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1 Introduction

Four dimensional superconformal field theories (SCFT’s) with N = 2 supersymmetry have
common features with the simpler 2d SCFT’s with N' = (2,2) supersymmetry: upon
deformations away from the conformal point, both typically lead to Bogomol’nyi-Prasad-
Sommerfield (BPS) states whose mass is given by absolute value of a central charge in the
SUSY algebra which is a complex number. Both cases undergo wall-crossing where the
number of BPS states change [1-3]. Despite the wall-crossing, one can form an invariant
from monodromy operators, ordered by the phases of the central charge, whose invariance
under wall crossing characterizes the nature of jumps in the spectrum of BPS states [1, 4, 5].
The monodromy operator is invariant up to conjugation and so its eigenvalues, captured by
the trace of its integer powers, lead to invariants of the SCFT. It was shown in [1, 4] that
the eigenvalues of the monodromy matrix capture exp(27iQ)) where @ is the U(1)g charge



of the ground states of the theory. This result motivated the parallel question in the 4d
case [6] where the trace of the powers of the monodromy operator M(q) were computed.
It was found that if the U(1), charges of the conformal theory are integer multiples of
1/k, then the monodromy operator to the power k acts as the identity,! very much as in
the 2d case, and an explanation for this phenomenon was provided. More surprising was
that the trace of powers of the monodromy operator M(q) (including fractional powers of
M(q) when the theory had additional discrete R-symmetries) in many cases were related
to characters of rational 2d conformal theories including minimal models and coset models.
Furthermore it was found that insertion of line operators in the monodromy trace acts by
changing the characters of the 2d conformal theory. In addition, it was suggested in [7] that
an integer sequence of specializations of the superconformal index should lead to the trace
of various powers of the monodromy. In later work [8] it was found that, by considering
operators contributing to the Schur limit of the superconformal index, one obtains chiral
algebras in 2d, with a very specific central charge: ¢*¢ = —12¢*¢, where ¢2? is the 2d central
charge of the Virasoro algebra and ¢* is the c-function of the 4d SCFT. Motivated by this,
in a recent work [9] it was shown that the Schur index specialization is equal to the trace
of the inverse monodromy operator Tr M(q) L.

One main motivation for this paper is to generalize this for arbitrary powers of N by
revisiting the specialization of the superconformal index suggested in [7]. We argue that a
modification of that proposal identifies the trace of the N-th power of the monodromy op-
erator Tr M(q)" as the superconformal index Z(q,p,t) with ¢t = gp™N+!
extending the N = —1 case. The N = —1 is the special case where the index is auto-

and p — exp(2mi)

matically p-independent. For other values of N one needs to insert some operators for the
superconformal index to lead to a non-vanishing finite answer. The reason for this is that
typically there are some elements of chiral algebra which correspond to either non-compact
bosons, or fermionic zero modes which, if not absorbed, would make the index diverge
or vanish. We provide evidence for the identification of this limit of the superconformal
index with Tr M(q)" by providing general arguments and also by showing explicitly that
it works for Lagrangian theories. Moreover we present evidence for the existence of a 2d
chiral algebra Ay and construct this chiral algebra in the limit of the extreme weak cou-
pling. For non-Lagrangian theories we broaden the scope of examples studied in [6] and
identify the corresponding chiral algebras for a number of Argyres-Douglas type theories.
There are two notions of central charge one can associate to these chiral algebras: one is
the Casimir of the vacuum character, which leads to

1 =12N¢, (1.1)

generalizing the Schur index case with N = —1. The other one is the growth in the number
of chiral algebra elements of given level which leads (when ¢*? — a%? > 0 which is the more
typical case)

—48N (¢t — gt for N <0
2 _ { ( ) 12)

cif =
ft 12N for N > 0.

'More precisely it commutes with the line operators.



The equality ¢2¢ = cgglf for N > 0 is consistent with Tr M(q)" being a character of a unitary
2d CFT in this case, as found in various examples [6].

We also consider partial topological twisting of 4d N = 2 superconformal theory on S?
with $N units of U(1), flux. This leads to (0,2) supersymmetric theories in 2d. Studying
the (0,2) elliptic genus of these theories leads essentially to the same expression for the
integrand as in the above specialization of the index. However, while one uses the Jeffrey-
Kirwan residue prescription to compute the elliptic genus, in the index case the integral
is over the unit circle. In addition one finds that (for N > 0) the central charge of the
2d theory is 12N¢*?. For N < 0 one obtains instead the cgfdf as the central charge of the
resulting 2d theory.

It turns out that there are two competing versions of the Kontsevich-Soibelman opera-
tor: one involves the compact version of the quantum dilogarithm, which is the main focus
of the present paper, and the other one uses the non-compact version of it. The trace of the
N-th powers of the non-compact version of the monodromy is related to compactifying the
4d theory on S x S3 where as we go around the circle S' we twist by exp(2miN (r — R)),
and computes its partition function on the squashed S3. This is the connection proposed
in [6] for the non-compact version.

The organization of this paper is as follows: in section 2 we review the relation between
the elliptic genus of (2,2) theories and the BPS monodromy. In section 3 we discuss the
4d case and outline the argument for the connection between the BPS monodromy and
specializations of the superconformal index as well as its compactification on S* twisted by
U(1), charge. In section 4 we discuss the 4d N' = 2 models with a Lagrangian description.
In section 5 we study the compactification of the theory on S? x T? with U(1), flux
through S? for the Lagrangian models. In section 6 we discuss how the traces of the
monodromy operators are formulated and computed. In section 7 we give a number of
examples for Argyres-Douglas theories. In section 8 we present some concluding thoughts.
Some technical discussions are postponed to the appendices.

2 Review 2d case

Consider a (2, 2) superconformal theory in 2 dimensions. Let Jy, Ly denote the left-moving
U(1)r R-charge and left-moving Hamiltonian Ly = H — P in the NS sector. Let Hj =
Ly — %Jo be the Hamiltonian in the R-sector, and similar quantities for the right-movers.
The superconformal index, which can be viewed as the Witten index, in this case is known
as the elliptic genus and is given by

Zan(2,q) = Te(~1)F2logHghin . (2.1)

The elliptic genus is independent of § since Hr = {QRr, Q}}} and () p commutes with Jy, Hy,.
Let us consider the specialization of this elliptic genus to

z = exp(2miN), (2.2)

where N is an integer. Then Z.; will become independent of ¢ because in this limit also
Q1 commutes with 270 = exp(2miN.Jy) (as it carries Jy charge 1). So in this limit the



partition function becomes just a number. Moreover since it is independent of ¢ and § we
can compute it in the limit ¢, ¢ — 0 which implies that it is the index restricted to Ramond
ground states:

In = Zeu(exp(2miN), q) = Tr grouna (—1)Fexp(2miN Jp) (2.3)

states

From this definition it is not a priori clear why In has to be an integer, but it is. To see
this [10] note that, by a modular transformation of the torus, this computation is the same
as counting the Ramond ground states where the space is twisted by exp(27ilNJp). Note
that if the spectrum of Jy is rational of the form r/k then

In = 1INtk (2.4)

so the specialized indices Iy compute only a finite number of independent invariants.

So far we have been studying the conformal point. Now suppose that the SCFT admits
a deformation with m supersymmetric vacua having a mass-gap. This massive deformation
of (2,2) theory will have some BPS solitons c;; with a complex valued central charge Z,
connecting the i-th vacuum to the j-th one. Associate an m x m upper triangular matrix
M,,; with 1 along the diagonal and ¢j entry n;;, which is a signed version of the number of
solitons from i-th vacuum to the j-th (see [1] for details). Order the BPS solitons according
to the phase arg Z, and consider the ordered product

M= H T(Maij) ) (2.5)

where T denotes the phase ordering. When one changes the parameters of the massive
theory the number of BPS states change in such a way that M simply gets conjugated. In
particular the traces of all its powers are invariant. Moreover, as shown in [1]

Tr MY = In = Tr srouna (—1)Fexp(2miN Jp) (2.6)

states

In other words, the specialization of the superconformal index (2.3) has an extension away
from the superconformal point, which is captured by the BPS spectrum of the massive
theory. The generalization of this idea to the 4d A/ = 2 theory, was the motivation of [6]
which we next turn to.

3 BPS monodromy and 4d index

We now move on to the 4d N' = 2 supersymmetric theories. Here again we wish to connect
the superconformal index computation to some computation when we move away from the
conformal point, i.e. as we move on to the Coulomb branch. Just as in 2d there are BPS
states, which undergo wall crossing, and we wish to connect some invariant data on both
sides.

Let us first start with the superconformal side. The superconformal index is defined
as [11, 12](see appendix B for more detail)

Z(p,q,t) = Tr(—l)FpJ34+TqJ12+TtR7T675H, (3.1)



where Jq2, J34 are the Cartan generators of the SO(4) C SO(4, 2) conformal group, R is the
Cartan generator of the SU(2) g symmetry of NV = 2 theories and r is the U(1), symmetry
of the conformal theory. The index can be viewed as the partition function of the conformal
theory on S' x S3 where as we go around S' we rotate the S and we have turned on specific
fugacities for the R, r symmetries. The Hamiltonian H is a () commutator, where @ is a
supercharge commuting with all operators inserted in the trace (3.1), and so the partition
function does not depend on S and for this reason we sometimes omit writing the e #H
insertion.

It is important to understand better this geometry. For this it is more convenient to
view S! x §% as a complex manifold, known as the Hopf surface, with complex moduli
parameterized by (p,q) which we now describe.

3.1 The Hopf surface

Consider the space

W = (C x C - {0,0})/Z, (3.2)

where the generator of Z acts as

(21,22) = (q21,p22) , (3.3)

with 0 < |q, |p| < 1. W is a complex manifold which is topologically S® x S*. To see this,
view S as the loci in the complex 2-plane where 1 = |w1|? + |ws|?. Now consider the map

f: 83xR—-CxC-{0,0}, (3.4)

defined by {(wy,w2),t} — (21,22) = (¢'wy, p'wsy). This map is a bijection. To see this note
that given any (z1,22) there is a unique {(wy,ws),r} which maps to it, i.e. the unique? ¢
such that |21/¢|? + |22/p!|? = 1. To get W, note that modding out by Z simply identifies
t ~t+ 1, and thus W has the topology of S® x R/Z = S3 x S'.

The Hopf surface W contains two natural tori: consider z; = 0 (which corresponds
also to w; = 0). Over this point the manifold is given by zo ~ pzy which defines a torus
with complex structure given by p. Similarly over the point zo = 0 (which corresponds to
wg = 0) we get 21 ~ qz; which defines a torus with complex structure g.

Note that if you delete the circle given by wy = 0 (i.e. the circle |w;|* = 1) from S3,
you get a non-compact space which has the topology of

%5‘3 x St (3.5)

where %S?’ has the topology of a solid torus: C x S!.

2To see that such ¢ is unique, note that |21 /¢"|* + |22/p'| is a monotonic function of ¢ which varies in
the range (0, 00) for ¢t € R.



3.2 A specialization of the 4d index
We now consider the specialization of the 4d index by setting t = gp’V ™!, This leads to

T'(p,q) = Tr(—1) pNEDplutfighetit, (3.6)

There are two special cases of this specialization: if N = 0, this partition function is the
same as the partition function on the Hopf surface of the N' = 2 theory with Witten’s
topological twist [13], because in the topologically twisted theory the SO(4) generators are
Jis = Ji2+ R and Ji, = J34 + R. In this case the partition function should not depend on
the metric nor the complex structure of the manifold, and so the partition function (3.6)
with N = 0 does not depend on p, q. For N = —1 we get the Schur limit of the index studied
in [14, 15] which is expected to give a reduction of the index to the partition function of a
2d chiral algebra [8]. In that limit the index will not depend on p but will still depend on
q and is characterized by a chiral algebra. For other values of N we have an object which
a priori depends on both p, q. It can be interpreted as the topologically twisted theory on
St x S3 where in addition as we go around the S! we mod out by the action of p™V(E=7),
In other words, in addition to the usual twist we have introduced a chemical potential for
the (R — r) charge. This is very similar to the 2d case where we inserted 270. Here R —r
plays the role of Jy. Just as in the 2d case we need a further specialization to connect to
BPS spectra: thus we further specialize p — €2™, i.e. we define the index

Ty (Q) _ Tr(—l)Fe%iN(R_T)62“i(J34+R)qJ12+R ) (37)

Note that this specialization can only be realized as a limiting instance of the Hopf surface.
In particular the torus over wy = 0 degenerates. Over w; = 0 there are two circles which
form a torus: one is the circle wy — ws p!t®. The other is wy — wo ¢ In the limit
p — e>™ the size of the circle corresponding to phase of wo is much bigger than that of
the circle ¢ — t 4+ ¢. If we wish to keep the size of t-circle finite, we effectively make wo
infinitely large, and so the corresponding circle cannot shrink. This effectively deletes the
point we = 0 where the corresponding circle would have shrunk from the geometry. Thus,
wa

we get an %S?’ x S' geometry in this limiting case. View the %53 as (wl, W) =C x S

As we go around S' we mod out this geometry according to

t—t+1: wl,ﬂ — qwl,ﬂ ) (3.8)
|wa |wa|

In other words we have a Melvin cigar geometry. This is the geometric part of the interpre-
tation of the Zy(q). This is also accompanied with the Witten twist due to the R action.
But now the action is not purely topological because, as we go around the circle, we have

21N (r—R)

in addition the action of the operator e . In other words we have a geometry of

the form
W' =S} nror XS X C, (3.9)

where the notation SquN(Rfr) means that as we go around that S we both rotate C by ¢

and has a fugacity action by e2™V(FE-7),



3.3 BPS mondromy and the specialized index
If we consider a deformation of a NV = 2 SCFT in d = 4 to its Coulomb branch, we find

a tower of BPS states. This tower of BPS states can change as we move in the Coulomb
branch as we cross walls of marginal stability [2, 3], as was shown in [5] (and its refinement
in [16, 17]). If one consider an ordered product of BPS states, ordered by their central
charge phases, where each BPS particle of helicity s and charge v contributes the factor
o0
2, =[Ja-gratex,)ov” (3.10)
n=0

to the monodromy operator
M(q) = T(H zv>. (3.11)
gl

Here X, form a quantum torus algebra T:
X, X, =¢"X,X, 4,4 €l (3.12)

and (v,7') € Z is the electro-magnetic symplectic pairing on the lattice T' of conserved
charges. M(q) is a wall-crossing invariant up to conjugation. There is another version of
M(q), closely related to the above operator, which is also invariant [6]: one replaces the
compact quantum dilogarithm (3.10) with its non-compact version

2 = 2,(q,X,)/2,(3, X,) (3.13)
where now X, and )A(7 form a dual pair of quantum torus algebras
X, Xy =¢"x,x, X, X,=X,X,, X,X,=¢"X,X, (3.14)
related as follows
q= 627ri7" Xfy _ eix,y? . ) ) o 15
R , it , Tt | = —270 V) .
(j — 67271"[/7" X’y _ 6”7/7 w1 [xfy Ly ] T <Fy v > ( )
As one can see this is very similar to the 2d story. The main difference is that now
the monodromy operator depends on a parameter g. In the above definition of M (q)
it would be natural to include also the massless BPS state, namely the photons of the
Coulomb branch. They would correspond to v = 0 and s = +1/2 leading to 772"(q)
additional factor to M (q). More precisely we need to delete a zero mode (corresponding
ton =0,s = —1/2) to get that. This will be important to keep in mind. We shall write
M(q) for the monodromy M (q) dressed by the massless photon factor.
An explanation of this result was provided in [6] as follows: consider an N' = 2 theory in
4 dimensions. Compactify it on the Melvin cigar which is the geometry 5’; x C where as you
go around S! you rotate C by multiplying it by ¢. One obtains a theory in 1d with 4 super-
charges. In terms of supersymmetric quantum mechanics (SQM) data, this theory has in-

finitely many vacua and the analog of the finite dimensional matrix contribution to the mon-
odromy operator [1], gets promoted to the operator Z, given in (3.10). One can view the



parameter ¢ as a regularization of the computation.® Thus consider the following geometry:
SN(r—ry X Sg x C. (3.16)

This gets naturally interpreted as follows [6]: we compactify the theory from 4d to 3d on
a circle where we turn on the global symmetry g = exp(2miN(r — R)) as we go around
the circle. Then we obtain a 3d theory. If we consider the partition function of this 3d
theory on %S?’ this would give us the trace of the monodormy operator to the N-th power.
To make the theory compact, and completing the %53 to S3, we proceed in two different
ways. One way is simply to consider the squashed partition function on S® [19] where
the R-twisting needed to define it is inherited from the 4d SU(2)z symmetry (rather than
the one natural from 3d SCFT perspective). This gets identified with the trace of the
non-compact version of the monodromy operator M (¢)" made of non-compact quantum
dilogs. This was already suggested in [6] and will not be the main focus of this paper.*
However to connect to the index it is best to modify this construction slightly and com-
pactify to S3 differently: we first compactify the theory on C which is the cigar geometry
with the usual topological twisting. This leads to a 2d theory with (2,2) supersymmetry
due to the non-trivial cigar geometry. This geometry has an extra U(1) symmetry involving
rotation of C. In this reduced theory we can consider the 2d BPS monodromy, but keep
track also of the extra U(1) symmetry of the BPS solitons by weighting them with gharge,
This will lead again to the Z, factors in eq. (3.10). In other words, we consider instead

Syn(r_r X S' x C, (3.17)

but this is precisely the geometry W’ that our limiting case of the index computes. We
thus conclude

TI‘M(q)N = Z(S;,N(R—r) x S x C) =1In(q) = Z(p, QJt)‘t_)qu-&—l,p_)eQwi‘ (3.18)

This is essentially the connection anticipated in [7] with a minor modification. The case
N = —1, the Schur case, is a special case of this which was already conjectured and checked
in some examples in [9].

4 Lagrangian theories

The 4d N = 2 superconformal index is a refined Witten index on 3 x S! evaluated by a
trace formula [11, 12],

I(p, q,t) = Tr(—1)Fpi—dztrghtiztryfizre=por- - =2{Q1-, 9] }, (4.1)

3For a more detailed discussion of the role of ¢ in this context, see [18].

4This is nevertheless an interesting construction because the (M(q)"c)’C is strictly the identity operator
if the r charges are multiples of 1/k and so by studying this operator we can deduce what fractions appear
in the R-charges. Therefore this will only lead to inequivalent result for N mod k. In particular for all the
Lagrangian theories where k = 1 there is nothing interesting to compute in this version. This is similar to
the case of 2d for (2,2) supersymmetric gauged linear sigma models where the R-charges are integer (or
half-integer).



where Qp_ is one of the eight supercharges in 4d N' = 2 superconformal algebra (SCA),
J1, J2, R, and r label the SU(2); x SU(2)2 x SU(2)g x U(1), symmetry of 4d N' =2 SCA.
Note that Jio = j1 +j2, J34 = j1 — jo. By definition the index (4.1) gets contribution from
the states annihilated by Q1_, or equivalently, states satisfying

S =A—2j; —2R—r =0. (4.2)

We can further twist the index with fugacities p; dual to the Cartan generators F; of the
flavor symmetry F,

Z(p, q,t, i) = Tr(=1)Fp =izt r g tiztrgior Ty gm0, (4.3)
i
The superconformal index is invariant under exactly marginal deformations. Therefore
for Lagrangian theories we can always compute the exact index in the free theory limit.

For a Lagrangian theory with gauge group G and matter in the representation @®;(R; ®RZF )
of gauge group G and flavor group F, the index is given by

Z(p.0.6) = [ 149)"(p.0.1:0) 20.0t% 0 RE) (4.4)

[dG] being the Haar measure of the gauge group G, Z and Z" the indices of N/ = 2
hypermultiplets and vector-multiplets respectively. They are given by

00 _1
1 — LW VTS m+1 n+1
IH(p, q,t;'R@'RF H H H a p d ); (4.5)
wenveRan 0 — Zwptpmgn)
[o.¢]
1— tp™mqnz®
+1 +1
I (p7Q7t g H H - a i )(1_2aqm ) H 1_t—1pm+1qn+1zo¢'

acA(G) m=0 m,n=0

Here we introduced the flavor fugacity p and gauge fugacity z. In equation (4.5) w € R
(resp. v € RY") are the weights of the gauge (flavor) representation R (resp. RY"), and A(G)
is the set of all roots of the gauge group G (the zero root being counted with multiplicity
r =rankG). z% is a short-hand notation for z* = [[;_, 2. For example, for G = SU(2),
2% takes the values 22, 1, 272

The physical meaning of equation (4.4) is now clear. ZV and Z*! are partition functions
of supersymmetric states of the respective multiplets. The integrand of (4.4) is the partition
function of all supersymmetric states of the given theory at zero coupling, and [[dG]

projects onto the gauge singlet part of the supersymmetric spectrum.

4.1 Specialized index for the Lagrangian theory

As discussed in previous section, to relate the superconformal index to chiral algebra we
need to take a specialization of the index by setting t = ¢p™¥*!. From the equation (4.3),
the specialized index is

N <p7 q; Mi) — Tr(—l)ijl *j2+R+N(R*7")qj1+j2+R H M@Fiefﬂ(ﬁ— ) (4.6)

%



Since the indices of Lagrangian theories are built upon indices of free hypermultiplets and
vector multiplets, it is enough to discuss these two cases.

When N = —1 the specialized index is the Schur index [14, 15] and the dependence
on p drops off automatically.

4.1.1 Insertion of Wilson loop line operators

Insertion of half-BPS operators in Schur index was discussed by [20, 21]. The line operators
discussed there preserve the supercharge Q1 + Q1; and commute with Jio+ R. These line
operators cannot be inserted in the index for arbitrary values of p, ¢.> However something
remarkable happens precisely for the specializations we are interested in. Even though
Qi has Jsy + R+ N(R — r) charge 0, the corresponding charge of Q1; is N+ 1, and
the operator Js3q + R+ N(R — r) will not commute with the supercharge Q;_ + Q1; used
to define the index in the presence of line operators (except for N = —1). Nevertheless
Q1+ Ql; still commutes with the discrete symmetry

6271'7,'(&]34+R+N(R71”))

which is the specialization of interest to us, p — exp(27i). Thus our index specializations
could have been pointed out a priori as the class of superconformal indices consistent with
the insertion of supersymmetric line operators.

For Lagrangian theories, the specialized index with insertion of Wilson line operators
in representation R and R wrapping S' and placed at antipodal points of S3 is

Zvla) = [149] xw(a) xal0) Z5(a: ) [] 2 (@ Rs 0 RD), @)

with I]{,I and IX, the specialized indices for hyper and vector multiplets which will be
discussed in detail below, and xg(q) (xz(g)) the character of the representation R (R)
which contributed from Wilson line operators. The other line operators which play an
important role later are

det(1 = pU) s (4.8)

with U the holonomy of gauge group along S*. For gauge group SU(k) the operator (4.8)
can be understood as a combination of Wilson line operators in fundamental and anti-
fundamental representations. Omne can also similarly consider insertion of 't Hooft and
dyonic line operators, which we will not spell out here as we will not need them for the
present paper.

4.1.2 Free hypermultiplets
The 4d index of a free (full) hypermultiplet is given by

7 T (e ) (R e (49)
=0 (1= t2gipiu) (1—t2gipiu-1) '

5We would like to thank Kimyeong Lee for a discussion on this point.
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with u the fugacity of U(1) flavor symmetry of a free hypermultiplet. After setting t =
N+1

qp we have
IN[-1 oo
1 1
H H for N <0
1 Nl 1 Nl )
71 _ ) im0 meo (L= 2p > ) (1— g™ 2p 2Tt (4.10)
N—1 oo N N ’
(1 — qm+%p%*7+zu) (1 — qm+%p%*?“u 1) for N >0
i=0 m=0
We can write this in terms of a theta function as
_ 1 i —1 _ 1
= (0 ]I 0(q2p’u; )&M) 22 ()N 0(qru ) (4.11)
_INI=1 i IN|
2 —J = 2
where
0(zq) = [J(1 —¢)(1 = 2¢)(1 = 271 ¢"™) = (4 @)oo (2 @)oo (/75 D)oo (4.12)
i>0
and we used the standard short-hand notations
o0
(@)oo = (a59)o0 := [ [ (1 — ag®). (4.13)
k=0

In particular, (4.11) yields the Schur index for N = —1. We see that the specialized index
I]I\}I looks like N copies of the same object (a negative number of copies meaning, as always,
|N| copies with the opposite Fermi/Bose statistics).

