimension.
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Definition 1.21. We call NLβ the Noether-Lefschetz locus.

Remark 1.22. We recover the definitions given in [7] and [36] when k = 1 and
P2k+1

Σ = P2k+1 respectively.

The following chapters are dedicated to the study of the components of NLβ,
the next chapter we will find upper and lower bound for the codimension of every
irreducible component.

1.6 Oda Varieties
This section provides sufficient conditions for the surjectivity of the multiplication
map R(f)β ⊗R(f)kβ−β0 → R(f)(k+1)β−β0

Remark 1.23. Note that R(f)β ⊗ R(f)kβ−β0 → R(f)(k+1)β−β0
is surjective

whenever the morphism Sβ ⊗ Skβ−β0 → S(k+1)β−β0
is surjective.

Definition 1.24. A toric variety PΣ is an Oda variety if the multiplication map
Sα1 ⊗ Sα2 → Sα1+α2 is surjective whenever the classes α1 and α2 are ample and
nef, respectively.

The question of the surjectivity of this map was posed by Oda in [35]
under more general conditions. This assumption can be stated in terms of
the Minkowski sum of polytopes, because the integral points of the polytope
associated with a line bundle correspond to sections of the line bundle. So the
above definition says that the sum Pα1 + Pα2 of the polytopes associated with
the line bundles OPΣ

(α1) and OPΣ
(α2) is equal to their Minkowski sum, that is,

Pα1+α2 , the polytope associated with the line bundle OPΣ
(α1 + α2). Three of the

more relevant facts about Oda varieties are the following.

Theorem 1.25. ([9] and [23])

• A smooth toric variety with Picard number 2 is an Oda variety.

• The total space of a toric projective bundle on an Oda variety is also an
Oda variety.

• If a projective variety PΣ has Picard number 1 and its ample generator is
0-regular then PΣ is Oda.

19



20



Chapter 2

Noether-Lefschetz components for
toric varieties

The "Lefschetz hyper-surface theorem" claims that for a quasi-smooth hyper-
surface X = {f = 0} on a complete simplicial toric variety P2k+1

Σ the morphism
i∗ ∶ Hp(PΣ) → Hp(X) induced by the inclusion is injective for p = 2k and an
isomorphism for p < 2k. This allows us to define the locus, for a fix degree β,
of quasi-smooth hypersurfaces with degree β such that i∗ is not an isomorphism,
following the tradition we called it in [10] the Noether-Lefschetz locus .

On the other hand, we have seen an important consequence of the
"Infinitesimal Noether-Lefschetz theorem for toric varieties" , the cornerstone
result (1.5), which asserts that if the multiplication R(f)β ⊗ R(f)kβ−β0 →
R(f)(k+1)β−β0

is surjective, where β0 is the anticanonical divisor of P2k+1
Σ ,

the Noether-Lefschetz locus is non-empty and each irreducible component has
positive codimension. In the first part of the chapter we define and construct
locally the Noether-Lefschetz components. We continue proving the main
theorem of the chapter, let η be the class of a 0-regular ample divisor and assume
that η is primitive. Let β be a Cartier class 0-regular respect to η such that
kβ − β0 = nη (n ∈ N). Then every irreducible component N of the Noether-
Lefschetz locus associated with β satisfies

n + 1 ≤ codimN ≤ hk−1,k+1(X),
generalizing to higher dimensions the work of Bruzzo and Grassi in [9] and Lanza
and Martino in [28]. We finish the chapter showing a sufficient condition for
which a Noether-Lefschetz component has maximal codimension, which we call
general component.

2.1 The local Noether-Lefschetz loci
In the end of the last chapter we extended the Noether-Lefschetz locus to a
complete simplicial toric variety of any odd dimension, in this section we define
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and characterize its components. These results have been expounded also in the
paper [10].

For f ∈ P(H0(OP2k+1
Σ

(β))) a section such that Xf = {f = 0} is a quasi-smooth
hypersurface. Let Uβ ⊂ P(H0(OP2k+1

Σ
(β))) be the open subset parametrizing the

quasi-smooth hypersurfaces and let π ∶ χβ → Uβ be its tautological family. Let
H2k

Q be the local system R2kπ⋆Q and let H2k be the locally free sheaf H2k
Q ⊗OUβ

over Uβ.
Let 0 ≠ λf ∈ Hk,k(Xf ,Q)/i∗(Hk,k(P2k+1

Σ )) and let U be a contractible open
subset around f , so that H2k(U) is constant. Finally, let λ ∈ H2k(U) be the
section defined by λf and let λ̄ its image in (H2k/F kH2k)(U), where F kH2k =
H2k,0 ⊕H2k−1,1 ⊕ ⋅ ⋅ ⋅ ⊕Hk,k.

Definition-Proposition 2.1 (Local Noether-Lefschetz loci).

Nk,β
λ,U ∶= {G ∈ U ∣ λ̄G = 0}.

More explicitly,

Proposition 2.2. If (λ1, . . . λb) are the components of λf respect to a fix basis
of the vector space H2k(Xf ,Q), one gets

Nk,β
λ,U = {G ∈ U ∣ λf ⊥ F k+1H2k

prim(XG) ⇔ ∑b
i=1 λi ∫Tubγi

KΩ0

Gk
= 0 ∀K ∈ SN−β};

where N is equal to (k + 1)β − β0.

Proof. By Proposition 1.4 the p-th residue map

rp ∶H0(PΣ,Ω
2k+1
PΣ

(2k + 1 − p)X)→Hp,2k−p
prim (X) for 0 ≤ p ≤ 2k

exists; it is surjective and has kernel H0(PΣ,Ω2k+1
PΣ

(2k−p)X)+dH0(PΣ,Ω2k
PΣ

(2k−
p)X). So

resH0(Ω2k+1(2k + 1)X) = r2kH
0(Ω2k+1(X))⊕⋯⊕ r0H

0(Ω2k+1(2k + 1)X))

by definition of H0(Ω2k+1(2k + 1)X). Or, equivalently,

resH0(Ω2k+1(2k + 1)X) =H2k,0

prim(X)⊕ ⋅ ⋅ ⋅ ⊕H0,2k

prim(X) =H2k
prim(X).

Similarly
resH0(Ω2k+1(kX) = F k+1H2k

prim(X).

On the other hand by [4, Thm 9.7] we have

H0(Ω2k+1
PΣ

(kX) = {KΩ0

fk
∣K ∈ Skβ−β0} = {KΩ0

fk
∣K ∈ Bkβ−β0

Σ };
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the last equality holds true because we are assuming that kβ − β0 is ample and
hence Bkβ−β0

Σ = Skβ−β0 by Lemma 9.15 in [4].
Now fixing a basis {γi}bi=1 for H2k(X,Q) we have that the components of any

element in F k+1H2k
prim(X) are

(∫
γ1

res
KΩ0

fk
, . . . ,∫

γb
res

KΩ0

fk
),

or, equivalently,

(∫
Tub(γ1)

KΩ0

fk
, . . . ,∫

Tub(γb)

KΩ0

fk
)

where Tub(γj) is the adjoint to the residue map. Now taking 0 ≠ λf ∈Hk,k(X,Q)
one has λf ⊥ F k+1H2k

prim(X) (see [47]) and since the sheaf H2k is constant on U
we have

NLk,βλ,U = {G ∈ U ∣ λG ∈ F kH2k
prim(XG)} = {G ∈ U ∣ λf ⊥ F k+1H2k

prim(XG)}.

Moreover, by the above equivalence

λf ⊥ F k+1H2k
prim(XG) ⇔ ∑b

i=1 λi ∫Tubγi

KΩ0

Gk
= 0 ∀K ∈ SN−β

where N is equal to (k + 1)β − β0.

Remark 2.3. Note that NLβ = ⋃U Nk,β
λ,U .

2.2 Explicit Noether-Lefschetz theorem
This section is a natural extension of the ideas of [28] to higher dimensional toric
varieties. So starting with the study of the Noether-Lefschetz components we
find a lower bound for their codimension that following the terminology in [6]
and [19] we call the "Explicit Noether-Lefschetz theorem for toric varieties".

Let X be a projective variety and L be an ample and globally generated line
bundle on X.

Definition 2.4. [Castelnuovo-Mumford regularity] A coherent OX−module F is
m-regular with respect to L if

Hq(X,F ⊗Lm−q) = 0

for all q > 0. If L is an ample and globally generated line bundle which is m−
regular with respect to itself, we call it m-regular.

A line bundle on a complete toric variety is nef if and only if it is globally
generated. By toric Kleiman criterion [[16] Theorem 6.3.13 ] every ample line
bundle is globally generated.
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Theorem 2.5. [[29] Theorem 1.8.5] Let PΣ be a projective toric variety. If a
locally free OPΣ

-module F is m-regular with respect to an ample line bundle L,
then for all k ≥ 0,

i. F ⊗Lm+k is generated by global sections;

ii. The map
H0(F ⊗Lm)⊗H0(Lk)→H0(F ⊗Lk+m) (2.1)

is surjective;

iii. F is (m + k)-regular.

Proposition 2.6 ([28] Proposition 2). Let X be a projective variety together
with an ample line bundle L which is globally generated and 0−regular. If F
is an m-regular locally free sheaf on X, then the p− tensor power F⊗p is (pm)-
regular. In particular, ⋀pF and SpF are (pm)-regular.

Theorem 2.7. Let P2k+1
Σ be a projective toric variety, β ∈ Pic(P2k+1

Σ ) and η a
primitive ample 0−regular Cartier class such that kβ − β0 = nη where β0 it is the
anticanonical class of P2k+1

Σ . If the multiplication morphism Sβ ⊗ Snη → Sβ+nη is
surjective and

H1(OP2k+1
Σ

(β − η)) =H2(OP2k+1
Σ

(β − 2η)) = ⋯ =H2k(OP2k+1
Σ

(β − 2kη)) = 0,

then
n + 1 ≤ codimNLk,βλ,U .

Proof. We take a base point free linear system W in H0(OP2k+1
Σ

(β)) and a
complete flag of linear subspaces

W =Wc ⊂Wc−1 ⊂ ⋯ ⊂W1 ⊂W0 =H0(OP2k+1
Σ

(β)).

