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The paper discusses various approaches to modelling complicated objects. As shown The 

geo-simulation approach is considered to be the most useful for modelling natural ob-

jects with spatial properties. The geo-simulation model of the dynamics of these fields 

is proposed on the basis of experimentally determined statistical properties of the ther-

mokarst lake fields. An analysis of experimental data on the statistical properties of the 

fields of thermokarst lakes in the area of permafrost in Western Siberia was carried out 

using remote sensing for measurement of lake areas. The relationship between climatic 

changes and geo-cryological parameters was studied and a multiple regression equation 

to take account of temperature and precipitation changes in the model was determined. 

A geo-simulation software package was developed. This makes it possible to model the 

dynamics of the thermokarst lake fields, taking into account identified thermokarst and 

climate changes. The validity of the model and its accuracy in use were tested by compar-

ing model results with experimental remote data. The results can be used for prediction 

of the thermokarst change dynamics in permafrost.

Keywords: geo-simulation modelling, climate changes, geo-simulation software, ther-

mokarst lakes, permafrost

Introduction
The intensification of geo-cryological processes in the permafrost caused by climate 

change, accompanied by intensified impact on infrastructure and other buildings in Arc-
tic regions, will increase geo-ecological risks and result in significant economic damage. 
Remedial measures require making valid predictions concerning changes in the state of 
the permafrost, taking into account global warming. The forecasting of changes in the 
permafrost caused by climate change is an extremely important problem. There is a need 
for techniques and tools of mathematical modelling which use experimental data con-
cerning changes in the permafrost. Since it is hard to reach the West Siberian wetland, 
collecting data is impossible without the use of remote sensing.

Thermokarst lakes, which can be decoded easily in satellite images, are the most suit-
able indicators of geo-cryogenic surface changes in northern permafrost landscapes. Sets 
of lakes of different sizes characterise these landscapes.  Thermokarst lake fields display 
noticeable changes in both space and time. Their boundaries’ shape and water surface 
areas change, new lakes emerge, some lakes disappear, turning into khasyreis (hollows 
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of drained lakes). It is necessary to determine statistical regularities of spatio-temporal 
changeability of these fields’ properties, using the analysis of experimental data obtained 
by remote sensing, to develop techniques and tools for modelling thermokarst lake field 
dynamics. 

Thermokarst processes can be modelled mathematically with analytical models 
based on theory. Matt has shown [1] that such models are efficient for studying 
processes in a single thermokarst lake, but unsuitable for modelling spatio-temporal 
changes of thermokarst lake fields. The methods of mathematical morphology devel-
oped by Victorov [2, 3]are of great importance here as they are designed to use analytical 
models for territory dynamics modelling. These methods enable long-term dynamics 
of the state of a territory to be predicted; but they are not designed for the study of the 
spatio-temporal changeability of fields of thermokarst lakes. At present, no models are 
available for studying the spatial-temporal changes of random thermokarst lake fields.  

There is a need for a new approach to modelling the dynamics of thermokarst lakes’ 
fields. This approach based on geo-simulation methodology was proposed in our previous 
work [4]. Methodological issues were not discussed in that work, nor in works of other 
authors.  The aim of this paper is to present the methodological issues in a geo-simulation 
approach to modelling natural objects with spatial properties and its application via a 
mathematical model of the dynamics of thermokarst lakes’ field.

1. Geo-simulation approach to modelling complex objects with spatial properties

1.1. Mathematical models and modelling 

Complexity and specific features of natural objects make experimental analysis of 
such objects extremely costly in time and money. As a result, researchers of complex 
natural systems face a lack of experimental data. This problem could be solved by using 
theoretical information from previous research. Propositions of such kind required de-
velopment of a new approach to natural system research, on the basis that a model should 
be regarded not only as a means for information storage about an object under but also 
as an instrument for research development and forecast. Thus, mathematical modelling 
becomes an independent research concept. According to Trusov [5], modelling is defined 
as a process of model construction and use. 

A model of natural systems cannot be developed using only theoretical research; the 
whole range of information about a researched object should be used. Thus, to design a 
proper model a combination of theoretical and experimental methods and data should be 
applied.  Computer experimental work, based on models of researched objects and using 
computer generated means, takes place in this framework.

