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We consider an n x n linear system of ODEs with an irregular singularity of Poincaré rank 1 at z = oo,
holomorphically depending on parameter ¢ within a polydisc in C™ centred at t = 0, such that the
eigenvalues of the leading matrix at z = oo coalesce along a locus A contained in the polydisc, passing
through ¢t = 0. Namely, z = oo is a resonant irregular singularity fort € A. We analyse the case when the
leading matrix remains diagonalisable at A. We discuss the existence of fundamental matrix solutions,
their asymptotics, Stokes phenomenon and monodromy data as ¢ varies in the polydisc, and their limits
for ¢ tending to points of A. When the system also has a Fuchsian singularity at z = 0, we show under

1



minimal vanishing conditions on the residue matrix at z = 0 that isomonodromic deformations can be
extended to the whole polydisc, including A, in such a way that the fundamental matrix solutions and
the constant monodromy data are well defined in the whole polydisc. These data can be computed
just by considering the system at the fixed coalescence point ¢ = 0. Conversely, when the system
is isomonodromic in a small domain not intersecting A inside the polydisc, we give certain vanishing
conditions on some entries of the Stokes matrices, ensuring that A is not a branching locus for the
t-continuation of fundamental matrix solutions. The importance of these results for the analytic theory
of Frobenius Manifolds is explained. An application to Painlevé equations is discussed.

2010 Mathematics Subject Classification:
34M56 Isomonodromic deformations (Primary)
34M35 Singularities, monodromy, local behavior of solutions, normal forms (Secondary 1)
34M40 Stokes phenomena and connection problems (Secondary 2)

Notations: If @ < 8 are real numbers, an open sector and a closed sector with central opening angle
B — a > 0 are respectively denoted by

S(a, B) ::{zeR | a<argz < }, S(a, B) ::{ZER ‘ a<argz<f }

The rays with directions o and 8 will be called the right and left boundary rays respectively. If S(01,62) C S(a, B),
then S(61,02) is called a proper (closed) subsector.

Given a function f(z) holomorphic on a sector containing S(a, ), we say that it admits an asymptotic
expansion

O~ S e,
k=0

for z — oo in S(a, B), if for any m > 0, lim. 0 2™ (f(2) — Yopey aszk) =0, z € S(a,B). If f depends on
parameters ¢, the asymptotic representation

Flzt) ~ D ar(t)z "
k=0

is said to be uniform in t belonging to a compact subset K C C™, if the limits above are uniform in K. In case
the sector is open, we write f(2) ~ 352 arz ¥ as z — oo in S(a, B) if the limits above are zero in every proper
closed subsector of S(a, 3). When we take the limits above for matrix valued functions A = (A:;(z,t))i =1, we
use the norm |A| := max;; |4;|. O

1. INTRODUCTION

We study deformations of linear differential systems, playing an important role in applications, with
a resonant irregular singularity at z = co. The n X n linear (deformed) system depends on parameters
t = (t1,...,tm) varying in a connected domain of C™, (here n,m € N\{0}) and has the following form:

dy
o =AY, (1.1)
A(z,t) == Ag(t) + iAj(t)z*’“, (1.2)

with singularity of Poincaré rank 1 at z = oo. The series A(z, t) is uniformly convergent in a neighborhood
of z = oo for |z| > Ny > 0 sufficiently large, and the coefficients Ay(t) and A;(t), j > 1, are holomorphic
matrix valued functions in the domain. We take the Poincaré rank equal to 1 in view of the important
applications which motivate our work, as it is explained below in this Introduction.

The deformation theory is well understood when Ag(t) has distinct eigenvalues uq (), ug(t), ..., un(t)
for ¢ in the domain. On the other hand, there are important cases for applications (see below) when
Ap(t) is holomorphically diagonalisable, but two or more eigenvalues may coalesce when ¢ reaches a
certain locus A in the t-domain, called the coalescence locus. This means that ug(t) = up(t) for some
indices a # b € {1,...,n} whenever ¢ belongs to A, while wuy(t), ua(t), ..., un(t) are pairwise distinct
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otherwise!. Points of A will be called coalescence points. The point z = oo for t € A is usually called a
resonant irreqular singularity.

The natural issue to be studied is the possibly singular behaviour of solutions and monodromy data
when t approaches a coalescence point. In particular, in the isomonodromic case, the question arises
if monodromy data computed at a coalescence point have a meaning as locally constant data in a
whole neighbourhood of it. Notice that if the answer is positive, then the monodromy data in a whole
neighbourhood of a coalescence point can simply be computed starting from the system at the coalescence
point. We will show that the system simplifies there.

These are the main problems which we address in the present paper, both in the non-isomonodromic
and isomonodromic cases, in view of the applications explained in Sections 21 and 22. To the best
of our knowledge, the analysis of fundamental matrix solutions and their monodromy when Ag(t) is
diagonalisable with coalescing eigenvalues is missing from the existing literature, as we will shortly
review later. The main results of the paper explained in this introduction and are contained in:

— Theorem 14.1, Corollaries 14.1 and 14.2, and in Theorem 15.1, for the non-isomonodromic case;
— Theorem 1.1 (Th. 19.1), Corollary 1.1 (Corol. 19.2) and Theorem 1.2, for the isomonodromic
case.

1.1. Setting. For the sake of the local analysis at coalescence points, we can restrict to the case when
the domain is a polydisk

Ue,(0):= {t € C™ such that [t|< e}, |t] = 1I§nifgil|ti|

for suitable ¢y > 0, being t = 0 a point of the coalescence locus. We will again denote by A the
coalescence locus in U, (0).

The eigenvalues u (t), ..., un (t) are not expected to be holomorphic at A. Indeed, it is well known that
generically they are branches of one or more functions of ¢, with algebraic branching at A (see [50]). More-
over, consider a matrix Go(t) which diagonalises Ay(t) for ¢ ¢ A, namely such that G (t) Ao (£)Go(t) =
A(t), where

A(t) := diag(uy (t), ..., un(t)). (1.3)

Then, it is well known [50] that G(t) has generally singular behaviour when ¢t approaches A (meaning
by singular that the entries of Go(t) may have algebraic branching at A and may diverge as ¢t aproaches
A along any direction; or it may happen that the determinant of either Go(t) or Go(t)~! vanishes at
A). Example will be given in Section 2.1.

Consider a fundamental solution? that for ¢ belonging to a sufficiently small domain V C U, (0)\A
has a canonical asymptotic representation (see [42] and our paper below)

o)
Y(z,t) ~ Go(t) (I + ZFk(t)sz)zBleA(t)z, z — 00,
k=1

in a suitable sector S(V) depending on V, explained after formula (1.7) below. Here I stands for the
identity matrix and Bj is a diagonal matrix, given in formula (1.7). Then, if Go(t) has singular behaviour
as t approaches A, which happens generically as explained above, also the t-analytic continuation of
Y (z,t) will inherit the singularities of Go(¢). Thus, a necessary condition in order to move the first step
of this paper, towards the holomorphic extension of the deformation theory when ¢ approaches A, is
given by the following:

Assumption 1: The holomorphic matrix Ag(t) is holomorphically similar in U, (0) to a diagonal
matrix A(t) as in (1.3), namely there exists an invertible matrix Go(t) holomorphic on Ue,(0) such that

Gy ' (1) Ao()Go(t) = A(t). (1.4)

LA is a discrete set for m = 1, otherwise it is a continuous locus for m > 2. For example, for the matrix diag(t1, t2, ..., tn),
the coalescence locus is the union of the diagonals t; = t;, i # j € {1,2,...,n}.
2A fundamental matrix solution will be simply called a fundamental solution.



Assumption 1 is basically the assumption of the paper. It is important to stress the fact that, even
under this assumption, the coefficients F(t) and Y (z,t) may be not holomorphic at A, as it will be
explained later; we will precisely determine under which conditions they admit analytic continuation.

Assumption 1 holds for example for Frobenius manifolds remaining semisimple at the locus of coa-
lescent canonical coordinates, and in applications to the sixth Painlevé transcendents holomorphic at a
fixed singularity of the Painlevé equation (see Sections 21 and 22 below).

Given Assumption 1, the transformation Y +— G(t)Y changes A(z,t) to a matrix valued function

Az,1) = Go(t) " Az, 1)Go(t), (1.5)
holomorphic on {|z| > Ny} x U, (0) for sufficiently large Ny > 0, so that system (1.1) becomes
WAy, A =AD+Y At (1.6)
dz - ) ) ) - P k . .

where A (t), k > 1, and A(t) are holomorphic on U, (0).

When A is not empty, the dependence on ¢ of fundamental solutions of (1.6) near z = oo is quite
delicate. If t ¢ A, then the system (1.6) has a unique formal solution (see [42]),

Yr(z,t) = (I + iFk(t)z_k)zBl(t)eA(t)z7 By (t) := diag(A; (1)), (1.7)
k=1

where the matrices Fj(t) are uniquely determined by the equation and are holomorphic on U, (0)\A.

In order to find actual solutions, and their domain of definition in the space of parameters ¢, one can
refer to the local existence results of Sibuya [71] [42] (see Theorems 2.1 and 5.1 below), which guarantee
that, given ¢ty € U, (0)\A, there exists a sector and a fundamental solution Y (z,t) holomorphic for |z|
large and |t —tg| < p , where p is sufficiently small, such that Y (z,t) ~ Yr(2,t) for z — oo in the sector.
The condition |t — tg]| is restrictive, since p is expected to be very small.

In the present paper, we will extend this result for ¢ in a wider domain V C U, (0), where V is
constructed as follows. Let ¢ = 0 and consider in

R := the universal covering of the z-punctured plane C\{0},
the Stokes rays associated with the matrix A(0), defined by the condition that?
Re[(uq (0) — up(0))z] = 0, Sm(uq(0) — up(0))z] <0,

with u4(0) # up(0), 1 < a # b < n. Then, consider in R a ray with direction 7, not coinciding with any
of the Stokes rays above, namely

Re [(ua(0) — up(0)) exp{iT}] # 0

for any u,(0) # up(0). It will be called an admissible ray at t = 0. Define the locus X (7T) to be the set
of points t € U, (0)\{0} where some Stokes rays associated with A(t)

z € R such that Re[(uq(t) — up(t))z] =0, Smf(ua(t) — up(t))z] <0,

coincide with the admissible ray argz = 7. Finally, define a 7-cell to be any connected component of
Ueo (0)\ (A U X(7)) (see Section 10 for a thorough study of the cells). Then, we take an open connected
open domain V such that its closure V is contained in a 7-cell.

Definition 1.1. The deformation of the linear system (1.6), such that t varies in an open connected
domain V C Ue, (0)\ (AU X (T)) with closure V contained in a T-cell, is called an admissible defor-
mation?. For simplicity, we will just say that t is an admissible deformation.

3The vanishing of the real part plays the crucial role in the Stokes phenomenon; we have specified the sign of the
imaginary part in order to have rays rather than lines.
4The definition of admissible deformation of a linear system is in accordance with the definition given in [30].



5

By definition, an admissible deformation means that as long as ¢ varies within V, no Stokes rays of
A(t) cross the admissible ray of direction 7.

If ¢ belongs to a domain V as above, then we prove in Section 13 (see Corollary 13.1) that there is a
family of actual fundamental solutions Y,.(z,t), labelled by r € Z, uniquely determined by the canonical
asymptotic representation

Y, (z,t) ~ Yr(z,1),

for z — oo in suitable sectors S,.(V) of the universal covering R of C\{0}. Each Y,.(z,t) is holomorphic
in {z € R ||z] > N} xV, for a suitably large N. The asymptotic series I + > p | Fi(t)z* is uniform
in V.

The sectors S,.(V) are constructed as follows: take for example the “ half plane” I1; := {z € R | T—7 <
arg z < 7}. The open sector containing II; and extending up to the closest Stokes rays of A(t) outside ITy

will be called Si(t). Then, we define S1(V) := (), S1(t). Analogously, we consider the “half-planes”

I, :={z € R |7+ (r—2)mr <argz <7+ (r — 1)7} and repeat the same construction for S,(V). The
sectors S,-(V) have central opening angle greater than 7 and their successive intersections do not contain
Stokes rays Re[(uq(t) —up(t))z] = 0 associated with the eigenvalues of A(t), t € V. The sectors S,.(V) for

r =1,2,3 are represented in Figure 1. An admissible ray argz = 7 in S;(V) N Sa(V) is also represented.

If the ¢-analytic continuation of Y,.(z,t) exists outside V), then the delicate points emerge, as follows.

e The expression Re [(uq(t) — up(t))z], 1 < a # b < n, has constant sign in the 7-cell containing
V, but it vanishes when a Stokes ray Re [(uq(t) — up(t))z] = 0 crosses the admissible direction 7.
This corresponds to the fact that ¢ crosses the boundary of the cell. Then, it changes sign for ¢
outside of the cell. Hence, the asymptotic representation Y;.(z,t) ~ Yr(z,t) for z — oo in S,.(V)
does no longer hold for ¢ outside the 7-cell containing V.

e The coefficients Fy(t) are in general divergent at A.

e The locus A is expected to be a locus of singularities for the Y,.(z,t)’s (see Example 5.1 below).

e The Stokes matrices S, (t), defined for t € V by the relations (see Figure 1)
Y;“+1(Zat) = YT(th) Sr(t)a (18)
are expected to be singular as t approaches A.

Remark 1.1. It is well known [3, 5] that in order to completely describe the Stokes phenomenon it
suffices to consider only three fundamental solutions, for example Y,.(z,t) for r = 1,2,3, and S;(t), Sa(t).
See Theorem 6.3, Proposition 6.2 and Remark 6.1.

The matrix A(z,t) may have other singularities at finite values of z. In the isomonodromic case, we
will consider A(z,t) with a simple pole at z = 0, namely

A1 (t)

Az, 1) = Ag(t) + (1.9)

An isomonodromic system of type (1.9), with antisymmetric Ay, is at the core of the analytic approach
to semisimple Frobenius manifolds [19] [20] [21] (see also [67] [68] [69] [58] [66]). Its monodromy data
play the role of local moduli. Coalescence of eigenvalues of Ag(t) occurs in important cases, such as
quantum cohomology (see [16] [17] and Section 21 below). For n = 3, a special case of system (1.9)
gives an isomonodromic description of the general sixth Painlevé equation, according to [59] (see also
[40]). This description was given also in [19] [21] for a sixth Painlevé equation associated with Frobenius
manifolds. Coalescence occurs at the critical points of the Painlevé equation (see Section 22).

The transformation Y — Go(t)Y changes (1.9) into

% = A(z,t)Y,  Alz,t) = A(t) + ‘le(t). (1.10)

Since z = 0 is Fuchsian, we can describe the structure of fundamental solutions in terms of a convergent
series at z = 0, as follows. For given ¢, a matrix G(9)(¢) (not to be confused with Go(t) in (1.4)), puts
A1 (t) in Jordan form

JOt) == (GO ) Ay (t) GO (2).
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FIGURE 1. Stokes phenomenon of formula (1.8). The intersection S;(V) N S2(V) in the
left figure contains the ray argz = 7 and it is contained in 7 — 7 < argz < T + 7.

In the right figure, S2(V) N S3(V) contains the ray argz = 7 + 7 and it is contained
in T < argz < T+ 2mr. The rays argz = 7 and T + 7 (and then T + wh for any

h € Z) are admissible rays, such that Re {(ua(O) - ub(O))z} # 0 along these rays, for any

ua(0) # up(0). Moreover, %e{(ua(t) —ub(t))z} #0foranyt € Vandany 1 <a#b<n.
Notice that the sectors extend to infinity, namely we are interested in z — oc.

Following [1], we can split it into two parts,
JO(t) = DO(t) + 5O (t),

where D) (t) = diag(dy(t), ..., d,(t)) is a diagonal matrix of integers (called valuations), piecewise con-
stant in ¢, while $(9)(¢) is a Jordan matrix whose eigenvalues p; (1), ..., pn (t) satisfy 0 < Re(p,) < 1. For
fixed t, by a gauge transformation

v = 6O (1+ Y w) v,
=1

holomorphic at z = 0 and given by a convergent Taylor series, whose coefficients are recursively (not
uniquely) constructed for example in [32, 74], the system is transformed into the simplest possible form
(see Section 16 and formula (16.1))

a _1
dz 2

(J<0>(t) + ij Rj(t)zj>y,

called sometimes a Birkhoff normal form®, involving only a finite sum at z = 0. We remark that this
form is not unique, since there is a freedom in the choice of the suitable gauge transformation above.
The nilpotent matrices R;(t) are not zero only if some eigenvalues of El(t) differ by non-zero integers,
namely only if A;(¢) is resonant. Letting

RO(t) = i R;(1),
=1

and keeping into account the properties of the matrices R;(t) (for details see formula (16.5)), it is
elementary algebra to show that a Birkhoff normal form admits a fundamental solution

DO ) 5 (O)+RO (1)
Notice that neither 7 nor 27”28 are in general solutions, and this explains why one is forced to
split J(© into D 4 S Accordingly, for a given ¢, the system (1.10) has a fundamental solution

YO (2, t) = GO (I +3° \I/l(t)zl> DO SO OFRO @) (1.11)
=1

5Though Birkhoof made a mistake in his theorem on the reduction to normal forms. See [32].



that we call Levelt form at z = 0, again following [1]. ©

Under the assumptions of our Theorem 1.1 below, the coefficients ¥, (¢) of the solution (1.11) will be
proved to depend holomorphically on t € U, (0), while D S and R will be constant. Clearly,
fundamental solutions in Levelt form at z = 0 are not affected by the coalescence phenomenon (see also
Lemma 17.1).

In order to completely describe the monodromy of the system (1.10), we need its essential monodromy
data (the adjective “essential” is inspired by a similar definition in [49]). As pointed out in Remark 1.1,
recall that it suffices to consider three fundamental solutions, for example Y,.(z,t) for r = 1,2,3, and
consequently the Stokes matrices S;(¢) and Sy(t). Moreover, chosen a solution Y (9 (z,t) as in (1.11), a
central connection matriz C©) is defined by the relation

Yi(z,t) =Y O(z,8) CO@1),  zeS (V). (1.12)
Then, the essential monodromy data of the system (1.10) are defined to be
Si(t), Sat), Bi(t) = diag(Ai(1), CO@), JO@), RO). (1.13)

Now, when ¢ tends to a point tA € A, the limits of the above data may not exist. If the limits exist, they
do not in general give the monodromy data of the system A\(z,tA). The latter have in general different
nature. For example, we will describe at ¢ = 0 the formal solution (4.14) and the actual solution (4.13),
whose matrix factors 2P 2" will appear in place of 251(Y) and the monodromy datum L, defined at ¢ = 0,
will not be the limit for ¢ — 0 of By (t) in (1.7).

A last definition is needed before we formulate the main results.

Definition 1.2. If the deformation is admissible in a domain V, as in Definition 1.1, we say that it is
isomonodromic in V if the essential monodromy data (1.13) do not depend ont € V.

When this definition holds, the classical theory of Jimbo-Miwa-Ueno [49] applies.” We are interested
in extending the deformation theory to the whole U, (0), including the coalescence locus A.

1.2. Main Results. Our study regards both the non-isomonodromic and isomonodromic cases, the
former being the more general context which includes the latter.

a] The case of systems (1.1) and (1.6). Up to Section 15, we study system (1.1) without
requiring that the deformation is isomonodromic. First, we give the general formal and actual solutions
for z — oo of system (1.1) when ¢ = 0 (or tp € A), without Assumption 1.* Then, under Assumption 1,
in Proposition 5.1 we give necessary and sufficient conditions such that the coefficients Fy(t) of a formal
solution of (1.1)

Yi(z,t) = Go(t) (1 +3 Fk(t)z_k)zBl(t)eA(t)z, tg A, (1.14)
k=1

are actually holomorphic also at ¢t € A. Notice that our result cannot be derived from [2] and [70],
where holomorphic confluence for ¢ — 0 of formal solutions is studied, since A(t)z is in general not
“well-behaved” (condition (4.2) of [70] is violated).

In Section 13, we prove that fundamental solutions Y,.(z,t), r € Z, of (1.1) can be t-analytically
continued to a whole 7-cell containing the domain V' of Definition 1.1, preserving the asymptotic repre-
sentation (1.14). In Theorem 14.1 we give sufficient conditions such that fundamental solutions Y,.(z,t),
together with their Stokes matrices S,.(t), are actually holomorphic also at A and in the whole U, (0), in
such a way that the asymptotic representation Y;(z,t) ~ Yr(z,t) continues to hold, for z — oo in wider
sectors S, containing S,(V), to be introduced below (see (1.20)). We show in this case that the limits

6Corning; back to the remark that the Birkhoff normal form is not generally unique, if Y<0>(Z7 t) is determined as above
by the gauge trasformation, with given G(9(¢), U;(¢)’s and R()(t), then there is a class of suitable matrices D(t) such
that Y(9)(z,¢)®(t) also has the standard form (1.11) with new G(9)(¢), ¥;(t)’s and R(®)(t). More details are in Section
16.1.

7 Notice that in [49] it is also assumed that A;(t) is diagonalisable with eigenvalues not differing by integers. We do
not make this assumption here.

SWe give an explicit construction of the formal solutions; their structure can also be derived from [4].



lim S,(t), ta €A, (1.15)

t—ta

exist and are finite. They give the Stokes matrices for the system (1.1) with matrix coefficient A(z,ta)
(see Corollary 14.1 and 14.2).

In the analysis of the above issues, wall crossing phenomena and cell decompositions of U, (0) will be
studied.

Another significant result on the analytic continuation of fundamental solutions, with vanishing con-
ditions on some entries of the Stokes matrices (see (15.1)), is given in Theorem 15.1.

All the results above will be compared with the existing literature in the end of this Introduction.

b] Isomonodromic case of system (1.10). Let the deformation be isomonodromic in V, as
in Definition 1.2, so that the classical theory of Jimbo-Miwa-Ueno applies. As a result of [49], the
eigenvalues can be chosen as the independent deformation parameters. This means that we can assume’
linearity in ¢ € U, (0), as follows:

Ug(t) =uq(0) +te, 1<a<n = m=n. (1.16)

Therefore,
A(t) = A(0) + diag(t1, ..., tn)

with

A=A D - DA;,, s<m, A= NI, (1.17)
where A1, ..., A are the s < n distinct eigenvalues of A(0), of respectively multiplicities p1, ..., ps (p1 +
-+ +ps = n). Here, I, is the p; x p; identity matrix. Now, the size €y of U, (0) is taken sufficiently
small so that we can write

A)=AM(t) B - B As(D), (1.18)

with the properties that lim; o Aj(t) = A;I,; , and that A;(f) and Aj;(t) have no common eigenvalues
for i # j. Thus, A is represented as

where
A;:={t €U, (0) | ty =t with ug(0) = up(0) = N\;}.

Our problem is to extend the isomonodromy deformation theory from V to the whole U, (0) in this case.

As it will be reviewed below after Theorem 1.2, the existing literature on isomonodromy deformations
does not seem to solve our problem. We give a solution in the following Theorem 1.1 and Corollary 1.1
(equivalently, see Theorem 19.1 and Corollary 19.2 in the main body of the paper).

In order state Theorem 1.1 in a precise way, we need a last technical remark on the radius ¢y of the
polydisc. As explained above, ¢ is sufficiently small to ensure that A;(¢) has no eigenvalues in common
with A;(t), for i # j (see (1.18)). Moreover, we require that it satisfies the following constraint

i 0; 1.19
€ < 1§Ij1;gcl§s ks ( )

where
L. . -
Sjk = B ggﬂrg{P\k -\ + zpexp{—w}\}

(here 4 is the imaginary unit). This condition has a geometrical reason. If we represent Ay, ..., As in the
same A-plane, we can easily verify that the distance between the two parallel lines through A; and Ay of
angular direction 37/2 — 7 is exactly 20;5. Let us consider Stokes rays {z € R | R(z(uq(t) —up(t)) = 0}
associated with couples uq(t), up(t), a,b € {1,2,...,n}, such that u,(0) = A; and u,(0) = Ag, with
1 < j # k < s. None of these rays crosses the admissible directions 7 + wh, h € Z, when t varies in
U, (0) with €y as in (1.19). For a given t, let JR(t) be the set of all the above rays for all j # k. We

9 This assumption will be used in the paper starting from Section 14.2.
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construct a sector S, (t) containing the “half-plane” II, (defined above), and extending up to the closest
Stokes rays of P(t) lying outside II,. Clearly, S,(¢t) D S,(¢). Then, define

N S (1.20)

te€Ue, (0)

By construction, if €y is as in (1.19), then this sector has central opening angle greater than m. Note
that S, (V) C S,..

Theorem 1.1. Consider the system (1.10), with eigenvalues of A(t) linear in t as in (1.16), and with
A1 (t) holomorphic on a closed polydisc Ue, (0) centred at t = 0, with sufficiently small radius €y as in
(1.19). Let A be the coalescence locus in Ue,(0), passing through t = 0. Let the dependence on t be
isomonodromic in a domain V' as in Definition 1.2.

If the matriz entries of El(t) satisfy in U, (0) the vanishing conditions
(El(t)) = O(ua() —wp(t), 1<a#b<n, (1.21)

whenever uq(t) and up(t) coalesce as t tends to a point of A, then the following results hold:

o The coefficients Fy(t) of the formal solution Yr(z,t) of (1.10) as given in (1.7) are holomorphic
on the whole U, (0).

e The three fundamental matriz solutions Y,.(z,t), r = 1,2,3, of the system of (1.10), which are
defined on V, with asymptotic representation Yr(z,t) for = — oo in sectors S.(V) introduced
above, can be t-analytically continued as single-valued holomorphic functions on Ue,(0), with
asymptotic representation

Y, (z,t) ~ Yp(z,t), z— 00 in Sy,

for any t € U, (0), and any 0 < ¢1 < €. In particular, they are defined at any tao € A
with asymptotic representation Yr(z,ta). The fundamental matriz solution Y (9 (z,t) is also
t-analytically continued as a single-valued holomorphic function on Ue,(0)

e The constant Stokes matrices S1, So, and a central connection matriz C), initially defined for
t € V, are actually globally defined on U, (0). They coincide with the Stokes and connection
matrices of the fundamental solutions Y;(z,0) and Y9 (z,0) of the system

% = A(z,0)Y,  A(z,0) = A(0) + AIT(O).
Also the remaining t-independent monodromy data in (1.13) coincide with those of (1.22).
e The entries (a,b) of the Stokes matrices are characterised by the following vanishing property:

(S1)ab = (S1)ba = (S2)ab = (S2)be =0 whenever uq(0) = up(0), 1<a#b<n. (1.23)

(1.22)

Theorem 1.1 allows to holomorphically define the fundamental solutions and the monodromy data on
the whole U, (0), under the only condition (1.21). This fact is remarkable. Indeed, according to [60], in
general the solutions V(9 (z,t), Y,.(2,t) and A(z,1), t €V, of monodromy preserving deformation equa-
tions can be analytically continued as meromorphic matrix valued functions on the universal covering of
C™\Acn, where Acn = UZ#b{ua (t) = up(t)} is the coalescence locus in C™. They have fixed singularities
at the branching locus Acn, and so at A C Acn. Moreover, the t-analytic continuation on U, (0) of the
solutions Y,.(z,t) are expected to lose their asymptotic representation Y,.(z,t) ~ Yr(z,t) in S,(V), when
t moves sufficiently far away from V, namely when Stokes rays cross an admissible ray of direction 7.
Under the assumptions of Theorem 1.1 these singular behaviours do not occur.

Let the assumptions of Theorem 1.1 hold. Then, the system (1.22) has a formal solution (here we
denote objects Y, S and C referring to the system (1.22) with the symbols Y S and C) with behaviour

(HZsz )Bl<0 MOz B(0) = diag(A;(0)). (1.24)
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If the vanishing condition (1.21) fails, formal solutions are more complicated than (1.24) (see Theorem
4.1, Remark 4.2 and references [4, 5, 74]). The matrix-coefficients Fy are determined by recursive
equations given in Section 4, obtained by the substitution of the formal series into (1.22). In particular,
we will see that equation (4.26) implies that if two diagonal entries of A\l(O) differ by a non-zero integer
h, then a corresponding entry of F}, is not determined by the recursive equations and it takes an arbitrary
value. This introduces at most a finite number of complex parameters in the recursive calculation of the
coeflicient F}. Hence, in contrast to the case of distinct eigenvalues, the formal solution is not uniquely
determined, so that in general there is a family of formal solutions, each element corresponding to a
choice of the parameters above. On the other hand, to each element YF(Z) of this family there correspond
unique actual solutions Y;(z), Y5(z), Y3(z) determined by the condition that

for z — oo in a sector S, D S.(V), r = 1,2,3, with Stokes matrices defined by '°

o

Voi1(2) =Y (2)S,, r=12
In particular, only one element of the family of formal solutions (1.24) satisfies the condition
Fy, = Fr(0) (1.25)

for any k > 1. By Theorem 1.1, the corresponding actual solutions Y;(z), Y2(z), Y3(z) have Stokes
matrices satisfying

S, =S,
for r = 1,2. It is also clear from the above discussion that the formal solution is unique, and necessarily
satisfies (1.25), if and only if the diagonal entries of A;(0) do not differ by non-zero integers.
Let us choose a solution f/(o)(z) close to z = 0 in Levelt form, and define the corresponding central
connection matrix C(©) such that
Yi(z) = YO (z) C¢O,
The following holds.

Corollary 1.1 (Section 19). Let the assumptions of Theorem 1.1 hold. If the diagonal entries of gl(O)
do not differ by non-zero integers, then there is a unique formal solution (1.24) of the system (1.22), and
it satisfies the condition (1.25). Hence, (1.22) only has at z = oo canonical fundamental solutions Y1(z),
Ya(2), Ya(2), which coincide with the canonical solutions Yy (z,t), Ya(z,t), Ys(z,t) of (1.10) evaluated at
t =0, namely: ) ) )
Y1(2,0) =Yi(2), Ya(z,0)=Ya(z), VY3(z,0)=7Y5(2).
Moreover, for any l}(o)(z) in Levelt form there exists Y(©)(z,t) in Levelt form such that
YO (z,0) = YO(z).

The following equalities hold: ) ) )
Si=S1, S2=S,, CcO=cO.

Corollary 1.1 has a practical computational importance: the constant monodromy data (1.13) of the
system (1.10) on the whole U, (0) are computable just by considering the system (1.22) at the coalescence
point t = 0. This is useful for applications in the following two cases.

a) When A (t) is known in a whole neighbourhood of a coalescence point, but the computation of
monodromy data, which is highly transcendental, can be explicitly done (only) at a coalescence point,

10See Definition 2.1 for the sectors Sy, and Theorems 6.1 and 6.2. We will introduce several sectors in the paper,
denoted by S, Sr(t), Sr and S (t), satisfying some inclusion relations such as

Sr D& () DS (), S =38(0)=5.(0)D8,.

Carefully notice that in the main body of the paper we slightly change labelling, according to the substitution r —
v+ (r—1)p.
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where (1.10) simplifies due to (1.21). An example is given in Section 22 for the sixth Painlevé equation.
Another example will be given in [17] for the Az-Frobenius manifold.

b) When A\l(t) is explicitly known only at a coalescence point. This may happen in the case of
Frobenius manifolds. So far, the theory of semisimple Frobenius manifolds has never been extended
to semisimple coalescence points, which appear frequently in important cases, such as for example the
quantum cohomology of Grassmannians [16], [17]. Our result is at the basis of the extension of the
theory, as it will be thoroughly exposed in [17]. Theorem 1.1 and Corollary 1.1 allows the computation
of local moduli (monodromy data) of a semisimple Frobenius manifold just by considering a coalescence
point. The link between the present paper and [17] will be established in Section 21.

In the present paper, we also prove Theorem 1.2 below, which is the weak converse of Theorem 1.1.
Assume that the system is isomonodromic on a simply connected domain V C U, (0) as in Definition
1.1. Note that now we are not assuming that gl(t) is holomorphic in the whole U, (0), contrary to what
has been done so far. As a result of [60], the fundamental solutions Y;(z,t), r = 1,2,3, and A;(¢) can be
analytically continued as meromorphic matrix valued functions on the universal covering of U, (0)\A,
with movable poles at the Malgrange divisor [62] [55] [56] [57]. The coalescence locus A is in general a
fixed branching locus. Moreover, although for ¢ € V the fundamental solutions Y,.(z,t) have in S,(V)
the canonical asymptotic behavior Yz (z,t) as in (1.7), in general this is no longer true when ¢ moves
sufficiently far away from V.

Nevertheless, if the vanishing condition (1.23) on Stokes matrices holds, then we can prove that the
fundamental solutions Y,.(z,¢) and A\l(t) have single-valued meromorphic continuation on U, (0)\A, so
that A is not a branching locus. Moreover, the asymptotic behaviour is preserved, according to the
following

Theorem 1.2. Let ¢y be as in (1.19). Consider the system (1.10). Let the matriz A, (t) be holomor-
phic on an open simply connected domain V C Ue,(0)\A such that the deformation is admissible and
isomonodromic as in Definitions 1.1 and 1.2. Assume that the entries of the constant Stokes matrices
satisfy the vanishing condition

(S1)ab = (S1)be = (S2)ap = (S2)pa = 0 whenever uq(0) = up(0), 1 < a #b < n.