Let Mi the kernel of the surjective map Wi⊗OP2k+1
Σ
→ OP2k+1

Σ
(β) which is a vector

bundle.
Step I: M0 is 1− regular respect to η.
Equivalently we have to show that Hq(M0((1 − q)η)) = 0 for every positive q.
Taking cohomology we get

0→H0(M0)→H0(W0 ⊗OP2k+1
Σ

) πÐ→H0(OP2k+1
Σ

(β))→H1(M0)→ ⋯

since π is surjective, H1(M0) = 0. The vanishing of Hq(M0(1 − q)η) = 0 for
1 < q ≤ 2k+1 is obtained by tensoring the short exact sequence by OP2k+1

Σ
((1−q)η),

and considering that Hq(M0(1 − q)η) is between two zeros in the long exact
sequence

⋯→Hq−1(OP2k+1
Σ

(β − (q − 1)η))→Hq(M0(−(q − 1)η)) →
→Hq(W0 ⊗OP2k+1

Σ
(−(q − 1)η))→ ⋯
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Hq−1(OP2k+1
Σ

(β − (q−1)η)) = 0 by assumption and Hq(W0⊗OP2k+1
Σ

(−(q−1)η)) = 0
because η is 0-regular.
Step II: For every i = 0, . . . c, Hq(⋀Mi(nη)) = 0, if q ≥ 1 and n + q ≥ p + i.
By Theorem 2.5 one has that a coherent sheaf F on P2k+1

Σ is m-regular with
respect to η if and only if Hq(F ⊗ OP2k+1

Σ
(nη)) = 0, for all q > 0, n ≥ m − q.

Using induction, ascending on i and descending on p, the case p > rkMi being
automatic, we get the result.
Step III: If c = codimW ≤ n, then the map W ⊗ H0(OP2k+1

Σ
(nη)) Ð→

H0(OP2k+1
Σ

(β + nη)) is surjective.
We consider the short exact sequence

0→Mc →W ⊗OP2k+1
Σ
→ OP2k+1

Σ
(β)→ 0

and twist it by OP2k+1
Σ

(nη). Taking cohomology we get

⋯→H0(W ⊗OP2k+1
Σ

(nη))→H0(OP2k+1
Σ

(β + nη))→H1(Mc(nη))→ ⋯

now applying Step II for p = q = 1, we get thatH1(Mc(nη)) = 0. Now we are ready
to finish the proof of the theorem. Let Tβ be the tangent space at X = {f = 0}
a point of the Noether-Lefschetz loci which can be identified with the summand
Rβ of the Jacobian ring of f so we may take the inverse image T̃β of Tβ in the
summand Sβ of the Cox ring of X. Now T̃β contains Jβ, which is a base point free
linear system because X is quasi-smooth. Hence T̃β is base point free. Now, by
contradiction if codimNLk,βλ,U ≤ n then by Step III, T̃β ⊗Snη → Sβ+nη is surjective
hence by Infinitesimal Noether-Lefschetz Theorem λf ∉ NLk,βλ,U .
Remark 2.8. In order to find examples satisfying the assumptions of the above
theorem we can use Proposition 7.3 in [4] which claims that for an ample line
bundle L on a complete toric variety H i(L) = 0 for i > 0.

2.3 Upper bound for the codimension
The Explicit Noether-Lefschetz Theorem gave us the lower bound for the
codimension of the Noether-Lefschetz components. Hodge theory in projective
simplicial toric varieties will give us the upper bound. Namely, codimNLk,βλ,U ≤
hk−1,k+1(X).

Classically [50] or [49], the upper bound is a consequence of Griffiths
Transversality which we will extend in this section to the context of projective
simplicial toric varieties following [31], which contains implicitly the proof.

2.3.1 Variations of the Hodge Structure

The tautological family π ∶ Xβ ⊂ Uβ ×PΣ → Uβ is of finite type and separated since
Xβ and Uβ are varieties. Now applying Corollary 5.1 in [46] there exists a Zariski
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open set U ⊂ Uβ such that X ∶= π−1(U) → U is a locally trivial fibration in the
classical topology i.e., there exists an open cover of U by contractible open sets
such that for every element U of the cover and every element X0 ∈ U we have
that X∣U ∶= π−1(U) ≃ U ×X0. Moreover Xβ is an orbifold and Uβ clearly, thus by
Ehresmann’s theorem for orbifolds (0.6) we conclude that U = Uβ and Xβ = X .
So we obtain that for U a contractible open set of Uβ, ∀u ∈ U , Xu ≃ X0 in the
smooth category of orbifolds and furthermore Hk(Xu) ≃Hk(X0).

2.3.2 The Cartan-Lie formula

The Cartan-Lie formula provides a explicit description of the Gauss-Manin
connection, namely

Lemma 2.9. Let rel be the homomorphism from the space of differential forms
on X to the space of relative differential forms on X /U . For any smooth section
ω ∶ U → Hk(X∣U) and a smooth tangent vector field w over U , the Gauss-Manin
connection can de described as:

∇wω = [rel(ιvdΩ)],
where Ω is a form on X∣U such that rel(Ω) represents ωu on Xu for every u ∈ U .
v any tangent vector field on X∣U such that π∗v = u and we use [−] to denote the
cohomology class represented by the closed differential form and ιv is the interior
product.

Proof. The existence of Ω and v are thanks to the partition of unity subordinated
to the covering by contractible open sets making π a trivial fibration ([31] Lemma
6.6). We fix a trivialization πU ∶ X∣U ≃ U ×X0 and we cover U ×X0 by the charts
{(U × Vα),Gα, Id × φα}α∈I , and let {xα, uα} = {x1

α, . . . , x
n
α, t

1
α, . . . , t

m
α } be a system

of coordinates on U ×X0. Now on U × Vα we may write Ω as,

Ωα = Φα +
m

∑
j=1

dtjα ∧ +
m

∑
j=1

dt̄jα ∧ ψαj +Ω′
α, (2.2)

where Φα, φα,j and ψα,j do not contain dtiα or dt̄iα, i = 1, . . . ,m and Ω′
α is a

section of π∗(⋀2 Ω1
U) ∧ Ωk−2

U×X0
. Note that Φα, ψα,j and ψα,j are Gα− invariant

forms on Uα and can be glued to be global forms on {u} ×X0 which we denote
by Φ(u), φj(u) and ψj(u) respectively. By assumption, we have [Φ(u)] = ω(u)
under the pullback of the diffeomorphism Xu ≃ u ×X0. Let

w =
m

∑
j=1

aj(u) ∂
∂tj

+
m

∑
j=1

bj(u) ∂
∂t̄j

be a tangent vector field on U . Then,

∇wω = [
m

∑
j=1

aj(u)∂Φ(u)
∂uj

+
m

∑
j=1

bj(u)∂Φ(u)
∂ūj

] . (2.3)
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Now taking exterior derivative of Ωα (2.2) we get

dΩα =
m

∑
j=1

[dujα ∧
∂Φα

∂ujα
+ dūjα ∧

∂Φα

∂ūjα
] +

m

∑
j=1

duj ∧ dφαj +
m

∑
j=1

dūj ∧ dψαj + dΩ′
α

Since reldΩ = 0, for any v lifting u, we have that

rel ιvdΩα =
m

∑
j=1

aj(uα)
∂Φα

∂ujα
+ bj(uα)

∂Φα

∂ūjα
+ aj(tα)dφα,j + bj(tα)dψα,j

then we obtain a global equality

relιvdΩ =
m

∑
j=1

aj(uα)
∂Φα

∂ujα
+ bj(uα)

∂Φα

∂ūjα
+ aj(tα)dφα,j + bj(tα)dψα,j (2.4)

Combining 2.3 and 2.4 we are done.

2.3.3 Local period map

Again we take U a contractible open set trivializing, i.e., XU ≃ U ×X0

Definition 2.10. The period map

Pp,k ∶ U → Grass(bp,k,Hk(X0,C))

is the map which to u ∈ U associates the subspace F pHk(Xu,C) ⊂ Hk(Xu,C) ≃
Hk(X0,C)

Note that Pp,k is a map between complex manifolds. Moreover,

Proposition 2.11. Pp,k is holomorphic.

Proof. By theorem 7.9 in [24] and the fact that Hodge theorem holds also in
the orbifold case (section 2.1 in [30] ) and moreover the canonical isomorphism
respect the Hodge filtrations because the Kähler identities on a Kähler manifold
are local statements, we may apply the argument verbatim to a Kähler orbifold
and conclude that all the Kähler identities remain true on a Kähler orbifold, we
get that Pp,k is a C∞ map. In order to prove that is holomorphic the strategy is
to show that the C− linear extension of its differential to TuU ⊗C vanishes in the
vectors w ⊗ (0,1). We have that the differential has the form

dPp,ku0
∶ Tu0U →Hom(F pHk(Xu0),Hk(X0)/F p(Xu)).
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Now, for any w = ∑m
j=1 a

j ∂
∂uj

+ bj ∂ω(u)
∂ūj

∈ Tu0U and any ω0 ∈ F p(Hk(Xu0)) since
{F pHk ∣ u ∈ U} is a smooth vector bundle we can find a smooth section ω of Hk
such that ω(u) ∈ F pHk(X0) and ω(uo) = ω0. Then

dPp,ku0
(w)(ω∣0) =

m

∑
j=1

aj
∂ω(u)
∂uj

+ bj ∂ω(u)
∂ūj

∣u=0 modF
pHk(Xu0) (2.5)

Hence
dPp,ku0

(w)(ω∣0) = ∇wω(u) ∣u=0 modF
pHk(Xu0

and by the Cartan-Lie formula ∇wω(.) = rel ιvdΩ, where v can be taken of (0,1)−
type and Ω ∈⊕i≥p Ωi.k−i

X . Hence

ιvdΩ ∈ ⊕
i≥p+1

Ωi,k−i
X∣U ⊂⊕

i≥p
Ωi,k−i
X∣U .

The proof of Griffiths Transversality is implicit in the last part of the above
proposition, namely

Proposition 2.12 (Griffiths Transversality). ∇F pHk ⊂ F p−1Hk ⊗ΩU .

Proof. Let us consider v as before but of type (1,0) thus ιvdΩ ∈⊕i≥p−1 Ωi,k−i
X∣U .

