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Abstract

In [4] Batyrev and Cox proved the "Lefschetz hyper-surface theorem" for toric
varieties, which claims that for a quasi-smooth hyper-surface X = {f = 0} in
a complete simplicial toric variety P2*! the morphism * : H?(Py) — HP(X)
induced by the inclusion, is injective for p = 2k and an isomorphism for p < 2k.
This allows us to define N Lg, the main geometrical object of this work, the locus
of quasi-smooth hypersurfaces of degree 8 such that ¢* is not an isomorphism.
Following the tradition we call it in [10] the Noether-Lefschetz locus, while some
authors call it Hodge loci when P2+! = P?#+1 This is a interesting geometrical
object since it is the locus where the Hodge Conjecture is unknown [8]. The
cornerstone of this thesis, a Noether-Lefschetz theorem, is a consequence of
"the infinitesimal Noether-Lefschetz theorem" namely, Bruzzo and Grassi in [7]
showed that if the multiplication R(f)s® R(f)rs-p, = R(f)k+1)8-5, IS surjective,
where f3 is the class of the anticanonical divisor of P#*! the Noether-Lefschetz
locus is non-empty and each irreducible component has positive codimension.
We prove in Chapter 2 that if k8 — 5y = nn (n € N) where 7 is the class of
an ample, primitive and O-regular divisor and 3 is O-regular with respect to 7,
then every irreducible component N of the Noether-Lefschetz locus respect to
satisfies n + 1 < codim N < hF~LE+1(X). The lower bound generalize to higher
dimensions the work of Green in [20], Voisin in [47] and Lanza and Martino in
[28] and the upper bound extend some results of Bruzzo and Grassi in [9]. In
Chapter 3, continuing the study of the Noether-Lefschetz components, we prove
that asymptotically the components whose codimension is bounded from above
are made of hypersurfaces containing a small degree k-dimensional subvariety
V. As a corollary we get an asymptotic characterization of the components of
small codimension, generalizing the work of Otwinowska in [37] for P! = P2k+1,
Green in [19] and Voisin in [47] for PZ*1 = P3. Finally in chapter 4 we prove
asymptotically the Hodge Conjecture when V' as before is smooth complete
intersection. We also present a generalization of [8|, proving that on a very general
quasi-smooth intersection subvariety in a projective simplicial toric variety the
Hodge conjecture holds. We end this work with a natural and different extension
of the Noether-Lefschetz loci. Some tools that have been developed in the thesis
are a generalization of Macaulay theorem for Fano, irreducible normal varieties
with rational singularities, satisfying a suitable additional condition, and an
extension of the notion of Gorenstein ideal to toric varieties.
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Introduction

What is nowadays the Noether-Lefschetz theorem was stated in 1882 by Max
Noether, and was proved in 1920 by Salomon Lefschetz using algebraic topological
methods. In Lefschetz’s words:

“It was my lot to plant the harpoon of algebraic topology into the body of the
whale of algebraic geometry”.

For a smooth complex projective variety Y, the Picard group PicY is a
classical invariant. While a curve is essentially determined by its Picard group
— or, to be precise, by its Jacobian as an abelian variety — this is far from true
in higher dimensions. Given a variety X c Y, one can ask whether the restriction
map PicY — Pic X is an isomorphism; this is in general false if dimY = 2, true
if dimY > 4 and X is a hypersurface — this is called Grothendieck-Lefschetz
theorem (see [38])— , and is a complicated issue if dimY = 3. The precise
result for Y = P2 is that for an embedded surface of degree d > 4, the restriction
map is an isomorphism for a very general surface, i.e., for all surfaces outside a
countable union of proper closed subschemes of the space of degree d surfaces.
This is the Noether-Lefschetz theorem, a high point in algebraic geometry and
Hodge theory. It allows one to define the Noether-Lefschetz locus as the locus
where the restriction map is not an isomorphism. The main geometrical object of
this thesis is a generalization of the definition of this locus, and its main purpose
is the study of its irreducible components.

The algebraic geometry community somehow lost interest in the Noether-
Lefschetz theorem, until the late 1950s when algebraic geometry received a boost
from Grothendieck’s unifying theory of schemes, and mathematicians were able
to look at old problems in a new perspective. Since 1980 several refinements of
Noether-Lefschetz theorem have been produced, when the subject was injected
with new ideas coming from infinitesimal variations of Hodge structures, as in the
foundational paper [12] of Griffiths and his students Carlson, Green and Harris.

In the late 80s and early 90s, C. Voisin made interesting contributions to the
theory, and since 2000 her student Otwinowska gave an asymptotic generalization
of many results. Moreover, in 2009 Ravindra and Srinivas [39] provided an
analogue of the Noether-Lefschetz theorem for class groups of hypersurfaces
of normal varieties using a pure algebraic approach. In parallel, Bruzzo and
Grassi generalized in [7] the Noether-Lefschetz theorem to toric threefolds using
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the Hodge theory; more specifically, they proved the theorem as a consequence
of an “infinitesimal Noether-Lefschetz theorem for toric varieties". A direct
consequence of that theorem is the cornerstone of this thesis, a Noether-Lefschetz
theorem, allowing one to extend the definition of Noether-Lefschetz locus to
higher dimensional toric varieties.

Chapter 1 is mostly not original; it introduces and motivates the topic of this
thesis. We start the chapter in the toric varieties context proving "the hyper-
surface Lefschetz theorem", and continue showing “the infinitesimal Noether-
Lefschetz theorem", and more importantly to us, we show one of its consequences,
which we called the "cornerstone result". We finish the chapter generalizing the
definition of the Nother-Lefschetz locus to projective simplicial toric varieties,
this being the first original result of this work.

In chapter 2, we start constructing explicitly the irreducible components of
the Noether-Lefschetz locus in toric varieties and then we find a lower and an
upper bound for their codimension. The lower bound is a generalization of what
is known in the literature as the explicit Noether Lefschetz theorem, while the
upper bound is a consequence of the Griffiths transversality, which for the setting
of orbifolds — and so in particular for complete simplicial toric varieties — was
proved implicitly by Liu and Zhuang in [31].

In chapter 3, extending the ideas of Otwinowska in [36] and [37], we describe
asymptotically the components of the Noether-Lefschetz locus by showing the
existence of a subvariety V' of suitable dimension and bounded degree. Moreover,
we characterize those with smallest codimension for the case of toric threefolds.

Finally, in chapter 4, thanks to the description provided in chapter 3, we prove
an asymptotic Hodge conjecture for a non-very general quasi-smooth hypersurface
when V', as before, is a smooth complete intersection subvariety. We also show
a Noether-Leschetz theorem and discuss a natural and new perspective of the
Noether-Lefschetz loci inspired by the work of Mavlyutov in [33]. And we finish
the thesis showing that on a very general quasi-smooth intersection subvariety
in a projective simplicial toric variety, Hodge conjecture holds, generalizing the
main result of Bruzzo and Grassi in [8].
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Chapter O

Preliminaries

0.1 Complex orbifolds

The notion of orbifold was introduced under the name of V-manifold by Satake
in [43] and it is the one we will discuss here. Nowadays, there are more general
notions of orbifolds and the V- manifolds are known as effective orbifolds, see [1]
for more details.

Definition 0.1. Let X be a d-dimensional variety

e X is a complex orbifold if for every p € X there exists a triple (U, G, ¢)
where U c C? is a connected neighborhood of p, G ¢ GL(d,C) is a finite
subgroup with no complex reflections other than the identity and ¢ : U - X
is a complex analytic map such that ¢(gx) = ¢(x), Vo € U and Vg € G.
(U, G, ¢) is called a local chart of X. A complex reflection is an element of
GL(d,C) of finite order with d — 1 of its eigenvalues equal to 1.

e An embedding A : (U,G,¢) < (V, H, 1) between two orbifold charts is an
embedding A : U < V such that ¢ o X =¢.1

e A subvariety Y c X is a suborbifold if for every p € Y there is a local
chart (U,G,¢) of X such that the inverse image of Y in U is smooth at

(07 (p)] e U/G.

In general a subvariety which is an orbifold does not need to be a suborbifold.
One can think about a suborbifold, roughly speaking, as a subvariety where its
singular points are those coming from the ambient space.

Definition 0.2. Given p € X and a local chart (U,G,¢) :=U/G.

'An important result for the study of orbifolds [34]: given two embeddings of orbifold charts
A (U, G,¢) = (V,H, 1) there exists a unique h € H such that p=7j-A.
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e A C* k-form on U/G is defined to be a C* form w € Q¥(U) such that
w(gr) =w(x) Yz eU and Vg e G.

e A holomorphic k-form on U/G is a G- invariant holomorphic k— form on

U.

Using the above definition of embedding there is a natural notion of patching
k—forms on different charts. Holomorphic k-forms on an orbifold are called Zariski
k-forms on X and they determine a sheaf ﬁ’j( that although may fail to be locally
free, the sheaf is locally free on the smooth locus of X. Moreover,

Proposition 0.3 ([17] Proposition A.3.1). If X is an orbifold and ¢ : Uy - X is
the inclusion of the smooth locus then QF. = i*(Q’f]O) where Q’f]o is the classical
sheaf of holomorphic k-forms on the complex manifold Uj.

0.2 Deformation of complex orbifolds

We present a generalization of Ehresmann’s theorem to orbifolds following [31].
Let U c C? be an open set and let X be an orbifold such that every point
has a chart of the form U x (V,/G) so there exists a canonical projection
o + Ux (V,]/G) - U. These m,’s fit together to form a natural morphism
m: X - U.

Definition 0.4. A smooth family of compact orbifolds over U is an orbifold X
as before with its natural projection 7 : X — U, such that as a map of topological
spaces, T is proper.

Remark 0.5. If 7: X - U is a smooth family of compact orbifolds each fiber of
the underlying continuous map has a natural compact orbifold structure.

Lemma 0.6 ([31] Lemma 3.4). A smooth family of compact orbifolds over a
contractible open set U, w: X — U is trivial.

Analogously to the classical case a Kahler form on an orbifold is a real, smooth
closed (1,1)-form which is positive at every point, that is, its pullback in every
chart is positive.

Definition 0.7. A holomorphic family of compact polarized complex orbifolds
over U is a holomorphic family of compact complex orbifolds 7 : X — U such that
there is a Kéhler form w, on the fiber 7=!(u) = X, which varies smoothly with
respect u.



0.3 Projective simplicial toric varieties

Now we focus in projective simplicial toric varieties and we will discuss its relation
with the notion of orbifold.

Definition 0.8. Let M be a free Abelian group of rank d, let N = Hom(M,Z),
and Ng = N @7 R.

1. A convex subset ¢ c Ny is a rational k-dimensional simplicial cone if there
exist k linearly independent primitive elements e;....,ex € N such that
o ={pie1+-+ ey}, with p; non negative real numbers. The generators e;
are said to be integral if for every ¢ and any non negative rational number
1, the product p; is in N only if p is an integer.

2. Given two simplicial cones o, 0’, we say that o’ is a face of o (we then write
o < o) if the set of integral generators of ¢’ is a subset of the set of integral
generators of o.

3. A finite set {oy,...0,} of rational simplicial cones is called a rational
simplicial complete d-dimensional fan if

e all faces of cones in X are in X;
e if 0,0’ €, then ono’ <o and o no’ <o’;

e Np=07U---Uo0,.

A rational simplicial complete d-dimensional fan ¥ defines a toric variety P,
of dimension d having only Abelian quotient singularities, which we will denote
just Py if the dimension is clear or not relevant. Moreover, Py, is a global orbifold
(see theorem 1.9 in [4]).

In order to study hyper-surfaces in a simplicial toric variety we will introduce
the notion of Cox ring in a general context, then we will see that when this ring
coincides with a polynomial ring in the case of toric varieties.

Definition 0.9 (Cox ring). Let Y be a complete variety with finitely generated
class group CI(Y'), then the Cox ring associated to Y is

S(V)= @ H(Y.00(D)).

DeCI(Y)
A detailed analysis of this ring when C1(Y") is free is given in Section 4 of |2].

Example 0.10 ([22] Corollary 2.10). Let Y be a smooth projective variety with
Pic(Y)g = N1(Y') where N1(Y') are the classes of numerically equivalence Cartier
divisors. Then, Y is a toric variety if and only if its Cox ring is a polynomial
ring.



Example 0.11 (|27] Example 2.6 ). The Cox ring need not be finitely generated,;
a counterexample is provided by a K3 surface with Picard number 20.