Then, as functions of t, the fundamental solutions Y, (z,t) and A (t) admit single-valued meromorphic
continuation on Ue, (0)\A. Moreover, for any t € U, (0)\A which is not a pole of Y;.(z,t) (i.e. which is
not a point of the Malgrange divisor), we have

Yo(2,t) ~ Ye(z,t) forz— 0o in 8 (t), r=1,2,3,

and
Yiii1(z,t) =Y (2,8) S, r=1,2.

The S,.(t)’s are the wide sectors described after the inequality (1.19) above.

1.3. Comparison with the existing literature. To our best knowledge, our results seem to be
missing from the existing literature. Below is a short review.

a] The (non-isomonodromic) case of systems (1.1) and (1.6). In the literature, sometimes
the irregular singular point is taken at z = 0 (equivalent to z = oo by a change z — 1/z). One
considers a “folded” system A(z,0) = z~k~1 Z;io A;(0)z7, with an irregular singularity of Poincaré
rank k at 2 = 0 and studies its holomorphic unfolding A(z,t) = p(z,t)~1 Z;io Aj(t)2?, where p(z,t) =
(z—a1(t))- - (2 — agx1(t)) is a polynomial. Early studies on the relation between monodromy data
of the “folded” and the “unfolded” systems were started by Garnier [33], and the problem was again
raised by V.I. Arnold in 1984 and studied by many authors in the ’80’s and ’90’s of the XX century,
for example see [64], [28], [11]. Under suitable conditions, some results have been recently established
regarding the convergence for ¢ — 0 (¢ in sectors or suitable ramified domains) of fundamental solutions
and monodromy data (transition or connection matrices) of the “unfolded” system to the Stokes matrices
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of the “folded” one [64], [28], [11], [2], [70], [34], [35], [43], [45], [51]. Nevertheless, to our knowledge, the
case when Ag(0) is diagonalisable with coalescing eigenvalues has not yet been studied. For example, in
[34] (see also references therein) and [43] [45], it is assumed that the leading matrix Ag(0) has distinct
eigenvalues. In [35], Ao(0) is a single nxn Jordan block (only one eigenvalue), with a generic condition on
A(z,t). Moreover, the irregular singular point is required to split into non-resonant Fuchsian singularities
a1(t),...,ax4+1(t). The case when Ap(0) is a 2 x 2 Jordan block and k = 1 is thoroughly described in
[51], again under a generic condition on A(z,t), with no conditions on the polynomial p(z,t). Explicit
normal forms for the unfolded systems are given (including an explanation of the change of order of
Borel summability when z = 0 becomes a resonant irregular singularity as ¢ — 0). Nevertheless, both in
[35] and [51] the system at ¢ = 0 is ramified and the fundamental matrices Y;.(z,t) diverge when ¢ — 0,
together with the corresponding Stokes matrices. Therefore, our results on the existence of the limit
(1.15) for a system with diagonalisable Ay(ta) seem to be missing from the literature. More precisely,
Theorem 14.1, Corollaries 14.1 and 14.2, and Theorem 15.1 in the paper seem to be missing from the
literature.

b] Isomonodromic case, system (1.10). The case when A is empty and A\l(t) is any matrix does
not add additional difficulties to the theory developed in [49]. Indeed, in the definition of isomonoromic
deformations given above, not only we require that the monodromy matrix at z = 0 is independent of
t, but also the monodromy exponents J©, R©) and the connection matrix C©) in (1.13) are constant
(this is an isoprincipal deformation, in the language of [47]). Given these conditions on the exponents,
and assuming that A = (), one can essentially repeat the proofs given in [49]. For example, the case
when A is empty and //l\l(t) is skew-symmetric and diagonalisable has been studied in [19], [21]. We also
recall that in case of Fuchsian singularities only, isomonodromic deformations were completely studied!*
in [13] and [47].

Isomonodromy deformations at irregular singular points with leading matrix admitting a Jordan form
independent of t were studied in [7] (with some minor Lidskii generic conditions). For example, if the
singularity is at z = oo as in (1.6), the results of [7] apply to A(z,t) = zF=1(J + PRy Ej(t)z’j),
with Jordan form J and Poincaré rank k& > 1. Although the eigenvalues of J have in general algebraic
multiplicity greater than 1, J is “rigid”, namely u, ..., u,, do not depend on t.

Other investigations of isomonodromy deformations at irregular singularities can be found in [29]
and [8]. Nevertheless, these results do not apply to our coalescence problem. For example, the third
admissibility conditions of definition 10 of [8] is not satisfied in our case. In [29] the system with
A(z,t) = 2" "1B(z,t), r € Q, is considered, such that B(oo,t) has distinct eigenvalues; z = oo satisfying
this condition is called a simple irregular singular point. This simplicity condition does not apply in our
case.

The results of [51], cited above, are applied in [52] to the 3 x 3 isomonodromic description of the
Painlevé 6 equation and its coalescence to Painlevé 5. In this case, the limiting system for ¢ — 0 has
leading matrix with a 2 x 2 Jordan block, so that the fundamental matrices Y;.(z,t) diverge.

Isomonodromic deformations of a system such as our (1.10) (with z — 1/z, A Z, Ay f) appears
also in [14]. Nevertheless, the deformations in Section 3 of [14] are of a very particular kind. Indeed,
the eigenvalues uq, ..., u, of the matrix Z in [14], which is the analogue of our ﬁo, are deformation
parameters, but they vary in such a way that along the deformation they satisfy the condition

Uy ==y, (1.26)

Up;+1 =+ = Upy4pss (1.27)

(1.28)

Upy4-4ps_14+1 = " = Upy+-+ps> (129)

with p; + -+ + ps = n. Thus, the deformation parameters are always inside the same ”stratum” of the
coalescence locus. Moreover, the matrix f = f(Z) in [14], which is the analogue of our Ay, satisfies quite
restrictively requirements that the diagonal is zero and (ﬁl)ab = 0 whenever ug, = up, 1 < a # b < n.
These conditions are always satisfied along the deformation “stratum” of [14]; they are a particular case

Hyp [13] it is only assumed that the monodromy matrices are constant. This generates non-Schlesinger deformations
in the resonant case. On the other hand, an isoprincipal deformation always leads to Schlesinger deformations [13] [47].
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or the more general conditions of Proposition 4.2 in our paper below. For these reasons, an adaptation
of the classical Jimbo-Miwa-Ueno results [49] (and those of [9] for a connection on a G-bundle, with G a
complex and reductive group) can be done verbatim, in order to describe the isomonodromicity condition
for such a very particular kind of deformations. In the present paper, we studied general isomonodromic
deformations of the system (1.10), not necessarily the simple decomposition of the spectrum as in (1.26)-
(1.29).

For a system analogous to (1.10), associated with a semisimple Frobenius manifold, where A, (t) is
skew symmetric (see Section 21), a synthetic proof is given in [31] that a fundamental matrix solution
asymptotic to the formal solution in a sector of central opening angle m + ¢ (the analogous to our
Y, (z,u) ~ Yr(z,u)) is holomorphic in a small neighbourhood of a coalescence point. This result, in case
of Frobenius manifolds, is the analogous of the second point of Theorem 1.1. The proof in [31] is based
on the Laplace transformation of the irregular system into an isomonodromic Fuchsian system, whose
associated Pfaffian system is of Fuchsian type and has the good analyticity properties discussed in [75].
However, our Theorem 1.1 applies to a general situation, not just to Frobenius manifolds. Moreover,
it contains more information, thanks to the precise characterisation of the sectors for the asymptotics
(based on our cell decomposition) and the statements concerning the nature of the monodromy data in
a neighbourhood of a coalescent point, together with the powerful tool for their computation provided
by Corollary 1.1. These results, and also Theorem 1.2, seem to be missing from the literature.

1.4. Plan of the Paper.

e In Part I, we study formal and fundamental solutions of the system (1.1) as z — oo, both at
coalescence points and away from them. We give necessary and sufficient conditions for a formal
solution, computed away from coalescence points, to admit holomorphic continuation to the
coalescence locus (see Proposition 5.1).

e In Part I, we study the Stokes phenomenon at z = co for the system (1.1), both at coalescence
and non-coalescence points. We show existence and uniqueness results at coalescence points.

e In Part III, under Assumption 1 we discuss the analytic continuation of fundamental solutions
of (1.1). We show that U, (0) splits into topological cells, determined by the fact that Stokes
rays associated with A(t) cross a fixed admissible ray. In Theorem 14.1 and Corollary 14.1 we
give sufficient conditions such that fundamental solutions can be analytically continued to the
whole U, (0), preserving their asymptotic representation, so that the Stokes matrices admit the
limits (1.15). Notice that for the results in Parts I-III no isomonodromicity is required.

e In Part IV, we formulate the monodromy preserving deformation theory for system (1.10). We
prove Theorem 1.1 , Corollary 1.1 and Theorem 1.2.

e In Part V, we show how Theorem 1.1 and Corollary 1.1 can be applied to Frobenius Manifolds
and to the sixth Painlevé equation.

Remark 1.2. In the main body of the paper, the matrices Y;., sectors S, and Stokes matrices S, will
be labelled differently as Y, (. —1),, Sut(r—1)p @nd Sy 4 (r—1)u, Vs ¢ € Z. This labelling will be explained.

Acknowledgements: We thank Marco Bertola for helpful discussions and suggestions concerning the proof
of Theorem 1.2. D. Guzzetti remembers with gratitude Andrei Kapaev for insightful discussions about
coalescence of eigenvalues and possible implications, at the time when our work was just beginning.

PART I: Structure of Fundamental Solutions

2. DEFORMATION OF THE DIFFERENTIAL SYSTEM, SIBUYA’S THEOREM

We consider system (1.1) of the Introduction, depending on m complex parameters'? t. The n x n
matrix A(z,t) is holomorphic in (z,t) for |z| > Ny > 0 and |¢| < €, for some positive constants Ny and
€0, with uniformly convergent Taylor expansion (1.2).

The coefficients A;(t) are holomorphic for [t| < ¢y. We assume that Ay(0) is diagonalisable, with
distinct eigenvalues A1, ..., Ag, s < n. We are interested in the case when s is strictly less than n. Up to

12Later, we will take n = m, as in (1.16).
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a constant gauge transformation, there is no loss of generality in assuming that
Ao(O)ZA: Al@@Aé, Al = )\Llpl, z:l,2,,s§n, (21)

being I,, the p; x p; identity matrix. If Ag(t) is holomorphically similar to A(t), as in (1.4), then
A = A(0). However, at this stage of the discussion we do not assume holomorphic similarity, so we keep
the notation A instead of A(0).

Remark 2.1. A result due to Kostov [53] states that, if system (1.1) is such that A(z,0) = Ap(0) +
A1(0)/z, and if the matrix A;(0) has no eigenvalues differing by a non-zero integers, than there exists
a gauge transformation Y = W(z,t)Y, with W(z,t) holomorphic at z = co and t = 0, such that (1.1)

becomes a system like (1.9):
dy ~ At =
— =4 —]Y. 2.2
P ( oft) + . (2.2)

Nevertheless, since Ay(0) has non-distinct eigenvalues, we cannot find in general a gauge transformation
holomorphic at z = co which transforms A(z,0) of the system (1.1) into Ag(0) + A1(0)/z (see also [11]
and references therein). Therefore the system (1.1) is more general than system (2.2), namely than (1.9).

2.1. Sibuya’s Theorem. General facts about eigenvalues and eigenvectors of a matrix M (¢), depending
holomorphically on ¢ in a domain D C C™, such that M (0) has eigenvalues Ay, ..., As, s < n, can be found
in [54] and at page 63-87 of [50]. If s is strictly smaller than n, then ¢ = 0 is a coalescence point. For
D C C™ and m = 1 the coalescence points are isolated, while for m > 2 they form the coalescence locus.
Except for the special case when M (¢) is holomorphically similar to a Jordan form J(¢), which means
that there exists an invertible holomorphic matrix Go(t) on D such that (Go(t)) 1M (t)Go(t) = J(t), in
general the eigenvectors of M (¢t) are holomorphic in the neighborhood of a non-coalescence point, but
their analytic continuation is singular at the coalescence locus. For example,

M(t)_<(z é) tec,

has eigenvalues Ay = 4+/f, which are branches of f(t) = t'/2, with ramification at A = {t = 0}. The
eigenvectors can be chosen to be either
€ = (£1/Vt,1), or & = (£1,V1).

The matrix Go(t) := [€4(t),£_(t)] puts M (t) in diagonal form Go(t)~*Ao(t)Go(t) = diag(v/t, —V/1), for
t # 0, while M(0) is in Jordan non-diagonal form. Either Go(t) or Go(t)~! is singular at ¢t = 0. The
branching could be eliminated by changing deformation parameter to s = t'/2. Nevertheless, this would
not cure the singularity of Gy or G Lat s = 0. Another example is

M(t):(é i), tecC.

The eigenvalues u; = us = 1 are always coalescing. The Jordan types at ¢t # 0 and ¢t = 0 are different.
Indeed, M (0) = diag(1, 1), while for ¢ # 0,

Go(t) M (1) Golt) = ( - ) Golt) = ( - )

Now, Go(t) is not invertible and Go(t)~! diverges at t = 0.
In the above examples, the Jordan type of M(¢) changes. In the next example, the Jordan form
remains diagonal, and nevertheless Go(t) is singular. Consider

14+t t
M(t):( 01 1—2t2)7 t:(tlat2)€C2'

The eigenvalues coalesce at t = 0, where M (0) = I. Moreover, there exists a diagonalizing matrix Go(t)
such that

Goo Mo = (141 0 ) wameonat, G = (0 (N0 ).
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for arbitrary non-vanishing holomorphic functions a(t), b(t). At ¢ = 0 the matrix Go(t) has zero deter-
minant and Go(t)~! diverges.

Although M (t) is not in general holomorphically similar to a Jordan form, holomorphic similarity can
always be realised between M (¢) and a block-diagonal matrix M (t) having the same block structure of
a Jordan form of M (0), as follows.

Lemma 2.1. [LEMMA 1 of [71]]: Let M(t) be a n x n matriz holomorphically depending ont € C™,
with |t| < €, where € is a positive constant. Let A1, Aa, ..., As be the distinct eigenvalues of M(0), with
multiplicities p1,pa, ..., ps, S0 that p1 + pa2 + -+ - + ps = n. Assume that M(0) is in Jordan form
M(0) = M1 (0) & - -- & M(0)
where
0 b
0 by
Mj(O):)\jij+Hj7 Hj: s 1§]§8,
0 hjpj—l
0

bk being equal to 1 or 0. Then, for sufficiently small 0 < € < ¢ there exists a matriz Go(t), holomorphic
int for |t| <e, such that

GO(O) = Ia
and M\(t) = (Go(t)) 1M (t)Go(t) has block diagonal form
M(t) = M(t) & - & M,(t), (2.3)

where ]\//.7](15) are pj X p; matrices. For |t| < e, ]\//.Tl(t) and J\/Zj(t) have no common eigenvalues for any
i#£7.
Remark 2.2. The lemma also holds when ¢t € R™ in the continuous (not necessarily holomorphic)
setting.
Lemma 2.1 can be applied if M(t) = Ag(t) as in (1.2), with Ag(0) = A. Therefore®?
Ag(t) = Go(t) " Ap(1)Go(t) = AP (1) & - & AD (1), (24)
Go(0) =1, Ap(0) = 4(0) = A,
Remark 2.3. Gy(t) is determined up to
Go = Go(t)T (),

where T(t) = Ti(t) & --- @ T4(t) is any block-diagonal matrix solution of [T (), Ag(t)] = 0. Sibuya’s
normalization condition Go(0) = I can be softened to Go(0) = 7(0). Notice that a each block 7;(0) is
an arbitrary invertible matrix.

We define a family of sectors S, in R and state Sibuya’s theorem. Let arg,(\; — Ax) be the principal
determination. Let n € R be an admissible direction for A in the A-plane (we borrow this name and
the following definition of the 7,’s and 7,,’s from [3] and [6]). By definition, this means that,

n # arg,(\; — A\x) mod(27), V1<j#k<s.
Introduce another determination arg as follows:
n—2m <arg(\j —A) <n,  1<j#k<s (2.5)

Let 2u1, 1 € N, be the number of values arg(\; — Ax), when (j, k) spans all the indices 1 < j # k < 5.1
Denote the 24 values of arg(\; — A,) with 7o, n1, ..., 72,1, according to the following ordering:

N>ng > 0 S>Muo1 >Ny > o > Moy >N — 2. (2.6)
13Given a n x n matrix Ag, partitioned into s? blocks (s < n), we use the notation Agg), 1 <i,5 < s, to denote the

block in position (i, 7). Such a block has dimension p; X p;, with p1 + ... + pp = n.
14 9, < s(s — 1), with “=" occurring when arg(Aj — Ag) # arg(Ar — As) mod 27 for any (j, k) # (r, s).
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Clearly
Nutp =Ty — T, v=0,1,...,0—1. (2.7)
Consider the following directional angles in the z-plane
3 3
7'::77(—77, Tyzzg—ny, 0<v<2u-—1. (2.8)
From (2.6) if follows that,
T < o <Tpuo1 <7< oo <oy < T+ 27 (2.9)

From (2.7) if follows that,
Tygp =Ty + T, v=0,1,..,p0—1.
The extension of the above to directions in R is obtained by the following definition:
Tytkp = Ty + km, keZ.
This allows to speak of directions 7, for any v € Z.
Definition 2.1 (Sector S,). We define the following sectors of central opening angle greater than 7:
S, = S(T,, — 7T,Ty+1) = S(TV_M,TD_H), v € 7. (2.10)

Theorem 2.1 (Sibuya [71] [42]). Let A(z,t) be holomorphic in (z,t) for |z| > Ny > 0 and |t| < € as
in (1.2), such that Ag(0) = A=A & ---® A, as in (2.1). Pick up a sector S, as in (2.10). Then,
for any proper closed subsector S(a,8) = {z | 7, — 7 < a < argz < B < 7,11} C S,, there exist a
sufficiently large positive number N > Ny, a sufficiently small positive number € < ey, and matrices
Go(t) and G(z,t) with the following properties:

i) Go(t) is holomorphic for |t| < € and

Go(0) =1, Ag(t) := Go(t) " Ao (t)Go(t) is block-diagonal as in (2.4).

ii) G(z,t) is holomorphic in (z,t) for |z| > N, z € S(a, B8), [t] < ¢;
iii) G(z,t) has a uniform asymptotic expansion for |t| < e, with holomorphic coefficients G (t):

G(z,t) ~ I+ ZGk(t)z_k, z—= 00, zé€Sa,p),
k=1
iv) The gauge transformation
Y (2,1) = Go()G(z, )Y (2, 1),

reduces the initial system to a block diagonal form

dy -

T = B(z,t)Y, B(z,t) = B1(z,t) ® - -- @ Bs(z,t), (2.11)
where B(z,t) is holomorphic in (z,t) in the domain |2| > N, z € S(a, B), |t| <,
and has a uniform asymptotic expansion for |t| < e, with holomorphic coefficients By(t),

B(z,t) ~ Ay(t) + in(t)z_k7 z— 00, zé€S(opf). (2.12)
k=1

In particular, setting Ay (t) := Gy (£)A1(£)Go(t), then By (t) = Eﬁ) e @ Eﬁi)(t)

Remark 2.4. In the theorem above, € is such that Eg?)(t) and ;1\;2) (t) have no common eigenvalues for
any i # j and [¢t| < e. Observe that one can always choose f — a > 7.

Remark 2.5. S, coincides with a sector { z € R [-37/2 —w_ <rargz < 37/2 —w,}, introduced by
Sibuya in [42]. A closed subsector S(«, ) is a sector D(N, ) introduced by Sibuya in [71].

Remark 2.6. If A = M\ I, Theorem 2.1 gives no new information, being Go(t) = G(z,t) = I and
S, =R.
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~

— A Short Review of the Proof: The z-constant gauge transformation Y (z,t) = Go(t)Y (#,1) transforms
(1.1) into

8%

=A(z)Y,  Alt) =) Az A(t) =Gyl (H)Ai()Go(t). (2.13)

=0

Another gauge transformation ?(z,t) = G(z,t)Y (z,t) yields (2.11). Substitution into (2.13) gives the
differential equation

G'+GB = A(z,1)G, (2.14)
with unknowns G(z,t), B(z,t). If formal series G(2,t) = I + > 72, G;j(t)z77 and B(z,t) = Ao(t) +

Z?‘;l Bj(t)z77 are inserted into (2.14), the following recursive equations (¢ is understood) are found:

For [ = 0: By(t) = A\O(t).

Forl=1:
AoGy — G1Ay = — Ay + By. (2.15)
For | > 2:
-1
AoGy = Giho =| Y- (GiBis = Ai56G5) = A| = (1= 1)Gia + B (2.16)
Jj=1

Once Gy(t) has been fixed, the recursion equations can be solved. A solution {G;(t)}2,, {Bi(t)};2, is
not unique in general. The following choice is possible:

) . .
G;;(t)=0, 1<j<s, [diagonal blocks are zero], (2.17)

and
B(t) = By)(t) @®---®BU(), [off-diagonal blocks are zero]. (2.18)

Then, the Gi(t)’s and B;(t)’s are determined by the recursion relations, because for a diagonal block
[4,7] the Lh.s of (2.15) and (2.16) is equal to 0 and the r.h.s determines the only unknown variable B](-?.
For off-diagonal blocks [i, j] there is no unknown in the r.h.s while in the Lh.s the following expression
appears

0 1 1) (0 L,

Agi)(t)Gz('j) - Gz(‘j)A;j)(t)v 1<i#j<s.
For |t| < € small enough, Ag?)(t) and EES) (t) have no common eigenvalues, so the equation is solvable
for GE?. With the above choice, Sibuya [71] proves that there exist actual solutions G(z,t) and B(z,t) of
(2.14) with asymptotic expansions I+ 3. G;(t)2~7 and Ao+ >, Bj(t)z77 respectively. We remark that
the proof relies on the above choice. It is evident that this choice also ensures that all the coefficients
G;(t)’s and Bj;(t)’s are holomorphic where the A;(t)’s are. Note that (2.15) yields By (t) = Agll) G- P
AV, o

3. FUNDAMENTAL SOLUTIONS OF (2.11)

The system (2.11) admits block-diagonal fundamental solutions Y (z,t) = Y (z,t)®- - -& Y, (2, t). Here,
}N/i(z, t) is a p; X p; fundamental matrix of the i-th diagonal block of (2.11). The problem is reduced
to solving a system whose leading matrix has only one eigenvalue. The case when Ag(t) has distinct
eigenvalues for |t| small is well known (see [42], and also [3] for the t-independent case). The case when
Ap(0) = A is diagonalisable, with s < n distinct eigenvalues, will be studied here and in the subsequent
sections.

We do another gauge transformation
Y(2,1) = e Yyea(, 1), (3.1)
where the subscript red stand for “rank reduced”. We substitute into (2.11) and find

%(Ax'ed + r/ed) = B(Z7 t)%}/red
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The exponentials cancel because B(z,t) is block diagonal with the same structure as A. Thus, we obtain

dY;‘ed
—B Y, 2
dZ Ted(z t) red; (3 )
with
Brea(z.t) := 2(B(z,t) = A) = B{"“"(z, >@--~@B§”d><z,t>, (3.3)
Byea(z,t) ~ z(Ay(t ZBk . (3.4)

Fundamental solutions can be taken with block dlagonal structure,
Yyea(z,t) = Y" V(2 t) @ - @ YD (2,1).

where Yl-(md) (z,t) solves
(red)
dYZdZ _ %Bi(red) (Z, t) Y,L-(TEd).
The exponential e** commutes with the above matrices, hence a fundamental solution of (1.1) exists in
the form
Y (2,t) = Go(t)G(2, 1) Yrea(2,t)
We proceed as follows. In Section 4 we describe the structure of fundamental solutions of (1.1) for
t = 0 fixed. In Section 5 we describe the structure of fundamental solutions at other points ¢ € U, (0).

4. A FUNDAMENTAL SOLUTION OF (1.1) AT t=0

At t = 0, the rank is reduced, since the system (3.2) becomes a Fuchsian system in S(a, 3),
dYred 1
= “Brea(2,0) Yied, 41
2, — 5 Dred(#0) Yiea (4.1)
with Byea(2,0) ~ > p2; Bk(0)z=FF! for = — oo in S(a, ). Let J; be a Jordan form of the i-th block
B.(l)(O) A(l)( 0) = A( )( 0), 1 <i < s. Following [74], we choose J; arranged into h; < p; Jordan blocks

?

T I

Ti=JPe-etd. (4.2)

Each block JJ@, 1 < j < hy, has dimension r; x r;, with r; > 1, 7y +--- 4+ 7, = p;. Each J]@ has only

one eigenvalue ugi), with structure,

JJ@ = u;Z)Ir_i + H,j, I, = r; x r; identity matrix,
0 1
0 1
H, =0ifr; =1, H, = if r; > 2.
0 1
0
Note that ,u() e uﬁj) are not necessarily distinct. One can choose a t-independent block-diagonal
matrix T =T1 @ --- & T, (it corresponds to T(0) of Remark 2.3), such that

T ADO) T =i
The transformation Y;..q = 7 X,.cq of the system (4.1) yields'®

dXTed
dz

1
= ;Bred('z) Xredu Bred(z) = T_lBred(Z70)T7 (43)

15 The gauge transformation )7(27 0) = T X (z), of the system (2.11) at t = 0 yields,
dX

~ J B
=B(x)X, B()=T 'B(z0T, Bl ~A+>+> =5 By:=T 'Bp(0)T.
dz z =z
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= Bk+1 —1
Bre ~J s B, = B (0 .
a(2) + ; o r="T (0)T
The system (4.3) has block-diagonal fundamental solutions X,eq = X Y“l) DB Xf’“ed)’ each block
satisfying

red
Xm( ) o 1 (red)

=5 xreh o 1<i<s. (4.4)

Now, J; has the unique decomposition
J; = D; + S;, D; = diagonal matrix of integers, (4.5)
S; = Jordan form with diagonal elements of real part € [0, 1). (4.6)

For i = 1,2,...;s, let m; > 0 be the maximum integer difference between couples of eigenvalues of J;
(m; = 0 if eigenvalues do not differ by integers). Let T := max;—1, . sm;. The general theory of Fuchsian
systems assures that (4.4) has a fundamental matrix solution

Xi(md)(z) = K;(z) 2Pzt Ki(z) ~ I+ i KJ(-i)z_j7 z — oo in S(a, B).
j=1
Here L; := S; + R;, where the matrix R; is a sum R; = R(1),; + -+ R(p,),i, whose terms satisfy
[Ra),ilblock ap 70 only if ,ul(f) - u((;) =1 > 0 integer. (4.7)
Let
D=D® & Dy, S =8®---®S,, R=R @& - -®R,, L:=R+8. (4.8)
Observe now that R has a sum decomposition
R=Rau)+ Ro)+ -+ R, (4.9)

where Ry = R)1 @ -+ @ R, Here it is understood that R ; = 0 if m; < <m. We conclude that
Xyea(z) = K(2) 2P 25, K(z)NI—l-Zsz_j, z — oo in S(a, ),
j=1

K(z)=Ki(z)®- - & K(2), Kj:Kfj)@...@ng)_
Hence, there is a fundamental solution of (1.1) at t = 0, of the form
Y(2) = G(2,0) TK(2) 2225 e,

This is rewritten as,
Y (2) = TG(2) 2P2F &2
where G(2) := T 1G(2,0)TK(z). Clearly,

G(z) ~ I+ iﬁ’kz_k = (I + i T_le(O)T) <I + i Kkz_k), 2z —o0o0in S(a, ).  (4.10)
k=1 k=1 k=1

The results above can be summarized in the following theorem:

Theorem 4.1. Consider the system (1.1) satisfying the assumptions of Theorem 2.1. There exist
an invertible block-diagonal matriz T = Ty @ --- @ Ty and a matriz G(z), holomorphic for |z| > N,
z € S(a, B), with asymptotic expansion

g(z)wl—i—Zﬁ‘kz_k, z— o0, z€S(a,p), (4.11)
k=1

such that the gauge transformation Y (z,0) = TG(2)Y(z) transforms (1.1) at t = 0 into a block-diagonal
system

d 1 R R
dz % z 0
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where J; is a Jordan form of Agil)(O) = //1\51-1)(0), 1 <i<s, and the Ryy, 1 <1 < m are defined in
(4-7)-(4.9). The system (4.12) has a fundamental solution Y(z) = 2P 2% €A hence (1.1) restricted at
t =0 has a fundamental solution,

Y(z) = TG(2) 2020 et2. (4.13)
The matrices D, L are defined in (4.5), (4.6) and (4.8). The matriz T satisfies

T ADOTi =0, i=1,..s

Remark 4.1. Observe that (4.13) does not solve (1.1) for ¢ # 0.
Definition 4.1. The matriz

Yp(z) = TF(z) 2Pz" M, F(z):=1+ leﬁszk , (4.14)
k=1

is called a formal solution of (1.1) for t =0 and Ay(0) = A.

Notice that we use the notation Y for solutions of the system with t = 0. For fixed 7, D, L and A
the formal solution is in general not unique. See Corollary 4.1.

Remark 4.2. We note that (4.14) can be transformed into a formal solution with the structure described
in [4], but the specific form (4.14) is more refined and is obtainable by an explicit construction from
our differential system (see also Section 4.1 below). More generally, for a system not depending on
deformation parameters

ay - ~ SO N
—=AQR)Y, A=A+ At (4.15)

z
k=1

such that Eo has not all pairwise distinct eigenvalues and may be not diagonalisable, the formal solutions

differ in structure from (1.7). This is a very well known result: according to chapter V of [74], formal

solutions behave like

o0
Yr(z) = (FO + Z sz_k/p) zWeQ(Z), (4.16)
k=1
where W is a constant matrix, p is a positive integer and Q(z) is a diagonal matrix, polynomial in 21/P,
Moreover, given a sufficiently narrow sector S, there exists a fundamental matrix solutions admitting
Yr(z) as asymptotic representation in S. If p > 2, z = oo is called a ramified irreqular singularity. The
structure (4.16) is further refined in [4], and corresponding actual solutions and their Stokes phenomenon,
including questions of uniqueness, are studied in [5]. In the present paper, system (1.6) for fized t = 0
ort = ta € A is a special case of (4.15), but z = oo is not ramified, because of the diagonalizability
assumption. In Sections 3, 4 and 5 above we have given a thorough description of formal and actual
solutions in this case, while in Sections 6 and 7 we will address the Stokes phenomenon, the extension of
the sectors of the asymptotic expansions, and uniqueness. Though the results of Sections 6 and 7 could
in principle be derived from a specialisation of [5], it will be more natural, transparent and functional
to our purposes to derived them straightforwardly.

4.1. Explicit computation of the F}’s and R of (4.11) and (4.12). Uniqueness of Formal
Solutions. We present the computation of the Fj’s in (4.11) and R in (4.9). This serves for two
reasons. First, the details of the computation in itself will be used later, starting from section 4.2.
Second, it yields the Corollary 4.1 below concerning the (non-)uniqueness of formal solutions. Consider
the gauge transformation Y = 7X at ¢ = 0, which transforms (1.1) into
X
=

TAEOT =A+> Az, Aj=T ' 407T.

Jj=1

(T714,0)T) X(2),



The recurrence equations (2.15), (2.16) become (using Fj instead of G;),

AF1 — FlA = *Al + Bl, with diag(Al) = J,
-1
AF = FA =| Y (FiBioj = AiiFy) = A = (= 1)Fiy + By
j=1

Proposition 4.1. The recurrence equations (4.17)-(4.18) admit a solution

Fo=F, k>1,

By = J,

By = Ry), B3 = R3), -, Bmy1= R,
B =0 forany k>m+2,
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(4.17)

(4.18)

where Ry = Ry 1 © - @ Rqy.s, each Ry ; being as in (4.7). The ﬁ’k are exactly the coefficients of the
asymptotic expansion of the gauge transformation (4.11), which yields (4.12). They contain arbitrary

parameters in case there is at least one i € {1,...,s} such that 21\1(11)(0) has eigenvalues differing by

non-zero integers.

Proof: Let K, :{Zé;ll (FjBl_j - Al_ij) - Al}, and rewrite (4.17) and (4.18) in blocks ¢, j:
e For I =1 ([4, j] is the block index, 1 <1i,7 < s):

AF,—FA=-A+B = (\-\FY =-4) +BY.
e For [ > 2:

l l — l
AR —FA=K;—(I-)F 1 +B = (\-M\FE) =K -(-1)F;" +BY.

e For | = 1 we find:

-Ifi=j:
Bz(zl ) = AS )= Jis Fi(il) not yet determined.
—1If i # j:
AD
oS B _q.
TN N i

e For [ > 2 we find:

—1fi # j5:
l - 1 -1 1
FY == )7 (k) - a-nESY), BY =0
In the r.h.s. matrix entries of F}, ..., Fj_1 appear, therefore the equation determines Fz(Jl)
—-Ifi=j:

0=kY —-1F" +BY.

