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Spectrum of the Second Variation

A. A. Agrachev*

Abstract

Second variation of a smooth optimal control problem at a regular
extremal is a symmetric Fredholm operator. We study asymptotics
of the spectrum of this operator and give an explicit expression for
its determinant in terms of solutions of the Jacobi equation. In the
case of the least action principle for the harmonic oscillator we obtain

[e%s) 5 .
s . s T __ sinzx .
a classical Euler identity H1 (1 - W) = *%. General case may
n—=
serve as a rich source of new nice identities.

1 Introduction

This research was initially motivated by the analysis of asymptotic expan-
sions related to semigroups generated by hypo-elliptic operators. These ex-
pansions can be often interpreted as infinite-dimensional versions of the stan-
dard asymptotics for expressions of the form [ a(u)e%? duor [ a(u)e% du
N N

as t — 0. It is well-known that the asympEcRotics is localized I?n the critical
points x; of ¢, and the quantities (det D?Ei)_% play a crucial role in the ex-
pansions. In the infinite-dimensional version we deal with a “path integral”,
and ¢ is an “action functional” whose critical points are extremals of the
appropriate optimal control problem. So we try to analyse and compute
det Dgi in this case. What we obtain, can be considered as a modification
and generalization of the classical “Hill’s determinant” in Rational Mechan-
ics (see [2]).

Before the calculation of the determinant, we study asymptotics of the
spectrum of the second variation D2 that is a symmetric Fredholm operator
of the form I + K, where K is a compact Hilbert—Schmidt operator. The
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point is that K is usually NOT a trace class operator so that the trace of
K and the determinant of I + K are not well-defined in the standard sense.

Anyway, a specific structure of the spectral asymptotics allows to define
and compute everything. This asymptotic is described in Theorem 1. Ac-
tually, there is an important symmetry in the asymptotics that leads to a
cancellation of slow convergent to zero positive and negative terms when we
compute the sum or the product.

There is a general reason for this symmetry. It concerns an evolution-
ary nature of the optimal control problems: the space of available control
functions grows with time. This evolutionary structure results in the follow-
ing property (I would call it “causality”) of the operator K: there exists a
Volterra operator V on L2(]0,1];R™) and a finite codimension subspace of
L?([0,1]; R™) such that (Ku,u) = (Vu,u) for any u from the subspace. In
other words, our symmetric operator imitates a triangle one on a subspace
of finite codimension. We expect that all causal operators have spectral
asymptotics similar to the asymptotics from Theorem 1, although we do
not study general causal operators in this paper.

In Theorem 2 we give an explicit expression for det(/ + K) in terms of
solutions of the Jacobi equation that generalize classical Jacobi fields. We
also give an explicit integral expression for tr K; moreover, integral formu-
las for all elementary symmetric functions of the eigenvalues of K can be
recovered from the main determinantal formula.

I hope that this result would serve as an effective summation method,
a way to get explicit expressions for infinite products and sums of interest-
ing series. A simple example: for the 1-dimensional linear control system
@ = az + u with the quadratic cost o(u) = [} u2(t) — (a® + b*)z2(t) dt our

~Jo
o0 .
determinantal identity reads: [] (1 — aﬁiab;)?) = ‘ZEI}%’; the case a = 0

n=1

S8 i
corresponds to the famous Euler identity [] <1 — %) = S‘gb.
n=1

2 Preliminaries
We consider a smooth control system of the form:
q=filq), g€ M, uel, (1)

with a fixed initial point g9 € M. Here M and U are smooth manifolds
(without border) and the vector f(q) € T,M smoothly depends on (q,u) €
M x U and is measurable bounded with respect to ¢t € [0, 1].



Let u(-) : [0,1] — U be a measurable map such that ([0, 1]) is contained
in a compact subset of U. The Cauchy problem

i= fun(@), 4a(0)=q,

has a unique Lipschitzian solution ¢ — ¢(t;u(-)) defined on an interval in
R. We say that u(-) is an admissible control and ¢(-;u(-)) is a correspond-
ing admissible trajectory if the domain of this solution contains [0,1]. We
denote the set of all admissible controls by I/; then U/ is an open subset of
L*> (][0,1]; U). Hence U is a smooth Banach manifold modelled on the space
I, ([O, 1];RdimU) .

Given t € [0,1] we define the “evaluation map” F; : U — M by the
formula Fi(u(-)) = q(t;u(-)); then Fy is a smooth map from the Banach
manifold U to M.

Let £: M x U — R be a smooth “Lagrangian”. We consider functionals
iU - R, 0 <t <1, defined by the formula:

pe(u()) = / ta(rsu()), u(r)) dr. 2)

Definition 1. We say that u € U is a normal extremal control if there exists
A1 € T;l(u)M such that \1DyFy = dyp1; here A1 D, F1 is the composition
of DyFy : LU — T yM and Ay : Tr (yM — R. We say that a normal
extremal control is strictly normal if it is a regular point of Fi.

Strictly normal extremal controls are just critical points of go‘ Flg) 1€
1

M. Let t € [0,1]; it is easy to see that the restriction ulj, of a normal
extremal control u is also a normal extremal control in the following sense:

3 At S T;‘t(u)M such that )\tDuFt = dugﬁt (3)

The “differentiation of the identity (3) with respect to t” leads to the fol-
lowing Hamiltonian characterization of normal extremal controls.

A family of Hamiltonians h!, : T*M — R, u € U, is defined by the
formula:

he () = (A fu(q)) —€(q,u), ge M, XeT; M.