Definition-Proposition 0.12 (Irrelevant Ideal). Let D be an ample Cartier
divisor on Y with S(Y') finitely generated and let Rp = @5y S(Y)mp. The
irrelevant ideal is defined as

B(K D) =4/ JY,D where Jny =< Rp >

Actually B(Y, D) it is independent of the choice of the ample Cartier divisor D,
so we denote it B(Y) (see [2]).

Example 0.13. Given a fan > and taking a variable x; for each 1-dimensional
cone p; in X, the Cox ring S(X) is the polynomial ring C[xy,...,x,]. Moreover
considering for every o € ¥ and x, = [], ., z;, the irrelevant ideal B(X) is
generated by the x,’s.

pito

Let L be an ample line bundle on Py, and denote by 5 € Cl(X) its degree. A
section of L is a polynomial in Sp.

Definition 0.14. Let f be a section of L, and let V(f) = {f =0} in SpecS(X).
the hypersurface cut in Py by the equation f =0 is quasi-smooth if V' (f) c C" is
smooth outside Z(X).

Proposition 0.15 ([4] Proposition 3.5). A hyper-surface X c Py is quasi-smooth
if and only if X is a sub-orbifold of Py.

Proposition 0.16 ([4] Proposition 4.15). If f is the general section of an ample
invertible sheaf, then X is a quasi-smooth hypersurface in Py.

Remark 0.17. Let Py be a projective simplicial toric variety and let 8 € C1(3)
be a Cartier class. Let f e P(H°(Opy(f)) such that Xy = {f =0} c Py is quasi-
smooth. Let U c P(H°(Op,.(8)) be the open set parametrizing the quasi-smooth
hyper-surfaces and let X c U x Py, be its tautological family. Since U is a complex
manifold and X a complex orbifold we have the assumptions of Ehresmann’s
theorem. Hence 7: X — U is locally trivial.

0.4 A Lefschetz theorem in toric varieties

A very important result in the theory of Kahler complex orbifolds is the existence
of a pure Hodge structure [42]. So it is pretty natural to ask when the Hodge
Structure of a hyper-surface coincides with the Hodge structure of its ambient
space. The next theorem is a first step in that direction, a refinement of the
Lefschetz hyperplane theorem. .



Theorem 0.18 (4] Theorem 10.8). Let X be a quasi-smooth hypersurface of a d-
dimensional complete simplicial toric variety P, and suppose that X is defined by
feSB. If fe B(X) then the natural map i* : HY(P) - H*(X) is an isomorphism
fori<d-1 and an injection fori=d - 1.

The above result shows that the interesting part of the cohomology of a quasi-
smooth hypersurface X occurs in dimension d — 1. Moreover by Theorem 9.3.2
in [18] hP4(PL) = 0 when p # ¢ hence the no trivial injectivity of i* occurs (k, k)-
Hodge decomposition H**(X'), which makes sense when d is odd. The question
raised at the beginning of this subsection will be given a complete answer, using
the notion of variation of the Hodge structure.
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Chapter 1

Infinitesimal Noether-Lefschetz
theorem for toric varieties

In this chapter we prove the cornerstone of this thesis, a Noether-Lefschetz
theorem, which is a consequence of the "Infinitesimal Noether-Lefschetz theorem
for toric varieties". Namely, we show under certain conditions that a very
general hypersurface (quasi-smooth) of a odd dimensional toric variety P21
all its rational (k,k)-forms come from the rational (k,k)-forms of PZ+!
e, HFF(X,,Q) = *(HF*(P%*1,Q)) where i* is the morphism induced in
cohomology by the inclusion. The proofs and the structure of the Chapter are
mainly based in the papers [4] and [7] so that there is not much original, except
for the definition of the Noether-Lefschetz locus in a complete simplicial toric
variety PZ+! in the last part of the Chapter. We recover the definitions given in
[7] and [36] when k =1 and P+ = P21 respectively.

1.1 Primitive cohomology of a hypersurface.

Let L be an ample line bundle on P§, and let X be a hypersurface in P¢ cut off
by a section f of L then f e B(X) ([4] Lemma 9.15). Denoting by i : X < Py
the inclusion and by i* : H*(Py,C) —» H*(X,C) the associated morphism
in cohomology; by the "hypersurface Lefschetz theorem", i* : H¢(Py,C) —
H¥Y(X,C) is injective.

Definition 1.1. The primitive cohomology group H?! (X) is the quotient

prim
H™Y(X,C)/i* (H*(Py))
Lemma 1.2. The exact sequence
0—*(H"(Py),C) > H™(X,C) » Hi{ (X) >0

splits orthogonally with respect to the intersection pairing in H*(X, C).

11



Proof. The Hard Lefschetz theorem holds also for projective orbifolds [51]. Then
the morphism ¢;(L) u  : H¥*1(Pg) - H™(Pg) is an isomorphism. Let
iv: HTY(X) - H®'(Py) be the Gysin map. The following commutative diagram
of vector spaces

0— H&1(Py) — H*(Pg) —= 0
¥ l
0 —keri, —= H4L(X) —= H!(Py) —0

0 ——=keri, — H%! (X)

prim

0

0 0

provides a straightforward splitting s of the exact sequence in the middle column.
Let (,) be the intersection pairing in cohomology and since that ¢* and i, are
adjoint with respect to the intersection pairing. The upper-right square commutes
since by Poincaré duality

(isi", ) = (", i"B) = (e1(L) n v, B) = (I(), B) -
If o e H1(Pg,C) and 8 € HY ! (X), we have

prim
<i*a75(6)> = <Oé,i*(8(/3))) =0.
]

Remark 1.3. Note that as H*(X,C) ~ H*(X,Q)®gC, one can work indifferently
with rational or complex coefficients.

As we have mentioned before H&(Py,C) and H%1(X,C) have pure Hodge

structures, and the morphism ¢* is compatible with them, so that Hgljilm(X )

inherits a pure Hodge structure. We shall write

prim prim

d-1
Hi b, (X) = @ HEG 7 (X)
p=0

1.2 Cohomology of the complement of an ample
divisor
Proposition 1.4. There is a natural isomorphism

12



HO(Ps, Q4 _(d-p+1)X)
HO(Py, Q5_((d-p)X)) +dH (Ps, Qg ' (d - p)X)

e ri(X) «

prim

Proof. This follows from Corollaries 10.2 and 10.12 in [4]. O

The resulting projection, multiplied by the factor (-1)P~'/(d -p+1)! will be
denoted by

ry s HO(Py, O (d = p+1)X) > HEP(X) (L1)

prim
which is called the p-th residue map in analogy with the classical case. This map
will play an important role in the Chapter 3.

Definition 1.5. Let X = {f = 0} c Py be a hypersurface and let J(f) be the ideal
of the Cox ring generated by the derivatives of f. The ring R(f) = S(X)/J(f) is
the Jacobian ring of X.

The Jacobian ring encodes almost all the information about the primitive
cohomology of X.

s Jd-p-1 o
Proposition 1.6 ([4] Theorem 10.13). If p + d/2-1, nginf (X) 2 R(f)(a-p)s-20
where ) = —deg Kp,,, 3 = deg L.

1.3 The Gauss-Manin connection

Let Uz be the open subscheme of |L| parametrizing the quasi-smooth hypersur-
faces with degree 8 = deg L, and let 7 : X3 — Uy be the tautological family on
Ug; we denote by X, the fiber of m at u € Us. Let H9! be the higher direct
images of the constant sheaf C whose fiber at u is the cohomology H%1(X,), i.e.,
Hd-1 = Ri-17 C which is a local system by Ehresmann’s theorem for orbifolds. We
have associated a vector bundle H*! = H4! ®¢ Oy, and a flat connection V, the
Gauss-Manin connection, of H% 1. Since the hypersurfaces X, are quasi-smooth,
the Hodge structure of the fibers H41(X,) of H ! varies holomorphically with
respect to u [45]. The corresponding filtration defines holomorphic subbundles
FrHa-1 and the graded object of the filtration defines holomorphic bundles.
The bundles HP4P-1 given by the Hodge decomposition are not holomorphic

subbundles of H4!, but they are diffeomorphic to Gr%.(#!), thus they have a
p,d-p-1
prim

the primitive cohomologies of the hypersurfaces X,,. Let m,: H¢! — %gﬁ;ﬁ” be

holomorphic structure. The quotient bundles H of HP.4-P~1 correspond to

the natural projection.
We denote by 7, the cup product

T HO(Py, Opy (X)) ® HO(Py, O (d - p)X) > H(Py, 5 ((d - p +1)X)).

13



If ug is the point in Uy corresponding to X, the space H(Ps, Op,(X))/C(f)
where C(f) is the 1-dimensional subspace of H°(Pyx, Op. (X)) generated by f,
can be identified with T}, Us. The morphism 7, induces in cohomology the Gauss-
Manin connection:

Lemma 1.7 (|13] Proposition 5.4.3). Let og be a primitive class in Hp’d (X)),

let v € T,,,Us and let o be a section of HP4-P~1 along a curve in U Whose tangent
vector at ug is v, such that o(ug) = 0g. Then

Tp-1(Vo(0)) = 1p1(3(0© ) (1.2)

where 7,,7,-1 are the residue morphisms defined, ¢ is an element such that
rp(6) = 09, and ¥ is a pre-image of v in H°(Pg,Op,(X)) In particular the
following diagram commutes:

HO(Op, (X)) ® HY(Qf_(d-p)X) —— H(Q_(d-p+1)X) (1.3)

pro®rp l l/'rpl

T, Us ® HP 7P (X) e HP LX)

prim prim

where 7, is the morphism that maps v ® a to V,a and pr is the projection

H(Opy (X)) = Tyl

Lemma 1.8. If o and 7 are sections of HP4P~1 and H¥PP-1 respectively, then
for every v € T, Us,

Vo Un=—-a U V,mn. (1.4)

Proof. The Gauss-Manin connection is compatible with the cup product by
definition, i.e.,
Vo(aun) =V,aun+auV,n

but awun =0 because it is an element in H%42, O]

1.4 The moduli space of hypersurfaces in Py,

This section is based in the ideas of Cox presented in [16]. We consider the moduli
space Mg for general quasi-smooth hypersurfaces in Py, with class divisor 5 but
in order to get a "good" moduli we have to make some restrictions because the
automorphism group of a toric variety is in general non reductive. It is worth
mentioning that there is a new approach to the construction of this moduli using
new results in non-reductive GIT, see [11].

Definition 1.9. Given § € Cl(X), let Autg(Ps) be the subgroup of Aut(Py)

consisting of those automorphism which preserve f.

14



Remark 1.10 ([16] Section 4). If Aut”(Py) is the connected component of the
identity of Aut(Py), then Aut’(PPy) is a subgroup of finite index in Autg(Py).

When we describe Py; as the quotient U(X)/D(X), note that Aut(Py) does
not act on U(X). However in [16] it is shown that there is an exact sequence

1 - D(X) - Aut(Ps) - Aut(Pg) - 1

where Aut(Py) is the group of automorphisms of C” which preserve U(X) and
normalize D(X). An element ¢ € Aut(Py) induces an automorphism ¢ : S - S
which for all v € CI(X) satisfies ¢(S;) = Sg()-

Remark 1.11. By differentiating the above exact sequence, we have a surjective
map

kg HY(Py, Opy (X)) = Tx Mg
which is the analogue of the Kodaira-Spencer map.

Definition 1.12. Given § € CI(X), let Autz(Py) be the subgroup of Aut(Py)
consisting of these automorphisms that preserve f.

The group Mg(]P’g) has the following obvious properties.
Lemma 1.13. There is a canonical exact sequence
1 - D(X) - Autg(Ps) - Autg(Ps) — 1
Furthermore, there is a natural action of Autz(Pg) on S5.
Remark 1.14. Let mo(Pg) be the connected component of the identity of

Aut(Py). In [16] it is shown that mO(Pg) is naturally isomorphic to the group

Aut,(S) of CI(¥)-graded automorphisms of S. Then mO(PZ) c Autg(Py), and
the action of Autg(Py) on S? is compatible with the action of Aut,(S).

If € CI(X) is an ample class, then we know that a generic element f € S? is
quasi-smooth. Then

{f € S5| f is quasi-smooth} /Autg(Py)

should be the coarse moduli space of quasi-smooth hypersurfaces in Py, in the
divisor class of 5. The problem is that mg(]P’g) need not be a reductive group,
so that the quotient may not exist. However it is well-known that there is a
nonempty invariant open set

Uc{feSs| fisquasi-smooth}
such that the geometric quotient
U/Auts(Ps)

exists.
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Definition 1.15. We call the quotient U/Autg(Py) a generic coarse moduli space
for hypersurfaces of Py, with divisor class 5.

