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Assuming that light neutrino masses are described by the Weinberg operator and constrained by
a flavour symmetry, we identify all flavour groups and representations providing an approximate
description of lepton masses and mixings in the symmetric limit. It turns out that the neutrinos are
always either anarchical or have an inverted hierarchical spectrum. We then investigate whether
the flavour theory predictions obtained within the Weinberg operator description are equivalent
to those obtained within the full UV theory, using type I seesaw as a prototypical example. That
is not always the case, and the conditions for the equivalence are found. If the hint of a normal
hierarchical neutrino spectrum were confirmed, we would then conclude that either the symmetry
breaking effects play a primary role in the understanding of neutrino flavour observables, or the
UV flavour theory does not provide the same predictions as the effective one.
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Flavour symmetries [1–15] have long represented one of the most popular attempts in the effort
to understand the pattern of fermion masses and mixings. In order to provide an accurate descrip-
tion of the flavour observables, the flavour symmetry must be (spontaneously) broken. Depending
on the model, the role of the flavour breaking can be substantially different. In some cases, the pre-
diction obtained in the symmetric limit is close to what observed, and the symmetry breaking only
provides the moderate correction necessary for an accurate description. In other cases, the symme-
try itself either does not provide a prediction, or the prediction is far from the observation: even
a leading order description of flavour mixing relies on the symmetry breaking effects. Here, we
would like to address such a dichotomy by identifying the complete set of flavour models leading
to the first case, i.e. a symmetric limit providing a reasonable leading order description of flavour
mixing [16].

Let us consider a generic (continuous or discrete, simple or not, abelian or non-abelian, or
arbitrary combinations of the above) flavour group G. In order to provide a precise formulation of
the problem, let us write the charged lepton and neutrino mass matrices mE and mν as

mE = m(0)
E +m(1)

E

mν = m(0)
ν +m(1)

ν

, (1)

where m(0)
E , m(0)

ν are invariant under G, while m(1)
E , m(1)

ν are generated by the sources of symmetry
breaking, and vanish in the symmetric limit. We say that the symmetric limit associated to m(0)

E and
m(0)

ν provides an approximate description of lepton flavour observables if the neutrino and charged
lepton masses and the PMNS matrix are in the form shown in Fig. 1. The tables show that we
consider all neutrino mass patterns to be close to the symmetric limit, except when all the masses
vanish, in which case there is no prediction for the PMNS matrix. A small (or no) correction is
indeed sufficient to obtain a fully realistic mass pattern from each of them. All non-degenerate
charged lepton mass patterns are also considered to be close to the symmetric limit. In the case in
which two or all the three charged leptons are massive in the symmetric limit, a hierarchy needs to
be invoked among the non-zero masses in order for the pattern to be close to the observation. In
the light of the fact that all PMNS mixings are measured to be large, except, to some extent, the 13
angle, we consider both the PMNS patterns shown in the figure to be close to the symmetric limit.
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Figure 1: Lepton mass and mixing patterns defined to be close to what observed. The type of neutrino
spectrum, normal (NH) or inverted (IH) hierarchical, associated to a given pattern is indicated. A hierarchy
among the non-zero parameters is needed in two out the three charged lepton mass patterns.

We aim at providing a full classification of all flavour groups and representations such that
the lepton masses and the PMNS matrix are in one of the forms in Fig. 1. We begin by assuming
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Ul, Uec irreps masses ⌫ hierarchy PMNS zeros

1 1 1
1 r + 1

(A00)
(abc)

NH or IH none

1 1 1
1 r + 1,1

(A00)
(0aa)

IH none (13)

1 1 1
1 1 r 6= 1

(AB0)
(abc)

NH or IH none

1 1 1
1 1 r 6= 1

(AB0)
(0aa)

IH 13

1 1 1
1 1 1

(ABC)
(abc)

NH or IH none

1 1 1
1 1 1

(ABC)
(0aa)

IH 13, 23, 33

Table 1: Structure of the irreducible components of the representations Ul , Uec providing an approximate
description of lepton flavour observables in the symmetric limit. The first column shows the decomposition
of Ul and Uec , one above the other. Boldface fonts denote complex representations, regular fonts denote real
representations, with specified dimension. Primes are used to distinguish inequivalent representations. “r”
denotes a generic, possibly reducible representation. The second column shows the corresponding pattern
of charged lepton and neutrino masses in the symmetric limit, one above the other, and the third column the
type of neutrino hierarchy. The PMNS has one or no zeros, and the position of the possible zero is indicated.

that the flavour symmetry constrains the light neutrino Majorana mass matrix mν or, equivalently,
the Weinberg operator [17]. Despite the huge (infinite) number of possible groups and representa-
tions, the problem can be studied in full generality, and has a simple solution. This is because the
pattern of lepton masses and mixings depends on the group and representation only through the
dimension, type (real, pseudoreal, complex), and equivalence of the irreducible components of the
representations Ul , Uec on the lepton doublets li and charged lepton singlets ec

i ∼ eRi, i = 1,2,3.