(4.19)

We observe that in ICE? the matrix entries of F1, ..., Fj_; appear, including the entry Fi(il_l). Keeping

into account that By = Aﬁ) @AY, we explicitly write (4.19):

s -2
-1 -1 1 1 -1 l l
(lfl)Fii ) :Z(Fz‘k )Bl(ci) *Az('k)Fzgz' )) +Z(FJ'BI—J'*AI—J'FJ')[. o *Az('i)+Bi(i) =
k=1 j=1 o
-2
= FVAY — AP AR Y (BB~ AEy) L AD 4 BY.

ki j=1 ’
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Thus, keeping into account that AS ) = Ji, the above is rewritten as follows:
1-2
(Ji +1- 1) F{Y—F{ V== AP + Z(FjBl—j - Al—ij> i A + B (4.20)
ki j=1 o

In the r.h.s. every term is determined by previous steps (diagonal elements Fj(f ) appear up to k <1—2),

except for Bg), which is still undetermined. (4.20) splits into the blocks inherited from J; = in) CRRRNS>
J}(L?. Let the eigenvalues of J; be ugz)7 s /‘51?7 h; <p;. Then (for I > 2),
(H9 4+ 0= 14 Hy, IS o = S + Hy,) =

-

[ V)

M

AR Y (BB - AE) AV BY | (4.21)
ki j=1 [i:4] b
Here [ - - ]4p denotes a block, with 1 < a,b < h;.

o If ,u(z) (L) =1—1,thelhs. of (4.21) is H,, [Fi(il_l)] [F(l 1)] »Hy,. The homogeneous equation
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A

H,, [Fi(il 1)] [FZ(Zl 1)]abH = 0 has non trivial solutions, depending on free parameters, since the

matrices H,, and H,, have common eigenvalue. One can then choose Fj; to be a solution of the
homogeneous equation, and determine [Bi(f)]ab # 0 by imposing that the r.h.s. of (4.21) is equal to 0.
o If /‘1(71) — ,u((f) # 1 — 1, the choice [B»@]ab = 0 is possible and [Fi(ilfl)]ab is determined.

(X3

We conclude that
l 2 ab 70 only if u(z) — u(i) =1[1>0 integer.
b a

This means that [B -(Hl)]ab = [R(),ilab- By construction, the so determined Fj are exactly the coefficients

kX3
F}, of the asymptotic expansion of the gauge transformation (4.11) O

Corollary 4.1 (Uniqueness of Formal Solution at ¢ = 0). A formal solution (4.14) with given T, D,
L, A is unique if and only if for any 1 < i < s the eigenvalues of AE?(O) do not differ by a non-zero
integer.

Proof: Computations above show that {F},}7° ; is not uniquely determined if and only if some Ml(f) — ,u((li) =

[ —1, for some [ > 2, some i € {1,2,..., s}, and some a,b. (]
4.2. The Special sub-case with J diagonal, R = 0, 7 = I. A sub-case is very important for the

discussion to come, occurring when 7 = I and AEE)(O) is diagonal. Clearly, if 7 = I, then J; = Al(-il)(O).
Hence, if T = I, then J is diagonal if and only if (/TEJ)(O)) =0 for any 1 <p#q < p;.
Pq

Proposition 4.2. There exists a fundamental solution (4.13) att =0 in a simpler form
Y(z) = G(2)2B1 @eh2, (4.22)
with T =1, J = B1(0) = diag(A1(0)) diagonal, and

2) ~ T+ Z Frpz*, z— 00 in S(a,f), (4.23)
if and only if the following conditions hold:

e For every i € {1,2,...,s}, and every p,q, with 1 < p # q < p;, then
(AAEZ»I )(0)) =0. (4.24)

pq
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o If (A\Eg)(O))pp — (2(-1)(0)) +1—-1=0, for somel > 2, some i € {1,2,...,s}, and some diagonal

entries (25?(0)) , (A\E;)(O)sq , then
aq

pp
;(Aﬁ)(o B 1)) +§;< A0-9) Féf))pq+(ﬁﬁﬁ>(0))pq:o, (4.25)

for those values of 1, i, p and q.

Proof: We only need to clarify (4.25), while (4.24) has already been motivated. We solve (4.17), (4.18)
when 7 = I, namely (recall that 4;(0) = A4,(0)) (we write Fj, as in (4.17), (4.18), but it is clear that
the result of the computation will be the F} appearing in (4.23)):

AF, — FiA = —A;(0) + By,

-1
AF,— FA :|:Z<FjBl—j — Al—j(O)Fj) — Al(())} —(l-1)F_1 +B.
j=1
At level [ = 1: X
By = diagA;(0), FO_ ij(O),‘

At level [ > 2,

l -1
o _ kY — @ —-1F; Y
K Xi —Aj ’
where :[Zé;ll (Fng_j - gl_j(O)FJ) - 25(0)} Formula (4.21) reads

Bl

0 _
BY =0,

i - = ~ I
(=g + 1) I Vo = | = DD AR 05 ”+Z(FBU AyOF) - A)0) + BY
k#i ' ab
Indices above are block indices. The above can be re-written in terms of the matrix entries,
~1 ~1 -1
(A0 = (AP (0))gq +1 = 1) (V) = (4.26)

ZA(U 0)Fy; 1)+Z(FBZ i —A;(0) J) = AP0+ BY
k#i [i-2]
A A _ 0 _ (-1
o If (A;;7(0))pp — (A i ( ))gq +1—1#0, choose B;;” =0 and determine (F;; /)pq-
o If (A\(l)( 0))pp — (A “1)( 0))gq +{—1=0, by induction assume that the B;_; = 0. Then the equation
is satisfied for any (F( )) pq and for

entry pq

-2

( 1)
Bl ZA + ( >block [2,4] +Ali (O)

ki i=1 entry pq

Then, if we impose that (B-(?))pq = 0 we obtain the necessary and sufficient condition (4.25). The proof

7
by induction is justified because at the first step, namely | = 2, we need to solve

(A ©0)pp = (A (0))gq + 1) (FL)pg = - S AD©) FPpy — AP Oy + (B )y (420)
ki

If (ﬁg)(O))pP - (A\S)(O))qq + 1 # 0, the above has a unique solution for any choice of (B(Q))pq. We
choose (Bi(iz))pq =0. If EEJ)(O))W - (ES)( 0))gq + 1 = 0, the equation leaves the choice of (F, 1(7,1))Pq free,
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and determines

S 2 "~ (AL O 0 |, (5
(B Yo = D (A3 (0) 3 o + (A7 (0))pg = = 3 ~HC R0 4 (A2 (0)) g
ki ki v

We can choose (Bl-(f))pq = 0 if and only if

. " (A0 AN (o
(A )y = Y. D0 O, (4.28)
ki v

which is precisely (4.25) for | = 2. O

5. SOLUTIONS FOR t € U, (0) WITH Ag(t) HOLOMORPHICALLY DIAGONALISABLE.

In the previous section, we have constructed fundamental solutions at the coalescence point ¢t = 0.
Now, we let ¢ vary in U, (0). In Sibuya Theorem, Ag(t) = Eg(i) tHe---@ AY (t) is neither diagonal nor
in Jordan form, except for t = 0. Ap(t) admits a Jordan form at each point of U, (t), but in general this
similarity is not realizable by a holomorphic transformation. In order to procede, we need the following
fundamental assumption, already stated in the Introduction.

Assumption 1: For |t| < ¢ sufficiently small and such that Lemma 2.1 and Theorem 2.1 apply, we
assume that Ag(t) is holomorphically similar to a diagonal form A(¢), namely there exists a holomorphic
invertible Go(t) for |t| < eg such that

Go(t) 1 Ag(t) Go(t) = A(t) = diag(ui(t), ua(t), ..., un(t)),

Remark 5.1. Assumption 1 is equivalent to the assumption that Ag(¢) is holomorphically similar to its
Jordan form. The requirement implies by continuity that the Jordan form is diagonal, being equal to
A =A(0) at t = 0.

With Assumption 1, we can represent the eigenvalues as well defined holomorphic functions wu (¢),
us(t), ..., u,(t) such that

ur(0) =+ =up, (0) =, (5.1)

up1+1(0) = = Upitpy (O> = A, (52)

(5.3)

Upy4otp,_1+1(0) = - = Up 4o gp,1p, (0) = As. (5.4)

Moreover,

Alt) =M@)®Az(t) @ -+ @ As(1),
where Ay (), ..., As(t) are diagonal matrices of dimensions respectively py, ..., ps, such that A;(t) — X1,
fort — 0, j = 1,...,s. For example, A;(t) = diag(ui(t), ..., up, (t)), and so on. Any two matrices A;(t)
and A;(¢) have no common eigenvalues for ¢ # j and small €.

The coalescence locus in U, (0) is explicitly written as follows

A= U {t € C™ such that: |t| < ep and u,(t) = ub(t)}.

We can also write
S
A= U A’ia
i=1

where A; is the coalescence locus of A;(t). For m =1, A is a finite set of isolated points.



25

Improvement of Theorem 2.1: With the same assumptions and notations as of Theorem 2.1, if
Assumption 1 holds, then

B(z,t) ~ A(t) + ZBk(t)sz, z — 00 in S(a, B).
k>1

With Assumption 1, we can replace the gauge trasfromation (3.1) with
Y (z,t) = 202 ¥, q(2, 0).

Since A\O(t) = A(t), then Byea(z,t) ~ Y ey Bi(t)z="1. Hence the reduced system (3.2) is Fuchsian
also for ¢ # 0. The recursive relations (2.15) and (2.16) become By(t) = A(¢) for I = 0, and:

For [ =1:

At)Gy — G1A(t) = —A;(t) + By. (5.5)
For [ > 2:
-1
AG) — GIA(t) :[Z(G]Bl_j - /Tl_j(t)c;j) - ﬁl(t)} — (-G, +B. (5.6)

As for Theorem 2.1, the choice which yields holomorphic G;(¢)’s and B;(t)’s is (2.17) and (2.18). Gen-
erally speaking, it is not possible to choose the B;(t)’s diagonal for I > 2, because such a choice would
give G(t)’s diverging at the locus A.

5.1. Fundamental Solution in a neighbourhood of t; € A, with Assumption 1. Let Assumption
1 hold. Theorem 2.1 has been formulated in a neighbourhood of ¢ = 0, with block partition of Ay(0) =
A1 @ -@A;. Theorem 2.1 can also be formulated in a neighbourhood (polydisc) of a point ¢y € U, (0)\A,
of the form

Upy (to) :={t € C [ [t —to| < po} CU(0),

uﬂo (to) n A = @,

where A(t) has distinct eigenvalues, provided that pg > 0 is small enough. In order to do this, we need
to introduce sectors. To this end, consider a fixed point ¢, in U, (0), and the eigenvalues ui(t.), ...,
,(t.) of A(t,). We introduce an admissible direction n(*) such that

ntte) arg,, (ua(t*) - ub(t*)> mod(2m), V1<a#b<n. (5.7)

There are 2y, determinations satisfying n(**) —27 < arg(uq(t.) —up(t.)) < n®). They will be numbered
as

N >l > sy ey > ) — 2
Correspondingly, we introduce the directions
T(t*) = 37#—77“*)7 ngt*) = %_n;(/t*)a O§V§2Mt* _17

satisfying
) < T(gt*) < Tl(t*) << 72(2’1171 < 7t) 4 on.

The following relation defines Tét*) for any o € Z, represented as 0 = v + ki, :
Totkpy, = Ty*) + km, ve{0,1,...,u, — 1}, ke Z.
Finally, we introduce the sectors
Sgt*) = S(ngt*) — W,T(Et_ﬁ), o e Z.

Sibuya’s Theorem 2.1 in a neighbourhood of ¢y becomes:
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Theorem 5.1. Let Assumption 1 hold and let tg € U, (0)\A. Pick up a sector Sito) = S(TétO) -, T(gtﬂ),
o € 7Z, as above. For any closed sub-sector

?(to)(mﬁ) = {z eR |7 —nr<a<argz<f< Téti)l} c Sto),

there exist a sufficiently large positive number N, a sufficiently small positive number p and an invertible
matriz valued function G(z,t) with the following properties:

i) G(z,t) is holomorphic in (z,t) for|z| > N, z € g(to)(a,ﬂ), [t —to] < p;

it) G(z,t) has uniform asymptotic expansion for |t — to| < p, with holomorphic coefficients G (t):

G(z,t) ~ T+ ZGk(t)z’k, z— 00, zE€ g(to)(a,ﬂ),
k=1
i11) The gauge transformation
Y(z,t) = Go(t)G(z,t)Y (2, 1),
reduces the initial system (1.1) to
ay =
— = B(z,t)Y
dZ (Z7 ) Y

where B(z,t) is a diagonal holomorphic matriz function of (z,t) in the domain
|z| > N, z € S(a, B), |t — to| < p, with uniform asymptotic expansion and holomorphic coefficients:

B(z,t) ~ A(t) + Z Br(t)z™F, z— 00, z€ §(t0)(a,ﬂ).
k=1

In particular, B;(t) = diag //1\1 (t).

Remark 5.2. 5" (o, B) is not the same S(a, 3) of Theorem 2.1 (the latter should be denoted 5 (o, B)
for consistency of notations). The matrices G(z,t) and B(z,t) are not the same of Theorem 2.1. On the
other hand, G(t) is the same, by Assumption 1.

As before, we let Byeq(z,t) = 2(B(z,t) — A(t)). Then the system (1.1) has a fundamental matrix
solution
Y (z,t) = Go(t)G(z, )21 A=,
where G(z,t) = G(z,t)K(z,t), and

2 . %) Skt %) _
K(z,t) :exp{/ de(c’té Bi(t) d(} NQXP{ZBk(t)_k+1} =I+ZKj(t)zJ,

o k=2

z — 00 in S(a, B). This result is well known, see [42]. This proves the first part of the following

Corollary 5.1. The analogue of Theorem 5.1 holds with a new gauge transfromation G(z,t), enjoying

the same asymptotic and analytic properties, such that Y (z,t) = Go(t)G(z,t)Y (2) transforms the system

(1.1) into

Bi(t)
z

'Z = (A(t) +

With the above choice, the system (1.1) has a fundamental solution,
Y (2,t) = Go(t)G(z,t) 2B P A®)z, (5.9)

and G(z,t) is holomorphic for z € g(tO)(a,B), |z| > N and |t —to| < p, with expansion

> Y,  Bi(t) = diagA(t). (5.8)

G(z,t) ~ I + iFk(t)z*’“, (5.10)

k=1

for z — o0 in §(t0)(a, B), uniformly in |t — to| < p. The coefficients Fy(t) are uniquely determined and
holomorphic on U, (0)\A.
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Proof: The statement is clear from the previous construction. It is only to be justified that the F(t)’s,
k > 1, are holomorphic functions of ¢ ¢ A and uniquely determined. We solve (5.5) and (5.6) for the
F(t)’s, namely

A()Fy — FIA(t) = A (1) + By,
-1
A(t)F — FA(t) :[Z(FjBl_j - El_j(t)Fj) _ El(t)} —(I—1)F_1 +B.

Jj=1

It is convenient to use the notation u(t), ..., u,(t) for the distinct eigenvalues. Matrix entries are here
denoted a, b € {1,2,...,n}. For I =1,

Rlat) = =55 Bi)a =0, a#b

(Blaa(t) = (A)aa(t), = Bu(t) = ding(Ai(1)).
Now, impose that B;(t) = 0 for any [ > 2. Hence, at level | = 2 we get:

(FDaa(t) = = 3 (A0 ab(O(F )b (t) — (Ao)aa ().

b#a
For any [ > 2, we find:
1 ~ ~
F)alt) == oy U Aaal®) = (Adan(t) 1= 1] (Fr)an )
-2
+ 3 (Aar OF-)p(0) + D (A OF ) +(Aas(®) po a b
y#a Jj=1
-2
(= DF-aal®) ==Y (A)ar®(F-1)oa®) =D (A OF®) = (Aaal).
b#a j=1

The above formulae show that the Fj(t) are uniquely determined, and holomorphic away from A. O

The above result has two corollaries:

Proposition 5.1. The coefficients Fy(t) in the expansion (5.10) are holomorphic at a point ta € A if
and only if there exists a neighbourhood of ta where

(A1) ab(t) (5.11)

and

-2

[(A2)aa®) = (A)w(®) +1 = 1 (Fr-1)an(®) + 3 (Ao O(Fi-1)o®) + 3 (A s OF®)  + (A)wr(®) (5:12)
Y#a Jj=1

vanish as fast as O(uq(t) — up(t)) in the neighbourhood, for those indexes a,b € {1,2,...,n} such that

Ua (t) and up(t) coalesce when t approaches a point of A in the neighbourhood. In particular, the Fy(t)’s
are holomorphic in the whole U, (0) if and only if (5.11) and (5.12) are zero along A.

Remarkably, in the isomonodromic case, we will prove that if we just require vanishing of (Aq)as(t)
then all the complicated expressions (5.12) also vanish consequently.

Proposition 5.2. If the holomorphic conditions of Proposition 5.1 hold at t = 0, then (4.24) and (4.25)
are satisfied, with the choice

o

F, = Fx(0), k=>1.



28

If moreover (21(0)) — (21(0) o +1—13#0 for every l > 2, then the above is the unique choice of the
}07;f ’s, according to Corollary 4.1.

Expression (5.12) is a rational function of the matrix entries of Ay (t), ..., A;(t), since Fy (t),....Fi_1(t)
are expressed in terms of A;(t), ..., A;(t). For example, for [ = 2, (5.12) becomes

Jab(t) + (A1) ay (£)(A1) (1)
Uy (1) — up(t) .

(5.13)

Example 5.1. The following system does not satisfy the vanishing conditions of Proposition 5.1

E(z,t)z(g ?>+1<1 g) A={teC|t=0}={0} (5.14)

z

It has a fundamental solution

1 0 z
Y(Z7t) - |: ’lU(Z,t) 1 :| ( 0 226152 >7
with
(DR
w(z,t) := t?*2e*Fi(tz) — t ~ Z s, 27" z— 00, —3w/2 <arg(tz) < 3m/2.

k=1
The above solution has asymptotic representation (5.10), namely (1.7). Now, ¢t = 0 is a branch point of
logarithmic type, since Ei(zt) = —In(2t)+ holomorphic function of zt. Moreover, the coefficients Fy,(t)
diverge when t — 0. The reader can check that the system has also fundamental solutions which are
holomorphic at t = 0, but without the standard asymptotic representation Yr(z,t). We also notice a
peculiarity of this particular example, namely that Y (z,t) and Y (ze=27% t) are connected by a Stokes
1
2mit?
I of the system A(z,t =0). O

matrix S = { (1) } , which is holomorphic also at ¢ = 0 and coincides with the trivial Stokes matrix

5.2. Fundamental Solution in a neighbourhood of A € A, with Assumption 1. Let Assumption
1 hold. Let ta € A. Since the case tao = 0 has already been discussed in detail, suppose that ta # 0.
Then ta € A, for some i € {1,2,...,s}.

Directions T((;tA)7 o € Z, and sectors S((,tA) have been defined in section 5.1 (just put ¢, = ta). We
leave to the reader the task to adjust the statement of Theorem 2.1 reformulated in a neighbourhood of

ta, with the block partition of A(ta), which is finer than that of A(0). The closed sector in the theorem

will be denoted g(m)(a, B) C S{) . A solution analogous to (4.13) is constructed at ¢ = ta, with finer
block partition than (4.13). Special cases as in Section 4.2 are very important for us, hence we state the
following.

Proposition 4.2 generalized at ta: For ¢t = ta, the fundamental solution analogous to (4.13) reduces
to an analogous to (4.22), namely

Yia)(2) = Gol(ta)Gea) ()21 02020202 with  Bi(ta) = diag(Ai(ta)),

g(tA)(z) ~I+ZF@A);;€Z*’“, z— 00 In E(M)(a,ﬂ),
k=1
if and only if the following conditions generalising (4.25) hold. For those a # b € {1,...,n} such that
ua(ta) = up(ta),
(Auta)) =0, (5.15)

ab
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and if also (ﬁl (tA)>
hold:

— (ﬁl (tA)>bb + 1 —1 = 0 for some [ > 2, the following further conditions must

aa

> (Kl(%»w <F(tA);l_1>'yb + S (glfj(tA)F(tA);j)ab + (gl(tA)>ab =0.
v e{l,..,n}, g=1
Uy (ta) # (ua(ta) = up(ta))

[ V)

(5.16)

In the notation used here, then Y (z) in (4.22) is Y(0)(2), while G(2) in (4.23) is G(y(2). Finally, Fy in

o~

(4.14) is Fg);,- Keeping into account that (A;)q, vanishes in (5.12) for ¢t — ta and u,(ta) = ua(ta) =
up(ta), it is immediate to prove the following,

Proposition 5.2 generalised: If the vanishing conditions for (5.11) and (5.12) of Proposition 5.1 hold
for t — ta € A, then (5.15) and (5.16) at t = ta are satisfied with the choice

Fleayw = Fi(ta), k=1 (5.17)
If moreover (//1\1 (tA)) - (ﬁl (tA)) o +1—1#0 for every | > 2, the above (5.17) is the unique choice.

Namely, for the system with ¢ = ta there is only the unique formal solution

(143 Frlta)) 22020200, By (1s) = ding(Au(ta)).
k=1

PART II: Stokes Phenomenon

When Assumption 1 holds, the system (1.1) is gauge equivalent to (2.13) (i.e. system (1.6) in the
Introduction) with Gy(¢) diagonalizing Ag(t), namely

— = Az, t) Y, Azt) = Gy (D) A(z,1)Go(t) = A(t) + iﬁk(t)z*k. (5.18)
k=1

At to & A, A(tp) has distinct eigenvalues, the Stokes phenomenon is studied as in [3]. We describe
below the analogous results at t = 0 and tA € A, namely the existence and uniqueness of fundamental
solutions with given asymptotics (4.14) in wide sectors. The results could be derived from the general
construction of [5], especially from Theorem V and VI therein'®. Nevertheless, it seems to be more
natural to us to derive them in straightforward way, which we present below. First, we concentrate on

~

the most degenerate case A = A(0), for ¢t = 0, so that A(z,0) = A(z,0) and the systems (1.1) and (5.18)
coincide. In Section 7 we consider the case of any other tp € A.

6. STOKES PHENOMENON AT ¢t =0
6.1. Stokes Rays of A = A(0).

Definition 6.1. The Stokes rays associated with the pair of eigenvalues (Aj, Ap), 1 <j#k <mn, of A
are the infinitely many rays contained in the universal covering R of C\{0}, oriented outwards from 0
to oo, defined by

%((Aj - )\k)z> =0, %((Aj - )\k)z) <0, zeR.
The definition above implies that for a couple of eigenvalues (\;, Ax) the associated rays are

R(0; + 27N) = { ZER

2= pel@int2tN) g } NeZ (6.1)

16Note that notations here and in [5] are similar, but they indicate objects that are slightly different (for example Stokes
rays 7, and sectors S, are not defined in the same way).
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where

T
Ok == -5 arg, (Aj — A)- (6.2)

e Labelling: We enumerate Stokes rays with v € 7Z, using directions 7, introduced in Section 2.
Indeed, by Definition 6.1, Stokes rays have directions arg z = 7,,, ordered in counter-clockwise sense as
v increases. For any sector of central angle 7 in R, whose boundaries are not Stokes rays, there exists a
vy € Z such that the p Stokes rays 7,,—,+1 < -+ < Tyy—1 < Ty, are contained in the sector. All other
Stokes rays have directions

arg 2 = Tyqky = Ty + km, keZ, ve{vy—pu+1,.., vo—1, v} (6.3)

Rays 7y,—py+1 < -+ < Tyy—1 < Ty, are called a set of basic Stokes rays, because they generate the

others 7.

e Sectors S,: Consider a sector S of central opening less than m, with boundary rays which are
not Stokes rays. The first rays encountered outside S upon moving clockwise and anti-clockwise, will
be called the two nearest Stokes rays outside S. If S contains in its interior a set of basic rays,
SaY Ty41—p, Tv+2—p, - Tu, then the two nearest Stokes rays outside S are 7,_, and 7,41, namely the
boundaries rays of S, in (2.10), and obviously S C S,,.

e Projections onto C: If R is any of the rays in R, its projection onto C will be denoted PR. For
example, let A; be the complex conjugate of A;, then for any N the projection of (6.1) is

PR(0;,+27N)={z€C ‘ z=—ip(Aj — Xi), p>0}.
Definition 6.2. An admissible ray for A(0) is a ray R(7) :== {z € R | z=pe'™, p>0} in R, of
direction T € R, which does not coincide with any of the Stokes rays of A(0). Let
[4(T):= PR(T+2krm), [|_(T):=PR(T+ (2k+ 1)7m), keZ,

I(7) :=1-(7) U{0} Ul (7).
We call the oriented line I(T) an admissible line for A(0). Its positive part is 1+ (7).
Observe that there exists a suitable v such that 7, < 7 < 7,41, which implies
R(T) C S, NSpiyp, R(T+m) CSuqp NSuiopu-
In particular, if 7 is as in (2.8), then 7_; < 7 < 79, and I(7) is an admissible line.

6.2. Uniqueness of the Fundamental Solution with given Asymptotics. In case of distinct eigen-
values, it is well known that there exists a unique fundamental solution, determined by the asymptotic
behaviour given by the formal solution, on a sufficiently large sector. This fact must now be proved also
at coalescence points.

Let the diagonal form A = Ay ®---® A, of Ay be fixed. Let a formal solution Yp(z) = TF(2)zP2Lel=
be chosen in the class of formal solutions with given 7, D, L, A, as in Definition 4.1. As a consequence
of Theorem 2.1 and Theorem 4.1, there exists at least one actual solution as in (4.13), namely

Y(z) = TG(2)zP 2" er2, G(z) ~F(2), z—00, z€S(a,p). (6.4)
Observe that S(a, 3) can be chosen in Theorem 2.1 so that it contains the set of basic Stokes rays of S,,,
namely 7,41_,, ..., Tu—1, T». The asymptotic relation in (6.4) is conventionally written as follows,

Y(z) ~ Yp(z), z— 00, z€S(a,p).

Now, G(z) is holomorphic for |z| sufficiently big in S(«, 8). Since A(z) has no singularities for |z| > Ny
large, except the point at infinity, then Y (2) and G(z) have analytic continuation on R N {|z| > No}.

Lemma 6.1. Let C € GL(n,C), and S an arbitrary sector. Then
POl P N 2o oin S — Pl tP=] — =1

The simple proof is left as an exercise.

17 Although notations are similar to [5], definitions are slightly different here.
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Lemma 6.2 (Extension Lemma). Let Y (z) be a fundamental matriz solution with asymptotic behaviour,
Y(z) ~ )O/F(z), z— 00, z€S5,

in a sector S of a non specjﬁed central opening angle. Suppose that there is a sector S not containing
Stokes rays, such that SNS # 0. Then,

Y(2) ~ Yi(2), z—o00, for z€SUS.

Proof: S has central opening angle less than 7, because it does not contain Stokes rays. Therefore,
by Theorem 2.1, there exists a fundamental matrix solution Y (2) = 7G(2)zP2%er?, with asymptotic
behaviour Y (z) ~ Yp(z), for z — o0, z € S. The two fundamental matrices are connected by an

invertible matrix C, namely Y (z) = Y (z) C, z € § N S. Therefore,
G 1(2) G(2) = 2P2lers € e Nl P,
Since G(z) and G~1(z) have the same asymptotic behaviour in S N S, the Lh.s has asymptotic series
equal to the identity matrix I, for z — oo in z € SN S. Thus, so must hold for the r.h.s. The r.h.s
has diagonal-block structure inherited from A. We write the block [z, 7], 1 < 4,5 < s, of C with simple
notation Cj;. The block [z, j] in r.h.s. is then, e(Xi=Aj)z 5 Di 5 L Cij 2z~ Liz=Di_ Hence, the following must
hold,
ePiA)z i L Ci; 2 Liz=Pi 0ij 1, z—o00, z€SNS.

Here I; is the p; x p; identity matrix.

— For i # j: Since there are no Stokes rays in §, the sign of ®(A; — A;)z does not change in S. This
implies that e\ —Ai)zzDi L Cij 2~ Liz=Pi ~ 0 for z — oo in S.

— For i = j: We have zPizli Cy 27 Liz=Pi ~ I f0r~z — 00 in SN S. From Lemma 6.1 it follows that
ZPizli ¢y z=Liz=Pi = [,. This holds on the whole S.

The above considerations imply that 2P2Lers € e D2,=Ly=D o [ for z — 0o in S. From ‘the fact that
G(z) ~ T+ 75 Fypz7% in S, we conclude that also G(z) ~ I DA Fyz7% for z — oo in S. Therefore,
G(2) ~ T+ 3 ks Frz""in SUS. O

The extension Lemma immediately implies the following:

Theorem 6.1 (Extension Theorem). Let Y (z) be a fundamental matriz solution such that Y (z) ~ Y (2)
in a sector S, containing a set of u basic Stokes rays, and no other Stokes rays. Then, the asymptotics
Y (2) ~ Yp(z) holds on the open sector which extends up to the two nearest Stokes rays outside S. This
sector has central opening angle greater than m and is a sector S, for a suitable v.

Important Remark: The above extension theorem has the important consequence that in the state-
ment of Theorem 4.1 and Proposition 4.2, the matrix G(z), which has analytic continuation in R for
|z| > Ny, has the prescribed asymptotic expansion in any proper closed subsector of S,. Hence, by
definition, the asymptotics holds in the open sector S,.

Theorem 6.2 (Uniqueness Theorem). A fundamental matriz Y (z) as (4.13) such that Y (z) ~ Yp(z2),
for z — oo in a sector S containing a set of basic Stokes rays, is unique. In particular, this applies if
S(a, B) of Theorem 2.1 contains a set of basic Stokes rays.

Proof: Suppose that there are two solutions Y'(z) and Y (z) with asymptotic representation Yz (z) in
a sector S, which contains u basic Stokes rays. Then, there exists an invertible matrix C such that
Y(z) =Y (z) C, namely
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The L.h.s. has asymptotic series equal to I as z — oo in S. Therefore, for the block [z, j], the following
must hold,

eXi=Xi)z Dy L Cij 27 liyzmPi dij 1i, for z— o0 in S.

Since S contains a set of basic Stokes rays, R(\; — Aj)z changes sign at least once in S, for any 1 < #
j < s. Thus, e =2)* diverges in some subsector of S. For i # j this requires that Ci; =0 for i # 3.
For i = j, we have 2P zliCy;2= iz~ Pi ~ I;. Lemma 6.1 assures that Cy; = I;. Thus, C = 1. O

e [The notation Yy(z)] There exist v € Z such that a sector S of Theorem 6.2 contains the basic rays
Tutl—ps - Tu—1, Ty. Hence S C S,. The unique fundamental solution of Theorem 6.2, with asymptotics
extended to S, according to Theorem 6.1, will be denoted Y, (z).

6.3. Stokes Matrices. The definition of Stokes matrices is standard. Recall that the Stokes rays
associated with (A;, ;) are (6.1). Consider also the rays

ROy +2xN +8) = { 2€R | 5= pel@n 2340 po0l Nez
The sign of R(\; — M)z for z € Ry (05 + 9) is

R —Ap)z <0, for —71<d<0 mod2m
RN — Ak)z >0, for 0<d<m mod2rm
R —Ap)z=0, for 6=0, 7, —7 mod 2w

)-

Definition 6.3 (Dominance relation). In a sector where R(\; — A\x)z > 0, A; is said to be dominant
over A in that sector, and we write A\; = \i. In a sector where R(\; — A\x)z < 0, \; is said to be
sub-dominant, or dominated by Ag, and we write Aj < Ag.

If a sector S does not contain Stokes rays in its interior, it is well defined a dominance relation in S,
which determines an ordering relation among eigenvalues, referred to the sector S.

Denote by
Y,(z) and }O/,,Jr#(z)

the unique fundamental solutions (4.13) with asymptotic behaviours Yp (2) on S, and S, respectively,
as in Theorem 6.2. Observe that S, NS, = S(7,, 7v+1) is not empty and does not contain Stokes rays.

Definition 6.4. For any v € Z, the Stokes matrix gy 1s the connection matriz such that
Yyiu(z) =Y, (2)S,, zeR. (6.5)
Proposoition 6.1. Let < be the dominance relation referred to the sector S, N S,4,. Then, the Stokes
matriz S, has the following block-triangular structure:
st =1,
SY =0 for \j= A in S, NSpap, Gk €{1,2,..5}.

Proof: We re-write (6.5) as
gu—l(z) Gou(z) =2 D LAz S e~ Az, ~L,~D

For z € S, NS, 4y, the Lh.s. has asymptotic expansion equal to I. Hence, the same must hold for the
r.h.s. Recalling that no Stokes rays lie in S, N S, 4., we find:

e For j # k, we have e(}i—2x)? DJZLJS( ) y=Lrz=Dk ~ 0 in S, N Sy4y if and only if S( ¥ = 0 for
Aj = A, where the dominance relation is referred to the sector S, NS, 4.
L;&W) —L; —D
S 27z

e For j = k, we have zPiz i ~ I, if and only if S%) = I,, by Lemma 6.1. This proves

the Proposition. [
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6.4. Canonical Sectors, Complete Set of Stokes Matrices, Monodromy Data. There are no
Stokes rays in the intersection of successive sectors S, yx, and S, (xy1), (vecall that 7, + k7 = 7,41,
for any k € Z). Therefore, we can introduce the unique fundamental matrix solutions

o

Yl/+k:p,(z> (66)

with asymptotic behaviour Yp(z) in Sy 4k, and the Stokes matrices éy_HW connecting them,

o o o

Yy+(k+1)y(z) = Yy+k#(2) Sy+ku7 z € R
From Proposition 6.1, it follows that the blocks [j, k] and [k, j] satisfy

Sg? =0for \j = Ay in S, NSy, <= §](€l;_+“) = 0 for the same (j, k).

We call S,, Sv44, Sv+2, the canonical sectors associated with 7,.

Given a formal solution, a simple computation (recall that [L, A] = 0) yields Y (e2™2) = Yp(z) 2L,
L is called exponent of formal monodromy.