Let o be the canonical symplectic form on T*M and 7w : T*M — M be the
standard projection, W(Tq*M ) = q. Recall that o = ds where s is a Liouville
(or tautological) 1-form, (sx,n) = (\,mm), VA € T*M, n € T(T*M).
Given a smooth function h : T*M — R, the Hamiltonian vector field h on
T*M is defined by the identity: dh = o (-, h).



Proposition 1. Let i € U and 4(t) = q(t;0), 0 <t < 1; then @ is a normal
extremal control if and only if there exists Ay € Tg(t)M such that

= = 8ht ()\t)
— hpt u — <t<1.
N=Riwy g =0 0SS (4)

This statement is standard, it is actually a weak version of the Pontryagin
maximum principle.

A Lipschitzian curve Xy, 0 < ¢ < 1, in T*M that satisfies relations (4) is
called a normal extremal associated to the normal extremal control %. The
time-varying Hamiltonian system \ = l_ig(t)()\) defines a flow

O T*M — T*M, &' : \0) — A(t),

where A(T) = E%(T)()\(T)), 0 < 7 < t. Obviously, ®*(Ag) = ;. Moreover,
w*ﬁg(t)(A) = fl(@), Ya€ M, e Ty M.

Let Pt : M — M be the flow generated by the time-varying system
g = fé(t)(q), i.e. P! q(0) — q(t), where ¢(1) = 75(7)((1(7)), 0<7t<t.

It follows that ®' are fiberwise transformations and i)t(Tq*M ) =T%, (q)M .

Moreover, the restriction of ® to T;M is an affine map of the vector space

T5 M on the vector space T7, (q)M .

In what follows, we assume that @ is a normal extremal control and ) is
a normal extremal, they are fixed until the end of the paper. Then a(t) is a
critical point of the function u +— h,(\;), u € U for any ¢ € [01]. Hence the

2ht ~
Hessian 852(” (At) is a well-defined quadratic form on T, U or, in other

words, a self-adjoint linear map from 75U to T} ( t)U .
Now we consider Hamiltonian functions

g = (W, = hy) 0 @, weU, tel01].

A time-varying Hamiltonian vector field g, generates the flow (®*)~! o &,
where ®! is the flow generated by the field hf. We have:

gt .\ - 0?gt . 0?ht
— a(t) _ a(t) _ a(t)
gf}(t) = 07 ou ()‘0) - 07 92u )\0 - 92u ()‘t)

82ht ~
We introduce a simplified notation Hy = ﬁ()\t); recall that Hy : Ty /U —

Tg(t)U is a self-adjoint linear map.



More notations. Consider the map u — gt (Ag) from U to 5, (T M) We

"
denote by Z; the differential of this map at u(t), Z; = %(5\0); then Z; is
a linear map from T5,)U to Tio (T*M). We also set X; = m,Z;; then X, is
a linear map from 75U to Ty M. Finally, we denote by J : T (T*M) —
T )i\“o (T*M) the anti-symmetric linear map defined by the identity o5 (-,-) =
(J-,-).

Note that T, U is the space of measurable bounded mappings ¢
v(t) € TyyU, 0 <t < 1. A simple rearrangement of the standard formula
for the first variation in the optimal control theory (see for instance the
textbook [1]) gives the identity:

¢
(DgFy)v = P:/ Xrv(r)dr.
0

Assume that @ is a regular point of F; (i.e. DgFy is surjective); then @
is a critical point of ‘:0t|F;1(q(t))' We have:

Ta(F7Y(G(t) = ker DgFy = {v € Tald : /Ot X v(r)dr = o} .

The Hessian of 901|F1‘1(¢j(1)) at @ is a quadratic form D2g01 s ker DgF1 —
R. This is the “second variation” of the optimal control problem at 1, the
main object of this paper. It has the following expression (see [1]):

D2y (v) = — /0 1<Htv(t),v(t)>dt— /0 1 <J /0 t Z.v(r) dr, Ztv(t)> dt, (5)

where v € Tl and fol Xp(t)dt = 0.

Definition 2. The extremal S\t, 0 <t <1, is reqular if Hy is invertible for
any t € [0, 1] with a uniformly bounded inverse.

In what follows, we assume that the reference extremal is regular. More-
over, we assume that H; < 0! for any ¢ € [0,1]. This last assumption is
motivated by the classical Legendre condition: for a regular extremal, in-
tegral quadratic form (5) has a finite negative inertia index if and only if
H; <0, for any t € [0,1].

Finally we introduce a “Gramm matrix”, a self-adjoint linear map I’ :
TyM — Ty M defined by the formula: T’y = —f(f X, H7'X*dr. We see

that # is a regular point of F} if and only if I'; is invertible.

'We say that a self-adjoint map is positive (negative) if the corresponding quadratic
form is positive (negative).



Remark 1. There is an apparently more general and natural way to
define a control system. Let me briefly describe it confining within the time-
invariant case. Indeed, instead of the product M x U we may consider a
locally trivial bundle over M with a typical fiber U. Then f is a smooth
fiberwise map from this bundle to 7'M that sends the fiber U, into T;, M, q €
M. In this setting, the control and the correspondent trajectory is somehow
a unique object: u(t) € Uy and ¢(t) = f(u(t)).