There is a relation of the Jacobian ring R(f) with the generic coarse moduli
space, namely.

Proposition 1.16 ([4] Proposition 13.7). If 8 is ample and f € S” is generic,
then R(f)s is naturally isomorphic to the tangent space of the generic coarse
moduli space of quasi-smooth hypersurfaces of Py, with divisor class f3.

The local system H? ! and its various sub-systems do not descend to the
moduli space Mg, because the group Autg(Py) is not connected. Nevertheless,
perhaps after suitably shrinking U, the quotient M% =U/ Aut%(Pg) is a finite
étale covering of M.

Proposition 1.17. There is a morphism

vyt TxMg® HP 7 P(X) - HP D9 (X) (1.5)

prim prim

such that the diagram
H(Opy (X)) ® H(Qf, (d - p)X) —= H(Qf (d-p+1)X)

| |

TxMg® HP7P(X) HPHP(X)

prim prim

commutes.

Proof. It suffices to prove the Proposition with Mg replaced by M%; in fact the
tangent spaces at points M% are canonically isomorphic to the tangent spaces
at the image points in Mg. If p : Uz — M% is the induced map (where Us
has been suitable restricted), the local system H? ! descend to a local system
p.H on Mj and p*p, H¥! = H41 (the natural morphism H*t — p*p, H41 is
an isomorphism on the stalks due to the topological base change; note that p is
proper. ) Thus we obtain on M% holomorphic bundles that are equipped with a
Gauss-Manin connection, which is trivial in the direction of the fibers of p. So, if
we define again v, by 7,(v ® a) = V,a, the commutativity of the diagram in the
statement follows from the commutativity of the diagram 1.3. O

The tangent space TxMpg at a point X is naturally isomorphic to the
degreefsummand of the Jacobian ring of f, i.e., Tx Mgz ~ R(f)s |4]. Moreover
Jd-p-1 N
by 1.6 Hp 5™ (X) = R(f)(d-p)s-po-
Proposition 1.18. Under these isomorphisms, 7, coincides with the multiplica-
tion in the ring R(f), i.e.,

R(f)s ® R(f)(a-p)s-po = B(f)(a-p+1)5-0

16



Proof. Theorem 9.7 in [4] implies

HO(Qg, ((d=p) X)) H (%, ((d=p-1)X)) = Stap)s-o
and moreover, H%(Op, (X)) ~ Sa; the cup product correspond to the product in
the ring S. This implies that the "top square " of the 3- dimensional diagram

H(Opy (X)) ® HO(Qf, (d - p)X) HO(Qf (d-p+1)X)
\ \
S5 ® S(d-p)a-o L S(d-p+1)8-8o
TxMg e Hyf P (X) L Hy ™
\
R(f)s® R(f) (a-p)p-50 R(f)(a-p+1)8-60

commutes. We need to show that the "bottom square" commutes as well, which
will follow from the commutativity of the "side squares", and the surjectivity of
the morphism k,®7,. The commutativity of the diagram on the right is contained
in the proof of Theorem 10.6 in [4]. The commutativity of the diagram on the left
follows from the commutativity of the previous diagram, with d — p + 1 replaced
by d — p, and the commutativity of

HO(OT(X)) ”—>5f
Tx Mg - R(f)ﬁ

which is shown in the proof of Proposition 13.7 in [4].
O

1.5 A Noether-Lefschetz theorem, the corner-
stone result

Let us recall that a property is said to be very general if it holds in the complement
of a countable union of subschemes of positive codimension. Let us denote by
HY7Y(X) ¢ H*1(X) the subspace of the cohomology classes that are annihilated
by the action of the Gauss-Manin connection. Coefficients may be taken in C or
Q. Note that H&1(X) has a Hodge structure.

Theorem 1.19 (Infinitesimal Noether Lefschetz Theorem). For a given p with
1<p<d-1, assume that the morphism

Vi TxMs® Hd_p’p_l(X) - Hd_p_l’p(X)

prim prim
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is surjective. Then HE''P(X) = i*(HPd-1-(Py)).

Proof. Replace Mg by M} and consider the local systems H?"! and %gﬁz’l on
M%. Take
ae HP(X) n HPA 1P (X)),

prim

We regard classes in H, g ﬁ;ﬂl_p (X) as elements in the fiber of HP4 -1 at the point
[X] e M§. By assumption 8 € H¥71P(X) can be written as 8 = 3;7,(t; ® ;)
with n; € H4PP~1(X). Then by equations 1.2 and 1.4

(a,8) = {a,p(ti®@n:)) = Y (o, Vi) = = Y (Vi,a,m;) = 0.

K3 7 3

So «a is orthogonal to H*.”’(X). By Lemma 1.2 , this means that o

prim
is orthogonal to the whole group H41PP(X), hence it is zero. Therefore
HES () = i (HP10(X)
O

The next Lemma, a Noether-Lefschetz theorem, is the cornerstone of this
thesis.

Lemma 1.20. Let d = 2k+1 > 3 and assume that the hypotheses of the previous
Theorem hold for p = k. Then for u away from a countable union of subschemes
of Uz of positive codimension one has

H*(X,,Q) = i*(H* (Px,Q)).

Proof. Let Uy be the universal cover of Us. On it the (pullback of the) local
system H41 is trivial. Given a class o € H** we can extend it to a global
section of H4! by parallel transport using the Gauss-Manin connection. Define
the subset Ug of Uy as the common zero locus of sections m () of HP2k=P for
p # k, i.e., the locus where « is of type (k,k). If ﬁg‘ = HB we are done because «
is in H&Y(X )Lhence is in the imagi of i* by the previous Theorem. If I/ng‘ + Us,
we note that U is a subscheme of Uz and we subtract from Us the union of the

projections of the subschemes Z:{g where Z;{g‘ * Z;{g . The set of these varieties is
countable because we are considering rational classes.

[
Since TxMp = R(f)s and H*M* (X)) = R(f)rs_p,, another way to rephrase

prim
the above Lemma is to say that if for a hyper-surface X = {f = 0} c P!
with degree 3, the multiplication morphism R(f)s ® R(f)rs-g, = R(f)k+1)8-5

is surjective. Then
NLg:={Y c P¥* quasi-smooth | H**(Y,Q) # i*(H**(P¥*),Q)}

is a proper subscheme of |L| and every irreducible component has positive
codimension.

18



Definition 1.21. We call NLg the Noether-Lefschetz locus.

Remark 1.22. We recover the definitions given in |7] and [36] when k£ = 1 and
P2+l = P2k+1 regpectively.

The following chapters are dedicated to the study of the components of N Lg,
the next chapter we will find upper and lower bound for the codimension of every
irreducible component.

1.6 Oda Varieties

This section provides sufficient conditions for the surjectivity of the multiplication
map R(f)s ® R(f)p-p, = B(f)(k+1)5-50

Remark 1.23. Note that R(f)s ® R(f)rs-p, = R(f)@w+1)s-p, Is surjective
whenever the morphism Sg ® Sig_g, = S(r+1)8-5, 1S surjective.

Definition 1.24. A toric variety Py is an Oda variety if the multiplication map
Sa; ® Say = Say+a, 18 surjective whenever the classes oy and oo are ample and
nef, respectively.

The question of the surjectivity of this map was posed by Oda in [35]
under more general conditions. This assumption can be stated in terms of
the Minkowski sum of polytopes, because the integral points of the polytope
associated with a line bundle correspond to sections of the line bundle. So the
above definition says that the sum F,, + P,, of the polytopes associated with
the line bundles Op,, () and Op,, (a2) is equal to their Minkowski sum, that is,
P, +a,, the polytope associated with the line bundle Op (v + a2). Three of the
more relevant facts about Oda varieties are the following.

Theorem 1.25. (9] and [23])
e A smooth toric variety with Picard number 2 is an Oda variety.

e The total space of a toric projective bundle on an Oda variety is also an
Oda variety.

e If a projective variety Ps, has Picard number 1 and its ample generator is
0-reqular then Py is Oda.
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Chapter 2

Noether-Lefschetz components for
toric varieties

The "Lefschetz hyper-surface theorem" claims that for a quasi-smooth hyper-
surface X = {f = 0} on a complete simplicial toric variety PZ*! the morphism
i* : HP(Py) — HP(X) induced by the inclusion is injective for p = 2k and an
isomorphism for p < 2k. This allows us to define the locus, for a fix degree £,
of quasi-smooth hypersurfaces with degree 3 such that ¢* is not an isomorphism,
following the tradition we called it in [10] the Noether-Lefschetz locus .

On the other hand, we have seen an important consequence of the
"Infinitesimal Noether-Lefschetz theorem for toric varieties" , the cornerstone
result (1.5), which asserts that if the multiplication R(f)s ® R(f)ks-g, —
R(f)(k+1)8-8, is surjective, where f, is the anticanonical divisor of IP’%’”I,
the Noether-Lefschetz locus is non-empty and each irreducible component has
positive codimension. In the first part of the chapter we define and construct
locally the Noether-Lefschetz components. We continue proving the main
theorem of the chapter, let n be the class of a O-regular ample divisor and assume
that n is primitive. Let S be a Cartier class O-regular respect to n such that
kB — By = np (n € N). Then every irreducible component N of the Noether-
Lefschetz locus associated with S satisfies

n+1 < codim N < B 11 X)),

generalizing to higher dimensions the work of Bruzzo and Grassi in [9] and Lanza
and Martino in [28]. We finish the chapter showing a sufficient condition for
which a Noether-Lefschetz component has maximal codimension, which we call
general component.

2.1 The local Noether-Lefschetz loci

In the end of the last chapter we extended the Noether-Lefschetz locus to a
complete simplicial toric variety of any odd dimension, in this section we define
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and characterize its components. These results have been expounded also in the
paper [10].

For f e P(H%(Opa1(3))) a section such that Xy ={f =0} is a quasi-smooth
hypersurface. Let Uy c P(H O(O]P)%k+l(/6 ))) be the open subset parametrizing the
quasi-smooth hypersurfaces and let 7 : x5 - Uz be its tautological family. Let
Hg be the local system R*7,Q and let #?* be the locally free sheaf H3" ® Oy,
over Us.

Let 0 # Ay € HPR( X, Q)/i* (Hk(PZ*+1)) and let U be a contractible open
subset around f, so that H?*(U) is constant. Finally, let A\ € H?*(U) be the
section defined by A; and let A its image in (H?*/F*H?*)(U), where FFH?* =
2K0 @ H2k-11 g ... @ Wk,

Definition-Proposition 2.1 (Local Noether-Lefschetz loci).
={GeU|Xs=0}.
More explicitly,

Proposition 2.2. If (\;,... ;) are the components of A\; respect to a fix basis
of the vector space H*(X;,Q), one gets

Nyp={GeU| s LFFIH. (Xa) < LA fry, o2 =0 VK e SV-F);

prim
where N is equal to (k+1)5 - f.

Proof. By Proposition 1.4 the p-th residue map
rp s HO(Ps, Q21 (2% +1 - p) X) » HP2P(X) for 0<p<2k

prim

exists; it is surjective and has kernel HO(Ps, Q2! (2k —p) X ) + dH(Px, Q3F (2k —
p)X). So

res HO(Q*#1(2k + 1) X) = rop HO(Q* (X)) @ - @ ro HO(Q*1(2k + 1) X))
by definition of HO(Q2**1(2k +1)X). Or, equivalently,

res HO(Q?*1(2k +1)X) = H*° (X) @ ---@ H*?" (X) = H?* (X).

prim prim prim
Similarly
res HO(Q 1 (kX) = FMUHDE (X)),
On the other hand by [4, Thm 9.7] we have
HO(Q%H(I{:X) {KQO | K e € GkB- ﬂo} {KQO | K e Bkﬁ ,30}
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the last equality holds true because we are assuming that kS — §y is ample and
hence B’ = §k8-8o by Lemma 9.15 in [4].