Theorem 6.3. We introduce the notation z(,y if z € Sy. Thus z(,12,) = eZWiZ(V). The following
equalities hold
(Z) Yu+2,u(z(u+2u)) = Yv(z(u)) ezﬂL’

(i) Yoyou(z) =Y, (2) S, Soyy,  2€R,
o . o . 2 9 =1
(i53) Y, (e*™z) =Y, (z) e*™L <S,, Sy+u) , z€R.

where |z| > Ny is sufficiently large, in such a way that any other singularity of A(z) is contained in the
ball |z| < Ny.

Proof: Tt follows from the definitions in an elementary way, as in the case of distinct eigenvalues [3].
Alternatively, one can adapt Proposition 4 of [5] to the present case.'8. [J.

The equality (iii) provides the monodromy matrix MY of Y,(2) at z = oo:
Mo, = (gy §V+M) e~2miL, (6.7)

corresponding to a clockwise loop with |z| > Ny large, in such a way that all other singularities of A(z)
are inside the loop.

The two Stokes matrices g,,, guﬂt, and the matrix L generate all the other Stokes matrices g,,Jrk#,
according to the following proposition

o

Proposition 6.2. For any v € Z, the following holds: S, 2, = e~ 2™ S, e2mil.

Proof: For simplicity, take v = 0. A point in z € Sy, N S3,, can represented both as z(2,) and z(s,,
and a point in Sy N S, is represented both as 2z and z(,). Therefore, the Lh.s. of the equality
Yau(2) = Yau(2) Sopu is Yau(23)) = Yul(z(u) €™ = Yo(2(0))So €2™L. The r.hus. is Ya,(2(2u)) Sz =
Yo(2(0))e*™ % Sap. Thus Yo(z(0)) So €*™F = Yo(2(0))e*™  Sy,,. This proves the proposition. [

The above proposition implies that g,,Jrk . are generated by §l,7 §V+ u» which therefore form a complete
set of Stokes matrices. A complete set of Stokes matrices and the exponent of formal monodromy

are necessary and sufficient to obtain the monodromy at z = oo, through formula (6.7). This justifies
the following definition.

I8With the warning that notations are similar but objects are slightly different here and in [5].
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Definition 6.5. For a chosen v, {gy, g,,ﬂ“ L} is a set of monodromy data at z = co of the system
(1.1) with t = 0.

Remark 6.1. By a factorization into Stokes factors, as in the proof of Theorem 15.1 below, it can
be shown that S,, S, , suffice to generate S, 1, ..., Sy4,—1. Hence, S,, S,4, are really sufficient to
generate all Stokes matrices. This technical part will be omitted.

Remark 6.2. Theorem 6.3 and Proposition 6.2 are given here at a coalescence point, but they hold
equally at any ¢t € A. The proofs are the same.

7. STOKES PHENOMENON AT FIXED ta € A

The results of Section 6 apply to any other tA € A. By a permutation matrix P we arrange
P~1A(ta)P in blocks, in such a way that each block has only one eigenvalue and two distinct blocks

have different eigenvalues. This is achieved by the transformation ?(z,t) =P }N/(Z,t) applied to the
system (5.18). Then, the procedure is exactly the same of Section 6, applied to the system
dy

P Az tA)P Y. 7.1
- (z,ta) (7.1)

The block partition of all matrices in the computations and statements is that inherited from P~'A(tA)P.
The Stokes rays are defined in the same way as in Definition 6.1, using the eigenvalues of A(ta ), namely

R((ualta) = w(ta)z) =0, S((ualta) — ua(ta))z) <0,  z€R,
for 1<a#b<n and u,(ta) # us(ta).

Hence, the Stokes rays associated with wu,(ta), up(ta) are the infinitely many rays with directions
3
argz = o — arg, (ua(ta) — up(ta)) +2Nm, N € Z.
The rays associated with uy(ta), uq(ta) are opposite to the above, having directions

3T
argz = - — arg, (up(ta) — ua(ta)) + 2N

We conclude that all Stokes rays have directions

arg z = T(StA), o €L,

analogous to (6.3), with directions 78'2) defined in Section 5.1. Once the Stokes matrices for the above
system are computed, in order to go back to the original arrangement corresponding to A(ta) we just
apply the inverse permutation. Namely, if S is a Stokes matrix of (7.1), then PSP~! is a Stokes matrix
for (5.18) with ¢ = ta.

8. STOKES PHENOMENON AT ty € A

The results of Section 6 (extension theorem, uniqueness theorem, Stokes matrices, etc) apply a fortiori
if the eigenvalues are distinct, namely at a point tg ¢ A such that Theorem 5.1 and Corollary 5.1 apply.
The block partition of A(tg) is into one-dimensional blocks, being the eigenvalues all distinct, and we
are back to the well known case of [3]. The Stokes rays are defined in the same way as in Definition 6.1,
using the eigenvalues of A(tg), namely

m((ua(to) - ub(to))z> —0, %((ua(to) - ub(to))z) <0, zeR, Vi<a#b<n.

Since and u,(tg) # up(to) for any a # b, the above definition holds for any 1 < a # b < n. Hence, the
Stokes rays associated with wu,(to), up(to) are the infinitely many rays with directions

3
argz = —- — arg,, (uq(to) — us(to)) + 2N, N eZ. (8.1)
The rays associated with wuy(to), uq(to) are opposite to the above, having directions

3m
argz = —- — arg,, (up(to) — ua(to)) + 2N (8.2)
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We conclude that all Stokes rays have directions
argz = Této), o €Z,

analogous to (6.3), being the directions T(St“) defined in Section 5.1. We stress that ¢ is fixed here.
The Stokes phenomenon is studied in the standard way. The canonical sectors are the sectors S((,to) of
Theorem 5.1. The sector S[(,-t") contains the set of basic Stokes rays

t t
Ttg'-'r())l—ﬂto’ T(S-&(-]%—mo’ T Této)’ (8'3)

which serve to generate all the other rays by adding multiples of 7. The rays T(St_OLtO and Tét_i% are the

nearest Stokes rays, boundaries of 8((:0). The Stokes matrices connect solutions of Corollary 5.1, having
the prescribed canonical asymptotics on successive sectors, for example Sc(,t‘))7 Sét_ﬁLto, S((;:‘Z)QMO, ete.
Our purpose is now to show how the Stokes phenomenon can be described in a consistent “holomor-

phic” way as t varies. The definition of Stokes matrices for varying ¢ will require some steps.

PART III: Cell Decomposition, t-analytic Stokes Matrices

9. STOKES RAYS ROTATE AS t VARIES

At t = 0, Stokes rays have directions 37/2 — arg,(A\i — Aj) +2N7, 1 <i # j < s. For t away from
t = 0, the following occurs:

1) [Splitting] For 1 <i # j < s, there are rays of directions 37 /2 — arg, (u.(t) — up(t)) mod(27), with
uq(0) = Ai, up(0) = Aj. These rays are the splitting of 37/2 — arg,(A; — A;) mod(27) into more rays.

2) [Unfolding] For any 7 = 1,2,...;s, new rays appear, with directions 37/2 — arg, (ua(t) — up(?)),
ua(0) = up(0) = A;. These rays are due to the unfolding of A;.

The cardinality of a set of basic Stokes rays is maximal away from the coalescence locus A, minimal at
t = 0, and intermediate at tA € A\{0}.

If t ¢ A, then uy(t) # up(t) for any a # b. The direction of every Stokes ray (8.1) or (8.2) is a
continuous functions of ¢t ¢ A. As ¢ varies in U, (0)\A, each one of the rays (8.1) or (8.2) rotates in R.

Remark 9.1. Problems with enumeration of moving Stokes rays. Apparently, we cannot assign
a coherent labelling to the rotating rays as ¢t moves in U, (0)\A. At a given t¢ € U,,(0)\A, the rays are
enumerated according to the choice of an admissible direction n(*); as in formula (5.7) with t, = to.

If t is very close to ty, we may choose n(*) = 1) and we can label the rays in such a way that T[E—t),
o € Z, is the result of the continuous rotation of 75"). Nevertheless, if ¢ moves farther in Ue, (0)\A, then
some rays, while rotating, may cross with each other and cross the rays R(T(t“) + k), k € Z, which
are admissible for A(¢p). This phenomenon destroys the ordering. Hence, labellings are to be taken
independently at ¢y and at any other ¢t € U, (0)\A, with respect to independent admissible directions
nto) and n®. In this way, T(St) will not be the deformation of a Této) with the same o.

This complication in assigning a coherent numeration to rays and sectors as t varies will be solved in
Section 11, by introducing a new labelling, valid for almost all ¢ € U, (0), induced by the labelling at

t = 0. Before that, we need some topological preparation.

10. RAy CROSSING, WALL CROSSING AND CELL DECOMPOSITION

We consider an oriented admissible ray R(7) for A(0), with direction 7, as in Definition 6.2 and we
project R onto C\{0}. For ¢t € U, (0)\A, some projected rays associated with A(¢) will be to the left
of I(7) and some to the right. Moreover, some projected ray may lie exactly on [(7), in which case we
improperly say that “the ray lies on [(T)”. Suppose we start at a value t, € U, (0)\A such that no rays
associated with A(t,) lie on I(7). If ¢ moves away from ¢, in U, (0)\A, then the directions of Stokes rays
change continuously and the projection of two or more rays'® may cross I(7) as ¢ varies, in which case

1QCrossing involves always at least two opposite projected rays, which have directions differing by 7. One projection
crosses the positive part [4(7) of [(T), and one projection crosses the negative part I_(7) = I+ (T £ 7).
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we say that “two or more rays cross I(7)”. Let

. 3r
=——T.
=

Two or more Stokes rays cross {(7) for ¢ belonging to the following crossing locus

x@= U {t € U, (0) ] ua(t) # up(t),  arg, (ua(t) — up(t)) = ij mod w}.
1<a<b<n
Let
W(7) = AU X (7).

Definition 10.1. A T-cell is every connected component of the set U, (0)\W (7).

W (T) is the “wall” of the cells. For t in a T-cell, A(t) is diagonalisable with distinct eigenvalues, and
the Stokes rays projected onto C lie either to the left or to the right of I(7). If ¢ varies and hits W (7),
then either some Stokes rays disappear (when ¢ € A), or some rays cross the admissible line I(7) (when
t € X(7)). Notice that

ANX(T)#0.

A cell is open, by definition. If the eigenvalues are linear in ¢, as in (1.16), we will show in Section
10.1 that a cell is simply connected and convex, namely it is a topological cell, so justifying the name.
Explicit examples and figures are given in the Appendix.

10.1. Topology of 7-cells and hyperplane arrangements. In order to study the topology of the
7-cells, it is convenient to first extend their definition to C®. A 7-cells in C™ can be proved to be
homeomorphic to an open ball, therefore it is a cell in the topological sense. A T-cell in C" is defined to
be a connected component of C™\(Acn U Xcn (7)), where

Acn = U {u ecCn
1<a<b<n

Xcn(7) = U {u ceCn ’ Ug — Up # 0 and argp(ua —up) = 77 mod 77},

1<a<b<n

Ug = ub}a

Recall that 17 = 37” -7

We identify C* with R?". A point u = (uy,...,u,) is identified with (x,y) = (21, .., Tny Y1, Yn),
by ug = x4 + 1Yq, 1 < a < n. Therefore

a) Acn is identified with

A= U {(X,y) e R?"
1<a<b<n
b) Xcn (7) is identified with
B:= U {(x,y) e R?"

1<a<b<n

wa—waya—beO}

(‘ra?ya) 7£ (xbayb) and Lab(x,y) = 0}

where Lq;(x,y) is a linear function
Lap(x,¥) = (Ya — yp) — tann (x4 — xp), for 77 # g mod T, (10.1)
Lop(x,y) = o — xy, for n = g mod . (10.2)

Hence AU B is a union of hyperplanes Hy:
AUB = U Hab; Hab = {(Xa Y) € RQ” ‘ Lab(X7 y) = 0}

1<a<b<n
Note that Lap(x,y) = 0 if and only if Ly, (x,y) = 0, namely Hyp = Hp,. The set A = {Haptacsp is
known as a hyperplane arrangement in R?”. We have proved the following lemma

Lemma 10.1. Let u € C" be represented as u = x+1iy, (x,y) € R®". Then, Acn U Xcn (T) is the union
of hyperplanes Hy, € A defined by the linear equations Lay(x,y) =0, 1 <a <b<, asin (10.1), (10.2).
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Properties of finite hyperplane arrangements in R?" are well knows. In particular, consider the set

R2" — U H,p.

1<a<b<n

A connected component of the above set is called a region of A. It is well known that every region of
A is open and convex, and hence homeomorphic to the interior of an 2n-dimensional ball of R?". It is
therefore a cell in the proper sense. We have proved the following

Proposition 10.1. A 7-cell in C" is a cell, namely an open and convex subset of C™, homeomorphic
to the open ball {u € C"™ | |ur]? + -+ + Jun? < 1} = {(x,y) € R*™ | 23 + .- + 42 < 1}.

Remark 10.1. Three hyperplanes with one index in common intersect. Indeed, let b be the common
index. Then,

{ Lab(xay) = O - Lac(xa Y) =0.

Ly(x,y) =0
Hence,
Haoy M Hpe C Haey  Hpe M Hae C Hopy  Hae N Hap C Hpe.
Equivalently
Hapy " Hpe VHoe = Hap N Hpe = Hopy N Hoe = Hpe N Hoe.

We now consider 7-cells in U, (0) in case the eigenvalues of A(t) are linear in ¢ as in (1.16). The argu-
ments above apply to this case, since u, = u4(0) +1, is a linear translation. Let w(0) = (u1(0), ..., u,(0))
be as in (5.1)-(5.4), so that u(t) = u(0) + ¢. Let us split u(t) into real (R) and imaginary () parts:

u(0) = xg +iyo, t=Rt+iSt = u(t) = (xo + z‘y0>+<3‘tt + z’%t).
Here, Rt := (Rt1, ..., Rt,) € R™ and St := (St ..., St,) € R™. Define the hyperplanes
‘= {(%t,%t) € R" | Loy(Rt, St) + Lap(x0, yo) = o}, 1<a#b<n, (10.3)

and

Hgy = H', N UL, (0). (10.4)
Then,
AUXF = |J Ha

1<a<b<n

Note that Lp(x0,y0) = 0 for any a # b corresponding to a coalescence ug(t) — up(t) — 0 for t — 0.

Corollary 10.1. If the eigenvalues of A(t) are linear int as in (1.16), then a T-cell in Ue,(0) is simply
connected.

Proof: Any of the regions of a the hyperplane arrangement with hyperplanes (10.3) is open and convex.
U, (0) is a polydisc, hence it is convex. The intersection of a region and U, (0) is then convex and simply
connected. [J

Remark 10.2. The H’s enjoy the same properties of hyperplanes H’s as in Remark 10.1. In other
words, if a Stokes ray associated with the pair u,(t), us(t) and a Stokes ray associated with wup(t), u.(t)
cross an admissible direction R(7 mod 7) at some point ¢, then also a ray associated with e (t), uc(t)
does.

Remark 10.3. We anticipate the fact that if ; is sufficiently small as in Section 14.1, then f[abﬂb{m (0) =
() for any a # b such that for t — 0, ua(t) — \; and up(t) — A; with 1 < i # j < s (i.e. ug(0) # up(0)).
See below Remark 14.1 for explanations.
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11. SECTORS S, (t) AND S, (K)

We introduce t—dependent sectors, which serve to define Stokes matrices of Y(z,t) of Corollary 5.1
in a consistent way w.r.t. matrices of Y () of Theorem 4.1.

Definition 11.1 (Sectors S,4x,(t)). Let 7, < T < Ty41, and k € Z. Let t € U, (0)\X (7). We define
Suiku(t) to be the sector containing the closed sector S(T — m + km,T + kr), and extending up to the
nearest Stokes rays of A(t) outside S(T — m + km, T + k).

The definition implies that

Su+ku(t) C Su—Hc;u Sv+ku(0> = Sv+ku-

For simplicity, put k = 0. Note that S, (¢) is uniquely defined and contains the set of basic Stokes rays
of A(t) lying in S(7 — 7, 7). We point out the following facts:

e Due to the continuous dependence on t of the directions of Stokes rays for ¢ ¢ A, then S,(t)
continuously deforms as ¢ varies in a 7T cell.

e S, (t) is “discontinuous” at A, by which we mean that some Stokes rays disappear at points of A.

e S, (t) is “discontinuous” at X (7), because one or more Stokes rays cross the admissible ray R(7T)
(this is why S, (t) has not been defined at X (7)). More precisely, consider a continuous monotone curve
t = t(x), x belonging to a real interval, which for one pair (a,b) intersects ﬁab\A at © = x, (recall
that ﬁab is define in (10.4)). Hence, the curve passes from one cell to another cell, which are separated
by Hap. A Stokes ray associated with (uq(t),us(t)) crosses R(7) when t = t(z,). Then S, (t(z)) has a
discontinuous jump at x,.

The above observations assure that the following definition is well posed.

Definition 11.2 (Sector S, (K)). Let K be a compact subset of a T-cell. We define
S, (K):=[)Su(t) CS,.

te K

By the definitions, S, (t) and S, (K) have the angular width strictly greater than 7 and they contain
the admissible ray R(T) of Definition 6.2. Moreover S, (K1) D S, (K3) for K1 C Ko, and S, (K1 U Ky) =
S, (K1)NS,(K2). Below in the paper we will consider a simply connected subset V of a T-cell, such that

the closure V is also contained in the cell, and take
K=Y.
Remark 11.1. A more precise notation could be used as follows:
Su(t) =8 (t:7) , (11.1)

to keep track of 7, because for given v and two different choices of 7 € (7, 7,,41), the resulting S, (¢)’s may
be different. Figures 2 and 3 show two different S, (¢), according to two choices of 7. As a consequence,
while in Definition 11.1 we could well define S, 41, (t) C Syyrpu, for any k € Z, we cannot define sectors

Suy1(t), Suya(t), oy Sppp—1(t).

12. FUNDAMENTAL SOLUTIONS Y, (z,t) AND STOKES MATRICES S, (¢)

Let 7, < T < 7,41. We show that, if to € A belongs to a 7-cell, we can extend the asymptotic

behaviour (5.10) of Corollary 5.1 from g(tO)(mﬁ) to S, (t). The fundamental matrix of Corollary 5.1
will then be denoted by Y, (z,1).

Proposition 12.1 (Solution Y, (z,t) with asymptotics on S, (t), t € U,(to)). Let Assumption 1 hold for
the system (1.1). Let to belong to a T-cell. For any v € Z there exists U,(ty) contained in the cell of to
and a unique fundamental solution of the system (1.1) as in Corollary 5.1 of the form

Y, (2,t) = Go(t)Gy (2, 1) 251D A2 (12.1)
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FIGURE 2. In the left figure t = 0 and the sector S, = S,(0) is represented in a sheet
of the universal covering R. The dashed line represents R(7) U R(7 — m) . The arrow
is that of the oriented ray R(7). The rays are the Stokes rays associated with couples
Aiy Aj, 1 <d # j <s. In the right figure ¢ slightly differs from ¢ = 0; the rays in bold
are small deformations of the rays appearing in the left figure, associated with couples
Uqa(t), up(t) s.t. ua(0) = As, up(0) = A; with 4 # j. The rays in finer tone are the rays
associated with couples such that u,(0) = up(0) = A;. The sector S,(t) = S, (¢,7) is
represented.

AR(t)) JR(T)

FIGURE 3. The explanation for this figure is the same as for Figure 2, but 7 # 7.
S, = 8,(0) is the same, but S, (t) = S, (¢,7') differs from S, (¢,7) of figure 2.

holomorphic in (z,t) € {z € R | |z| > N} x U,(to), with asymptotic behaviour (5.10) extended to S, (t),
t € Uy(to). Namely ¥V t € U,(to) the following asymptotic expansion holds:

Go(z,t) ~ I+ Fu)z™", 200, 2€8,(t). (12.2)
k=1
The asymptotics (12.2) restricted to z € S, (U,(to)) is uniform in the compact polydisc U,(to).

Note: Recall that by definition of asymptotics, the last sentence of the above Proposition means that
the asymptotics (12.2) is uniform in the compact polydisc U,(to) when z — oo in any proper closed
subsector of S, (U,(to)).

Proof: In Theorem 5.1 choose g(t())(a,ﬁ) = S(7 — m,7). This contains a set of basic Stokes rays of
A(to) and of A(t) for any ¢ in the cell of ty. Then, Sibuya’s Theorem 5.1 and Corollary 5.1 apply, with
fundamental solution Y'(z,t) defined for ¢ in some U, (to). It is always possible to restrict p so that U,(to)
is all contained in the cell.
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e [Extension to S, (t)] For t € U,(ty), the sector containing S(7—m,7) and extending up to the nearest
Stokes rays outside is S, (t), by definition. Hence there exists a labelling as in Section 5.1, and a o € Z,
such that S, (t9) = S§t°). The Extension Theorem and the Uniqueness Theorem can be applied to Y (z, t)
for any fixed t, because S(7 — m,7) contains a set of basic Stokes rays. Hence, for any ¢t € U,(ty) the
solution Y'(z,t) is unique with the asymptotic behaviour (5.10) for z — oo in S, (t).

e [Uniformity in S, (U,(ty))] Clearly, S,(U,(ty)) D S(7 — 7, 7). Since S, (U,(ty)) C S,(t) for any
t € Uy(to), the asymptotics (12.2) holds also in S, (U,(t9)). Moreover, the asymptotics is uniform in
U,(to) if 2 — oo in S(7 — m,7), by Theorem 5.1 and Corollary 5.1. We apply the same proof of the
Extension Lemma 6.2 as follows. Let 67 and g be the directions of the left and right boundary rays
of S, (U,(ty)) (ie. Su(U,(to)) = S(Or,0L)). Let Sy := S(¢,¢), for g + 7 < ¢ < ¢ < 0, and
Sy = S(¢',¢') for O < ¢’ < ' < 0 — 7. Let us consider S;. By construction, S; does not contain
Stokes rays of A(t) for any t € U,(to), and so, by Theorem 5.1 now applied with a g(t()) = S, there
exists ?(z,t) ~ YF(z,t), for z — oo in Sy, uniformly in |t — to| < p1, for suitable p; > 0. Moreover,
Y(z,t) = Y(2,t)C(t), where C(t) is an invertible holomorphic matrix in |t — to] < min(p, p1). The
matrix entries satisfy e(ta(®)=uw )20, (1) = G(2,1)72G(2, ) ~ dap, a,b = 1, ..., n, for |t —to| < min(p, p1)
and z — oo, z € S(7 — 7, 7) N S1. Since N((uq(t) — up(t))z) does not change sign for ¢ in the cell and
z € Sy, then Y(2,t) ~ Yp(z,t) also for z € S(7 — 7,7) U Sy, uniformly in |t — ¢o| < min(p, p1). The

same arguments for Sy allow to conclude that Y (z,t) ~ Yr(z,t) for z € S(7 — 7, 7) US; U S5, uniformly
in |t — to| < min(p, p1, p2). Finally, from the proof given by Sibuya of Theorem 5.1 (cf. [71], especially
from page 44 on) it follows that p; and py are greater or equal to p. The proof is concluded. We denote
Y (z,t) with Y, (z,t). O

Definition 12.1 (Stokes matrices S,k (t)). The Stokes matrix S, ;,(t), k € Z, is defined for
t € U,(to) of Proposition 12.1 by,

Yu+(k+1)#(z,t) = Yy+ku(z,t)Sy+ku(t), z € R7
where the Y,y ku(2,t) and Y, 4 (441),(2,1) are as in Proposition 12.1.

Sy 4k (t) is holomorphic in ¢ € U, (to), because so are Y, (x41)u(2,t) and Yy, (2, 1).

13. ANALYTIC CONTINUATION OF Y, (z,t) ON A CELL PRESERVING THE ASYMPTOTICS

Proposition 13.1 (Continuation of Y, (z,t) preserving the asymptotics, along a curve in a cell). Let
Assumption 1 hold for the system (1.1). The fundamental solution Y, (z,t) of Proposition 12.1 holo-
morphic in t € U,(ty) admits t-analytic continuation along any curve contained in the T-cell of to, and
maintains its asymptotics (12.2) for z — oo, z € S,(t), for any t belonging to a neighbourhood of the
curve. The asymptotics is uniform in a closed tubular neighbourhood U of the curve for z — oo in (any
proper subsector of) S, (U).

Proof: See Appendix II. [

Corollary 13.1. (Analytic continuation of Y, (z,t) preserving the asymptotics on the whole cell — case
of eigenvalues (1.16)). Let Assumption 1 hold for the system (1.1). If the eigenvalues of A(t) are linear
int asin (1.16) then Y, (z,t) of Proposition 12.1 is holomorphic on the whole T-cell, with asymptotics
(12.2) for z — oo in S,(t), for any t in the cell. For any compact subset K of the cell, the asymptotics
(12.2) for z — o0, z € Sy (K), is uniform int € K.

Proof: If the eigenvalues of A(t) are linear in ¢ as in (1.16), then any 7-cell is simply connected (see
Corollary 10.1). Hence, the continuation of Y, (z,¢) is independent of the curve. [J
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PR;
c
I(t)
PR,
FIGURE 4. Configuration of FiGure 5. Configuration of rays

corresponding to the cell ¢y of fig-

rays corresponding to the cell
ures 11 and 12.

c of figures 11 and 12.

~ 1
I(t)
PR, I(z)

PR, PR,
FIGURE 6. Configuration of FiGure 7. Configuration of
rays corresponding to the cell rays corresponding to the cell
c3 of figures 11 and 12. c1 of figures 11 and 12.

e Notation: If ¢ is the 7-cell of Corollary 13.1, the following notation will be used
Y. (z,t) =Y. (2,87, c), teec. (13.1)

13.1. Analytic continuation of Y, (z,t;7,c) preserving the asymptotics beyond 0Jc. Let the
eigenvalues of A(t) be linear in ¢ as in (1.16):

ua(t) = ue(0) +t,, 1<a<n.

The analytic continuation of Corollary 13.1 and the asymptotics (12.2) can be extended to values of
t a little bit outside the cell. This is achieved by a small variation 7 +— T + ¢, for € > 0 sufficiently small.

Recall that the Stokes rays in R associated with the pair (uq(t),us(t)) and (uy(t),uq(t)), a # b, have
respectively directions

3 3
argz = 771- —arg,(uq(t) —up(t)) +2N7 and argz = g —arg,, (uy(t) — uq(t)) + 2N, N € 7Z.

Thus, their projections onto C are the following opposite rays
PRy (t) == {z eC } z = —ip(Uy(t) —ﬂb(t))}, PRy, (t) := {z eC | z = —ip(up(t) —ﬂa(t))}. (13.2)

For t ¢ W(T), a ray PRg(t) lies either in the half plane to the left or to the right of the oriented
admissible line [(7). For t ¢ W (7T), the finite set of projected rays is the union of the two disjoint subsets
of (projected) rays to the left and to the right of I(7T) respectively. Now, for ¢ varying inside a cell ¢, the
projected rays never cross [(7). On the other hand, if ¢t and ¢’ belong to different cells ¢ and ¢/, then the
two subsets of rays to the right and the left of [(7) which are associated with ¢ do not coincide with the
two subsets associated with ¢’. These simple considerations imply the following;:

Proposition 13.2. A 7-cell is uniquely characterised by the subset of projected rays which lie to the left
of I(T).

Definition 13.1. A point t, € ﬁab\A is simple if t, & Hy, N Hyy for any (a',b) # (a,b).

If t varies along a curve crossing the boundary dc of a cell ¢ at a simple point belonging to ﬁab\A,
for some a # b, the ray PRup(t) crosses either 14 (7) or I_(7), while PRy, (t) crosses either [_(7) or
[4(7). Since only PR,(t) and PRy, (t) have crossed [(7), then by Proposition 13.2 there is only one
neighbouring cell ¢ sharing the boundary H,;, with ¢. On the other hand, if the curve crosses Oc\A at a
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Stokes rays

Stokes rays

FIGURE 8. The two closed sectors of amplitude 2¢¥, not containing Stokes rays when ¢ € U.

non simple point, then two or more rays simultaneously cross I (7) (and the opposite ones cross I_(T)).
For example, if the crossing occurs at (ﬁab N ﬁarb/)\A then there are three cells, call them c¢q, cg, c3,
sharing common boundary (ﬁab N ﬁarb/)\A with c¢. Looking at the configuration of Stokes rays as in the
figures 4, 5, 6, 7, we conclude that out of the three cells c1, co, c3, there is one, say it is ¢1, such that the
transition from ¢ to ¢; occurs with a double crossing of Stokes rays (figure 7), namely at a non-simple
point; while for the remaining ¢o and c3 the transition occurs at simple points. In figures 4, 5, 6, 7, PR,
stands for PR,y (t) (or PRy, (t)) and PRy stands for PR,y (t) (or PRy (t)). The transition between

figure 4 and 7 is between ¢ and ¢; of figure 11, through non simple points of (Hg, N ﬁa/b/)\A.

Remark 13.1. Recall that for any a # b, HapNA # (). Therefore, when we discuss analytic continuation,
this requires crossing of “hyperplanes” Hgp\A.

Proposition 13.3 (Continuation slightly beyond the cell, preserving asymptotics). Let the assumptions
of Corollary 13.1 hold. Let c and ' be T-cells such that OcNdc’ # (). If 0cNAc’ does not coincide with the
multiple intersection of two or more ﬁab s, then Y, (2,t;7, ¢) has analytic continuation, with asymptotics
(12.2) in S, (t), for t slightly beyond Oc\A into ¢'. The asymptotics for z — oo in S, (K) is uniform in
any compact subset K of the extended cell. Equivalently, Y, (z,t;7,c) can be analytically continued along
any curve crossing dc\A at a simple point and ending slightly beyond Oc\A in the neighbouring cell ¢'.

Proof: Let U be an open connected subset of the 7-cell ¢, such that U is contained in c. There exists a
small ¥ = ¥(U) > 0 such that for any ¢ € U the projected Stokes rays of A(t) lie outside the two closed
sectors containing [(7) and bounded by I(7 + 6) and (7 — 0), as in figure 8. Let £ € [0,9]. All lines
I(T & €) are admissible for the Stokes rays, when t € U. Consider the subset of projected Stokes rays to
the left of I(7). It uniquely identifies (cf. Proposition 13.2) the (7 + ¢)-cell and the (7 — ¢)-cell obtained
by deforming the boundaries of ¢ when 7 +— 7 4+ ¢ and 7 — 7 — € respectively (recall that Ly in (10.3)
depends on 77 = 37/2 — 7). Call these cells ¢. and ¢_.. By construction

U CcNeie, e € 10,9,

Y. (z,t:7,¢) =Y, (2, ;T L e,cee), teU.
The last equality follows from the definition of Y}, its uniqueness and Corollary 13.1. Indeed, the analytic
continuation explained in the proof of Proposition 13.1 can be repeated for the function Y, (2,6 T+e, cxe)
initially defined in a neighbourhood of tg contained in U, but with cell partition determined by T + €.
Moreover, by uniqueness of solutions with asymptotics, it follows that Y, (z,¢7,¢) =Y, (2,67 £ €, c+¢)
for t € U. Therefore, Y, (z,t;7,c) has analytic continuation to ct.. Now,

c+e N { union of cells sharing boundary with ¢ } # 0.

Then, the analytic continuation of Y, (z,t; 7, c) obtained above is actually defined in a ¢-domain bigger
than ¢. We characterise this domain, showing that it intersect any cell ¢’ which is a neighbour of ¢, and
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continuation of Yy (z,t;7,c)
hiztne FIGURE 10. Analytic continuation
of Y,(z,t;7,c) for t in the neigh-
bouring cell ¢’ just after the crossing
of dc\A, namely just after Rqp(t)
has crossed R(T). The sector where
Y, (z,t;7,c¢) has the canonical as-
ymptotic behaviour is represented.

Ficure 9. Y,(z,t;7,c) for
t € c¢. The sector where
Y., (2,t;7,c¢) has the canonical
asymptotic behaviour is repre-
sented.

such that dc N dc’ does not coincide with the multiple intersection of two or more hyperplanes. Thus,
we need to show that cy. N’ # 0. Notice that dc N ¢’ = Hy,, for suitable a,b. Then, suppose without
loss of generality that PR (t) crosses I (7) clockwise when ¢ crosses Hy,\A moving along a curve from
¢ to ¢. An example of this crossing is the transition from figure 4 to figure 6, with the identification
¢’ = ¢3 of Figure 11, and PR; = PRyp. Then, for the small deformation 7 — 7 — ¢ the above discussion
applies. Namely, ¢_. N ¢ # (). See figures 9 and 10. O

If 9c N O = Hyy N Hyy for some (a/,b') # (a,b), there is multiple crossing of (7). The proof
does not work if the crossing corresponds to a transition such as that from figure 4 to figure 7, with
the identification ¢ = ¢;. Since PR; and PRy cross simultaneously [, (7) from opposite sides, any
deformation 7 — T &+ ¢ produces a cell ¢4, which does not intersect ¢;. In other words, the deformation
prevents points of ci. from getting close to Hab N Ha ipr. The schematic figure 11 shows the 4 cells
corresponding to the figures from 4 to 7. It is shown that Y, (z,¢;7,¢) can be continued slightly inside
co and c3, but not inside ¢’ = ¢;. It is worth noticing that both Y, (z,¢;7,¢2) and Y, (z,¢; 7, c3) can be
continued beyond Hap N Hyry. See figure 12 for Y, (z,t; 7, c3).