There are two main types of computer-based experiments: computational and simu-
lation ones. Both types apply mathematical models as “substitutes” for a real research 
object. But, there are differences also. A mathematical model used in a computational ex-
periment is realized in equations (differential, algebraic, etc.) which are impossible to be 
solved in analytical form (formula enclosing parameter dependency). Besides, numerical 
methods and effective computational algorithms are to be used. In contrast, simulation 
experiments, not based on general research object theory, describe behaviour of a real 
object, using empirical data, and are realized in a set of algorithms, reflecting changes 
defined by some scenarios in conditions of a modelled object [6, 7].  Simulation experi-
ments result not in numerical solutions of some equations of a model, but in implementa-
tion of computer generated processes imitating the behaviour of a real natural object. The 
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accuracy of the task completed, generated by mathematical modelling, depends on the 
degree of coincidence between the model and a real object. Thus, development of valid 
models for real objects is an urgent problem. 

There is no single definition of a model. The most common definitions are presented 
below. According to Trusov [5], a model is a substitute object (analogous to the real one) 
which substitutes for a real object in the course of the research, preserving its typical fea-
tures critical for the research. This condition allows a researcher to study original proper-
ties under question. According to Schrader [8], a mathematical model is a set of some 
elements in relations determined by this set. Peschel defines a model is defined as a 
structure to store knowledge about an object [9]. According to Fleishman et al [10], 
a mathematical model of a complex object is a sign system, the properties of which 
are in such proximity relation to properties of a studied object, that computer ex-
periments can obtain all the necessary information about the object’s behaviour and 
properties in set conditions. 

We shall now consider basic approaches to complex system model construction 
and summarise model classification on the principle of application of a priori infor-
mation about an object and a researcher’s involvement in the construction process. 
An approach may be either inductive or deductive. An inductive approach uses em-
pirical information as a source for a priori knowledge about an object. A deduc-
tive approach uses theoretical knowledge for the same purpose. Depending on the 
knowledge chosen as a basis for model construction, conventional types of models 
may be either empirical (inductive) or analytical (deductive).

Complex natural object research tasks have shown that neither empirical nor 
theoretical knowledge alone is sufficient for model construction. Thus, a new in-
ductive-deductive model construction approach has been formulated. This urges a 
model researcher to use both empirical and theoretical knowledge about an object’s 
properties and its behaviour.

Since presentation formats of empirical and theoretical knowledge are substan-
tially different, the main difficulty in model construction is to create a structure 
which can organize object property information extraction procedures from empiri-
cal data and theoretically determined patterns in the most efficient way. Thus, it is 
necessary when designing such models to focus on special strategies and procedures, 
capable of applying an increase in information (empirical and theoretical) in the 
model. As such, the task is rather informational than mathematical. Accordingly, 
this task requires application of computer science methods and means as well as 
information technology. The importance of computer use is higher in the process of 
model construction in comparison with its use in model application.

Today, semi-empirical models, based on inductive and deductive ones, are becom-
ing widely used, replacing conventional types of models (analytical and empirical) ap-
plying conventional inductive and deductive approaches to model constructing. Simu-
lation models are typical semi-empirical models used to record numerical information 
about a modelled object. A detailed account of these model types now follows.

1.2. Basic types of mathematical models

Analytical models use theoretical knowledge as an information source about an 
object. When constructing these, the modeller selects what he considers to be the 
most substantial phenomena and objects, their elements and relations.  This makes 
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such analytical models, due to their extreme simplicity, applicable only for “rough” 
explanation and qualitative description of studied phenomena or an object.

The researcher’s role in such modelling process is central.  Analytical models can 
be implemented without computer technology, but in case of high model equation 
complexity, when obtaining of dependencies explicitly is problematic, model ap-
plication results can be obtained with the help of a computational experiment. Such 
results have a limited character due to a simplified object model description and, as 
a rule, they are not efficient enough for the tasks of numerical prediction of complex 
object properties.

Empirical models commonly implement an inductive approach, usually being 
empiric-statistical models. These are based on statistical information about a mod-
elled object. They also depend on the application of well-developed methods of 
mathematical statistics (regression and correlation analyses, statistical distribution 
law hypothesis check, etc.)  These methods are not designed to reveal cause-effect 
relations but can be used to identify factors of interrelation presence between in-
dexes of studied object conditions and hypothesis check concerning these relations.