The situation is reduced to what we did before this remark if the bundle
is trivial. In the general case, we simply trivialize the bundle in a neighbor-
hood of the reference trajectory. To be more precise, we first take R x M,
where R is the time axis and trivialize the pullback bundle over R x M in
a neighborhood of the graph of the reference trajectory (the graph does not
have self-intersections while the original trajectory might have). Moreover,
all statements of this paper use only Hy, Z;, and X, 0 <t < 1, and these
quantities depend only on the trivialization of the vector bundle T Uy
along (the graph of) the curve u(t), 0 < ¢t < 1. A trivialization jf the
vector bundle along such a curve is naturally achieved by a parallel trans-
port in virtue of a linear connection on the vector bundle with the fibers

T,Uy, ¢ € M,u € Uy and the base |J U,.
qeM
So, a linear connection on this vector bundle is actually all we need to

write all the formulas. I leave to an interested reader to write them. I have
decided not to follow this way in order to avoid an unnecessary language
complication and to make the paper affordable for a larger audience.

3 Main results

According to our construction, the space T3l consists of the L*-maps t >
v(t) € TypyU, 0 <t < 1. At the same time, linear map DzFy : Tald —
T51)M and quadratic form Dl%gol are continuous in a weaker topology L?.

Let V be the closure of ker Dz F} in the topology L?. Then V is a Hilbert
space equipped with a Hilbert structure

1
< v1vz >£/ (= Hyou (£), va (1)) dt.
0
Formula (5) implies that
D2p1(v) =< (I + K)vjv >, ve, (6)

where K is a compact symmetric operator on V. In particular, the spectrum



of K is real, the only limiting point of the spectrum is 0, and any nonzero
eigenvalue has a finite multiplicity.

What can we say about the “trace” of K and the “determinant” of I+ K?
Let us consider a simple example, the least action principle for a charged
particle in the plane in a constant magnetic field.

Example 1. Let M = U = R?, ¢ = (¢*,¢%), u = (u!,u?), fu(q) =
u, (q,u) = %\u|2 +r(q*u? — ¢®u'), qo =0, a(t) = 0. Then

T*M =R?*xR* = {(p,q) : p € R%, ¢ € R*},  J(p,q) = (—q,p),

1
hu(pa q) = <pa U> - §’U|2 - ’I“(ql’U,Q - q2u1),

hay =0, A= (B(t),4(t)) = (0,0), gl = ha.

We have Hyv = —v, Zw = (rv?, —rvl; ol 0?), X =v, t €[0,1], v € R2.
Then

1
V = {ve L*[0,1];R?) : / v(t)dt = 0}.
0

It is convenient to identify R? with C as follows: (v!,v?) = v! 4+ iv?. An
immediate calculation gives the following expression for the operator K:

Ko(t) = /0 Coriv(r) dr - /0 1 /0 “ariv(r) drdt.

The eigenfunctions of this operator have a form ¢ — ce?™# 0<t <1, c€
C, n = +1,42, ..., where the eigenfunction ce?™™" corresponds to the eigen-
value —-.

We see that even in this model example the eigenvalues of K do not
form an absolutely convergent series and K is not a trace class operator.
On the other hand, the next theorem implies that a “principal value” of
such a series does exist at least if the data are piece-wise real analytic.

Consider the operator H, 1Z,;"J Zy » Ty)U — TypyU. This operator is
associated to an anti-symmetric bilinear form and has only purely imaginary
eigenvalues. We denote by (; the sum of positive eigenvalues of the operator
iH, 1 Z¥ 7 Z; counted according to multiplicity (here i is the imaginary unit).

Remark 2. Analysing notations of Section 2 we see that (; is the sum
of positive roots (counted according to multiplicity) of the equation

Oht,. Oht 0%ht
au(t) a(t) ) /% . a(t) ¥ _
det ({0u — }(At) + si— ()\t)> 0



with unknown s. Here {-,-} is the Poisson bracket so that

Oht Oht -
(v,0") = {787;@)0, aq;(t) v'}(/\t), v,v" € Ty,
2ht ~
is an anti-symmetric bilinear form and 8:2(t) (A\¢), is a symmetric bilinear

form on TyHU.

Let Sp(K) C R be the spectrum of the operator K, Sp(K) \ {0} =
Sp, (K)USp_(K), where Sp (K) C R4. Given a € Sp(K)\0, we denote by
me the multiplicity of the eigenvalue a. Moreover, if Sp, (K) is an infinite
set, then we introduce a natural ordering of Sp(K) that is a monotone
decreasing sequence «,,, n € Zy, with the following properties:

U {an} =Spi(K), #{ne€Zi:a,=a}=ms,. (7)

n€EZl+

Theorem 1. If {; = 0, then o, = O(|n|72) as n — Foo. If ¢ is not
identical zero and Hy and Z; are piecewise real analytic with respect to t
then Sp (K) and Sp_(K) are both infinite and

1
anzl/ Etdt+0(]n]_5/3) as n — +oo. (8)
™ Jo

Remark 3. It is reasonable to expect that the statement of the theorem
is valid without the piecewise-analyticity assumption. Moreover, the order
n~5/3 of the remainder term is certainly not optimal and perhaps can be
substituted by n2. Anyway, the stated result is quite sufficient for our
purposes while the proof of a stronger one would require a more sophisticated
technique.

A cancellation of slow convergent to zero terms of the opposite sign in
the expansion (8) gives the following:

Corollary 1. The depending on € > 0 families of real numbers

Z M, H (1+ )™=

aeSp(K) aeSp(K)
la|>e || >

have finite limits as € — 0.

We use natural notations for these limits:

Y o -
trK = 21_1)% Z mqo, det(l +K) = ;1_% H (14 o)™,
g 53



We are going to compute these trace and determinant in terms of Hy, Z;, X
and solutions of the following Jacobi system:

0 =—Z.H 'Z:Jn, n(t)eTx (T*M), 0<7 <1 (9)

This is a linear time-varying Hamiltonian system in T5 (T7*M) associated

to a nonnegative quadratic Hamiltonian Hy(n) = —5(Z;Jn, H; ' Z§ Jn).