Now we are able to show the upper bound for the codimension of the Noether-
Lefschetz components

Theorem 2.13. Each NLk,βλ,U ⊂ U can be defined locally by at most hk−1,k+1

holomorphic equations, where hk−1,k+1 ∶= rkF k−1H2k/F kH2k.

Proof. The proof is based on the Griffiths Transversality and follows verbatim as
in classical case, see Lemma 3.1 in [50] and section 5.3 in [48].

When k = 1,that is, P3
Σ is a threefold we can tell more

Proposition 2.14. h0,2(X) = h0(ωP3
Σ
(X)).

Proof. Taking cohomology in the exact sequence

o→ OPΣ
(−X)→ OPΣ

→ OX → 0

we get
0→H2(OX)→H3(OPΣ

(−X))→ 0

because by Theorem 9.3.2 in [18] H2(OPΣ
) =H3(OPΣ

) = 0. Then by Serre duality
h2,0 = h0(ωP3

Σ
(X)).
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The transversality property allows one to construct the OU linear maps

∇̄ ∶ Hi,j−i → Hi−1,j−i+1

and for every u ∈ U

u∇̄ ∶ TuU → Hom (Hj−i(Ωi
Xu),Hj−i+1(Ωi−1

Xu))

Proposition 2.15. The Zariski tangent space to NLk,βλ,U at u is described as

TuNL
k,β
λ,U = ker(u∇̄λk,k ∶ TuU → Hk−1,k+1

u )

where λk,k is the projection of λ to Hk,ku

Proof. This follows verbatim as in Lemma 5.16 in [49].

Corollary 2.16. A Noether-Lefschetz component NLk,βλ,U has codimension
hk−1,k+1 at a point u where the map u∇̄λk,k is surjective.
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Chapter 3

An asymptotic description of the
Noether-Lefschetz components

In [19] Green and in [47] Voisin proved that if Nd is the Noether-Lefschetz locus
for degree d surfaces in P3, with d ≥ 4, the codimension of every component of Nd

is bounded from below by d−3, with equality exactly for the components formed
by surfaces containing a line. Otwinowska gave an asymptotic generalization of
Green and Voisin’s results to hypersurfaces in Pn [36].

In Chapter 2 we proved, in particular, that for simplicial projective toric
threefolds the codimension of the Noether-Lefschetz components are also bounded
from below. Bruzzo and Grassi in [9] also proved that components corresponding
to surfaces containing a "line", defined as a curve which is minimal in a suitable
sense, realize the lower bound. However the question whether these are exactly
the components of smallest codimension was left open.

This chapter was expounded in [10], its purpose is to extend and generalize
Otwinowska’s ideas to odd dimensional simplicial projective toric varieties.
In section 3.1 we present a generalization of the restriction theorem due to Green
[21] and we obtain an extension of the classical Macaulay theorem, while in
section 3.2 we introduce a generalization of the notion of Gorenstein ideal, which
we call a Cox-Gorenstein ideal; these will be the key tools in the proof of our
main result. Section 3.3 is more technical; there we prove some application of
Macaulay theorem to Cox-Gorenstein ideals. In section 3.4 using Hodge theory
we explicitly construct the tangent space at a point in the Noether Lefschetz loci,
which turns out to be a graded part of a Cox-Gorenstein ideal. In section 6 using
all the machinery so far developed we prove our main result.

We shall consider a a projective simplicial toric variety P2k+1
Σ , and an ample

line bundle L on P2k+1
Σ , with degL = β ∈ Pic(P2k+1

Σ ) satisfying for some n ≥ 0 and
k ≥ 1 the condition

kβ − β0 = nη

where β0 is the class of the anticanonical bundle and η is the primitive class of an
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ample Cartier divisor (for k = 1 this reduces to the condition considered in [9]).
f ∈ P(H0(OP2k+1

Σ
(β))) will be a section such that Xf = {f = 0} is quasi-smooth

hypersurface in the local Noether-Lefschetz component Nk,β
λ,U (2.1). The following

is the main result of this Chapter.

Theorem. 3.31 For every positive ε there is positive δ such that for every m ≥ 1
δ

and d ∈ [1,mδ], if codimNk,β
λ,U ≤ dm

k

k! where m = max{i ∣ iη ≤ β}, then every
element of Nk,β

λ,U contains a k-dimensional subvariety whose degree is less than or
equal to (1 + ε)d.

3.1 A restriction theorem

Every positive integer c can be written in the form

(kn
n
) + ⋅ ⋅ ⋅ + (kδ

δ
),

with kn > kn−1 > . . . kδ ≥ δ > 0. This is called the n-th Macaulay decomposition
of c. Let c be the codimension of a linear subsystem W ⊂ H0(Pr,OPr(d)), and
let WH ⊂ H0(OH(d)) be the restriction of W to a general hyperplane H of
codimension cH . Then the classical restriction theorem says that

cH ≤ c<n>,

where
c<n> ∶= (kn − 1

n
) +⋯ + (kδ − 1

δ
).

We generalize this result for a Fano, irreducible, projective normal variety Y
with rational singularities, satisfying a suitable additional condition. We note
two elementary properties of the function φ ∶ c↦ c<n>:

(A) If c′ ≤ c, then c′<n> ≤ c<n>, i.e , the map φ is non-decreasing;

(B) If kδ > δ then (c − 1)<n> < c<n> i.e the map φ is increasing.

Lemma 3.1. Let Y be an irreducible, normal projective variety withH1(OY ) = 0.
Let W ⊂H0(Y,OY (D)) be a sublinear system, D a generic ample Cartier divisor
and let WD ⊆H0(D,OY (D)) be its restriction. Then

cD = codim(WD,H
0(OD(D))) ≤ c<1> = codim(W,H0(OY (D))) − 1
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Proof. Taking cohomology in the fundamental short exact sequence of the divisor
D we obtain

0→H0(OY )→H0(OY (D))→H0(OD(D))→ 0→ ⋯
so that

h0(OY (D)) = h0(OY ) + h0(OD(D)) = 1 + h0(OD(D)). (3.1)

Let WD = {w∣D ∣ w ∈W}. Denoting by r the projection W →WD one has

dimW = dim ker r + dimWD. (3.2)

so that subtracting (3.2) from (3.1) we have

codimW = codimWD + 1 − dim ker r.

If sD a section in H0(OY (D)) such that D = div0(sD), then

ker r = {w ∈W ∣ w = λsD ∈W,λ ∈ C}

and since D is general so that sD ∉W , then ker r = {0}.

Lemma 3.2. Let W ⊂H0(OP1(n)) (n > 1) be a subsystem, D be a generic point
and let WD ⊂H0(OD(n)) be its restriction . Then

cD ≤ c<n>.

Proof. Clearly H0(OD(n)) = C and since D is generic cD = 0. On the other hand
because n > 1 we have that kn > 1, so that c<n> > 0 ,i.e., cD ≤ c<n>.

Definition 3.3. A strongly Fano variety is a pair (Y,D), where Y is an
irreducible normal projective variety with rational singularities, andD is an ample
ample Cartier divisor such that −KY − (k − 1)D is ample, where k = dimY .

Theorem 3.4 (Restriction Theorem). Let (Y,D) be a strongly Fano variety, let
W ⊂H0(X,OX(nD)), with n ≥ 1, be a subsystem, and let WD ⊆H0(D,OD(nD))
be its restriction to D. Then

cD ≤ c<n>.

Proof. Let ln, . . . lδ be the coefficients of the n-th Macaulay decomposition of cD.
The inequality of the statement is equivalent to

(ln + 1

n
) + (ln−1 + 1

n − 1
) + ⋅ ⋅ ⋅ + (lδ + 1

δ
) < c.
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By contradiction, and recalling that (l+1
n
) = ( l

n
) + ( l

n−1
), we have

c ≤ (ln
n
) + ( ln

n − 1
) + ⋅ ⋅ ⋅ + (lδ

δ
) + ( lδ

δ − 1
)

or equivalently

c − cD ≤ ( ln
n − 1

) + ⋅ ⋅ ⋅ + ( lδ
δ − 1

). (3.3)

From the exact sequence

0→W (−D)→W →WD → 0

one has
dimW = dimWD + dimW (−D). (3.4)

By a generalized Kodaira vanishing theorem [44] applied to the divisor (n−1)D−
KY (n ≥ 1), we have H1(Y,KY + (n − 1)D −KY )) = 0, so that

0→H0(OY (n − 1)D)→H0(OY (nD))→H0(OD(nD))→ 0

and thus

h0(OY (nD)) = h0(OY (n − 1)D) + h0(OD(nD)). (3.5)

Then (3.4) minus (3.5) yields

c = cD + codimW (−D).

Taking D′ ∈ ∣D∣ generic we are within the same assumptions of the theorem
on D, i.e.,

• D ∩D′ is a generic Cartier divisor in D;

• moreover D is irreducible, normal with rational singularities [5];

• −KD − (k − 2)D∣D, where k = dimY , is ample because Y has rational
singularities so it is Cohen-Macaulay (see e.g. [26]), and one can apply
the adjunction formula [25] to get

−KD − (k − 2)D∣D = −KY ∣D −D∣D − (k − 2)D∣D

= (−KY − (k − 1)D)∣D, (k − 1 = dimD); (3.6)

by assumption the last divisor is ample.
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Now we have the short exact sequence

0→WD(−(D ∩D′))→WD →WD ∣D′ → 0

which gives
cD = codimWD ∣D′ + codimWD(−(D ∩D′))

Note that W (−D′)D ⊂WD(−(D ∩D′)), hence

cD ≤ codimWD ∣D′ + codimW (−D′)D

Also note that strongly Fano implies Fano, so by the generalized Kodaira
vanishing theorem H1(OY ) = 0; moreover since at each step of taking a successive
generic divisor, the divisor is Fano, we have h1(OD) = 0 = h1(OD∩D′), and so on.
Now by induction on n and the dimension k the theorem is true for WD and
W (−D); Lemmas 3.1 and 3.2 provide the induction basis. Applying the theorem
to WD and W (−D) we get

• (cD)∣D′ ≤ (cD)<n> = (ln−1
n

) + ⋅ ⋅ ⋅ + (lδ−1
δ

)

• (c − cD)∣D′ ≤ (c − cD)<n−1>

Adding the two inequalities and keeping in mind that D′ ∼D we have

cD′ = cD ≤ (cD)<n> + (c − cD)<n−1>,

and by (3.3) and property (A)

(c − cD)<n−1> < (ln − 1

n − 1
) + ⋅ ⋅ ⋅ + (lδ − 1

δ − 1
),

so that
cD < (ln − 1

n
) + ⋅ ⋅ ⋅ + (lδ − 1

δ
) + (ln − 1

n − 1
) + ⋅ ⋅ ⋅ + (lδ − 1

δ − 1
) = cD

which is a contradiction.