To understand the specialized index from the viewpoint of operator counting, we can
check in table 8 of appendix B the indices of single letters contributing to the index. When
N < 0, we find that letters contributing to the specialized index of hypers are

0L90q, 099G,  with i € Zsg, j=0,1,---,|N| -1, (4.14)

where we use the notation 9, = 0, ; and 9,, = 0, -. The derivatives J, and J,, contribute to
the index by ¢ and p respectively. When N > 0, the letters contributing to the specialized
index are

O apy, Oy,  with i€Zsg, j=0,1,--- N —1. (4.15)

In other words, the specialized index counts the operator ¢, ¢ or ¥, ¥4 with arbitrary
number of derivatives d, ; and up to |N| — 1 derivatives J, - .

It is clear from the equation (4.10) that the specialized index of a free hypermultiplet

I]}\L,I is the same as the partition function of N 2d complex bosons with spin % for N < 0.

When N > 0, the specialized index describes N 2d complex fermions with the correct
spin 1/2. In both cases, p becomes a fugacity for the U(1), charge corresponding to the
angular momentum in the w-direction. This shows that for the specialization of the index

N+1

at t = gp there corresponds a 2d chiral algebra Ay, at least for the free theory. This

generalizes the 2d chiral algebra associated to the 4d N = 2 theories discussed in Beem
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et al. [8]. In our language, their case corresponds to picking N = —1 among all possible
choices of N. The relation between the specialized index Zn and the 2d chiral algebra Ay
will be discussed further in section 4.2.

It is not difficult to write down the specialized index for hypermultiplets transforming
in the representation R,

IN|-1 oo 1 1
; : for N <0,
H wgz zH) nno (1—gmFap™3 Haw) (1— g™tap™s Hizw)
IN(R) = Vel o
H H 1 +3,5— 5+ m+i, t-S4i—w
—gMapaT Y ) (1 — ¢MTap2 T2ty for N > 0.
wER =0 m=0

(4.16)
This gives the partition function of |N| copies of 2d complex spin—% bosons/fermions in
representation R.

4.1.3 Free vector multiplets

Now, let us consider the case of free vector multiplets. As we will see later, we encounter
subtle new features involving the nature of zero modes. The index of a free vector multiplet

is given by
(o) o0 s
7V = H(l _pzﬂ)(l a qu) H 1 — ¢t lpitlgitl’ (4.17)
i=0 4,j=0

After specialization to t = gpN 1!, it becomes

. 00 " - o0 ] _ it N+ gt
i =T -r 0 -a™ ] 55 s (4.18)
i=0 i,j=0

For N > 0 the denominator vanishes and the specialized index diverges. Let us first
consider the simpler case N < 0.

Negative N. When N < 0, the specialized index is

[N|-1 IN|-1 oo
25— L a-s) [ [I0 - a-p g™, (4.19)
=1 =0 7=0

It reduces to the Schur index at N = —1. The 4d letters contributing to the specialized
index of vector multiplets are

HANITIN ., BN, with j € Zso,

j i1 jai—1y . . . (4.20)
020y, " M+, 0.0, )\14_, with j € Z>, i=1,2,---,|N|—1.

Through the state-operator correspondence, the specialized index is a partition function
over the corresponding states on S3. The prefactor Hylll_l(l — p') represents the contri-
bution of the zero modes 8@5\14 (1 =0,2,---,|N|—2). As in the hypermultiplet case,
arbitrary number of derivatives 9, contribute to the index while J,, contribute to the spe-
cialized index up to some finite number. The specialized index can also be interpreted as
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the partition function of |N| copies of be-system b® and ¢ (i =0, 1, ---, |[N| — 1) with
U(1), charges +i.

For a vector multiplet of the non-Abelian gauge group G of rank r at zero coupling
constant, the specialized index at N < 0 is

IN|-1 IN|-1 oo .
= IT IJ -2 I] [JC-=9'¢*") -z g™, (4.21)
acA(G) =1 =0 j=0

where, as before, A(G) is the set of all roots of G the zero root counted with multiplicity 7.
The index has a zero at p — €2™ of order 7(|N| — 1), because in this limit the r Cartan
elements of 9\, | behave as 7(|N| — 1) fermionic zero modes. As we normally do in 2d,
to avoid the problem, we trace over the states with all fermionic zero modes excited. In
other words, to get a non-zero answer, we have to slightly modify the index computation
by inserting a suitable operator. Of course we need to make sure the operator we insert is
gauge-invariant. One choice we can make is the operator
|N]-1
O(z) = detagy [ [ 9% 'Ai(2,0) (4.22)

i=1

and consider trace over the vacuum with the above operator inserted,

0(0)]0), (4.23)

defined by taking the trace over the corresponding space of states. This removes the whole
prefactor [J,en(g) Hglfl(l — 2%') in the equation (4.21), and we get

INI-1 oo

Ix,ﬁnite H H H — 2P (1 = 22p i . (4.24)

aceA(G) =0 j=0

This is the partition function of |[N| —1 copies of the be-system transforming in the adjoint
of the gauge group G.

Instead of inserting a point-like operator we can also use line operators to absorb
the fermionic zero modes: notice that the insertion of O is equivalent to computing the
specialized index with an insertion of the form

1
- . 4.25
;l_llz detAdj(l —pzflU) ( )

We can expand this insertion in characters of G as Y par(p)TrrU, so that (4.25) can be
thought of as a generating function for certain line operators. The line operator index has
been studied in [20, 21]. In order to preserve supersymmetry, the line operators should wrap
the time circle S and be placed at the north and south pole of the S3. Therefore, all the line
operator indices should involve insertions of the form Trpo zU in the integral. In our case,
the representations which appear are the tensor powers of the adjoint representation. For
example, for SU(k) gauge group we can simply use the fact that k®k = adj®1 to construct
line operators which effectively insert the operator (4.25) in the index computation.
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Positive N. When N > 0, there is a divergence coming from the term 1 — ¢t~ !1pV*1q in

the denominator of the equation (4.17). This term comes from the contribution of dN¢.
Formally, the specialized index of a U(l) vector multiplet can be written as,

N

IJ‘\//_Hl_ —1 HH (1—p- q]+1)(1_pq]+1) (4.26)

i=17=0

The 4d letters contributing to the index are as follows:
oL¢,  with i=0,1,2,---, N,

i+10i 7 o , (4.27)
00,0, 838wF++, with j=0,1,--- ,00, i=0,1,--- , N —1.

The prefactor HZ 0T =7
we get the partition functlon of N complex scalars with U(1), charges £1, £2, ---, £N

- originates from the contribution of N + 1 zero modes 0! qS Now

together with N + 1 bosonic zero modes.
For the vector multiplet in non-Abelian gauge group G with zero coupling constant,
formally the specialized index can be written as

1
H H H H — zap—ightl)(1 — zapigitl) for N> 0. (4.28)

aEA(G i=1j= 0

Again there are r copies of the divergent term H - from the Cartan part of G in

N 1
the prefactor [],ea(g) I1izo Tzop=7

Under the limit p — ¢*™ we get extra poles because 9¢,¢ contains bosonic zero modes

i=0 T—p—1

for each 7. We remove them by taking the trace over the states with delta function inserted:

11 (Hé (8,6%(0 )\0> (4.29)

a€Adj
We get

1
"™ g = ] H H : __ for N>0.  (4.30)
_ a J+1 _ samigj+1 -
acA(g) it i o (1= 2op7 it (1 — zop'g?th)
This can also be realized by insertion of line operators. It is equivalent to the specialized

index with the line operator
[N|-1

[T det(1 = p"~'U)ags (4.31)
=0
inserted.

4.2 Chiral algebras

In this section, we provide further evidence for the existence of sectors in the 4d N = 2
SCFET described by a chiral algebra. In particular we obtain a chiral algebra Ay labelled
by an integer N for the theory of free hypermultiplets and free vector multiplets. We also
describe the chiral algebra for interacting theory in the limit g — 0, by taking into account
gauge invariance. We show that the partition function of the chiral algebra is given by the
specialized superconformal index Zn(q) (with operator/line operator insertions).
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4.2.1 Free theories

We call the coordinates of the plane in the 12 direction z and Z, and the coordinates of
the plane in 34 direction w and w. In the discussion below, we are going to confine all the
operators in the 12 plane w = w = 0.

Hypermultiplets. When N < 0, we define the following operators Q*(z) and Q*(z) on

the z plane,
QW (2) = 0Lq(2,2,0,0) + z(22)N-1=iglNI=1=15. = 0,0), (432
QW (2) = alN174(2, 2,0,0) — 2(22)'954(z, 7,0,0), ’
where i runs through 0,1,---,|N| — 1. Note that Q(z) is not defined as the complex

conjugate of Q(z). The idea behind this construction is that only ¢’s with limited number
of derivatives on w contribute to the specialized index and the specialized index is the same
as the partition function of |N| complex chiral bosons with wrong spin—%. At N = -1
there is no derivatives in w direction and equation (4.32) reduces to chiral fields defined by
equation (3.30) in Beem et al. [8] for a free hypermultiplet.

The QQ operator product expansion (OPE) follows from the correlation function of

q(x), ,
q(2)q(0) ~ T2 +oe (4.33)
with |2|? = 2Z + ww. From this, we obtain
4 iy . ) ij
QY (2)QW(0) = —QW(2)QW(0) = 57 4o (4.34)

where the z-dependence dropped out. The OPE is chiral in z and the same as |N| copies
of 2d symplectic scalars, which gives central charge ¢*¢ = N. Therefore, the chiral algebra
for the free hypermultiplet is given by

An(Th) = {<Q<i>(z),c}<i>(z)> i=0,-,|N| - 1} for N < 0. (4.35)

We indeed reproduce the partition function from the specialized index IJI\}' =

(@) 6(q2u; )=V,
When N > 0 the we define the corresponding chiral fields as

VO (2) = 0Ly (2,2,0,0) + 22(22) N1l 00 (2200, 0),

o - Y (4.36)
T (2) = V1171, (2,2,0,0) — 22(22) 05404 (2, 7,0,0),

where i = 0,1,--- , N — 1. Again, ¥(z) is not the complex conjugate of ¥(z). The OPE of
the 4d free fermions is given by

Yy (2,2,w,w)1;(0,0,0,0) = (z+wo)? + (4.37)
Using this result, we obtain the ¥ OPE to be
o §ii
() B0 (0) = — e (4.38)
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where the z-dependent terms are cancelled out. This is the OPE of |N| chiral fermions in
2d. So the chiral algebra is given by

An(T) = {<\I/<i>(z), \Tf“)(z)> i=0,--- N — 1} for N >0, (4.39)

with the central charge ¢ = N. Therefore the partition function of the chiral algebra is
indeed given by the specialized index T = H(q%u; )N /(X

Vector multiplets. When N < 0, we define the chiral fields as

00 (2) = OINI=IN | (2, 2,0,0) + ZXa4 (2, 2,0,0),

b0 (2) = A, (2, 2,0,0) + 2(22)NININ - (2, 2,0,0), (440
and
9c (2) = 0L\ (2, 2,0,0) + 2(z2)NI=1=igNI=1=iy (2 2,0,0), (141)
b (2) = AINI=17IN 1(2,2,0,0) + 2(22)/ 0L Ay (2, 2,0, 0), ‘
with 1 <4 < |N| — 1. Their OPE is the same as |N| copies of the be-system,
b (2)cW(0) = —c? (2)pY) (0) = 5: + (4.42)
So the chiral algebra for the vector multiplet can be written as
An(Ty) = {<b<i>(z),c<i>(z)> i =0, |N| - 1} for N < 0. (4.43)

It has the central charge ¢ = 2N = —2|N|. At N = —1 only 0°(2) and c°(2) remain and
there is no derivative with respect to w in the definition. In this case we again obtain the
same be-system obtained by Beem et al. [8] for vector multiplet.

When N > 0 the we define the chiral fields as

0.0 (2,0) = 0.00,6(2, 2,0,0) + 22(22) VTN R (2, 2,0,0),

. 4 o (4.44)
9,0 (2,0) = olNIT1TF__(2,2,0,0) + 2%(22)'8.0%6(z, 7, 0,0),
with 0 < ¢ < N — 1. Their OPE can be computed as,
, . i
0.2 (2)0. 09 (0) = — + -+, (4.45)
z

which is independent of Z. This is the same as the OPE of N 2d complex scalars. Therefore
the chiral algebra is given by the N complex scalars (in the adjoint of the gauge group)

An(Ty) = {<<1><">(z),<i><i>(z)> i=0,--- ,N— 1} for N > 0, (4.46)

with the central charge ¢*? = 2N.
We also see the origin of the zeroes and poles in the specialized index of vector multi-
plets. They are the zero modes of be-system (N < 0) or complex scalars (N > 0).
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4.2.2 Interacting theory

Let us consider a Lagrangian theory 7 with gauge group G and hypermultiplets in R x F
representation of gauge and flavor symmetry. We can construct the 2d chiral algebra Ay
with the partition function given by the specialized index Zy for any integer N. The
construction is rather simple. We simply prepare the tensor product of the chiral algebras
associated to each free matter multiplets and impose the Gauss law constraint. This will
certainly reproduce the index Zy.

For N < 0 we get |N| be-systems b>(®(z) and ¢ (z) with i = 0,1, 2, ---, [N| — 1
in the adjoint representation of gauge group G, and |N| chiral symplectic bosons Q) (z)
and Q) (z) in representation R x F. The chiral algebra is built upon the gauge invariant
combination of %) (z), ¢»((z), QY (z) and QU (2)

An(T) = {<ba,<z‘> (2), ¢ (2), QU (2), QW (z)>

i j=0,-,|N| —1}/9, (4.47)

with a being the index of adjoint representation and 4, j the label of different copies of the
chiral fields.

For N > 0 we get N chiral scalars 9,9%®)(z) and 9,0%"(z) withi =0, 1, ---, N —1
in the adjoint representation of gauge group G, and N chiral fermions ¥ (z) and ¥ (z) in
representation R x F. The final 2d algebra is built upon the gauge invariant combination
of 3,00 (z2), 9,8%(z), T (z) and T (z)

An(T) = {(8:9"0(2), 0.8"0(2), 90 (2), 1) (2))

i j=0, - ,N—1}/g. (4.48)

We constructed superconformal gauge theory out of the free matter content, and the index
is obtained by imposing the Gauss law constraint. The chiral algebra at zero gauge coupling
is constructed in this way and it certainly exists.

When the gauge coupling g is non-zero, the chiral algebra has to be modified in a suit-
able way if it exists. In particular some elements of the algebra at ¢ = 0 will pair up and dis-
appear at finite g, and it is natural to expect that generically there is a 1-1 correspondence
between the elements of the algebra and the character for the algebra at g > 0. Note that
the partition function of the chiral algebra is robust because it is a limit of the superconfor-
mal index (with line operator insertion), which remains the same as we turn on the gauge
coupling. Therefore we conjecture that there is still a chiral algebra even at finite coupling.
For N = —1 the cohomological arguments of [8] imply that there is an algebra underlying
the character at least for that case. We will find evidence by studying the Argyres-Douglas
theories that the characters obtained by the monodromy operator are often characters of
well known non-trivial 2d chiral algebras. This gives further evidence for our conjecture.

By construction, the central charge of the chiral algebra corresponding to the gauge
theory is given (by considering the central charge of the integrand contributing to the
index) by the formula

A = N(ny +2n,) . (4.49)

We see that it can be easily computed by enumerating number of vector multiplets n, and
hypermultiplets ny. For any N' = 2 d = 4 SCFT, one can define more invariant notions
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of the number of hypermultiplets and vector multiplets by considering conformal anomaly
coefficients a and c. It is given by

ny = 4(2a* — A9, np = 4(5¢* — 4a9). (4.50)
From this relation, we get the 2d central charge to be
Al =12NM . (4.51)

When N = —1, this is the same central charge given in [8]. We conjecture this relation
holds even for the non-Lagrangian theories and for all N. We provide evidence for this in
section 7 by computing TrM(q)"V for Argyres-Douglas theories of (Ay, A,) type for some
values of N.

It is also easy to see that the effective growth of the states should be dictated for
positive N by ¢2@ but for N < 0 just by considering the growth of the integrand, it is

24 = —2N(n, —ny) = —48N(c* — a*))  for N < 0. (4.52)

Assuming we have a chiral algebra, this implies that the minimum value of hp;, for each
N < 0 is given by

1 N
hmin = ﬂ(CQd — cgg) = 5(504‘1 — 4a4d) <0 (4.53)
Note in particular for the Schur case of N = —1 we are predicting that there should

be a representation of the chiral algebra of the Schur operators whose dimension h =
$(4a — 5¢49). For example for SU(2) with Ny = 4 we expect hyin = —1. The fact that
Bmin should be negative for N < 0 implies that (5¢* — 4a*?) > 0 which is consistent with
the unitarity bound [22]. Moreover if we have a rational 2d chiral algebra, it is expected
that this combination is rational.

4.2.3 Modular properties for conformal case

A further evidence that we have a 2d chiral algebra comes from the fact that the character
is a nice modular object. Let us discuss modular properties of the specialized index Zy.
Before inserting any line operators, the specialized index can be written in terms of 6-
functions. We will see in section 5 that it is exactly the same as the integrand for the
S? x T? partition function with N-twist (in the zero flux sector).

The specialized index for the hypermultiplet is given by

i = IJ 0(¢ - wim)™, (4.54)

wER

with z; = €™, ¢ - w = Sy Gw® and ¢ = 2™, And for the vectors we have

Iy =n(@) >N J[ 0 a7V, (4.55)
aCAE(G)

where AT(G) are the set of non-zero roots of the gauge group G.
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The specialized index of a Lagrangian theory with zeroes or divergences removed is
then essentially,

N
I, — n—QrN/dgl e de, (H 62(¢ - w)C . a)) , (4.56)

wer Haeasg) 0%

which is a Jacobi form. Note that we are being a bit sloppy in the above formulation
because the boson versus fermions have different shifts in the argument of theta function.
Under modular transformation ¢;’s transform as ¢; /7 and the modular weight of n?" cancels
the weight of []d¢;, leaving us with the modular weight of n~2"(N+1) (which picks up a
weight because of operator insertions when N # —1). Moreover in the Jacobi form the
modular weight of the numerators cancels that of denominator if and only if

Y CwP= > (¢ =0, (4.57)

weR aEAE(G)

which is also the condition of vanishing B-function. Therefore the integrand of the spe-
cialized index is modular if and only if the Lagrangian theory is superconformal. As we
shall discuss in section 5, this is exactly the same as the condition that the N/2-twisted
compactification of the theory on S? to be free of gauge anomaly. Note that because we did
not take into account the shifted arguments this is modular only on a subgroup of SL(2,7Z).
Moreover, even though the integrand is modular, the integral may not be modular because
we have to change the integration contour by (; — ¢;/7. The Schur index is given by the
vacuum character of the chiral algebra for N = —1 [8]. It is not modular invariant, and
will transform to different characters. Notable fact is that the modular transform for a
Lagrangian theory is implemented by a change of contour. The partition function of the
chiral algebra An for N # —1 is not written in terms of the f-functions, since we insert
appropriate line operators to the integrand to remove zero modes. Therefore we do not
expect it to be strictly modular. This is consistent with its transforming into combination
of characters of modules of the same algebra as is expected for chiral algebras.

4.3 Lagrangian examples
4.3.1 Abelian theories with matter

Let us start with the simplest example of an interacting theory, even though it is only an
effective theory. The index for the U(1) theory with a hypermultiplet can be evaluated
easily by taking the index of a hypermultiplet and then integrating over U(1) gauge group.
It is given by

1 . . 1. 3
d 1—¢t"2 i+1 j+1 1—¢2 i+1 5+1,—1
Z(p,q;t) =1sz I1 ( - A )

2miz 30 1— tapigiz 1 — t3pigiz-1

where ZV is the free U(1) vector multiplet index. The integrand in the limit ¢ = gp™¥+!
can be simply written as in (4.10). Also, if we take p — 1, we simply get

dz 1
Inla) = Iy f{ e CLLEL (4.59)
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The chiral algebra is simply given by that of the free fermions (N > 0) or bosons
(N < 0) under the Gauss law constraint (along with the decoupled piece coming from the
free vector multiplets)

An(Tv) @ {(¥(2), Vi(2)|i = 0,1,--- ,N)} /U(1) N >0,

(4.60)
An(Tv) ® {{Q'(2),Q'(2)) |i=0,1,--- ,N} /U(1) N <0.

An(Tgep) = {

Index for N > 0. Let us compute the specialized indices Zy (equivalently the character
of the chiral algebra Anx(7grp)) for N > 0. The integral (4.59) can be evaluated (with
suitable insertion of operators already discussed to absorb the bosonic zero modes) to give

k:2 kl J—
Tn(g) = 7§2m Z ATk _ 7Y o 0 @

kezZN-1

where
Zk2 + ) kikj. (4.62)
1<j

By general theory of integral (Tits) quadratic forms [23], Q(k;) is Z-equivalent to ¢;C;;¢;/2
where Cj; is the Ay_; Cartan matrix, i.e. there is a transformation ¢; = S;;k;, with
S € SL(N — 1,Z) such that Q(S;';) = £;Ci;l;/2; explicitly, £; = k; — ki1 with the
convention kg = 0. Hence

Y g Q) = > 952 = gy (a) - (4.63)

kezN-1 0;€ZN-1
Therefore, we get
Osu) (@)  Osuv)(q)
@ (g3
The central charge is ¢?¢ = 2N + N = 3N, where the first 2N is coming from the decoupled
vector multiplet, which becomes N free complex bosons.

In(g) = I¥ x (4.64)

Index for N < 0. When N = —1, we get the Schur index. We obtain

T (g) =1, x =(q), (4.65)

n(n+1) . .
where ¥(q) = %ZHEZ g~ 2 . Note that even though we needed no insertion for N = —1

this is not a modular weight zero object. This is consistent with our analysis that showed
that only for superconformal theories we expect to get a modular weight zero object (at
N = —1). Nevertheless the theta function is a modular object with weight. The central
charge for the chiral algebra is c24 = —2 + 2 = 0. The first term —2 is coming from the
free vector and the latter 2 is the one coming from the hypermultiplets under the Gauss
law constraint. For the case of N = —2, we find

To(q) =TV x 1 > (2n+1)g" . (4.66)

(Q7 (:Z)OO >0

We get the central charge as cfgtal = —4 + 4 = 0 if we also include the vector multiplet.
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For general N < 0, with the help of identities in appendix D.1, we get

IN|-1

NP e S ) H¢ Jmil g

(G d)s ", czmi

Yini(g)
1% |N] —
= I—|N\ x 2N T \II|N\(Q)7 (4.67)
(¢ 9)%
where
= Z g mAD/2m (4.68)
m2>0
is Ramanujan’s partial theta-function. The function Wy (q) is the sum of 2/NI=1 multiple
partial theta-functions, or more compactly
Un(q) = Z (_1)Zf\;1m gQUmans) /24 (Imal+ni) /2 (4.69)
n,L'GNN
ijZN71

where Q(m;,n;) is the quadrant-wise quadratic form

Q(ms,n;) Zn —I—Zan‘ml‘—{—ZnN Zmz (4.70)

The sum is a (multiple) partial theta function. We get the central charge cfgltal = —2N +

2N = 0, if we include the vector multiplet contribution.

4.3.2 U(1) theory with Ny hypermultiplets

Let us consider a slightly more general case.

Index for IN > 0. Suppose we have several hypers of integral charges e, and fugacities
Yo (a=1,2,...,N¢) (one redundant). For N > 0,

)N _ @N(eayy(zQQ) (4‘71)

IN(Q) ya) = N(Nf+2 /271_7’2 “Ya z% 14 (q)N(Nf+2)
o

where Oy (eq,ya; ) is the theta-function of the rank NNy — 1 positive-definite sub-lattice
v({ed}) = {ka e ZNs x ZN ’ > eakia= 0} c Z"s, (4.72)
1,0

endowed with the quadratic form @ induced by the standard one in ZVVf Dy i.e.

7,a llZ’

On(eaYaiq) = Y Zia ‘”/QH a)2i R, (4.73)

ki,aeAN({Ea})

In particular, if all e, are equal, we get the Ny — 1 variable specialization of the SU(NNy)
theta-function induced by (and covariant under) the subgroup inclusion

SU(Ny) x SU(N) € SU(N;N). (4.74)
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Of course, this is just the statement that supersymmetric quantum electrodynamics
(SQED) with Ny quarks of the same charge has a SU(/Ny) symmetry: indeed, via the
replica trick, the integral (4.71) is identified with the one entering in the N = 1 index for
SQED with NNy quarks which has a SU(NN;) flavor symmetry and therefore produces
the SU(NNy) theta-function specialized to the locus in fugacity space which invariant un-
der the SU(NN) replica symmetry. In the basic case that all e, are equal and N =1 we get
the full SU(Ny) theta-function depending on all its Ny — 1 fugacities.