In what follows, we identify the space Ty M with its tangent T5 (5 M) C
T3, (T M) and introduce linear maps Q; : Ty M — Ty, M, 0 <t < 1, by the
formula: Q;(n(0)) = mn(t), where n(7), 0 < 7 < t, is a solution of equation
(9) and 7(0) € T; M.

Remark 4. According to our assumptions, %(7) is a strict local max-

imum of the function u +— h7,(\;). Assume that this is a global maximum
and moreover h”(\) = max h7(\) is smooth with respect to A € T*M. Then
ue

Ar, 0 <7 < 1,is a solution of the Hamiltonian system A = 27 ()). We define
the exponential map E; : Ty M — M by the formula E/(Ag) = 7(\;), where

A\ = ET(/\T), 0 <7 < t. It is not hard to show that Q; = (Pf)*lDS\OSSO.

Theorem 2. Under conditions of Theorem 1, the following identities are
valid:
det(I + K) = det(Q:T'71),

1 t
trK = tr < / / X H ' Z}JZ, H ' X drdtr;1> .
0 JO

Let us apply this theorem to Example 1. In our coordinates, I'y = I.
We have to find matrix Q1. It is convenient to use complex notations:
n = (p;q) € CxC, p=ip+p2, ¢=1iqg + q2. System (8) has the
form: p = irp — v%q, ¢ = irq+ p. We have to find ¢(¢) under conditions
p(0) =1, ¢(0) = 0; then @ is just complex number ¢(1) treated as a 2 x 2-
real matrix, det @1 = |¢(1)|?. A simple calculation gives: q(t) = Svteivt,
Keeping in mind that all eigenvalues of the operator K have multiplicity

+00 2
: . . . 2
2, we obtain the square of a classical Euler identity: Hl <1 — (L) ) =
n=
(sinr)2 .
T
Now we consider one more very simple example, a harmonic oscillator.

Example 2. M = U =R, f,(q) = u, {(qu) = 3(u® —r¢?), q =
07 a(t) = 0. Then hu(p, Q) =pu— %(UQ - Tq2)7 hﬁ(t) = %q27

= —tr 1 tr
@t(p, q) = (p q q) , g}; = (p—trq)u—§u2, Ht = —1, Zt = (1) R Xt =1.



Operator K has a form:

Kv(t):r/ot(t—T)v(T)dT—r/l/tt—T ) drt.
0 0

The eigenfunctions of this operator have a form ¢t — ccos(mnt), c € R, n =
1,2,..., where the eigenfunction ccos(mnt) corresponds to the eigenvalue

— . Moreover, Q1 = ¥ if p > 0 and Q1 = S‘ﬂ if 1 < 0. The

determinant formula from Theorem 2 coincides with the Euler identity:

oo .
I1 (1 - ﬁ) = SH:/;T or its hyperbolic version. The trace formula gives
n=1

[e.e]

another famous Euler observation: ﬁ =5
n=1

Harmonic oscillator is a special case of a more general example where
the spectrum is still explicitly computed.

Example 3. M = U = R™, f.,(q) = Aq + u, {(qu) = %(\U\Q —
(q, Rq)), qo =0, u(t) = 0, where A is a m x m-matrix and R is a symmetric
m X m-matrix. Then hu(pa Q) = <p7 Ag + u> - %(’u‘Q - <Q7RQ>)7 hﬂ(t) =

(p, Aq) + 3(q, Raq),

- e—tA* . te(T—t)A*ReTAd
bip.a) = (7RG .

t
* * 1
g <€—tA p—/ ((T-A pp A dT,u> _ §|u’27
0

t TA TA
Hy = —1I, <f Re dT) . Xy =t

Then V = {v € L2([0,1;R?) : [ e"*Au(t) dt = 0},

1
< Kvlv >:/ g // e(TQ_t)A*Re(TQ_Tl)Av(Tl)dngTl,v(t)> dt.
0

<T1<T2<t
A vector function v(-) € V is an eigenfunction of the operator K with
an eigenvalue o € R if and only if

av(t) = / / DA R =AY () drodry + e ATe, £ e [0,1], (10)

0<71 <2<t

10



for some constant vector ¢ € R™. We denote: y(t) = fg =AYy (7) dr;
then we differentiate twice equation (10) and obtain that this equation is
equivalent to the boundary values problem y(0) = y(1) = 0 for the ordinary
differential equation

aj =a(A— A"y + (0A*A+ R)y.

From now on we assume that the matrix A is symmetric, A* = A; then
nonzero eigenvalues and corresponding eigenfunctions are nontrivial solution
of the boundary value problem:

j= (A + Ry, y(0) =y(1) =0.

We obtain that « is a nonzero eigenvalue of K if and only if there exists a

positive integer n such that —(7n)? is an eigenvalue of the matrix A2 + iR.

Moreover, the multiplicities of the eigenvalue a of K and of the eigenvalue
oo

—(mn)? of A% + LR are equal. In other words, det K = [ [I(1 — sp;)

n=1 ¢
where s,; are real roots (counted with their multiplicities) of the following
polynomial equation with unknown s:

det(s(A% + (7n)?I) — R) = 0.

Actually, all roots of this polynomial are real since A? + (7n)?I is a sign-
definite symmetric matrix. Let ¢(s) = det(s(A? + (7n)%I) — R), ¢(s) =
m ) 00

3 cnis’; then cpy = det(A? + (mn)2I) and ] JJ(1 — spi) = @ We
=1 n=1 i nm

1=
obtain that

m

[ = sn) = 1 det((A% + (7n)?I) — R) = det(I — R(A* + (mn)*1)™1).