Example 3.5. Taking Y = Pk and D = H a generic hyperplane, we recover the
classical restriction theorem [21]. Clearly

−KPk+1 − (k − 1)H = (k + 1)H − (k − 1)H = 2H

which is ample.

More generally,

Example 3.6. Let Y = P[q0, q1, . . . , qk] be a weighted projective space with
gcd(q0, . . . , qk) = 1 and δ = lcm(q0, . . . , qk). Then for each 0 ≤ j ≤ k, by [40]
δ
qj
Dj is a generator of Pic(Y ) and −KY = ∑i qiδ ( δ

qj
Dj). So taking D = δ

qj
Dj we get

that
KY − (k − 1)D is ample if and only if ∑i qi

δ
≥ k.
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Lemma 3.7. Let PΣ be a Fano projective simplicial toric 3-fold. Then every
general nef D Cartier divisor with ρ(D) ≤ 4 is toric.

Proof. By the adjunction formula D is Fano and being nef is smooth by Bertini’s
theorem. The smooth Fano surfaces are either P1 × P1 which is toric or the
projective plane blown up in at most 8 points. Since ρ(D) < 4, D is the blow up
of P2 in at most 3 points. Applying an appropriate automorphism we can take
these at most 3 points to the 3 toric points of P2, making D isomorphic to a toric
variety.

Macaulay theorem. A generalization of the classical Macaulay theorem can
be obtained from the restriction Theorem 3.4. Let W ⊂ H0(OY (nD)) be a
subsystem and let kn, kn−1, . . . kδ be the Macaulay coefficients of its codimension
c; let W1 be the image of the multiplication map W ⊗H0(OY (D))→H0(OY (n+
1)D))), and c1 be the codimension of its image. Let us denote

c<n> ∶= (kn + 1

n + 1
) + ⋅ ⋅ ⋅ + (kδ + 1

δ + 1
).

which has the following elementary properties

• if c′ ≤ c then c′<n> ≤ c<n>,i.e., the map c↦ c<n> is non-decreasing

• (c + 1)<n> = { c<n> + k1 + 1 if δ = 1
c<n> + 1 if δ > 1

Theorem 3.8 (Generalized Macaulay Theorem). c1 ≤ c<n>.

Proof. Let ln+1, ln, . . . lδ be the (n + 1)-th Macaulay coefficients of c1; then

(c1)D ≤ c<n> = (ln+1 − 1

n + 1
) + ⋅ ⋅ ⋅ + (lδ − 1

δ
)

and by the sequence obtained by restriction it follows that

c1 ≤ c + (c1)D

so that
(ln+1 − 1

n
) + ⋅ ⋅ ⋅ + (lδ − 1

δ − 1
) ≤ c

and then
( ln+1

n + 1
) + ⋅ ⋅ ⋅ + (lδ

δ
) = c1 ≤ c<n>.
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3.2 Cox-Gorenstein ideals

Proposition 3.9 ([18]). Let PΣ be a projective simplicial toric variety. Then the
irrelevant ideal is equal to

BΣ = ⟨xσ̂ ∣ σ ∈ Σmax⟩ ⊂ S

where xσ̂ =∏ρ∉σ(1) xρ and S the Cox ring of PΣ.

Definition 3.10 (Cox-Gorenstein ideals). An ideal I ⊂ BΣ =⊂ S is a Cox-
Gorenstein ideal of socle degree N ∈ Cl(Σ) if I is Artinian and there exists a
nonzero linear map Λ ∈ (SN)∨ such that for every ample class β ∈ Cl(Σ) one has

Iβ = {P ∈ Bβ
Σ ∣ Λ(PQ) = 0 for all Q ∈ SN−β}

Note that the linear map Λ induces a dual isomorphism

Bβ
Σ/Iβ ≅ (BN−β

Σ /IN−β)∨ (3.7)

for every β such that N − β is ample. In particular codim Iβ = codim IN−β.

Remark 3.11. For every projective simplicial toric variety, Sβ = Bβ
Σ for every β

ample class by Theorem 9.15 in [4] .

Proposition 3.12. If I and I ′ are two Cox-Gorenstein ideals with socle degree
N and N ′ with I ⊂ I ′, there exists F ∈ BN−N ′

Σ ∖ IN−N ′ such that I ′ = (I ∶ F ).

Proof. Note that N ′ is less than or equal to N , and Λ induces the isomorphism

BN−N ′

Σ /IN−N ′ ≅ (BN ′

Σ /IN ′)∨,

so that, as Λ′ (the linear map defining the ideal I ′) yields a nonzero element in
(BN ′

Σ /IN ′)∨, if [F ]is the unique element in BN−N ′

Σ /IN−N ′ , taking a representative
F ∈ BN−N ′

Σ , we get Λ′(Q) = Λ(QF ) for every Q ∈ BN ′

Σ . In particular

I ′ = {Q ∈ BΣ ∣ QF ∈ I}.

Remark 3.13. Artinian monomial ideals can be characterized as those whose
minimal generators have the form xaii with ai > 0 for all i ∈ {1, . . . r} ([41],
Def. 2.2.13).

Example 3.14. If PΣ = Pk one recovers the classical Gorenstein ideals. Other
natural examples are the Artinian base point free ideals.
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Example 3.15. The Hirzebruch surface Hr (r ≥ 1) has fan

σ1

σ3

σ4

σ2

u2

u4

u1

(−1, r)

u3

Denoting by Di the toric divisor corresponding to ui the are the equivalences
D1 ∼ D3 D4 ∼ rD1 + D2, so that Pic(Hr) = ⟨D1,D2⟩. There generators of the
irrelevant ideal are

xσ̂1 = x1x4, x
σ̂2 = x1x2, x

σ̂3 = x2x3, x
σ̂4 = x3x4.

Introducing variables

• w ∶= xσ̂1 = x1x4 with degw = (r + 1,1)

• x ∶= xσ̂2 = x1x2 with degx = (1,1)

• y ∶= xσ̂3 = x2x3 with deg y = (1,1)

• z ∶= xσ̂4 = x3x4 with deg z = (r + 1,1)
one can write

B(Σ) = ⟨w,x, y, z⟩ .
Let us consider a monomial ideal I with minimal generator elements of the

form wd1 , xd2 .yd3 , zd4 with di > 0, i.e,

I = ⟨wd1 , xd2 , yd3 , zd4⟩ with di > 0.

Let us check that I is Cox-Gorenstein with socle degree

N = deg(w
d1xd2yd3zd4

wxyz
) = (d1−1)degw+(d2−1)degx+(d3−1)deg y+(d4−1)deg z.

Let F = wd1xd2yd3zd4

wxyz = wd1−1xd2−1yd3−1zd4−1, which can be seen as one of the
generators of SN , and denote by G1, . . . ,Gs the other generators, i.e, P ∈ SN is
∑i aiGi + aF . We define Λ ∶ P ↦ a. Note that, if R ∈ B(Σ)β,

Λ(RQ) ≠ 0 ∀Q ∈ SN−β⇔
R = ∑

k1,k2,k3,k4

ak1k2k3k4w
k1xk2yk3zk4 such that there exists k1, k2, k3, k4 with 0 < ki < di,

(3.8)
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or equivalently,

Λ(RQ) = 0⇔ R = ∑
k1,k2,k3,k4

ak1k2k3k4w
k1xk2yk3zk4 such that ki ≥ di ∀k1, k2, k3, k4,

i.e, R ∈ I.

Remark 3.16. Note that in the above example wy = xz thus F =
wd1−1xd2−1yd3−1zd4−1 has different "representations", factorizations, in the ring
generated by w,x, y, z. So for the construction of the linear map Λ is very
important to fix the "representation" ,i.e., the factorization.

Example 3.17. If f ∈ Bβ ⊂ S = C[x1, . . . , xr] is a very ample quasi-smooth
hypersurface then J(f) = ⟨ ∂f

∂x1
, . . . ∂f∂xr ⟩ is a Cox-Gorenstein ideal with socle degree

N = deg
∏r
i=1 ∂f/∂xi
∏σ∈Σmax xσ̂

3.3 Applications of Macaulay theorem
In this section we prove some applications of Macaulay theorem to Cox-
Gorenstein ideals. This generalizes some of the results in [36, 37] to the more
general setting of odd-dimensional toric varieties, as opposed to odd-dimensional
projective spaces, which is the case considered in [36, 37]. We assume that (PΣ,D)
is a strongly Fano variety and we denote degD = η ∈ Pic(PΣ).

Lemma 3.18. Let W ⊂H0(OPΣ
(nη)) be a linear subspace whose base locus has

dimension k and degree d. Then

codim(W ) ≥ (n + k + 1

k + 1
) − (n − d + k + 1

k + 1
)

Proof. Let Z be the base-locus of W and IZ its ideal. Since W ⊂ IZ and
codimW ≥ codim InZ we can just prove that the result holds true for codim InZ .
We shall prove that by induction over n and k. For n = 0 it is clear. For k = 0
and n > 0 we need to show that codim InZ ≥ d. Taking cohomology in the exact
sequence

0→ IZ(rD)→ OPΣ
(rD)→ OZ(rD)→ 0

we have

0→H0(IZ(rD))→H0(OPΣ
(rD))→H0(OZ(rD))→H1(IZ(r))→ ⋯

where by Serre vanishing theorem H1(I(rD)) = 0 for r >> 0. Thus

c ∶= codim IrDZ = h0(OPΣ
(rD)) − h0(rD) = h0(OZ(rD)) = d
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as Z has degree d. Taking n > d and reasoning by contradiction we have c < d < n,
so that

d = (n
n
) + ⋅ ⋅ ⋅ + (n − (d − 1)

n − (d − 1)) = 1 + ⋅ ⋅ ⋅ + 1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
d−times

.