Simulation models are mathematical. They are constructed in a condition of in-
sufficient object description. They are thus different from any conventional models 
of mathematical modelling. The ability to construct simulation models without suf-
ficient information about an object makes simulation modelling more true to life. 
One may expect substantial expansion of this type’s application in research of com-
plex natural objects.

A simulation model is a mathematical model [6] representing the process of a mod-
elled object functioning within time by imitating basic phenomena and processes, and pre-
serving their logical structure and time sequences, which allows using initial data about ob-
ject state at  snapshots  to estimate features of a real object. Object behaviour is presented in 
a model as a set of algorithms which actualize conditions emerging in a real object state and 
changing in accordance with defined scenarios. Prediction of object properties and object 
behaviour forecast within simulation modelling ideology is performed by means of simula-
tion experiment with a model. Such experiment allows the researcher to “replay” various 
situations changing according to some set scenarios in a real object state. The “scenarios” 
of simulation experiment are defined as either formalized or non-formalized descriptions 
of experiment objectives and procedures. 

1.3. Geo-simulation modelling and geo-simulation models

Simulation modelling is one of the most important mathematical modelling types. 
According to Moiseev and Svirezhev [11], simulation modelling is a research method 
which can build an approximate model of a studied object; the simulation model de-
scribes a real object with accuracy sufficient for current research. Kosolapova and Kovrov 
[12], and Low and Kelton [13] claim that simulation modelling is used to construct mod-
els in cases where, firstly, there is no analytical solution or this solution is very complex 
and requires huge computer capacity and, secondly, the amount of experimental data 
about a modelled object is insufficient for statistical method. In such a case a mathemati-
cal model is developed in simulation modelling.

Russian scientists, Berlyant et al [14], have made a major contribution to meth-
odology development of spatial objects modelling.  They have named this type math-
ematico-cartographical modelling. Tikunov [15] presents methodological issues of 
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using this type of model for modelling spatial natural objects.  Kuzmichenok [16],  
Kovalev [17], Serdutskaya and Yatsishin [18], Kulik and Yurofeev [19], and Timonin 
[20], have all studied  spatio-distributed objects using methods of mathematico-carto-
graphical modelling. 

A group of authors have introduced the special terms for modelling spatial objects. 
Lawson and Denison [21], Wang [22], Poh-Chin et al [23], Zhao and Murayama [24] 
have introduced spatial modelling. 

Royle and Dorazio [25], Lawson [26], and Sang and Gelfand [27] introduced hier-
archical.

Polishchuk and Tokareva [28], Zhao and Murayama [24], and Polishchuk, Yu. M. 
and Polishchuk, V. Yu. [29] have introduced geo-simulation modelling.

All the above types of modelling aim to study spatial objects using spatial data, analy-
sis of which is based on spatial analysis methods implemented with the help of modern 
geo-information systems (GIS-analysis). In our opinion, the most suitable general term 
for the mentioned types of modelling (mathematico-cartographical, spatial, hierarchical, 
geo-information, geo-simulation) is the term ‘geo-simulation modelling’ which is de-
fined as a model creation and model application for objects with spatial structure. Prob-
lems of creating a geo-simulation model of thermokarst lake fields will be considered 
further.

2. Creation of geo-simulation model of thermokarst lake fields

2.1. Experimental basis for geo-simulation modelling of spatial structure of thermo-
karst lakes’ fields

Creation of a geo-simulation model of thermokarst lakes’ fields requires knowledge 
of the basic properties of these fields, which can be obtained experimentally. Because of 
the inaccessibility of the northern territories of Siberia, thermokarst experimental studies 
were carried out by remote sensing. For remote study twenty-nine test sites (TS) were 
chosen in different zones of the West-Siberian permafrost (sporadic, discontinuous and 
continuous). Remote study of the shape of thermokarst lakes’ boundaries was carried 
out via satellite images in our research [30]. Research conducted in test sites in sporadic, 
discontinuous and continuous permafrost showed that the error in estimating lakes’ areas 
while replacing their real lakes boundaries by a circle is comparatively small (about 5%). 
It may serve as a reason to choose a circle as a model for a lake in geo-simulation model-
ling thermokarst lake fields. In addition, the formation of geo-simulation model of ther-
mokarst lakes’ fields in the form of a population of random circles requires experimental 
knowledge about the distribution of coordinates of lakes centres and the distribution of 
lakes sizes (areas).