C
i=1 nm

Hence det K = [ det(I — R(A% + (7n)2I)71).

n=1
Similarly, trK = — > tr(R(A% + (7n)21)71).

Now we have ton compute the right-hand sides of the identities of The-
orem 2. First of all, I'y = fol e 2tAdt. Then we consider Jacobi system
(9). We have T*M = R™ x R™ = {(p,q) : p,q € R™}; then Qipy = ¢
where t — (py, ¢¢) is the solution of the Jacobi system with the initial value
qo = 0. We set y(t) = e'4q, differentiate in virtue of the Jacobi system
and obtain the equation: jj = (4% — R)y. Moreover, ¢(0) = po. Hence

11



Q: = (R — A%)~1/25in((A% — R)Y/?t). This formula is valid also for a sign-
indefinite matrix R — A? if we properly interpret the square root or simply
make the computations in coordinates where the matrix A2 — R is diag-
onal. Finally, putting together all the formulas, we obtain the following
generalization of the Euler identities:

Proposition 2. Let A, R be symmetric matrices. Then:

o0 2 det (Sin VR — A2)
[T det (I — R(A? + (7n)*1) ") = 7
ket det (VR =47 [, et dt)

io: tr(R(A2 + (7rn)2I)71) =
=1

1
tr( /// e(2—=2)A p(T2—271) dngTldt(/ o 2tA dt)_l).
0

0<T <m2<t<1

The right-hand side of the determinant formula has an obvious meaning
also in the case of a degenerate R — A%2. If m =1, A=a, R = a® +b?, we

get:
lo—o[ 1 a? +v? _asinb
a2+ (mnm)2)  bsha’

n=1

an interpolation between the classical Euler identity and its hyperbolic ver-
sion. The trace identity is essentially simplified if the matrices R and A
commute. In the commutative case we obtain:

o0 B 1 B
nz_:ltr(R(A? + (mn)21)71) = St (R(ActhA —T)A7?).

4 Proof of Theorem 1

We start with some definitions and notations. A compact quadratic form b
on the Hilbert space V is a form defined by a compact symmetric operator
B, b(v) =< Bv|v >, v € V. The spectrum of b and its positive and negative
parts are, by the definition, those of B, i.e. Sp,(b) = Sp,(B). Recall that
the eigenvalues of B are just critical values of the restriction of b to the unit
sphere in V.

12



Let Vo C V be a Hilbert subspace, then the form b|y, is defined by the
composition of Bly, and the orthogonal projection of V on Vy. The rela-
tion between Sp(b) and Sp(b|y,) is ruled by the classical Rayleigh-Courant
minimax principle (see [4, 5]).

Assume that Sp, (b) is infinite; then a natural ordering f,, n € Z4, of
Sp () is defined in the same way as the natural ordering of Sp, (K) (see

(7))
Definition 3. We say that b has the spectrum of capacity ¢ > 0 with the
remainder of order v > 1 if Sp, (b) and Sp_(b) are both infinite and

Bu="+0Mn") as n— toc. (11)
n

We say that b has the spectrum of zero capacity with the remainder of order
v if either Sp(b) is finite or B, = O(n™") as n — +oo.

Let b; be a quadratic form on the Hilbert space V;, i = 1,2; then by @ by
is a quadratic form on Vi @& Va, Sp(b1 @ b2) = Sp(b1) U Sp(b2) and the
multiplicities of common eigenvalues are added.

Proposition 3. (i) If b has the spectrum of capacity ¢ > 0, then sb has the
spectrum of capacity ss with the remainder of the same order as b, for
any s € R.

(i) If b1, ba have the spectra of capacities <1, 5o with the remainders of equal
orders, then by @ by has the spectrum of capacity 1 + co and the re-
mainder of the same order as by, bs.

(iii) Let Vy be a Hilbert subspace of the Hilbert space V and dim(V/Vy) < co.
Assume that one of two forms b or bly, has the spectrum of capacity
¢ > 0 with a remainder of order v < 2. Then the second form has
the spectrum of the the same capacity ¢ with a remainder of the same
order v.

(iv) Let the forms b and b be defined on the same Hilbert space V, where b
has the spectrum of capacity ¢ and b has the spectrum of zero capacity,
both with the reminder term of order v. Then the form b+ b has the

- - - 241
spectrum of capacity s with the reminder term of order <77

Proof. Statement (i) is obvious. To prove (ii) we re-write asymptotic
relation (11) in a more convenient form. An equivalent relation for positive
n reads:

1
#{kEZ:O<B<n}:gn+O(n2_”), as n — oo
k
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and similarly for negative n. Statement (ii) follows immediately.
Statement (iii) follows from the Rayleigh—Courant minimax principle for

the eigenvalues and the relation: ‘5 - =

n n+j
fixed j.

To prove (iv) we use the Weyl inequality for the eigenvalues of the sum
of two forms. Weyl inequality is a straightforward corollary of the minimax
principle, it claims that the positive eigenvalue number i4j—1 in the natural
ordering of the sum of two forms does not exceed the sum of the eigenvalue
number ¢ of the first summand and the eigenvalue number j of the second
summand. Of course, we may equally works with naturally ordered negative
eigenvalues simply changing the signs of the forms.