Now fixing a basis {7;}_, for Ha,(X, Q) we have that the components of any
element in FF*1H2k (X)) are

prim
( KQq f KQO)
res——,..., [ res——),
" f* 0 f*

or, equivalently,

( KQO,---,/ KQO)

Tub(v1) fk Tub(vp) fk

where Tub(+;) is the adjoint to the residue map. Now taking 0 # Ay € H**(X,Q)
one has A\ 1L FF1H?® (X) (see |[47]) and since the sheaf H?* is constant on U

prim
we have

NLY) ={GeU| g e F*H*

prim

(X))} ={G eU |\ L F*HZL (X))}

Moreover, by the above equivalence

A LFMUZE (XG) o S0 frgy, ot =0 VK e SN-F

prim
where N is equal to (k+1)5 - So. H

Remark 2.3. Note that NLsz = Uy Nfg

2.2 Explicit Noether-Lefschetz theorem

This section is a natural extension of the ideas of [28] to higher dimensional toric
varieties. So starting with the study of the Noether-Lefschetz components we
find a lower bound for their codimension that following the terminology in [6]
and [19] we call the "Explicit Noether-Lefschetz theorem for toric varieties".

Let X be a projective variety and L be an ample and globally generated line
bundle on X.

Definition 2.4. |Castelnuovo-Mumford regularity| A coherent Ox-module F is
m-regular with respect to L if

HY(X,F® L") =0

for all ¢ > 0. If L is an ample and globally generated line bundle which is m-
regular with respect to itself, we call it m-regular.

A line bundle on a complete toric variety is nef if and only if it is globally
generated. By toric Kleiman criterion [[16] Theorem 6.3.13 | every ample line
bundle is globally generated.
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Theorem 2.5. [[29] Theorem 1.8.5] Let Ps be a projective toric variety. If a
locally free Opy,-module F is m-regular with respect to an ample line bundle L,
then for all k >0,

i. F® L™ is generated by global sections;

1. The map
HY(F® L™)® H(LF) - HY(F ® LF™) (2.1)

18 surjective;
iii. F is (m+ k)-regular.

Proposition 2.6 (|28| Proposition 2). Let X be a projective variety together
with an ample line bundle L which is globally generated and O-regular. If F
is an m-regular locally free sheaf on X, then the p- tensor power F®? is (pm)-
regular. In particular, AP F and SPF are (pm)-regular.

Theorem 2.7. Let P#*! be a projective toric variety, 5 € Pic(P#*1) and n a
primitive ample 0—regular Cartier class such that k5 — By = nn where By it is the
anticanonical class of P#+1. If the multiplication morphism Sg ® Spy = Sgany 1S
surjective and

Hl(opgkﬂ(ﬁ -n)) = Hz(OIngH(B =2n)) == H%(Opgﬁl(ﬁ - 2kn)) =0,

then
n + 1 < codim NL];’BU.

Proof. We take a base point free linear system W in H°(Opzi(f)) and a
complete flag of linear subspaces

W = WC C Wc—1 C - C W1 c WO = HO(OP%kﬂ(ﬁ)).

Let M; the kernel of the surjective map W; ® OP%I@+1 - OP%}C+1 (B) which is a vector
bundle.

Step I: M, is 1- regular respect to 7.

Equivalently we have to show that H4(My((1 - q)n)) = 0 for every positive g.
Taking cohomology we get

0— HO(M()) - HO(WO ® OIP)%IC-FI) l HO(O]P%I«J(B)) - Hl(M(]) —> e

since 7 is surjective, H'(My) = 0. The vanishing of HI(My(1 - q)n) = 0 for
1< ¢ <2k+11is obtained by tensoring the short exact sequence by Opze1 ((1-¢)7),
and considering that HI(My(1 — ¢)n) is between two zeros in the long exact
sequence

> HIY(Opain (8- (g = 1)) > HI(Mo(=(g - 1)n)) ~
— Hq(WO ® (’)P%m(—(q - 1)7])) >
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HY(Opzeni (8- (¢-1)n)) = 0 by assumption and H9(Wo® Opzri (=(¢-1)1)) =0
because 7 is 0-regular.

Step II: For every i =0,...c, HI(AM;(nn))=0,if ¢>1 and n+q > p+i.

By Theorem 2.5 one has that a coherent sheaf F on P#*! is m-regular with
respect to n if and only if HI(F ® (’)Pzzk+1(nn)) =0, for all ¢ >0, n > m—gq.
Using induction, ascending on ¢ and descending on p, the case p > rk M; being
automatic, we get the result.

Step III: If ¢ = codimW < n, then the map W ® H%(Opar1(nn)) —>
HO(OP%I@+1 (B +nn)) is surjective.

We consider the short exact sequence

0->M.-We® Opgw—l - Oﬂﬂzkﬂ(ﬁ) -0
and twist it by (’)szk+1(nn). Taking cohomology we get
= HY (W e Opzei (nn)) — HO(OP%;CH([B’ +nn)) = H' (M.(nn)) - -

now applying Step Il for p = ¢ = 1, we get that H*(M.(nn)) = 0. Now we are ready
to finish the proof of the theorem. Let Tj be the tangent space at X = {f =0}
a point of the Noether-Lefschetz loci which can be identified with the summand
Rg of the Jacobian ring of f so we may take the inverse image Tg of T in the
summand Sz of the Cox ring of X. Now TNB contains J#, which is a base point free
linear system because X is quasi-smooth. Hence Tg is base point free. Now, by
contradiction if codim NL’;:ﬁU <n then by Step III, Tg ® S™ — SB+m g surjective

hence by Infinitesimal Noether-Lefschetz Theorem Ay ¢ N Lilﬁ] O]

Remark 2.8. In order to find examples satisfying the assumptions of the above
theorem we can use Proposition 7.3 in [4] which claims that for an ample line
bundle £ on a complete toric variety H*(L) = 0 for i > 0.

2.3 Upper bound for the codimension

The Explicit Noether-Lefschetz Theorem gave us the lower bound for the
codimension of the Noether-Lefschetz components. Hodge theory in projective
simplicial toric varieties will give us the upper bound. Namely, codim N L];BU <
RE=LE+L(X). ’
Classically [50] or [49]|, the upper bound is a consequence of Griffiths
Transversality which we will extend in this section to the context of projective
simplicial toric varieties following [31], which contains implicitly the proof.

2.3.1 Variations of the Hodge Structure

The tautological family 7 : X5 c U x Py, - Up is of finite type and separated since
X and U are varieties. Now applying Corollary 5.1 in [46] there exists a Zariski
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open set U c U such that X := 771(U) — U is a locally trivial fibration in the
classical topology i.e., there exists an open cover of U by contractible open sets
such that for every element U of the cover and every element X, € U we have
that Ajy := 771(U) ~ U x Xy. Moreover Xj is an orbifold and U clearly, thus by
Ehresmann’s theorem for orbifolds (0.6) we conclude that U = Uz and X5 = X.
So we obtain that for U a contractible open set of U3, Yu € U, X, ~ X in the
smooth category of orbifolds and furthermore H*(X,,) ~ H*(X).

2.3.2 The Cartan-Lie formula

The Cartan-Lie formula provides a explicit description of the Gauss-Manin
connection, namely

Lemma 2.9. Let rel be the homomorphism from the space of differential forms
on X to the space of relative differential forms on X'/U. For any smooth section
w:U - H*(Xy) and a smooth tangent vector field w over U, the Gauss-Manin
connection can de described as:

Vw = [rel(t,d2)],

where €2 is a form on Ajy such that rel(€2) represents w, on X, for every ueU.
v any tangent vector field on & such that m,v = u and we use [~] to denote the
cohomology class represented by the closed differential form and ¢, is the interior
product.

Proof. The existence of €2 and v are thanks to the partition of unity subordinated
to the covering by contractible open sets making 7 a trivial fibration (|31] Lemma
6.6). We fix a trivialization 7y : Xy ~ U x X, and we cover U x X, by the charts
{(UxV,),Ga, Id X o }aer, and let {xy,un} = {xl, ... 27, tL ... t™} be a system

of coordinates on U x Xy. Now on U x V,, we may write ( as,

Qo =P+ ) dtl, A+ dE, Apy; + €U, (2.2)
=1 =1
where ®,,¢,; and 1,,; do not contain dti, or dti, i = 1,...,m and ) is a

section of m*(A*QL) A Q’(“J‘XZXO. Note that ®,, 1,; and ¢,; are G,— invariant
forms on U, and can be glued to be global forms on {u} x Xy which we denote
by ®(u),¢;(u) and ¢;(u) respectively. By assumption, we have [®(u)] = w(u)
under the pullback of the diffeomorphism X, ~ u x X,. Let
= J — + 4 —_—
w j;a (u)f)tﬂ ]Z:; (u)atj
be a tangent vector field on U. Then,

0P(u) & .., 0P(u)
S +j;b7(u) 5 |- (2.3)

Vow = | ol (u)
i
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Now taking exterior derivative of 2, (2.2) we get

ml 9P Y mo mo
A =" ciu{)[/\a q+d%Aa S+ D du? Aday+ Y du! Adipy; + dSY,
j=1 ﬁufl 8@3 j=1 7=1

Since reldf) = 0, for any v lifting u, we have that

mo 0P : 0P
rel1,dQY, = ) @’ (u, 2+ ¥ (u, «
j; (ta) ol (ta) p

+ 0 (ta)dPaj + U (to)diba

then we obtain a global equality

moo [} ) (6} . )
relindQ = 3 @ (1) 222 11 (1) 220 1 (1) by + V (ta)dtbay  (24)
j=1 oul, oul,
Combining 2.3 and 2.4 we are done. m

2.3.3 Local period map

Again we take U a contractible open set trivializing, i.e., Ay ~ U x X

Definition 2.10. The period map
PPk U - Grass(bPF, H* (X, C))

is the map which to u € U associates the subspace FPH*(X,,C) c H*(X,,C) ~
Hk(X07 C)

Note that PP* is a map between complex manifolds. Moreover,
Proposition 2.11. PrP* is holomorphic.

Proof. By theorem 7.9 in [24] and the fact that Hodge theorem holds also in
the orbifold case (section 2.1 in [30] ) and moreover the canonical isomorphism
respect the Hodge filtrations because the Kéahler identities on a Kéhler manifold
are local statements, we may apply the argument verbatim to a Kéhler orbifold
and conclude that all the Kéhler identities remain true on a Kéhler orbifold, we
get that PP* is a €' map. In order to prove that is holomorphic the strategy is
to show that the C- linear extension of its differential to T,,U ® C vanishes in the
vectors w ® (0,1). We have that the differential has the form

dP2*: T, U » Hom(FPH*(X.,,), H*(Xo)/F?(X.)).
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Now, for any w = ¥, a/ 5% + bfawé?) € T,,U and any wy € FP(H*(X,,)) since

{FPH* |u e U} is a smooth vector bundle we can find a smooth section w of H*
such that w(u) € FPH*(X,) and w(u,) = wg. Then

&u(u &ugg) s

+ b 5 _o modFPH*(X,,) (2.5)

dek (w)(wp) = Zaj

Hence
dpgék(w)(w\o) = Vo (1) Juzo mod FPH* (X,

and by the Cartan-Lie formula V,,w(.) = rel¢,d2, where v can be taken of (0,1)-
type and Q € @;,, Q57*. Hence

wd2e @ QT c POy

i>p+1 12p
[l

The proof of Griffiths Transversality is implicit in the last part of the above
proposition, namely

Proposition 2.12 (Griffiths Transversality). VEFPHF c FP-1HF @ (.

Proof. Let us consider v as before but of type (1,0) thus ¢,d2 € @5, QZ “ 1. ]

Now we are able to show the upper bound for the codimension of the Noether-
Lefschetz components

Theorem 2.13. Each NLk”B c U can be defined locally by at most hF-LE+1
holomorphic equations, where h’C Lk+l o= vk FR-1H2k | PEH 2k,

Proof. The proof is based on the Griffiths Transversality and follows verbatim as
in classical case, see Lemma 3.1 in [50] and section 5.3 in [48|. O

When k = 1,that is, P}, is a threefold we can tell more
Proposition 2.14. h%?(X) = h%(wps (X)).
Proof. Taking cohomology in the exact sequence
0->0Op(-X) > Op, > Ox >0

we get

0— H*(Ox) - H*(Op (-X)) - 0
because by Theorem 9.3.2 in [18] H2?(Op,) = H3(Op,,) = 0. Then by Serre duality
h*9 = h%(wps (X)). O
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The transversality property allows one to construct the Oy linear maps
T Yty il
and for every u e U
v : T,U - Hom (H77/(Q ), H*1(Qi1))
Proposition 2.15. The Zariski tangent space to N L];BU at u is described as
T,NLY) =ker("VAR : T,U — HE1h+L)

where Aok is the projection of A to H*
Proof. This follows verbatim as in Lemma 5.16 in [49]. O

Corollary 2.16. A Noether-Lefschetz component N L’;BU has codimension
hE-Lk+1 at a point w where the map “VA** is surjective.
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Chapter 3

An asymptotic description of the
Noether-Lefschetz components

In [19] Green and in [47] Voisin proved that if Ny is the Noether-Lefschetz locus
for degree d surfaces in P3, with d > 4, the codimension of every component of Ny
is bounded from below by d -3, with equality exactly for the components formed
by surfaces containing a line. Otwinowska gave an asymptotic generalization of
Green and Voisin’s results to hypersurfaces in P [36].