To state the regularities for distribution of random coordinates of lakes, satellite 
images were used. Analysis of histograms of distribution of latitude and longitude val-
ues of location of lakes’ centres given in Polishchuk, Yu. and Polishchuk, V., 2011 [30] 
showed  that experimental regularities of distribution of coordinates of lakes’ centres 
correspond to the law of uniform density according to criterion χ² with a probability of 
95% [31, 32]. 

Histograms of distribution of lakes’ number in accordance with their areas were built 
for all the test sites, located in different permafrost zones. For example, Fig. 1 represented 
the histograms for three test sites located in different permafrost zones. Here K

i
 – the 

relative number of lakes in each i-th interval of histogram, s – lake’s area.
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a			           b			                c
Fig. 1. Histograms of distribution of lakes in accordance with their areas: а – sporadic permafrost; b – 
discontinuous permafrost; c – continuous permafrost

Comparison of the diagrams shows that they have, in general, an exponential char-
acter by means of the experimental law of distribution, which makes it possible (for ther-
mokarst lake fields to be modelled easily. We may choose a one-parameter exponential 
law to describe thermokarst lakes’ distribution in accordance with areas in the following 
form:

y = λ ·e–λs    (1)

where λ – a parameter of distribution law.
The value of parameter λ can be determined with the help of experimental data. Ac-

cording to Wentzel [31], mathematical expectation of random quantity following the dis-
tribution law is determined in the form:

M(s) =     .
1
λ

Using as the estimate of mathematical expectation M(s) the value of average lake area 
estimated in accordance with experimental data in the following form:
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we will find that parameter λ can be determined with the help of experimental data 
according to the formula:

λ = 1/S     (2)

Testing correspondence of exponential law of lake area distribution given by Eq. (1) 
to experimental histograms shows that in all researched test sites this law corresponds to 
experimental data in accordance with criterion χ² with average probability 90%. Conse-
quently, the stated law of lake distribution in form Eq. (1) according to areas does not 
contradict the experimental data. The analysis of the experimental distribution of lakes 
according to their areas shows that λ in all test sites in a continuous permafrost varies in 
the range of 0.037–0.071, and in a discontinuous permafrost – in the range of 0.034 – 
0.086 with average values 0.054 and 0.060 respectively.

From the point of view of modelling thermokarst lakes, it is interesting to investigate 
the statistical relationship between changes in thermokarst lakes’ areas and coordinates 

Y.M. Polishchuk, V.Y. Polishchuk



59

of their centres. Table 1 contains correlation matrices determining the degree of statisti-
cal relationship between changes in geographical coordinates of the lakes and their areas. 
Here we use the following agreed notations:

s – lakes’ area;
x – geographical longitude;
y – geographical latitude.

Table 1. Correlation matrices of interconnection of changes in thermokarst lakes’ areas (s) and centres’ 
coordinates (x,y) in different permafrost zones

Discontinuous                                          Continuous

random
 quantity

s x y
random
 quantity

s x y

s 1 –0,06 –0,09 xxxxxxx s 1 –0,04 –0,03

x –0,06 1 –0,06 x –0,04 1 –0,08

y –0,09 –0,06 1 y –0,03 –0,08 1

Correlation analysis conducted for all test sites showed that the correlation coeffi-
cients between latitude and longitude do not exceed 0.1

These values display nearly absent correlated relationship between changing coor-
dinates, which results in the conclusion about statistical independence of longitude and 
latitude changes. Correlation factors between values of areas and coordinates are within 
the interval –0.09 and +0.04, which also gives grounds for a conclusion about the sta-
tistical independence of changes in lakes’ areas and their centres’ location coordinates 
in different permafrost zones. Consequently, an important feature of thermokarst lakes’ 
fields is statistical independence of changes in random quantities of centre coordinates 
and lakes’ areas.

Accordingly, the following fundamental principles determining substantial properties 
of a model of spatial-temporal structure of thermokarst lakes’ field can be formulated: 

Lake coastline shapes can be represented by a circle equation with centres’ coordi-
nates x

i
, y

i
 and area S

i
 (i – lake serial number).