Even more generally, we may couple k£ Abelian vectors to Ny hypers the a-th hyper
having (integral) charge e, o under the a-th photon (o« =1,...,k). For n > 0 we get

®N(6a,aa Ya; Q)

IN(Q? ya) = (q)N(Nf+2k) (475)

where in the numerator we have the obvious flavor group covariant specialization of the
theta function for the rank NNy — k lattice

N({ean}) = {kaﬂ- e ZNs x N ‘ D eankia=0fora=1,... k} c ZNNs. (4.76)

Index for N < 0. When N < 0, we have

dz ¥ n|(€a,ar Yai )
. _ o »: ea,a, N|N| _ FIN] s Yas
I—N(q’ya)— 2\N|<Nf 5 / Hsza “y“z“ ) = PEALTER (4.77)
where Z(z; ¢) is the function
- (2)3
=(z;q) = 4.78
B0 = 7 g (0 T (418

which may be written as the sum of partial theta-functions in the form (see appendix D.1)°

E 2: q Zq|n\/2 \n\ ) n — Z(_1)mqm(m+1)/2+|n|(m+1/2) s (4.79)
ner =

The function ¥y (eq.a, Ya; ¢) is the sum of 2NNs=k partial theta functions which is invariant

under the SU(N) replica symmetry (which acts on the replica index i = 1,...,N)

) Q(ma,i7"a,i) ma 1+|na zl ai
lI/N(ea,omyol;Q): Z Z (_1)Za’imaﬂq 2 > Hyz "

na,i €AN({€a,a})m, ;eNVNVF

where Q(mq,i, nq;) is the quadrant-wise quadratic form

Qmaunaz Zmal‘FQZ‘maz‘naz (480)

5The right-hand side of this expression has to be understood with care, because the summand is not
absolutely convergent and the ordering is important. Here the sum over m > 0 has to be taken first. We
thank O. Warnaar for the comment.
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4.3.3 Pure SU(2)

Let us consider the case for the pure SU(2) Yang-Mills theory. This theory is not super-
conformal away from gy s = 0, and we restrict our attention to this point.

Specialized index at N = —1. At N = —1 the specialized index is the same as Schur
index and for the SU(2) YM it is given by

dz (1 —2*2
757" (q) = f 5 == 5 (220, g2,
. (4.81)
:an(n—i-l):1_’_q2_}_q6+q12+”. '

n=0

It can be easily proven by using the Jacobi triple product identity (¢; ¢)oo (¥; @)oo (/Y3 @)oo =
ez GFRHD/2 =k o

Y M(q) = 1]{dz(q; D)oo (2% Q)00 (0/ 7% @) 00 (5 @) (2723 @) o0 (4275 @)oo

2 ) 2miz ( )
_ 1 1m(m+1)+ln(n+1)f dz 2(m—n) _ n(n+1) 4.82
=5 2 ¢ : omiz” =24 ‘

m,n€” n>0

This is the character of the chiral algebra

A_1(Tsue)| g = {(06°(2),0¢"(2)) } /SU(2), (4.83)

where a denotes the gauge index. This is the singlet sector of the be-system in the adjoint
representation of SU(2).

Specialized index at N = —2. The integral formula with line operators inserted for
N = —2 specialized index is given by

dz (1 —2%2
75 M (q) = ]{ i Q- 5 ) (g#20; g1, (4.84)

Expanding in powers of ¢ we have,

I9VM(q) =14 6¢% — 4¢° + 3¢* + 12¢° — 2¢° — 12¢7 + 18¢° + 8¢° +12¢'0 + - -- . (4.85)

The chiral algebra is built upon the gauge invariant combinations of two bc-systems in the
adjoint representation of SU(2) with the zero modes 5%(0) and ¢*(0) removed,

A—2(7-SU(2))‘9:0 = {<6ba’0(z),80a’0(z), 8ba71(z), aca’l(z)>} /SU(2). (4.86)

The partition function counts the number of operators with sign. Let us illustrate this by
explicitly counting operators for low orders in ¢. In the weak coupling limit, the 6¢° term
counts six operators

Tr,0b'0c¢7, Tr,d0b'ob?, Tradctoc?, (4.87)

with Tr, the trace over adjoint representation of SU(2). The —4¢? term counts 16 bosonic
operators
Tr,0%6'0,  Tr,d0*b'0c¢’, Tr,d*c'ob’, Tr,0*c'dd, (4.88)
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and 20 fermionic operators
€apeObVOBTOVF | €0 ObYOBPIDCEF | €qp 0P OT DR, €0 DI DR, (4.89)

There is no a priori reason that in a non-conformal theory, such as pure SU(2) the theory
is conformal away from g = 0. However, if the algebra continued to exist beyond g = 0
we would have expected that the 16 bosonic states would pair up with 16 of the fermionic
states leaving us with 4 fermionic operators.

Specialized index at IN = 1. The integral formula with the line operator inserted for
N =1 specialized index is given by

dz (1—2z%2) 1
Zo9YM () = 7{ . 4.
1 (9) Iriz 2 (qZ:tQ,O;q)Q (4.90)

[e.9]

Expanding in powers of ¢ we have,
TP M(q) =14 3¢° +4¢> + 15¢* +24¢° + - - - . (4.91)

Note that all the coefficients are positive integers. The chiral algebra is built upon the gauge
invariant combinations of a complex chiral bosons ®¢(z) and ®¢(z) in adjoint representation
of SU(2) with the zero modes ®%(0) removed,

A1(7-SU(2))‘9:0 = {(09%(2),09%(2))} /SU(2). (4.92)

For example in the weakly coupled limit, 3¢® term counts three operators Tr,0P0®,
Tr,0®0® and Tr,0PO®P. Since there is no fermionic operator, coefficients of Z;(q) are
always greater than equal to zero.

4.3.4 SU(2) with Ny =4

Specialized index at N = —1. This is the same as Schur index. In the unrefined limit
where we turn off all the flavor fugacities, we get

IR R e |

with the expansion
T 1 =1+ 28¢+ 329¢° + 2632¢> + 16380¢* + 85764¢° + - - - . (4.94)

This is the character of SO(8)_2 according to [8]. The chiral algebra A_1(Tsu(2),n;=4) =
SO(8)_5 has the central charge equal to that of the Sugawara central charge c?¢ = —14.

Specialized index at N = 1. The specialized index at N = 1 with line operator
inserted (in the unrefined limit) is,

dz (1 — z%2 %zﬂ; 24
Zi(q) = 7{ 27”.2( 5 )(((qqzﬂ’o;qq))gl (4.95)
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and its expansion in ¢ is
T1(q) = 1 4 36¢ + 459¢° + 3700¢° + 23403¢* + 125232¢° + - - - . (4.96)

The chiral algebra is built upon the gauge invariant combinations of one complex boson
®(z) in adjoint representation of SU(2) and four complex bifundamental fermion ¥(z),

A1(Tsu(2), Np=1) = {{09"(2),00°(2), U (2), ¥(2)) } /SU(2), (4.97)

where we remove the zero modes ®¢(0) and ®%(0). Here W?(z) is in the (2,4) representation
of SU(2)g x U(4)F and Wi(2) is in the (2,4) representation of SU(2)g x U(4)p.

The term 36¢ in the index comes from the gauge invariant combination of ¥#(0)W¥7(0),
Ui(0)W7(0) and ¥¥(0)¥7(0), which form the adjoint representation of USp(8) having dimen-
sion 36. Moreover, it has correct decomposition under the flavor symmetry SU(4) x U(1) C
USp(8). It shows that there is an USp(8) subalgebra. For N > 1, we have N copies ¥(z)
and W(z). We find that the coefficient of ¢ in the index Zx/(q) is given by the dimension of
the adjoint representation of USp(8 N), which is 4NV(8N + 1).

Specialized index at N = —2. Let us consider the case with N = —2. The specialized
index at N = —2 is given by

-2 - N 9 .
iz 2 (qrztig)h )t

where its expansion in q is
T_5(q) = 1+ 120q + 5158¢% + 124644¢> + 2065459¢* + 26107916¢° + - - - . (4.99)

The chiral algebra is constructed from the two copies of the be-system (b%=01, =01} in
the adjoint representation of SU(2)g and two copies of the symplectic bosons Q*=%! and
Q=% in the (2,4) and (2,4) representations of SU(2)7 x U(4)r. Then we impose the
Gauss-law constraint to build

A-a(Tsu(e), Np=a) = {(00%(2), 9c*'(2), Q'(2), Q'(»)]i = 0,1) } /SU(2), (4.100)

where we removed the zero modes in the be-system.

The term 120q in the index comes from the gauge invariant combinations of Q?(0)@Q7(0),
Q*(0)Q7(0) and Q*(0)Q7(0). They form the adjoint representation of SO(16) having di-
mension 120. We see that for general N < 0, the coefficient of the ¢ term is given by the
dimension of the adjoint representation of SO(—8N), which is 4| N|(8|N| — 1).

5 T2 x §? compactifications

Up to now we have discussed a specialization of the index and how to compute it in
Lagrangian theories. It turns out, somewhat surprisingly, that almost the same result arises
from a suitable compactification of the same theory on S? and considering its partition
function on 72. We will find that this gives the same integrands as the ones appearing in
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the index computation, even though the contour prescriptions for the integrals are slightly
different. The nice aspect of this correspondence is that in this context the T2 is the
relevant physical space upon taking the limit where S? goes to zero size, and not just part
of the S§3 x S! geometry which is somewhat harder to visualize. Moreover in this set up
we can see more clearly the meaning of fermionic zero modes for N < —1 and bosonic
zero modes for N > 0. In this context it turns out that one can add a chemical potential
associated with the U(1) rotation of S? which gets rid of zero modes. We stress that this
construction describes a full physical theory, and not just the supersymmetry protected
states that contribute to the elliptic genus. In a sense we get a (0,2) SCFT in the infrared
(IR), whose elliptic genus we are computing.

5.1 2d N = (0,2) theory from twisted compactification on S?

Let us consider putting the 4d N/ = 2 superconformal theory on R?x S2. In order to preserve
any amount of supersymmetry, we need to perform a partial topological twist [24]. The
bosonic subgroup of the 4d N = 2 superconformal group includes SO(4) x SU(2)gr x U(1),
where SO(4) is the (Euclidean) Lorentz group acting on the spacetime. Let us consider the
subgroup SO(2)g x SO(2)g2 C SO(4). The first factor acts on R? and the second factor acts
on S2. We can twist the theory by considering a linear combination of SU(2) g and U(1),

1 1 1
JigiV):J?A‘F<1+2N>R—2NT2J34+R+2N(R—T‘), (5.1)

where J34, R, r are the generators of SO(2)g2, SU(2)gr, and U(1), respectively. When
N =0, the twisted theory preserves N = (2,2) SUSY in 2d. When N = —2, it preserves
N = (0,4) SUSY in 2d [25] and it has been considered in [26]. See appendix A for details.

Upon twisting and dimensional reduction, we obtain an effective 2d N' = (0, 2) theory
on R2. We can be very explicit for the free theory of hypermultiplet or vector multiplet. The
4d vector multiplet becomes N = (0, 2) vector multiplet and N + 1 chiral multiplets when
N > 0 and becomes vector and |N| — 1 Fermi multiplets for N < 0. A 4d hypermultiplet
becomes N Fermi multiplets for N > 0 and N chiral multiplets when N < 0. The astute
reader may have noticed that our twisting for odd values of NV is somewhat problematic
because some fields end up having fractional spin and so we would need a further twist by
some global symmetry to make sense of them. For odd IV, this can only be done if we have
an additional U(1) global symmetry which distinguish @ and Q in a hypermultiplet. In
this case, we need to further twist the theory by this U(1) [27]. This can be always done
for a Lagrangian CFT by breaking some of the global symmetry in 4d.

Let us start from a 4d N = 2 SCFT realized as a gauge theory given by gauge group G
with hypermultiplets in some representation R; of G x F where F is the flavor symmetry
group.” For this class of theories, the gauge couplings are exactly marginal, so we can
continuously deform the theory to the zero coupling limit. At this point, we perform
partial topological twisting and shrink the size of S? to zero. Then we obtain the matter
content in table 1.

"Such N = 2 SCFTs are classified in the paper [28].
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4d N = 2 multiplet 2d N = (0,2) multiplets

N +1 chiral multiplets (N >0)
—(N +1) = |N| — 1 Fermi multiplets (N < 0)
N Fermi multiplets (N > 0)

{|N | chiral multiplets (N < 0)

vector multiplet 1 vector and {

hypermultiplet

Table 1. 4d N = 2 matter multiplets in terms of 2d N = (0, 2) multiplets after twisting.

o( | G JLd F o | = F

(a) N > 0: there are N + 1 copies of ® and N/2 (b) N < 0: there are |N| — 1 copies of © and
copies of (I',T). |N|/2 copies of (Q,Q).

Figure 1. Schematic matter content of the 2d gauge theory obtained by twisted reduction on S2.
G denotes the gauge group and F denotes the flavor group.

When N < 0, we get N = (0, 2) gauge theory with the same gauge group G but (|N|—1)
copies of the Fermi multiplets (©) in the adjoint of G and N/2 copies of chiral multiplets
(Q,Q) in the R; and also its conjugate R; representation of G x F. In the parenthesis, we
write N = (0,2) superfields for each multiplet. We have both R; and R; because the orig-
inal 4d theory had chiral multiplets in the same representations. When N is odd, we only
have R; representation or its conjugate by further twisting by the baryonic charge. In ad-
dition, we have a J-type superpotential interaction term inherited from 4d N/ = 2 given by

Jo=QQ — W=T(QeQ), (5.2)

where we suppressed indices of the | N|/2 copies of Q,Q and |N| — 1 copies of ©. One can
impose SU(|N|/2) symmetry rotating among the ® along with @, by tuning the coupling,
but we will not enforce it in this discussion. Note that when N = —2, this is exactly the
superpotential and matter content to preserve N’ = (0, 4) supersymmetry discussed in [26].

When N > 0, we basically reverse the Fermi and chiral multiplets. We get N + 1
copies of the chiral multiplets (®) in the adjoint representation of G, and N/2 copies of
chiral multiplets (I',T) in the R; and also its conjugate R; representation of G x F. As
before, when N is odd, we keep N copies of Fermi multiplets in the R; representation.
There is no gauge invariant E or J type interaction we can write.

Since 2d theories we obtain are chiral, we should worry about the potential gauge
anomalies. When the gauge group G has no U(1) factor, we simply need to compute
the trace anomaly Tr(y3GG). For simplicity, let us assume G is simple, and write the
representation of the hypermultiplets to be (Rg;, Rr,;) where the first and second factor
denotes that of gauge group and flavor group respectively. Then the gauge anomaly can
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be written as

Tr(v%GG) = (~)hf + (N + Dk — NS dim(Rr)ea(Rg.) (5.3)

where hV is the dual coxeter number of the gauge group and cs is the index of the repre-
sentation. Here the first and second term comes from the gauge multiplet and the adjoint
chiral or Fermi. The last term comes from the matter multiplets. Note that the expression
works for both signs of N. This expression is nothing but NV times the beta function of the
4d N = 2 theory before dimensional reduction. As long as we start from a 4d conformal
theory (which is crucial to perform U(1), twist), gauge anomalies are absent in 2d. As we
have seen in section 4.2.3, this condition is tantamount to the modularity condition of the
integrand of the specialized 4d index Zy.

5.2 Central charge

The central charge of the 2d N' = (0,2) gauge theory can be computed easily from the 't
Hooft anomalies of the R-symmetry as

cr = 3Tr(v3R?), cp—cp =Tr~y3 . (5.4)

Once we know the R-charge of the 2d multiplets, we can compute the 2d central charges.

From the 2d viewpoint, there is no fixed choice of R-charge in general, because the
theory has extra global symmetry (originating from the U(1) isometry of the S?) that can
be mixed with R-symmetry. For even N < 0, one can assign U(1)g charge for the © to be
1 —2a and Q,Q to be « for arbitrary a. One canonical choice is o« = 0. This is because
there is a classical moduli space parametrized by (Q, Q) and in the semi-classical regime,
where the field value is large, we expect there is a sigma-model description parametrized
by the chiral multiplets [29]. When N = —2, this is the one studied in [26]. This choice
gives central charges

COL = —2N(np — ny), c% = —3N(np —ny), (5.5)

which are positive for N < 0, but negative for N > 0.

When N > 0, the canonical choice is to pick the R-charges for the chiral multiplets
coming from the vector multiplets to be 0, and those for the Fermi multiplets coming from
the hypermultiplet to be 0. We get

ct = N(nj + 2n,), ch =3Nn, . (5.6)

This choice realizes the CF'T on the Higgs branch parametrized by the scalar component
of @ field.
We find that the value ¢, gives the correct effective central charge cog of TrM(q)N =

In(q)
C2d N = N(nh + 2711)) , (57)
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for every value of N. For any 4d N' = 2 SCFT, one can define effective number of hyper-
multiplets and vector multiplets by extrapolating the relation between conformal anomalies
(a*, ) and (np,n,) for Lagrangian theories

ny = 4(2a — 44y | ny, = 4(5¢* — 4a9) | (5.8)
We can write the 2d central charges in terms of the 4d conformal anomalies as
cod N = 12N (5.9)

We note that when N = —1, the central charge for the left-movers is the same as the
one given in [8]. For negative N, this value of central charge can be formally obtained
by choosing the ‘wrong R-charge’ R[Q] = 1, R[O] = 0 for the matter multiplets. This
is related to the fact that the integrand of the elliptic genus with the ‘wrong R-charge’
assignment (for NV < 0) can be obtained from the specialization limit of the 4d index Zy.
We discuss it in more detail in the next subsection.

5.3 T2 x 82 vs. 8! x 82 partition functions

Let us discuss the connection between our setup S* x S3 vs. T? x §2. The partition function
of a 2d N = (0,2) gauge theory on T2, or elliptic genus, has been computed in [30-32]. The
entire computation boils down to the integral over the moduli space of G-flat connections
Mot (T?,G) on T? with 1-loop determinant

Ze” = Tr(—l)FqHLﬂsF = / H dui dﬂi Zl—loop(u7 @) ) (5'10)
Mﬁat(T27g)

7

where G is the gauge group and u,% € Mg.(T?,G). The integrand has a number of
poles, that are functions of various chemical potentials related to the global symmetry of
the theory. By applying Stokes theorem carefully, the integral can be written in terms
of a contour integral over certain holomorphic cycle of Mg,;. This yields so-called the
Jeffrey-Kirwan residue formula

dz
Zell = f - Zl-loop(z) ) (5'11)
JK #

where the integrand is now holomorphic in z = €*™™. The integrand has to be elliptic
(invariant under z — ¢z) in order to be free of gauge anomalies.

The integrand for a (0,2) chiral multiplet and a Fermi multiplet are given by

(@) 0lg" 250)
o 2;
Zchiral(z; Q) = qﬁ% 5 ZFermi(Z; Q) = H ) (512)
0(q* 2 q) (2)oo

where R is the R-charge of the multiplet and 6(z; q) is the theta function defined in equa-
tion (4.12) and z is the fugacity for the U(1) flavor associated to the matter multiplet. Here
we used the integrand for the NS sector elliptic genus, which agrees with the RR elliptic
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genus under the spectral flow and multiplicative factor. The NS elliptic genus is more
convenient to compare with the 4d index as we will see. For a vector multiplet, we have

Zewe(zi) = (@2 ] 9= (5.13)
aEAE(G)

where 7 is the rank of the gauge group G and A*(G) is the set of all (non-zero) roots of
G. in eq. (5.13) we use the short-hand notations z* = [, 2/ and

I(z;q) = 0(2;9) /(@) o (5.14)

Now, we write the elliptic genus of the N/ = (0,2) theory obtained from 4d N = 2
theory on S? with the twist of (5.1). Under the twisting and dimensional reduction, 4d
vector multiplet gives

2r
44
ZXroo = é@ ) 11 é 9 : (5.15)
P(vg 2 5q)"NHY (ent(g) D(vg 2 2% q)NF!

The terms in the numerator come from the N' = (0,2) vector and the denominator is
coming from the chiral multiplets ®. Here v is introduced to regulate the zero modes of
the chiral/Fermi multiplets. It is the fugacity of the U(1) global symmetry associated to the
rotation along S? direction. This is necessary because the theory is non-compact. As we
have argued in the previous subsection, there is a CFT in the Higgs branch parametrized
by ®. The correct R-charge for this case is Rg = 0.
When N < 0, we get
Z]‘\//'<O — (q; q)2rq9(qu 2+ QT(‘N| 1) H 19 @2+1 Za; q)|N\71 7 (516)
aEAE(G)

coming from the vector multiplet and adjoint Fermi multiplets ©.
When we choose the R-charge for the adjoint chiral Rg to be 0 and adjoint Fermi Rg
to be —1, we get a formula

A (5.17)

19(1} q T(N—i—l) H 19 UZO‘ N+1’

which works for all N. This choice of R-charge R = 0 for N > 0 is physical and gives the
elliptic genus of a CF'T on the Higgs branch parametrized by the scalar component of ®.
On the other hand, the choice of Rg = —1 for NV < —1 seems to be unphysical. But we find
that the equation (5.17) is exactly the same one we get from the S' x S3 partition function

N+1 (when Haar measure is

(superconformal index) upon the specialization limit ¢ = ¢p
also included in the vector multiplet index) Ix, with v = 1.
For the hypermultiplet, we get

Rp+1

B  _
Zoo=0( 2 oV,  ZFo=9q7 ;9 N, (5.18)
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which comes from |N| copies of Fermi or chiral multiplets. The physical choice is to set
Rr =0 for N > 0 and Rg = 0 for N < 0, which gives the CFT on the Higgs branch. On
the other hand, if we pick Rr = 0 while Rg = 1, we get

ZN =0(q2z )N . (5.19)

Note that, this formula is valid regardless of whether NN is positive or negative. As before,
choosing ‘unphysical’ R-charge assignment for N < 0 gives the integrand to be the same
as the specialization limit of the 4d superconformal index I]I\}I .

With the integrand given as above, we need to evaluate Jeffrey-Kirwan residues to ob-
tain the partition function on 7% x 52.8 We note that the integrand (5.17) and (5.19) is ex-
actly the same one we get from the S' x S2 partition function upon specialization t = gp™

dz dz
Z(T% x §2) = 7§K = 20, 25" x )|, e = 7{“ = AN (5.20)

The crucial difference here is that unlike the case of T2 x S2, the integration contour is sim-
ply given by a unit circle. This integration contour is coming from the G-flat connections
on a circle S! instead of a torus 72. One can consider both geometries as locally the same
T? x 82, where in one case S' C T? is fibered over S? non-trivially. This fibration removes
one of the circle directions in the integral, so that we get an integration over the flat con-
nections on a circle. Another difference is that the T2 x S? partition function is guaranteed
to be modular (Jacobi form of weight 0) whenever the underlying theory is conformal,
whereas the S x S3 partition function is not invariant, as we discussed in section 4.2.3.

Let us remark that when N > 0, the above partition function Z(T? x S?), using the
integrand (5.17) and (5.19), gives a valid elliptic genus of the 2d N' = (0,2) CFT on the
Higgs branch (along with the vector bundle) of the 2d theory (which is not the same as the
Higgs branch of 4d theory) with central charge given in (5.9). In order to actually evaluate
the integral, we need to consider fully refined fugacities for the extra global symmetry
rotating the IV 4+ 1 copies of the adjoint chiral multiplets, otherwise the elliptic genus
diverge. This is the case because our target space is non-compact. For N < 0, we should
use the integrand (5.16) and (5.18) with Rg = 0, Re = 1 and with all the flavor fugacities
turned on to get a proper elliptic genus on the Higgs branch (with vector bundle). This is
reminiscent of the fact that in the specializations of the index we had to insert operators
to absorb fermionic/bosonic zero modes (for N # —1).

8Precisely speaking, we also need to sum over different flux sectors of the gauge fields on S? [33], which
will yield multiple copies of the 2d theory with different charges. Here we only focus on the zero flux sector.
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6 BPS monodromy and the specialized index

The quantum Kontsevich-Soibelman (KS) wall-crossing formula for 4d N = 2 field theories
states” that the phase-ordered product!® [5]

O
Mq)= [] (£¢2Xy, q)f;)2 (6.1)

massive
BPS states

taken over the full spectrum of massive BPS states (of charge v € I" and spin s) in the
clockwise order ¢ with respect to the BPS phase!'! arg Z, is independent of the particular
BPS chamber up to conjugacy in the quantum torus algebra T with multiplication table

X Xy =g X 0 44 el (6.2)

Hence the traces Tr M(q)" are absolute wall-crossing invariants for all N € Z and ¢ € C
for which they are well defined.