In Chapter 2 we proved, in particular, that for simplicial projective toric
threefolds the codimension of the Noether-Lefschetz components are also bounded
from below. Bruzzo and Grassi in [9] also proved that components corresponding
to surfaces containing a "line", defined as a curve which is minimal in a suitable
sense, realize the lower bound. However the question whether these are exactly
the components of smallest codimension was left open.

This chapter was expounded in [10], its purpose is to extend and generalize

Otwinowska’s ideas to odd dimensional simplicial projective toric varieties.
In section 3.1 we present a generalization of the restriction theorem due to Green
[21] and we obtain an extension of the classical Macaulay theorem, while in
section 3.2 we introduce a generalization of the notion of Gorenstein ideal, which
we call a Cox-Gorenstein ideal; these will be the key tools in the proof of our
main result. Section 3.3 is more technical; there we prove some application of
Macaulay theorem to Cox-Gorenstein ideals. In section 3.4 using Hodge theory
we explicitly construct the tangent space at a point in the Noether Lefschetz loci,
which turns out to be a graded part of a Cox-Gorenstein ideal. In section 6 using
all the machinery so far developed we prove our main result.

We shall consider a a projective simplicial toric variety P+ and an ample
line bundle L on P#*! with deg L = § € Pic(P#*!) satisfying for some n >0 and
k > 1 the condition

kG - o = nn

where [3j is the class of the anticanonical bundle and 7 is the primitive class of an
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ample Cartier divisor (for k = 1 this reduces to the condition considered in [9)]).
f e P(HO(Opz+1(5))) will be a section such that X; = {f = 0} is quasi-smooth

hypersurface in the local Noether-Lefschetz component N f[ﬂ] (2.1). The following
is the main result of this Chapter.

Theorem. 3.31 For every positive € there is positive § such that for every m > %

and d € [1,md], if codimN)’i’g < dmk—f where m = max{i | in < B}, then every

element of Nfg contains a k-dimensional subvariety whose degree is less than or
equal to (1+¢€)d.

3.1 A restriction theorem

Every positive integer ¢ can be written in the form

(7))
n 5)
with k, > k,_1 > ... ks > > 0. This is called the n-th Macaulay decomposition
of ¢. Let ¢ be the codimension of a linear subsystem W c¢ H(P", Op-(d)), and

let Wy ¢ H°(Og(d)) be the restriction of W to a general hyperplane H of
codimension cy. Then the classical restriction theorem says that

CH < Cens,

. ._(kn_1)+ +(k‘5—1)
<n> " n 5 .

We generalize this result for a Fano, irreducible, projective normal variety Y
with rational singularities, satisfying a suitable additional condition. We note
two elementary properties of the function ¢ : ¢~ c.ps:

where

(A) If ¢! < ¢, then ¢, < ceps, i€, the map ¢ is non-decreasing;

(B) If ks > 9 then (¢ —1)cps < Cops i€ the map ¢ is increasing.
Lemma 3.1. Let Y be an irreducible, normal projective variety with H'(Oy ) = 0.

Let W c HY(Y, Oy (D)) be a sublinear system, D a generic ample Cartier divisor
and let Wp ¢ HO(D, Oy (D)) be its restriction. Then

cp = codim(Wp, H*(Op(D))) < <5 = codim(W, H(Oy(D))) - 1
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Proof. Taking cohomology in the fundamental short exact sequence of the divisor
D we obtain

0 H°(Oy) > H°(Oy (D)) - H*(Op(D)) > 0 -
so that
h°(Oy (D)) = h°(Oy) + h°(Op(D)) =1 + h°(Op(D)). (3.1)
Let Wp = {wp | w e W}. Denoting by r the projection W — Wp one has

dim W = dimker r + dim Wp,. (3.2)
so that subtracting (3.2) from (3.1) we have

codim W = codim Wp + 1 — dimker r.
If sp a section in H°(Oy (D)) such that D = divy(sp), then
kerr={weW |w=Aspe W, \eC}
and since D is general so that sp ¢ W, then kerr = {0}. O

Lemma 3.2. Let W c H(Opi1(n)) (n> 1) be a subsystem, D be a generic point
and let Wp c H(Op(n)) be its restriction . Then

Cp £ Ceps-

Proof. Clearly H(Op(n)) = C and since D is generic ¢p = 0. On the other hand
because n > 1 we have that k, > 1, so that c.,» >0 ,i.e., ¢cp < ceps. O

Definition 3.3. A strongly Fano variety is a pair (Y,D), where Y is an
irreducible normal projective variety with rational singularities, and D is an ample
ample Cartier divisor such that —Ky — (k- 1)D is ample, where k = dimY'.

Theorem 3.4 (Restriction Theorem). Let (Y, D) be a strongly Fano variety, let
W c HY(X,0x(nD)), withn > 1, be a subsystem, and let Wp € H(D,Op(nD))
be its restriction to D. Then

Cp < Ceps>-

Proof. Let [,,,...l5s be the coefficients of the n-th Macaulay decomposition of cp.
The inequality of the statement is equivalent to

(ln+1) (ln_l +1) (15+1)
+ 4ot <ec.
n n-1 )

33



By contradiction, and recalling that (l+1) = (l) + ( ! ), we have

n n n-1
< () () () (62)
“\n n-1 ) 0-1

c—cDS(nlj1)+---+(5l_51). (3.3)

From the exact sequence

or equivalently

0-W(-D)-W->Wp->0

one has
dimW = dim Wp + dim W (-D). (3.4)

By a generalized Kodaira vanishing theorem [44] applied to the divisor (n—1)D -
Ky (n>1), we have HY(Y, Ky + (n-1)D - Ky)) =0, so that

0- H°(Oy(n-1)D) - H°(Oy(nD)) - H'(Op(nD)) -0
and thus
h°(Oy (nD)) = h°(Oy(n - 1)D) + h°(Op(nD)). (3.5)
Then (3.4) minus (3.5) yields
¢ =cp+codimW(-D).

Taking D’ € |D| generic we are within the same assumptions of the theorem
on D, i.e.,

e Dn D' is a generic Cartier divisor in D;
e moreover D is irreducible, normal with rational singularities [5];
o -Kp - (k-2)D)p, where k = dimY’, is ample because Y has rational

singularities so it is Cohen-Macaulay (see e.g. [26]), and one can apply
the adjunction formula [25] to get

- KD - (k’— 2)D\D = —Ky|D - D|D - (k? - 2)D|D
= (-Ky - (k-1)D)p, (k-1=dimD); (3.6)

by assumption the last divisor is ample.
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Now we have the short exact sequence
0— WD(—(D n D,)) id WD id WD|D’ -0

which gives
cp = codim Wpp, + codim Wp(~(D n D"))

Note that W(-D")p c Wp(-(D n D")), hence
cp < codim Wpp, + codim W(-D")p

Also note that strongly Fano implies Fano, so by the generalized Kodaira
vanishing theorem H'(QOy ) = 0; moreover since at each step of taking a successive
generic divisor, the divisor is Fano, we have h!'(Op) =0 = h'(Opnspr), and so on.
Now by induction on n and the dimension k the theorem is true for Wp and
W(-D); Lemmas 3.1 and 3.2 provide the induction basis. Applying the theorem
to Wp and W(-D) we get

Y (CD)|D' < (CD)<7'L> = (lnrzl) 4o+ (156—1)
o (c—cp)pr <(c=cp)ap-1>
Adding the two inequalities and keeping in mind that D’ ~ D we have
cpr=cp £ (cp)ens + (€= CD)en-15,

and by (3.3) and property (A)
l,—-1 ls—1
(c—cD)<n_1><(n_1)+---+(§_1),

<(ln—1)+m+(l5—1)+(ln—1)+m+(l(;—l)_
cp n ) n-1 0-1 -

which is a contradiction. O

so that

Example 3.5. Taking Y = P* and D = H a generic hyperplane, we recover the
classical restriction theorem [21]. Clearly

-Kpr1 —(k-1)H =(k+1)H - (k-1)H =2H
which is ample.
More generally,

Example 3.6. Let Y = P[qo,q1,...,qx] be a weighted projective space with
gcd(qo,---,qx) = 1 and § = lem(qo,...,qr). Then for each 0 < j < k, by [40]
q%Dj is a generator of Pic(Y') and -Ky = %(‘%Dj). So taking D = q%Dj we get
that
i
5

Ky - (k-=1)D is ample if and only if > k.
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Lemma 3.7. Let Py be a Fano projective simplicial toric 3-fold. Then every
general nef D Cartier divisor with p(D) <4 is toric.

Proof. By the adjunction formula D is Fano and being nef is smooth by Bertini’s
theorem. The smooth Fano surfaces are either P! x P! which is toric or the
projective plane blown up in at most 8 points. Since p(D) <4, D is the blow up
of P? in at most 3 points. Applying an appropriate automorphism we can take
these at most 3 points to the 3 toric points of P2, making D isomorphic to a toric
variety. 0

Macaulay theorem. A generalization of the classical Macaulay theorem can
be obtained from the restriction Theorem 3.4. Let W c H°(Oy(nD)) be a
subsystem and let k,, k,_1,...ks be the Macaulay coefficients of its codimension
c; let W be the image of the multiplication map W ® H°(Oy (D)) - H°(Oy(n +
1)D))), and ¢; be the codimension of its image. Let us denote

s (kn + 1) (k(; + 1)
" = +oeeet .
n+1 0+1
which has the following elementary properties

e if ¢/ <c then <™ < ¢ ie., the map ¢+~ ¢ is non-decreasing

s R +L ifd=1
o (c+1) _{c@>+1 if 0>1

Theorem 3.8 (Generalized Macaulay Theorem). ¢; < ¢,

Proof. Let lyi1,1,,...ls be the (n+ 1)-th Macaulay coefficients of ¢1; then

(-1 Is -1
(Cl)DSC<n>—(n+1)+ +( (5 )

and by the sequence obtained by restriction it follows that

a<c+(c)p
(l”+1_1)+«~+(l6_1)£c
n 60-1
ln+ l <n>
(n+11)+--~+(§)=01Sc .
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3.2 Cox-Gorenstein ideals

Proposition 3.9 ([18]). Let Py be a projective simplicial toric variety. Then the
irrelevant ideal is equal to

By ={(zs |0 €Y ) S
where x5 = [],¢-(1) ¥, and S the Cox ring of Py.

Definition 3.10 (Cox-Gorenstein ideals). An ideal I ¢ By =c § is a Coz-
Gorenstein ideal of socle degree N € C1(X) if I is Artinian and there exists a
nonzero linear map A € (SV)V such that for every ample class 5 € CI(X) one has

19 ={PeB|A(PQ) =0 for all Q e S¥-7}
Note that the linear map A induces a dual isomorphism
BYJI? = (BY P/ 1N-8)" (3.7)
for every /8 such that N — 3 is ample. In particular codim I? = codim IN-2,

Remark 3.11. For every projective simplicial toric variety, S8 = Bg for every
ample class by Theorem 9.15 in [4] .

Proposition 3.12. If I and I’ are two Cox-Gorenstein ideals with socle degree
N and N’ with I c I, there exists F'e€ BY™N" < IN-N" such that I' = (I : F).

Proof. Note that N' is less than or equal to N, and A induces the isomorphism
BYN' NN (BY' 1Y),
so that, as A’ (the linear map defining the ideal I’) yields a nonzero element in
(BY'/IN")V, if [ Flis the unique element in BY~N"/IN-N'taking a representative
F e BN N we get A'(Q) = A(QF) for every Q € BY'. In particular
I'={QeBx |QF eI}.
[

Remark 3.13. Artinian monomial ideals can be characterized as those whose
minimal generators have the form z7* with a; > 0 for all i € {1,...7} ([41],
Def. 2.2.13).