Remark 13.2. If the eigenvalues are linear in ¢ as in (1.16), the results of this section assures that
the fundamental solutions Y, 4, (2,t; 7, c)’s are holomorphic in a 7-cell ¢ and a little beyond, that they
maintain the asymptotic behaviour, and then the corresponding Stokes matrices S, 1, (t)’s are defined
and holomorphic in the whole 7-cell ¢ and a little bit beyond.

14. FUNDAMENTAL SOLUTIONS Y, (z,t) AND STOKES MATRICES S, (f) HOLOMORPHIC AT A

If the fundamental solutions Yy, 1, (2,7, ¢)’s of (1.1) (with Assumption 1) have analytic continuation
to the whole U, (0), in this section we give sufficient conditions such that the continuations are c¢-
indendent solutions Y, 4, (2,t)’s, which maintain the asymptotic behaviour in large sectors 5, defined
below, so that the Stokes matrices S, .y, (t) are well defined in the whole U,,(0). Moreover, we show
that Y, 11.(2,0) = {/un (2) and Sy 4,(0) = g,,HW, where f/,,Jr;W(z), g,,Hw have been defined in Section
6 for the system at fixed t = 0.

14.1. Restriction of €. So far, ¢y has been taken so small that A;(t) and A;(t), 1 <i # j < s, have
no common eigenvalues for t € U, (0). If A = A(0) has at least two distinct eigenvalues, we consider a
further restriction of €p. Let 77 = 37/2 — T be the admissible direction associated with the direction 7 of
the admissible ray R(7). Let dp be a small positive number such that

0o < 1<Ig£1§1<861], (14.1)

where ¢;; is 1/2 of the distance between two parallel lines of angular direction 77 in the A-plane, one
passing through A; and one through A;; namely

0ij = %min{‘)\i —Aj + pel

, pPER}, i#£j=1,2..s. (14.2)
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FIGURE 11. The cells
of complex dimension n S
(real dimension 2n) are
schematically and im-
properly depicted in real FIGURE 12. Analytic contin-
dimension 2. Boundaries uation of Y, (2,7, c3) beyond
H,, and Hpy are rep- the boundary of ¢. The con-
resented as lines, their tinuation goes up to the 3
intersection as a point neighbouring cells. This cor-
(understanding that it is responds to the fact that the
not in A).  The do- three transitions form figure 6
main of the analytic con- to figures 4 and 7 occur when
tinuation of Y, (z,t;7,c) PR; and PRy respectively
beyond the boundary of cross [(7), while the transition
¢ is the dashed region. from figure 6 to figure 5 oc-
The analytic continua- curs when PRy and PRy si-
tion does not go beyond multaneously cross (1), com-
Hap N Hyry, because the ing from the same side of I(T)
transition from figure 4 (moving in  anticlockwise
to figure 7 is obtained by sense).

a simultaneous crossing
of I[(T) by PRy and PRy
from opposite sides of

I(7).

Clearly, dy depends on the choice of 7 (see also Remark 14.2). Let B(\;; &) be the closed ball in C with
center \; and radius dp. Then, we choose € so small that the eigenvalues uy(t), ..., u,(t) for t € U, (0)
satisfy

(ul(t),,un(t)) S E()\l;(so)Xpl X e XE(AS;(S())XPS,

As t varies in U, (0) above, the Stokes rays continuously move, but the directions of the rays associated
with a u, € B(\;;00) and a uy € B(\j;00), @ # j, never cross the values 77 and 77 — 7 (mod 27), so that
the projected rays PRgy(t) and PRy, (t) never cross the admissible line [(7). It follows that

the cell decomposition only depends on the Stokes rays associated with couples (uq(t), up(t)) such that
Ue(0) = up(0) = A, i =1, ..., 8.

For eigenvalues linear in t as in (1.16), we can take ¢y = dp and

U, (0) = B(0;60)P* x -+ x B(0;60)"P, e = . (14.3)
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FIGURE 13. In the left figure ¢ = 0 and the sector S, is represented. The explanation
is as for the left part of Figure 2. In the right figure, ¢t # 0. Represented are only the
rays associated with couples ug (t), up(t) with u,(0) = A;, up(0) = Aj, for i # j, together
with the sector S, (t).

Remark 14.1. If ¢ moves from one T-cell to another, the only Stokes rays which may cross admissible
rays R(T + km), k € Z, are those associated with pairs ue(t), up(t) with us(0) = up(0) = X;, i =
1,...,s. Therefore, the boundaries of the cells are only the Hgy’s such that ua(0) = u(0). In this case,
Loy (x0,y0) =0, so that

1= {(éRt, St) € R2" | Loy(Rt, St) = o}.
Remark 10.3 follows from the above observations.

14.2. The Sectors S, (t) and S,. Let A(t) be of the form (1.3) with eigenvalues (1.16). Let g = &, be
as in subsection 14.1. We define a subset 93(t) of the set of Stokes rays of A(t) as follows: 9i(¢) contains
only those Stokes rays {z € R | R(z(uq(t) — up(t))) = 0} which are associated with pairs u, (), up(t)
satisfying the condition u,(0) # up(0) (namely, uy(0) = i, up(0) = A;, @ # J; see (5.1)-(5.4)). The
reader may visualise the rays in R(t) as being originated by the splitting of Stokes rays of A(0). See
figure 13.

M (t) has the following important property: if ¢ varies in U, (0), the rays in 9i(t) continuously move,
but since ¢y = dg, they never cross any admissible ray R(T + kn), k € Z.

Definition 14.1 (Sectors §y+ku(t)). We define §V+;W(t) to be the unique sector containing S(T — 7 +
km, T+ km) and extending up to the nearest Stokes rays in R(t), t € U, (0).

Any §V+ku(t) contains a set of basic Stokes rays of R. Moreover,
R(F) C S,(t) NSy u(t) € S(ruy ),

and R R
S, (t) € S,(¢), S,(0)=S8,.
In case A(0) = A1, then S, (¢) is unbounded, namely it coincides with R.

Definition 14.2 (Sectors §U(K)) For any compact K C U, (0) we define
S,(K) = S.(t).

teK
If K1 C Ky, then 8, (K3) C 8,(K7). For any K1, Ky, we have S, (K, U K>) = S, (K1) NS, (K>).
Definition 14.3 (Sectors §U) If K = U, (0), we define
S, =8, (Ue, (0)).
Since €y = dp, §V has angular opening greater than 7 and
S, C8,(0) =8,
R(7) €8, N8 s C Sy, Tui1)
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FIGURE 14. Loop 7, represented in B(\;; €p). The dashed oriented line is the direction
7. Along the loop, u, and u; get aligned with 77 twice, in the second and fourth figures.
The second figure corresponds to the passage from one initial cell ¢ to a neighbouring
cell ¢ (while PRy, crosses clockwise a half line of I(7)) and the fourth figure to the
return to ¢ (while PRy, crosses clockwise the opposite half line of I(7)). Other dots
represent other eigenvalues u.(t) in B(\;;€p).

Remark 14.2. Notice that 7 € (1, 7,4+1) determines dy through (14.2) and (14.1). Let 7 € (1, Tv41)
and let &), be obtained through (14.2) and (14.1). Let ¢y = min{do, §,}. We temporarily denote by S,[7]
the sector S, of Definition 14.3 obtained starting from 7. Then for the above ¢y we have

gzx [ﬂ = gl/ [7~J]

14.3. Fundamental group of U,,(0)\A and generators. Let the eigenvalues of A(t) be linear in ¢ as
in (1.16), 7, <7 < 7p41 and 7 = 37w/2 — 7.

The fundamental group m (Ue,(0)\A, tpase) is generated by loops vap, 1 < a # b < n, which are
homotopy classes of simple curves encircling the component {t € U, (0) | ua(t) = up(t)} of A. The
choice of the base point is free, because U, (0)\A is path-wise connected, since A is a braid arrangement
in U, (0) and the hyperplanes are complez.

For ¢y = dp of Section 14.1, Stokes rays in JR(¢) never cross the admissible rays R(7T + k), k € Z,
when t goes along any loop in U, (0) (see Remark 14.1). Therefore, as far as the analytic continuation of
Y, (z,t) is concerned, it is enough to consider u,(t) and uy(t) coming from the unfolding of an eigenvalue
Ai of A(0) (see the beginning of Section 9), namely

Ua(t) = N +ta,  up(t) = A +to. (14.4)

If we represent t, and t; in the same complex plane, so that t, —t; is a complex number, a representative
of Y4, which we also denote 7., with abuse of notation, is represented by the following loop around
te —tp, =0,

ty —ty — (tq — tp)e*™. (14.5)

|ta — tp| will be taken small. The Stokes rays associated with u,(¢) and wuy(t) have directions

37” —arg(t, —tp) mod(2m), 3% —arg(ty —t,) mod(2m). (14.6)

The projection of these rays onto C are the two opposite rays PRy, (t) and PRy, (t), as in (13.2) . Along
the loop (14.5), each of these rays rotate clockwise and crosses the line I(7) twice (recall Definition 6.2),
once passing over the positive half line and once over the negative half line, returning to the initial
position at the end of the loop. Hence, the support of 7, is contained in at least two cells, but generally
in more than two, as follows.

e There exists a representative contained in only two cells if only PR,,(¢) and its opposite PRy, (t)
cross I(7T), each twice. For example, in figure 14 the ball B(\;;e€g) is represented with the loop (14.5).
The dots represent other points u(t) € B(\i;€0), 7 # a,b. PRay(t) and PRy, (t) cross [(T) when u,(t)
and up(t) are aligned with the admissible direction 7). Along the loop, no other w., aligns with u,(¢) and
ub(t).

e In general, other (projected) rays cross I(7) along any possible representative of 7,;. For example,
the representative of (14.5) in figure 15 is contained in three cells. Indeed, also PR, (t) and PR,(t)
cross [(7) when u, and u, get aligned with 7. Alignment corresponds to the passage from one cell to
another.
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FIGURE 15. Loop 7,4, represented in F()\i; €0). The dashed oriented line is the direction
7. In the first figure, u, moves close to u;. Along the way it gets aligned with u.. At
this alignment, PR, crosses clockwise a half line of I(7) and ¢ passes from the initial
cell ¢ to a cell ¢’. The second figure is figure 14. Here t passes from ¢’ to another cell
¢’ and then back to ¢’. In the third figure, u, moves to the initial position. Along the
way it gets aligned with u,, PRq~ crosses anti-clockwise the same half line of [(7) and
t returns to the cell c. In this example, 45, has support contained in three cells.

14.4. Holomorphic conditions such that Y, (z,t) — Y, (z) and S, (t) — S, for t — 0, in case of
linear eigenvalues (1.16). The following theorem is one of the central results of the paper, and it will
be used to prove Theorem 1.1.

Theorem 14.1. Consider the system (1.1) (i.e. system (1.1) of the Introduction). Let Assumption 1
hold, so that (1.1) is holomorphically equivalent to the system (5.18) (i.e. to (1.6) of the Introduction,).
Let A(t) be of the form (1.3), with eigenvalues (1.16) and g = d¢ as in subsection 14.1. Let T be the
direction of an admissible ray R(T), satisfying 7, < T < T,4+1. Suppose that:

1) For every integer j > 1, the F;(t)’s are holomorphic in U, (0) (so the necessary and sufficient
conditions of Proposition 5.1 hold);

2) For any T-cell ¢ of U, (0) and any k € Z, the fundamental solution Y, +r,(z,t; T, c) has analytic con-
tinuation as a single-valued holomorphic function on the whole U, (0). Denote the analytic continuation
with the same symbol Y, 11,,(2,4;7,¢), t € U,y (0).

Then:
e For any T-cells ¢ and ¢/,

Yoiru(z,t; 7,¢) = Yoquu(z, t; 7,¢), t € U, (0).
Therefore, we can simply write Y, 15, (2, ;7).
o Let Gyypu(2,67) = Go(t) Yopnu(z, t; )z~ BiWe=AMO2 - For any €1 < € the following asymptotic
expansion holds:
oo
Gophp(2,6;7) ~ I+ ZFk(t)z_k, zZ—00, 2€S iy, tEU,(0). (14.7)
k=0
The asymptotic expansion is uniform in t in Ue, (0) and uniform in z in any closed subsector of §V+ku'

e For any t € U, (0), the diagonal blocks of any Stokes matriz S, 4k, (t) are the identity matrices I, ,
Iy,, ....I, . Namely

(Svtkp)ab(t) = (Sugrp)ba(t) =0  whenever u,(0) = up(0).

Proof: See Appendix II. [0

Remark 14.3. [Continuation of Remark 14.2] Since Y, 1, (2,t; 7, ¢) = Yoqupu (2,6 7,¢) = Yoqnu(z,t; 7),
only the choice of T is relevant. If 7 and 7 are as in Remark 14.2 , then

Yu+ku(z7 t7 F) = Yl/-l-k;t('z? tv 7’:/)’
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because the rays in R(t), t € U, (0), neither cross the admissible rays R(7+mm) nor the rays R(7'+mm),
m € Z. In other words, Y, ,(2,t;7) depends on 7 only through €. Hence, we can restore the notation

Yy+ku(z,t), t e Z/leo(())

Corollary 14.1. Let the assumptions of Theorem 14.1 hold. Let }(7,,_%”(2), k € 7Z, denote the unique
fundamental solution (6.6) of the form (4.22), namely

ffu-‘rku(z) - gl/-i—ku(z)ZBl (O)eAz’

with the asymptotics (4.23)

Gotiop(z NIJrZsz, zZ—00, 2€Suiku

corresponding to the particular choice Fj = F;(0), j > 1. Then,
gu+ky(z70) = gv—‘,—kﬂ(z)a
Yotku(2,0) = Yoippu(2).

Proof: Observe that Y, x,(2,0) is defined at t = 0. Now, §V C S, and both sectors have central
opening angle greater than 7. Hence, the solution with given asymptotics in &, is unique, namely

G.(2) =G,(2,0). O

Corollary 14.2. Let the assumptions of Theorem 14.1 hold. Let S, (t), S,4,(t) be a complete set of
Stokes matrices associated with fundamental solutions Y, (z,t), Yi4u(2,t), Yiyou(z,t), with canonical
asymptotics, for t in a T-cell of Ue, (0 ), in sectors S, (t), Su4u(t) and S,42,(t) respectively, which by

Theorem 14.1 extend to Sl,, S,,HL and S,,H# respectively for t € U, (0). Then there exist
}%SU( ) =5y, tlg%gwru( )= Suﬂu

where g,,, guﬂt is a complete set of Stokes matrices for the system at t = 0, referred to three fundamental
solutions Y, 11, (2), k = 0,1,2, of Corollary 14.1 having asymptotics in sectors Sy, with F; = F;(0),
j=>1

Proof: The analyticity of Y, ,.(2,t) in assumption 2) of Theorem 14.1 implies that the Stokes matrices
are holomorphic in U, (0). Hence, for k = 1,2, there exists

Suku(0) = lim (Yo o) (2, ) ™ Yoirna (2,8)) = Yoy o1 (2) ™ Yo (2) = S

15. MEROMORPHIC CONTINUATION

In Theorem 14.1 we have assumed that for any 7-cell ¢ of U, (0) and any k € Z, the fundamental
solution Y, 1 x,(z,t; 7, ¢) has analytic continuation as a single-valued holomorphic function on the whole
Ue,(0). In this section, We assume that the above fundamental matrices have continuation on the
universal covering R(Ue,(0)\A) of U, (0)\A as meromorphic matrix-valued functions. We show that
if the Stokes matrices satlbfy a vanishing condition, then the continuation is actually holomorphic and
single valued on U, (0)\A. In particular, A is not a branching locus.

Recall that the Stokes matrices are defined by

Yorernyu(z:t7,¢) = Yoynu(2, 47, ¢) Suqpu(t), fortec
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Theorem 15.1. Consider the system (1.1) (i.e. system (1.1) of the Introduction) with holomorphic
coefficients and Assumption 1. Let A(t) be of the form (1.3), with eigenvalues (1.16) and g = dp as in
subsection 14.1. Let T be the direction of an admissible ray R(T), satisfying 7, < T < Ty41-

Assume that for any T-cell ¢ of Ue,(0) and any k € Z, the fundamental solution Y, r.(z,t;7,c),
defined for t € ¢, has analytic continuation on the universal covering R(Ue,(0)\A) as a meromorphic
matriz-valued function. Assume that the entries of the Stokes matrices satisfy the vanishing condition

(Su(t))ab = (Su(t))ba = (Sy+ﬂ(t))ab = (SVer.(t))ba — 0, Vt € C, (151)
for any 1 < a # b <n such that u,(0) = u(0).

Then:
o The continuation of Y, yx,(2,t;7,c) defines a single-valued holomorphic (matriz-valued) function
on Ue, (0)\A.
o Vi iiku(z,t;7,¢) = Yoqku(2, 7, ¢), fort € c. Therefore, we write Yy, 4, (2,t;7)
o The asymptotics
Go ' ()Y (2, t; ) 2D~ B1 0 T+ N Fi(t)279,

J=1

holds for z — oo in §,,+;W(t), t € U, (0)\A.

Remark 15.1. Recall that By (t) = diag(.ll\l (t)) is the exponent of formal monodromy, appearing in the
fundamental solutions (12.1). The formula S, 12, = e 2miB1§ 2781 analogous to that of Proposition
6.2, implies that (15.1) holds for any S, ;. Notice that the F}(t)’s are holomorphic on U, (0)\A.

Proof: See Appendix II. [J

PART IV: Isomonodromy Deformations of system (1.10).
Theorem 1.1, Corollary 1.1 and Theorem 1.2

We have established the theory of coalescence in U, (0), and the corresponding characterisation of the
limiting Stokes matrices for the system (1.1) under Assumption 1, or equivalently for the system (1.6).
Under Assumption 1, we now consider the case when (1.6) has Fuchsian singularity at z = 0, namely
system (1.10)

ay - - A (t)

e ) AP TE EOREE

and study its isomonodromy deformations. The eigenvalues are taken to be linear in ¢, as in (1.16):

16. STRUCTURE OF FUNDAMENTAL SOLUTIONS IN LEVELT FORM AT z = 0

At any point t € U, (0), let p1(t), p2(%), ..., pin (t) be the (non necessarily distinct) eigenvalues of A, (1),
and let J(©)(t) be a Jordan form of A;(t), with diag(.J(?)) = diag(1, ..., tn) (see also (16.3) below). The
eigenvalues are decomposed uniquely as,

uit) = @) + 0”0, 4 € Z, 0 <R[ () <1.
Let DO)(t) = diag(d&o) (t), .., Y (t)), which is piecewise constant, so that
JO@) = DO(t) + SO@),

where S(©(t) is the Jordan matrix with diag(S(®)) = diag(pgo), s p%o)).
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Let V be an open connected subset of U, (0). At fixed ¢, a solution in Levelt form at z = 0, such
as (1.11), can be written. In the sequel, in order to develop the isomonodromy deformation theory, we
have to require holomorphic dependence on ¢t € V. To this end, we need following assumption.

Assumption 2: We assume that A, (t) is holomorphically similar to J(®)(t) on V. This means that
there exists an invertible matrix G(°)(¢) holomorphic on V such that

(GO 0) A (1) GOt) = TO ).

Assumption 2 in V implies that the eigenvalues u;(t) are holomorphic on V. In the isomonodromic case
(to be defined below), Assumption 2 for V = U, (0) turns out to be equivalent to the vanishing condition
(1.21). See Proposition 19.2 below.

Remark 16.1. In order to realise the above assumption it is not sufficient to assume, for example,
that the eigenvalues of A (t) are independent of ¢, as the example A (t) = ( g /i ) shows. Sufficient
conditions can be found in the Wasow’s book [74], Ch. VII.
With Assumption 2, the following fundamental solutions in Levelt form are found.

Al Tf ﬁl (t) has distinct eigenvalues at any point of V, it is automatically holomorphically similar to

f(t) := diag(pi(t), . s pn(t))-

A fundamental matrix exists of the form
YO (2, 1) = GO1) (1 +y xpl(t)zl)zﬁ(ﬂ.
=1

Each matrix ¥;(¢) is holomorphic on V, and the series I + > ;=, ¥;(¢)z! is absolutely convergent for |z|
bounded, defining a holomorphic matrix-valued function in (z,t) on {|z| < r} x V, for any r > 0.

B] If pi(t) — p;(t) € Z\{0} for any i # j and any ¢ € V, then there exists a fundamental matrix
YO (2, 1) = GOt) (1 +3 \I/l(t)zl>z‘](0)(t),
I=1

such that G(©(¢), J(O(¢) and each matrix ¥;(t) are holomoprhic on V, and the series I + 7=, ¥;(t)z!
is absolutely convergent for |z| bounded, defining a holomorphic matrix-valued function in (z,t) on
{]z] < r} xV, for any r > 0.

The above forms of the matrix Y(©)(z,t) are obtained by a recursive procedure (see [32, 74]), aimed
at constructing a gauge transformation Y = G(©)(¢) (I +3 \I/l(t)zl>y that reduces the linear system
to a simple form

day JO
dz 2z
whose solution z can be immediately written.

However, in the resonant case, namely when g, (t) — p1;(¢) € Z\{0}, the recursive procedure cannot in
general reduce the system to the form above involving only J(©) /z. Indeed, the simplest for that can be
achieved in the resonant case, sometimes called Birkhoff normal form, is the following

dy 1
dz =z
where 1 < & is the maximal integer difference of eigenvalues of J(?), and the R;(t)’s are certain nilpotent

matrices (see (17.1) below for more details). These matrix coefficients may be discontinuous in ¢, even
if Assumption 2 is made. In order to avoid this, we need the following

O]

(7O + Ru(t)z + -+ Relt)") D, (16.1)

(Temporary) Assumption 3 [Resonant Case|: If for some i # j it happens that u,(t) — p;(t) €
Z\{0} at a point ¢t € V, then we require that p;(t) — p;(t) = constant € Z\{0} all over V. If moreover
J©)() is not diagonal, then we require that the d;’s, 1 < i < n, are constant on V.
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Assumption 3 certainly holds if the eigenvalues pq, ..., i, are independent of ¢ € V, namely in the
isomonodromic case of Definition 17.2 below.?’ Hence, Assumptions 3 is only “temporary” here, being
unnecessary in the isomonodromic case (see also Remark 17.2).

When Assumptions 2 and 3 hold together, fundamental matrices in Levelt form can always be con-
structed in such a way that they are holomorphic on V. Besides the cases A] and B] (which require only
Assumption 2), we have the following resonant cases:

C) If JO(t) = fi(t) := diag(uy(t), p1(t), ..., pin(t)) (eigenvalues non necessarily distinct) then there
exists a fundamental matrix

YO (2, 8) = GO®) (1 +y \Ifl(t)zl>zﬁ(t)zR(O)(t),
=1

were the matrix R()(t) := Ry(t) + --- Ru(t) has entries R\ (t) # 0 only if p;(t) — pi;(t) € N\{0}.
Moreover, G (t), fi(t) R (t) and each matrix W;(¢) can be chosen holomorphic on V, and the series
I+5"72, U,(t)z! is absolutely convergent for |z| bounded, defining a holomorphic matrix-valued function
in (z,t) on {|z| <r} xV, for any r > 0.

D] If some p;(t) — p(t) € Z\{0} and J©(¢) is not diagonal, then there exists a fundamental matrix
holomorphic on V,

YO(z,4) = GO @) (1 +3° \I/l(t)zl) DO LW, (16.2)
=1

where
LO) := SO @) + RO(¢),

G, SO are holomorphic on U, (0), and R and the ¥;’s can be chosen holomorphic on V. The series
I+3"72, U,(t)z! is absolutely convergent for |2| bounded, defining a holomorphic matrix-valued function
in (z,t) on {|z| <r} xV, for any r > 0.

The structure of R(?) is more conveniently described if the eigenvalues pui1, pio, ..., ftn, are re-labelled
as follows. Up to a permutation J© — P~1J() P which corresponds to G(¥ — GO P, where P is a
permutation matrix, the Jordan blocks structure can be arranged as

JO Z O g g O

S0 7

s0 < n. (16.3)

For i =1,2,..., s, each JZ-(O) has dimension n; (then ny + - -+ ns, = n) and has only one eigenvalue i;,
with structure

Ji(o) = piln, + Hp,, I,, = n; X n; identity matrix, (16.4)
0 1
0 1
0 1
0
H1, ..., fs, are not necessarily distinct. Let us partition R©) according to the block structure nq, ..., N, -

Then, the precise structure of R() is as follows:
[ROpioek 4,5 # 0 only if fi; — fi; € N\{0}, for 1 <i # j < so. (16.5)

Remark 16.2. Also in cases A], B] and C] the fundamental solution can be written in the Levelt form
(16.2), with L(® = S in A] and B], and L(®) = 5© + RO) in C].

201 case we define a deformation to be isomonodromic when the monodromy matrices are constant, this is still true,
namely 1, ..., un are independent of ¢. See Lemma 1 of [13].
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16.1. Freedom. Let the matrix J(®)(t) be fixed with the convention (16.3). Let Assumptions 2 and 3
hold. The class of Levelt forms at the Fuchsian singularity z = 0 with given J(® is not unique, when
some eigenvalues of //1\1(15) differ by non-zero integers. Let x be the maximal integer difference. Then, if
(16.2) is a Levelt form, there are other Levelt forms

}7(0) (Z, t) _ 6«(0) (t) (I + Z \le(t)zl) ZD(0>(t)ZZ(O)(t)
=1

=Y Oz, 0)D(t),
where ®©(t) is a connection matrix. From the standard theory of Birkhoff normal forms of a given

differential system with Fuchsian singularity (see for example [74]), it follows that D(¢) must have the
following property

ZD(O)(t)ZL(O)(t)CD(t) _ @o(t) ([ + 5‘31(02 4t @H(t)zn) ZD(D>(t)ZZ(0)(i£)7

being Dy, ..., D, arbitrary matrices satisfying [Do, J©)] = 0, 91(‘? # 0 only if fi; — i; =1 > 0. The
connection matrix is then

D(t) = Dol(t) (1 LDt 4k @k(t)>.

Being Dg(t), ..., ©,(t) arbitrary, we can choose the subclass of those connection matrices ©(¢) which
are holomorphic in ¢. Note that ® commutes with D(®). The relation between matrices with — and
without is as follows:

GO (1) (I + i \Tfl(t)zl) =
=1

=GO@) (1 + i \Ill(t)zl) [Qo(t) (1 LD ()2t @H(t)z")] .
=1

Moreover,
LO =910 RO =9 'ROD 4+ '[s* D] (16.6)
Observe that
GOt) = GO(t) = Dy(t)=1.

17. DEFINITION OF ISOMONODROMY DEFORMATION OF SYSTEM (1.10) WITH EIGENVALUES (1.16)

The Stokes phenomenon at z = co has been already described.

Let 7 be an admissible direction for A(0). For the remaining part of the paper, V will denote an
open simply connected subset of a 7-cell, such that the closure V is also contained in the cell. Let the
label v satisfy 7, < T < 7,41. The holomorphic fundamental matrices of Section 12, namely Y, (z,t),
o =v, v+ u, v+ 2u, exist and satisfy Corollary 13.1 and Proposition 13.3. Therefore, in particular, they

have canonical asymptotics on S,(V), with holomorphic on V Stokes matrices S, (t) and S, ,,(t).

Remark 17.1. [Notations] The notation Y, (z,t) of Sections 12-14 has been used for the fundamental
matrix solutions of the system (1.1), (1.1). We consider now the system (1.10) and use the same notation
Y, (z,t), with the replacement

G() (t) — 1

in all the formulae where G (t) appears.
Definition 17.1. The central connection matrix C,SO)(t) is defined by
Y, (2,t) =YDz, )cO@1), zeR.

Definition 17.2 (Isomonodromic Deformation in V). Let V be an open connected subset of a T-cell,
such that V is also contained the cell. A t-deformation of the system (1.10) satisfying Assumption 2 in
V is said to be isomonodromic in V if the essential monodromy data,

Su Sugps B :diag(gl); {p1, oy fin},
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are independent of t € V, and if there exists a fundamental solution (16.2) (see Remark 16.2), holomor-
phic int € V, such that also the corresponding essential monodromy data

RO,
are independent of t € V.

Remark 17.2. If uq, ..., p,, are independent of ¢ as in Definition 17.2, then Assumption 2 in V implies
that also Assumption 3 holds in V.

The existence of a fundamental solution with constant R(®) implies that the system (1.10) can be
reduced to a simpler form (16.1) which is independent of ¢ € V, namely

d 1

where 1 < k is the maximal integer difference of eigenvalues of J(®), [Rilbiock i,; # 0 only if fi; — i =1,

Ri 4 -+ R, = RY, with all R; independent of ¢ € V, and the [i;’s are the eigenvalues of ﬁl(t) as
arranged in the Jordan from (16.3)-(16.4).

Remark 17.3. There is a freedom in the isomonodromic R(®) and L(?), as in (16.6), for a t-independent
D such that Y© = Y0, Hence, there is a freedom in the isomonodromic central connection matrix,
according to

CO) — DEO).
We call Co(J@, L) the group of such transformations ® which leave L(®) invariant in (16.6). This
notation is a slight variation of a notation introduced in [21] for a particular subclass of our systems
(1.10), related to Frobenius manifolds.

Remark 17.4. Definition 17.2 is given with reference to some v. Nevertheless, it implies that it holds
for any other v/ in a suitably small V' C V. To see this, consider another admissible 7/ € (7,7, Tor41),
and define S,/ 41, (t), Yo/ 4k,u(2,t) in the usual way, for ¢ in the intersection of V with a 7/-cell. 2! Call V/
the intersection. Now, there is a finite product of Stokes factors Ki(t)--- Ky (t) (M < number of basic
Stokes rays of A(t)) such that Y, (z,t) = Yo/ (2,¢) K1 (t) - - - Kp(t), t € V. The Stokes matrices S, (¢) and
Su4(t) are determined uniquely by their factors, and conversely a Stokes matrix determines uniquely
the factors of a factorization of the prescribed structure (see the proof of Theorem 15.1, or section 4 of
[3], point D). Moreover, the product K (t) --- Kps(t) appears in the factorization of S, or S, ,. Hence,
if S, and S, 4, do not depend on ¢t € V for a certain v, also S,/ and S,,, do not depend on ¢ € V' cV.

Thus, the same is true for C,E(/)).

Lemma 17.1. Let the deformation be isomonodromic in )V as in Definition 17.2 (here it is not necessary
to suppose that V is in a cell, since we are considering solutions at z = 0). Let Assumption 2 hold in
U, (0), namely let A\l(t) be holomorphically equivalent to J©© in U, (0). Then:
i) 1y pin, DO, SO and JO) are independent of t in U, (0).
ii) Any fundamental matriz (also non-isomonodromic ones) in Levelt form Y (0 (z,t) = GO (t)(I +
> \I'l(t)zl)zDzL(o)(t), which is holomorphic of t € V, is also holomorphic on the whole Ue,(0).
iii) If RO (i.e L)) is independent of t in V, then it is independent of t in U, (0).

Proof: i) That p1, ..., tn, D@, S©  JO) are constant in U, (0) follows from the fact that pi,..., i,
are constant in V, and that G(©)(¢), and so the 1, ..., fi,,, are holomorphic on U, (0). So g1, ..., it are
constant in U, (0).

ii) Since 1, ..., i, are constant in U, (0), and A(t) and A, (t) are holomorphic, the recursive standard
procedure which yields the Birkhoff normal form of the Fuchsian system at z = 0 allows to choose ¥;(¢)’s
and R(©)(t) holomorphic on U, (0).

iii) That R(® is independent of ¢ € U, (0) follows from the fact that R(?)(t) is holomoprhic on U, (0)
and constant on V. [J

21Note that there may be more than one choices for S,/ g, Y, 4r,(2,t), depending on the neighbourhood of ¢
considered. See Remark 11.1.
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Proposition 17.1. Let the deformation of the system (1.10) be isomonodromic in V as in Definition

17.2 (here it is not necessary to assume that V is contained in a cell). Let Assumption 2 hold in U, (0),

namely let A;(t) be holomorphically equivalent to J© = D© + §O) jn 14, (0). Consider the system
dy

— = A(z,0)Y, (17.2)
and a fundamental solution in the Levelt form
YO(2) = GOG(2)P72L,  G)=T1+0(), (17.3)

with L = S+ R. Here R is obtained by reducing (17.2) to a Birkhoff normal form at z = 0. Then, there
exists an isomonodromic fundamental solution of (1.10), call it VA (z,t), with the same monodromy

isom

exponent L and Levelt form

0 © 7

V0 (2:8) = GO Gisom(2,8)22" 25,

with Gisom(2,t) =T+ > 7o, U, (t)2!, holomorphic on U, (0), such that
YO (z) = v (2,0).

isom

Proof: We prove the proposition in two steps.
e The first step is the following

Lemma 17.2. Let the deformation be isomonodromic in 'V as in Definition 17.2 (here it is not necessary
to assume that V is contained in a cell). Let Ai(t) be holomorphically equivalent to J© in U, (0). For
any holomorphic fundamental solution in Levelt form

Y(zt) = GOH (2, )" 220 H(z ) =1+ mi(t),
=1

with monodromy exponent L(©) (t), there exists an isomonodromic Y(O)(z,t), with monodromy exponent
equal to L)(0), in the Levelt form

YOz, t) = GO0)G (2, 1)2P 27O Gle,t) =1+ Y Wi(t)2,
=1

such that Y () (2,0) = Y (2,0).