Suppose we start from a UV SCFT T, and mass-deform it in a generic way by going
to the Coulomb branch. In the IR we end up with a theory 7igr which contains r massless
photons (r being the dimension of the Coulomb branch) and a non-trivial massive BPS
spectrum. From this spectrum we compute the set of traces {Tr M(q)"} which are well
defined for Tir. The Kontsevich-Soibelman theory implies that the {Tr M(¢q)V'} depend
only on the UV fixed point 7 and not on the particular mass-deformation 7igr. Hence the
{Tr M(q)V} are to be thought of as invariant properties of the UV fixed point, in perfect
analogy with the 2d (2,2) situation [1, 4] reviewed in section 2. The monodromy traces
{Tr M(q)™} then should be related to the natural SCFT invariants of 7, in particular
to its specialized indices Zy(g). In order to connect the monodromy traces and usual
SCFT invariants, one has to treat all BPS states of 7igr on the same footing, including the
massless ones which are not taken into account in the KS product M(q). This gives an
explanation of the prescription suggested in [9]. Then we redefine the monodromy operator
by inserting the factors which correspond to the r massless photons, seen as chargeless BPS

vector multiplets,
1
M(q) = —= M(q), 6.3
(9) TS (9) (6.3)

and take the objects {Tr M(q)"N} (to the extent such quantities are well defined) as the
natural invariants to compare with the SCF'T ones

{Te M@} < {Zn(g)}. (6.4)

For N = —1 this map is expected to be especially simple: Tr M(q)~! gets identified with
the SCFT index in the Schur limit which is independent of p. Strong evidence for this

9This version of the quantum KS formula holds under two genericity assumptions: 1) the only massless
states are IR-free photons, and 2) massive BPS states with equal BPS phases, arg Z., = arg Z.,/, are mutually
local i.e. {y,7") = 0.

9The sign £ in the argument of the g-Pochammer symbol stands for the quadratic refinement of [34].

"Here Z, is the N = 2 SUSY central charge associated to the charge +; one has Logryy = Loy + Zyr.
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identification was given in [9]. However, even for the Schur case we encounter a difficulty
because the Tr M(q)~! is not always well defined, as computed from the BPS spectrum.
For example for SU(2) with Ny = 4, even if one uses the chamber where there are only a
finite number of BPS particles, it turns out that the naive computation of Tr M(q)~! leads
to divergencies which need to be regularized. We do not know of any general prescription
for how to do this. In the absence of a general such prescription to regularize such com-
putations we instead resort to cases which is free from these ambiguities as well as some
general properties which do not depend on how the regularization is performed. There is
an additional issue for Tr M(q)" for N # —1, because as we have explained we need to
absorb extra zero modes to get a finite non-vanishing answer. Therefore the comparison
of the corresponding computation with the UV computation becomes more difficult due
to mapping operators from UV to IR. Nevertheless the general properties which are reg-
ularization independent (such as the effective 2d central charge) as well as the example
of Argyres-Douglas theories for which the characters seem to describe natural 2d chiral
algebras, support the picture we have found in the previous sections.

For the case of Lagrangian theories we have stronger results. First we show that
the computation of the specialized index and the monodromy computation are identical
for free theories (see also [9]). Moreover for interacting theories since the computation
is independent of where we are in the moduli space, we can take the limit of gy — 0.
In this limit the BPS spectrum becomes that of the free fields in the Lagrangian plus an
infinite tower of dyonic BPS states whose mass m — oco. Thus the decoupling arguments
for physical computations would lead us to consider the collection only of electric states
and project to the gauge invariant subsector. This is identical to what one does both in the
index computation and the Tr computation of the BPS particles and so the computations

are identical.l?

The only point which is not entirely trivial is to argue the more or less
‘obvious’ physical fact that infinitely massive states should decouple from the computation.
An explicit proof of this turns out to be difficult because of the ambiguities noted above in
defining the trace. Instead we resort to highly non-trivial consistency checks that shows we
need to set the product of the contributions of BPS states coming from the dyonic towers
to 1, i.e. we can ignore them in the extreme weak coupling limit.

The organization of this section is as follows: we first talk about the free case and then
discuss in detail the argument why the tower of dyonic states should not contribute. We
then talk about some general aspects of the trace of the monodromy which applies to all
theories, and not just the Lagrangian ones. In the following section we show how these

general expectations are borne out in the context of Argyres-Douglas theories.

6.1 Free hypers and hypers coupled to abelian gauge groups

There is a case in which the map (6.4) is obvious, namely when the BPS particles are all
mutually local. Then the theory has a unique BPS chamber, and all BPS factors in the
KS product belong to a commutative sub-algebra of the quantum torus algebra T. We
may think of M(q)" as ordinary functions of the fugacities for the local Noether charges

12This argument also extends to the case of insertion of line operators.
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(electric and flavor). The traces {Tr M(q)"V} are then the integrals of these functions with
respect to the electric fugacities.

Examples of this situation are the free theories of hypermultiplets and vector multiplets,
as well as the Abelian gauge theories coupled to hypermultiplets considered in section 4.3.1.
(These last theories are however not UV complete, so our arguments should be considered
purely formal in this case).

In the free theory case, each BPS factor in the KS product (6.1) is equal to the inverse
of the corresponding factor in the Schur index, and M (q)" (which in the free case coincides
with its trace) is by definition equal to the index Zy described in section 4.1.2.

In the SQED case, M(q)", as a function, is by construction equal to the integrand of
the specialized index Zy (cfr. section 4.3.1), while taking their trace amounts to integrating
along the unit circle all the non-flavor fugacities (cfr. equation (6.71)). Since the integrand
depends only on the electric and flavor fugacities, this reproduces the same prescription we
gave in section 4.3.1 to compute the specialized index Zy. For instance, for SQED with
one quark we have

Tr M()" = ()3 Tf(ﬁ(l —" PN - qn+1/2X_1)N>

n=0

(6.5)

dz
= @ P o (L= 21— Y~ T(g).
2miz
Note here that the comparison between the trace computation and index computation
involves the integral representation of the monodromy trace.
These simple examples corroborate the idea of a direct identification in (6.4).

6.2 Physical arguments for models having Lagrangian formulation

The next class of models is the A/ = 2 non-Abelian gauge theories coupled to hypermulti-
plets, which coincide with the N' = 2 models with a Lagrangian description.

From the superconformal index side, the situation looks rather similar to the SQED
one. The specialized indices are expressed as integrals over the electric fugacities dual to
the Cartan charges of the non-Abelian electric gauge group (with the appropriate gauge
invariant measure), while the integrand is a product of factors associated to the quarks
states, which have the same form as in the Abelian case, and new factors for the charged
W bosons which are essentially identical to the KS monodromy factors for BPS vector
multiplets with the W boson quantum numbers, see equation (6.1).

From the quantum monodromy side the situation looks far more complicated. In
any chamber where the Yang-Mills coupling gyy is small, the BPS spectrum of N' = 2
supersymmetric quantum chromodynamics (SQCD) contains two kinds of states:

a) the perturbative spectrum, consisting of mutually-local particles with zero magnetic
charges, whose masses remain bounded as gyy — 0. There are only finitely many
such light particles, and they have spin < 1, so belong to either hypermultiplets
(quarks) or vector multiplets (photons and charged W bosons);
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b) infinite towers of heavy dyonic states, with non-zero magnetic charges, whose masses
are of order 1/ g%,M as gym — 0 and whose spins are not necessarily bounded.

Thus, in a weakly coupled chamber, the KS product (6.1) contains the factors
_1)\2s
(£¢" 2 X05 )Y

of all these infinitely many BPS states. The KS factors associated to the light states a) are
essentially equal to the corresponding factors in the specialized index integrand; but in ad-
dition we have infinitely many other factors associated to the heavy dyons. Since taking the
trace is the same as integrating over the non-flavor fugacities, up to possible subtleties with
the integration measure, the only difference between the definitions of the superconformal
index Zn(g) and Tr M(q)" is the insertion in the latter of the factors associated to the heavy
dyonic towers. Were we allowed to forget these dyonic factors, the two sets of SCFT invari-
ants in equation (6.4) would be equal on the nose, as they are for free theories and SQED.

The idea that at weak coupling we may simply neglect the dyonic factors sounds phys-
ically plausible. Indeed, the monodromy traces are independent of the Yang-Mills coupling
gyM, and they may be safely computed at parametrically small gyy. In this limit the dyon
masses go to infinity; physical intuition says that they decouple completely. Hence, at least
heuristically, at extreme weak coupling we may identify Tr M(q)" with the corresponding
specialized index for all N” = 2 models having a weakly coupled Lagrangian description.

The {Tr M(q)V} are chamber independent (as long as they are well defined). Many
interesting N’ = 2 non-Abelian gauge theories have strongly-coupled chambers with finite
BPS spectra consisting of just h hypermultiplets. In this situation {Tr M(q)™} may be
computed directly from the strongly coupled phase. In this way one may check the above
physical picture at extreme weak coupling against an independent computation of the
monodromy traces. Such a check was performed in [9] for SQCD with gauge group SU(2)
and Ny < 3: it was shown that, for these models, Tr M(gq)~! as computed from the
minimal BPS chamber with h = Ny + 2 agrees with the extreme weak coupling answer, i.e.
with its computation at weak coupling neglecting the dyons. For instance, for pure SU(2)
SYM Tr M(q)~!, computed as an integral over the electric and magnetic fugacities with
all dyonic factors inserted in the integrand, is (appendix C),

o do

el0+0))
TI‘M(q)_l — / (27r)2 (Q)oo (q )

(ql/ZeiO)oo (q1/26i¢>)oo

=¢(1,¢%), (6.6)

which agrees with the Schur index (4.81) given by the corresponding integral without the
dyonic contributions [9]. The case N = —1 is especially simple since there is no subtlety
with the integration measure (involving the absorbtion of bosonic/fermionic zero modes).
Indeed, consider ' = 2 SQCD with gauge group G of rank rg and let A™ be the set of its
positive roots. As a function of the electric fugacities ¢’ H € (Cartan subalgebra), the
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light BPS factors in the KS product M(q)~! are

(q)%"s H (qeia(H);q)oo (em(H);q)oo (e—ia(H))oo(qe—ia(H))oo (quark factors) =
acAT

Weyl measure

. : 2
_ H (1— ¢ )y(q — e—ie()y | pE [1_(1(] Xadj(H)] (quark factors), (6.7)
acAt

so that the W boson KS factors correctly reproduce the gauge invariant Weyl measure as
well as the proper factor from the vectors fields in the Schur index integrand.

Ignoring the dyonic towers — if legitimate — would be a major simplification for the
computation of monodromy traces of N/ = 2 models with a Lagrangian formulation and
would make their equivalence obvious. In view of this, it is interesting to see to what
extend this procedure may be justified. In the next couple of subsections we argue why
the natural regularization of the contribution of the infinite tower of dyonic states should
set their contribution to the monodromy operator to 1. In particular we show that setting
their contribution to 1 leads to the action of monodromy operator on the line operator
which is consistent with what one expects that action of the monodromy operator be on
the line operators from other viewpoints.

6.2.1 The physical picture at extreme weak coupling

Let us make the physical picture more precise. For ¢ ~ 1 the quantum torus becomes classi-
cal and the {X,} may be identified with the Darboux coordinates {X,} on the hyperKéhler
target space of the o-model dual to the 3d compactification of the 4d N' = 2 theory [34]. In
other words, the { X} and the { X, } have the same transformation under the monodromy as
7 — 0. The X, has the physical interpretation of expectation value of the supersymmetric
Wilson-"t Hooft line operator of electro-magnetic charge . In a given quantum phase of the
non-Abelian gauge theory, one distinguishes two classes of such line operators, “light” and
“heavy” [35-37]. “Heavy” lines may mix with “light” ones, but “light” ones may only mix
between themselves: this is just a rephrasing in the physical language of the mathematics
of the Stokes phenomenon for the Darboux coordinates X [34]. In the Coulomb phase, the
“light” lines are the electric ones while the dyonic lines are “heavy”. It follows that under
monodromy the electric lines go into themselves while the magnetic ones may mix with the
electric ones. The mixing is dictated by the Witten effect [38]. In the N' = 2 case these
general non-perturbative arguments may be made more explicit as we are going to discuss.

SU(2) SQCD with N quarks. For definiteness, we consider the case of N' =2 SQCD
with gauge group SU(2) and Ny flavors of quark [3]; the general Lagrangian case is similar.
Since the U(1)r symmetry is anomalous, a U(1)g rotation by 27 is equivalent to a shift
of the Yang-Mills angle 6§ by a multiple of 27; then the effect of the monodromy on the
electric e and magnetic charge m is

(e,m) — (e +2(4 — Ny),m), (6.8)
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that is, in the weakly coupled phase the electric and magnetic lines transform under mon-
odromy as

Xe — X67 Xm — Xm+2(4—Nf)e‘ (69)

Indeed, in general one has [34]

X, = exp(RayC + i, + Ray /¢ + - ) (6.10)
where a, = Z,, and - - - stands for terms exponentially suppressed as R — co. Since [3]
4—N
U N ——— ! log(ac/A), for |ac|>> A, (6.11)

while the monodromy acts on the Lagrangian fields as a, — e€*™a,, we have the expected
result (6.12). Thus, as ¢ — 1 the action of the monodromy is simply

Xe—= Xeo X = Xpnioa—npe- (6.12)

How is the physical answer (6.12) related to the quantum monodromy M(q) written
as the KS product of BPS factors (6.1)7 To compare the two pictures of quantum mon-
odromy, we choose the mass-deformations so that the BPS phases of the quark states are
aligned with those of the W boson (since W bosons and quarks are mutually local, this
is still a ‘generic’ situation according to our definition). Identifying BPS particles with
representations of the corresponding BPS quiver'? @, and using the conventions which are
standard in that context [39, 40|, the BPS phase of the light BPS states (W-bosons and
quarks) is set to /2 while the phase of the monopole is 0. Thus states whose central charge
belong to the upper (lower) half-plane have positive (negative) electric charge, while states
with central charges in the right (left) half-plane have positive (negative) magnetic charge.
The monodromy M(q) computed from the chamber at strong coupling with finite number
of BPS states is the monodromy which starts at phase zero (the monopole phase) makes a
27 rotation and comes back to zero. Instead the monodromy M q)®" which preserves the
light electric lines, eq. (6.12), starts and ends at w/2. Thus, as operators,

M(q)? = KS(0,7/2) M(q) KS(0,7/2)7, (6.13)

where K S(c, 3) is the KS ordered product (6.1) taken over BPS states with a < arg Z,, < f5.
Thus the monodromy operators which are relevant at strong coupling and weak coupling
are different operators in the same conjugacy class (recall that monodromy is defined only
up to conjugacy). Their intertwinner, KS(0,27), is a quite complicated object: it is an
infinite product over the BPS dyonic towers with positive magnetic charge and non-negative
electric charge. Relating monodromy computations at strong and weak coupling requires
to give a definite meaning to the formal infinite non-commutative product KS(0, 27).

13In this paper when we refer to quiver, we mean the quiver quantum mechanics which captures the BPS
spectrum of the 4d theory and not the quiver theory describing the Lagrangian degrees of freedom of the
4d gauge theory.
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From (6.12), we see that M(q)® commutes with X.. Under a mild regularity assump-
tion, one concludes that M(q)® does not contain X,,, i.e. that it is a function only of X,
and the SO(2Ny) flavor fugacities y,

M(Q)® = m(Xe, a3 q)- (6.14)

The function m(Xe,yq;q) is determined from its adjoint action on the magnetic lines,
eq. (6.12),

M@ X (M@ = Koy )e- (6.15)

If we know the singularity structure of the function m(Xe, y4; q), we may use this equation
to determine it up to multiplication by a c-number function of ¢ and y,. In facts, eq. (6.15)
translates into a functional equation for m(Xe,y,; q) related to the Yang-Baxter equation
studied in [41]. As a preparation, consider the f-function

0(z:9) = Y q"" VP (=2)" = (4 @)oo (21 @)oo (4/7: @)oo (6.16)

ne”

It satisfies the functional equation
0(qz) = —2710(2) = 0(¢*2) = (¢z*)70(2). (6.17)
Then for operators satisfying XX, = ¢X;, X, we have [41]

0(q"X2e;0) " X 0(¢“ X263 0) = Xom 0(¢" > X2e; ¢) ™ X 0(4° X2e; @) = 62 X Xge.
(6.18)
All singularities of the monodromy function m(Xe, y4; ¢) should have a physical origin.
The only possible mechanism to generate a singularity in the monodromy is that some
generically massive BPS particles become massless, which implies a discontinuity in the
KS product over massive BPS states. Since in the weak coupling chamber the W boson is
nowhere massless, for pure SU(2) it is natural to look for a regular solution to (6.15). We
compare the adjoint action (6.15) with the following “Yang-Baxter identity”

000 Xoe; q) 0(¢°X2e; @) Xon [0(q" Xoe; q) 0(¢" Xoe; q)] =

(6.19)
= qz(a+b)+2XmX8e = qz(a+b_1)Xm+Se'
Then the general regular solution to (6.12) is
M = 0(qXae;q) 0(X2e5q) =
(M(@)7) " = f(a) 0(aXae; q) 0(Xoe3 q) (6.20)

= £(9) (¢ 9) % (4 X2e5 @)oo (Xoe; @)oo (41X 515 @)oo (Xog' @)oo,

with f(q) undetermined. Choosing f(q) = 1 we get the answer that we expected from the
heuristic argument that infinitely heavy particles (the dyons at extreme weak coupling)
have no effect on the physics.
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SU(2) SQCD with Ny quarks. The argument is easily generalized to Ny # 0. However
in this case it is possible for the quarks to get massless while keeping gym parametrically
small. Hence we expect the solution m(Xe, y,; ¢) to (6.15) to have singularities as a function
of the quark fugacities y, of the appropriate form. Then, defining the theta function

0(2q) = Zq"Q/Qz”, (6.21)
n=0

we solve the equation (6.15) in the form

0(qXac; q) 0(Xae; q)

M(@)") ™" = (a5 a ; j '
(M(9)*) (¢ a) 1Y, (6(yaXe; @) 0(ya Xes q))

(6.22)

Setting the undetermined function f(q;y,) = (q)zévf

we recover the physically expected
answer. In particular, the form of the singularity in flavor fugacity is consistent with
its physical interpretation in terms of BPS states becoming massless. Additional (and
stronger) arguments for equation (6.22) are presented in the following subsections.

From this analysis'? we learn that the physical picture of the quantum monodromy at
weak coupling where we simply forget the heavy dyons, and the strong coupling picture
where M(q) is a complicated element of the quantum torus algebra depending non-trivially
on both X, and X, are not in contradiction since the two monodromies are different
elements in the same conjugacy class, eq. (6.13). Their intertwinner, K.S(0,7/2), is a
formal operator whose precise definition is hard to pinpoint. Different prescriptions may
lead to different answers, so we must expect a degree of ambiguity in computations which
require explicit use of the strong-weak intertwinner KS(0,7/2). We can interpret the
results of [9], for the Schur case, as a confirmation of the general arguments presented here.

6.2.2 Decoupling of infinitely massive dyons and S-duality

The result of the physical argument in section 6.2.1, say equation (6.22) for SU(2) SQCD
with N flavors, implies strong (and somehow paradoxical) properties of the KS products in
N = 2 non-Abelian gauge theories. First of all, the mathematical legitimacy of neglecting
the heavy dyonic states in the KS product requires that the KS products over the dyons,
as operators, satisfy remarkable identities. We shall check these identities in the next
subsection.

In addition, the physical picture leads to apparent paradoxes, since at first sight it
seems to clash with S-duality. Consider SU(2) with Ny = 4. From the physical picture
advocated above, it is natural to conclude that the monodromy has the form (6.22) with
Ny = 4: this is the result of ‘forgetting’ the heavy dyons. But which ‘heavy’ dyons are we
supposed to forget? The notion of a BPS state to be a dyon depends on the S-duality frame

14We warn the reader that the ‘physical’ argument suffers from a minor ambiguity. In facts, we de-
duced (6.15) from the 7 = log /27 — 0 limit, and hence the actual answer may differ by a factor which is
trivial in this limit. In practice, viewing the KS product as a partition function for BPS states, the answer
may be off by finitely many modes. An example is given by eq. (6.7) where the monodromy differs from
the index integrand by the zero-mode factors which produce the correct gauge invariant measure. This will
not affect robust quantities like ceg.
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we use, and its being ‘heavy’ or not depends on the value of the Yang-Mills coupling gy.
But the KS monodromy does not depend on gyy. Our physical picture would describe the
monodromy in one S-frame as the function (6.22) of X., M(q) = m(Xe, ya;¢), and in a
different frame as the same function but of different arguments, M(q) = m(Xpe-rqm, Ys; q),
(here (p, q) are coprime integers). It seems we got a paradox.

The solution of the paradox is that the monodromy M/(q) is not unique, only its
conjugacy class is an absolute invariant. The physical picture is consistent provided the
two candidate monodromies are conjugate by the appropriate KS operator i.e.

m(XpeJrqm» y(/v Q) = KS(arg Zpe+qma arg Ze)_l m(X€7 Ya; Q) KS(arg Zpe+qm, arg Ze)v (6'23)
where KS(6,6') is the KS product over all BPS states with charges v satisfying
0 < arg Z, < 0. (6.24)

That m(Xpetqm, Yy, q) and m(Xe,yq;q) are conjugate in the quantum torus algebra is
obvious (at least when y, = 1); that the required action of SL(2,7Z) is generated by the KS
products in the appropriate angular sectors will be shown, for the SU(2) Ny = 4 example,
in section 6.3 starting from the monodromy as computed from the strongly-coupled finite
BPS chamber.

6.2.3 Product identities for dyonic towers

The ‘physical’ picture implies some remarkable identities for the KS products over dyonic
towers. Here we focus on pure SU(2), but the results apply with minor modifications to
all Lagrangian theories.

The notion of the quantum monodromy arises from considering a closed path in pa-
rameter space along which the phase of the central charge increases by 2w

Z =™tz telo,1].

At t — 1 we go back to the original theory, but the line operators X, do not return
to themselves. The map {X,};—g — {X,}i=1 defines the adjoint action of the quantum
monodromy M (q). However, the theory has come back to itself already at t = 1/2, since
~v — — corresponds to the action of the SU(2) Weyl symmetry, which is part of the gauge
group. Hence the argument of the previous subsection should hold also for the KS product
of BPS states whose central charges belong to a half-plane. In our conventions that the
BPS phase of the W-boson is 7/2, the previous argument would imply that the product
over all BPS states with central charge in the positive half-plane, i.e. over all dyons with
positive magnetic charge, is just 1

8%

H (ql/ZXv;q)oo =1, (6.25)

BPS states with
—m/2<arg Zn<m/2

or, explicitly,
F

H(ql/QXerQje; Q)oo =1, (6'26)
JEZL
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where the notation [[ means that the factor (ql/ 2Xm+2je; q)oo 18 on the left of the factors

(q1/2Xm+2ge;q)oo with ¢ < j, and X,,, X9, satisfy the commutation relations X, X,, =
q* X X2 Showing that the identity (6.26) holds (in the appropriate sense) is a important
check on the full picture.

Formally, we may expand the inverse of the Lh.s. of (6.26) into terms of definite
magnetic charge M

— oe]
1@ Xims2ei ) = Y Xl Anr(Xoei q)- (6.27)
jez M=0

To write the Aps(Xae; q) in compact form, we introduce the following notation: for M € N,
we write A(M) for the set of all maps k: Z — N, j — kj;, such that Zj ki = M (in
particular, at most M k;’s are non zero). Then we put

k| = ki (k=D ki, (@k=]]@k, (6.28)
JEL JEZ J

and consider the quadratic form

Q(k) = min(i, j)kik; (6.29)
(2]
which is an inverse of the A Cartan matrix
Z (2(5” — (51'7]'_1 — (51'7]'4_1) min(j, k‘) = 51‘7;9. (630)
J
Then formally
M/2 QQ(k) (%]
Anr(Xaeiq) = "% Y o e (6.31)

keA(M)
To give a concrete meaning to the operator in the Lh.s. of (6.27), we have to make sense
of the infinite sums {Ap;(Xoe;q)}men. For M = 0 we have simply Apr(Xoe;q) = 1.
For M > 0 we focus on the set of functional equations satisfied by the would be sums.
The group Z acts on the set A(M) by the shift operators [n]: A(M) — A(M) given by
k[n]; = kj—pn. Under the unit shift [1] we have

k| = k[, [K] = [K]+ [k, Q)= Qk)+[k> (k= (O (6.32)
Summing over the shifted maps k[1] € A(M), we get
qQ(kMD
(Dr

R[] _

Ap(Xae; q) = ¢M/? Z
K[1]€A(M)

_ (qM2Xé\é[)qM/2 Z
keA(M)

(6.33)
Q)

2

x ¥

so that Aps(Xae; q) satisfies the functional equation

(1 — g™ Xé‘f) Am(X2e;q) = 0. (6.34)
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For M > 0 the only regular solution to this equation is Apr(Xae;q) = 0. The regularity
condition we use here reflects the regularity condition we used to pinpoint a unique solution
for the Yang-Baxter equation of pure SU(2) in the previous subsection. Then we conclude
that AM(XQE; q) = 5M,07 that is

—

H(ql/QXm-i-Qje; Q)gol =1, (635)
JEZ

in agreement with the decoupling of infinitely massive dyons.