Spatial changes in the position of centres of circles and their areas are statistically 
independent.

Random distribution of circle centres’ coordinates x
i
, y

i
 (i =,1n)  is governed by a 

uniform law.
Random distribution of number of circles over their areas conforms to the exponen-

tial law of distribution as in (1) with λ as a parameter.
Time changes in statistical properties of population of random circles and their de-

pendence on climatic changes are determined by dependency of parameter λ on time and 
climatic characteristics in the following equation: 

λ = f  (T, P, t)       (3)

where T – temperature, P – level of precipitation  and t – time.

2.2. Geometric interpretation of model of spatial structure of thermokarst lake fields

A model of a thermokarst lake field is a population of random circles (Fig. 2), whose 
statistical characteristics correspond to the above principles (1–5). Figure 2 presents 
a geometrical interpretation of the model of thermokarst lake fields. Using number 
triple (x, y, s), representing the value of the centre of the circle coordinates and value 
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of its area, coordinates of the points determining borders of each circle are calculated 
as follows:

x
k
 = R* cosγ + x, (4) 

y
k
 = R* sinγ + y, (5) 

where x and y – coordinates of the centre of the circle;
x

k  
and y

k 
– coordinates of k – th point on the circle;

γ – value of axial angle x and radius, directed from the centre of the circle into k –th 
point on the circle

R – radius of the circle, computed using the following  formula  πsR = ; 
where S – random value, distributed by exponential law and determining the area of 

the circle.

Fig. 2 Geometrical representation of thermokarst lake field model fragment as a population of random 
circles.

Consequently, major elements in the model description are characteristics of lake 
shapes, parameters of their random location on surface and random distribution of lakes 
over their size (areas). Analysis of experimental data on number change of thermokarst 
lakes, presented in the previous section, shows that the relative number of re-emerged 
lakes does not exceed 9% for the last three decades on the test site, and a relative number 
of disappeared lakes over the same period is a per cent share. Therefore, lake appearance 
and disappearance processes are not reflected in the developed geo-simulation model of 
thermokarst lakes.

2.3. Study of interrelation of climate and geo-cryological changes in permafrost  
and its accounting in the model

To consider climate change influence on properties of thermokarst lake fields, it is 
necessary to use geo-simulation modelling for the study of correlation of climatic and 
thermokast changes in the West Siberian permafrost zone. This requires the simultane-
ous analysis of data on area dynamics of thermokast lakes and time sequences of climatic 
indices provided by meteorological stations located on the geo-cryological changes test 
sites. Accordingly, location overlap (or at least close location) of test sites and meteoro-
logical stations is necessary.

The analysis of test sites and meteorological stations locations on the territory un-
der study shows that, as a rule, they do not match.  Meteorological stations are usually 
based on river and sea coasts or in an inhabited locality on hard-to-reach territories of 
the permafrost zone and thus are distant from test sites. Such location divergence of 
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test sites and meteorological stations can cause considerable inaccuracy in the results 
of analysis of correlation of climatic and geo-cryological changes on the tested terri-
tory. Therefore, to analyse correlation of area change of thermokarst lakes and climatic 
indices (average annual temperature and precipitation level) an alternative approach 
was taken to obtain data on air temperature and precipitation. The approach is based 
on re-analysis of meteorological data which makes it possible to estimate the value of 
climatic indices in test sites.

Re-analysis (repeated meteorological analysis) [33] is a method to obtain me-
teorological information in set points of the tested territory. Re-analysis is based on 
“acquisition” of historical observational data from the net of meteorological sta-
tions, covering a continuous period and using a unified scheme of consistent data 
“acquisition” over the whole period of analysis. The main advantage of such meteo-
rological data is uniform cover of the territory. Various systems [34, 35] of re-anal-
ysis are available. In the present work Reanalysis ECMWF ERA-40, Reanalysis EC-
MWF ERA-INTERIM and APHRODITE JMA systems were used to define climatic  
characteristics. 