The classes of representations leading to viable patterns, as defined in Fig. 1, are shown in
Table 1. There are only six cases. In the second case the presence of a zero in the PMNS matrix
depends on the symmetry breaking effects, which determine in that case the 12 mixing angle [18–
29]. In the last case, the position of the zero depends on the relative size of the A, B, C parameters.
In the three cases in which a normal hierarchical neutrino spectrum is allowed, the neutrino mass
matrix is totally unconstrained. The representation on the lepton doublets reduces in fact to three
equivalent real one-dimensional representations. This means that Ul just changes the overall sign
of the three lepton doublets, and that any neutrino mass matrix is allowed. The flavour symmetry
does not provide any constraint on neutrino masses and mixings (anarchy [30, 31]). In the three
cases (shaded in Table 1) in which the flavour symmetry does provide an input, the neutrino masses
turn out to be inverted hierarchical. Therefore, if the present hint for a normal hierarchy [32–34]
were confirmed, we would conclude that an understanding of lepton flavour can only come from
symmetry breaking effects. The detailed proofs of such results can be found in [16].

The above conclusion is based on the assumption that the flavour symmetry constrains the
light neutrino mass matrix or, equivalently, the Weinberg operator. Let us now assume that the
effective Weinberg operator is generated by some “ultraviolet” (UV) physics, and let us consider
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type I seesaw as a prototypical example. Would the same conclusions hold if the flavour symmetry
constrained the seesaw lagrangian? The answer is: not necessarily. While all the light neutrino
mass matrices obtained from an invariant seesaw lagrangian are also invariant with respect to the
low-scale action of the flavour symmetry, not all invariant light neutrino mass matrices can always
be obtained from an invariant seesaw lagrangian [35].

There are two reasons why the high-scale and low-scale descriptions can turn out not to be
equivalent. The first is that the heavy singlet neutrino mass matrix can be forced to be singular in the
symmetric limit. In such a case, at least one singlet neutrino is massless in the symmetric limit. The
seesaw formula can then be applied only once symmetry breaking effects have taken into account,
thus providing all singlet neutrinos with a (heavy) mass. The condition for the singlet neutrino
mass matrix to be allowed to be non-singular in the symmetric limit is that the representation of the
flavour group on the neutrino singlets be vectorlike.

Even when the heavy singlet neutrino mass matrix is allowed to be non-singular in the sym-
metric limit, and the seesaw formula can be flawlessly applied in that limit, the high- and low-scale
implementations of the flavour symmetry can still be inequivalent, for a different reason. A neces-
sary and sufficient condition for the equivalence in this case is in fact that the vectorlike component
of the representation on lepton doublets be part of the representation on the neutrino singlets.

A proof of the above statements can be found in [35]. Here, it suffices to illustrate the last
point with an example. Consider a U(1) flavour symmetry under which the three lepton doublets
have charges (1,0,0) and the neutrino singlets have charges (1,−1,0) [36]. The representation
on the neutrino singlets is vectorlike, so that the seesaw formula can be applied in the symmetric
limit. The Dirac and heavy Majorana neutrino mass matrices, mN (in “RL” convention) and M, are
constrained to be in the form

mN =




0 0 0
X 0 0
0 X X


 , M =




0 X 0
X 0 0
0 0 X


 , (2)

where no special relation is enforced among the non-vanishing entries denoted by X (except of
course M12 = M21). The light neutrino mass matrix obtained from the seesaw mechanism necessar-
ily has rank 1 in the symmetric limit. On the other hand, the low-scale version of the flavour theory,
allows neutrino mass matrices with a generic, non-vanishing, rank-two block. We then conclude
that not all the invariant light neutrino mass matrices can be obtained from an invariant seesaw
lagrangian.

Having established that the low- and high-scale implementations of the same flavour symmetry
can be inequivalent, we can revisit the conclusion we obtained within the low-scale implementation
of the flavour symmetries. We concluded in that case that a non-trivial understanding of lepton
flavour can only come from symmetry breaking effects, if neutrinos are indeed normal hierarchical.
This remains true at high-scale in all the cases in which the low- and high-scale implementations
are equivalent, and in particular when i) the representation on neutrino singlets is vectorlike and
ii) the vectorlike component of the representation on lepton doublets is part of the representation
on the neutrino singlets. On the other hand, examples of predictive flavour theories leading to a
normal hierarchy in the symmetric limit can be found in high-scale flavour theories, provided that
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high- and low-scale implementations are not equivalent. A more detailed discussion of the viable
cases can be found in [35].
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