6.3 SU(2) SQCD with N; = 4 and S-duality

To further illustrate and corroborate the above physical picture of the quantum monodromy
M(q), we present some non-trivial monodromy computations in SCFT examples.

The simplest non-trivial N' = 2 SCFT with a Lagrangian description is SQCD with
gauge group SU(2) and four fundamental quarks. We choose its BPS quiver in the
form [42-44]

/Cl \
) a\2 /b/ N (6:360)
C2
which has the Zs symmetry ¢
(a1, as, c1,b1,ba,ca) < (b1, ba, c2,a1,a2,c1), (6.37)

which is a simple instance of Galois symmetry in the sense of [45] which, when present,
is the most powerful tool to compute the quantum monodromy. Since ¢ is an involutive
automorphism of the quiver, for all v,7" € T,

(L)) =) = () =0 (6.38)

i.e. BPS states in the same orbit of the Galois symmetry are automatically mutually-local.

SU(2) with Ny = 4 has a strongly-coupled finite BPS chamber with 12 hypermulti-
plets [42-44], which is invariant under the Zo symmetry ¢ in the sense that if v € T is
the charge of a stable hypermultiplet so is ¢(y). Indeed the set of the charge vectors of
the 12 hypermultiplets is given by the union AT IT A™ of the positive roots AT of the
two As Dynkin full subquivers over the nodes {ai,az,c1} and {b1, b, co} which are inter-
changed by ¢ [42, 44, 45]. Inside this strongly-coupled chamber there is a locus where the
central charge is also (-symmetric, i.e. Z,(,) = Z,. Finally the quadratic refinement is also
t-invariant. Then the monodromy KS product, as computed at the t-invariant locus in the
strongly-coupled finite chamber, takes the form [45]

O
M) = ()2 ] {(iq1/2X'y;Q)oo (iql/QXL(W);q)oo}, (6.39)

Galois

orbits

where the two factors inside each curly bracket commute between themselves by eq. (6.38).
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This model has an SO(8) flavor symmetry; correspondingly the exchange matrix B;;
of the quiver (6.36) has rank 2, and we may parametrize its quantum torus algebra Tg in
terms of four commuting flavor fugacities y, and two operators Xe,, X, satisfying the T A
quantum torus algebra X, X., = ¢ X, Xe, as follows

Xcl = y1X617 XCQ =y Xe_117 (6 40)

Xb1 = Y2Y3 X€27 Xb2 = 3/2_1?/3 X@Q Xa1 = Y4Y3 Xe;1> Xa1 = 94_1?/3 X@EI‘
The monodromy M (q) may then be seen as an element of the T i algebra which depends on
the y, parameters. Although we could be more general, since the flavor fugacity dependence
plays a secondary role in our discussion, for simplicity we set y, = 1. At this special point
in flavor fugacity space eq. (6.40) implies

X,(y) = X;l, (6.41)

and hence each curly bracket in eq. (6.39) takes the form

9(+ 1/2X .
{( + q1/2X7; q)oo (iql/QXL('yﬁ q)oo} — (q(q)w (6'42)
where 0(z; q) is the function defined in eq. (6.16). Hence we may write,
_ (y—12¢ (72 2
M@)| =@ (HLsLa L) (6.43)

where ¢ = 14/12 is the 4d conformal central charge, and the L;, (i = 1,2,3,4)
are Kontsevich-Soibelman products in suitably angular sectors containing two (or four)
mutually-local stable hypermultiplets. Explicitly,

Ly = 6(¢"*Xe;59) Ly = 6(—¢"*Xe, 13 )° (6.44)
Ly = 0(q"* Xoe,—e139)  La=0(q"*Xey;9)- '
Using the functional equation (6.17) for 0, we get
Xe Xe Xe — X €2—¢€
Xez _Xez—el Xez X382—2€1 (645)

Ls X€1 Lgl _ X462—61 Ly Xel LZI _ X61+62 ’
X62 _X3€2—61 X62 X62
so that the half-monodromy acts as

(LiLsLyLy) {i} (LiLsLaLy) ' = {X} (6.46)

and the full-monodromy M (q) as

M(q) {iel}M(q)_l = {?1} (6.47)
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in agreement with eq. (6.12).

We may fix our reference S-duality frame so that the operator X, ype, has elec-
tric/magnetic charges (a,b). Then eq. (6.45) may be rephrased as the statement that the
KS operators L; induce the following SL(2,7Z) S-duality transformations on the electro-
magnetic charges of the line operators

10 —12
L — R Lo —

—-11 -23

—-14 11
Lg—) R L4—> .

-13 01

In particular Lj, Ly suffice to generate the full SL(2,7Z) action on line operators. We

(6.48)

conclude that the KS product of BPS factors associated to an angular sector is the same
thing as the telescoping operator'® implementing the S-duality by the corresponding angle.

Equation (6.47) is the same as (6.15) for Ny = 4. It has many solutions. If we assume it
to be a function only of the ‘electric’ fugacity X.,, as suggested by the ‘oblique confinement’
physical picture we wish to check, we have solutions of the general form

H 0(q" X5 q)" (6.49)
with K even and

mg — 1
Znamz =0, Z MeNg (Ea + =
a a

Two particular solutions to these Diophantine equations correspond to the extreme weak

) =0, Y mang=0 mod2  (6.50)

coupling description of the monodromy for the two Lagrangian SCFT with one-dimensional
Coulomb branch, i.e. SU(2) N = 2* and Ny = 4 respectively

W boson adj. quark
o« N=2" (layma,na) =(1,2,1),(0,2,1),(1/2,2,—1)(1/2,2,—1) (6.51)
W boson (8 times) quarks

o Ny=4 (bayma,ng)=(1,2,1),(0,2,1),(1/2,2,—1)(1/2,2,—1)---(1/2,1,—1)  (6.52)

These are (essentially) the unique solutions if we require the singularities to be of the
respective ‘right’ form (i.e. singularities allowed only if they may arise from quarks
becoming massless).

'5These operators correspond to the mathematicians’ telescopic (endo)functors in the corresponding
derived category [46]. For a review in the present physical context, see [47]. In the categoric language, the
BPS states of SU(2) with N; quarks are the stable objects in the derived category D’(coh Py, ) of coherent
sheaves on the orbifold of P* with N; double points. The quantum monodromy M(q) is the autoequivalence
(7711])? of D®(coh Px,) [6]. The physical equations (6.12) are just Serre duality on Py,. In particular, the
monodromy is an autoequivalence of the Abelian category of objects with m = 0, e > 0, (the category of
finite-length coherent sheaves) i.e. M(q)X.M(q)™' = X.. If the orbifold Py, has zero Euler characteristic,
i.e. for Ny =4, we have also M(q) X M(q)™" = Xpm.
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General KS theory implies, in particular, that the monodromies written with respect
to two different S-duality frames are equal modulo conjugacy, more precisely that they
differ by the adjoint action of an operator which is a KS product of BPS factors. Then
consider the monodromy written with respect to the frame in which the weakly coupled W
boson has charge 2(pej + gea) with p, ¢ coprime. If the monodromy in the original S-frame
was given by equation (6.49), the monodromy in the new frame should be simply

K
M(Q)™ = f(q) ] 00" X2 pers )™ (6.53)
a=1

i.e. the same function where we replaced X, by Xpe,4¢e,. Consistency of the physical
picture of monodromy proposed in section 6.2 with the Kontsevich-Soibelman formula then
requires that there exists an operator W € T such that

M(q)™ = W M(q)?d W1, (6.54)

and moreover that W can be chosen to be equal to the product of BPS factors with phases in
the range arg Z., < 6 < arg Zpe,+qe,- The existence of a W with the prescribed properties
for all pair of coprime integers (p, ¢) is a significant check on the physical scenario.

The existence of W follows from the previous monodromy computation in the strong
coupling chamber. For each (p, ¢) coprime there is an A € SL(2,7Z) which transforms e; into
pe1 + qea. Since Ly, Ly generates SL(2,7Z), there is a word W in L;, Ly equal to A. Then

WXe1W_1 = Xae1+b627 (6.55)

and eq. (6.54) is satisfied. By construction, W is a product of BPS factors (:l:ql/QXv, q)oo-
So the physical picture passes this check of consistency with KS theory.

6.4 A non-Lagrangian example

The above results for SU(2) with Ny = 4 generalize to all N' = 2 SCFTs with a finite
chamber such that all operators have integral U(1)r charge [6], even if they do not have a
Lagrangian description. When the Coulomb branch has dimension 1, one gets a SL(2, Z) ac-
tion on the line operators X, implemented by the KS products which is similar to the one we
described for SU(2) with Ny = 4. If the model has no Lagrangian formulation, the physical
implications of this SL(2, Z) auto-equivalence is less obvious since we have no weak coupling
intuition. We illustrate these facts in the simplest non-Lagrangian model of this class.

SU(2) with Ny = 4 is a special instance of a sequence of N' = 2 models with one-
dimensional Coulomb branch and large flavor symmetry. They are described by the class
of the Q(r, s) quivers in figure 2 where r, s are non-negative integers not both zero. These
models have a non-Abelian flavor symmetry of rank r 4+ s described by the Dynkin graph
in the lower part of the figure. Since the flavor symmetry group of a meaningful QFT
must be compact, only pairs (r, s) such that the lower graph is a Dynkin graph of finite-
type correspond to a N' = 2 model. In particular, Q(2, Ny) is the quiver of SU(2) with
Ny quarks, and Q(3,3), Q(3,4) and Q(3,5) are the quiver of the Minahan-Nemeschansky
theories with flavor symmetry E; ;.
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Figure 2. The Q(r,s) = Q(s,r) quiver (r + s) > 0. The corresponding A/ = 2 theory has one-
dimensional Coulomb branch and rank (r + s) flavor symmetry group G with the Dynkin graph
in the lower graph.

The SCFTs described by a Q(r, s) quiver — which are known as Hy, Ha, Dy, Fg, E7, Eg
— as well as many others like the Argyres-Douglas theories of type D, have in common
some remarkable properties that we shall use in section 7 as a guiding principle to
compute in an efficient way their monodromy traces. From the viewpoint of the 2d/4d
correspondence of [8] the property may be stated as follows: these SCFT have a flavor
group G with a 4d level k and a conformal central charge ¢ to which there correspond the
2d CFT quantities cog = —12¢ and kyy = —k/2. These models have the special property
that the 2d Sugawara energy-momentum tensor of the flavor symmetry G saturates the
Virasoro central charge, i.e. we have the equality

kgd - dim GF

. 6.56
hGp + kog ( )

Cod =
The same SCFTs were shown in [44] to have a finite BPS chamber which is c-saturating,
i.e. such that the conformal central charge ¢ computed from the BPS spectrum pretending
it consists of free particles is, for that particular chamber, equal to its actual value. The
c-saturating chambers lead to very convenient expressions for the monodromy which
greatly simplify the task of computing their traces. A first example of c-saturating is the
12 hyper chamber of SU(2) with Ny = 4: in eq. (6.43) the monodromy, as written in the
c-saturating chamber, is equal to (q);o12C times a product of theta functions. This formula
is true (for an appropriate product of theta functions) for all rank 1 SCFT models in the
above list (again switching off flavor fugacities). In particular, experience suggests that in
all SCFTs for which (6.56) holds, for all N > 0 such that Tr M(q)"¥ makes sense, we have

T M(q)™ = OV Wai ) (6.57)

(q)i2he

where c¢ is the 4d SCFT central charge and © n(y,; ¢) is the theta-function of some lattice.
In section 7 we shall find many instance of this phenomenon so helpful in computing the
traces.
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For brevity we discuss only the first Minahan-Nemeschansky model with Gg = FEg .
Its quiver Q(3,3) also has a Zy Galois automorphism ¢

a; <L> bi C1 Q Cc2, (6.58)

which is a symmetry of the BPS spectrum in the finite c¢-saturating 24 hypers chamber.
Since the Coulomb branch is one-dimensional, we may parametrize the quantum torus
algebra T3 3) in terms of the algebra Ty , X, Xe, = ¢Xe, X, and six flavor fugacities

Ya- Setting the Eg fugacities to 1, we again get X,y = X 1 and, by the same argument

we used for SU(2) with Ny = 4, the monodromy reads

2
M(q) = ()% (LeLsLaLsLaLy ) (6.59)
where ¢ = 13/6 is the model’s conformal central charge and

L1 = 0(¢"*X.,;q) Ly = 0(—q"?*Xey—e1;0)° L3 = 0(¢"*X3ey—2¢,39)

(6.60)
Ly =0(¢"* X0y ¢,;0)° Ls = 0(—q"*X3ey—c139)  Ls = 0(q"*Xoy; )°.

Using (6.17), we get
Ll Xe1 L_1 o Xel L2 Xel L_1 o _X362—261
1 - ’ 9 =
Xeg _X62—61 Xeg _X462—361
L3 Xel Lil . _X962—561 L4 Xel Lfl X1262—581 (6 61)
3 - 9 4 9 .
X62 _X7627461 XEQ _X7627361
L5 {Xel L_l . {_X962261} L6 {Xel L_l . {_X€1+362
5 ’ 6 —
Xeg _X462—61 Xeg Xeg

so that the adjoint action of each L;, and hence of their products, acts (a part for the signs

from quadratic refinement) is just a SL(2,Z) transformation
LiX\L7y'= X,  Ai€SL(2,Z). (6.62)

However now the half-monodromy acts as the identity

(LgLs -+~ L1) {X“} (L¢Ls---L1)~ = {il} (6.63)

The situation for F; and Eg Minahan-Nemeschansky is similar, but the monodromy has a
less compact expression since these models have no Galois symmetry. The analysis of their
monodromy in the classical limit ¢ — 1 (but general flavor fugacities) may be found in [48].

6.5 Generalities on monodromy traces

Having discussed the Lagragian cases and some extensions of them, in this section we
turn to some general properties of the monodromy traces which follow from their formal
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structure. Appendix C contains a survey of the main techniques to compute monodromy
traces. The interested reader can find more details and explicit expressions for all quantities
related to the traces that we will need.

The methods of [6] work for models having a finite BPS chamber i.e. a chamber whose
BPS spectrum consists of finitely many hypermultiplets; then the KS product M (q)"
contains finitely many factors (ql/ 2Xv;q)oo. One expands each such factor in the basis
{X5}5er of the quantum torus algebra T and then multiplies them with the rule (6.2) to
get a (formal) expression of the form

M) =" u(N; ), X, (6.64)
vyel’

for certain coefficient functions {{(N;q),}yer given by multiple g-hypergeometric sums.
The trace on the quantum torus algebra T is defined by the rule'®
is a flavor charge
Trx, = 7 8 (6.65)
0  otherwise.

A charge v is a flavor charge iff it belongs to the radical of the Dirac form, i.e. {(y,v) =0
for all v € I'. The flavor charges form a sublattice I'y C I' of the charge lattice.
From (6.64), (6.65) the monodromy traces, as functions of ¢ and the flavor fugacities y,,
are then

T M(@)™ = D, (N ) ys- (6.66)
$ET

The computation of Tr M(q)" is thus reduced to the evaluation of ¢g-hypergeometric sums
{1(N;q)¢}per, which have the general form [6]

Q(ny)/2 M
Z w H Obaini tas (6.67)
77»17---7”520 HZ(Q)nz a

where Q(n;) = n;Aijn; is an integral quadratic form and the Kronecker deltas enforce
the proper restriction on the summation range; see appendix C for full details, including
explicit expressions for all elements appearing in (6.67). g-sums of this form are familiar
from the thermodynamical Bethe ansatz (TBA) and related Y-systems, see e.g. [49]. Ideas
and techniques developed in those contexts may be applied also to monodromy traces.
Depending on N and the particular model at hand, the sum (6.67) may or may not be
absolutely convergent; if not an appropriate prescription is required to define Tr M(q)".

'5This is slightly different from the notion of ‘canonical trace’ used in [6] where the trace included a
projection also to flavor neutral sector. The relation between the two notions of trace is as follows:

dYa
present H 271 Ya ’

sense a

Tr M(q)™

CNV

sense

M—fﬁM@N
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Moyal functions. Let {e;} be a set of generators of the charge lattice I', and set B, =
(es,er). The quantum torus algebra T, which has generators {X,,} and commutation
relations X, X,, = ¢ X,, X,,, is isomorphic to the algebra of holomorphic functions on
the classical torus T = (C*)™"%T' with coordinates us; € C*, endowed with the Moyal
product * defined by the 2-vector By, i.e.
[ * g(us) = exp(miT Byt x5yt 02,0y, ) f (us + x5)g(us + ys) . where ¢ = ¢2™7. (6.68)
T=y=
To the charge v = )" nses € I' we associate the function u, = [[, u}* on T. If v is a flavor
charge, the corresponding function w., is called a flavor fugacity. In the basis {X,} of T
the isomorphism between T and the Moyal functions is simply

X, 4 . (6.69)
Comparing with (6.64), we see that the Moyal function p(us; q)N)

to the operator M(q) € T is

on T which corresponds

nlusiq Zﬂ,quv (6.70)

Then

ﬁM@N:fm?m%mm, (6.71)

2TV,
where the integral is on the unit circle |us| = 1 at fixed values of the flavor fugacities y,.
The Moyal formalism has two advantages with respect to the quantum torus algebra: first
the quantum cluster mutations [6] may be rephrased as functional equations for the Moyal
functions which are often easier to solve. Second, it is usually simpler to find a prescription
to make convergent an integral like (6.71) than a g-series.

In appendix C it is shown that the integral (6.71) may be recast in the form (q = €2™")

S(tlaym
is .72
/cexp< Srin > I |dt (6.72)

where S(t;,yq; 7)) is a function which is regular as 7 — 0 (see appendix C for its explicit
form). The integral (6.71) belongs to the well known class of “oscillatory integrals”, which
may be interpreted as brane amplitudes [, dX; exp(—W (X;)/¢) for 2d (2,2) SCFTs [50].
For such an integral, giving the appropriate convergence prescription amounts to specifying
the correct integration contour C. We stress that, while the contour C (and hence the
proper definition of Tr M(q)) may be rather subtle, the function S(;, ;7)) contains
information on the quantum traces Tr M(q)" which is both very valuable and totally
non-ambiguous.

The effective central charge ceg. In particular the function S (ti,ya;T)(N ) contains
the “2d CFT data”, cog and {h;}, associated with the monodromy trace Tr M(q)". These
data are defined as follows: view Tr./\/l(q)N as a power series in ¢

Tr M) = an(y (6.73)

n>0
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whose coefficients a,,(y) are Laurent polynomials in the flavor fugacities y, with integral
coefficients. The effective central charge ceg of the power series ), - an¢" is defined as

3 .. (log an)?
or equivalently (setting ¢ = €>™7) by its 7 — 0 asymptotic behavior
n 271 Cof
Z anq" ~exp| — +0(1) as 7 — 0. (6.75)
T

n>0

The name ‘effective central charge’ stems from the fact that, when the g-series (6.73) is a
conformal block of a (not necessarily unitary) 2d CFT, one has

Coft = ¢ — 24 min(h;) (6.76)

with h;, ¢ the conformal weights and Virasoro central charge of the CFT. In particular, for
unitary CFTSs, ceg = c. If there are flavor symmetries, from eq. (6.74) we get a function of
the flavor fugacities, ce(y,); in this case, we define the effective central charge cog as the
value of this function at a (suitable) critical point, 0y, cer(y) = 0.

To compute ce, it suffices to evaluate the integral (6.72) in the limit 7 — 0. This
can be done by standard saddle point techniques: ceg for TrM(q)N is essentially the value
of the function S(t;, ya; T)(N ) at its dominating critical point. The saddle point equations
may be solved explicitly by adapting standard TBA methods [49] to our situation. The
details may be found in appendix C. Here we quote the final result: ceg for Tr M(q)V (as
computed from a chamber with h hypers) is given by

h
6
%ﬁ:2nv+2mq§:;§L@0, (6.77)
=1

where L(z) is the Roger dilogarithm
1
L(z) = Lia(2) + 3 log z log(1 — 2), (6.78)

and the z; are the solutions to the Nahm-like equations

) {u—%f% N >0

Tl N <o (6:79)

where Cj; is the integral symmetric h X h matrix specified in appendix C.
Below we will need to recall that ¢'¢, a*® for AD (A, A") theory:

ad _ dim Adim A" — rara
12(hA+hA/)
ad _ 4dim Adim A" — 5rara
48(ha + ha)
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Example 1: (G, A1) models with N > 0. In this case the equations (6.79) take the
form
22 = (1—2)% (6.80)

)

where Cj; the Cartan matrix of the simply-laced Lie algebra G. Writing z; = w;cij’ the

equations take the form
251‘3‘ 701‘ 1 2
: =

1+w (6.81)

The equations (6.80) have a unique solution with 0 < z; < 1 which corresponds to the
vacuum character of the 2d coset CFT G(9)/U(1)"¢ [49, 51]. Then 6, L(z;) /72 is just
the central charge of the G(2)/U(1)"¢ coset CFT, and

ra ha
= 2N , 82
Ceff <T’+hG+2) (68)

where r is the rank of the Coulomb branch of the AD theory, and g, hg are the rank and
the Coxeter number of the Lie algebra G (related to its dimension by the Coxeter formula
dim G = rg(hg +1)). 2r is equal to rg minus the multiplicity of hg/2 as an exponent of
G. For (A1, G) Argyres-Douglas theories the 12N¢*? is expected to be given by the above
formula for c.g and this is in agreement with the expected answer (Aq, 4,,).

Example 2: (G, A1) models with N < 0. In this case the equations (6.79) take the
form
22 = (1 — z)®u—C%, (6.83)

. 25,5—Cl;
Setting z;, = —w; 7 ¥

r we get back the Nahm equations (6.81). For N < 0 we are
interested in a different solution of these equation. We may find it by the same Lie theoretic
methods as for N > 0 [49]. For instance, for the (A;, Ao¢) model with N < 0 one finds
(appendix C)
2Nt
= 2%3
Note that this agree with the expected answer —48N(c*® — a*?) for the AD theory when
G = Ay

The effective central charge of the (p,q) Virasoro minimal model is

Ceff (6.84)

6
Cet(pyq) =c—24minh, s =1— —. (6.85)
r,8 pq
Taking p = 2 and ¢ = 20 + 3, we get the effective central charge (6.84) for N = —1. Note

that this agrees with the general prediction that huyi, = (—1/2)(5c¢*® — 4a?).

Example 3: (G, G’) models with N > 0. Again we reduce the saddle point conditions
to systems of algebraic equations already studied in a related context by Nahm [49]. Using
his results, one obtains the following formula

rqgra’ hG hG’

CQd:CegZQNT+N he + her

= 12N, (6.86)
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which has been checked explicitly for (G, A2). Using this and the r-charges for the Coulomb
branch of the (G, G’) models which are known, one can also deduce a*? for all (G,G’) AD
theories from the relation [22]

420 — ) => (2 - 1), (6.87)

]

where the sum is over all the Coulomb branch operators with dimension given by r;.

7 Monodromies and 2d chiral algebras of Argyres-Douglas theories

7.1 Insertion of line operators and characters of chiral algebras

The Argyres-Douglas (AD) theories are isolated fixed points of 4d N' = 2 supersymmetric
field theories with finite number of BPS states in all chambers [52]. Therefore to write
down g-series expressing Tr M(q)" is straightforward. (But, for large |N|, the resulting
g-series are not absolutely convergent, and suitable prescriptions are required to make sense
out of them). On the other hand, the computation of the supersymmetric indices Zn(q) of
AD theories is difficult even in principle, because most of them do not have a Lagrangian
description. In view of the proposed correspondence (6.4), the “easy” computation of
the monodromy traces may be used as a prediction of superconformal indices in the limit
t = gpN+

More generally, we may consider monodromy traces with line operator insertions

and p — exp(27i).

