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Abstract

In four dimensions, general relativity is the only viable theory of gravity sat-
isfying the requirements of diffeoinvariance and strong equivalence principle.
Despite this aesthetic appeal, there are theoretical and experimental reasons
to extend gravity beyond GR. The most promising tests and bounds are ex-
pected to come from strong gravity observations. The past few years have
seen the rise of gravitational wave astronomy, which has paved the way for
strong gravity observations. Future GW observations from the mergers of
compact objects will be able to constrain much better possible deviations
from GR. Therefore, an extensive study of compact objects in modified the-
ories of gravitation goes in parallel with these experimental efforts.

In this PhD Thesis we concentrate on black holes. Black holes act as
testbeds for modifications of gravity in several ways. While in GR they are
extremely simple objects, in modified theories their properties can be more
complex, and in particular they can have hair. The presence of hair changes
the geometry felt by test fields and it modifies the generation of GW signals.
Moreover, black holes are the systems in which the presence of singularities
is predicted by classical gravity with the highest level of confidence: this is
not only true in GR, but also in most of the modified gravity theories formu-
lated in classical terms as effective field theories. Singularities are regarded
as classical artifacts to be cured by quantum gravity effects. Therefore, con-
sidering mechanisms of singularity resolutions is a theoretical arena to study
the form of these effects.

The Thesis presents theoretical contributions to all these aspects of black
hole physics. The work is organized following three main topics: black holes
with universal horizons, hairy black holes in Einstein-Maxwell-dilaton theory
and regular black holes. These models originate from various motivations:
black holes with universal horizons are found in modified gravity theories
which break local Lorentz symmetry; Einstein-Maxwell-dilaton black holes
originate in string theory and in lower dimensional compactifications, but
they also serve as proxies for black holes in theories propagating additional
degrees of freedom; regular black holes are motivated by the efforts to un-
derstand how quantum gravity solves the classical singularities.

In each of the above cases, we present results which appear to be rele-
vant for the follow up research in their respective fields. We also emphasize
that, besides the contextual significance of our results, we also developed
thechniques for addressing the respective problems, which can be useful well
beyond the specific cases considered in this Thesis.
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Basic Conventions

In this Thesis we adapt all our conventions to the “mostly plus” metric sig-
nature (−+ ++). Moreover, unless otherwise specified, we work in units of
c = G = ~ = 1. Spacetime indices are labeled by lowercase latin letters
a, b, c etc. The complete symmetrization and antisymmetrization of a rank-2
tensor tab are defined as

t(ab) =
tab + tba

2
and t[ab] =

tab − tba
2
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1
Preface

In four dimensions, general relativity (GR) is the only viable theory of gravity
satisfying the requirements of diffeoinvariance and strong equivalence princi-
ple [1]. Despite this aesthetic appeal, there are theoretical and experimental
reasons to extend gravity beyond GR. On the theoretical side, GR faces two
main problems: (i) it generically predicts the occurrence of singularities, both
in cosmology and in black holes [2, 3, 4]; (ii) when quantized with standard
metods, it is not renormalizable [5]. On the experimental side, the discovery
of the dark sectors of the Universe makes clear that GR plus ordinary mat-
ter, the latter described by the standard model of particle physics, cannot be
the end of fundamental physics. Merging this wealth of evidence all together
seems to clearly point towards the need for new physics in both the ultravi-
olet (UV) and the infrared (IR). UV and IR extensions are not necessarily
independent: one can devise mechanisms through which UV modifications
percolate in the IR, where they are described by an effective field theory. For
example, kronometric theory can be viewed as an effective IR description of
Hořava gravity [6]; similarly, Einstein–dilaton–Gauss-Bonnet theory can be
derived from an IR compactification of some string theory models [7].

“New physics” does not necessarily mean to modify the laws of gravity,
in the form that they assume in GR. It can also mean the introduction of
new fields interacting weakly enough with the ordinary matter and which are
felt mainly through gravity: indeed this is the most common strategy when
dealing with the dark matter problem. Therefore it is natural to ask how well
and in which regimes GR is tested, to see whether and where there is still
room for modifications. The most stringent tests up to date are the post–
Newtonian constraints from Solar System and binary pulsars observations.
However these tests are restricted to intermediate curvature scales [8]. While
at the cosmological scales, i.e. at weak curvatures, we have already seen that
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one faces the dark matter and dark energy problems, much less is known at
strong curvatures.