Example 3.14. If Py, = P¥ one recovers the classical Gorenstein ideals. Other
natural examples are the Artinian base point free ideals.
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Example 3.15. The Hirzebruch surface H, (r > 1) has fan

Uy

(—1,7“) 74
Uz

01
03 %
02

Uy

Denoting by D; the toric divisor corresponding to u; the are the equivalences
Dy ~ D3 Dy ~ Dy + Ds, so that Pic(H,) = (D1, D3). There generators of the
irrelevant ideal are

2ot = T124, %2 = T1T9, %8 = ToT3, 2% = 1314
Introducing variables
e w:=1x =xxy with degw = (r+1,1)
e 1 :=1% =129 with degz = (1,1)
o y:=1% = xox3 with degy = (1,1)
e 2 := 1% =x3ry with degz=(r+1,1)
one can write
B(X) =(w,z,y,z).

Let us consider a monomial ideal I with minimal generator elements of the
form w, x% y% 2% with d; > 0, i.e,

1= <wd1,:cd2,yd3,zd4> with d; > 0.

Let us check that I is Cox-Gorenstein with socle degree

wdl de ydB zd4
N =deg(———— ) = (d1-1)degw+(dy-1)deg x+(d3s—1) degy+(ds—1) deg z.
wryz
Let F = %Z?Z% = wh-lgde-lyds=1,da=1 " which can be seen as one of the
generators of SV, and denote by G4,...,G, the other generators, i.e, P € SV is

Y a;Gi +aF. We define A: P~ a. Note that, if Re B(X)?,

ARQ) 20VQ e SV F =

R = Z ak1k2k3k4wk1xk2yk3zk4 such that there exists kq, ko, k3, ky with 0 < k; < d;,
k1,k2,k3,kq

(3.8)
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or equivalently,

A(RQ) =0 R-= Z ak1k2k3k4wk1xk2yk3zk4 such that kz > dl \V/kl, kQ, k‘3, k4,

k1,k2,ks3,kq
ie, Rel.

Remark 3.16. Note that in the above example wy = xz thus F =
wh-lpd2-lyds=1,da=1 hag different "representations", factorizations, in the ring
generated by w,z,y,z. So for the construction of the linear map A is very
important to fix the "representation" ,i.e., the factorization.

Example 3.17. If f € B® ¢ S = C[x1,...,2,] is a very ample quasi-smooth
hypersurface then J(f) = ( or .. ﬁ) is a Cox-Gorenstein ideal with socle degree

9z17 """ Oz

N = deg [Tic af/axi
HO’EEmaz Ts

3.3 Applications of Macaulay theorem

In this section we prove some applications of Macaulay theorem to Cox-
Gorenstein ideals. This generalizes some of the results in [36, 37| to the more
general setting of odd-dimensional toric varieties, as opposed to odd-dimensional
projective spaces, which is the case considered in [36, 37]. We assume that (Pyx, D)
is a strongly Fano variety and we denote deg D =7 € Pic(Py).

Lemma 3.18. Let W c H°(Op,(nn)) be a linear subspace whose base locus has
dimension k£ and degree d. Then

thmGV)>(n+k+1)—(n_d+k+1)

k+1 k+1

Proof. Let Z be the base-locus of W and I its ideal. Since W c [I; and
codim W > codim /7 we can just prove that the result holds true for codim /7.
We shall prove that by induction over n and k. For n =0 it is clear. For k=0
and n > 0 we need to show that codim I7, > d. Taking cohomology in the exact

sequence
0—>Zz(rD) — Op,(rD) > Oz(rD) -0

we have
0 H(Zz(rD)) » H*(Oz,(rD)) > H*(Oz(rD)) » H'(Zz(r)) > -
where by Serre vanishing theorem H'(Z(rD)) =0 for r >> 0. Thus
c:=codim I” = h®(Opy,(rD)) - R°(rD) = k°(O4(rD)) =d
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as Z has degree d. Taking n > d and reasoning by contradiction we have ¢ < d < n,

so that d (N n-(d-1) 1441
(n) (n—(d—l)) Rmed

d-times
By applying the generalized Macaulay theorem and using the fact that the map
<> ¢ ™ is increasing, we have

. 1)D
c; <™ < d where ¢; = codim g“ ) :

repeating the same argument replacing ¢ with ¢; we have
<n+1> <n>\<n+1> : (n+2)D
<65 < () < d where ¢; = codim I, :

so that

c, < (C<n>)<n+1>---<n+r—1> < d

which implies ¢, < d - 1. This is a contradiction as ¢, = d.

Now let us assume that the result is true for n — 1 and k£ - 1. To easy the
notation we write /% instead of I%P.

Claim: Since D is general, the multiplication for zp

Lo : B(n—l)/[énfl) N Bn/[gj

where D =divg(zp), is injective.

In principle the base locus Z may contain D but since D is general we may
assume by Bertini’s theorem that Zn D =@, i.e., up # 0. Now, if u(f) =0 then
f-xp =0 and since xp # 0 then f =0.

We have a well defined surjective restriction map (D is general), B"/I2 >
Bn[1%_ . There is a short exact sequence

0 - kerr 22 B*/1p & B"/I}. ;- 0.

It is clear that kerr contains B"~1/I7"!. By induction we have

codim I371 > (Z 1 ]f) - (n i f; k) (3.9)
and
codim 1%, > (n+k)_(n—d+k); (3.10)
k k
thus adding (3.9) and (3.10), and keeping in mind that (”]:1) =(})+ (kf_ll), we get
the result. N

Corollary 3.19. Let W c HY(Op,.(nn)) a subsystem whose base locus has
dimension and degree greater than or equal to k and d, respectively. Then for
every x < min(k,n) one has

(n-2)*

codimW >z o
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Proof. Since
(n+k+1)_(n—d+k+1)_
b+1 k+1 -

applying the above lemma we get

zd:(k+1+.n—j)

g\ n-g+1

Z(l<:+1+n—j)2Z(k:+1Jrn—j)...(k;—(k:—l)+1+n—j)

O e, (0o

oo G

O

Since Py, is Q-factorial, i.e., for every Weil divisor D there is an integer number
m such that mD is Cartier. We establish a preorder in N!(Px) = Pic(Pg) @ Q/ ~
by letting N < N’ when N’ - N is numerically effective.
Proposition 3.20. For every ¢; > 0 there exists d; > 0 such that for every m > (Si

and every real d € [1,6;m], if a Cox-Gorenstein ideal I with socle degree N
satisfies

e 5-Fy<N-fF=nnwithn>1
e codim [? <d— where m = max{i e N* | in < 5}

then

1. For every integer i € {0,...,|0ym|} one has

k
codim 77" < (1 + el)d%

2. For every i € {0,...m} one has
) mF
codim [B—m < 4’%1?

Proof. First note that since I is Gorenstein of socle degree N,
codim %7 = codim IV==") = codim 1"+
So by the generalized Macaulay theorem (3.8)

codim I8~ < (COdim ]nn)<n>~-~<n+i—1>
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and since for a fixed ¢ the map ¢<=> is decreasing, and for a fixed n the map
¢~ <™ is increasing, for every natural number x <n

codim 1?77 < (codim [™)<®><e*i=1> (3.12)
Also note that if
Codimlﬁs(T+x)+---+(T+x_v)where7,UeN (3.13)
x r-v

as the map ¢~ ¢ is increasing, (3.12) and (3.13) imply

codim[ﬁ_mg(T+m-,”)+---+(7+$_vfz) (3.14)
T+ T-v+i

Suppose that d; is small enough that d < ”;,ff for r = min{i | 8 < in}. By
assumption - o < nn ie, (m—1r)n < nn, so that

m k m m—2r
[2J+2 d§[2j+ 5

<m-r<n.

Let v be the smallest positive real number such that (2 + ~v)*d is an integer and

5yl Grfdsn
then the inequality (3.12) is true for z = [ 5% |+ (2 +7)"d. On the other hand,
mké(7+2+m)k=(1+2T’y)k£(1+[2T’y])k=
m m m (k+35)!
2+ | —F<(k (2 = o’ 3.15
@S S D oD = Gy 519
so that .
m_k < (k-i-[mJ)
k! [%J+1
and

(2+7v)kd-terms

Then by the second assumption we have that the inequality (3.13) is true for
o z=[g5]+(2+7)d,

o T=k-1,
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e v=(2+0)t-1;

thus inequality (3.14) holds, i.e.,

codim I8 < ([%J+(2+7)kd+k‘—.1+i)+”.+([%J+k+zj)
o]+ (2+)kd+i o] -1+
I+ (2+y)Fd+ k+10)k
¢ (BB
< (m+ Q2+ d+ (2+9)k+(2+ y)i)’“%
< (s (2+y)d+ (2+9)k + (2+7)i)kdm_k
m k!
Now if 0 < i < |md; | we have
k
codim 177 < (1 + ((2+ )" + (2+ )k + (2+7))d1)kd, %
so that, given €; > 0, we take d; > 0 small enough so that
((2 + fy)’“l +(2+7)k+(2 +fy))(51 <€y,
i.e., one gets claim 1 and taking 0 <7 <m one gets claim 2. O]

Definition 3.21. Let I ¢ By, be an ideal. For ¢ € {0,...,2k} and a fixed n € N*
we define
17(I) == min{l e NU oo | dimV (I"*D") < 2k — i},

or, equivalently,
17(I) == max{l e NU oo | dim V (I("*1=D7) > 2 — 4}
We let dim@ = -1, and [; = oo when this number does not exist.

Remark 3.22. e We shall write [;(I) instead of I7(]).
e Note that lo(]) <--- < lok(]).
e If [ is base point free, then o, () € N.

Lemma 3.23. For every €5 > 0 there exists d, > 0 such that for every m > é and
d € [1,5om], if a Cox-Gorenstein ideal I ¢ By, with socle degree N satisfies

e N-f=nn
e codimI” < d”,;‘—f, where m = max{i € N* | in < 5},
then

li(])—1§€2(m—2) VZE{]{?,,QI{?}
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Proof. Note that it is enough to prove the Lemma for i = k, so we apply
the previous Proposition for ¢; = 1, and the Corollary for z = 1. Then for
I =min(l(I) —1,m) we have

(1- 1)k e mk
WSCOdImI <4 dﬂ

so that
1 1 1 1
L<1+ (45dmF(k+1))"T < (—+ (4F(k+ 1)i)m)m <0y + (4% (k + 1)02) =1 )m
m m

and since 2 < 2mds,

1< (385 + (4%(k + 1)8,) &1 )m — 2.

So, given €5 > 0, we take do small enough to have 3(52+(4k(k+1)(52)ﬁ <min{l,e};
then [ <m i.el=1(I)-1 or, in other words, [x(I)—-1< eam—2, and taking e < 1
we get that [;,(I) — 1 < eo(m —2) as desired. O

The following Proposition will be the technical core of what follows.

Proposition 3.24. For every € > 0 there exists n > 0 such that for every integer
m > 3 and for every d e [1,0m], if a Cox-Gorenstein ideal I ¢ By ¢ S =

Clzy,...,x,] with socle degree N satisfies
i) N=(k+1)8 -y and N - 3 =nn;

ii) I contains r polynomials in complete intersection {F;}!_, with degF; =
£ —degx; and whose associated ideal is base point free;

iii) codim I < d’g—f where m = max{i e N* | in < 8},

then I contains the ideal Iy of a closed scheme V c Py, of pure dimension k and
degree less than or equal to (1 + €)d. Moreover, I and Iy coincide in degree less
than or equal to (m -2—-(r-7j)deg V)n.