By applying the generalized Macaulay theorem and using the fact that the map
<n> ∶ c↦ c<n> is increasing, we have

c1 ≤ c<n> < d where c1 = codim I
(n+1)D
Z ;

repeating the same argument replacing c with c1 we have

c2 ≤ c<n+1>
1 ≤ (c<n>)<n+1> < d where c2 = codim I

(n+2)D
Z ,

so that
cr ≤ (c<n>)<n+1>⋅⋅⋅<n+r−1> < d

which implies cr ≤ d − 1. This is a contradiction as cr = d.
Now let us assume that the result is true for n − 1 and k − 1. To easy the

notation we write InZ instead of InDZ .
Claim: Since D is general, the multiplication for xD

µD ∶ B(n−1)/I(n−1)
Z → Bn/InZ ,

where D = div0(xD), is injective.
In principle the base locus Z may contain D but since D is general we may

assume by Bertini’s theorem that Z ∩D = ∅, i.e., µD ≠ 0. Now, if µ(f) = 0 then
f.xD = 0 and since xD ≠ 0 then f = 0.

We have a well defined surjective restriction map (D is general), Bn/InZ
rÐ→

Bn/InZ∩D. There is a short exact sequence

0→ ker r
µDÐ→ Bn/InZ

rÐ→ Bn/InZ∩D → 0.

It is clear that ker r contains Bn−1/In−1
Z . By induction we have

codim In−1
Z ≥ (n + k

k + 1
) − (n − d + k

k + 1
) (3.9)

and
codim InZ∩D ≥ (n + k

k
) − (n − d + k

k
); (3.10)

thus adding (3.9) and (3.10), and keeping in mind that (n+1
k
) = (n

k
)+ ( n

k−1
), we get

the result.

Corollary 3.19. Let W ⊂ H0(OPΣ
(nη)) a subsystem whose base locus has

dimension and degree greater than or equal to k and d, respectively. Then for
every x ≤min(k,n) one has

codimW ≥ x(n − x)
k

k!
.
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Proof. Since

(n + k + 1

b + 1
) − (n − d + k + 1

k + 1
) =

d

∑
j=1

(k + 1 + n − j
n − j + 1

)

applying the above lemma we get

d

∑
j=1

(k + 1 + n − j
n − j + 1

) ≥
d

∑
j=1

(k + 1 + n − j) . . . (k − (k − 1) + 1 + n − j)
k!

≥
d

∑
j=1

(n − j)k
k!

≥ d(n − d)
k

k!
≥ x(n − x)

k

k!
(3.11)

Since PΣ is Q-factorial, i.e., for every Weil divisorD there is an integer number
m such that mD is Cartier. We establish a preorder in N1(PΣ) = Pic(PΣ)⊗Q/ ∼
by letting N < N ′ when N ′ −N is numerically effective.

Proposition 3.20. For every ε1 > 0 there exists δ1 > 0 such that for every m ≥ 1
δ1

and every real d ∈ [1, δ1m], if a Cox-Gorenstein ideal I with socle degree N
satisfies

• β − β0 ≤ N − β = nη with n ≥ 1

• codim Iβ ≤ dmkk! where m = max{i ∈ N+ ∣ iη ≤ β}

then

1. For every integer i ∈ {0, . . . , ⌊δ1m⌋} one has

codim Iβ−iη ≤ (1 + ε1)d
mk

k!

2. For every i ∈ {0, . . .m} one has

codim Iβ−iη ≤ 4kd
mk

k!

Proof. First note that since I is Gorenstein of socle degree N ,

codim Iβ−iη = codim IN−(β−iη) = codim I(n+i)η.

So by the generalized Macaulay theorem (3.8)

codim Iβ−iη ≤ (codim Inη)<n>⋯<n+i−1>
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and since for a fixed c the map c<−> is decreasing, and for a fixed n the map
c↦ c<n> is increasing, for every natural number x ≤ n

codim Iβ−iη ≤ (codim In)<x>⋯<x+i−1> (3.12)

Also note that if

codim Iβ ≤ (τ + x
x

) + ⋅ ⋅ ⋅ + (τ + x − υ
x − υ ) where τ, υ ∈ N (3.13)

as the map c↦ c<n> is increasing, (3.12) and (3.13) imply

codim Iβ−iη ≤ (τ + x + i
x + i ) + ⋅ ⋅ ⋅ + (τ + x − υ + i

x − υ + i ) (3.14)

Suppose that δ1 is small enough that d ≤ m−2r
2k+1 for r = min{i ∣ β ≤ iη}. By

assumption β − β0 ≤ nη i.e, (m − r)η ≤ nη, so that

⌊m
2
⌋ + 2kd ≤ ⌊m

2
⌋ + m − 2r

2
≤m − r ≤ n.

Let γ be the smallest positive real number such that (2 + γ)kd is an integer and

⌊ m

2 + γ ⌋ + (2 + γ)kd ≤ n;

then the inequality (3.12) is true for x = ⌊ m
2+γ ⌋ + (2 + γ)kd. On the other hand,

mk ≤ (γ + 2 +m)k = (1 + m

2 + γ )
k ≤ (1 + ⌈ m

2 + γ ⌉)
k =

(2 + ⌊ m

2 + γ ⌋)
k ≤ (k + ⌊ m

2 + γ ⌋) . . . (2 + ⌊ m

2 + γ ⌋) =
(k + m

2+γ )!
( m

2+γ + 1)! (3.15)

so that
mk

k!
≤ (

k + ⌊ m
2+γ ⌋

⌊ m
2+γ ⌋ + 1

)

and

d
mk

k!
≤ (

k + ⌊ m
2+γ ⌋ + (2 + γ)kd − 1

⌊ m
2+γ ⌋ + (2 + γ)kd

) + ⋅ ⋅ ⋅ + (
k + ⌊ m

2+γ ⌋
1 + ⌊ m

2+γ ⌋
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(2+γ)kd−terms

Then by the second assumption we have that the inequality (3.13) is true for

• x = ⌊ m
2+γ ⌋ + (2 + γ)kd,

• τ = k − 1,
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• υ = (2 + δ)bt − 1;

thus inequality (3.14) holds, i.e.,

codim Iβ−iη ≤ (
⌊ m

2+γ ⌋ + (2 + γ)kd + k − 1 + i
⌊ m

2+γ ⌋ + (2 + γ)kd + i
) + ⋅ ⋅ ⋅ + (

⌊ m
2+γ ⌋ + k + i

⌊ m
2+γ ⌋ − 1 + i

)

≤ (2 + γ)kd
( m

2+γ + (2 + γ)kd + k + i)k

k!

≤ (m + (2 + γ)k+1d + (2 + γ)k + (2 + γ)i)k d
k!

≤ (1 + (2 + γ)k+1d + (2 + γ)k + (2 + γ)i
m

)kdm
k

k!

Now if 0 ≤ i ≤ ⌊mδ1⌋ we have

codim Iβ−iη ≤ (1 + ((2 + γ)k+1 + (2 + γ)k + (2 + γ))δ1)kd,
mk

k!

so that, given ε1 > 0, we take δ1 > 0 small enough so that

((2 + γ)k+1 + (2 + γ)k + (2 + γ))δ1 < ε1,

i.e., one gets claim 1 and taking 0 ≤ i ≤m one gets claim 2.

Definition 3.21. Let I ⊂ BΣ be an ideal. For i ∈ {0, . . . ,2k} and a fixed n ∈ N+

we define
lni (I) ∶= min{l ∈ N ∪∞ ∣ dimV (I(n+l)η) ≤ 2k − i},

or, equivalently,

lni (I) ∶= max{l ∈ N ∪∞ ∣ dimV (I(n+l−1)η) > 2k − i}.

We let dim∅ = −1, and li =∞ when this number does not exist.

Remark 3.22. • We shall write li(I) instead of lni (I).
• Note that l0(I) ≤ ⋅ ⋅ ⋅ ≤ l2k(I).
• If I is base point free, then l2k(I) ∈ N.

Lemma 3.23. For every ε2 > 0 there exists δ2 > 0 such that for every m ≥ 1
δ2

and
d ∈ [1, δ2m], if a Cox-Gorenstein ideal I ⊂ BΣ with socle degree N satisfies

• N − β = nη
• codim Iβ ≤ dmkk! , where m = max{i ∈ N+ ∣ iη ≤ β},

then
li(I) − 1 ≤ ε2(m − 2) ∀i ∈ {k, . . . ,2k}.
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Proof. Note that it is enough to prove the Lemma for i = k, so we apply
the previous Proposition for ε1 = 1, and the Corollary for x = 1. Then for
l = min(lk(I) − 1,m) we have

(l − 1)k+1

(k + 1)! ≤ codim I lη ≤ 4kd
mk

k!

so that

l ≤ 1 + (4kdmk(k + 1))
1
k+1 ≤ ( 1

m
+ (4k(k + 1) d

m
) 1
k+1 )m ≤ (δ2 + (4k(k + 1)δ2)

1
k+1 )m

and since 2 ≤ 2mδ2,
l ≤ (3δ2 + (4k(k + 1)δ2)

1
k+1 )m − 2.

So, given ε2 > 0, we take δ2 small enough to have 3δ2+(4k(k+1)δ2)
1
k+1 < min{1, ε2};

then l <m i.e l = lk(I)−1 or, in other words, lk(I)−1 < ε2m−2, and taking ε2 ≤ 1
we get that lk(I) − 1 < ε2(m − 2) as desired.

The following Proposition will be the technical core of what follows.

Proposition 3.24. For every ε > 0 there exists η > 0 such that for every integer
m > 1

δ and for every d ∈ [1, δm], if a Cox-Gorenstein ideal I ⊂ BΣ ⊂ S =
C[x1, . . . , xr] with socle degree N satisfies

i) N = (k + 1)β − β0 and N − β = nη;
ii) I contains r polynomials in complete intersection {Fi}ri=1 with degFi =

β − degxi and whose associated ideal is base point free;

iii) codim Iβ ≤ dmkk! where m = max{i ∈ N+ ∣ iη ≤ β},

then I contains the ideal IV of a closed scheme V ⊂ PΣ of pure dimension k and
degree less than or equal to (1 + ε)d. Moreover, I and IV coincide in degree less
than or equal to (m − 2 − (r − j)degV )η.