The past few years have seen the rise of gravitational wave (GW) as-
tronomy [9, 10, 11, 12, 13, 14], which has paved the way for strong-gravity
observations. Indeed, GW detectors receive waves emitted from the inspiral
and merger of binary compact objects, such as black holes and neutron stars,
the systems in which gravity manifests itself in its most extreme configura-
tions. If gravity is modified, we expect to see corresponding corrections in
the GW waveforms, the most notable of which involve [15]: a change in the
energy balance of the system; a dephasing of the GWs; a fine splitting of
the oscillation frequency of black holes and neutron stars; a deviation of the
propagation speed of GWs from the speed of light. The event GW170817
and its associated electromagnetic counterpart GRB170817A have confirmed
that GWs propagate at the speed of light on cosmological scales [14, 16] (at
least at the very low energies characterizing the observed GW), thus already
ruling out a wide range of modified theories [17, 18, 19]. Future GW obser-
vations will be able to constrain much better other possible deviations from
GR, both in the inspiral-merger and in the post-merger regions of the wave-
form [20, 21]. Therefore, an extensive study of compact objects in modified
theories of gravitation goes in parallel with these experimental efforts.

In this PhD Thesis we concentrate on black holes. Black holes act as
testbeds for modifications of gravity in several ways. While in GR they are
extremely simple objects, in modified theories their properties can be more
complex, and in particular they can have hair. The presence of hair changes
the geometry felt by test fields and it modifies the generation of GW signals,
thus leading to the possibility of performing a “black hole spectroscopy” to
detect deviations from standard GR.

Moreover, black holes are the systems in which the presence of singu-
larities is predicted by classical gravity with the highest level of confidence:
this is not only true in GR, but also in most of the modified gravity theo-
ries formulated in classical terms as effective field theories. Singularities are
regarded as classical artifacts to be cured by quantum gravity effects. There-
fore, considering mechanisms of singularity resolutions is a theoretical arena
to study the form of these effects.

The Thesis presents theoretical contributions to all these aspects of black
hole physics. The work is organized following three main topics:

• We present an original method to derive a Smarr formula for black
holes in general diffeoinvariant gravity theories. The method is applied
to black holes in Lovelock theory and Lorentz-violating gravity theory.
In the latter case, we also explore the formulation of mechanical and
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theormodynamical laws for Lorentz-violating black holes. These studies
will be the subject of Chapter 3;

• We study black holes in Einstein-Maxwell-dilaton theory, which, be-
sides being motivated by string theory and by compactifications of
higher dimensional theories, it also constitutes a proxy for theories
in which scalar, vector and tensor degrees of freedom can propagate all
together. Black holes in this theory are electrically charged and have
scalar hair. We derive a formula for the scalar monopole charge and
we investigate the spectrum of the quasinormal modes of oscillations.
Both these studies are in connection with GW observations: while the
scalar monopole influences the generation of the signal in the inspiral
phase, the quasinormal modes characterize it in the ringdown phase.
This material is presented in Chapter 4.

• In Chapter 5 we study a special class of black hole metrics, so called
nonsingular or regular black holes. While not being explicit solutions of
specific gravity theories, they are artificial modifications of the ususal
black hole solutions, in which the singularity is smoothened and gives
rise to an effective nonsingular classical spacetime. Therefore they are
proposed as models of unknown quantum effects. We will study the
consistency of this proposal under Hawking evaporation. We find that
the presence of a mass inflation instability can make nonsingular models
severely inconsistent, due to the fact that the Hawking evaporation time
is infinite.

Before presenting our original material, in Chapter 2 we give a review of
classical black holes both in GR and in modified theories. Finally, Chapter
6 contains concluding remarks and an overview of future research prospects.
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2
Black holes in general relativity and beyond

In GR, black holes (BHs) are extremely simple objects, actually the simplest
objects one can think of. This comes thanks to a remarkable series of results,
collectively known under the name of “no-hair theorem” [22]. The no-hair
theorem states that the most general isolated, stationary, asymptotically flat
BH solution of Einstein–Maxwell theory is represented by the Kerr–Newman
family. Kerr–Newman BHs are uniquely characterized by three conserved
charges, namely the mass, the spin and the electric charge, while all the
other multipole moments vanish identically. Moreover, astrophysical BHs are
reasonably expected to have a negligible charge-to-mass ratio [23, 24], so the
relevant solutions actually simplifies to Kerr BHs. The no-hair theorem has
led to the “Kerr-hypothesis”, that the endpoint of any gravitational collapse
will be a Kerr BH.