A brief description of re-analysis of data use procedure in the present research now 
follows. Average monthly values of air temperature and annual precipitation in test sites 
from 1970 until 2010 were obtained with the help of re-analysis. As such data are repre-
sented in a set of graphic files in the well-known  *.png format, a template map locating 
test sites was developed to extract information necessary for climatic study. The template 
map was overlaid on the map of temperature and level of precipitation fields, obtained by 
re-analysis, and with the help of graphic editor MSPaint the template map was overlaid 
on the map of temperature and level of precipitation fields, obtained by re-analysis, a new 
image representing an overlap of test site location maps and temperature (or precipitation 
level) field was produced.

Such integrated maps helped to determine average monthly values of air temperatures 
and annual precipitation in the centre of each test site. The next stage was to calculate 
average value of air temperature for each test site monthly and annually. As a result, tables 
of time series of annual average value of air temperature and annual precipitation for each 
test site were obtained. 

As shown in the previous section, features of thermokarst lake fields change under 
the conditions of contemporary climate warming. The most sensitive indicator of ther-
mokarst processes influenced by temperature rise is thermokarst lakes’ area, which is il-
lustrated with the results of remote study in West Siberia [36, 37].  Bryksina et al [38] 
and Polishchuk et al [29] analyse the interconnection between thermokarst and climate 
change. This section will describe the results of analysis of interconnection between geo-
cryological changes in thermokarst lake fields and climate features (air temperature and 
precipitation level) in the permafrost of West Siberia.

One can see the results of comparing time series of average lake area and average an-
nual temperature in 29 test sites. According to the results of measuring lake areas with the 
help of satellite images, average lake areas were determined in each test site. The analysis 
of time series of total areas of thermokarst lakes made it possible to indicate trends in 
changing average area of the lakes. For example, in Fig. 3 there is a diagram of time de-
pendence of average area of thermokarst lakes in ТS – 13, displaying on average decrease 
in time in average lake area with coefficient of a linear trend α = – 0,11ha/year. A straight 
line in Fig. 3 presents the trend line.
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Fig. 3. Changes in the average area of thermokarst lakes in time

To study the interrelation between the changes of thermokarst lake areas and changes 
of air temperature and precipitation level we shall compare coefficients of a linear trend 
of time changes of average values of the lakes’ areas and climate characteristics. It is the 
analysis of the data obtained for developing a model of thermokarst lake fields suitable 
for prediction that is of most interest. It is necessary to study temperature dependence of 
parameter λ, which determines the kind of law for thermokarst lakes’ distribution in ac-
cordance with their areas, discussed in section 2.1. The data exist only for the years when 
cloudless images were taken, which made it possible to calculate the value of parameter λ.

The diagrams illustrating dependence of the value of parameter λ on average annual air 
temperature and precipitation level, presented in Fig. 4, show the dependence of parameter 
λ on climate indicators under study.

a 						      b

Fig. 4. Dependence of the values of parameter λ
 
on annual rainfall and average annual air temperature 

Figure 5 shows the time dependence of parameter λ. The equation of linear approxi-
mation of time dependence of λ shows the presence of dependence of parameter λ on 
time. This conclusion is important because taking into account time dependence of this 
parameter in modelling will allow the prediction of spatio-temporal  changes in thermo-
karst lake fields under the conditions of climate change. 

Previously the equation of dependence of parameter λ on time and climate features 
was introduced in implicit form (3). To develop a model of actual thermokarst lake dy-
namics it is necessary to define this dependence in explicit form. This was the reason for 
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doing multidimensional regression analysis [32] of time series of the values of parameter  
λ and climate features in the West Siberian territory under study represented in Figs. 4 
and 5.

Fig. 5. Average value of parameter λ depending on time

The results of multidimensional regression analysis of the data on parameter λ and 
climate features can be presented as an equation of multiple regression in the form:

λ = c0 + c1
* x1 + c2

 * x2  + c3
 * x3,   (6)

where x1 – average annual air temperature, x2 – precipitation level, x3 – time, ci – co-
efficients of regression equation, i = 0,… ,3.

In the result of the regression analysis of time series of the values of parameter λ and 
climate features, the following values of regression equation coefficients were obtained (6):

c0  
= –0,585 ha-1; c1 = 0,00062 ha-1/ºС; c2 = 0,000014 ha-1/mm; c3 = 0,00032 ha-1/year.

The stated regression dependence of parameter λ on time and climate changes is a 
basis for developing algorithms for modelling random thermokarst lake fields, discussed 
in the next section. 