Proof. By definition dimV (I lk(I)) ≤ k, so that there exist j ∈ N+ and
f1, f2, . . . fr−j ∈ I lk(I) such that dimV (< f1, . . . , fr−j >) = k; more precisely, note
that j = k + 1. Moreover, as I satisfies the assumptions of the previous Lemma,
f1, f2, . . . fr−j ∈ I≤

ε2
2
(m−2)+1, and by the second assumption it is possible to find

r − j polynomials fr−j+1, . . . , fr ,where deg(fi) = β − deg(xi) ( i > j), so that the
ideal < f1, . . . fr > is base point free and is a Cox-Gorenstein ideal of socle degree
less or equal to

r−j
∑
i=1

deg(fi) − deg(xi) +
r

∑
i=r−j+1

deg(fi) − deg(xi) ≤ (r − j)((m − 2)ε2
2
+ 1)η + jβ − β0

Now, by Proposition 3.6 there exists a polynomial P with
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degP ≤ (r − j)((m − 2)ε2
2
+ 1)η + jβ − β0 −N = (r − j)((m − 2)ε2

2
+ 1)η

and I = ((f1, . . . fr) ∶ P ). Moreover I and J = ((f1, . . . fr−j) ∶ P ) coincide in degree
less than or equal to

β −2η−degP ≥ (m−2)η− (r− j)((m−2)ε2
2
+1)η ≤ (m−2)η− (r− j)((m−2)ε2)η;

the last inequality is true when for δ2 < ε2
2 and 1

δ2
+ 2 ≤ m. Now let us consider

l = ⌊(1 − (r − j)ε2)(m − 2)⌋ and let us apply the previous results to I lη. Then for
every x ≤ min(degV, (r − j)ε2m) ≤ min(k, l)

x
(l − x)k
k!

≤ codim I l ≤ (1 + ε1)d
mk

k!

and
x(1 − ⌊ε2(r − t)m⌋ + x

m
)k ≤ (1 + ε1)d

so that
x ≤ (1 + ε1)

(1 − 2ε2(r − j))
k
d;

then, given 0 < ε < 1 and taking ε1 and ε2 so that

(1 + ε1)
(1 − 2ε2(r − j))

k
d ≤ (1 + ε)d,

one has x ≤ (1+ ε)d < 2d < 2δm. Thus taking η < ε2
2 we have x < ε2m ≤ (r− j)ε2m,

i.e., x = degV and degV ≤ (1 + ε)d. Moreover, I and IV coincide in degree less
than or equal to

(m − 2 − (r − j)degV )η

3.4 The tangent space at a point of the Noether
Lefschetz locus

Since P2k+1
Σ has a pure Hodge structure [42, 51], there is a well defined residue

map for it, and we can use it to construct the tangent space at a point of the
Noether-Lefschetz locus. This is again basically done as in [37], however we
provide more details, and use the properties of the residue map as developed in
[4] for simplicial toric varieties.

Let X = {f = 0} be a quasi-smooth hypersurface in PΣ, with deg f = β.
Denote by i ∶ X → PΣ the inclusion, and by i∗ ∶ H●(P2k+1

Σ ,Q) → H●(X,Q) the
associated morphism in cohomology; i∗ ∶ H2k(P2k+1

Σ ,Q) → H2k(X,Q) is injective
by Proposition 10.8 in [4].
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Definition 3.25. The primitive cohomology group H2k
prim(X) is the quotient

H2k(X,Q)/i∗(H2k(P2k+1
Σ ,Q)

Both H2k(P2k+1
Σ ,Q) and H2k(X,Q) have pure Hodge structures, and the

morphism i∗ is compatible with them, so that H2k
prim inherits a pure Hodge

structure.
Also, we shall denote by M the dual lattice of the lattice N which contains

the fan Σ, i.e., Σ ⊂ N ⊗R.

Definition 3.26. Fix an integral basis m1, . . .m2k+1 for the lattice M . Then
given a subset ι = {i1, . . . , i2k+1} ⊂ {1, . . . ,#ρ(1)}, where #ρ(1) is the number of
rays, we define

det(eι) ∶= det ( <mj, eih >1≤j,h≤2k+1 );

moreover, dxι = dxi1 ∧⋯ ∧ dxi2k+1
and x̂ι = Πi∉ιxι.

Definition 3.27. The (2k + 1)−form Ω0 ∈ Ω2k+1
S is defined as

Ω0 ∶= ∑
∣ι∣=2k+1

det(eι)x̂ιdxι

where the sum is over all subsets ι ⊂ {1, . . . ,2k + 1} with 2k + 1 elements.

For more details about these definitions see [4].

Theorem 3.28. T[f](NLk,βλ,U) ≅ Eβ, where

E = {K ∈ B(Σ)● ∣
b

∑
i=1

λi∫
Tubγi

KRΩ0

fk+1
= 0 for all R ∈ SN−●},

and Tub(−) is the adjoint of the residue map.

Proof. By [7, Prop. 2.10] the p-th residue map

rp ∶H0(PΣ,Ω
2k+1
PΣ

(2k + 1 − p)X)→Hp,2k−p
prim (X) for 0 ≤ p ≤ 2k

exists; it is surjective and has kernel

H0(PΣ,Ω
2k+1
PΣ

(2k − p)X) + dH0(PΣ,Ω
2k
PΣ

(2k − p)X).

So

resH0(Ω2k+1(2k + 1)X) = r2kH
0(Ω2k+1(X))⊕⋯⊕ r0H

0(Ω2k+1(2k + 1)X))

by definition of H0(Ω2k+1(2k + 1)X). Or, equivalently,

resH0(Ω2k+1(2k + 1)X) =H2k,0

prim(X)⊕ ⋅ ⋅ ⋅ ⊕H0,2k

prim(X) =H2k
prim(X).
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Similarly
resH0(Ω2k+1(kX) = F k+1H2k

prim(X).

On the other hand by [4, Thm 9.7] we have

H0(Ω2k+1
PΣ

(kX) = {KΩ0

fk
∣K ∈ Skβ−β0} = {KΩ0

fk
∣K ∈ Bkβ−β0

Σ };

the last equality holds true because we are assuming that kβ − β0 is ample and
hence Bkβ−β0

Σ = Skβ−β0 by Lemma 9.15 in [4]. Now fixing a basis {γi}bi=1 for
H2k(X,Q) we have that the components of any element in F k+1H2k

prim(X) are

(∫
γ1

res
KΩ0

fk
, . . . ,∫

γb
res

KΩ0

fk
),

or, equivalently,

(∫
Tub(γ1)

KΩ0

fk
, . . . ,∫

Tub(γb)

KΩ0

fk
)

where Tub(γj) is the adjoint to the residue map. Now taking 0 ≠ λf ∈Hk,k(X,Q)
one has λf ⊥ F k+1H2k

prim(X) (see [47]) and since the sheaf H2k is constant on U
we have

NLk,βλ,U = {G ∈ U ∣ λG ∈ F kH2k
prim(XG)} = {G ∈ U ∣ λf ⊥ F k+1H2k

prim(XG)}.

More explicitly, if (λ1, . . . λb) are the components of λf , one gets

λf ⊥ F k+1H2k
prim(XG) ⇔ ∑b

i=1 λi ∫Tubγi

KΩ0

Gk
= 0 ∀K ∈ SN−β

where N is equal to (k + 1)β − β0.Thus we can characterize the local Noether-
Lefschetz locus in the following way: Let us consider the differentiable map
ψ which assigns to every homogeneous polynomial G ∈ Bβ

Σ a linear map ψG ∈
(BN−β

Σ )∨, i.e., ψ ∶ Bβ
Σ Ð→ (BN−β

Σ )∨ sends G to

ψG∶ BN−β → C

K ↦ ∑
i

λi∫
Tub(γi)

KΩ0

Gk
;

then NLk,βλ,U = ψ−1
∣U (0) , hence the tangent space at f is the kernel of dψf . Now

T[f]U ≃ Sβ and since β is ample, Sβ = Bβ. Thus we can identified canonically
T[f](NLk,βλ,U) with the subspace Eβ ⊂ Bβ

Σ, which is the β-summand of the Cox-
Gorenstein ideal

E = {K ∈ B●
Σ ∣ ∀R ∈ SN−●,

b

∑
i=1

λi∫
Tubγi

KRΩ0

fk+1
= 0}

whose socle degree is N = (k + 1)β − β0.
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Remark 3.29. Note that E contains the Jacobian ideal J(f) which is Cox-
Gorenstein.

We also consider the Cox-Gorenstein ideals

Es ∶= {K ∈ B●
Σ ∣ ∀R ∈ SN+rβ−●,

b

∑
i=1

λi∫
Tubγi

KRΩ0

fk+r+1
= 0},

with s ∈ N+, which have socle degree N + rβ. For a fixed s, the ideal Es describes
the deformation of order s + 1 of NLk,βλ,U in a neighborhood of f .

Proposition 3.30. The Cox-Gorenstein ideals Es have the following properties:

i. Es = (Es+1 ∶ f);
ii. If f is a generic point of NLredλ,U then (Er)2Θ ⊂ Es+1, where Θ ⊂ Sβ is the

image of the tangent space Tf(Nλ,U)red
iii. For all K ∈ Es and for every j ∈ {1, . . . , r}, ∂K

∂xj
f − (k + s + 1)K; ∂f

∂xj
∈ Es+1.

Proof. 1. Clear.
2. For every G ∈ NLk,βλ,U and for every i ∈ N+ such that N + rβ − iη is ample,

consider the bilinear map

Qi(G) ∶ Biη
Σ ×BN+rβ−iη

Σ → C
(K,R) ↦ ∑b

i=1 λi ∫Tubγi

KRΩ0

Gk+r+1

For a fixed R we have kerQi(G) = Eiη
s (G), and for a fixed K we have kerQi(G) =

Es(G)N+rL−iD, where Es(G) is the Cox-Gorenstein ideal associated to the class
λG. Since f is a quasi-smooth point of (NLk,βλ,U)red, the map G ↦ Qi(G) has
constant rank for every G close to f . So for each v⃗ ∈ Tf(Nλ,U)red associated to
M ∈ Θ the differential of the bilinear map

dQi(f)(v⃗) ∶ Biη
Σ ×BN+rβ−iη

Σ → C
(K,R) ↦ −(k + s + 2)∑t

i=1 λi ∫Tubγi

KRMΩ0

fk+s+2

is zero on Eiη
s ×Eη+rβ−iη

s , or, in other words, Eiη
s E

N+rβ−iη
s Θ ⊂ EN+(s+1)β

s+1 .
3. Given K ∈ Es, for every R ∈ BN+sβ+η−deg(K)

Σ we have

R(∂K
∂xi

f − (k + s + 1)K ∂f

∂xi
) = ∂(KR)

∂xi
f − (k + r + 1)KR ∂f

∂xi´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A

−KF ∂R
∂xi´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
B

.