What is the status of these arguments in modified gravity? The no-hair
theorem has been extended to several modifications of GR: the most notable
extension is to scalar-tensor theories of the Bergmann–Wagoner type; Horn-
deski theories with a shift symmetric scalar field are also known to satisfy
the theorem, but so far only for static and slowly rotating BHs; the Kerr
metric is also a solution of vacuum f(R) theories, although not necessarily
the only one. On the other hand, however, BHs do deviate from the Kerr
solution in Lorentz-violating gravity, in massive gravity, in Einstein–dilaton–
Gauss-Bonnet theory and in dilaton–Chern–Simons theory, just to mention
several examples. Therefore, there exist classes of modified gravity theories
that predict the appearence of hairy BHs. It must be stressed that such hair
do not correspond necessarily to new conserved charges. One can also have
nontrivial configuriations of the fields, in which the multipole moments are
expressed as functions of the mass and the spin; in this case, we talk about
“secondary hair”. For a comprehensive overview of hairless and hairy BHs in
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modified gravity see [25, 26, 27, 28, 29].
Black hole hair emerge not only in modified gravity, but also in the phe-

nomenology of some proposed extensions of the standard model of particle
physics. One relevant example is the phenomenon of superradiant instabil-
ity: massive ultralight bosons can accrete quasi-stable clouds around spin-
ning BHs via superradiance, later decaying emitting GWs at characteristic
frequencies [30, 31]. Alternatively, one can think to exotic forms of mat-
ter emerging as low energy descriptions of more fundamental physics: this
is the case with Einstein–Maxwell–dilaton theory, in which a scalar field is
dilatonically coupled to a Maxwell field [32, 33].

Even in theories where the stationary BH solutions are the same as in
GR, the dynamics far from equilibrium will be sensitive to deviations from
GR. For example, they would have an impact on the GW waveforms, both
at the level of emission and propagation mechanisms [20, 21].

From all these considerations, it is clear that that BHs constitute impor-
tant testbeds for modified gravity theories. This Chapter wants to offer an
introduction to BHs, both in GR and in modified gravity theories. This is
of course not an exhaustive review of the subject, but we choose to focus
on those aspects which are more preparatory to the original contributions
presented in the following Chapters.

The Chapter is organized as follows. Sec.2.1 introduces the main proper-
ties of the Kerr-Newman spacetime. Sec.2.2 reviews the laws of BH mechan-
ics and thermodynamics in GR, and comments on their status in modified
theories. Sec.2.3 describes the basic principles of BH perturbation theory,
illustrates the main properties of the quasinormal modes of oscillations of
BHs and explains how they can be used for theory testing. Finally, Sec.2.4
offers an overview of several modified gravity theories, along with their BH
solutions.

2.1 The Kerr-Newman solution

In four spacetime dimensions, the Kerr-Newman (KN) spacetime is the only
stationary asymptotically flat BH solution of Einstein-Maxwell theory

SEM =

∫
d4

√−g
16π

[
R− FabF ab

]
(2.1)
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where Fab = ∂aAb − ∂bAa is the Maxwell strenght of the electromagnetic
vector potential Aa. The KN solution is given by the line element [34, 35]

ds2 = −
(

∆− a2 sin2 θ

Σ

)
dt2 − 2a

(
r2 + a2 −∆

Σ

)
sin2 θdtdϕ

+

[
(r2 + a2)2 −∆a2 sin2 θ

Σ

]
sin2 θdϕ2 +

Σ

∆
dr2 + Σdθ2 (2.2)

and by the vector potential

Aadx
a =

Qr

Σ

(
dt− a sin2 θdψ

)
, (2.3)

where

Σ = r2 + a2 cos2 θ , (2.4a)
∆ = r2 + a2 +Q2 − 2Mr . (2.4b)

The solution describes an object with mass M , angular momentum J = aM
and electric charge Q. These three parameters specify the solution com-
pletely. When M 6= 0, the spacetime possess a true singularity at Σ = 0. If
a2 +Q2 > M2 the solution does not have any horizon and the singularity is
naked. Therefore we assume a2 +Q2 ≤M2, for which the solution describes
a spinning BH with outer and and inner horizons of radius R±, given by

∆|R± = 0 =⇒ R± = M ±
√
M2 − a2 −Q2 . (2.5)