To prove this Lemma, consider an isomonodromic fundamental solution, which exists by assumption,
say

YO (2, 8) = GO0)G (= 1)" "2 Gty =1+ Wi(1),
=1

with ¢-independent monodromy exponent LO and t-independent connection matrix defined by
Yy (2,t) = YO (2,t) CO.

Then, there exists a holomorphic invertible connection matrix ©(¢) such that
Y(z,t) =Y O (2, 0)D(1).

Hence,

Do(t) (1 LD ()t C‘D,.i(t)z”‘> P A G () (17.4)

with D(t) = Do (t) (I +0:(t)+---+ Dn(t)). Observe that 22 2L and 2P 2L are fundamental
solutions of two Birkhoff normal forms of the same system (17.2), related by (17.4) with ¢ = 0, namely

90(0)(I+©1(0)Z+'-'+©K(O)ZK)ZD(O)ZL(O>(O) :ZD(U)ZE(O) @(O)
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Therefore, the isomonodromic fundamental solution we are looking for is
YO (z,1) := YO (2,8) D(0) = Y(2,0)D(t) 'D(0).
e Second step. Consider a fundamental solution of (17.2) in the Levelt form
YO (z) = é(o)é(z)zl)(mzi,

where L = S(© + 132, R= Sy IfEl. The }o%l, l=1,2,...,k, are coefficients of a simple gauge equivalent
form(16.1), with ¢ = 0, of (17.2). It can be proved that there is a form (16.1) for the system (1.10),
with coefficients R;(t), such that the R;’s coincide with the values R;(0)’s at ¢ = 0. Moreover, the
R;(t)’s are holomorphic on U, (0). This fact follows from the recursive procedure which yileds the gauge
transformation from (1.10) to (16.1). Therefore, there exists a holomorphic exponent L) () such that
LO)(0) = L. Consider an isomonodromic fundamental solution Y () (z,#) of Lemma 17.2, with exponent
LO(0) = L. Since Y (z,0) is a fundamental solution of (17.2), there exists an invertible and constant
connection matrix C' such that
YO (2,000 =Y (z).

Now, C € Co(J©,L) (cf. Remark 17.3), because ¥ (©)(z,0) and Y(©(z) have the same monodromy
exponent. This implies that

YO (z t)C = G(O)G(z,t)zD(o)zf‘C =
= GOG()Co(I +Crz+ -+ Cuz®)P V2L C=CyI+Ch+--+C).

Moreover, also Y(9)(z,)C' is isomonodromic. Therefore, the solution we are looking for is YZ(S%)m(z, t) =
YO (zt)C. O

Remark 17.5. If we assume that system (1.10) is the z-component of a suitable Pfaffian system

— Ayt) - . d
dy = (A(t)+ - )dZJr;QJ(z,t)dtj Y, d_dz$+§dtja—tj,

with gl(t) and each Q,(z,t) depending holomorphically on ¢ € V, then Proposition 17.1 follows from the
properties of Pfaffian systems of Fuchsian type [10, 75]. Here, we are exactly following the opposite way:
we are going to construct a Pfaffian system (the isomonodromy deformation equations below) starting
from the properties of the solutions of system (1.10), satisfying Definition 17.2. After this paper was
completed, a reworking of the results from the point of view of Pfaffian systems has been presented in
[39].

18. ISOMONODROMY DEFORMATION EQUATIONS

Let
Oz t) =D M(z,t) dte,  Qulz,t) = 2By + [Fi(t), Ex].
k=1
Here Ej, is the matrix with all entries equal to zero, except for (Eg)gx = 1, and (F})qp = —(ﬁl)ab/(ua -
up), so that
N
—~ 0 0 : 0 0
(A1(1))ab(dak — Ovr) i i
Fy(t). E.] = = “@Wom ., v Akn 18.1
[ 1( )7 k] ( ua(t) _ ub(t) - Up —ul 0 Up—Up ( )
T 0 : 0 0
R

Let df (z,t) :== >, Of (2,t)/0t;dt,;.
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Theorem 18.1. If the deformation of the system (1.10) is isomonodromic in V as in Definition 17.2,
then an isomonodromic Y(O)(z, t) and the Y, (z,t)’s, for o = v,v+ p, v+ 2pu, satisfy the total differential
system

dY = Q(z,1)Y. (18.2)
Conwversely, if the t-deformation satisfies assumptions 2 and 3 in V, and if a fundamental solution
YO (z,t) in Levelt form at z = 0, and the canonical solution Y, (2,t), 0 = v,v + pu,v + 2u at z = oo,
satisfy the total differential system (18.2), then the deformation is isomonodromic in V.

Proof: The proof is done in the same way as for Theorem 3.1 at page 322 in [49]. In [49] the proof is given

for non resonant El (t), but it can be repeated in our case with no changes, except for the assumptions
2, 3. 22 The matrix valued differential form Q(z,¢) turns out to be still as in formula (3.8) and (3.14) of
[49], which in our case becomes,

[e%¢) e3¢} -1
O(z,t) = <I+2Fk(t)zk> dA(t)z <I+2Fk(t)zk> ,
k=1 k=1

sing

where [+ -+ ]5ing stands for the singular terms at infinity, namely the terms with powers 27, j > 0, in the
above formal expansion. This is

O(z,t) = dA(t)z + [F1(t), dA()].

Therefore,

Qk(z,t) = a(;\t(;) zZ + [Fl(t),w

In the last step we have used the fact that A(t) = diag(uq(t), ua(t), ..., un(t)), with eigenvalues (1.16).
In the domain V the eigenvalues are distinct, so the off-diagonal entries of F} are:

(A1) ab

up — uq’

} = E; + [F1(t), Ex].

(F)ay = 1<a#b<n.

Hence,
n

g
(2 t) = By 2 + (M gty (w0 _““(t))>ab_1

Finally, observe that %(ub(t) —uq(t)) = %(tb —tq) = Ogp — Opa. The proof is concluded. See also [39].
(]

Corollary 18.1. If the deformation of the system (1.10) is isomonodromic in V as in Definition 17.2,
then GO)(t) satisfies
da® = e ) g, (18.3)
where
0O (t) = Q(0,t) = > [Fi(t), Bgldt.
k
More explicitly,

e "
0O (t) = [ —=—2b— (dt, — dt;)

Uq (t) — up(t) =il

Proof: Substitute Y(9) into (18.2) an compare coefficients of equal powers of z. Equation (18.3) comes
form the coefficient of 2°. O

22The result was announced in [61] and not proved. It can also be proved by the methods of [47], since the requirement
that 1, ..., in, R and C(© are constant is equivalent to having an isoprincipal deformation.
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Proposition 18.1. If the deformation is isomonodromic in V' as in Definition 17.2, then

00 .
dA= 5=+, 4) (18.4)

Proof: Let the deformation be isomonodromic. Then, by Theorem 18.1, equations (1.10) and (18.2) are
compatible. The compatibility condition is (18.4). O

Note that (18.4) is a necessary condition of isomonodromicity, but not sufficient in case of resonances
(sufficiency can be proved if the eigenvalues of A; do not differ by integers, cf. [49]). Explicitly, (18.4) is

[Br, A = [A[F1, Ee]l, k=1,..,n,
dA; = [0 A4,].
The first n equations are automatically satisfied by definition of F;. The last equation in components is
dA ~
atl - |:[F1;Ek]7A1:|7 (185)
k
where [Fy, Ei] is in (18.1).

19. HOLOMORPHIC EXTENSION OF ISOMONODROMY DEFORMATIONS TO U, (0) AND THEOREM 1.1

Lemma 19.1. In case the eigenvalues of A(t) are as in (1.16) and A (t) is holomorphic on Ue,(0), then
Q(z,t) is holomoprhic (int) on Ue,(0) if and only if
(A\l)ab(t) = O(ua(t) —up(t)) = O(tq — tb)a (191)

whenever uq(t) and up(t) coalesce as t tends to a point of A C U, (0).
Also ©)(t) of Corollary 18.1 is holomorphic on Ue,(0) if and only if (19.1) holds.

Proof: By (18.1), Q(z,t) and ©©)(t) are continuous at tn € A if and only if (19.1) holds for those u,(t),
up(t) coalescing at ta € A. Hence, any point of A is a removable singularity if and only if (19.1) holds.
([l

Proposition 19.1. The system
-To) .
18.4 dA=—+[Q,A
(18.4) 5, 4]
(18.3)  dG© =0 (1) g,

with Ay holomorphic satisfying condition (19.1) on Ue,(0), is Frobenius integrable for t € Ue,(0).

The proof is as in [49]. It holds also in our case, because the algebraic relations are the same as in our
case, no matter if Ay is resonant (see e.g. Example 3.2 in [49]).
Write ©(©) =37, @,(Co)dtk.. Since (18.3) is integrable, the compatibility of equations holds:
00" 90

_ 00 _ g®e® 192
i~ =00 e —eel. (19.2)

Proposition 19.2. Let the deformation of the system (1.10) be isomonodromic in V as in Definition
17.2, with A(t) is as in (1.16) and A1 (t) holomorphic on Ue,(0). Then, Ai(t) is holomorphically similar
to J©) in the whole U, (0) if and only if (19.1) holds as t tends to points of A C Ue,(0). In other words,
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if the deformation is isomonodromic in V with holomorphic gl(t), then Assumption 2 in the whole Ue,(0)
is equivalent to (19.1).

Proof: Let A (t) be holomorphic and let (19.1) hold, so that ©(©) (¢) is holomorphic on ¢, (0) by Lemma
19.1. The linear Pfaffian systems dG(® = ) ()G and d[(G?)~1] = —(G®)~10)(t) are integrable
in U, (0), with holomorphic coefficients ©(%) (t). Then, a solution G°)(¢) has analytic continuation onto
U.,(0). We take a solution satisfying (G (t))~* A (t) GO (t) = JO for t € V, which then has analytic
continuation onto U, (0) as a holomorphic invertible matrix. Hence, (G (¢))~! A (t) GON(t) = JO
holds in U, (0) with holomorphic G(9)(¢). Conversely, suppose that Assumption 2 holds in U, (0). Then
GO(t) and G ()~ are holomorphic on U, (0). Therefore, also ©©)(¢) is holomorphic on U, (0),
because O () = dG(® - (G©)~1 defines the analytic continuation of () (t) on U,,(0). Then (19.1)
holds, by Lemma 19.1. [J

Summarising, if A(t) is as in (1.16) and A, (t) is holomorphic on U, (0), if the deformation is isomon-
odromic in a simply connected subset V of a cell, s.t. V C cell, then it suffices to assume that A\l(t) is
holomorphically similar to a Jordan form J(© (¢) in U, (0), or equivalently that (19.1) holds at A C U, (0),
in order to conclude that the system

(18.2) dY = Q(z,1) Y,

(18.3) dG® =00 ) g,
has holomorphic coefficients on R x U, (0). The integrability /compatibility condition of (18.2) is

00, 9%
ot ot

= 0,0; — Q0. (19.3)

If this relation is explicitly written, it turns out to be equivalent to (19.2). Hence, being (18.3) integrable,
also the linear Pfaffian system (18.2) is integrable, with coefficients holomorphic in U, (0). Therefore,
due to linearity, any solution Y'(z,t) can be t-analytically continued along any curve in U, (0), for z
fixed.

Corollary 19.1. Let the deformation be isomonodromic in a simply connected subset V of a cell, s.t.
Y C cell. If Ay(t) is holomorphically similar to a Jordan form J© in Ue,(0), or equivalently if (19.1)
holds in Ue, (0), then the Y, (2,t)’s, 0 = v,v + u,v + 2, together with an isomonodromic Y () (z,t), can
be t-analytically continued as single valued holomorphic functions on Ue,(0).

Proof: If the deformation is isomonodromic, by Theorem 18.1 the system (1.10),(18.2) is a completely
integrable linear Pfaffian system (compatibility conditions (18.4) and (19.3) hold), with common solutions
Y, (2,t)s, 0 = v,v + p,v + 2, and YO (z,t). If Ay (t) is holomorphically similar to a Jordan form .J(®)
in U, (0), or equivalently if (19.1) holds in U, (0), then the coefficients are holomorphic in U, (0), by
Proposition 19.2. In particular, since Y, (z,t)’s, o = v, v + u, v+ 2, and YO (2, 1) solve (18.2), they can
be t-analytically continued along any curve in U, (0). O.

Remark 19.1. Corollary 19.1 can be compared with the result of [60]. It is always true that the
Y, (t,2)’s and YO(t,2) can be t-analytically continued on T as a meromorphic function, where (in our
case):
7T = universal covering of C"\Acn.

Here Acn is the locus of C™ where eigenvalues of A(t) coalesce. It is a locus of “fixed singularities”
(including branch points and essential singularities) of Q(z,t) and of any solution of dY = QY. The
movable singularities of Q(z,t), Y,(t,2) and YO (¢, 2) outside the locus are poles and constitute the
zeros of the Jimbo-Miwa isomonodromic 7-function [60]. Here, we have furthermore assumed that A
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is holomorphic in U, (0) and that (19.1) holds. This fact has allowed us to conclude that Y,(z,t)’s,
o =v,v+ v+ 2u, and YO (z,t) are t-holomorphic in U, (0).

In order to prove Theorem 1.1, we need a last ingredient, namely the analyticity at A of the coefficients
Fy.(t) of the formal solution computed away from A.

Proposition 19.3. Let the deformation of the system (1.10) be isomonodromic in a simply connected
subset V of a cell, s.t. V C cell. If Ay(t) is holomorphically similar to a Jordan form J© in U, (0), or
equivalently if (19.1) holds in Ue,(0), then the coefficients Fy(t), k > 1, of a formal solution of (1.10)

Yr(z,t) = (I s ZFk(t)z_k)zBleA(t)z, (19.4)
k=1
are holomorphic on U, (0).
Proof: Recall that
Aot
(Fl)ab(t) — ( 1) b( ) a;«é b,

uy(t) — uqa(t)’
(Fl)aa(t) = Z(A\l)ab(t)(Fl)ba(t)'
b#a

If by assumption (19.1) holds, the above formulas imply that F(¢) is holomorphic in U, (0), because the
singularities at A, i.e. for u,(t) — up(t) — 0, become removable. Since the asymptotics corresponding
to (19.4) is uniform in a compact subset K of a simply connected open subset of a cell, we substitute it
into dY = Q(z,t)Y, with

Qz,t) = zdA(t) + [F1(t), dA(t)].

By comparing coefficients of powers of z2~! we obtain

Frs (1), dA)] = [F3 (1), A E(E) — (1), 1> L. (19.5)
In components of the differential d, this becomes a recursive relation (use dA(t)/0t; = E;):
_ OF(t)
P, Bi] = [Fi(0), B Re) - =502,

with,

0 (Fr1)1i 0

[Fz+1(t)7 Ez] = | —(Fiy)in - 0 o =(Fi)in |
0 (Fi41)ni 0

The diagonal element (i,7) is zero. Therefore, (19.5) recursively determines F;1; as a function of
Fy, Fi_q,...,F1, except for the diagonal diag(Fj+1). On the other hand, the diagonal elements are
determined by the off-diagonal elements according to the already proved formula,

l (‘Fl+1)aa(t) = Z(A\l)ab(t)(Fl)ba(t)' (196)
b#a

Let us start with [ +1 = 2. Since F} is holomorphic, the above formulae (19.5), (19.6) imply that F
is holomorphic. Then, by induction the same formulae imply that all the Fj;(¢) are holomorphic. O

Corollary 19.1 means that assumption 2) of Theorem 14.1 applies, while Proposition 19.3 means that
assumption 1) applies. This, together with Proposition 17.1, proves the following theorem, which is
indeed our Theorem 1.1.
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Theorem 19.1 (Theorem 1.1.). Let A(t) and A;(t) be holomorphic on Ue,(0), with eigenvalues as in
(1.16). If the deformation of the system (1.10) is isomonodromic on a simply connected subset V of a

cell, such that V is in the cell, and if A1(t) is holomorphically similar to a Jordan form J© in U, (0),
or equivalently the vanishing condition

(A1)as(t) = O(ua(t) — us(t)) = Ot — ),

holds at points of A in Ue,(0), then Theorem 14.1 and Corollary 14.2 hold (with Go(t) — I, see Remark
17.1), so that G (z,t) = Y, (2,t)er®2=B1() ¢ — v v+ v + 2u, maintains the canonical asymptotics

Go(z,1) ~I+ZFk(t)z_k, z— 00 in Sy,
k=1
for any t € U, (0) and any €1 < eg. The Stokes matrices,
SIM Su+u7

are defined and constant on the whole Ue,(0). They coincide with the Stokes matrices Sv, g,,ﬂb of the
specific fundamental solutions Yg(z) of the system (17.2)

ayy -~
—=A Y,
dZ (Z?O) I

which satisfy Ya(z) = Y,(2,0), according to Corollary 14.2. Any central connection matriz C,(,O) s
defined and constant on the whole U, (0), coinciding with a matriz Co'l(,o) defined by the relation

Y. (2) =YO)C,
where Y©)(2) is a fundamental solution of (17.2) in the Levelt form (17.3), and Y,(z) = Y,(2,0) as

above.
The matriz entries of Stokes matrices vanish in correspondence with coalescing eigenvalues, i.e.

(Sl)ij = (Sl)ji = (Sg)ij = (Sg)ji =0 whenever ’U,l(O) = Uj (0)

Corollary 19.2. (Corollary 1.1) If moreover the diagonal entries of El(O) do not differ by non-zero
integers, Corollary 4.1 applies. Accordingly, there is a unique formal solution of the system with t = 0,
whose coefficients are necessarily )

Hence, there exists only one choice of fundamental solutions Y, (2)’s with canonical asymptotics at z = 0o
corresponding to the unique formal solution, which necessarily coincide with the Y, (z,0)’s.

Summarizing, the monodromy data are computable from the system with fixed ¢ = 0 and are:

e J(© = a Jordan form of A, (0); RO = R. See Proposition 17.1.

o B = diag(A:(0))

¢S, =S, Suip=Suip

oV =i,

Here, S; and S, are the Stokes matrices of those fundamental solutions Yi(z), Ya(z), Y3(z) of the
system (17.2) (i.e. system (1.22)) with the specific canonical asymptotics (1.24) satisfying Fj, = F(0),
k > 1. For these solutions the identity YT(z) = Y;(z,0) holds. In case of Lemma 19.2, only these
solutions exist.

o
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20. ISOMONODROMY DEFORMATIONS WITH VANISHING CONDITIONS ON STOKES MATRICES, PROOF
OF THEOREM 1.2

We now consider again system (1.10) with eigenvalues (1.16) coalescing at ¢ = 0, but we give up
the assumption that Ay(t) is holomorphic in the whole Ue,(0). We assume that A;(t) is holomorphic
on a simply connected open domain V C U, (0), as in Definition 1.1, so that the Jimbo-Miwa-Ueno
isomonodromy deformation theory? is well defined in V. Therefore Y, 11, (t,2)’s (k € Z) and Y (O (, 2)
satisfy the system

dz
dY = Q(z,1)Y, (20.2)

v _ (A(t) + M) Y, (20.1)

and A, (t) solves the non-linear isomonodromy deformation equations

~ N ~
dA =7 +[0,4),

dG©) = 90 ()

Here  and ©(© are the same as in the previous sections, defined for t € V.

Since the deformation is admissible, there exists 7 such that V C ¢, where c is a 7-cell in U, (0). The
Stokes rays of A(0) will be numerated so that 7, <7 < 7,41.

As in Remark 19.1, the solutions gl(t), any Y, x,u(t,2)’s and Y () (¢, 2) of the above isomonodromy
deformation equations, initially defined in V), can be t-analytically continued on the universal covering
of C"\Acn, as a meromorphic functions. The coalescence locus Acr is a locus of fixed singularities [60],
so that it may be a branching locus for A (t) and for any of the fundamental matrices Y (z,t) of (20.1)
(i.e. of (1.10)). Notice that our A is obviously contained in A¢». The movable singularities of A, (1),
Yy 4k, (t, 2) and YO (%, 2) outside Acn are poles and constitute, according to [60], the locus of zeros of the
Jimbo-Miwa-Ueno isomonodromic 7-function. This locus can also be called Malgrange’s divisor, since
it has been proved in [62] that it coincides with a divisor, introduced by Malgrange (see [55] [56] [57]),
where a certain Riemann-Hilbert problem fails to have solution (below, we formulate a Riemann-Hilbert
problem in proving Lemma 20.2). This divisor has a complex co-dimension equal to 1, so it does not
disconnect C"\Acn and U, (0)\A.

The fundamental solutions Y, 4x,(t,2)’s above are the unique solutions which have for ¢ € V the
asymptotic behaviour

Yy (2, t)e 2Oz~ Br o 1y ZFj ()27, 2z — 00 in Syyru(t). (20.3)

j>1
The t-independent Stokes matrices are then defined by the relations

YV+(kZ+1)M(t7 Z) = Yy+k/z (t7 Z)Su-l—k/u

Notice that also the coefficients F}(t) are analytically continued as meromorphic multivalued matrix
functions. For the sake of the proof of the Lemma 20.1 below, the analytic continuation of Y, 4 x,(t, 2)
will be denoted by

YV+ku(Zv E)y

where £ is a point of the universal covering R (U, (0)\A), whose projection is t. The analytic continuation
of F;(t) will be simply denoted by Fj(#)

By arguments similar to those in Section 13, it is seen that as ¢ varies in ¢ or slightly beyond the
boundary Oc, then Y, ,(t,2) maintains its asymptotic behaviour, for ¢ away from the Malgrange’s
divisor. But when ¢ moves sufficiently far form ¢, then the asymptotic representation (20.3) is lost. The
following Lemma gives the sufficient condition such that the asymptotics (20.3) is not lost by Y, 41, (2, t).

23The fact that A\1 may have eigenvalues differing by integers does not constitute a problem; see the proof of Theorem
18.1.
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Lemma 20.1. Assume that the Stokes matrices satisfy the vanishing condition

(Sv)ab = (Sv)ba = (Sv—i-u)ab = (Sy+u)ba =0, (20.4)

for any 1 < a # b <n such that u,(0) = uy(0). Then the meromorphic continuation Y, 1y, (2,t), k € Z,
on the universal covering R(Ue,(0)\A) maintains the asymptotic behaviour

Yoihu (2 D)e 20227 P0 w143 F(E) 27,
i>1
for z — oo in §V+k#(t) and any t € R(U, (0)\A) away from the Malgrange’s divisor. Moreover,

Yu+(k+1)u(zv t) = Yu+kp (Z, t)Squk;r
Here §,,+;W(t) is the sector in Definition 14.1.

Remark 20.1. Notice that By = diag(zzl\l(t)) is independent of ¢ € V by assumption, and A; (t) is
meromorphic, so B; is constant everywhere. Moreover, the relation S, 2, = e 2miB1g 2™ B1 implies
that (20.4) holds for any S, xu, k € Z.

Proof: Since V belongs to the T-cell ¢, then Y, 44, (2,t) can be denoted by Y, 4x,(z,t; 7, ¢), as in Theorem
15.1, for t € V and for any t € ¢ away from the Malgrange’s divisor. Noticing that the Malgrange’s
divisor does not disconnect U, (0)\A, we proceed exactly as in the proof of Theorem 15.1. Now V is
considered as lying on a sheet of the covering R (U, (0)\A). The relation (24.10) holds unchanged, and
reads

Yoru(2,57,¢) = Yo u(2, 6,7, c)Kleb, (20.5)
On the other hand, the relation (24.11) becomes

Xu+u(z7{) = Yu+u(zat~§ T, Cl) K[ab] (t)v
where X, ,(2,%) is a solution of the system (20.1) with coefficient A, (f), where % is a point of the
universal covering, reached along 74 after R,,(t) has crossed R(7 — ) in Figure 40. X, ,(z,1) is the
unique fundamental matrix solution having asymptotic behaviour
Xypu(z,D)e 2078 14 ZFj(f) ™,
j>1
in Sy4,(t). Then (24.12) is replaced by
Xogn(z,7at) = Yo (2, Yant) Klat! ]K[“b], teec.
Here, Y, 4, (2, Yabt) is the continuation of Y, 4, (2,t) = Y,4, (2,67, ¢) at
E = 'Yabt-
The proof that Kle?l = Kla¥l = T holds unchanged, following from (20.4). Therefore,

Xu+u(27'7abt) = Yu+u(zv ’Vabt)~
This proves that the analytic continuation Y,,Jr#(z,f) along ~v,, maintains the canonical asymptotic
behaviour. Moreover, the ray Rq, plays no role in the asymptotics, as it follows from (20.5) with
Kle?) = J. Repeating the construction for all possible 10ops Yap, as in the proof of Theorem 14.1 and

Theorem 15.1, we conclude that Y, ,(z,¢) maintains its the canonical asymptotic representation for
any  in the universal covering (¢ away from the Malgrange divisor), when z — oo in S,4,(¢). O

In Lemma 20.1, we have taken into account the fact that A is expected to be a branching locus, so
that Y(z,?) is defined on R(U,,(0)\A), as the result of [60] predicts. In fact, it turns out that (20.4)
implies that there is no branching at A, as the following lemma states.

Lemma 20.2. If (20.4) holds, then:
e The meromorphic continuation on the universal covering R(Ue, (0)\A) of any Yi4ru(2,t), k € Z,
and YO (z,t) is single-valued on U, (0)\A.
e The meromorphic continuation of Ay(t) is single-valued on Ue, (0)\A.
In other words, A is not a branching locus.
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The single-valued continuation of Y, 1 ,(z,t) will be simply denoted by Y, 4%, (2,t) in the remaining
part of this section, so we will no longer need the notation Y, 4x,(z, ).
Proof of Lemma 20.2: Let t € V be an admissible isomonodromic deformation and gl(t) be holomorphic
in V. Let 7 be the direction of an admissible ray for A(0) such that V lies in a 7-cell. Since the linear
relation (1.16)

ui(t):ui(O)—i-ti, 1§i§n,

holds, we will use u as variable in place of t. Accordingly, we will write A(u) instead of A(t) and Y (z,u)
instead of Y'(z,t). Now, the fundamental solutions Y, 1, (z,u) and Y(°)(z,u) are holomorphic functions
of u € V. We construct a Riemann-Hilbert boundary value problem (abbreviated by R-H) satisfied by?*
Yy — (2, u), Yo (2,1), Yoyu(z,u) and YO (2, u).

The given data are the essential monodromy data (see Definition 17.2) S, _,,, S,, B1, i1, ... fin, RO
and C. Instead of U1y e iy RO we can use D@ and L (see (16.2) and Remark 16.2). They
satisfy a constraint, because the monodromy (Cﬁo))_1 e2mil”) Cﬁo) at z = 0 can be expressed in the
equivalent way e2miB (SVSV+H)_1. Recalling that S, , = e_szlSu_ueQMBl, the constraint is

S;L, B gl = ()t 2L o), (20.6)

The following relations hold for fundamental solutions:

Y, (z,u) =Y, .(z,u)S,_,, (20.7)
Yoiu(z,u) =Y, (z,u)S,, (20.8)
Y, (z,u) = YO (2, u)C, (20.9)
Yyiu(z,u) = YO (2, 0)C0S,,. (20.10)

Since Y, 4, (2e*™) =Y, _,(2)e*™B1 | we can rewrite (20.7) as
Y, (z,u) = Yy, (2e*™ u)e 2mHS, (20.11)
We now write
Yoaron(2,0) = Gy (2, u)eQEY, Q(z,u) == A(u)z + By Inz,

Gotrp(z,u) ~ I+ ZFj(u)z*j, z—o00in Syypu(u), k=0,1.
j=1
YO (z,u) = Go(z,u) P
GOz, u) = G(u) + O(z) holomorphic at z = 0.
Therefore, from (20.7)-(20.11) we obtain

Gu(z,u) = Qy+u(z62”,u) eQ(Z’“)SV_MefQ(Z’“)7 (
Goin(2) = Gu(z,u) QEWS, e~ QW) (20.13
gy(z7 u) — g(O)(Z, u) ZD(O)ZL(D>CI(,O)€_Q(Z’U)7 (
Goip(z,u) =GO (2,u) zD(mzL(O)Cl(,O)SVe_Q(Z’“). (
We formulate the following R-H, given the monodromy data. Consider the z-plane with the following
branch cut from 0 to co:

T—m<argz <T 4.

24Recall that Yy, 4o, (2e2F70) = Y, (2)e2FB1 € Z.
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T+

~

T—T -

FI1GURE 16. The contour I'_ UT'; UT's UT'; o of the Riemann-Hilbert problem, which
divides the plane in regions 11, II, 4, and Ily. The directional angles 7, 7 & 7 and the
orientations are depicted.

Consider a circle around z = 0 of some radius 7. The oriented contour I' = I'(7) of the R-H is the union
of the following paths (see Figure 16):

I w: argz=7=xm, |z| >r half-line coming from co along the branch-cut
Ilie: argz=T, |z| >r, half-line going to oo in direction 7,
I': T—m<argz <7, |z| =r, half-circle in anti-clockwise sense,

I'y: 7T<argz<T7T+m, |z] =7, half-circle in anti-clockwise sense.

Recalling that 7, < 7 < 7,4, we call:
IT, the unbounded domain to the right of I'_ o, UT; UT o,
IIy the ball inside the circle I'y UT's,
IT, ;. the remaining unbounded region C\{II, UII, UT}.
The R-H problem we need is as follows:

G+(Q) =6-(QH(Cu), (€T, (20.16)

where the jump H({,u) is uniquely specified by assigning the monodromy data S,_,,, S,, Bi, C,SO), D)
and L) (i.e. pi1, ..., i, R®). Since I'_ lies along the branch-cut, we use the symbol (. if arg ¢ = 7 4.
Hence, H((,u) is

H(( u) = eQ(C—’“)S;_lMe*Q(C"“) along T'_ .,
QGug e—QGu) along T o0,
QI (CTIEY P along Ty,
eQ(C’“)S;l(CZ(,O))_1C_L(O)C_D(O along I's.
We require that the solution satisfies the conditions

G(z) ~ I +seriesin 27!, z— o0, z€ I, UIl,4,, (20.17)

G(z) holomorphic in Iy and det(G(0)) # 0. (20.18)
By (20.12)-(20.15), our R-H has the following solution for u € V:

Go(z,u) for z € Iy,
G(z,u) = G,(z,u) for z €1Il,, holomorphic of u € V. (20.19)
Goip(z,u) for z € Iy,

By the result of [60], this solution can be analytically continued in u as a meromorphic function on
the universal covering of C"\A¢,. Consider a loop around A, as in (14.5), involving two coalescing
coordinates u,, up, starting from a point in V. We want to prove that the above continuation is single
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FIGURE 17. Jump matrices A, B, C, D along I', used in step 1.

valued along this loop. As in the proof of Theorem 14.1, we just need to consider the case when |u, —up
is small and only PR, and PRy, cross [(T). Let

€ 1= 1Ug — Up.
The lemma will be proved if we prove that G in (20.19) is holomorphic in a neighbourhood of £ = 0,
except at most for a finite number of poles (the Malgrange’s divisor).

In the following, we will drop u and only write the dependence on e. For example, we write H((,¢)
instead of H((,u). For our convenience, as in Figure 17 we call

H((,e) = A(¢_,¢) along I'_ .,
: B(¢, e) along 'y oo,
=:C(C,¢) along I'y,
=:D(¢,¢) along I's.
A, ..., D are holomorphic functions of €. The following cyclic relations are easily verified:
A(ze ™ ) D(z,e) Clze 2™, &) =1  C(z,¢) D(z,6) 'B(z,e)t =1. (20.20)

In particular, the following “smoothness condition” holds at the points 77 and 75 of intersection of I'_
and 'y o with the circle |z| = r respectively:

A(C_,e) D(¢y,e) C(C,e)™ =T at Ty,  C(C,e) D(Ce) *B(C,e) ™t =1 at Ty.
Indeed,
A(ze 2™ £)D(z,e)C(ze 2™ &)™t =
_ eQ(ze*Q’”‘)g;iue—Q(ze*Q“) _eQ(z)S;1(Clgo))—lz—L(“)z—D(") ) (Ze—27ri)D(0) (Ze—QWi)L(O) Cl(lo)e—Q(ze*"’”)

—2mi — i — —1_—r©@ _p) ©) 10 94,0 _ i
—e 27r1B16Q(z) Sy—lu eQﬂ'zBl Syl (01(/0)) 1Z L P D -ZD ZL e 2miL C[(/O) e Q(z) 627rzB1

v

_ 6727riBleQ(z) (S;_lﬂ 627riBl S;l (C(O))flef%riL(O)Cl(/O)) e—Q(z) e27riB1 — I
In the last step, we have used (20.6). Moreover,
C(C,S)D(z,a)_lb’(z,s)_l — 6Q(z)(C,EO))_1Z_L(D)Z_D<O) . ZD(O)ZL(O)CI(,O)Sye_Q(Z) . BQ(Z)S;le_Q(Z) - T

The last result follows from simple cancellations.

In order to complete the proof, we need the theoretical background, in particular the LP formulation
of Riemann-Hilbert problems, found in the test-book [30], the lecture notes [44] and the papers [76] [27]
(see also [24] [25] [26] and [15] [63] [73]).

The proof is completed in the following steps, suggested to us by Marco Bertola, whom we gratefully
thank.

e Step 1. We contruct a naive solution &(z,¢) to the R-H, which does not satisfy the asymptotic
condition (20.17). We start by defining &(z,¢) = I in IIy. Then, keeping into account the jumps C and
B along I'y and T'y respecively (see Figure 17), we have

I for z € I,
S(z,e) = C(z,e)t for z € 11, (20.21)

C(z,e) " B(z,e) for z € Iy,
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Q,q ° Ty
jump A

FIGURE 18. Step 2: the auxiliary Riemann-Hilbert problem with contour ¢4 and /5.