3. Geo-simulation modelling spatio-temporal structure of thermokarst lake fields 
3.1. Algorithm for spatio-temporal modelling thermokarst lake fields
In a general case, mutual density of probabilities of random coordinates of centres 

and areas of circles imitating lakes in a mathematical model of random thermokarst lake 
fields can be presented in the form:

f (x, y, s)    (7)

where x and y – coordinates of circle centre in a model;
s – area of a circle imitating a lake.
Consequently, the totality of circles in the model of lake fields will be presented as a 

totality of groups of three random values (x, y, s). To develop an algorithm for modelling 
thermokarst lake fields, it is necessary to take into consideration statistical connections 
between changes in lakes’ coordinates and their areas. The analysis of correlation matrix 
done in subsection 1.3 showed that random spatial changes in areas and coordinates of 
lake centres, in the same way as coordinates of lake centres between each other, are sta-
tistically independent. This is the reason why, when modelling thermokarst lake fields, 
mutual density of probabilities (7) can be presented in the form:
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f (x, y, s) = f (x) · f (y) · f (s)      (8)

where f(õ) and f(y) – densities of the probability of even distribution; f(s) and value of 
model parameter λ are determined by (1) and (2) respectively.

Further to equation (7), the random-number sequence determining characteristics 
of location of circles’ centres (x and y) is generated using the antenna of pseudo-random 
numbers distributed in accordance with the law of even distribution. And to form circles 
of random size whose areas are distributed according to the law conforming to equation 
(1) it is necessary to generate random-number sequences distributed in accordance with 
the demonstrative law conforming to equation [39]:

s
i
 = – –  hzj,

1
y     (9)

where Z
j
 – numbers with even distribution in the interval (0,1), j = 1,..., m.

Consequently, together with using software generators for even distribution of pseu-
do-random numbers, the software realization of an imitation model of thermokarst lake 
fields includes creating a generator for pseudo-random number sequences, distributed in 
accordance with the demonstrative law. Then algorithms for modelling spatio-temporal  
structure of random thermokarst lake fields are considered.

We should consider a geo-simulation model of spatial structure of a thermokarst lake 
field MП (t) that is a totality of circles and reflects the state of a thermokarst lake field at 
the moment of time t, whose geometrical representation is shown in Fig. 2. To model 
the dynamics of thermokarst lake fields, we should consider a general model of spatio-
temporal  structure of a thermokarst lake field in the form:

MПВ = {M
ПВ

 (t
1
),...,MП(t

j
),..., MП (t

n
)}, · j = 1,...,n        (10)

which is a totality (time sequence) of geo-simulation models of a thermokarst lake 
field MП (t

j
), j = 1,...,n, where each model relates to a particular moment of time.

Figure 6 gives a visual presentation of the general model for spatio-temporal structure 
of thermokarst lake fields in the form of geo-information system (GIS) layers that relate 
to given time moments t1,t2,..., tn ϵ (t1,tn) · ϵ

Fig. 6. Visual presentation of a general model of dynamics of thermokarst lake fields. Legend: t
i
 – time 

(year), i = 
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When modelling spatio-temporal  structure of thermokarst lake fields it is important 
to take into consideration both time dependence and climate features (temperature, 
precipitation level). Accordingly, the dependence of parameter λ on time and climate 
features is determined by the equation of multiple regression in the form (6). This is the 
reason why equation (6) was used to develop an algorithm for numerical modelling dy-
namics of thermokarst lake fields.

The developed algorithm for modelling dynamics of thermokarst lake fields can be 
presented as follows:

the year of modelling is specified t
j
, j = 1,...,m;

the areas (S
МА

) of the model area (MA) under study are specified;
lake density (d

МА
) in МA is specified;

the number of circles within МA is determined in accordance with formula: 

N
МА

 = S
МА

 x d
МА

;

the centre of МA location in the map is specified;
parameter λ is determined in accordance with formula (6) for given values of tem-

perature and time (year of modelling);
pseudo-random number is generated, distributed in accordance with uniform law;
using the number obtained at the previous step, a pseudo-random number is calcu-

lated according to formula (9) to characterize the value of circle area;
two pseudo-random numbers are generated, distributed in accordance with uniform 

law, determining the coordinates for circle centre location on the screen;
using the values of a number triple (x, y, s) obtained at previous steps 8 and 9, in ac-

cordance with equations (4) and (5) a circle is formed on the screen;
If the number of circles obtained is less than N