In our case, to have both sides estimates we first present b+b as the sum
of b and b and then present b as the sum of b + b and —b. In the first case
we apply the Weyl inequality with i = n —[n?], j = [n?] for some ¢ € (0, 1),
and in the second case we take i = n, j = [n°]. The best result is obtained

for(S:l%H. O

We have to prove that the spectrum of operator K (see (6), (5)) has
capacity % fol (¢ dt with the remainder of order % First, we may identify

Ty with R™ and assume that Hy = —I. Indeed, if we trivialize the vector
bundle @*(T'U) over the segment [0, 1], then H; becomes a negative definite

= O(#) as |n| — oo for any

symmetric matrix. Then we substitute v by (—Ht)%v and Z; by Zt(—Ht)_%.
Let 0 =tg < t1 < --- < t; < t;31 = 1 be a subdivision of the segment
[0,1]. The subspace

tit1 !
{fveV: Xw(t)dt =0, i=0,1,....1} = PV, Vi € L*([0,1;R™)
ti i=0

has a finite codimension in V. The quadratic form

< Kolp >= /01 <JZtv(t),/0t Zov(r) dT> dt (12)

restricted to this subspace turns into the direct sum of the forms

tir1 t
< Kjv|v >= / <JZtv(t),/ Zrv(T) d7'> dt, v, €V, 1=0,1...1
ti t;

Indeed, the relations ftt;“ X(t)dt = 0 imply that

lit1 tjt1
/ JZy0(t) dt, / Zuolt)dt) =0,
t; tj

14



According to Proposition 3 it is sufficient to prove our theorem for the
operators K;, ¢ =0,1...,[. In particular, we may substitute the piecewise
analyticity assumption in the statement of the theorem by the analyticity
one.

Moreover, under the analyticity condition we may assume that

k

Z; 12, =P <Cj(zt) Cé(t)> ,

j=1

where 0 < 2k < m and (;(t) are not identical zero. Indeed, according to
the Rayleigh theorem (see [5]), there exists an analytically depending on ¢
orthonormal basis in which our anti-symmetric matrix takes a desired form.

The functions (j(t), j = 1,..., k, are analytic and may have only isolated
zeros. Hence we may take a finer subdivision of [0,1] in such a way that
¢j(t), s =1,...,k, do not change sign on the segments [¢;,t;+1]. Moreover,
a simple change of the basis of R™ if necessary allows us to assume that
Gi(t) > 0, t € [ti,tix1]. Actually, to simplify notations a little bit, we
may simply assume that (;(¢t) >0, 0 <t <1, j =1,...,k In this case

Gty = i G(0).

Let us study quadratic form (12) on the space {v € L?([0,1];R™) :
fol v(t) dt = 0}. Recall that we are allowed by Proposition 3 to work on any

subspace of L2([0,1]; R™) of a finite codimension. We set w(t) = fg v(T)dr;
a double integration by parts gives:

/01 <JZtv(t),/0t Zo(T) d7> dt = /01 (JZp(t), Zyw(t)) di+

/01<Jth(t),th(t)> dt+/(]1<Jth(t),/()

Moreover, we have:

/ {9200(0) Zo®)) de + / 1 <Jth(t), / Zw(r) dT> dt‘ < o)

for some constant c.
Let A, and \,,, n € Z\ {0}, be naturally ordered non zero eigenvalues
of the quadratic forms

t
Zrw(T) d7'> dt.

1 1
/ (JZyo(t), Zyw(t)) dt+c/ lw(t)|* dt
0 0
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and . .
/ (JZw(t), Zyw(t)) dt—c/ lw(t)|? dt
0 0

correspondently. The minimax principle for the eigenvalues implies that
Ay < ap < Ay, n€Z\{0}. Moreover, the form

/1 (TZeo(t), Zow(t)) dt + c/l (b2 dt
0 0

splits in the direct sum of the forms
1 1
/0 G0 Ty (1), wj (1)) dt = ¢ /0 oy (O2dt, j=1,....k  (13)

where v;(t) € R?, w;(t) = fg v;(t), wj(1) =0, J = (?7!) and we simply
ignore the identically vanishing part if 2k < m.

It remains to estimate the spectrum of the forms (13). To do that, we
study the spectrum of the forms

1 1
/ G (O)Tv (8),w; (1)) dt, / oy (1)) dt, (14)
0 0

and apply the statement (iv) of Proposition 3 to their linear combinations.

To simplify calculations, we identify R? with C as follows: (vjl-, 1)]2) = vjl —i—ivjz,

then J is the multiplication on the imaginary unit i. A complex-valued
function v;(-) is an eigenfunction with an eigenvalue A for the first of two
forms (14) if and only if it is a critical point of the functional

1
| (€@ 0.0,0) = My 0500 bt w0y (0) = (1) =0
The Euler—Lagrange equation for this functional reads:

We set x(t) = e3x Jo Gi() 9T, (t), plug-in this expression in the equation and
arrive to a standard Sturm-Liouville problem:

i+ <2<§\>2:c20, 2(0) = z(1) = 0.

16



We see that the spectrum is double (recall that x € C) and is symmetric
with respect to the origin. The asymptotics of the spectrum for the Sturm-—
Liouville problem is well-known (see [4]). We obtain:

I 1
)\n:m/o Cj(t)dt—i-O(nQ), n — Fo00.