On the other hand, starting with &(z,&) = I in IIj and keeping into account the jump D at 'y, we must
have

S(z,e) = D(2,6) " for z € 11,4, (20.22)

The second relation in (20.20) ensures that (20.22) and the last expression in (20.21) coincide. Moreover,
starting with &(z,e) = I in Il and crossing I'y and then I'_,, with jumps C and A, we find a third
representation of &(z,¢) for z € I, ,, namely

S(z,e) =C(ze ?™ &) L A(ze *™ ) for z € T, 4. (20.23)
Now, the first relation in (20.20) ensures that (20.22) and (20.23) coincide.

e Step 2. We consider an auxiliary R-H as in Figure 18, whose boundary contour is the union of a
half line £ 4 contained in I'_, from oo to a point P preceding 77, and a half line 5 contained in I'y
from a point P, following T to co. The jump along these half lines is H((, ) (namely, A(¢_,¢) and
B((, ) on the two half lines respectively). The R-H is then

Vi)=Y (QH(¢e) (€laUls,
W(z) ~ I +series in 271, 2z — 00, 2z € IT, UTT, 4. (20.24)

Keeping the above asymptotics into account, the R-H is rewritten as follows:

v -1 [ OELIZD R

or, letting 0¥ := WV — [ and 0H := H — I,

_ dW_(¢) 0H(C, ) dg dH (¢ e) d¢
6\11(2)_/£AU€5 sz 27W:+~/Z\_AU£B <7Z %

We solve the problem by computing ¥ _(¢), as the solution of the following integral equation (by taking

(20.25)

the limit for z — z_ belonging to the “—” side of {4 U {p):
v_ H d H d
o= [ QUG K [ g b
L4Ulp ¢—z- 2mi tauty C— 27— 2mi

= C_ [5@,5}1(-, g))} (z_) +C_ [5H(-, 5)} (=)

Here C'_ stands for the Cauchy boundary operator. We will write C_ [5\P,5H(-, 5)} as C_ [o OH (-, 5)] ov_,
to represent the operator C_ [o SH(-, 5)] acting on dW_. We observe the following facts:

1. If w is in the cell containing V, as { — oo along £ 4 and {g, the off-diagonal matrix entries of the
jump are exponentially small. Indeed

Hij(zvg) = Hij(C7u) = Sij eXp{(ui - Uj)( + ((31)”' — (Bl)jj) In C} — 5ijo (20.26)

This is due to the fact that s;; is either (S, );; or (S;_lﬂ)ij. Thus, 6H;; € L*({4 U {g,|dC]), and
C_[0H] i € L2(¢4U¥p,|dC]). Hence, the problem is well posed in L?, consisting in finding §W_

as the solution of

(1 —C [. 6H(-,5)D SU_=C_ [6H(~,e)}. (20.27)
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FIGURE 19. Step 3: the continuous Riemann-Hilbert problem on the circle v, with
jump W(¢,£)&(¢,e)

2. If w is in the cell containing V, by assumption both the operator and the given term in (20.27)
depend holomorphically on w. Along the loops (u; — uj;) — (u; — uj)e%i, 1 <i#j<n, the
property (20.26) is lost, because u leaves the T-cell containing V), so that some Stokes rays cross
the ray R(7). On the other hand, if the vanishing condition (20.4) holds, then sq; = sp, = 0.2°
Thus, (20.26) continues to hold along the loop € — ™. It follows that I —C_[e §H(-,€)] is an
analytic operator in € and the term C_ [5H (-, 5)] is also analytic, for € belonging to a sufficiently
small closed ball U centred at € = 0.

3. If Py and P, are sufficiently far away from the origin, we can take [[0H (-, €)[|oc = SUP¢es ey [H (G €)]
so small that the operator norm || - || in L? satisfies, for € € U,

|[C—[o 6H(- )] < IC=|| I6H (-, €)]loe < 1. (20.28)

Here, ||C_|| is the operator norm of the Cauchy operator.?® By (20.28), the inverse exists:
_1 +oo

(I —c. [- 5H(~,5)D =Y (C_[e 5H(-9)))". (20.29)

The series in the r.h.s. converges in operator norm and defines an analytic operator in € € U.

Using (20.29), we find the unique L2-solution of (20.27) and then, substituting into (20.25), we find the
ordinary solution ¥(z,¢) of the auxiliary problem, which is holomoprhic in € € U.

e Step 3: We construct a R-H along a closed contour with a continuous jump. Consider a “big”
counter-clockwise oriented circle v centered at the origin and intersecting I'_ ., at a point )1 preceding
Py, I'y  at a point Q9 following P». See Figure 19. If G is the solution to the starting problem (20.16),
(20.17), (20.18), we construct a matrix-valued function ® as follows:

o= G-U(z,e)7 ", for 2 outside 7, (20.30)
G- 6(z,6)"!, for z inside 7. (20.31)
By constriction, ® only has jumps along ~:

®L(Q) =P(Q) H(Ge)y,  H(Ge)i=T(Ce)S(¢e) " (20.32)

By construction, the jump matrix ﬁ((,s) is continuous in ¢ along v, and is analytic in ¢ € U. By
(20.24), then (20.17) is equivalent to

®(z) ~ I +series in 271, z = 00, 2 € I, UTL, 4,
25No difficulty arises from the fact that S;_IM appears. If for simplicity we take the labelling (5.1)-(5.4), then S, _,, has

diagonal blocks equal to p; x p; identity matrices. This structure persists on taking the inverse.
26Here we use the simple estimate ||C— (f6H)||p2 < |C—|| |6H]loo ||f]l 12, for any f € L2
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Therefore, the R-H for & is solved as in (20.27) and (20.25) by

(1 c_[. SH(- ])5«1>__c_[5H( )} (20.33)
(9= [ BQICO L | [0 & 030

Here C_ is Cauchy operator along 7. Since 7 is a closed contour and H (¢, €) is continuous, the procedure
and results of [76] [27] [25] apply. The operator C_ {o SH(, 5)} is Fredholm, I —C_[e §H(-,¢)] has index
0 and its kernel is {0}. Therefore, the “analytic Fredholm alternative” of [76] holds. Namely, either
I—-C_[e §H(-,¢€)] can be inverted (and (20.33) can be solved) for every € € U, except for a finite number

~ —1
of isolated values, or is invertible for no €. In the first case, (I —C_[e 6H (,5)]) is meromorphic,
with poles at the isolated points in U.

By (20.30)-(20.31), solvability of the R-H (20.32) is equivalent to the existence of the solution G(z,¢&) =
G(z,u) for the problem (20.16), (20.17), (20.18). By assumption (i.e. by the result of [60]) we know that
locally in u the solution G(z,u) exists. We therefore conclude that the “Fredholm analytic alternative”
implies the existence of the solution ®_((,¢) of (20.33) for every € € U, except for a finite number of
poles, and that (20.34) gives an ordinary solution ®(z,¢e), meromoprhic as a function of € in U. By
(20.30)-(20.31), the same conclusion holds for G(z,¢) = G(z,u). This proves the Lemma (as for A, it
suffices to note that Ay (t) = 2(Y (2, )dY (z,t)/dz — A(t))). O

Theorem 1.2 immediately follows from Lemma 20.1 and Lemma 20.2.

PART V: Examples and Applications

Our work is motivated both by the general deformation problems of linear systems with coalescing
eigenvalues and by applications to Frobenius Manifolds and Painlevé equations. The applications are
sketched in the sections below, which are a natural continuation of the Introduction, of which we keep
the notations (for example, S1, Sy instead of S, 1x,).

21. MONODROMY DATA OF SEMISIMPLE FROBENIUS MANIFOLDS

A Frobenius manifold M essentially is an analytic manifold with a Frobenius algebra structure on the
tangent bundle and a deformed flat connection (see [19] [21] for a precise definition). The manifold is
called semisimple if the algebra is semisimple in an open dense subset, whose points are called semisimple
points of M. In suitable coordinates v = (uq, ..., u, ), called canonical, flatness is translated into n + 1
compatible linear systems of dimension n x n

oy - ~ . V(u)

y A(z,u)Y, A(z,u) :=U+ p; (21.1)

STY = Qr(z,u)Y, Qi (z,u) = 2By + Vi (u), 1<Ek<n. (21.2)
k

Here Ej is the matrix with zero entries except for (Fi)gr = 1, U = diag(uy, ..., un) and V is skew-
symmetric. The system (21.1) is of type (1.10). If we write v = u(t) as in (1.16), then the following
identification holds

The matrices Vi are defined by

oV
O) gy )1,
5uk
The matrix ¥(u) gives the change of basis between flat and canonical coordinates, according to the
formulae in Exercise 3.2 of [21]. It is crucial for our discussion that ¥(u) is always holomorphic and
invertible at semisimple points, also when U has coalescing eigenvalues there. The proof is given in

Vie(u) =
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[17]. Therefore, the matrices Vj(u) are holomorphic at semisimple points. ¥(u) diagonalises V (u), with
constant eigenvalues p1, ..., i, independent of the point of the manifold (see [19],[21]):

V(U) = \I/(’LL) H \I/(u)ilv Hoi= diag(lu’lnuf% B3] ;u'n)
Therefore, V (u) is holomorphically similar to p at semisimple points.
The system (21.1) admits at z = 0 fundamental matrices in Levelt form

Yo(z,u) = (\I/(u) + Z@l(u)zl)z“zR, (21.3)
1=1

with monodromy exponent R independent of the point of the manifold. Y5(z,u) is holomorphic of w on
the domain where V (u) is holomorphic. In our notations, R = R(?), and Yy = Y as in (1.11).

The system (21.1), (21.2) is the system (1.10), (18.2) (let tx — ug in (18.2)). The compatibility
condition reads

U, Vi] = [Ex, V], = (Oki — 0kj)Vij = (wi —uj)(Vi)ij, 1 <id,5,k <my (21.4)
ov

Equations (21.5) coincide with the isomonodromy deformation equations (18.5) and Vj (u) coincides with
the matrix (18.1).

Next, we establish the translation between our Stokes and central connection matrices and those
defined in [21]. Following [21], Section 4, we consider an oriented ray ¢4 (¢) :={z € R | argz = ¢} and
(for € > 0 small) the following two sectors

ight == S(¢— 7 — €, 0+ €), e = S(¢p— €, + 7 + €).

In [17], we introduce the open dense subset of points p € M such that the eigenvalues of U at p are
pairwise distinct and no Stokes rays associated with U at p coincide with ¢ (¢), and we call any connected
component of this set an £-chamber. Let V be an open connected domain such that V is contained in an
(-chamber. For suitable €, we can identify?”

e T et = S1(V), Myigne = S2(V), e, = S3(V), (21.6)

where e 2™ := {2 € R |z = Ce 2™, ¢ € e}, and S, (V) is defined in the Introduction. Let
Yiess (2, 1), Yiignt(2,u) be the unique fundamental matrix solutions having the canonical asymptotics
Yr(z,u) = (I +0(1/2))e*Y in ety and ILigng respectively. The Stokes matrices S and S_ of [21] are
defined by the relations,

}/left(za U) = 1/;‘ight(za U/)S7 1/left(€27”2”7 U) = Kight(zv U)S—7 zZ € R (217)

The symmetries of the system (21.1) imply that S_ = ST. In our notations as in (1.8), the Stokes
matrices are defined by

Y3(z,u) = Ya(z,u)S,, Ya(z,u) = Yi(z,u)S;. (21.8)
We identify

Y3(z,u) = Ve (2, 1), Yo (z,u) = Yiight (2, u) (21.9)
Let B; denote the exponent of formal monodromy?® at z = oo, so that the relation Yi(ze7 2™ ) =

Y3(z,u)e 2751 holds.? Since V is skew symmetric and B; = diag (V') = 0, the above relation reduces
to

1/1 (Ze—Qﬂi7 U) = }/left(za u)
Therefore (21.8) coincides with (21.7), with

S_ =87 §=S5,.

2TIn the notation used in the main body of the paper,
672ﬂinleft = SV(V), Hright = Sl/+,u(v)7 et = SU+2H(V): for 7, <7 < Tpy1.

28In general, a formal solution is (I + S0 Fr(u)2=*)2B1e2U | but in case of Frobenius manifolds By = 0.
291 the notation of the main body of the paper, Yr — Y, (r_1)u, 7 = 1,2,3, S1 = Sy, S = Spqp and Yi(2(,)) =
2miL v

Yotou(2top))e” , where 2,4 (r—1)p) € Sy4(r—1)u(V) is seen as a point of R and not of C.
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The central connection matrix such that ¥; = Y(©C©) was defined in (1.12) and in Definition 17.1.
In the theory of Frobenius manifolds, such as in [17], the central connection matrix is denoted by C,
defined by

Yiigns (2, u) = Yo (2, u)C.
Since Yy = YO, Yiign, = Y2, Y2 = Y15, and §7" = ST, then
c® =cs;t=csT.

Summarising, monodromy data of a Frobenius manifold are u, R, S, C, versus the monodromy data
s o s RO, S1,Sy, C© of the present paper (B; = 0).

Coalescence points for U in (21.1) are singular points for the monodromy preserving deformation equa-
tions (21.4) and (21.5). Their study is at the core of the analytic continuation of Frobenius structures.
Our Theorem 1.1 allows to extend the isomonodromic approach to Frobenius manifolds at coalescence
points if the manifold is semisimple at these points. Let u(®) = (ugo), e uS{J)) denote a coalescence point.
By a change Y — PY in (21.1), given by a permutation matrix P, there is no loss of generality in
assuming that

o) _ . (0) _.
W == =

o S ()
Upi41 = 00 = Up yp, = A2

(0) _ _ 0 —
up1+---+ps—1+1 - = up1+~-~+p571+ps - Ag’

where p1, ..., ps are integers such that p; +---+p, = n, and A\; # Ay for j # k. In order to have a
correspondence with [21], as in formula (21.6) and (21.9), we take the ray ¢4 (¢) with

¢ =7+m mod 2, (21.10)

where 7 is the direction of an admissible ray for U at the point u(?), as in Definition 6.2. Similarly to
(14.2), we consider positive numbers ¢ and € as follows

L 1 . ) i(£,¢)‘ } .
O = 51};&1{’/\;6 Aj + pe'lz , pER} 0<e < 11;1}3255;6. (21.11)

Consider the neighbourhood (polydisc) of u(®) defined by

U, (u) := {u eC”

lu — up| < 60}
and denote by A the coalescence locus passing through «(?), namely
A = {u(p) € Uey (W) | u; = u; for some i # 5}.

If u(9) is a semisimple coalescence point, then the Frobenius Manifold M is semisimple in U, (u(®)
for sufficiently small €y (if necessary, we further restrict ¢y in (21.11)). Given the above assumption of
semisimplicity, then ¥(u) is holomorphic at A and this implies that V(u) is holomorphically similar to
p. Equation (21.4) for k =i is V;; = (u; —u;)(V;):5, which implies that V;;(u) = 0 for ¢ # j and u; = u;.
Therefore, recalling that V (u(?)) corresponds to A;(0), we conclude that the vanishing condition (1.21)
holds true and then our Theorem 1.1 applies. We note that diag (V(u(o))) = 0, then the diagonal entries

of /L (0) do not differ by non-zero integers, so that also Corollary 1.1 applies. Then, the following holds:

Theorem 1.1 as applied to Frobenius Manifolds: [More details in [17]] Let the Frobenius man-
ifold M be semisimple in a neighborhood U.,(u'®)) of a coalescence point u®), where ey satisfies (21.11).
Then the constant monodromy data p R, S, C' of the manifold are well defined in the whole U, (u(o)),
for any €1 < €. In particular, they are well defined at u(?) and at all points of A. These data coincide
with the data of the system (21.1) computed at fixed u = u® | as explained above.
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We recall that the monodromy data for the whole manifold can be computed by an action of the
braid group (see [19], [21] and [17]) staring from the data obtained in U, (u(?)). Hence, our result allows
to obtain the monodromy data for the whole manifold from the data computed at a coalescence point.
This relevant fact is important in the following two cases:

a) The Frobenius structure (i.e. V(w) in (21.1) ) is known everywhere, but the computation of
monodromy data is extremely difficult — or impossible — at generic semisimple points where U =
diag(uq, ..., up) has distinct eigenvalues. On the other hand, the system (21.1) at a coalescence point
simplifies, so that we may be able to explicitly solve it in terms of special functions and compute S and
C. In [17] we give a detailed example of this g for the Frobenius manifold associated with the Coxeter
group As.

b) The Frobenius structure is explicitly known only at points where U has two or more non-distinct
eigenvalues. The quantum cohomology of Grassmannians Gr(k,n) are important examples of this case:
the explicit form of V' (u) is known only along the small quantum cohomology, where two eigenvalues of
U may coincide, depending on k and n. Indeed, coalescence of eigenvalues is the most frequent case [16].
S and C can be explicitly computed at the small quantum cohomology locus and Theorem 1.1 allows
their extension to the whole manifold. In [17] we do explicit computations for Gr(2,4).

22. COMPUTATION OF MONODROMY DATA OF PAINLEVE TRANSCENDENTS. EXAMPLE OF THE
ALGEBRAIC SOLUTION ASSOCIATED WITH Aj

Theorem 1.1 provides an alternative to Jimbo’s approach for the computation of the monodromy data
associated with Painlevé 6 transcendents holomorphic at a critical point. The example below refers to
the As-algebraic solution of [23].%°

Equations (21.4) and skew symmetry of V' (u) imply that ». ;V = >, v;0;V = 0. Thus if n = 3,

U2 — U
V(u17u23u3) = V(t)’ l:= uz — Ui’
Write
0 Qs —Q3
vi)=| - 0 o
Q3 —O 0

Suppose we want to study the coalescence ug — u; — 0 in the system (21.1), with ug —uy # 0. With
the substitutions Y (z) — e“1*Y (z), and z — (u3 — u1)z, (21.1) becomes

00 0
0t o0 |+YDy (22.1)

0 0 1 z

av _
dz

The coalescence uy — u; — 0 corresponds to ¢ — 0.

In equations (21.5), write OV/Ju,, = dV/dt - 0t/Ouy, in order to obtain the following equivalent
equations
dQs 1 dQs 1

1
Eh_ 20,0 T2 _ " 00 = 0,0, 22.2
et P e~ 1—t U e tt—1) 7 (222)

V(t) can be expressed in terms of transcendents y(t) satisfying the following Painlevé 6 equation, called
PV, (see [21], and also [38] for an asymptotic study of (22.2)):

Py 171 1 1 dy\> [1 1 1 Jdy  1yly—1)(y—t) 5, bt
](a ettty et e BT

a2 T 2 Y y71+y7t

with parameter p € C. The eigenvalues of V (¢) are i, 0, —u. The following are the explicit formulae (see
[36]).

30The example, reinterpreted in the framework of Frobenius manifolds, gives the analytic computation of Stokes matrices
for the Asz-Frobenius manifold.



72

_is/y—lw/y—t A :iﬂ\/y—t A
= [@—1)@—@*47 =T [y@—t)*“]’
_ Vyvy—1 A _Llldy,
= \/z?\/l—t{y(y—l)Jru}’ A'_Q[dtt(t 1ol 1)]

The branches (signs) in the square roots above are arbitrary. A change of the sign of one root implies a
change of two signs in (€1, 22, Q3), which still yields a solution of (22.2).

The “Painlevé transcendent” corresponding to the As-Frobenius manifold is the following algebraic
solution of PVI,, u = —1%, obtained in [23] (there is a misprint in #(s) of [23]),

B (1 —35)? (1+3s) (95 —5)? Hs) — (1—s) (1+3s)
Y) = T @m0 1 153951 — 20752 £25) ' T T3 (1-3s)

As it is shown in [23], the Jimbo’s monodromy data of the Jimbo-Miwa-Ueno isomonodromic Fuchsian
system associated with algebraic solutions of PVI, are tr(M;M;) =2 — Si?j, 1 <i<j<3, where S is
the Stokes matrix (in upper triangular form) of the corresponding Frobenius manifold. .S is well known
[19], and S + ST is the Coxeter matrix of the reflection group Az. Moreover, Jimbo’s isomonodromic
method [48], as applied in [23] (see also [46], [37] for holomorphic solutions) provides tr(M;M;). Here
we apply Theorem 1.1 and obtain S in an alternative, and probably simpler, way.

First, we take an holomorphic branch. It is obtained by letting s — —%, which gives a convergent
Taylor expansion at ¢ = 0:

1 13 13 201 229 101055 167867 3235319
y(t) = ~t + —12 4 =43 4 5 6 7

2" 32 64 4006° ~ 8192 2097152 ~ 4194304 134217728

(22.3)

2+ 0(t%). (22.4)

Substitution of the parametric formulae (22.3) — or equivalently of (22.4) — into (22.2) yields (two changes
of signs are allowed),

11 17 257
Q) =ive | = - —t— 2 — t t
1®) Z\[(SS 556! Tessi’  saaoss’ TOW) )
1 1 173
Qt)=——t— —*— —— 3+ 0@
2(t) 32" 64 16384 T (),

Q3(t) =iv2 (; bl AT e 1217 5 O(t4)> .

256 16384 524288

We observe that the following limits exist:

. 1 . _ . o
Thus, the assumptions of Theorem 1.1 hold, because 2(¢) — 0 as t — 0. Also the Corollary 1.1 holds,
because diag(V) = (0,0,0). Accordingly, the Stokes matrices corresponding to (22.4) for |¢| small can
be computed using (22.1) at ¢t = 0, namely:

0 0 —iv/2/8
V(0) Y, V(0) = 0 0 iv2/8 | . (22.5)
2 iV2/8 —iv2/8 0

This system is integrable, as follows. First, we do a gauge trasformation ¥ = \1117, such that 3!

i/2  1/V2 —i)2
UV (0)¥ = diag(—1/4, 0, 1/4), U= —i/2 1/V2 /2
V2 0 1/V2

ay _
dz

oo o

0 0
0 0 |+
0 1

= o O
o = O

1
31 Fach columns of ¥ can be multiplied by a constant. We have chosen ¥ such that ¥T¥ = ( 0 > . This has
0

a meaning in the framework of Frobenius manifolds, but is of no importance for our computation.
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Hence (22.5) becomes
> 1 0 1 0 0
dy 1
* 10 1 0 0 1
We consider a column (y1,ys,y3)” of Y, so that

1 1 1 1
/ —_— - —_— — / = 0 / = — .
h=5 (y1 +v3) Lt Yo =0, Y3 =5 (y1 +ys3) + oY

By elimination of y3(z) and setting y;(z) = /2/2 €*/?w (iz/2) we find that the system reduces to the
Bessel equation

o d*w dw 9 3\° -
£d7§2+£d7§+ ¢ (4> w = 0.

The last equation is integrated in terms of Hankel functions, so that we find general solutions y;(z) of
the form

y1(z,¢1,c2,myn) = \/g e2 (clHél) (Z;eim”) —&—CQH? (Z;em”)> , ci, o €C, m, neZ.

The Stokes rays of the system (22.5) are given by R(iz) = 0, namely argz = § + kn, k € Z. Consider
three canonical sectors

3w m™ 3w T 5T
Si=5(-35) %=5(-3.3) %=5(33)
The asymptotic behaviour of fundamental matrices f@(z) = U~1Y,.(2) corresponding to canonical asymp-
totics of Y,.(2) for 2 = 0o in S, r = 1,2, 3, is of the type

) % 1 2
2 2 »°
1 1 0 O 1
~ B 1 1
o=v (o)) (010 )=(o(D))f o0 | @
e
5 5 5

Let us compute Sq, such that Y3(z) = Y1(2)S;. The behaviour for z — oo of Hankel functions is

H(l)(iz/Z) = 2e ¥ 1+0 ! e */? _3n <argz < sm
i -z z ’ 2 & 2’
261 % 1 5 T
H® i) — 1 VY 22 07 )
s (iz/2) N ( +O(Z)> e, 5 <argz < g,

It impliies that
y1(27057)70’070) y1<zﬂcg+)707070) yl(z707027070)
Yi(z) = * * *

* * *
with

- oz, 1 [z ) - vT
yl(Z,Cg ),070,0) = Cg )\/;6 /2 H(%) <2> = — Cg ) = —2\/; 67 /8, (227)

(+) _ ) JE =2 () iz _ i 1 () ._ U T i
y1(z,¢17,0,0,0) = ¢4 \/ge H% <2> 2(1—1—(’)(2)), a=gyge . (22.8)

_ Z @ (2) _ € 1 _ VT _3xi/8
y1(2,0,02,0,0)—02\/;e H% <2>_\/§<1+O(z))’ c2 1= e . (22.9)

N |
/N
—_
+
a
N
Q| =
N———
N——
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The asymptotics of H -(;)(iz/ 2) extends up to argz = 3w/2. Therefore, the first two matrix entries in
4
the first row of Ya(z) are the same of Y7 (z), which implies

1 0 (S1)s
Si=|( 0 1 (S1)a3
0 0 1

To find the third entry, we observe that Sy is obtained from S; by a rotation z + ze™ ", and that
H(;)(ize_”/Q) gives the correct asymptotics for —m/2 < arg z < 57 /2. Therefore,
4

~ yl(zacg_)707070) yl(zvcg+)70aoao) yl(za/c\la07_1a0)

Ya(z) = * * * ,
* * *
with,
, z 1 .
y1(2,¢1,0,—1,0) = a\/gez/2 H (ize ™ /2) = 62 (1 +0 ()) . &= ge&”/? (22.10)
1 z

Finally, the cyclic relation (see [74])

Hgl) (e—iﬂ' ZZ) _ \/ngl) <Z’Z> +€_37Ti/4H§32) <7’Z) ’
i 2 S 2 i 2

together with (22.10) and (22.9), implies that

y1(2,¢1,0, — \f 3mi/8 \f #/2 H“) ( ) +11(2,0,¢2,0,0). (22.11)

On the other hand, from the definition of S; we must have
Y1 (Z, /c\la 07 _17 0) = (81)13 1 (Z, Cgi)a 07 0) O) + (81)23 Y1 (Z, Cg+)7 07 Oa O) + (Za 07 C2, 07 O) (2212)

Clearly, (22.7) (22.8) and (22.11) are not enough to determine (S;);3 and (S;)a23. Thus, we analyse
the second row of (22.6), to which corresponds y2(z). Recall that y4(z) = 0. Therefore, we choose
y2(2) = 1//2 for the first two entries, and y»(z) = 0 for the third. This gives, for the second row of

Y =Y:Sq:
2y ][ o (v

Thus, (22.11) and (22.12) become

(S1)13 (y1(z70§7),0,0,0) _ yl(Z,C§ 0.0, 0 \/7 3mi/8 \/7 2/2 g 1) ( )

Keeping into account (22.7) and (22.8) we find (S1)13 = 1. Thus

} = (S1)23 = —(S1)13

1 0 1
Ss;=1 0 1 -1
00 1
S, can be computed in a similar way, by a further rotation. On the other hand, since V' is skew symmetric
1 00
Se=S;"= 0 1 0
-1 1 1

The result is in accordance with Theorem 1.1, which predicts that the entry (1,2) of S; and the entry
(2,1) of So must be zero. It is also in accordance with the monodromy data of y(t) obtained in [23].

Remark 22.1. If we choose V(0) with different signs, we obtain different signs in S;. For example,
consider the choice
. 0 0 -1
— 2
V(0) = V200 1) = JV(0)J,  J:=diag(l,—1,1).
1 1 0
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The same procedure as above yields

B 10 -1
81: 0 1 -1 EJSlJ
0 0 1

This sign freedom corresponds to the invariance of U = diag(uy,us,us), namely JUJ = U. The result
S; above is in accordance with the known result of [19] that the Stokes matrix S of the A3 Frobenius
manifold is (up to permutation, change of signs and action of the braid group) the Stokes matrix S such
that S + ST is the Coxeter matrix of the reflection group As.

Remark 22.2. Another Stokes matrix S obtained by an action of the braid group from that computed
above exists with entries (Si2,S13,S23) = (1,1, 1); the corresponding branch y(t) at ¢ = 0 is obtained
letting s — 1, yielding the Puiseux series [23]

42/3 1. 1941.22%/3 21/3
D= g8 Sy 2O ST s E T 58 L 2
v = 55 5t o500 ot TOW);
to which corresponds the behaviour of V(¢),
21/6 5_25/6 i 21/3 i
Q1 (t) = - /6 4 Oo(t'/? Dot) = -+ —— 23 L O@t*?
1(t) = 155176 %6 +O0(t7), 2(t) = 5+ —g¢ +O(t"?),

21/6 5.25/6
()= 5775 T —op 5 1+ O(t1/?).

Thus, V() has a branch point at ¢ = 0, no entry vanishes and both Q;(¢) and Q3(¢) diverge, without
contradiction with Theorem 1.1.

23. APPENDIX I. EXAMPLES OF CELL DECOMPOSITION

Example 23.1. Let

A(t) = diag(uq(t), ua(t), us(t)) := diag(0,¢,1).
In this example, the coalescence locus in a neighbourhood of ¢ = 0 is {0}, while the global coalescence
locus in C is {0,1}. At ¢ = 0 we have

arg(u1(0) — uz(0)) = arg(0 — 1), arg(uz(0) — u1(0)) = arg(1l — 0).

We choose arg(1) = 0, arg(—1) = w. This implies that an admissible direction 7 such that n — 27 <
arg(u;(0) — u;(0)) < n must satisfy

n—2m<0<n, n=2r<mT<n = T <n <27
Therefore 7 = 37/2 — n satisfies

— At t #0: ui(t) = u1(0) and us(t) = uz(0), and
arg(uy (t) —ua(t)) = arg(—t),  arg(ug(t) —ui(t)) = arg(t),
arg(us(t) —uz(t)) = arg(l —t),  arg(uz(t) — us(t)) = arg(t — 1).

We impose:

n—2m <arg(—t)<mn,  n-—2m<arg(t) <mn,

4

n—2mw <arg(t)<n—m out n—mw <arg(t) <.

The above gives the 2 cells of U, (0) for ey < 1.
(=) ={t€U,(0) | n—2mw < arg(t) <n-—m}, o(+) :={t €U, (0) | n— 7 < arg(t) < n}.

Since u(t) is globally defined (and ¢t = 1 is another coalescence point), one can globally divide the
t-plane into cells. Accordingly, we also impose the condition

n—2m <arg(l—1t) <mn, n—2mr <arg(t—1) <nm,
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t-plane

Cell 1 \ Coll 3
\

Cell 2

F1GURE 20. Cell partition (Cell 1,
Cell 2, Cell 3) of the t-sheet n—27 <

arg(t) < nand n—2r < arg(t—1) < FIGURE 21. The cells of
n. The neighbourhood U, (0) (the U, (0) of Example 23.2.
disk) splits into two cells ¢(+) and
c(—).
t, real
Al 4=0 hyperplane
X X

L=t
hyperplane \A

X(‘C) X(T) t; imaginary

| X(t)—

T

X(t) X(7)

/ A
yreal

FIGURE 22. Example 23.3, with ) = 37/2. The horizontal plane is t; € C. The vertical
axis is to € R. The thick lines ¢; = t (real) and ¢; = 0 (¢ real) are the projection
of Acz. The planes (minus A) are the projection of the crossing locus X (7). The full
planes (which include the thick lines) are the projection of W(r). They disconnect
{teC? |ty €R}.

U
n—2r<arg(t—1)<n—m out n—mw<arg(t—1) <n.
Therefore, the ¢ plane is globally partitioned into 3 cells by the above relation, as in figure 20.

Example 23.2. Let
A(t) = diag(ul(t),uQ(t),ug(t),u4(t),u5(t)> = diag(o, t, tei¥, teim, tei%”).

The coalescence locus is ¢ = 0. The admissible direction 7 can be chosen arbitrarily, because A(0)
has no Stokes rays. Once 7 is fixed, we impose n — 2m < arg(u;(t) — u;(t)) < n. Thus, for 0 <1,k <

n—2r < arg(te'2¥) < n, n—2m < arg(—te'2") <n, n— 27 < arg (t(e'2' —'2F)) <.
The first two constraints imply

77—27r—gk‘<argt<n—7r—gk, or n—ﬂ—gkj<argt<77—gk‘.

3:

0
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By prosthaphaeresis formulas we have ez} — e'Z% = 2isin T —k) e'3(+k)  Therefore, the third
constraint gives

n—27r—£(l—|—k)<argt<77—7r—g(l—|—k), or n—w—%(l—k/@)<argt<n—%(l—|—k).

It turns out that the cell-partition of U, (0) is into 8 slices of angular width 7 /4, with angles determined
by 1. See figure 21.

Example 23.3. We consider t = (t1,t2) € C? and A(t) = diag(0,t1,t2). The coalescence locus can be
studied globally on C2:

Ace ={teC? |t; =t} U{t€C? | t; =0} U{t € C* | t, = 0}.

This is the union of complex lines (complex dimension = 1) of complex co-dimension = 1. In particular,
t = 0 is the point of maximal coalescence. A(0) = 0 has has no Stokes rays, thus we choose 7 freely. The
cell-partition for a chosen 7 is given (see previous examples) by:

n—2m <arg(t;) <n—m, or n—m<arg(t;) <mn, i=1,2,
and
n—2r <arg(ty —te) <np—m, or n—m<arg(t;y —t2) <, 1=1,2.