Proof. By definition dimV (I*() < k, so that there exist ;7 € N* and
f1, fas oo froj € I®U) such that dim V(< fi,..., f,-; >) = k; more precisely, note
that j = k+ 1. Moreover, as [ satisfies the assumptions of the previous Lemma,
fi, fos. . froj € IS%(W‘Q)”, and by the second assumption it is possible to find
r —j polynomials f,_ji1,..., fr ,where deg(f;) = 8 —deg(x;) (i>j), so that the
ideal < f1,... f. > is base point free and is a Cox-Gorenstein ideal of socle degree
less or equal to

> deg(fi) - deg(z) < (r = )((m -2 + )+ 5 - fy

i=r—j+1

r—j
D deg(f;) - deg(z;) +
i=1
Now, by Proposition 3.6 there exists a polynomial P with
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deg P < (r=j)((m=2)5 + 1)+ 8- o= N = (r=j)((m=2)5 +1)n

and [ = ((fl, o fr) P). Moreover I and J = ((fl, o frg) P) coincide in degree
less than or equal to

f-2n-deg P> (m—2)n—(r—j)((m—2)%+1)n < (m=2)n-(r-7)((m-2)e)n;

the last inequality is true when for 6, < § and % +2 <m. Now let us consider

I=](1-(r-j)e)(m-2)] and let us apply the previous results to I"7. Then for
every x <min(degV, (r — j)eam) < min(k, 1)

(I-z)* - m*
T < codim [ S(1+61)dﬂ
and .
x(1- le2(r=t)m] +x)k <(1+e)d
m
so that

(1+€1) '

S (1=2e(r =)
then, given 0 < € < 1 and taking ¢; and €, so that
(1+€1)

(1—262(T—j))

one has x < (1+¢€)d < 2d < 2dm. Thus taking 7 < 2 we have x < e;m < (r—-j)eam,
i.e., x =degV and degV < (1 +¢€)d. Moreover, I and I coincide in degree less
than or equal to

~d < (1+e€)d,

(m—2—(r—j)degV)n
]

3.4 The tangent space at a point of the Noether
Lefschetz locus

Since P#*1 has a pure Hodge structure [42, 51|, there is a well defined residue
map for it, and we can use it to construct the tangent space at a point of the
Noether-Lefschetz locus. This is again basically done as in [37], however we
provide more details, and use the properties of the residue map as developed in
[4] for simplicial toric varieties.

Let X = {f = 0} be a quasi-smooth hypersurface in Py, with degf = .
Denote by i : X — Py the inclusion, and by i : H*(P#*1,Q) - H*(X,Q) the
associated morphism in cohomology; i* : H**(P2#+1 Q) —» H?*(X,Q) is injective
by Proposition 10.8 in [4].
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e, . o . k. . .
Definition 3.25. The primitive cohomology group H;rim(X ) is the quotient
H2k(X, Q)/i*(HQk(]P)%k+1’ Q)

Both HZ(P#+1 Q) and H?*(X,Q) have pure Hodge structures, and the
morphism ¢* is compatible with them, so that Hf)];im inherits a pure Hodge
structure.

Also, we shall denote by M the dual lattice of the lattice N which contains
the fan X, i.e., X c N®@R.

Definition 3.26. Fix an integral basis my,...mo.,; for the lattice M. Then
given a subset ¢ = {iy,... 911} € {1,...,#p(1)}, where #p(1) is the number of
rays, we define

det(e,) := det( <My, €1, >1<j he2k+l );

moreover, dx, = dx;, A Adz,, ,, and T, = Il;,x,.
Definition 3.27. The (2k + 1)—form Qg € Q%! is defined as

Q= Z det(e,)z,dz,

|e|=2k+1
where the sum is over all subsets ¢ c {1,...,2k + 1} with 2k + 1 elements.
For more details about these definitions see [4].

Theorem 3.28. T[f](NL];:BU) ~ 8 where

b
E={KEB(E)'|2/\,~f @?Oz()forallRGSN_'},
=1 Tub-y; f +

and Tub(-) is the adjoint of the residue map.

Proof. By |7, Prop. 2.10] the p-th residue map
rp: HO(Py, Q2 2k +1-p)X) — Hgﬁ’;p(x) for 0<p<2k
exists; it is surjective and has kernel
HO(Py, Q35 (2k - p) X)) + dHO(Ps, Q3F (2k - p) X).
So
res HO(Q?(2k + 1) X) = rop HO(Q2* (X)) @ - @ 1o HO(Q2P1 (2K + 1) X))
by definition of H(Q%+1(2k +1)X). Or, equivalently,

resHO(QQk+l(2k+ 1)X) _ H—Zk,o (X) EB---EBHO’% (X) — HQk_ (X)

prim prim prim
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Similarly
res HO(Q2* Y (kX)) = FFYHZR (X)),

prim
On the other hand by [4, Thm 9.7] we have

KQO KQO

HO(QR (kX) = (S | K € $90) = (S50 | K < B )

the last equality holds true because we are assuming that k5 — [, is ample and
hence B~ = SkB-Bo by Lemma 9.15 in [4]. Now fixing a basis {v;}!, for
Hop (X, Q) we have that the components of any element in FF1H?!. (X)) are

prim

( res —— Kl f res K—QO)
f PR -~ fk. Y

Tub(v) f* 7 Jmub(y)  fR

where Tub(+;) is the adjoint to the residue map. Now taking 0 # Ay € H**(X,Q)
one has \; L FF1H?® (X) (see |[47]) and since the sheaf H?* is constant on U

prim

or, equivalently,

we have

NLijﬁU: {GeUllge FPHIL (Xo)} ={G e U | Ay L FMUHDE (X6))-

prim prim

More explicitly, if (A1,... ) are the components of Ay, one gets

A LFMUZE (XG) o S0 frgy, ot =0 VK e SN-F

prim arF T

where N is equal to (k+ 1)8 — . Thus we can characterize the local Noether-
Lefschetz locus in the following way: Let us consider the differentiable map
1 which assigns to every homogeneous polynomial G ¢ Bg a linear map g €
(BY ) ie., ¢ BS — (BY 7)Y sends G to

Yo BN - C

Ky
K .-
” ; Tub(y;) G*
then N L];BU = 1/1|‘U1(0) , hence the tangent space at f is the kernel of di)y. Now
TisU ~ Sp and since  is ample, S# = B®. Thus we can identified canonically

T[f](NLI;”ﬁU) with the subspace E# c B , which is the g-summand of the Cox-
Gorenstein ideal

b
E={KeBs|VReSN™, Z)\if Kih
i=1

Tub~; fk+1

whose socle degree is N = (k + 1) - So. O
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Remark 3.29. Note that £ contains the Jacobian ideal J(f) which is Cox-
Gorenstein.

We also consider the Cox-Gorenstein ideals

b
E,:={K e By |VYRe SN, Z/\if K1,
i=1

Tub; fk+r+1

=0},

with s € N*| which have socle degree N +rf. For a fixed s, the ideal F describes
the deformatlon of order s+ 1 of N LI; ¢y in a neighborhood of f.

Proposition 3.30. The Cox-Gorenstein ideals E; have the following properties:

1. B = (Es+1 : f)7
ii. If f is a generic point of NL’:\‘fg then (E,)?0 c Ey,q, where O c Sp is the
image of the tangent space T¢(Ny ) ¢
iii. For all K € E, and for every j e {1,...,r}, 2 e K (k+s+ 1)K € For.

Proof. 1. Clear.
2. For every G ¢ NLI; . and for every ¢ € N* such that N +rf —in is ample,
consider the bilinear map

Qz(G) . Bg % B]EV+r,B—in 5 C
(K’ R) g Z?:I )‘z fTub'y,- %

For a fixed R we have ker Q;(G) = EZ"(G), and for a fixed K we have ker Q;(G) =
E (G)N+L=iD where F,(G) is the Cox-Gorenstein ideal associated to the class
Ag. Since f is a quasi-smooth point of (NN Lk e, the map G~ Q;(G) has
constant rank for every G close to f. So for each U € Tr(Nyy)red associated to
M € © the differential of the bilinear map

dQi(f)(¥): B x By - C
(K, R) > (k5 +2) D0 A [y, e

is zero on B x ETP7M or in other words, EXTEN*Pg ¢ pN(s+DP
3. Given K ¢ E,, for every R ¢ Bg”ﬁm deg(F) we have

OK 9f\_O(KR), of . OR
R(axl s+KSE i)_ Gr = (ke DEREL KPS,
A B

Note that % is an exact form in the kernel of the residue map, so that
A € F 1. By assumption K 813 € F, so B € FE .1 by the first property. Thus
R( gKf (k+r+1)K5- of -) € Es+1 and since R is arbitrary we get the result. [
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3.5 Proof of the chapter main theorem

Now we have all the machinery necessary to prove the main result of this chapter.

Theorem 3.31. For every € >0 there exists 6 > 0 such that for all m > % and for
all d € [1,md], if codime:g < dmk—f where m = max{i | in < B} and if G € Nf:g,

then there exists a k—dimensional subvariety V c X with degree less than or
equal to (1 +¢€)d.

Proof. If f is a generic point in (N Li?] red by Proposition 3.24 there exists a
subscheme V' c Py, of pure dimension k£ and degree d’ < (1 + ¢€)d < 26m such that
Iy c E; the two ideals agree in degree less or equal to (m -2—-(r- j)d’)n, so it
is enough to prove that f € \/I;,. Moreover

Step 1: (]‘S/d,")Z c F;. Let R ¢ (]f/d’”)z, then the partial derivatives of R
belong to E, and by items (i) and (iii) of Proposition 3.30, the partial derivatives
of f belong to (E;: R). Since f is quasi-smooth, its Jacobian is base point free,
and (FE; : R) contains a base point free ideal whose socle degree is less than or
equal to

(r=(k+1))(e2(m=2))n+ (k+1)8 - Bo.
By contradiction R ¢ E; then (Fj: R) has socle degree greater than or equal to

N+B-degR>N+pB-2dn>N+((1-48)m)n.

Now by (ii) in Proposition 3.30 we have © c (F; : R), and by assumption
codim(0©) < d’z—f, so that codim(F; : R)? < dmk—f, i.e, (E1 : R) satisfies the
assumptions of Lemma 3.23. Then taking e, = m and d9 =0 < Wlkﬂ)) we
get

n+N >N+ ((1-48)m)n,

which implies § > %. Since

1 N 1
A4(k+1)  4(r-(k+1))

r-(k+1)>2k+1<

so that § < é, which is a contradiction. So one has R € F; as desired.

Step 2: f € \/Iy. Since V is of pure dimension k, it is enough to show
that f e /Iy for every irreducible subscheme W of V associated to the primary
ideal decomposition of Iy,. Let W’ be the smallest subscheme of V' such that
Iy = Iy n Iy, and let P c Py be a projective linear space of dimension
k -1, for which we can suppose without loss of generality that it has equations
x1 =...,T = 0 and we set Bp = Clxy,...,2,¢]. Since W and W' are of
pure dimension k, the homogeneous ideals Iy n Bp ¢ Bp and Iy n Bp ¢ Bp
are of pure codimension 1 for P generic; therefore they are principal. Let
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Kpw and Kpw+ be the images of the generators in By. Let k = degKpw
and x' = degK},,; by construction we have that x < degW and ' < degWW’.
Considering Kp7 = KP,WK;W,, we have Kp € E, Kp ¢ F, so that the ideal
(Ey : Kp) has socle degree N + 5 - (k +2k’) and moreover contains the ideal

JP _ ( [degW af af >

W Or g Oy

More precisely, the following facts hold true:

e KpeEask+2k'<m-2-(r-j)d,

o Kp ¢ Ey. Otherwise, (k+7r+ 1)KP88—)J(: € By and then, using property (iii)

K p

of Proposition 3.30, 55*f € E1 and by property (i) in Proposition 3.30,

68% € F for all 7; however, by construction not all partial derivatives of Kp

are in E , so this is a contradiction.
e Jpc (FE;: Kp); indeed, as 8513;1 =0,..., % =0 then (E; : Kp) contains
of of

O0Tp_g41’ """ Oy
2 we have (([V)S“”)2 c B and since I2" Kp c ((IV)Sd')Q, we have

15Y ¢ (B : Kp)deaW.

by property 3 of proposition 2. On the other hand by lemma

Now by contradiction, if f ¢ Iy, then dim V' (f, I{};gw) < k -1, and moreover
Jp contains a Cox-Gorenstein ideal with socle degree less than or equal to
N + (k + 1)d'n. On the other hand, (E; : Kp) has socle degree greater than
or equal to N + 8 —2d'n, so that

N+(r-=(k+1))20mn>N+(r—(k+1))dn>N+p-2dn>N+(1-46)mn

which implies that § > 2('r—(k1+1)+2) > 2(k1+3), contradicting our choice of . Thus
f € [W L]
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Chapter 4

On the Hodge Conjecture in toric
varieties

In this last chapter we apply the previous results to establish the Hodge
conjecture in some special cases. In section 1 we show that for a quasi-smooth
hypersurface in the Noether-Lefschetz locus containing a suitable complete
intersection subvariety, the Hodge Conjecture is true asymptotically, i.e., when
the degree of the hypersurface is "big" enough. In section 2 we study quasi-
smooth intersection subvarieties in a projective simplicial toric variety, which is a
right notion to generalized complete intersection subavarieties in the toric world,
and we show that under appropriate conditions, on a very general quasi-smooth
intersection subvariety Hodge Conjecture holds, generalizing the work on quasi-
smooth hypersurfaces of Bruzzo and Grassi in [§].