(Xy)n = Tr[M(9)N X,] vyerl. (7.1)

We stress that the (X,)n are not absolute invariants, since M(q) is unique only up
to conjugacy. M(q) depends on the choice of a reference ray in the Z-plane, which
conventionally we take to be the positive real axis. (X,)n is invariant only under the
deformations of the parameters such that no central charge Z, of a BPS particle crosses
the real axis. In short, in the standard quiver formulation [39] the (X,)n depend on the
choice of a quiver in the mutation class, but not on the point in parameter space, as long
as it is covered by the given quiver.

Fixing the quiver @, the (X,)n may be read directly from the expansion of the operator
M(q)" in the standard basis of the quantum torus algebra T (see eq. (6.64))

M(g)" = Z<X’Y>N Xy (7.2)

yel

The (X,)ny may be used to compute traces of powers of M(q)"V. For instance

T M@ = 3 (X)) (X ) (7.3)
vyel

In this section we choose the quiver to have the Dynkin form with the linear orientation.
7.2 (A, A2) AD theory

Let us start the discussion with the AD theory of the (A;, Ag) singularity. The BPS quiver
of this theory is shown in figure 3.
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Figure 3. BPS quiver.

Trace of M(q)~!. The trace of the inverse monodromy for the (A, A3) theory was first
computed in [6]. The result is (see appendix D.2)

Tr M(q)~" = H(q), (7.4)

where H(q) is the Rogers-Ramanujan function,

ad 1
H(q) = I— - H 1= (1 — g3 (7.5)

It is known that ¢''/% H(q) is the vacuum character x11 of the (2,5) Virasoro minimal
model. The central charge of the (2,5) minimal model is —22/5, with matches our pre-
diction in table 6 of appendix B (see also equation (C.49)). The central charge of the 2d
chiral algebra is —12 times the central charge of the 4d theory as noted in [8, 9, 53].

Trace of M(q). The monodromy trace Tr M(q) is equal to [6]

G(a)
Tr M(q) = , 7.6
W=, =
where G(q) is the other Rogers-Ramanujan function,
G(q) = |°°| ! (7.7)
q) = Pt (1 —go=1)(1 — o4 :

The effective central charge of Tr M(q) is 22/5 as shown in table 6 (cfr. equation (C.45)).
Indeed, ¢~/ ()4, Tr M(q) is the character x; 3 of the (2,5) minimal model which has an
effective central charge

Cef =1——=——4. (7.8)

We have provided evidence in the Lagrangian cases that at least in the extreme weak
limit we have a chiral algebra, whose character is computed by the trace of the monodromy.
We now can test this for the Tr M(q). Which chiral algebra has the character G(q)/n(q)*?
Note that G(q) is a character of a representation of the (2,5) model but it is not the char-
acter of the corresponding algebra (i.e. of the vacuum module). So our general conjecture
anticipates that there should be nevertheless another chiral algebra whose vacuum charac-
ter gives G(q)/n(q)*. The 1/n* is simply the chiral algebra associate to 4 free boson (with
zero modes deleted). So the question is whether we can view G(q) as the character of a
chiral algebra.
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The chiral algebra A; associated to Tr M(q). Asshown in [54], G(q) is the vacuum

character of the subalgebra of SU(2) at level k = 1 generated by JT(2) = J(2) + iJ?(2).
For level 1 this algebra is simple and has only one relation given by

Jt(2)JT(2) = 0. (7.9)

Let us see why the characters of this algebra is given by G(q). To see this we rewrite G(q) as

q q*

ZHzll_q 1Jrl—qu(l—q)(l—qQ)

T (7.10)

Clearly J*(z) and its derivatives gives the module q/(1 — ¢). There is no ¢* and ¢* term
because of the relation d(J(2)J1(2)) = 0 and JT(2)0J7(2) = d(JT(2)Jt(2)) = 0. The
module ¢*/((1—q)(1—¢?)) comes from d.J%(2)0J*(z) and its derivatives, the denominator
is (1 — q)(1 — ¢?) instead of (1 — ¢)? is due to the symmetry between two 0J7%(2)’s. The
algebra behind positive monodromy TrM(q) is just the aforementioned J* subalgebra
of SU(2); together with four free scalars. One interesting fact is that TrM~1(q) = H(q)
which is the character of the module for NV = —1 is the character of the other module of
this JT subalgebra of SU(2);, which has as the vacuum the fundamental representation.
Moreover one can get to H(q) for Tr M(q) by inserting a line operator (as was shown
in [6] and we will now review).

Insertion of line operators. With reference to the quiver in figure 3, the N = +1 traces
(X,,)+1 were computed!” in [6]; there it was shown that they satisfy a three-term recursion
in the charge ~ of the inserted line operator. This recursion relation is a manifestation of
the Verlinde algebra of the underlying 2d CFT. Explicitly [6]

—1)mtn m2+n2—mn
<Xmel+n62>N:+1 == ((q))4 q( + )/2 Gm—n(q) (711)
where Gy(q) is the Rogers-Ramunjan function
qk2+ek
Ge(q) == — (7.12)
,;0 (@
which for £ > 0, G¢(q) may be written as a sum of (at most) ¢ theta-functions'®
1 )4

q
In particular, Go(q) = G(q) and G1(q) = H(q). The Garrett-Ismail-Stanton theorem!? [55]
solves the Verlinde algebra three-terms recursion for Gy(g) in terms of the Schur polynomi-
als es(z) and dy(z) (¢ € Z). This allows to write Gy(q) for ¢ € Z in a form which generalizes
the r.h.s. of egs. (7.5), (7.7)

e_¢(1/q d_y(1/q

Glq) = 4(. /5 ) 2 :5/5) (7.14)
(0% @)oo (¢%¢%¢°)o0

"In the conventions of [6] the reference ray was 6 = 7 instead of § = 0. Hence (X,)

180 is defined as in eq. (6.16).
19We thank Ole Warnaar for pointing out the GIS theorem to us.

|[6] = (X

this paper”
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where the Schur polynomials ey(x), dy(x) are defined for £ > 0 as

dal) = Y F“; ‘2] e 1(q Zq F ]._1], (7.15)

q q
and for £ < 0
— (=1l @y d — (=1t qg ()
e—o(1/q) = (=1)" ¢ \2 dp_1(q), (1/q) = —(=1)" ¢ 2 ey _1(q). (7.16)
The N = —1 trace with line operators insertions is computed in appendix D.2. Using

the identities in appendix D.1 we get an expression in terms of partial theta functions v (z, q)

<Xm61+neg>N:71 - (717)

mn/2 (k2 +k+|m—k|+|n+k|)/2
w(_qlm_mv Q) ¢(_q‘n+k‘ ) q)

_ 4 (—1)* q

(@3% = (@)

This sum may be explicitly evaluated in each quadrant of Z? in terms of Rogers-Ramanujan
functions Gy(gq). The simplest case is m > 0 and n < 0 where one gets (see appendix D.2)
(Ximey+nesy) N=—1 = glm—n—nm)/2 Grm-n+1(q) form >0, n <0, (7.18)

which, in particular, reduces to Tr M(q)~' = H(q) for m = n = 0. In the other three
quadrants one gets the same formula up to a finite sum

(Xmey+nes ) Ne—1 = q(m_”_”m)/2 (G’mnﬂ(q) + a finite q—sum). (7.19)
See appendix D.2 for explicit expressions in the various cases and additional details.
The traces Tr M(q)*2. For any A" = 2 model and any N one has the identity
Tr M(q)* =) (Xy)n (X)), (7.20)
yel’
where (X,)n is defined as in (7.2) (we may see the monodromy traces as norms, see

section C.2). Thus for the (A, A2) model we may write Tr M(q)*? as a bilinear sum of
Rogers-Ramanujan functions Gy(q). Note that as ¢ — 0

(Xmel+neg>N:+1 <X*m617’n62>N:+1 — O(qm2+n2_mn+[|n—m|/2]2)
(Xm61+nez>N:_1 <X*m61fneg>N:_1 — O(q|m|+|7’b‘)7

so both traces Tr M(q)*? have a nice expansion in integral non-negative powers of q.

(7.21)

Checking the g-expansion of Tr M(q)?, one is lead to the following expression

2 0o 5k+1 5k+2 5(k+1)—2 5(k+1)—1
TrM(q)2:<G(Z)) <1—102< a —9- 1 o4 >

_ _Bktl _ _5k+2 _ 5k+1)—2 (k+1)—
(@)% = \1-q 1—q 1—gptkt)= 1q+
7 22
which can be rewritten
G(g)\? ) )
2 5
Tr M(q)* = <(q)§o 1-— 106179@ q )|aﬁq + 2081 0(a,q )|0Hq2 . (7.23)

Therefore we see Tr M? is (Tr M)? multiplied by a modular function. This again suggests
that there may be a chiral algebra associated with it.
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7.3 (A1, A2,) AD theories

Trace of M(q)~1. The trace of the inverse monodromy TrM(q)~! for the model
(A1, A2p) (as computed from the minimal chamber) is [9]

qu(Ziéi_w&-)

TeM(g) ™ = (93 D VROE (7.24)
b n>0 LG
The sum in the r.h.s. is explicitly evaluated in appendix D.3; one gets
1
TrM(g) ' = ——— : : (7.25)
H?:ol (q2+2; @2n+3) (g2n+1-2i; g2n+3)
It can be also written as
1 1
Tr M(q) " = (7.26)

szl Q(QRi/Q; Q — q2n+3) ’

where 7 is the dimension of the Coulomb branch and R; are the dimension of the Coulomb
branch operators.

The r.h.s. of (7.25) is the Feigin-Nakanishi-Ooguri formula for the vacuum character
of the (2,2n + 3) Virasoro minimal model [56, 57]. This confirms the claim of [9] that
Tr M(q)~! is equal to the vacuum character of the minimal model. The central charge of
(2,2n + 3) minimal model is

2n(6n +5
€2,2n42 = _Q(n 3 ) (7.27)
Its effective central charge is then
2n
= 7.28
Coff 2n+ 3 ( )

in agreement with eq. (6.85). The 2d central charge is again —12 times the 4d central
charge, implying that this the correct 2d chiral algebra constructed in [8, 53]. It also
agrees with the TQFT computation of the Schur index [58].

Trace of M(q). The monodromy traces Tr M(q) for (A;, Aa,) were computed in [6];
with the present normalizations they are

TM(g) = — Y L

(q)oo ezen1 (q)h T (q)l2n71

1-Copn_1-1)2
, (7.29)

where Cy,_1 stands for the Cartan matrix of As,_1. The sum in the r.h.s. is the Nahm
sum associated to the pair of graphs (77, Aa,—1) [49]. Then its effective central charge is

_ 2n(6n +5)

in agreement with eq. (6.82) with » = n, r¢ = 2n, and hg = 2n + 1. The sum in the
r.hus. of (7.29) is evaluated in [59] Theorem 1.2, where they are related to the Macdonald
identities for the twisted Kac-Moody algebra A®?) as well as to the Feigin-Stoyanovsky
theorem [54] we are going to discuss.
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The chiral algebra associated to M(q) for the (A;, A2,) model. The Feigin and
Stoyanovsky theorem [54] describes?” a class of g-sum of the form

1-Cy-l/2

ZOEDrm

lez’,

) (731

where () is the Cartan matrix of a simply-laced Lie algebra g € ADE of rank r. They
consider a Cartan splitting g = n_@®h@n, and consider the loop algebra n of the nilpotent
Lie algebra n seen as a subalgebra of the affine ﬁ(l) Lie algebra of type g and level 1. One
takes the vacuum integrable highest weight module V of ﬁ(l) with vacuum vector |v) and
focus on the cyclic submodule

U@L)|v) €V, (7.32)

where U(-) stands for the universal covering algebra. The theorem states that ®4(q) is just
the character restricted to the submodule

Tr g*o = ®y(q). (7.33)
U(@4)o)

In other words, the construction described around eq. (7.9) for g = su(2), in relation with
the (A1, A2) AD model, extends to all simply-laced Lie algebras g (and, in fact, to other
situations as well). For all g the function ®4(g) is the vacuum character of the chiral algebra
U(ng).

In particular, for the (A1, As,) AD model the chiral algebra Ay, whose partition func-
tion is Tr M(q), is generated by the upper triangular S/I\J(Zn) currents at level 1. Again
this is a highly non-trivial realization of our conjecture that the relevant characters can be
viewed as characters of a 2d chiral algebra.

7.4 (Al, A2n+1) AD theories

The models (A, Aap+1) have a U(1) flavor symmetry, enhanced to SU(2) for n =1, and a
Coulomb branch of dimension n. The monodromy traces are function of ¢ and the flavor
fugacity y.

Trace of M(q)~!. The minimal chamber expression for the trace of the inverse mon-
odromy of the (A1, Agy+3) model, as a function of ¢ and the flavor fugacity y, is given by

TeM(g) ' =D y" M)\ = (938 Yy

MEZ mEZ
Z q(Zi ki(kip1—lip1+l+1)+3, (L +1)) /2 ] 5 5 (7.34)
x kaj_1,025—1+|m| Ckaj,lo;
ky,-kopi1>0 Hl(q)kz (q)fi j=1

215 4120

20Tn fact, at least conjecturally, their results are expected to describe the chiral algebra of all NV = 2
models of the class (Ax, G), with G a simply laced Lie algebra. The relation level/rank in their theorem is
the same one as in the monodromy trace case, see [6].
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(where we used the convention kaj12 = f2,42 = 0). The multiple sum in the second line
of the r.h.s. may be evaluated analytically, see appendix D.4. The coefficient M (q)%b) of
3™ has the form

Im|
q (2n+1)€(f+m-+1)
e 24 a([ml)e, (7.35)
(@)oo (@™ Moo =7

where the Bailey coefficients a(|m|)y are given by finite sums, see appendix D.4 for explicit

M(q)5) =

formulae and alternative expressions.

Trace of M(q). The argument in section9.8.1 of [6] yields for the trace Tr M(q) of the
(A1, Aapt1) model, seen as a function of ¢ and vy,

Tr M(q 4n+1 Zyk (/2 Z .

) kez lez2n

1-Conl/2—k>,(—1);
(q)IQn

, (7.36)

with Cy, the Cartan matrix of As,. Each sum in the large parenthesis belongs to the
Nahm class for the pair of graphs (71, A2,). For k = 0,1 these sums have been evaluated
in [59] (see their Theorem 2.3). The effective central charge is then

2(3n% +5n+1)
C(A1,Aont1) = n+2 )

(7.37)

in agreement with section 6.5.

As before, the chiral algebra A; for the (A1, Aap+1) model is generated by the upper
triangular S/I\J(2n + 1) currents at level 1. Moreover, according to Fortin et al. [60] this is
given by the character of §1\>(2n) at level 1.

7.4.1 The special (A1, A3) model

The model (A1, As) is special in three (not unrelated) respects. First the Abelian flavor
symmetry U(1) in this case enhances to SU(2). Second, since su(4) ~ so0(4) this model is
equivalent to (Aj, D3) AD, and hence enjoys the special properties which single out the
type D Argyres-Douglas models from their type A, E brothers. Third, it the H; model in
the sequence of SCF'T with one-dimensional Coulomb branch and maximal flavor symmetry
compatible with the dimension A of the Coulomb branch field. Hence, as discussed inn
section 6.4, it has a c-saturating BPS chamber which implies the formula

O(y,q)
(q)82¢”’

for some theta-function ©(y,q) function. The 4d SCFT central charge for this model is

Tr M(q) =

(7.38)

¢ = 1/2. Let us show that the prediction (7.38) is correct. The simplest way is to use the
identity
02402— —l1ly la—Ly

- 3

Wite  @alde
7.39
= qg =z = qa z,
k=—o0 £1=max{0,—k} (q)él (q>€1+k (Q)oo k=—o0
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where in the first equality we wrote ¢ = ¢1 + k and in the second one we used Cauchy’s
identity. Indeed, from eq. (7.36) withn =1

Tr M(q PR Zyk Mo ®1(q % q

oo kEZ OO kez?

k-Ca-k/2 kl (740)

ie. we get (7.38) with O(y,q) the following one-parameter specialization of the SU(3)

theta-function
O(y, 6]) = Osu(3)(y,0,9)

where Oy (51, 12,9) = > ¢¥ PR 2yl y (741)
keZ?

7.5 (Al, D2n+1) AD theories

The Argyres-Douglas models (A, Day,+1) have a SU(2) flavor symmetry with level k =
8n/(2n + 1); its conformal central charge is ¢ = n/2. The corresponding 2d quantities,
cad = —12c¢ and ko = —k/2 then satisfy the SU(2) Sugawara bound (6.56). The model
has a c-saturating BPS chamber.

Trace of M(q)~!. The traces of the inverse monodromy for the (A1, Do, +1) AD models
have been studied in [9] where they were found to agree with the vacuum character of
S/U\(2) at level —4n/(2n+1) as expected from the arguments of [8] in view of the Sugawara
saturation of cyg. Then

- ! i (2n4+1)m(m+1)/2 Z2m+1 _ —(2m+1)
(@)oo (120) o0 (y2q) 00 2= 1

m=0
Trace of M(q). Since these models saturate the two-dimensional SU(2) Sugawara

Tr M(q)~"

(7.42)

z— 21

bound, one expects that, as a function of ¢ and the flavor fugacity z,

O(z,9)
(q)d2

for some theta function ®. We check this prediction and identify ® which turns out to

Tr M(q) = (7.43)

the a one-parameter specialization of the theta-function for the SU(2n + 1) root lattice.
Following section 9.8.1 of [6], for all (A D,) models we choose the quiver @ in the form

1

/
.

2

r —r—1 r—29 3 (7.44)

Then in the minimal chamber we have (setting ©(z) =, ., 2 (—2)k)

1

M(q) = W (7.45)

X O(Xey30) (0" Xey ) o0 (02 Xy ten—es)oo (—02 Xy —e5) oo (02 Xy —eg ) oo X
X @(X63) (q1/2X63—e4)oo@(Xe4)(_q1/2Xe4—es)oo o (_ql/QXer_l—er)oo@(Xer)-
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r—1

Figure 4. The bi-graph of the ideal triangulation of the punctured disk with r marks on the
boundary having a self-folded triangle inside an internal 2-gon.

The Dynkin quiver (7.44) is the incidence quiver of an ideal triangulation of the punctured
disk with » marks with a self-folded triangle inside a 2-gon having a side on the bound-
ary [52]. Flipping the internal arc of the 2-gon we get an equivalent quiver whose Dynkin
bi-graph is represented in figure 4. We recall that a Dynkin bi-graph encodes a generalized
Cartan matrix A;;: along the main diagonal one sets A;; = 2, while for i # j

A;; = #{dashed edges between i and j} — #{solid edges between i and j}, (7.46)

The Tits form of a bi-graph is the quadratic form Q(m) =m - A-m/2. See [45] for the
physical properties of the Tits forms arising from A" = 2 BPS quivers. For the bi-graph in
figure 4 we have

1 1
QQ( =m,._ 1+Z —my— 1 —|—§(m3—m0—2m1)2+§(m3—m0—2m2)2+m3, (7.47)

The Z-equivalence class of the Tits form is a mutation-invariant [45]; hence the quadratic
form Q(m) is Z-equivalent to the standard Tits form of D,. In particular it is positive
definite.

Now we specialize to the odd rank case, r = 2n + 1 (see below for r even). Expand-
ing (7.45) in the basis of T¢g and taking the trace one finds

Tr M(q) 4n+1 quQZ Z

°° keZ mo,mi, - ,m2p >0

qQ(m)+k(m2—m1)
(@)m

(7.48)

The sum inside the large parenthesis is a Nahm series [49] for the positive definite ‘flipped’

quadratic form Q(m), eq. (7.47). More generally, we may consider the Nahm sum?!

qQ(m) MM

O(x;q) = Z @ (7.49)
mo,mi, - ,M2n >0 @Jm
Eq. (7.48) may then be written in the form
T M(9) = - ST d A a(gr ). (7.50)

°° keZ

*'Here and below we use the compact notation (q)m = H:;Ol (Q)m,; -
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The fact that for the (Aj, Dop+1) model the 2d central charge coq is saturated by
the Sugawara value for its SU(2) current algebra, eq. (6.56), strongly suggests that the
following magical identity holds

1 Co_1-
O(iq) = —57 > qFrR gk (7.51)
(Q)OO kGZQn_l

where Cy,_; is Cartan matrix of As,_1. In other words, (¢)22 ! ®(z;q) is just a one-
parameter specialization of the SU(2n) theta-function. Thus

1 1
Tr M(q) = Z 2o gt +k-Con1-k/2—kok1 — Z 1 g Canke/2 (7.52)

6n 6n
(q)oo kez2n (q)oo kcz.2n

in agreement with the physical expectation in eq. (7.43), where now we see that © is the
one-parameter specialization of the SU(2n + 1) theta-function in the r.h.s. of (7.52).

—

Specialized to z = 1, Tr M(q) is (q)52" times the vacuum character of SU(2n + 1)1,

while the CNV trace
dz

M| = 7{ ST M(g), (7.53)

is (q);O(QnH) times the vacuum character of S/I\J(Qn)l.

The magical identity (7.51), as well as its counterpart for (Ay, D,) with r even (cfr.
eq. (7.59)), originally motivated by the Sugawara saturation and its implications for the
monodromy M (q), has recently been proved by O. Warnaar [61].22

7.6 (A, D3,) AD theories

These Argyres-Douglas models have SU(2) x U(1) flavor symmetry for n > 2, which is
further enhanced to SU(2) x SU(2) for n = 1 and to SU(3) for n = 2 [52]. Then SCFT
charges are

c=Bn—-2)/6, and k=2(2n-1)/n. (7.54)

The corresponding 2d quantities coy = —12¢ and koy = —k/2 saturates the Sugawara
conditions for all®? n > 2

(21) 3

n

+1=—-6n+4=cy. (7.55)

Note that the +1 in the above formula comes from the central charge of the chiral algebra
of the current associate to the U(1) global symmetry. Correspondingly, we expect

O(u,v;q)
(q)82¢

for the theta-function ©(u,v;q) of some positive-definite lattice A,,, specialized to two
parameters i.e. the SU(2) fugacity v and U(1) fugacity u. Below we shall show that this
prediction is correct, and identify the lattice A,, and the precise two variable specialization.

Tr M(q) = (7.56)

22We thank Ole Warnaar for communicating his proof to us.
23 Also for n = 1, taking into account that the quoted value of k refers to the diagonal SU(2) subgroup.
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Traces of M(q)~1. These traces were studied in [9] and shown to match the conjectural
Schur index for these Argyres-Douglas models [62, 63]. We refer the reader to those papers
for further details.

Traces of M(q). Setting r = 2n in eq. (7.45), and computing the trace, eq. (7.48) gets

replaced by
1

TeM(q) = —5 > uFo! D8 o (g g7 ), (7.57)
(@)™ 1527
where ®(w, z;¢q) is the following Nahm sum for the Tits form Q(m) of the bi-graph in
figure 4 (with r = 2n)
gQ(m)

D(w,z;q) = Z W WM —m2 matmet2mo+2 Z?;;(—l)jmj (7.58)
m

mo,mi, - ,map—1>0

The even rank counterpart to the magic identity (7.51) is the following identity

<I>(w, 2 Q) _ 1 Z qm~Czn—2~m/2 wmMTm2 mitmat2 ijs(—l)jmj (7'59)

(q)ggiZ m622n72

where Oy, 5 is the Cartan matrix of A, 5. In other words, (q)??2 ®(w, z;q) is a two-
variable specialization of the theta function for the SU(2n—1) root lattice. Also this second
magic identity is now a proven mathematical theorem [61].

In conclusion, we get (7.56) with

@(U7'l); q) — Z qm~an,2-m/2+k2+(2n—1)€2+k(m2—m1)—€{m1+m2+2 ZjZS(_I)jmj} uk ,U@.

(k,£;m)ez?n
(7.60)

from which we read the lattice A,. In particular we note that

d
?{ v O (u,v; q) = theta-function for the SU(2n — 1) lattice
2miv (7.61)

dud
?{ (2?% O(u, v; q) = theta-function for the SU(2n — 2) lattice.
T

8 Concluding remarks

In this paper we have shown that an integer sequence of specializations of the 4d super-
conformal index for N’ = 2 theories has interesting connections to 2d chiral algebras, and
moreover the characters of this algebra are captured by the traces of the powers of KS
monodromy operator.

There are many things that can be done to extend the present work. The most im-
portant unanswered question is whether there always is a canonical unambiguous meaning
to the trace of the powers of the monodromy operator. Moreover it would be nice to make
the corresponding 2d theory more physical. There is a sense in which we have succeeded
in doing this: namely there is a closely related family of 2d CFT’s whose characters give
the same integrand as the ones we get in chiral algebras. Namely the 2d theories obtained
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by %U(l)r twisted KK reduction of the 4d theory. It would be interesting to explore the
connections between these two dual perspectives.