In other words, this spectrum has capacity % fol ¢;(t) dt and the remainder
term of order 2. The Euler-Lagrange equation for the eigenfunctions problem

for the second of two forms (14) reads: A\w; + w; = 0, w;(0) = w;(1) = 0;
hence A\, = ﬁ = O(n—IQ) The spectrum of this form has zero capacity

with the remainder of order 2. O

5 Proof of Theorem 2

We again assume that H; = —I using the same preliminary change olf vari-
ables as in the proof of Theorem 1, if necessary: substitute v by (—H)2v and

Zy by Zy(—H )_% Moreover, we fix some coordinates in a neighborhood of
qo € M and use induced coordinates in 7" M so that T5 (7" M) is identified

with R? x R? = {(p, q) : p,q € R?}, where d = dim M, 7.(p,q) = g, and

o= (s() () - 3)

The map Z; : R™ — R? x R? has a form Z; : v — (Y;v, X;v), where
Y; and X; are d x m-matrices. Let s € C; we define Z; : C? x C? by the
formula Z7v = (sYv, Xyv). Now consider the complexified Jacobi equation:

0= ZZ*Jn, neClxC, (15),

where the transposition “*” corresponds to the complex inner product and

not to the Hermitian one! The matrix form of this equation is as follows:

p SY; * * —q
L] = sY,", X . 16
(5) = () ey (1) (16)
Proposition 4. Let ¢} : ClxC?— C?x (Cd, 0 <t <1 be the fundamental
matriz of the complexified Jacobi equation, 1. e.
d

Z®) = Z; 28], @ =1
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then s — ®7, s € C, is an entire matriz-valued function and
193] < cecl®
for some constant c

Proof. The Volterra series for our system has the form:

1 th—1

1
oo
<I’T=I+Z//--- / ZEZ3AT - Z5 28 * T dt, .. dty.
0 0 0

n=1

The n-th term of the series is a polynomial matrix of s whose norm is
bounded by (fol Z:Z3 ] dt)n for any s and n. The sum of the series
is an entire function by the Weierstrass theorem. Moreover, we obtain the
estimate: ||®f| < elo 12227114t 1yt it is worse than one we need.

To obtain a better estimate we make a change of variables in the matrix
form of the complexified Jacobi equation (see (16)). We set n® = (p, sq);
then n® = sZ;Z;Jn® and we obtain: [n®(1)] < elslfo 122214t 15 (0)| that
gives us the desired estimate of ||®f|| for s separated from zero. O

We define linear maps @7 : C" — C" by the formula: Qfp(0) = ¢(t),
o
q(0) = 0. Note that the matrix @7 is real if s € R; moreover, QHRd =
Q¢ (linear maps Q¢ were defined just before the statement of Theorem 2).
Proposition 4 implies that ||Q5]| < cecls!.

where ¢ ( ) is the solution of system (16) with the initial condition

Proposition 5. Let s € R\ {0}; the matriz Q3 is degenerate if and only if
—% € Sp(K); moreover, dimker Q5 equals the multiplicity of the eigenvalue

@ |

Proof. Let v € V; it is easy to see that
(JZZv(T), Z{v(t)) = s(JZyv(T), Zyo(t)) .

Hence

< (I + 5K)vlv >= /01<v(t),v(t)>dt—/01 <J/0t Z50(r) dr, qu(t)> dt.

We keep symbol V for the complexification of V, i.e. ¥V = C® V. A vector-
function v € V is an eigenvector of K with the eigenvalue —% if and only
if . .
/ <v(t) - Zf*J/ Zo(T) dT,w(t)> dt =0, Ywe, (17)
0 0
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where V = {w € Ly([0,1];CY) : fol Xpw(t)dt = 0}.

Equation fol Xyw(t) dt = 0 can be rewritten as follows: fol (Jv, Zyw(t)) dt =
0 for any v € ker 7. In other words, y+ = {t = Z;*Jv : v € kerm,}. Hence
relation (17) is equivalent to the existence of v € ker 7, such that

o(t) = Z5°T (/Ot Z3u(r) dr + u> .

Moreover, the vector v is unique for given vector-function v since the Volterra
equation v(t) = Z7*J f(f Z2v(T)dr has only zero solution. We set n(t) =
fg Z?v(T)dt 4+ v and obtain that a vector-function v satisfies relation (17)
if and only if

n=2;Z;"Jn, 0<t<1, n(0),n(1) € kerm,. (18)

It follows that dimker )7 is equal to the multiplicity of the eigenvalue
—% of the operator K plus the dimension of the space of constant solutions of
equation (18) that belong to ker m,. Let (v,0) € C? x C¢ be such a solution.
We plug-in it in (18) and get X X;v =0, Vt € [0,1]. Hence v = 0. O

Corollary 2. The equation det Q7 = 0, s € C, has only real roots.
Indeed, the operator K is symmetric and has only real eigenvalues. O

Proposition 6. Let sy € R\ {0} and det Q1° = 0. Then the multiplicity of
the root so of the equation det Q5 = 0 is equal to dimker Q7°.

Proof. We may assume that s € R and work in the real setting. We
denote by n*(t) = (p°(t), ¢°(t)), t € [0, 1], those solutions of the Hamiltonian
System

n® = s Zy Jn® (17)

that satisfy the initial condition ¢*(0) = 0; then ¢*(¢t) = sQ{p*(0) (c.f. proof
of Proposition 4).

Let A = {(»*(1),¢°(1)) : p*(0) € R%}; then A§ is a Lagrange subspace
of the symplectic space R? x R% endowed with the standard symplectic
structure ((p1,q1), (p2, ¢2)) = (p1,92) — (P2, q1)-

We take another Lagrange subspace A that is transversal to ker 7; and
A%. Then A = {(Aq,q) : ¢ € R} where A is a symmetric matrix. We make
a symplectic change of variables (p,q) — (p', ¢) by putting p’ = p — Aq. In
new variables, Aj is transversal to the “horizontal” subspace defined by the
equation p’ = 0 for all s close to sg. Hence

A5 ={(p,R(s)p) : ' € RY},
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where R(s) is a symmetric matrix. According to our construction, s@j is
the product of an analytic with respect to s nondegenerate matrix and R(s).
It follows that dimker R(s) = dimker @7 and the multiplicities of the root
sp of the equations det R(s) = 0 and det ] = 0 are equal. We denote this
multiplicity by u(so).