4.1 An asymptotic argument for Hodge Conjec-
ture

The notation and assumptions are the same as Chapter 3, that is, as in
Proposition 3.24 or Theorem 3.31, i.e., we have a quasi-smooth hypersurface
X; c P¥1 in the Noether-Lefschetz locus and there exists a k-dimensional
subvariety V' satisfying:

° V c Xf c P22k+1

o degV <206m with 6 < m and r the number of rays of X.

e [y and F coincide in degree less than or equal to (m—-2- (r-7)d")n for
some (0<j<r).

Since V is k-dimensional by Poincaré duality there exists Ay € H#F(PZ*+1 Q) the
cohomology class associated to [V'] and let us denote )\Vprim =1 (A\y) € HRF(X).
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Theorem 4.1. If V is a smooth complete intersection subvariety, then there
exists c € C* such that Ay = cA\py

prim’
Proof. We divide the proof in three steps.
Step I: )\[V]prim # 0.
Since V' c Xy is a regular embedding we have that

VI, = Jven(Nvyx,)
Iy Cn(NV/PE)/cn(NXf/]P’Ew)

1 ; e A,L
degV’ (Coefﬁment trof %&)zt))

By contradiction if deg(X;)[V] = degV¢§(Ox,(n)) then deg(Xf)Q[V]g(f =
(degV')2ci*(Ox,(n)) = (degV)?deg(Xy) which implies that deg(Xy) divides
deg V' proving the Step I.

Let E,; be the Cox-Gorenstein ideal associated to )\[V]prim and F as in Chapter 3

the Cox-Gorenstein ideal associated to As. So to prove the theorem, it is enough
to show that

Step II: E = E,),. Note that Iy, +.J(f) is contained in E and E,,. Moreover,
since V ¢ Xy, f is of the form A K| +---+ Ay K[, ;. Now, because f is quasi-
smooth, there exist K, ... Ky, € B, dividing K7 ..., K respectively, such that
(Aq, ..., Aps1, K1, ... Kiy1) is a Cox-Gorenstein ideal with socle degree N. So
that to conclude the theorem is enough the following step.

Step IIT : the ideal Iy + J(f) coincides in degree N with the ideal
(Aq, ..., Ags, K1, ... Kiy1). Tt is enough to show that every Cox-Gorenstein ideal
T of degree N containing Iy + J(f) also contains (Ay, ..., Ags1, K1,... Kgy1). By
assumption

k+1 OA:
(Aj,je{1,...,k+1},2—lKj,ie1,...,7“)cI
j=1 Ox;

Let us see that K; € Z for every j e {1,...,k+1}. Let M,,;41 be the matrix
[%] and K the column (K;)jeq1,.. ke1y- For each I c {1,...7} with cardinal
k +1 and let M; be the matrix extracting the i € I-arrows of M. We have that
ijll ’;‘—f[(j = (MK); = (M;K);; multiplying by the adjunct of M; we get that
det(M;)K; €T for all j e {1,...k+1}. On one hand the ideal (Z, K;) contains
the ideal

\7 = ]V + (detM[)
Hence (T : K;) contains a Cox-Gorenstein ideal with socle degree less or equal to
rdegVn— By <2mdn - By

On the other hand if K; ¢ Z then (Z : K;) contains a Cox-Gorenstein ideal with
socle degree
N-degK;>N-p3=kB- 5
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then comparing the above two inequalities and keeping in mind that r > 2(k+1),
we get that § > 2—17‘ > m
O]

4.2 Very general quasi-smooth intersection vari-
eties and Hodge Conjecture

A projective simplicial toric variety P{, satisfies the Hodge Conjecture, i.e., every
cohomology class in HPP(P$, Q) is a linear combination of algebraic cycles. On
one hand by the Lefschetz theorem in toric varieties, the Hodge conjecture holds
true for every hypersurface and p < % and by Poincaré duality, also for p > %
and on the other hand by Theorem 1.1 in [8] when, d = 2k + 1 and P¥*! is an
Oda variety with an ample class § such that kB8 — (y is nef, where 3y is the
anticanonical class, the Hodge conjecture with rational coefficients holds for a
very general hypersurface in the linear system |f|.

The main purpose of this chapter is to generalize the above results to
"good" complete intersections between quasi-smooth hypersurfaces. Let fi,..., f;
homogeneous polynomials in the Cox ring of P¢. Then they define a zero locus
V(fi,...,fs) which has associated a closed subvariety X c P{.

Definition 4.2. We say that X is a quasi-smooth intersection if V/(fi,..., fs)n
U(X) is either empty or a smooth subvariety of codimension s in U(3).

Remark 4.3. This notion generalizes smooth complete intersection in a
projective space. In fact a quasi-smooth intersection X = Xy n---n X defined
by fi,...fs € By has pure dimension d - s.

Again as in the case of quasi-smooth hypersurfaces we can relate the above
definition with the notion of orbifold, namely

Proposition 4.4 ([33] Proposition 1.3). If X c P¢ is a closed subset of
codimension s defined by the homogeneous polynomials f, ... f,, then X is quasi-
smooth intersection if and only if X is a suborbifold of P{..

We also have a Lefschetz type theorem in this context.

Proposition 4.5 ([33] Proposition 1.4). Let X c P be a closed subset, defined
by homogeneous polynomials fi,... fs € By of ample hypersurfaces. The the
natural map i* : H*(P%) - H?(X) is an isomorphism for i < d—s and an injection
fori=d-s.

Hence if p # % every cohomology class in HP?(X) is a linear combination of
algebraic cycles. So let us see what happens when p = %. The idea will be to
relate the Hodge structure of a quasi-smooth intersection variety X = Xy n---nXy,
in P4 with the Hodge structure of a quasi-smooth hypersurface Y in a toric variety
IE”?Q;‘”Z*1 whose fan depends of X and .
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Proposition 4.6. Let X = X;n---n X, be quasi-smooth intersection subvariety
in P¢ cut off by homogeneous polynomials f;... fs respectively . Then there
exists a projective simplicial toric variety P451 and a quasi-smooth hypersurface

d+s-1 d+s-1 d+s-3
Y c PY5 such that for p # S5— # <5=2

Hp 1,d+s-1- p(Y) Hp s,d— p(X)
prim prim
Proof. The way to construct ]P"“S !is through of what it is known as the
"Cayley trick". Let Lq,...,Lg be the line bundles associated to the quasi-smooth
hypersurfaces X, .. .XS so let P(E) be the projective bundle associated to the
vector bundle £ = Ly & --- & L it turns out that P(E) is d + s — 1- dimensional
projective simplicial toric variety whose Cox ring is

Clxt, - Ty Y1y - - - Ys ]

where C[x1,...,2,] is the Cox ring of P¢. The hypersurface Y is cut off by

the polynomial F' = y;f; + -+ + ysfs and is quasi-smooth by Lemma 2.2 in [33].

Moreover combining Theorem 10.13 in [4] and Theorem 3.6 in [33] we have that
HY o™ P (Y) 2 R(F) (@rsprnyo-so 2 Hipi ™ (X)

prim prim

d+s 1 + d+s 3

for p + &= as we wanted. O]

Corollary 4.7. If X is a quasi-smooth intersection variety and its associated
quasi-smooth hypersurface satisfies the Hodge conjecture, then the Hodge
conjecture also holds on X.

Proof. The isomorphism of Proposition 4.6 preserves algebraic classes.
m

Remark 4.8. With the same notation of Propostion 4.6, note that we have a
well defined map,

¢:|Bilx - x|Bs] = |8
(fi,-ofs) = fiyi++ foys.

Moreover, by Noether-Lefschetz theorem ||\ N Lg is a countable union of closed

sets U; C; and hence U ¢~1(C;) too.
We have an extension of the Noether-Lefschetz theorem, namely.

Lemma 4.9. Let PZ be an Oda projective simplicial toric variety. Then for a
very general quasi-smooth intersection subvariety X cut off by f1,... fs such that
d+s=2(k+1) one has that,

Hk+1_5’k+1_8(X, Q) =¥ (Hk+1—s,k:+1—s(lp>%))
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So we get a natural generalization of the main geometrical object of the thesis,
the Noether-Lefschetz loci.

Definition 4.10. We called the Noether-Lefschetz locus of a quasi-smooth
intersection variety, the locus of s—tuples (fi,...,fs) such that X = Xy n
... Xy, is quasi-smooth intersection with f; € |5;| such that HF+1=sk+l=s(X Q) #
i* (HF+1-sk+1-5(Pd)) and we denote it by NLg, ..

Now we transfer what we already know about Hodge conjecture on P¢ to
quasi-smooth intersection subvarieties.

Theorem 4.11. Let P{ be a Oda projective simplicial toric variety, then on a
very general quasi-smooth intersection subvariety X cut off by fi,... fs such that
d+s=2(k+1), the Hodge Conjecture holds .

Proof. First note that by Corollary 4.2 in [23| the projective simplicial toric
variety ]P’%égl is Oda and since X is very general the quasi-smooth hypersurface
Y is very general as well. So applying the Noether-Lefschetz theorem one has
that A™% (V) = 0 = hFH5F175(X) or equivalently every (k+1-s,k+1-5)

prim prim
cohomology class comes from a linear combination of algebraic cycles. O]
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Developments

Along the thesis we extended some classical results, machinery and ideas known
for projective spaces to a more general setting, i.e., to projective simplicial toric
varieties. Pushing forward those developments I expect to get some new results
in different topics, mainly related with Noether-Lefschetz theory, namely:

e Definition 4.10 is a new and quite natural perspective of the Noether-
Lefschetz loci. So I would like to transfer the results of my thesis presented
along the previous sections to that context.

e The main tool in [37] is Macaulay theorem, which I generalized to normal
"strongly Fano" varieties 3.3 with rational singularities. I expect that
studying the Hodge structure developed by Steenbrik in [45] to some
varieties, non necessarily toric, I will be able to extend Theorem 3.1 to
some normal, non necessarily toric, varieties.

e Macaulay theorem is also an important key in order to understand Hilbert
polynomials. So pushing forward the ideas of Green in [21] T hope
to generalize to “strongly Fano" varieties with rational singularities the
Gotzmann’s Regularity theorem, which say that for a graded ideal I* of
the Cox ring associated to the projective space P" with Hilbert polynomial
P(k), i.e., P(k) = codim(I*, H°(Op- (k) for k >> 0, that is, if Z is an ideal
sheaf corresponding to I* and F = Opr/Z we have that P(k) = x(F(k)).
Then the Hilbert polynomial has the form

P(k):(k+a1)+(k+a2_1)+---+(k+as_(s_1)), ay > as > a, > 0.

aq (45} Qg
Furthermore, the associated ideal sheaf 7 is s— regular.

e Chapter 2 gives bounds for the codimension of a Noether-Lefschetz
component. In [15] Ciliberto and Lopez constructed explicitly some
Noether-Lefschetz components for a given codimension when P#+! = P3,
This result is based on the determination of generators of the Picard group
for a general surface containing a fix curve, what was done by Lopez in
[29]. Subsequently [29] was based on the Kronecker-Castelnuovo theorem
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which says that, an irreducible surface S c P? has a 2-dimensional family
of reducible plane sections if and only if S is either ruled by lines or the
Roman surface. I expect that the result can be generalized to others toric
threefolds as a first step to extend the ideas in [15].

[14] and [3] proved the algebraicity of the Noether-Lefschetz components
for the projective space. This is a very hard theorem and seems to be true
also for the Noether-Lefschetz loci on a simplicial projective toric variety.
I would like to tackle this problem.

I studied in wide generality Cox rings not only associated to a toric variety.
Thus it is natural to think that some of well-known properties for toric
varieties (see [18]) can be extended to more general normal varieties.

There exists a connection between Noether-Lefschetz theory and Gromov-
Witten theory [32]|, more precisely the Noether-Lefschetz divisors in the
moduli of K3 surfaces are the loci corresponding to Picard rank at least
2. Maulik and Pandharipande relate the degrees of the Noether-Lefschetz
divisors in 1-parameter families of K3 surfaces to the Gromov-Witten
theory of the 3-fold total space. I would like to study this, to look for
inspiration and motivation.
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