Finally, and perhaps most importantly, we have conjectured the existence of an algebra
for all N, but we only have circumstantial evidence for their existence (except for N = —1).
It would be important to come up with an a priori definition of these algebras in general.
A starting point for this is to show their existence in Lagrangian theories. For this class
we managed to prove that in the extreme weak limit, there is a chiral algebra realizing the
character.
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A Partial topological twisting and effective 2d central charges

Let us put 4d N = 2 theory on a Riemann surface C, of genus g and take the small volume
limit to get an effective 2d theory. In order to preserve any supersymmetry, we need
to perform topological twisting along C, [24, 25]. The symmetry group of the 4d N = 2
superconformal theory includes SU(2); xSU(2)2xSU(2) g x U(1),, where SU(2); xSU(2)2 =
SO(4) is the (Euclidean) Lorentz group and SU(2) g x U(1), is the R-symmetry group. Upon
dimensional reduction, the symmetry group becomes SO(2)g x SO(2)¢ x SU(2)g x U(1),,
where SO(2)g and SO(2)¢ are the Lorentz group along the R? and Cy respectively.

There are two linearly independent choices of twisting. We can twist with either
U(1), or SU(2)g. If we twist by U(1),, we get N' = (0,4) SUSY in two-dimension since
QL. 0Q%,Q,Q? are preserved in 2d. Note that they all have charge —% under SO(2)g.
If we twist with SU(2)g, the conserved supercharges are Q! , Qi, Q}r, Q2% so that we get
N = (2,2). See the table 2. Also, if we choose to do more general twisting by considering
a linear combination of the two, we get A" = (0,2) SUSY in 2d.**

24(Closely related twisting in the context of M5-branes wrapped on 4-cycles has been also considered
in [64-66].
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D 0
Q [U(W)r U()e[SUER)R U, [Um?” u@mE?
1 1 1 1 1 1
Qi =z —3| 3 3 3 0
S 1 1 1 1
+ 2 2 2 2 2
2 1 1 1 1 1
Q| -3 —2| 2 3 |z-a —a
2 1 1 1 1 1
o3 3 | 3 3 | 3—a 1-a
31 1 1 1 1 1
Q| -2 2 3 T2 | a3 a
31 1 1 1 1 1
+ 2 2| 3 —z|ae-3 a-l
2 1 1 1 1 1
Q-3 3| 3 —3| ~3 0
5| 1 1| _1 _1| _1 1
+ 2 2 2 2 2

Table 2. Supercharges of the d = 4, N' = 2 supersymmetry upon twisting. Here U(l)gb) = aR+br
with a + b = 1, and U(1)g is the 2d Lorentz group, and U(1)¢ is the Lorentz group on C before
twisting. We see that for general twisting, only 2 supercharges Q1 , Q2 are preserved, which are
both right-moving.

A.1 Twisting of the free theory?’

Let us consider the effect of twisting for the free hypermultiplet and vector multiplet.
Aspects of this twisting has been already discussed in [26], and what we do here is simply
to consider a linear combination of the two twists U(1), and SU(2)xg.

One can consider a linear combination of the SU(2) g twist and U(1), twist,

c@? = C 4+ aR + br, (A1)

which yields N' = (0,2) theory. When (a,b) = (1,0), we get N' = (2,2) theory and for
(a,b) = (0,1) we get N'=(0,4) theory. We also need to have a + b = 1.

Upon the general twisting of a hypermultiplet, we get the charges as in the table 3.
We see that (¢, ) and (G,14) form N = (0,2) chiral multiplets, and become sections of
K %, where K is the canonical bundle over the Riemann surface C,. Also, we get Fermi
multiplets from (") and (4! ), which are sections of K'~%. We expect that the twisted
Lorentz group on the Riemann surface U(l)éa’b) becomes a global symmetry of the 2d
theory, and U(l)g’b) to become R-symmetry of the theory.

For the case of vector multiplet, we get an ' = (0, 2) vector from (A, ;, A_), and chiral
multiplets from (A, -, Ay) in the section I'(Cy, K'). Also, we get another chiral multiplets
from (¢, A_) in T'(C,, K?) and Fermi multiplets from (Al) in I'(Cy, K*). We summarize this
in the table 5.

We see that when a = 1,b =0, (U, ®) forms an N = (2, 2) vector multiplet and (X, ©)
forms an N = (2,2) chiral multiplet in the adjoint representation, and (Q,T) and (Q,T)
form N = (2,2) chiral multiplets in the conjugate representations. When a = 0,b = 1,
(U,0), (2,®) form N = (0,4) vector, twisted hypermultiplet respectively. Also, (Q,Q)

forms an hypermultiplet.

Z5We thank Vasilis Stylianou for the discussions and sharing his note related to this section.
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U(1)p U(1)e|SU@)R U, [UMEY Un)E?
ve| £3 x5 | 0 -5 | S (551D
£ F | 0o 1| 5 (-g1-9)
Yl 23 #3201 3 (-41-9
di| 5 E3 | 0 -5 P (551
q| O 0 3 0 3 5
gl 0o 0| -3 0| -3 =
g'| 0 0 | -5 0 -3 -5
il o o0 3 0 3 3

Table 3. Twisting hypermultiplets with both SU(2)z and U(1)...

U U [SU@)R U, JU@E” U
A,5(1,-1,0,0) (0,0,1,-1)| 0 0 0  (0,0,1,—1)
e N I RS
At +3 +1 —1 : 3—a (1-a,—a)
I e L
e I e B

0] 0 0 0 1 1—-a 1—a
ot 0 0 0 1] a-1 a—1

superfield | components | SU(2)g  U(1), U(l)g(;b) U(1)g | multiplicity |C,=P!
vector U | (A i, A-) | (0,3)  (0,3) 0 0 | rc,0)=1

chiral ¥ | (A_,AL) | (0,-3) (0,-3) 0 0 |hCc,K)=g| 0
chiral ® (0, 4) [ (0,=3) (L,Y) | 2—2a 2-2a| hCyK®) | 2a—1
Fermi © (A) -1 1 26—1 1-2a| RhC,K®) | 2b—1
chiral Q | (q,%y) (3,00 (0,-3)| 1-0 oY h(Cy, K2) b
chiral @ | (G.9+) | (300 (0,=3)| 1—=b  a | B'CyK?) b
Fermi I’ (1/)T_) 0 : l—a 1-—a|hCHK'"2)| a—1
Fermi I (W) 0 : l—a 1—a|hCH,K'"3)| a—1

Table 5. Summary of general N' = (0,2) twist of 4d N/ = 2 multiplets. Ry = 2(aR + br),
R=2(aR+ fr)witha+b=1,a+ =1
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The Riemann-Roch theorem for C, tells us that
h(Cq, K*) — h°(Cg, K1) = (2a — 1)(g — 1), (A.2)

from the fact that the degree of K is 2¢g — 2. This can be used to determine the number of
each multiplets in 2d. Especially, when a = 1, this is nothing but Poincare duality between
1-forms and vectors. When a > 1,g > 1, we have h?(C,, K17%) = 0. Hence we have

ho(Cy, K*) = (2a — 1)(g — 1) (a>1,g>1). (A.3)

For the case of g = 0, we have h°(P!,O(n)) = n + 1 for n > 0, and 0 for otherwise. Since
Kp1 = O(—2), we have

ROPL K = (P O(—2a) =1—-2a=2b—1  (a<0,b>1). (A.4)

Generally, one cannot choose a or b to be half-integer because there is no square root of
the spinor bundle. But, we can further twist the hypermultiplet by U(1) baryonic symmetry
to split @ and Q or I and T'. This makes the table effectively correct with half integers by
picking up only one of the chiral or Fermi multiplets between the pair.

A.2 Central charge of the 2d effective theory

The central charge of the 2d N/ = (0,2) gauge theory can be computed easily from the t
Hooft anomalies of the R-symmetry as

cr = 3Try3R?, cp —cr = Try3 . (A.5)

Once we know the effective number of 4d hypermultiplets and vector multiplets, we can
compute the central charges of the 2d theory using the above formula and the table 5.
Now, for the twist parameter N = —2b = 2 — 2a, we get

cr = 3nu((2a — 1)*(2a — 1) — 1) + 6np,(1 — @)*(1 —a),

cr, = cg—2(a—1)(ny —np),

>
J 2

where we have not specified the R-charge « of the chiral multiplet Q,Q yet. If we pick
a = 0, we get a central charge for the CF'T on the Higgs branch of the theory. If we pick
a = 1, we set the chiral adjoint ® to have R-charge 0, therefore we are looking at a CFT
on the Coulomb branch. For a = 0, we get

& =-2N(np—nu),  ch=-3N(ny—n), (A.8)

and for a = 1, we get

¢t = N(n, +2n,),  ch=3Nn,. (A.9)
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Argyres-Douglas theories. The 4d central charge (a,c) of the generalized Argyres-
Douglas theory of type (Ag_1,An—1) is given as [22, 67, 68]

Ry(k,n) Rp(k,n) N 5Tk n

p— A.l
alkyn) = AL 4 SOOI S (A.10)
c(k,n) = Bp(kn) D , (A.11)
3 6
where
il ik — 1
i=m+2+|j(I-1)/k]
Rp(k,n) = F= D= Lnk (A.13)

4(n + k) ’

with n = km + j and r(k,n) being the dimension of the Coulomb branch of the theory.
When k and n are coprime, the central charges are given by

(n—1)(k —1)(4kn + 4n + 4k — 1)

a(k,n) = 1800+ F) , (A.14)
_ (n=1)(k—-1)(nk+k+n)
c(k,n) = 20n + 1) . (A.15)

We can covariantize the above expression by writing hél =n, héQ = kand k—1 = rank(Gy)
and n — 1 = rank(G2). From this, we can extract the effective number of hypermultiplets
and vector multiplets by using

np, = 4(2a — ¢), ny = 4(be — 4a) . (A.16)

From this data, we can compute the effective 2d central charge via (A.8), (A.9). When
k and n are coprime, we find

—N(k—-1)(n—-1) —3N((k—-1)(n—1)
0 0
‘L n+k ’ R 2(n+k) ’ ( )
and
1 N(k—1)(n—1)(nk+n+k) 1 N(k—=1)(n—1)(2nk+2n+ 2k — 1)
Cr, = s Cr = .
n+k 2(n+k)
(A.18)
Here we tabulate a number of examples in table 6. We find when N = —1, clL coincide
with the central charge of the chiral algebra of [8].
B Superconformal index for Lagrangian theories
The 4d superconformal index is evaluated by a trace formula,
I(wi) = Tr(=1)FeriTie™, § =2{Q,Q"}, (B.1)
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theory a c np, Ty cOL cOR ci c}%
(Ay, A9) | 43/120 11/30 | 8/5 7/5 | —2N/5 —3N/5| 22N/5 21N/5
(A1, As) | 11/24 1/2 8/3 5/3 —2N —3N 6N 5N
(A1, Aq) | 67/84 17/21 | 24/7 22/7 | —AN/7 —6N/7 | 68N/7 66N/7
(A1, A5) | 11/12  23/24 | 9/2 7/2 —2N —3N 23N/2  21N/2
(Ag,A2) | T7/12 2/3 4 2 —4N  —=3N/5 SN 21N/5
(Ag, A3) | 75/56 19/14 | 40/7 37/7 | —=6N/7 —3N | 114N/7 5N

Table 6. 4d/2d central charges for Argyres-Douglas theories. Here (¢9,c%) = (2(ny, —ny), 3(ny —
ny)) and (c},ck) = (ny + 2n,, —3n,). For the N-twist corresponding to the TrM” | multiply the
expression by —N.

Q | SU(2); | SU(2)2 | SU2)r | U(1), J Commuting ds
Q- | —3 0 1 Lol =A=-21 —2R—7 | bay, b1, O
Qi 3 0 . Lo =A+20 2R~ | b, 011, Oy-
Q| -1 0 -1 L6 =A =21 +2R—7 | b1y, Oy, Oy
Qot 3 0 -1 Lo 6 =A+2j1 +2R—7 | 61-, Oy, Oy
Q- | 0 -1 Lol ol 18 = A2y —2R+7 | 81, O1r, 61
Q.| o0 : : L 16 = A2 2R+ | by, b1p, G
Q,- 0 -1 -1 L 10y = A2+ 2R+7 | 11, Gop, O
Qi | O 1 Ll L = A+2+ 2R+ | 6, Ga, bo

Table 7. For each supercharge Q, we list its quantum numbers, the associated § = 2 {Q, Q'}, and
the other ds commuting with it. Here I = 1,2 are SU(2) g indices and o = +, & = £ Lorentz indices.
A is the conformal dimension, (j1,j2) the Cartan generators of the SU(2); ® SU(2)2 isometry group,
and (R, ), the Cartan generators of the SU(2)g ® U(1), R-symmetry group.

where Q is the supercharge “with respect to which” the index is calculated and {7;} a
complete set of generators that commute with Q and with each other.

For 4d N' = 2 superconformal algebra SU(2,2|2), the commuting subalgebra with a
single supercharge is SU(1,1|2), which has rank three, so the A/ = 2 index depends on
three superconformal fugacities together with flavor fugacities. Table 7 summarizes the
superconformal generators commuting with each Q.

We use supercharge Q1_ to define the index and write it as

L . N
Z(p,o,7) = Tr(—l)Fp551 U%‘S“T%‘;He_ﬁél*, (B.2)

or in another parametrization,
I(p, q.t) = Te(—1)F phFotrghtiatrior o =poi- (B.3)
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Letters Alji| jo | R| 7 | Z(pg,t)
¢ 1/0[0 0| 1| pgt
s 130 [a]3]
Ar 510 *+3|5] 35| 0P
Fiy 211 0 0 0 Pq
0pMy 40 M-=015 5|0 5|35 | »g
q 1jolo |20 Vit
Y+ 513 00| 5 | —pa/Vi
0,1 1 % :I:% 0] 0 q, p

Table 8. Contributions to the index from “single letters”. We denote by (¢, @, A\1.a, A1 a, Fas, FdB)
the components of the adjoint AN/ = 2 vector multiplet, by (¢, q,%a,%s) the components of the
N =1 chiral multiplet, and by 0.4 the spacetime derivatives.

and the fugacities satisfy
pl<1, lgl <1, [t|<1, |z]=1, \%\ <1. (B.4)
Only states satisfying
h-=A-251—2R—r=0, (B.5)

contribute to the index.?
Contribution to the index from “single letters” inside A/ = 2 hyper-multiplet and
vector multiplet is summarized in table 8. The single letter index for each multiplet is

vi- G
-pl-q)°
2 _¢

p q t
O S Pl g T (B.7)

From the single letter index, we obtain partition function by taking so-called the Plethystic

F2tl(p,q.t) = (B.6)

exponential, defined as
1

z = (1—z)n’
where n is an integer and x is a fugacity appear in the index. The index after taking the

PE [nz] (B.8)

plethystic exponent (with respect to all the fugacities) is

[o.@]
1_ wi— m~+1, n+1
I"(p,q,t;a) = PE [f%H@,q,t)ZaWI 11 I = ”’ ") (BY)
weR pata WERMN=0 l—awt2p q")

for the hypermultiplet and

o0

SO m+1 a, m+1 1 —tp™q"z®
I p7Q7t72 H H - )(1 —2q ) H 1— t_lpm+lqn+1za ) (Blo)

aceA m=0 m,n=0

260ur definition is slightly different from the definition given in [15], where they define the index with
respect to Q; -, but agrees with the one given in [8].
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for the vector multiplet. Here we introduced the flavor fugacity a for the hypermultiplet,

and gauge fugacity z for the vector multiplet. Here w € R denotes weights of the repre-

sentation R and A is the set of all roots (including the Cartans) of the gauge group. z¢ is
T (677

a short-hand notation for z* = [[;_, z;"*. For example, when the gauge group is SU(2), 2*

can be 22,272, 1.

C The tool box for monodromy traces

There are various techniques to compute the {Tr M(q)V}. We quickly review some of
them.

C.1 g-hypergeometric series

This technique [6] works for models having a finite BPS chamber i.e. a chamber whose
BPS spectrum consists of just h < oo hypermultiplets, so that the KS product M (q)"
contains finitely many factors (¢*/ 2Xv? q)oo- In this case the most obvious technique is to
expand each BPS factor in the basis {X,} er of the quantum torus algebra T using the
two Euler’s sums

_ +gl/2yn
(24X 0) ) = ko d ) X, (C.1)
= (@
1" n2/2
(+£¢"2X,; ) _ = Z MXM. (C.2)

Multiply all these factors with the rule (6.2), we get a (formal) expression of the form

MY =" u(N; ), X, (C.3)

vyerl’

for certain coefficient functions {{1(N; ) }er which are given by multiple g-hypergeometric

sums of the general form?’

1 o, qniAijnj/Q—l—Bini/Q

o0
ni€N2HIN]

where:

e ; is the charge of the i-th state in the ordered KS product which (by PCT) satisfy

Yirh ==  i=1,2,...,2h|N|; (C.5)

e 5(7,7) is the Kronecker delta in the charge lattice T';

2THere and below, by N we mean the set of non-negative integers, including zero.
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e A (resp. B) is a certain integral quadratic (resp. linear) form which often has a nice
interpretation in terms of Cartan matrices (see [6]). Explicitly?®

2hN
N>0: Aijnmj = z TLZQ + Z <’7¢,’}/j> ning, B, =0
' 1<i<j<2hN (C.6)
N <O0: Aijnmj = Z <’7¢,’)/j> ning, Bin; = ZTLZ
1<i<j<2h|N|

e the ¢; = 0,1 are related to the quadratic refinement; one has €;1;, = ¢;.

The Kontsevitch-Soibelman formula says that the functions {{(N; ¢),} are invariant under
all deformations of the N/ = 2 central charge Z provided no BPS state phase crosses the
reference ray (which we fix on the positive real axis). Since M(q)¥*t™ = M(¢)V - M(¢)M,

PN+ M;q)y = ¢ u(N;q)yos p(M;q)5,  M,N € Z, (C.7)
oer

so, in principle, we can compute all monodromy traces {Tr./\/l(q)N }Nez using only the
coefficient functions p(£1;q)s.
The trace on the quantum torus algebra T is defined by the rule

T X, = {yﬁ, ~ is a flavor charge (C.8)

0 otherwise.

We recall that a charge v is a flavor charge iff it belongs to the radical of the Dirac form,
ie. (y,v) =0 for all v € I'. The flavor charges form a sublattice I'y C I" of the charge
lattice. Let {es} be a set of generators of the lattice I and let {¢, = ¢ases} be a set of
generators of the flavor sublattice I'y C I'; as a matter of notation, given the flavor charge
Y=Y, Napa We write y, = [], yoe, where y, is the fugacity of the a-th flavor charge ¢,.
Then, for all elements v = mses € I', we have (here f = rankI'y = rankI' — 2r)

d S Ms—RaPas a
T X, = Z (7,2 k’a%) Hyaa_ Z /H(mx%% ka® >Hy§
P ko7 a

From (C.3), (C.8) the monodromy traces, as functions of ¢ and the flavor fugacities y,, are

Tr M(g)N = Y u(Niq)s vg, (C.10)
¢€T;

or, more explicitly,

. q(nlA,JnJ+B in;)/2 d.il?s ket
QT.N Z Hyaa Z _1)6177»1 /H (27‘_21‘ 7;1"/15 a as>’ (Cll)
S

)5 ko€Zf a  p;eN2hIN|

where v; = vises (7is € Z) is the charge vector of the i-th hypermultiplet.

28The ordering of the y; for N > 0 and N < 0 are inverse of each other, so the off-diagonal entries of A
differ in sign in the two cases.

71—



Although this way of defining the monodromy traces is straightforward, and in many
examples it leads to nice expressions [6], it is far from being fully satisfactory. The g¢-
hypergeometric sums are seldom absolutely convergent, and even when they are one would
like to have expressions which are easier to handle. When the series is not convergent,
one would like to have a controlled regularization procedure. This suggests replacing sums
with integrals.

C.2 The Moyal approach and Hardy norms

Although it is not necessary, for simplicity we shall assume our N = 2 theory has a
BPS quiver description [39]; we fix a quiver ) in the mutation class and write B, for its
exchange matrix and e; for the dimension vector which is 1 on the s-th node of @ and
zero elsewhere. To @ there is associated the quantum torus algebra T¢g with commutation
relations X, X, = ¢%*X., X.,. The quantum torus algebra T¢ is isomorphic to the
algebra of functions on the corresponding classical torus endowed with the Moyal product
x defined by the 2-vector Bis. It is more convenient to use the equivalent description as
the space of holomorphic functions on the complexified classical torus Ty (endowed with
the holomorphic Moyal product). Then

(quantum torus algebra) <— (holomorphic functions on Ty with * product)  (C.12)

To the s-th node of the quiver @) we attach a C* variable ug, the s-th simple fugacity. The
{us} form a global coordinate system on the torus Tg. To the charge v = )" nges we
associate the function w, = [[,ul* called the fugacity of v. If v is a flavor charge, the
corresponding function is called a flavor fugacity; in this case, to avoid confusion, we replace
the symbol u., with y,. In the basis {X,} of Tg the correspondence (C.12) simply reads

X, ¢ . (C.13)

In particular, under (C.12) the operator M(q)" is mapped to the holomorphic function

N factors
()™ = 37 (N5 @) 1wy = () 5 pa(ae) 5 -5 pu(a) (C.14)
~yel
The trace is then defined as the integral on the quotient of the real torus |us| = 1 by

its flavor subtorus with respect to the normalized Haar measure, i.e. we integrate the
non-flavor fugacities along the unit circle at fixed values of the flavor fugacities y,.

The function u(u) is often easier to handle than the corresponding ¢-hypergeometric
sum. u(u) satisfies a set of functional equations, which may be used to determine it without
bothering to give a precise sense to the poorly convergent g-series. The most basic function
is the one associated via (C.12) to the half-plane KS product: given a N/ = 2 model, a
choice of quiver @), and a BPS chamber (not necessarily finite) we define its Moyal function

K(us | q) (C.15)
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to be the holomorphic function on T which corresponds under (C.12) to the inverse KS
product associated to the upper half-plane

)

— —(—1 2s
E'=@L, [I  (@"Px50 70 (C.16)
BPS states with
0<arg Z~n<m

where the normalization factor (¢)7, take into account the massless photons. Equivalently,
the product is taken over all stable representations of the quiver (). By definition, their
charges 7 belong to the positive cone I'y C I' (which is a strictly convex cone). Then K1
belongs to the positive part of the quantum torus algebra, ’]1‘5 = Span{X, } er,, and the
function x(us|¢q) contains only non-negative powers of the simple fugacities u;

K(uilg) = > kn,(q) []ut. (C.17)

ns>0

The KS wall-crossing formula states that s(us|q) is invariant under any change of the
central charge Z as long as we remain in the region of parameter space covered by the
given form of the quiver. The trace of the inverse monodromy is given by

TrM(Q)il T i dvy ’i(us | Q) ’i(l/us ’(J) (018)
circle

where the integral is over the non-flavor fugacities v, at fixed value of the flavor ones.
Tr M(q)~"! is a holomorphic function of ¢ and the flavor fugacities y,. Hence it is uniquely
determined by its restriction for ¢ real and y, on the unit circle. So restricted, Tr M(q)~*
becomes the H? norm of the holomorphic (in the non flavor fugacities vs’s) Moyal function &

_ 2
TeM(q)™" = [l6llz = | dor [5(vr, 50 | 9)] (C.19)
circle

Hence, if at a fixed value of ¢ and the flavor fugacities, the holomorphic function x belongs to
the Hardy space H?(D?") (D being the unit disk) Tr M(q) ! exists and integration term by
term in (C.19) is fully justified. It may happen that the radius of convergence in non-flavor
fugacity space is exactly 1. In this case the H? norm diverges but the integral on the slightly
smaller circles |v,| = e~ would converge, giving a way of regularizing the monodromy trace.