In figure 22 we represent the projection of C? onto the subspace {t € C? | t € R}, for the choice
1 = 3w/2. The two thick lines

t1 = tg real, t1 = 0 with 9 real,

are the projection of Ag2. The following planes, without the thick lines,

3 3
{t | arg(t; —t2) = g or 777 mod 277} U {t | arg(ti) = g or 777 mod 277}

are the projection of the crossing locus X (7). The planes, including the thick lines, are the projections
of W(r).

24. APPENDIX II: SOME PROOFS

24.1. Proof of Proposition 13.1. Let Y, (z,t), t € U,(ty) be as in Proposition 12.1. Join ¢, to a
point tfinq, belonging to the 7-cell of to and not belonging to U,(ty), by a curve whose support is
contained in the 7-cell. Let ¢t1 € 0U,(ty) be the intersection point with the curve. Theorem 5.1 and its
Corollary 5.1 can be applied at t1, with sector St = S, (t1), by definition. By Proposition 12.1, there
exists a unique fundamental solution, which we temporarily denote Yy(l)(z7 t), with asymptotics (12.2)
for 2 = o0, z € Sy(t), t € U,,(t1). Here p; is possibly restricted so that U, (t1) is contained in the
cell. The asymptotics is uniform in U,, (¢1) for z — oo in S, (U,, (t1)). Now, when t € U,(to) NU,, (t1),
both Y, (z,t) and Yl,(l)(z,t) are defined, with the same asymptotic behaviour (12.2) for z — oo, z €
Sy (Uy(to)) NSy Uy, (t1)), uniform in t € U,(to) N U, (t1). Moreover, S, (Uy(to)) NSy (U, (t1)) has
central opening angle strictly greater than 7 because both U,(ty) and U,, (t1) are contained in the
cell. By uniqueness it follows that Y, (z,t) = y(l)(z,t) for t € U,(to) NU,, (t1). This gives the t-
analytic continuation of Y, (z,t) on U,(to) UU,, (t1). The procedure can be repeated for a sequence
of neighbourhoods U,, (t,), n = 1,2,3,... (t, is point of intersection of the curve with U,, ,(¢t,-1)).
Consider U := |J,,U,, (tn). If tfina is an internal point of € U, the proof is completed and U, ()
is a finite sequence. If not, the point ¢, of intersection of OU with the curve either precedes ¢finar, or

t« = tfinal € OU. Since t, belongs to the cell, Proposition 12.1 can be applied. The sector S((,t**), oy €Z,
prescribed by Theorem 5.1 and Corollary 5.1 coincides with S, (t.), by definition. Therefore, the analytic
continuation is feasible in a U, (t.), as in the construction above. We can add U,«(t.) to U. In this
way, tfinal is always reached by a finite sequence, and U is compact. By construction, the asymptotics
is uniform in any compact subset K C U, including also K = U, for z — o0, z € S, (K). O
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24.2. Proof of Theorem 14.1. We need the following

Lemma 24.1. Let Assumption 1 hold for the system (1.1). Let the eigenvalues of A(t) be linear in
t as in (1.16). Suppose that Y, (z,t;7,c) has t-analytic continuation on Ue, (0)\A, with eg = dy as in
subsection 14.1. Temporarily call Y, (2, ;7 ¢) the continuation. Also suppose that
YO (2,47, c) =Y, (z,t7,c).
tec!

Then:

a) Any Y, (z,t;7,c) has analytic continuation on U, (0)\A, coinciding with Y,£°" (z,t;7,c). Due to
the independence of ¢, we denote this continuation by

Y, (z,t;7).
b) Gu(2,t;7) == Go(t) 1Y, (2,t;7) 2~ BrD2e=A®2 has asymptotic expansion

G, b7) ~ T+ Fu(t)z™, 200, 2€8,(t), teU,(0)\A.
k=0

The asymptotics for = — 0o in S, (K) is uniform on any compact subset K € U, (0\A.

Proof of Lemma 24.1: a) is obvious. We prove b), dividing the proof into two parts.

Part 1 (in steps). Choose an arbitrary cell ¢ (all cells are equivalent, by a)) and any £ € ¢. We prove
that the sector where Y, (z,f;7) has canonical asymptotics can be extended from S, (i) to S,(f). For
clarity in the discussion below, let us still write Y, (z,#;7, ¢), keeping track of the cell.

Step 1. At £, consider the Stokes rays in S, (f)\S(7 — 7, 7) associated with the unfolding of the A;’s.
Those with direction greater than 7 will be labelled in anticlockwise sense as Ry (f), Ra(f), ..., etc. Those
with direction smaller than 7 — 7 will be labelled in clockwise sense R} (f), R5(f), etc. Therefore, R, (%)
is the closest to the admissible ray R(7), while R} (f) is the closest to R(7 — 7). (Warning about the
notation: The dependence on ¢ is indicated in Stokes rays Ry, Ro etc, while for the admissible ray R(7),
T is the direction as in Definition 6.2). See figure 23.

Let ¢ vary from £ into a neighbouring cell ¢;, in such a way that Ry (t) approaches and crosses R(7)
clockwise. By Proposition 13.3, Y, (z,t; 7, c) is well defined with canonical asymptotics on a sector
having left boundary ray equal to Ry (t), for values of ¢ € ¢; just after the crossing.*?

By assumption, Y, (2, t;7,¢) = Y, (2,t;7,c1). For t € ¢1 just after the crossing, Y, (z,t;7,c1) has
canonical asymptotics in S, (¢), which now has left boundary ray equal to Ra(t). See Figures 24 e 25.
This implies that Y, (z,¢; 7, c) has canonical asymptotics extended up to Ra(t), t € c; as above. See
Figure 26.

Let t go back along the same path, so that Ry (t) crosses R(7) anticlockwise. Proposition 13.3 now can
be applied to Y, (z,t;7,cy) for this crossing.>® Hence, Y, (z,t;7,c1) has analytic continuation for ¢ before
the crossing, certainly up to ¢ (because Ri(t) does not cross Ry(t)), with canonical asymptotics in a
sector having Ry (f) as left boundary. See Figure 27. Again, by assumption, we have that Y, (z,;7,¢) =
Yeort(z, £, 7, c1). Hence, Y, (2,17, c) has canonical asymptotics extended up to the ray Ry (f). See Figure
28. In conclusion, R;(t) has been erased.

Step 2. We repeat the arguments analogous to those of Step 1 in order to erase Ry(t). Let t vary
in such a way that Ry(t), which is now a “virtual ray”, crosses R(T) clockwise, as in step 1. After the
crossing, t € ¢ and Y, (2, t: 7, ¢) = Y, (2,t;7,c1). Then, let ¢ vary in such a way that also Ra(t) crosses
R(T) clockwise. See Figures 29, 30. Just after the crossing, ¢ belongs to another cell ¢y (clearly, co # ¢
and ¢;; see Proposition 13.2).

The same discussion done at Step 1 for Y, (z,t;7,¢) is repeated now for Y, (z,t;7,¢1). Indeed,
Yot (2,47, ¢1) = Yo (2,7, c2), for t € o just after Ra(t) has crossed R(7). The conclusion, as before,
is that Y.t (2,t;7,¢1) has canonical asymptotics extended up to R3(t) for ¢t € ¢;. See Figure 31.

32As long as R1(t) does not reach another Stokes ray
33In the proof, deform 7 — T + €.
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Now, let t go back along the same path up to #. Also the virtual ray R; (t) comes to the initial
position, and Y, (2,57, ¢) = Y (2,1;7,¢1) = Y. (2,17, cp), with canonical asymptotics extended
up to R3(f). See figure 32.

Step 3. The discussion above can be repeated for all Stokes rays R1, R, R3 , etc.

Step 4. When ¢ varies as in steps from 1 to 3, the rays Ry (t), Ra(t), ... successively cross the admissible
ray R(7T), each crossing corresponding exactly to the passage from one cell to another, according to
Proposition 13.2. For this reason, when all the above crossings involving Ry (t), Ra(t), ... occur, the rays
R/ (t), RL(t), ... may slightly change directions, but by Proposition 13.2 they cannot cross an admissible
ray. Namely, they remain inside the half-plane S(7 — 27,7 — 7). After R1(¢), Ra2(t), ... have been erased
by completing the steps from 1 to 3, we let ¢ move from  along curves penetrating into cells not reached
by means of the crossings occurred in steps from 1 to 3. These cells will be associated by Proposition
13.2 to the rays R(t), j = 1,2, ..., crossing R(7), as in figure 33. We need to start from R(t), which
is the right boundary ray of the sector where Y, (z,t;7,c) has the initially given asymptotics, and we
proceed as we did in step 1 for the left boundary ray Ri(t). Accordingly, we let ¢ vary from f into a
neighbouring cell ¢}, corresponding to R} (t) crossing R(7 — m). At this point, we can exactly repeat
the same discussion in order to erease R](t) , as we did at step 1 for R;(t). Successively we proceed
analogously to step 2 in order to erase R5(t), and so on, erasing all the other rays R’(t), j = 1,2,....

In conclusion, all rays Ry, Ry, ..., R}, R}, ... from unfolding lying in S, ({)\S(F—, 7) are erased. Hence
Y, (2,1;7,¢) = Y, (2,1;7) has canonical asymptotics extended up to the closest Stokes rays in 2(f) outside
S(7 — m,7), namely the asymptotics holds in S, (f).

The above discussion can be repeated also if one of more rays among Ry, Rs, etc. is double (i.e. it
corresponds to three eigenvalues) at f, because as t varies the rays unfold. Thus, the above discussion
holds for any £ € ¢ and any c. Therefore, Y, (2,t;7) has asymptotics in S, (t) for any t belonging to the
union of the cells.?*

We observe that a ray Ry(t), Ra(t), etc, crosses R(T) for ¢ equal to a simple point ¢, (see Definition
13.1). The above proof allows to conclude that Y, (z,t.;7) has asymptotics in S, (t.) also when f = t,.

Part 2: Points ¢ internal to cells and simple points have been considered. It remains to discuss non
simple points t, € (Halb1 ﬂHa2b2 n- ﬂHal b,)\A for some [ > 2. Consider all the Stokes rays associated
with either one of (ug,, (), us,, (t)) or (up,, (), uq,, (t)), m =1,...,1, and lying in S(7,7 + 7). There exists
a cell ¢, among the cells having boundary sharing the above intersection, such that these rays cross R(T)
clockwise and simultaneously at t., when ¢ approaches t, from c. Call these rays Rq,p, (t), Ra,b,(t), etc.
See figures 34, 35, 36.

Let t start from { € ¢ and vary, reaching t, and penetrating into a neighbouring cell ¢/ through
(ﬁ]albl N Happy N - N f]al,b,)\A. At t, the above Stokes rays cross R(7T) clockwise and simultaneously,
from the same side. Hence Y, (2, t;7,c) has analytic continuation into ¢’ (here the situation is similar
to the continuation from c3 to ¢g in figure 12). After the crossing, ¢ € ¢’ and the same discussion of
Part 1 applies. Namely, Y, (2,¢;7,¢) = Y, (z,t;7, ). The canonical asymptotics is extended up to the
nearest Stokes ray in S(7,7 + 7). Then,*® as in Proposition 13.3, Y, (2,t; 7, ¢') is analytically continued
for t back to ¢, up to f. Therefore, the asymptotics of Y, (z,t;7,c) gets extended up to the above
mentioned nearest Stokes ray in S(7,7+m). This fact holds also for ¢t = t,. In this way, Ra,p, (t), Rayb, (t),
ete, get erased also at t.. Proceeding as in Part 1, we conclude that Y, (z,t.;7) = Y, (2, t.; T, c) has
asymptotics in the sector S, (t,).

Uniformity follows from Corollary 13.1 and Proposition 13.3 applied to any Y, (z,¢;7,¢'). O

Remark 24.1. If A(0) = A\ I, then S, = R, so that the asymptotics extends to R.

e Proof of Theorem 14.1: We do the proof for Y, 1, (2,87, c). For any other Y, 1., k € Z, the proof is
the same. We compute the analytic continuation of Y, ,(z,t; 7, ¢) along loops vap in 71 (Ue, (0)\A, thase),

34Namely, t € Ue, (0)\ (AU X (7)) = Ue, (0)\ (U ﬁab)’ a,b from unfolding.
35By a small deformation 7 +— 7 + €.
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FIGURE 23. Rays in gSA’l,(t) which are going to be erased in the proof.

Ry(®)
Ry(®) Ry(t)
Ry(®)
R,@®) | uzt;t.e)
-
. > KOO
R(7) Y, zt;tc) Ryt)
Y, Gzt 1.0
FIGURE  25. Y,2"!(2,t;7,¢c)
FIGURE 24. Y,(z,t;7,c¢) for and Y, (z,t;7,c1) just after
t € ¢, before Rj(t) crosses R;(t) has crossed R(7T). Por-
R(7). A portion of S,(t) is tions of sectors where the
represented by an arc. asymptotics holds are repre-
sented.
RS(t) R,

R,(t)
Ry(t) ?

- R®

cont '\\ t
o JYVCO?Z:t;r,q) R(1)
R(t)

Ry(®) FIGURE 27. Continuation
Yot (z,t;7,¢1), t € c before
the crossing. The sector of
the asymptotics 1is repre-
sented.

FIGURE 26. Extension of sec-
tor for the asymptotics of
Yo (2,457, ¢), t € c1.

associated with u,(t) and up(t) in (14.4). For these a, b, only one of the infinitely many rays of directions

(14.6) is contained in S(7,7 + ) for t € c. We can suppose that this is the ray
] 3m
Ruyp(t):==432z€R ‘ argz = — — arg, (to —ty) +2Nm ¢,
(recall that arg, (uq(t) — us(t)) = arg, (to — t5)) where N, is a suitable integer such that

-~ 3 -
T<?ﬁ—argp(ta—tb)+2]\fc7r<7'+7r, tee.



Ry(?)
Ry (1)
J Y, (=t 1.c) R(T)
FIGURE 28. The sector

where Y, (z,¢; 7, ¢) has canon-
ical asymptotics has been
extended up to Ra(t), t € c.

Ry(®)

R(t)”
=Ryt
R;(®)

FIGURE 30. Ra(t) crosses
R(7) when t enters into ¢z

v ‘/<’/‘>/—>/>/:77 mmmmmttT /
R(7)
K/(Z,t;T,C)

FIGURE 32. Extension up to
R3(t) of the sector for the
asymptotics of Y,(z,t;7,c¢),
for t € c.

Ry(®)
Ry(t)
.. R
R;(t)
FI1GURE 29. The dashed “vir-
tual ray” Ri(t) crosses R(T),
when ¢ enters into c;.
Ry(®)
“_1_/,/~’7R2(t)
... R
R;(t)
YV (2,t;7,¢1)
FiGUureE 31. Extension up to
R3(t) of the sector for the
asymptotics of Y, (z,t7,c1),
for t € ¢;.
Ry(®)
R3(t)
Rj®)
< * >
R(t-m) R(1)

FIGURE 33. The extension of the
sector for the asymptotics of
Y, (z,t;7T,c) must be done as above
considering crossings at R(T — ).

R%’%’( t)
- R, 2b2( t)
Rap, ()

R(t)

FIGURE 34. t belongs to a cell ¢ whose boundary contains lflalb1 ﬂﬁGQbQ n-- ﬂﬁal,bl , and
such that the Stokes rays associated with these hyperplanes cross R(7T) simultaneously
from the same side (c can be taken so that the crossing is clockwise).
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Reyby(t) = Raghy(t) =Rap (1)

. ,
s ‘ Rt
/ R(t) \gaﬁ(ﬁ))
< t
R“3l§(t)02b2
FIGURE 35. Simultaneous crossing
fgr t < (H‘“bl N Hagp, N -+ N FIGURE 36. After the simultaneous
Ha,5)\A. crossing, t € ¢'.

Ry

FIGURE 37. If A(0) = \{I, the asymptotics extends to S(arg(R;(f)) — 27, arg(R} (£)) + 27).

other rays

other rays
Rap(10) Y
v R(T)
R, (1) Vil Rpa(t) Ra(t)
R(t)
Yo
ray after Ryq(h) ray before R, (1)
ray after Ry, (1) ray before Ryp(t)

Figure 38. This and the fol-
lowing pictures represent the
sheet S(T — 7/2,7 + 37/2) FIGURE 39. Crossing of R(T).
(this is the meaning of the Note that also the other rays
dashed vertical half-line). The can move, but never cross the
Stokes rays at the starting admissible ray R(7T) or R(T £
point g are represented. Y, 4, ).

is Y,1,u(2,t;7,c), while YV is
YV+M(Zat;F7 Cl)

If it is not the above ray, then it is a ray with argz = 37” —arg, (tb — ta) + 2N/ and suitable N/, so that

the proof holds in the same way. R,;(t) rotates clockwise as t moves along the support of Y.
For the sake of this proof, if a ray R has angle 6 and R’ has angle 6 +6’, we agree to write R’ = R+¢'.
Hence, let

Rpa(t) := Rap(t) + .

See Figure 38.

Assume first that a, b are such that for ¢ € ¢ and |t, — 5| sufficiently small, then no projected Stokes
rays other than PR,, and PRy, cross [(T) when t varies along v, (the case discussed in figure 14).
Cases when also other projected Stokes rays cross I(7), as for figure 15, will be discussed later.
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other rays
Yyin
other rays
/Rab(t)+2n Rpa(t)
) R(t)
Y
ray before Rp,(t) Rab(t()) = &h('yag( t{)))+2n
ray after Rp(1)+21 %A\f/_ v R(1)
= Yy
FIGURE 40. Second
crossing. Yoiu is ray before Ryp (o)

Yoiu(z, t;7,¢') and Y
is Yyqu(z,t;7,¢). The
other rays represented FIGURE 41. After the loop 7vap
are moving, without

crossing R(T) or R(T +

).

Step 1) As base point consider ty € ¢, close to PNIab, in such a way that Rep(to) C S(7,7 + m) is
close to R(7),¢ and it is the first ray in S(7,7 + 7) encountered on moving anti-clockwise from R(7).
Y, +u(2,t0; T, ¢) has the canonical asymptotics in S, 1, (to), which contains R(7). By definition, S,4,(to)
contains S(7,7 + 7) and extends to the closest Stokes rays outside. These rays are:

a) [left ray| the ray Rpq(to)-

b) [right ray] the first ray encountered on moving clockwise from R, (tp), which we call “the ray
before” Ryp(to) ( see Figure 38). The name “before” means that this ray comes before Rgp(to) in the
natural anti-clockwise orientation of angles). This ray is to the right of R(7).

Step 2) As t moves along 7,1, Rap(t) moves clockwise and crosses R(7), while Ry, (t) crosses R(T + 7)
(see Figure 39). The curve 74 crosses ﬁab\A and penetrates into another cell ¢’. As in Proposition 13.3,
just before the intersection of the curve with Hy,\A, also Y, 4u(z,t;7, ) is well defined with the same
asymptotics as Y,4,(2,¢; 7, c), but in the sector bounded by Rg(t), as right ray, and the ray coming
after Rp,(t) in anti-clockwise sense, as left ray, which we call “the ray after” (see Figures 38 and 39). A
connection matrix K% (¢) (called Stokes factor) connects Y, 1, (2,7, ¢) and Y, 4, (2,7, ¢) ,

Yz/-i-u (Z7 tv 7A:a C/) = YV"I‘H (Zv t7 7:7 C) K[ab] (t) (241)

Kl2l(#) is holomorphic on U, (0), because the fundamental solutions are holomorphic by assumption 2).
Again by the proof of Proposition 13.3, just after the crossing, Y, 4,(z,t; 7, c) maintains its asymptotics
between the ray before Rqp (), which has possibly only slightly moved, and Ry, (t). Both Y, 4, (2,7, ¢)
and Y, ,(z,t;7,¢) have the same asymptotics in successive sectors, and in particular they have the
same asymptotics on the sector having right ray Rqp and left ray Rp,. Since R[(uq — up)z] > 0 on this
sector, it follows from (24.1) that for ¢ in a small open neighbourhood of the intersection point of the
curve with Hgp\A, the structure of K98 (¢) must be as follows

(Kl =1, 1<i<ny (Kl*th,; =0 V i#j except fori=b,j=a.

The entry (Kl%),,(¢) may possibly be different from zero. Since K[%?)(¢) is holomorphic on U, (0), the
above structure holds for every ¢ € U, (0).

Step 3) As t moves along 7., Rap(t) continues to rotate clockwise. It will cross other Stokes rays
along the way, but Y,4,(2,¢;7,¢) will maintain its canonical asymptotics in S,4,(t), because t € ¢/,
until Rep(t) reaches R(T — ).

36 ¥ in R(F) is the direction, while ¢ in Rqp(t) is the dependence on ¢
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Step 4) Just before Ry (t) crosses R(T — ), S,4,(t) has left ray equal to Res(t) + 27 and the right ray
is the ray before Ry, (t). Again by Proposition 13.3, Y, ,(z,t; T, ¢) is defined with canonical asymptotics
in the sector following S, ,,(t) anticlockwise (see Figure 40). There is a Stokes factor KI%’/(¢) such that,

Yoiu(z,t57,¢) = Yo u(z, 67, ¢) KOV (1). (24.2)

The above relation and the common asymptotic behaviour imply that for ¢ in a neighbourhood of the
crossing point the structure must be
(K[“b])ii =1, 1<i<m (K[“bl)ij =0 V i#jexceptfori=a,j=0>0.
The entry (]K)E}b] (t) may be possibly non zero. By assumption 2), K[4%)(¢) is holomoprhic on U, (0), so
the above structure holds for any ¢ € U, (0).
Step 5) The rotation of R,y(t) continues, crossing other Stokes rays. Finally, Rq;(t) reaches the
position

Rap (%b(%)) = Rap(to) — 2,

after a full rotation of —2m. This corresponds to the full loop t, — tp +— (t, — tp)e?™.
From (24.1) and (24.2) we conclude that,

Yyuu(z, 67, ¢) = Yoy u(z, 67, ¢) K ()R (1), t €U, (0). (24.3)

Hence
KK () =1, ¢ eU,,(0).
This implies that (KI*"),, = (Kl*®]),, = 0. Therefore,

K@) =Kl () =1, t e U, (0). (24.4)
We conclude from (24.1) or (24.2) that
Yoiu(z,t;7,¢) = Yoiu(z, 67, ), t €U, (0). (24.5)

The above discussion can be repeated for all loops 7, starting in ¢ involving a simple crossing of R(T).
We now turn to the case when also other projected Stokes rays, not only PRy, and PRy, cross [(T)
along 4. In this case, the representative of 7., can be decomposed into steps, for each of which the
analytic continuation studied above and formula (24.5) hold. See for example the configuration of figure
15. In these occurrences, the analytic continuation is done first from ¢ to ¢’. The passage from c to ¢
corresponds to the alignment of u, and uq. Hence, Y, 1, (2,t;7,¢) is continued from ¢ to ¢’ and (24.5)
holds. Then, Y, 4, (2,t;7,¢") can be used in place of Y, 1 ,(z,t; T, c), applying the same proof previously
explained, since for t € ¢, if |t, — | is sufficiently small, then the crossing involves only PR, and P Ry,.

Concluding, (24.5) holds for any cell ¢’ which has a boundary in common with c.

Now, we consider a cell ¢’ which has a boundary in common with ¢, and we do the analytic continuation
of Y, 4u(2,t;7,¢) to all cells ¢’ which have a boundary in common with ¢/, in the same way it was
done above. In this way, we conclude that Y, ,(2,t;7,¢) = Y,1,u(2,6:7,¢) and Y, u(2,6:7,¢) =
Y 4u(z,t;7,c"), for t € U, (0). With this procedures, all cells can be reached, so that (24.5) holds for
any cell ¢ and ¢’ of U, (0). For the above reasons, we are allowed to write

Yoiu(z, t;7), t e U, (0), (24.6)
in place of Y, (2,87, ¢).

The above conclusions imply that the assumptions of Lemma 24.1 hold. Lemma 24.1 assures that the
asymptotics extends to the closest Stokes rays in JR(t) outside S(7,7 + 7). Hence the asymptotics

Go(t) Yoz, t;7)e M0 B 0 14 N " F(t)2 7 (24.7)
k=0

holds for z — oo in §l,+u(t), and t € U, (0)\A. A fortiori, the asymptotics holds in gyﬂl = gyﬂL(uéo (0)).
It is uniform on any compact subset K C U, (0)\A for z — oo in S, (K).
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The last property to be verified is that the asymptotics in §V+# holds also for t € A. Let

k—1
Ri(2,1) := Go(t) "Wy u(2, t; 7)e Az~ Bal) <I+ZFl(t)z_k> . teU,(0).
=1

Let (Ri(2,t)),5, I, = 1,...,n be the entries of the matrix Ry. Since R} is the k-th remainder of the
asymptotic expansion, it satisfies the inequality

C(k; S;t)

(Rk(z7t))ls < B

t € U, (0\A, z€8S, (24.8)

‘Rk(z,t)‘ ‘=  max

l,s=1,...,n
for z belonging to a proper closed subsector S C §,,+M. Here C(k; S;t) is a constant depending on k, S
and t € U, (0)\A. Our goal is to prove a similar relation for ¢ € A.

We consider n positive numbers r, < €y, a = 1,...,n. We further require that for any ¢ = 1, ..., s and
for any a # b, such that u,(0) = up(0) = A;, these numbers are distinct, i.e. r, # 5. We introduce the
polydisc Uy, ... . (0) :=={t € C" | |ta| < 714, a =1,...,n}. Clearly, Uy, . ., (0) CU,(0). Let us denote
the skeleton of Uy, .. . (0) with T := {t € C" | |[tx,| = ra, a = 1,...,n}. The above choice of pairwise
distinct r,’s assures that ' N A = (.

The inequality (24.8) holds in U, . . (0)\A for any fixed z € S. Since Ry(z,t) is holomorphic on
the interior of U, ., (0) and contmuous up to the boundary, every matrix entry of Ry(z,t) attains its
maximum modulus on the Shilov boundary (cf. [65], page 21-22) of U, ... », (0), which coincides with T
Since (24.8) holds on I', we conclude that

......

‘Rk(z7t)‘ < C(k; S;T)

I Vitel,,..r,(0), (24.9)

where C(k; S;T') = maxycr C(k; S;t). This maximum is finite, because the asymptotics is uniform on
every compact subset of U, (0)\A. The above estimate (24.9) means that the asymptotics (24.7) holds
uniformly in ¢ on the whole U, ., (0), including A, for z — oo in S. A fortiori, the asymptomcs holds

in U, (0), with €3 < mingr, < €. Since (24.9) holds for any closed proper subsector S c S,,Jru, by
definition Go(t) ™'Y, 4 (2, t; 7)e A2~ 51 is asymptotic to I + > oo, Fr(t)2™* in Suip

It remains to comment on the structure of a Stokes matrix. In the proof above, a ray R, (t) associated
with a pair ug(t), up(t) with ue(0) = up(0) = \; is “invisible” as far as the asymptotics is concerned,
because Klol(t) = Kle®l () = I for any 74. Therefore, in the factorisation of any S, (t), the Stokes
factors associated with rays 37 /2 — arg(uq(t) — up(t)) mod 27, with u,(0) = up(0) = A;, are the identity.
O

24.3. Proof of Theorem 15.1. Without loss of generality, we label the eigenvalues as in (5.1)-(5.4),
so that S,4x,(t) is partitioned into p; x py blocks (1 < j, k < s) such that the p; x p; diagonal blocks
have matrix entries (S, 44, (t))as corresponding to coalescing eignevalues uq(0) = up(0).

We consider Yy4,,(2,t;7,¢). For any other Y, 4,(2,%7,¢) the discussion is analogous. We denote
the meromorphic continuation of Y, 4, (2, 7,¢) on R(Ue, (0)\A) by Y,i (2,67, ¢), t € R(Ue, (0)\A).
Therefore, the continuation along a loop 74 as in (14. 4) and (14.5), starting in ¢, will be denoted by
Yot (2, Yabt; Ty €), where £ = 7,4t is the point in R (U, (0)\A) after the loop.

We then proceed as in the proof of Theorem 14.1, up to eq. (24.3). Assume first that a,b are such
that for ¢ € ¢ and |t, — tp| sufficiently small, then no projected Stokes rays other than PRy, and PRy,
cross I(T) when t varies along 74 (the case discussed in figure 14). Cases when also other projected
Stokes rays cross I(T), as for figure 15, can be discussed later as we did in the proof of Theorem 14.1.
The intermediate steps along 74, corresponding to the formulae (24.1) and (24.2), hold. Namely:

YV+N(25 t? 77, C/) = YV—‘r,u(Za t? 77, C) K[ab] (t) (2410)

for ¢ in a neighbourhood of the intersection of the support of 7, with the common boundary of ¢ and
¢ (i.e. Hgp\A) corresponding to R,y crossing R(7T). Moreover,

Yoiu(z,t:7,¢) = Yoqu(2, 67, ¢) Kle¥(¢), (24.11)
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for ¢ in a neighbourhood of the intersection of the support of v4;, with the common boundary of ¢ and
¢ corresponding to R, crossing R(7 — ). Note that to such ¢ there corresponds a point 7 in the
covering, which is reached along 7a, so that Y, ,(2,%7,¢) in the right hand-side of (24.10) becomes
Yqu/—L (Za 1 ?75)

Kl (¢), Kle¥l(¢) have the same structure as in the proof of Theorem 14.1, for ¢ in a small open
neighborhood of the crossing points. By assumption, K92l (¢), Kl (¢) are meromorphic on R(Ue, (0)\A),
so they preserve their structure.

At the end of the loop, t is back to the initial point, but in the universal covering the point £ = Yt
is reached and Y, 1, (2,;7, ¢) has been analytically continued to Y, ,(2,vast; T, c). Thus, the analogous
of formula (24.3) now reads as follows

Yoz, t;7,¢) = Yoy (2, Yat; 7€) K (K (¢), tec. (24.12)

We need to compute the only non trivial entries (K% (¢))p, and (K% (£))4s. Let us consider K[¥l(t).
As it is well known, S, 4, can be factorised into Stokes factors. At the beginning of the loop 7as, just
before ¢ crosses the boundary of the cell ¢ as in Figure 38, we have

SV"{‘/L = K[ab] : T,
where K% is a Stokes factor and the matrix T is factorised into the remaining Stokes factors of Svtp-

For simplicity, we suppose that S, ,, is upper triangular (namely a < b; if not, the discussion is modified
in an obvious way):

I, x * *
0 I, =* *
Spyp=1 0 0 Ipy -0 x|, (24.13)

0 0 O 0 I,
It follows that b < a, namely K% has entries equal to 1’s on the diagonal, 0 elsewhere, except for a
non-trivial entry my, := (Kl%!),, above the diagonal in a block corresponding to one of the I,,, ..., I,

in (24.13). Let Ej; be the matrix with zero entries except for (Eji);jr = 1. Then, Kl = T 4+ mpq Epa,
and we factorise T as follows:

Svan =T +maBra) - [[ T+muEs)- 11 (I +mrEjk),
j<kin 'V The others j<k
where V' is the set of indices j < k € {1,2,...,n} such that u;(0) = ux(0) and (j, k) # (b, a) (the entries
of the diagonal blocks of the matrix block partition associated with p, ..., ps).
Now, all the numbers my, and m;;, are uniquely determined by the entries of S, ,. This fact follows

from the following result (see for example [3]). Let S be any upper triangular matrix with diagonal
elements equal to 1. Label the upper triangular entries entries (4, k), j < k, in an arbitrary way,

(1. k1), (G2, k2), .oy (jn<n,2_1>,kn<n2_1>).

Then, there exists numbers mq, ma, ..., Mmaxm-1) which are uniquely determined by the labelling and the
2
entries of S, such that

S = +miEj ) +meEjp) (I + M Ej

n(n—1 Fnmn-1) )
2 2

Indeed, a direct computation gives

n(n—1)

2
S=1+ Z meE;, 1, + non linear terms in the m,’s. (24.14)
a=1
The commutation relations
EijEj, = Ey, EijEy =0 for j #1,

imply that the non linear terms are in an upper sub-diagonal lying above the sub-diagonal where the
corresponding factors appear. Hence, (24.14) gives uniquely solvable recursive relations, expressing the
mg’s in terms of the entries of S.
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Applying the above procedure to S =S, 4, and keeping (15.1) into account, we obtain
My =0, my,=0Vj<kinV.
This proves that
Kltl(t) = 1,
for ¢ in a small open neighborhood of the intersection point of the curve 7,, with H, av\A. This structure
is preserved by analytic continuation. Analogously, we factorise into Stokes factor the (lower triangular)
matrix S, = T - K[ and prove that
Kl = 1.
We conclude that
Yoiu(z,t;7,¢) = Yo (2, Yabt; T, €).

Formulae (24.10) and (24.11) also imply that

Yoiu(z,t;7,¢) =Y ,u(2,6:7,¢) (24.15)

This discussion can be repeated for any loop and any cell, as we did in the proof of Theorem 14.1 in
the paragraphs following eq. (24.5). Since Y, 1,(2,t;7,¢) is holomorphic on ¢ by Corollary 13.1, the
above formulae imply the analyticity of Y, 1, (2, ¢ 7,¢") on Ue,(0)\A. Since (24.15) holds, the first two
statements are proved.

Equation (24.15) also implies that the rays Ry, and Rp, are not the boundaries of the sector where
the asymptotic behaviour of Y, 4,(z,t;7) holds. The above discussion repeated for all a,b such that
uq(0) = up(0) proves the third statement of the theorem. OJ
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