Note that AΩ0

fn+r+2 is an exact form in the kernel of the residue map, so that
A ∈ Es+1. By assumption K ∂R

∂xj
∈ Es so B ∈ Es+1 by the first property. Thus

R(∂K∂xif − (k + r + 1)K ∂f
∂xi

) ∈ Es+1 and since R is arbitrary we get the result.
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3.5 Proof of the chapter main theorem
Now we have all the machinery necessary to prove the main result of this chapter.

Theorem 3.31. For every ε > 0 there exists δ > 0 such that for all m ≥ 1
δ and for

all d ∈ [1,mδ], if codimNk,β
λ,U ≤ dmkk! where m = max{i ∣ iη ≤ β} and if G ∈ Nk,β

λ,U ,
then there exists a k−dimensional subvariety V ⊂ XG with degree less than or
equal to (1 + ε)d.

Proof. If f is a generic point in (NLk,βλ,U)red, by Proposition 3.24 there exists a
subscheme V ⊂ PΣ of pure dimension k and degree d′ ≤ (1 + ε)d ≤ 2δm such that
IV ⊂ E; the two ideals agree in degree less or equal to (m − 2 − (r − j)d′)η, so it
is enough to prove that f ∈

√
IV . Moreover

Step 1: (I≤d′ηV )
2
⊂ E1. Let R ∈ (I≤d′ηV )2, then the partial derivatives of R

belong to E, and by items (i) and (iii) of Proposition 3.30, the partial derivatives
of f belong to (E1 ∶ R). Since f is quasi-smooth, its Jacobian is base point free,
and (E1 ∶ R) contains a base point free ideal whose socle degree is less than or
equal to

(r − (k + 1))(ε2(m − 2))η + (k + 1)β − β0.

By contradiction R ∉ E1 then (E1 ∶ R) has socle degree greater than or equal to

N + β − degR ≥ N + β − 2d′η ≥ N + ((1 − 4δ)m)η.

Now by (ii) in Proposition 3.30 we have Θ ⊂ (E1 ∶ R), and by assumption
codim(Θ) ≤ dm

k

k! , so that codim(E1 ∶ R)β ≤ dm
k

k! , i.e, (E1 ∶ R) satisfies the
assumptions of Lemma 3.23. Then taking ε2 = 1

2(r−(k+1)) and δ2 = δ < 1
4(r−(k+1)) we

get
m − 2

2
η +N ≥ N + ((1 − 4δ)m)η,

which implies δ > 1
8 . Since

r − (k + 1) ≥ k + 1⇔ 1

4(k + 1) ≥ 1

4(r − (k + 1))

so that δ < 1
8 , which is a contradiction. So one has R ∈ E1 as desired.

Step 2: f ∈
√
IV . Since V is of pure dimension k, it is enough to show

that f ∈
√
IW for every irreducible subscheme W of V associated to the primary

ideal decomposition of IV . Let W ′ be the smallest subscheme of V such that
IV = IW ∩ IW ′ , and let P ⊂ PΣ be a projective linear space of dimension
k − 1, for which we can suppose without loss of generality that it has equations
x1 =, . . . , xr−k = 0 and we set BP = C[x1, . . . , xr−k]. Since W and W ′ are of
pure dimension k, the homogeneous ideals IW ∩ BP ⊂ BP and IW ′ ∩ BP ⊂ BP

are of pure codimension 1 for P generic; therefore they are principal. Let
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KP,W and KP,W ′ be the images of the generators in BΣ. Let κ = degKP,W

and κ′ = degK ′
P,W ; by construction we have that κ ≤ degW and κ′ ≤ degW ′.

Considering KP = KP,WK2
P,W ′ , we have KP ∈ E, KP ∉ E1, so that the ideal

(E1 ∶KP ) has socle degree N + β − (κ + 2κ′) and moreover contains the ideal

JP = ⟨f, IdegW
W ,

∂f

∂xr−k+1

, . . . ,
∂f

∂xr
⟩.

More precisely, the following facts hold true:

• KP ∈ E as κ + 2κ′ ≤m − 2 − (r − j)d′;
• KP ∉ E1. Otherwise, (k + r + 1)KP

∂f
∂Xi

∈ E1 and then, using property (iii)
of Proposition 3.30, ∂KP

∂Xi
f ∈ E1 and by property (i) in Proposition 3.30,

∂KP
∂xi

∈ E for all i; however, by construction not all partial derivatives of KP

are in E, so this is a contradiction.
• JP ⊂ (E1 ∶ KP ); indeed, as ∂KP

∂xr−k+1
= 0, . . . , ∂KP∂xr

= 0 then (E1 ∶ KP ) contains
∂f

∂xr−k+1
, . . . , ∂f∂xr by property 3 of proposition 2. On the other hand by lemma

2 we have ((IV )≤d′)
2 ⊂ E≤2d′

1 and since IdegW
W KP ⊂ ((IV )≤d′)

2
, we have

IdegW
W ⊂ (E1 ∶KP )degW .

Now by contradiction, if f ∉ IW , then dimV (f, IdegW
W ) ≤ k − 1, and moreover

JP contains a Cox-Gorenstein ideal with socle degree less than or equal to
N + (k + 1)d′η. On the other hand, (E1 ∶ KP ) has socle degree greater than
or equal to N + β − 2d′η, so that

N + (r − (k + 1))2δmη ≥ N + (r − (k + 1))d′η ≥ N + β − 2d′η ≥ N + (1 − 4δ)mη

which implies that δ ≥ 1
2(r−(k+1)+2) ≥ 1

2(k+3) , contradicting our choice of δ. Thus
f ∈ IW .
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Chapter 4

On the Hodge Conjecture in toric
varieties

In this last chapter we apply the previous results to establish the Hodge
conjecture in some special cases. In section 1 we show that for a quasi-smooth
hypersurface in the Noether-Lefschetz locus containing a suitable complete
intersection subvariety, the Hodge Conjecture is true asymptotically, i.e., when
the degree of the hypersurface is "big" enough. In section 2 we study quasi-
smooth intersection subvarieties in a projective simplicial toric variety, which is a
right notion to generalized complete intersection subavarieties in the toric world,
and we show that under appropriate conditions, on a very general quasi-smooth
intersection subvariety Hodge Conjecture holds, generalizing the work on quasi-
smooth hypersurfaces of Bruzzo and Grassi in [8].

4.1 An asymptotic argument for Hodge Conjec-
ture

The notation and assumptions are the same as Chapter 3, that is, as in
Proposition 3.24 or Theorem 3.31, i.e., we have a quasi-smooth hypersurface
Xf ⊂ P2k+1

Σ in the Noether-Lefschetz locus and there exists a k-dimensional
subvariety V satisfying:

• V ⊂Xf ⊂ P2k+1
Σ

• degV ≤ 2δm with δ < 1
4(r−(k+1)) and r the number of rays of Σ.

• IV and E coincide in degree less than or equal to (m − 2 − (r − j)d′) η for
some (0 < j < r).

Since V is k-dimensional by Poincaré duality there exists λV ∈Hk,k(P2k+1
Σ ,Q) the

cohomology class associated to [V ] and let us denote λVprim ∶= i∗(λV ) ∈Hk,k(Xf).
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Theorem 4.1. If V is a smooth complete intersection subvariety, then there
exists c ∈ C∗ such that λf = cλ[V ]prim.

Proof. We divide the proof in three steps.
Step I: λ[V ]prim ≠ 0.

Since V ⊂Xf is a regular embedding we have that

[V ]2
Xf

= ∫V cn(NV /Xf )
= ∫V cn(NV /PΣ

)/cn(NXf /PΣ ∣V )
= degV (coefficient tnof ∏i(1+deg(Ai)t)1+deg(Xf )t )

By contradiction if deg(Xf)[V ] = degV ck1(OXf (η)) then deg(Xf)2[V ]2
Xf

=
(degV )2c2k

1 (OXf (η)) = (degV )2 deg(Xf) which implies that deg(Xf) divides
degV proving the Step I.
Let Ealg be the Cox-Gorenstein ideal associated to λ[V ]prim and E as in Chapter 3
the Cox-Gorenstein ideal associated to λf . So to prove the theorem, it is enough
to show that

Step II: E = Ealg. Note that IV +J(f) is contained in E and Ealg. Moreover,
since V ⊂ Xf , f is of the form A1K ′

1 + ⋅ ⋅ ⋅ +Ak+1K ′
k+1. Now, because f is quasi-

smooth, there exist K1, . . .Kk+1 ∈ Bσ dividing K ′
1 . . . ,Kk+1 respectively, such that

(A1, . . . ,Ak+1,K1, . . .Kk+1) is a Cox-Gorenstein ideal with socle degree N . So
that to conclude the theorem is enough the following step.

Step III : the ideal IV + J(f) coincides in degree N with the ideal
(A1, . . . ,Ak+1,K1, . . .Kk+1). It is enough to show that every Cox-Gorenstein ideal
I of degree N containing IV +J(f) also contains (A1, . . . ,Ak+1,K1, . . .Kk+1). By
assumption

(Aj, j ∈ {1, . . . , k + 1},
k+1

∑
j=1

∂Ai
∂xi

Kj, i ∈ 1, . . . , r) ⊂ I

Let us see that Kj ∈ I for every j ∈ {1, . . . , k + 1}. Let Mrxk+1 be the matrix
[∂Aj∂xi

] and K the column (Kj)j∈{1,...,k+1}. For each I ⊂ {1, . . . r} with cardinal
k + 1 and let MI be the matrix extracting the i ∈ I-arrows of M . We have that
∑k+1
j=1

Aj
xi
Kj = (MK)i = (MIK)i; multiplying by the adjunct of MI we get that

det(MI)Kj ∈ I for all j ∈ {1, . . . k + 1}. On one hand the ideal (I,Kj) contains
the ideal

J = IV + ⟨detMI⟩
Hence (I ∶Kj) contains a Cox-Gorenstein ideal with socle degree less or equal to

r degV η − β0 ≤ 2mδη − β0

On the other hand if Kj ∉ I then (I ∶ Kj) contains a Cox-Gorenstein ideal with
socle degree

N − degKj ≥ N − β = kβ − β0

52



then comparing the above two inequalities and keeping in mind that r ≥ 2(k+1),
we get that δ > 1

2r > 1
4(r−(k+1)) .