Example: pure SU(2). For SU(2) SYM the associated quantum cluster mutations [6]
may be seen as a functional equation for the basic Moyal function (u1,us |q)

1— ql/Qu1

C.20
1—QU1UQ ’%(ulau2|q)7 ( )

k(ui,ug|q) = K(ug,u1|q) and k(qui,uz|q) =

whose solution is essentially the inverse of the g-binomial coefficient

-1

K(u,uz | q) = (qlggljo)ifié;?f;lz)m = (1 —wug)™" [Z] , (C.21)

q
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where ¢® = quyus, ¢° = ¢~Y/?uy. Then, for pure SU(2)

. ) [|_ (e do | (ge""*)oc
T L= | 22— — C.22
I'M(q) / o ' (ql/Qew) / 21t ( 1/261¢)oo ( )
The internal integral is easily computed with the help of the ¢g-binomial theorem
do (6+¢) . .
/ o (( 1/zel¢)) = 201(¢"2e",¢"2e7, ¢, ;) =
9 (C.23)
(q1/2ei9)oo qn/2ein9
- (@)oo ; 1 — gnt1/2e—i0’
so that
Tr M(q Z gt (1,4, (C.24)
n>0
where (2, q) is Ramunajan’s partial theta function (see equation (D.3)).
C.3 The Moyal function of the operator M(q)™
Let A;; be a symmetric m x m matrix. We define the function?’
Ajingn; /2 nz .
g f Aijning /2 dw;
27 q VAU zZ: —_— =
Z n%%m HZOO (aifwi)™ 1:[ 2mi w; (Wi3 q)oo
(C.25)

ATt

ij Yty H dti
dmir | 4 (zi€%5 Q)00

and used Euler’s first sum and Poisson summation. In equa-

= (—2n7)"™/? (detA)l/Z/exp -

where we set ¢ = €27

tion (C.25) sums and integrals are convergent provided the matrix A;; is positive definite.
In facts, for |z;| < 1 the series converges absolutely under the milder condition that the
quadratic form A;;n;n; is weakly semi-positive.?’ For general A’s one should define fa(2;;q)
by analytic continuation e.g. by modifying in the last integral the integration contours from
the straight lines L; = iR + ¢; to suitable C;. Series and integrals of the general form in
equation (C.25) are familiar from the theory of integer partitions and the Thermodynami-
cal Bethe Ansatz (TBA). We shall refer to a g-series of the above form as a Nahm sum for
the quadratic form A;;; see [49] for a survey.

The Moyal functions corresponding in the sense of (C.12) to the KS products for the
BPS phase sectors 0 < 6 < 27N and its inverse are of this form with A as in equation (C.6)
(we allow N to be half-integral). More precisely,

1 1
Moyal function of M(q)" = O fA<(—1)€iqBi/2ui;q> N e iZ. (C.26)

*The integral in the first line is along circles of radius less than 1, |w;| < 1, while the one in the second
line is taken along straight lines L; parallel to the imaginary axis iR so that |z;e'| < 1.

30A quadratic form ¢: Z™ — Z is said to be weakly positive (resp. weakly semi-positive) if g(v) > 0 (resp.
g(v) > 0) for all v € N" v # 0.
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Unless the quadratic form A is weakly semi-positive, to define this Moyal function we need
a prescription such as a deformation of contours L; — C;. The correct contour prescription
should be dictated by the physical interpretation of M(q)" as a relative SCFT invariant.
We note that A may be weakly semi-positive only for N = £1/2 and in this case only if
the quiver is acyclic and the chamber is minimal.

Assuming a proper contour prescription exists, the monodromy trace is then

du,

21 Uy

TM@)Y = oy (D i) [T (c2n
(2)3 .

where z4(u,y) is the s-th simple fugacity written as a Laurent monomial in the flavor y,

and non-flavor u, fugacities. Alternatively, we may write the trace as the integral of the

absolute value (for N odd) or the square (for N even) of the Moyal function for M(q)"/2.

(This last expression has typically better convergence properties).

C.4 Asymptotic analysis of Tr M(q)™V: the effective central charge ceg

We may view the monodromy traces as powers series in ¢

> anly) " (C.28)

n>0

whose coefficients a,,(y) are Laurent polynomials in the flavor fugacities y, with integral
coefficients. Given a power series ), - a, ¢" one defines its effective central charge ceg as

3 . (logay)?
Ceff — ﬁ nhﬁngo T, (029)
or equivalently (setting ¢ = €>™7) via its 7 — 0 asymptotic behavior
n 271 Coff
Z anq" ~exp| — o +0(1) as 7 — 0. (C.30)
T

n>0

The name ‘effective central charge’ stems from the fact that, when the g-series (C.28) is a
conformal block of a (not necessarily unitary) 2d CFT, one has
Coff = ¢ — 24 min(h;) (C.31)
(2

with h;, ¢ the conformal weights and Virasoro central charge of the CFT; in particular,
for unitary CFTs, cegr = c¢. If there are flavor symmetries, from equation (C.29) we get a
function of the flavor fugacities, cef(yq); in this case, we define the effective central charge
Ceft as the value of this function at a (suitable) critical point 9y, ces(y) = 0.

To compute ce, we study the 7 — 0 asymptotics of the Moyal function fu(z;; ™)
adapting the standard TBA methods [49] to our situation. Since

1 .
—_—~ exp(—zm,T Lig(w) + O(l)) as 7 — 0, (C.32)
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the integral in the second line of equation (C.25) is

1 1 . t
/exp [_27Ti7' (Aij titj/2+ ;LIQ(%C )) +O(1)

As 7 — 0 this integral may be evaluated by saddle point. The saddle point condition is

dt. (C.33)

Ai_jltj —log(1 — z€') =0 (C.34)

i.e. setting U; = el
-1

A
U +2U; =1 (C.35)

Let U; = U;i(#;) be the solution. As 7 — 0 we have

fN(Zi; e27ri7) ~ exp [ Z (ng(zl UZ) + % log UZ log(l — Z Uz)) + 0(1) (036)

i

2miT

Plugging this asymptotic expression in equation (C.27), we see that the integrals in u, may
also be evaluated by saddle point in the 7 — 0 limit, so that ceg(y) is given by the value
of the exponent at a critical point with respect to the non-flavor fugacities at fixed values
of the flavor fugacities y. Then cqg is the value of the exponent extremized with respect to

all fugacities (flavor and non-flavor) zs = e¥s. In conclusion®!
6 1 ) v b at a critical point
Cof = 2rN + — | A tit;/2+ Y Lig(e?"s ") (C.37)
‘ 2 ( i zz: in the ¢;’s and vg’s.
At a critical point
Az_jltltj critical = Z(tl —|— 77;8’08) log(l _ e’yisvs+ti)’ (CSS)

point i
SO Cef is Written in terms of the Rogers dilogaritm L(z) = Lis(2) + 1 log(z)log(1 — z) as

2h|N|
Ceft = 2rN + — Z L(z;) where z; = €7i=Vstti at the critical point. (C.39)
v
i=1

Eq. (C.39) gives ceg as a critical value of a multi-valued function. On the appropriate
Riemann surface on which its analytic continuation is uni-valued there are infinitely many
critical points. We have to pick out the physically correct one. This is a solution to the
saddle point equations having all the symmetries of the physical problem. We have various
symmetries: first we have a Zy| replica symmetry (cfr. section...) which acts on the above
variables as t; — t; 5. Then in a Zy| symmetric critical points the ¢; depend on 7 only
mod 2h. Next we have the CPT symmetry which acts as ¢; — t;15 while v, = —;; the
symmetric condition is z; = eYisVs Tt = 2, ie. t; p = t; + 279;5vs. This symmetric ansatz

31The contribution 2N arises from the overall factor (q)2"".
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automatically solves the equations 9,,5(t;, vs) = 0 (S being the function in the parenthesis
of (C.37)). The bottom line is that we have

h
6
Cot = 2rN +2[N| ) — L(=), (C.40)
=1

where the z; are the solutions to the reduced Nahm equations

1

where the symmetric integral matrix C’ij]? is the first principal A x h minor of the 2h|N| x
2h|N| matrix 2A4;; which depends only on the sign + of N. One has
C;; =20 — Cif. (C.42)

ij

We stress that for |N| large the corresponding g-hypergeometric series (C.4) would
not converge and so our monodromy operator and traces are implicitly defined through a
suitable deformation of the integration contours C; consistent with the CPT symmetry (i.e.
Ci+n = C;). Then egs. (C.40), (C.41) give the physically correct cog independently of the
details of the precise contour prescription required to define ./\/l(q)N, provided only such a
prescription exists. Thus ceg is a robust invariant of the monodromy traces which does not
suffer ambiguities in its definition. However, from (C.40) we see that only the values of ceg
for N = +1 yield independent information.

Example 1: (G, A1) models with N > 0. In this case the equations (C.41) take the
form
22 = (1—2)% (C.43)

)

where C; the Cartan matrix of the simply-laced Lie algebra G. Writing z; = wj_C” , the
equations take the form
251‘3‘ 701‘ i 2

(C.44)
The equations (C.43) have a unique solution with 0 < z; < 1 which corresponds to the
vacuum character of the 2d coset CFT Go/U(1) [49, 51]. Then 6 >, L(z;)/n? is the central

charge of the G2/U(1) coset CFT, and

rG ha
=2N C.45
con =27+ 755 ), (C.15)
where rg, hg are the rank and the Coxeter number of the Lie algebra G (related to its
dimension by the Coxeter formula dim G = rg(hg+1)). Moreover, 2r is equal to rg minus
the multiplicity of hg/2 as an exponent of G.

Example 2: (G, A1) models with N < 0. In this case the equations (C.41) take the
form
22 = (1 — z)®iu—C%, (C.46)

7

26;;—Cij

Setting z; = —w; we get back the Nahm equations (C.44). For N < 0 we are

interested in a different solution of these equation; nevertheless we may find it using the
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same Lie theoretic methods as in the original case [49]. For instance, for G = Agy the
unique solution of these equations with 0 < z; < 1 is

= _sin[(j +2)m(k +1)/(2k + 3)] sinfjm(k +1)/(2k +3)] (C.47)

(sin[m(k +1)/(2k + 3)])

We recall the following special case of an identity by Kirillov [69]

48 & sin[(k + 2)m (€ + 1)/(20 + 3)] sin[kr (¢ + 1)/(2¢ + 3)]
> L (‘ sin?[w (¢ +1)/(20 + 3)] >

k=1 (C.48)
3(20 4 1)
=44+ —=—1
20+3
so that, for (Age, A1) and N <0
2|N|e
e 4
DYy (C.49)
The effective central charge of the (p,q) Virasoro minimal model is
Ceff(p,q) = c—minh 1 0 (C.50)
eff\P,qd) = C— rs — 1 — —. .
S8 pq

Taking p = 2 and ¢ = 2¢ + 3, we get the effective central charge (C.49) for N = —1.

Example 3: (G, G’) models with N > 0. Again we reduce the saddle point conditions
to systems of algebraic equations already studied in a related context by Nahm [49]. Using
his results, one obtains the following formula

TgT‘G/hG'hG/
=2N N — "= C.51
Coff TN e (C.51)

which has been checked explicitly for (G, As).

The general relation: N < 0 versus IN > 0. The relation between N > 0 and N <0
traces found in the (G, A1) example may be generalized to arbitrary N' = 2 models (having
a finite chamber). For simplicity, we write Cj; for C’,LT;- even if, in general, it is not a Cartan
matrix in the Kac sense. Then, writing

~Cis N >0
Z; = {w (C.52)

J
26:;—Ci;j
—w T N <0,

we end up for both signs with equation (C.44). Using that equation, we have
6 _Ci' 6 —92 6 —92
. ﬁZL(wj J):ﬁZL(l—wi )=h= 5> L
(]
252 - 2 6 -2
ST - S bt = n 5 bl
i

(C.53)
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where we used the two functional equations for the Rogers dilogarithm

2 2
T L(z) + Lz = —. (C.54)

Hence, as a function of the w;’s the central charge for N < 0 is given by minus the expres-

L(z)+ L(1—xz)=

sion valid for N > 0. However, the w;’s for N < 0 correspond to a different solution to
egs. (C.44) than the w;’s for N > 0. In other words, in the two cases the total set of saddle
points are the same, but switching the sign of the exponent we interchange the most domi-
nating point with the less dominating one. Now, assuming the N = 1 trace to correspond to
a unitary CFT character, the set of all saddle point values is given in terms of this 2d CFT as

{Cofi } an snaaie = {c — 24 h; mod 24 ’ hi the dimension of a Virasoro primary}  (C.55)

points

Then the sum of ceg for N = +1 and N = —1 is 24 times the dimension of an operator in
the 2d unitary CFT.

D Some g-hypergeometric identities

For the benefit of the reader, in this appendix we collect various identities we used in the
main body of the paper and sketch the proof of some of them.
D.1 Expansion of 1/0 in Ramanujan’s partial thetas

In section 4.3.1 we introduced a function =(z;¢) which differs from the inverse of a Jacobi
theta function only by an overall (q)3, factor

2l Y (92 _ (9
=) = (6722,9)0 (V2275 ¢) s O(—250) (D-1)

(here ©(2z;q) = >_,.c7 ¢"*/2z") and used the identity

E(zq) = Z 2™ (=g, ), (D-2)

meZ

where 1(z, q) is the Ramanujan partial theta function (see [70] section 6.4)

Z 2" gt/ (D.3)

(in a partial theta function the sum is over the non-negative integers rather than all integers
as in a complete theta function). We present two proofs of identity (D.2) since elsewhere
we use some of the intermediate identities of both proofs.

First proof. From Euler’s first sum one has

(m+n)/2 ,m—n

1
(@722 @)oo (q1/227 15 q) Z T — - Z Mgl Z (D-4)

m,n>0 n n>0 q n q n+|m|

The internal sums in the r.h.s. may be computed using the identity in Entry 6.3.1 of
Ramunjan’s lost notebook (see [70] p.115) specialized to @ = —1 and with b = —z:
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Entry 6.3.1. For all complex z

I S SN YR P et B
%(Q)n(zq;q)n (@)oo (243 @)oo E:O = Do G0 (D.5)

Then for all integers m one has

Q B 1 : = equation (D.
nZZ;) (@)n (Q)n+|m| B (¢ q)|m| nZZO (@)n (q|m|+1; Dn [by equation (D.5)]
_ v(=4d™, q) _ d(=q",q)
(@Doo (@ Dpny (@™ )oe (@3

(D.6)

Second proof. We recall Entry 12.2.2 of Ramanujan’s lost notebook (see [71] p.264)
which expresses Z(z, ¢q) as a bilateral Lambert series

k(k+1)/2
= — AV S
'—‘(Zﬂ(:I) - Z( 1) 1 7qu.+1/2' (D7)
keZ
The r.h.s. may be expanded as
k+1/2 -1 k+1/2
S [y 2
1— qu+1/2 1— 21 qk+1/2
k>0 (D.8)
_ Z . q|m|/2z 1)k gD /2 ik — Z 2 glml/2 gy~ gl ).
meZ k>0 meZ

D.2 Tr[M(gq)~! X,] for the (A1, A2) model

We wish to compute the line operator insertions in the inverse monodromy trace,
(Xy)N=—1 = Tr[M(q)~! X, ] with respect to the quiver orientation in figure 3. As ex-
plained in the main body of the paper, one has

M(q)_l = Z <X7m617n62>N=71 Xmel+n62~ (Dg)

mne’

Using the minimal chamber BPS spectrum

M(@) 7 = (0% (62X )5 (@ Xeyi )t (62X 05 ) (62X a)
(a+b+ctd)/2 D.10)
(2 q la(b—d)+beted /2 x (
(Q)oo Z (Q)Q(Q)b(Q)c(Q)dq (a—c)er+(b—d)e2

a,b,c,d>0

Comparing with equation (D.9) we have

(a+tbtetd)/2

Xy tnes)Ne—1 = (q)2 a lo(b—d)tbeted /25 5 (D1
Fnernelv=ct =@ D, (s G aedonp-d- (D-11)
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From this expression it is manifest that

<X—m61—neg>N:—1 — <X1’L€1+m62>N:—1 (D12)

so it suffices to consider three cases: i) m > 0, n <0, i) m,n > 0 and 4ii) m < 0, n > 0.
One finds

m=>0, n<0: <Xme1+nez>71 = q(m+\n\+|m|n)/2 Gm+\n|+1(Q) (D.13)

n—1 q£2+€(m—n+l)
m=>0, n>0: <Xme1+n62>71:q(m_n_mn)/2 Gm-n+1(q)— N (D.14)

= (D
) n-1 ql2+€(m—n+1)
m<0, n=>0: <Xm61+neg>—1:q(_|m|_n+|m|n)/ G*|m|fn+l<Q)_Z (9)e
=0
n—1n—b—1 b—n-41.
L m|(nt1) el 1D c(e1)/2-+clm|+b

q 1) ——————¢q D.15

2 2 UG, (D15)

so that in all cases we have
(Ximer+nes) N=—1 = q(m_n_mn)/2 Gm-n+1(q) + finite g-sum. (D.16)

Note that the r.h.s. of egs. (D.13), (D.14), (D.15) reduce to G1(q) = H(q) for m =n = 0.
The proofs of egs. (D.13), (D.14), (D.15) are long and tedious. We present only the
simplest one (D.13); the strategy of proof for the other two is similar.

Lemma. Consider the double q-hypergeometric sum
Kl ok,

" 2w

0B = : D.17

“ ) k§l>:0 (@ Ok (w; Ok (¢50)1 (2590 (D.17)
One has (0 |
0P1{—i YV q;wz

W %9) = 7 D.18

4 ) (w5 @)oo (25 ¢) oo (D.18)
where gp1(—; ¢; q; z) is the basic hypergeometric series [72]
n(n—l)zn

i) = 3 (! 19

5 (G 9n (G a)n

Note that the Rogers-Ramanujan functions Gy(q) may be written as

Ge(q) = 061(=;0;¢;¢"), (D.20)

so that whenever z = ¢/ /w (¢ € Z) the function g(w, z; q) is equal to the Rogers-Ramanujan
function Gy_1(g) up to the simple pre-factor (w;q)7t(¢*/w; )=t Eq. (D.13) is an imme-
diate consequence of the Lemma. Indeed, for m > 0 and n < 0, only the terms with
¢ =a+ m and b = d + |n| contribute to the sum (D.11) which then reduces to

q[2da+2a|n|+2dm+m|n|+2a+2d+m+|n\]/2 q(m|n|+m+|n|)/2

2 — 2 In|+1  m+1.
("’)MG%O QDD @ =~ V> Gom@an 24 9

(D.21)
Evaluating the r.h.s. with the help of the Lemma yields equation (D.13).
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Proof of the Lemma. Repeated use of limiting forms of Heine’s transformation [72]:

Z qkl zk wl B Z Zk Z (qu)l
G0 @@k (wig)x (q,q)z(zsq)z =5 (G0 (wigk 5 (@:0)i1(230)
Z $1(0,0,23¢;wq") = - (g
- 2 1 ,U,234; - 0P1{—3%, ;W =
=0 =5 @)k (wig)r (wgh3q)o
1 zk(w;q)k " ¢! wlzlq’“l
= P1(—3525q;wzq
(w3q)oo £ ()i (w3q)rc 1€ = Q) ,go k; (:0):
1 Z gDyl L 1 1 gDy L )
= = z =
(Wig)oo 157 (6:0)1(z:0)1 (2¢530)00 (Wig)oo (%50)o0 157 (4:0)1(230): o

1 ¢V (wz)' g1 (=305q5w2)
(Wig)oo (%00 15 (430N (W3q)oo (21¢) 0

D.3 Tr M(q)~ ! for (A, As,) is the character of the (2, 2n + 3) minimal model
For n,m € Z,, we define recursively the functions A™ (g),,
A(O)(Q)m =1

k(m-+1) D.29
A (g, (D-22)

(n+1) _ q
A (g)m (q)ool; @7

For the model (A;, Ag,,) then we have

> (il 1+4y)
TM@Q) =% Y T = AP (g, (D.23)
P § ()

Lemma. For alln € Zy we have

q g2 2(s2+1) g3 3(s3+1) qsn(sn+1)
A(Qn)(q)m _ Z (()77)1;-81 qs1(s1+1) ( Z Z 7( ) . (D.24)
81>0 q S1 S2>81 §2— slS >S 53 52 Sn >3n 1 q Sn—Sn—1
Proof. Induction on n. For n = 0 is true. Assume the results holds for 2n. Then
m+1) 81(81+1) 82(82+1) Sn(sn"l‘l)
AL (g q (@iss q q g
,;08;0 ' (Q)gl s2>81 (@)s2—s1 sn§1 (@) sp—sn_1
( ) ZZ q (m+ )( o141 q51(81+1) q82(82+1) Z qsn(sn+1)
=\4q) 57— \q 4
k>081>0 (Q)k (Q)m s9>81 (q)82781 Sn>5m_1 (Q)snfs"_l
qs1(s1+1) q52(52+1) qsn(sn+1)
=(@)oo Y_ 201(0,¢" s q50:¢™ ) @ > ) —— > = (D)
51>0 Ds1 $2>81 U)s2—s1 Sn>Sn—1 @)sn—sn—1
1 qs1(51+1) q52(32+1) qsn(sn+1)
=(q) 101(a g™ ) - =
0081Z>0 (@™o @si 2 (@ss—s, Sngl(q)sn_sn1
ZZ k k;(k; 1)/2+k(m+51+2) q81(81+1) q82(82+1) B Z qsn(8n+l)
$1>0k=0 (@)s: 52581 (@)so—s1 Sn s (@) sn—sn-1
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where we used various limiting forms of Heine’s 9¢; transformation [72]. Now [72]

()0 = o) D, (D.26)
s1—k
50 k(k+1)+km+s1(s1+1) (s2+1)
" q m—+s1(s1 q52 So
k0szh  URWsimk o5y Wsma
Finally,
Z(m—i—l)
ACm+2) (g Z q ") (q), =
= (27
Z qé m+1) qk(k+1)+kf+sl(31+l) q52(32+1)
>0 (9)e k>0 51>k (D@1 $2>51 (@551 - ( )
D.28
k(k+1)+s1(s1+1 so+1
:(Q)ooZZQ(+2)+I(1+) m+11+1 Zq 2+) =
E>0 51>k (Q)k(Q)slfk (q ) s2>81 52 s1
:Z( mak kk"'l)zq s1(s1+1) q8(82+1)“.
k>0 (Q)k s1>k S1 k s9>81 (q>s2—81
which completes the proof of the Lemma.
Corollary. For (A, Asgy,) one has
TrM(q) ™' = 11 (1—q¢") L. (D.29)

n#0,£1 mod(2n+3)

Proof. Set m =0 in (D.24); the resulting sum for A" (q)g is the Lh.s. of the celebrated
Andrews-Gordon (AG) generalization of the Rogers-Ramanujan identities [73, 74]. The
r.h.s. of (D.29) is the r.h.s. of the AG identities.

D.4 Tr M(q)~?! for the (A;, A2,+1) AD model

One has
TrM(g) ™ =D y™ M(q with M(q)"™, = M(q)™. (D.30)
MEZL

The zero coefficient M (q)(()") in the trace of M(q)~! in the sense of [6]; in the notation
of appendix (D.3) then one has

n 1 n
M@ = = A =
Z qsl(51+1)+82(82+1)+---+82n+1(82n+1+1) 1 (DSl)
B (q)oo $9mp1> 820> >8>0 (q)52n+1_32n (q)SQn_SQ’nfl T (q)52_31 (q)gl.

The expression of M (q)(()n) for m > 0 should be a generalization of this formula. We claim
the following
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Lemma. For m > 0 the coefficient M(q),(ff) is given by

q" g5 (s1+m+1)+s2(sa+m+1)+-+s2nt1(52n+1+m+1) 1

e

% g1 > >51>0 (q)82n+1—82n (q)52n_32n71 T <Q)32—31 (q)sl (Q)Sl-i-m

(D.32)

The proof is similar to the previous ones in this appendix and shall be omitted for
brevity. Next we need the following fundamental result of Andrews ([74] Theorem 2)

Theorem (Andrews). Assume the two sequences {an}n>0, {Bntn>0 form a Bailey pair,

i.e.
n
Qy
Bn = —_— for all n > 0. D.33
" rZ:() (q)n—r(GQ)n—l-r ( )
Then
1 ) aSLts2ttsk q8%+sg+--~+5i
PP DL D DI 7 e ) e D3
q o0 TLZO SkZSk_1Z~~ZS120 q Sk—Sk—1 q Sk—1—8k—2 q §2—S1

The sum in the r.h.s. of (D.32) as the same form as the one appearing in the r.h.s.
of (D.34) with

1
k=2n+1, a=q¢"", By= —"1—. (D.35)
(Q)s(q)erm
To get the sequence {a,} corresponding to the Bailey sequence {(q);;'(¢);+,,} one uses
the inversion formula of (D.33), see [74]
o = (1~ ag?) S (1) (a@)n+j-1 gNm=i-1/2 g (D.36)
j=0 (Q)n—j
Then
M(q)iy) = (D.37)
_ g™ Z (=1)" 1 — 2H2Hmd () g4 im) (2n+1) (6+7) (4 +m|+1)+€(0—1) /2
(9)3 L—qmH () (9); (0)j+1m|

°° 4,620
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