МА
, determined at step 4, the algorithm 

repeats beginning with step 7, otherwise it is completed.
The given algorithm allows formation of a model of spatial structure for a given time 

moment MП (t
j
), where j = 1,...,m. To make a general model of dynamics of a thermokarst 

lake field by means of forming a time sequence of models MП (t
j
) for a given set of mo-

ments t
j
 (i = 1,…,m) the algorithm repeats for the number of times (m) needed.

Polishchuk (2013) presents a structural scheme of the developed software package for 
geo-simulation modelling thermokarst lake fields [40]; and the same paper discusses the 
software realization of the algorithm for geo-simulation modelling. Figure 7 presents an 
example of modelling thermokarst lakes’ field. 

Fig. 7. Example of modelling 
thermokarst lakes’ fields 
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The software package for geo-simulation modelling thermokarst lake fields is regis-
tered by Russian Federal Intellectual Property Service [41].

3.2. Studying model validity and modelling accuracy 

The research is based on carrying out computer-based experiments. Model validity 
was studied by comparing average lake areas according to experimental and modelling 
data. Two data arrays containing 29 values corresponding to the number of TS were com-
pared. The first data array contains values of thermokarst lake areas for each ТS, averaged 
for the period under study, determined in accordance with satellite images. The second 
one – averaged for the period under study – contains values of model lake areas calcu-
lated with the help of the developed model. The second data array, in accordance with 
empirical data averaged for the period under study, contains average values of lake areas 
with the values of parameter λ being determined, as they were used in modelling. 

Comparison of two selected arrays was done in accordance with the Student test. The 
formula used in calculation [42] to compare two small samples i.e. samples less than is:

with the number of degrees of freedom k = 2*(n–1),
where tβ – value of Student’s test, used to determine confidence probability of groups’ 

difference;
x

i
 and y

i
 –average values of lake areas in i-th ТS, averaged for the period under study, 

according to experimental and modelling data respectively for i-th ТS; 
and  – arithmetic means for average values of  lake areas according to experimen-

tal and modelling data, averaged for the period under study ; 
n – size of experimental and modelling data samples.
During the research it was stated that with number of degrees of freedom k = 56 value 

of Student’s test tβ = 0,62. According to Polishchuk [40], if tβ = 0,62 < tβ_tab = 2,003 with  
k = 56, then for confidence probability 95 % we can reach a conclusion about the reli-
ability of the similarity of samples.

Consequently, the developed model can be regarded as appropriate to the experimen-
tal data.

Accuracy of modelling dynamics of thermokarst lake fields was studied in the form 
of computer experiment on the model. Values of parameter λ in this case are calculated 
according to the multiple regression formula (6) using the data about average annual tem-
perature and precipitation level determined for each ТS by re-analysis. Then a model 
field is formed in accordance with the algorithm described above. The formed model 
thermokarst lake field is displayed on-screen (Fig. 7), then the array of values of modelled 
lake areas is saved as a file for analysis.  

As mentioned above, calculated values of λ were used to generate model lake fields 
used to determine average values of model lake areas. Figure 8 shows the graph of 
time dependence of model area values with a solid line.  A dashed line shows time 
dependence of average experimental values of lake areas. Vertical dashed sections in-
dicate intervals between maximal and minimal values of experimental average values 
of lake areas. Figure 8 shows that the graph for average values of model areas in gen-
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eral keeps within the intervals, which may serve to indicate the reliability of modelling  
results.

Fig. 8. Time dependences of average values of experimental and modelled average values of lakes’ areas 

To estimate the accuracy of modelling average thermokarst lake areas in the perma-
frost we shall determine root-mean-square deviation with Wentzel’s formula [31]:
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where x
i
 and y

i 
– average values for experimental and modelled lake areas respectively;

n – number of values, i = 1n.
Estimation showed that the error of determination of average values of lakes’ areas on 

base of modelling with use of experimental data is 17 %. This may well be regarded as a 
suitable result of modelling thermokarst lake fields for predicting thermokarst lake fields’ 
dynamics. 
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