4.2 Very general quasi-smooth intersection vari-
eties and Hodge Conjecture

A projective simplicial toric variety PdΣ satisfies the Hodge Conjecture, i.e., every
cohomology class in Hp,p(PdΣ,Q) is a linear combination of algebraic cycles. On
one hand by the Lefschetz theorem in toric varieties, the Hodge conjecture holds
true for every hypersurface and p < d−1

2 and by Poincarè duality, also for p > d−1
2

and on the other hand by Theorem 1.1 in [8] when, d = 2k + 1 and P2k+1
Σ is an

Oda variety with an ample class β such that kβ − β0 is nef, where β0 is the
anticanonical class, the Hodge conjecture with rational coefficients holds for a
very general hypersurface in the linear system ∣β∣.

The main purpose of this chapter is to generalize the above results to
"good" complete intersections between quasi-smooth hypersurfaces. Let f1, . . . , fs
homogeneous polynomials in the Cox ring of PdΣ. Then they define a zero locus
V (f1, . . . , fs) which has associated a closed subvariety X ⊂ PdΣ.

Definition 4.2. We say that X is a quasi-smooth intersection if V (f1, . . . , fs) ∩
U(Σ) is either empty or a smooth subvariety of codimension s in U(Σ).
Remark 4.3. This notion generalizes smooth complete intersection in a
projective space. In fact a quasi-smooth intersection X = Xf1 ∩ ⋅ ⋅ ⋅ ∩Xfs defined
by f1, . . . fs ∈ BΣ has pure dimension d − s.

Again as in the case of quasi-smooth hypersurfaces we can relate the above
definition with the notion of orbifold, namely

Proposition 4.4 ([33] Proposition 1.3). If X ⊂ PdΣ is a closed subset of
codimension s defined by the homogeneous polynomials f1, . . . fs, then X is quasi-
smooth intersection if and only if X is a suborbifold of PdΣ.

We also have a Lefschetz type theorem in this context.

Proposition 4.5 ([33] Proposition 1.4). Let X ⊂ PdΣ be a closed subset, defined
by homogeneous polynomials f1, . . . fs ∈ BΣ of ample hypersurfaces. The the
natural map i∗ ∶H i(PdΣ)→H i(X) is an isomorphism for i < d−s and an injection
for i = d − s.

Hence if p ≠ d−s
2 every cohomology class in Hp,p(X) is a linear combination of

algebraic cycles. So let us see what happens when p = d−s
2 . The idea will be to

relate the Hodge structure of a quasi-smooth intersection varietyX =Xf1∩⋅ ⋅ ⋅∩Xfs

in PdΣ with the Hodge structure of a quasi-smooth hypersurface Y in a toric variety
Pd+s−1
X,Σ whose fan depends of X and Σ.
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Proposition 4.6. Let X =X1 ∩ ⋅ ⋅ ⋅ ∩Xs be quasi-smooth intersection subvariety
in PdΣ cut off by homogeneous polynomials f1 . . . fs respectively . Then there
exists a projective simplicial toric variety Pd+s−1

X,Σ and a quasi-smooth hypersurface
Y ⊂ Pd+s−1

X,Σ such that for p ≠ d+s−1
2 ≠ d+s−3

2

Hp−1,d+s−1−p
prim (Y ) ≃Hp−s,d−p

prim (X).

Proof. The way to construct Pd+s−1
X,Σ is through of what it is known as the

"Cayley trick". Let L1, . . . , Ls be the line bundles associated to the quasi-smooth
hypersurfaces X1, . . .Xs so let P(E) be the projective bundle associated to the
vector bundle E = L1 ⊕ ⋅ ⋅ ⋅ ⊕ Ls it turns out that P(E) is d + s − 1- dimensional
projective simplicial toric variety whose Cox ring is

C[x1, . . . , xn, y1, . . . ys]

where C[x1, . . . , xn] is the Cox ring of PdΣ. The hypersurface Y is cut off by
the polynomial F = y1f1 + ⋅ ⋅ ⋅ + ysfs and is quasi-smooth by Lemma 2.2 in [33].
Moreover combining Theorem 10.13 in [4] and Theorem 3.6 in [33] we have that

Hp−1,d+s−1−p
prim (Y ) ≅ R(F )(d+s−p+1)β−β0

≅Hp−s,d−p
prim (X)

for p ≠ d+s−1
2 ≠ d+s−3

2 as we wanted.

Corollary 4.7. If X is a quasi-smooth intersection variety and its associated
quasi-smooth hypersurface satisfies the Hodge conjecture, then the Hodge
conjecture also holds on X.

Proof. The isomorphism of Proposition 4.6 preserves algebraic classes.

Remark 4.8. With the same notation of Propostion 4.6, note that we have a
well defined map,

φ ∶ ∣β1∣ × ⋅ ⋅ ⋅ × ∣βs∣ → ∣β∣
(f1, . . . , fs) ↦ f1y1 + ⋅ ⋅ ⋅ + fsys.

Moreover, by Noether-Lefschetz theorem ∣β∣∖NLβ is a countable union of closed
sets ⋃iCi and hence ⋃φ−1(Ci) too.

We have an extension of the Noether-Lefschetz theorem, namely.

Lemma 4.9. Let PdΣ be an Oda projective simplicial toric variety. Then for a
very general quasi-smooth intersection subvariety X cut off by f1, . . . fs such that
d + s = 2(k + 1) one has that,

Hk+1−s,k+1−s(X,Q) = i∗ (Hk+1−s,k+1−s(PdΣ))
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So we get a natural generalization of the main geometrical object of the thesis,
the Noether-Lefschetz loci.

Definition 4.10. We called the Noether-Lefschetz locus of a quasi-smooth
intersection variety, the locus of s−tuples (f1, . . . , fs) such that X = Xf1 ∩
. . .Xfs is quasi-smooth intersection with fi ∈ ∣βi∣ such that Hk+1−s,k+1−s(X,Q) ≠
i∗ (Hk+1−s,k+1−s(PdΣ)) and we denote it by NLβ1,...,βs .

Now we transfer what we already know about Hodge conjecture on PdΣ to
quasi-smooth intersection subvarieties.

Theorem 4.11. Let PdΣ be a Oda projective simplicial toric variety, then on a
very general quasi-smooth intersection subvariety X cut off by f1, . . . fs such that
d + s = 2(k + 1), the Hodge Conjecture holds .

Proof. First note that by Corollary 4.2 in [23] the projective simplicial toric
variety P2k+1

X,Σ is Oda and since X is very general the quasi-smooth hypersurface
Y is very general as well. So applying the Noether-Lefschetz theorem one has
that hk,kprim(Y ) = 0 = hk+1−s,k+1−s

prim (X) or equivalently every (k + 1 − s, k + 1 − s)
cohomology class comes from a linear combination of algebraic cycles.
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Developments

Along the thesis we extended some classical results, machinery and ideas known
for projective spaces to a more general setting, i.e., to projective simplicial toric
varieties. Pushing forward those developments I expect to get some new results
in different topics, mainly related with Noether-Lefschetz theory, namely:

• Definition 4.10 is a new and quite natural perspective of the Noether-
Lefschetz loci. So I would like to transfer the results of my thesis presented
along the previous sections to that context.

• The main tool in [37] is Macaulay theorem, which I generalized to normal
"strongly Fano" varieties 3.3 with rational singularities. I expect that
studying the Hodge structure developed by Steenbrik in [45] to some
varieties, non necessarily toric, I will be able to extend Theorem 3.1 to
some normal, non necessarily toric, varieties.

• Macaulay theorem is also an important key in order to understand Hilbert
polynomials. So pushing forward the ideas of Green in [21] I hope
to generalize to “strongly Fano" varieties with rational singularities the
Gotzmann’s Regularity theorem, which say that for a graded ideal I● of
the Cox ring associated to the projective space Pr with Hilbert polynomial
P (k), i.e., P (k) = codim(Ik,H0(OPr(k) for k >> 0, that is, if I is an ideal
sheaf corresponding to I● and F = OPr/I we have that P (k) = χ(F(k)).
Then the Hilbert polynomial has the form

P (k) = (k + a1

a1

) + (k + a2 − 1

a2

) + ⋅ ⋅ ⋅ + (k + as − (s − 1)
as

), a1 ≥ a2 ≥ as ≥ 0.

Furthermore, the associated ideal sheaf I is s− regular.

• Chapter 2 gives bounds for the codimension of a Noether-Lefschetz
component. In [15] Ciliberto and Lopez constructed explicitly some
Noether-Lefschetz components for a given codimension when P2k+1

Σ = P3.
This result is based on the determination of generators of the Picard group
for a general surface containing a fix curve, what was done by Lopez in
[29]. Subsequently [29] was based on the Kronecker-Castelnuovo theorem
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which says that, an irreducible surface S ⊂ P3 has a 2-dimensional family
of reducible plane sections if and only if S is either ruled by lines or the
Roman surface. I expect that the result can be generalized to others toric
threefolds as a first step to extend the ideas in [15].

• [14] and [3] proved the algebraicity of the Noether-Lefschetz components
for the projective space. This is a very hard theorem and seems to be true
also for the Noether-Lefschetz loci on a simplicial projective toric variety.
I would like to tackle this problem.

• I studied in wide generality Cox rings not only associated to a toric variety.
Thus it is natural to think that some of well-known properties for toric
varieties (see [18]) can be extended to more general normal varieties.

• There exists a connection between Noether-Lefschetz theory and Gromov-
Witten theory [32], more precisely the Noether-Lefschetz divisors in the
moduli of K3 surfaces are the loci corresponding to Picard rank at least
2. Maulik and Pandharipande relate the degrees of the Noether-Lefschetz
divisors in 1-parameter families of K3 surfaces to the Gromov-Witten
theory of the 3-fold total space. I would like to study this, to look for
inspiration and motivation.
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