Standard perturbation theory for the eigenvalues of symmetric opera-
tors (see, for instance, [5]) implies that: (i) p(sp) > dimker R(sg); (ii) if
det %(so) # 0, then p(sp) = dimker R(sp).

Now we have to compute %. To do that, we re-write equation (17) in
coordinates (p',q). In new coordinates, this Hamiltonian equation has the
same structure as (17) with Z; = (Y;, X;) substituted by Z; = (Y;+AX;, Xy).
From now on, we’ll write p, Z; instead of p’, Z, and work directly with equa-
tion (17) in order to simplify notations. We have n°(1) = (p*(1), R(s)¢*(1));
the symmetricity of the matrix R(s) implies that

(.5 ) = (o, (F)r).

Proposition 6 is now reduced to the following lemma:

Lemma 1. If <J775(1), %(1)> =0, then n°(1) = 0.

Proof. We have: % = sZthJa—f + Z1Z} Jn®. Hence
9 /sy O\ v 7osipy O s « 7O
g (.50 0)) = s (322000, 500 Y (3070 221550
+(In*(t), Ze 2 In’) -

First two terms in the right hand side of the last identity cancel because
the matrix J is anti-symmetric and the matrix JZ;Z;J is symmetric. We
obtain:

9 s 8778 _ * 7,8 * 7,8
5 (0. 55 0)) = (230, 20507 0)
Moreover, <J775(0), %(O» = 0 since ¢°(0) = 0 for all s. We get:

(. 5wy = [ zemrora

If <J775(1),%(1)> = 0, then Z;Jn®*(t) = 0, ¥Vt € [0,1]. Equation (17)
now implies that 7°(t) = 0 and n*(t) = (p°*(0),0). We plug-in this equi-
librium in (17) and obtain: X;X;p*(0) =0, 0 < ¢ < 1. Hence I'1p*(0) =
fol X X/ dtp®(0) = 0. Recall that I'; is a nondegenerate matrix. O
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Proposition 4 implies that s — det @3, s € C, is an entire function
that satisfies the estimate det Q5 < ce®l for some constant c. It follows
from a classical Hadamard theorem (see [3]) that such a function has a
presentation det Q3 = ae®® [[,(1 — +), where s; are roots of the equation
det @7 = 0 counted according to multiplicity and a,b € C.

Propositions 5 and 6 now imply that

det Q5 = aeb® det(I + sK), seC. (18)
It remains to find a and b. We have: det Q) = a. Moreover,

dQ5

d S
ds det Q1[s=0 = tr (

| (@)™ )detQ?.

We differentiate identity (18) and obtain: tr ( - }8 N ) =b+trK.
Let I : L2([0,1;R™) — V be the orthogonal projection, then tr K =

tr (IIKTI) = tr (KTI), where Kuv(t) = —fo ZfJZv(T)dr. The subspace V
is the kernel of the operator A : v fo Xev( )dt, v € L2([0,1];R™). We
have: IT=1— A*(AA*)1A, TIv(t) = v(t) — X ‘1f01X o( )dT

The trace of a trace-class operator B of a form Bv fo T)dr

is computed according to the formula tr B = fo tr B(t, t) dt. ThlS presenta—
tion of the trace is valid in our situation as well. Moreover, tr (Z;JZ;) = 0;
we collect the terms and obtain the formula:

1 t
trK:/ /tr(ZfJZTle“l_lXt)drdt
0

1 t
= / / tr (X, Z; J Z, X T7Y) drdt
0 JO

as in the statement of Theorem 2 (recall that we are working in coordinated
where H, = —1I).
Now we compute @Y. For s = 0, system (18) is reduced to the system:
p=0, ¢=X;X;p. Hence Q} = fo X X;dt =
The last step is the calculation of fli} ’820. System (16) reads:
b= sV X/p—s"ViYq
g= X X/p—sXiY/q.
We have:

t t
_ / X, X" drpy+ O(s), p*(t) = s / Y, XE drpy + O(s2).
0 0
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Hence 1
(1) = / X XPp(t)® — sX,Yyq(t) dt =
0

1 t
Tipo+ s / / X X7 Y, XF — XY X, X drdipy + O(s2).
0 Jo

Moreover, X;X;Y X' — X, Y7 X, XX = X ZyJZ. X7  We see that

tr (%‘SZOFfl) = tr K. Hence b = 0. U

Remark 5. We used only the first derivative of )7 at s = 0 in the
proof of Theorem 2 but system (16) allows us to find explicit integral ex-
pressions for all higher derivatives and thus to obtain integral expressions
for all elementary symmetric functions of the eigenvalues of the operator K.

References

[1] A. Agrachev, Yu. Sachkov, Control Theory from the geometric viewpoint.
Springer Verlag, 2004, 426 p.

[2] S. Bolotin, D. Treschev, Hill’s formula. Russian Math. Surveys, 2010,
v. 65, 191-257

[3] J. Conway, Functions on one complex variable, I. Springer Verlag, 1995,
317 p.

[4] R. Courant, D. Hilbert, Methods of mathematical physics, 1. Intersience
Pub., 1953, 576 p.

[5] T. Kato, Perturbation theory for linear operators. Springer Verlag, 1980,
643 p.

22