If a2 +Q2 = M2 the inner and outer horizons coincide and the BH is said to
be extremal. The outer event horizon is foliated by two-surfaces of spherical
topology, with area

AH = 4π
(
R2

+ + a2
)
. (2.6)

The spacetime (2.2)–(2.3) is stationary and axysimmetric, with ta =
(∂/∂t)a being the Killing vector field associated to time translations and
ψa = (∂/∂ϕ)a the one corresponding to rotations about the rotational axis
(θ = 0, π). The event horizon is a null Killing hypersurface, generated by the
Killing field

χa = ta + ΩHψ
a (2.7)

where ΩH is the angular velocity of the event horizon

ΩH ≡ −
gtϕ
gϕϕ

∣∣∣∣
R+,θ=π/2

=
a

a2 +R2
+

. (2.8)
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When a 6= 0, the Killing field ta is timelike at spatial infinity but spacelike
at the event horizon, the transition occurring at

gtt|R̃± = 0 =⇒ R̃± = M ±
√
M2 − a2 cos2 θ −Q2 . (2.9)

Notice that R̃− ≤ R− ≤ R+ ≤ R̃+, with the first and last inequalities being
saturated at the poles θ = 0, π.

The portion of spacetime bounded by R̃+ and R+ is the so called ergore-
gion. In the ergoregion, while still being outside the BH, modes with negative
Killing energy can be produced: this is at the core of the Penrose process and
of its wave analog, superradiance [34, 36]. It can be shown that the process
also extracts angular momentum, until the initial spinning BH has reduced
to a static one. Interestingly, one can define an irreducible mass Mirr, as
the fraction of the initial BH mass that cannot be extracted via the Penrose
process. It turns out that Mirr =

√
AH/16π [37, 34]. This observation will

play a role when discussing the laws of BH mechanics in Sec.2.2.
The causal structure of the KN BH is elucidated by its maximally ex-

tended conformal Penrose diagram [35, 3]. The diagram presents a different
global structure, depending on whether one considers static (a = 0) and/or
electrically neutral (Q = 0) BHs, and whether one considers nonextremal
or extremal configurations. We concentrate on the domain of outer commu-
nication (see e.g. [3] for a complete description of the Penrose diagram for
each of the mentioned cases). In the nonextremal case, the diagram has the
general structure sketched in Fig.2.1.

Region I is the BH exterior: it is bounded at asymptotic infinity by past
and future null infinity, I − and I −, past and future timelike infinity, i+
and i−, and spacelike infinity i0. Light cones propagate as straight lines at
90 degrees. Any causal curve originating from a point in region II cannot
reach the future infinities I + and i+: therefore II is a black hole region and
H+ is the future event horizon. Viceversa, any causal curve originating in
region III either reaches the future infinities or falls in the black hole region:
therefore III is a white hole region and H− is the past event horizon. In
the nonextremal configuration, the past and future event horizons intersect
at the special surface B, called the bifurcation surface: B has the notable
property that the Killing field χa generating the horizon vanishes there. If
the BH is extremal, a topology change occurs [38] and the bifurcation surface
B is replaced by a special point at infinity [3].

An important property of the event horizon is that the surface gravity κ,
defined by [34]

χa∇aχ
b
∣∣
H+

= κχb (2.10)
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I

II

III

B

i+

i−

i0

H
+ I +

I −H −

Figure 2.1: The outer domain of communication of a black hole in GR (Re-
gion I). Region II and Region III are, respectively, the black hole ad the white
hole regions. If the black hole is not extremal, B is the bifurcation surface,
otherwise it is a special point at infinity.

is constant on it. For the Kerr-Newmann black hole

κ =

√
M2 −Q2 − a2

R2
+ + a2

. (2.11)

The surface gravity of a stationary BH measures the inaffinity of the Killing
field χa at the event horizon; it is also quantifies of how much a congruence
of light rays lingering H+ peels off [39]. Notice that, in the extremal limit,
κ = 0.

As we shall see, κ plays a key role in the interpretation of the so called
first law of black hole mechanics. The first law is a variational
identity relating linear changes of the mass, electric charge and angular mo-
mentum to the area growth of the event horizon [40]. It can be easily obtained
by varying AH linearly with respect to M , a and Q and using J = Ma, the
result being

δM =
κ

8π
δAH + ΩHδJ + VEδQ (2.12)

where VE is the electric potential at the event horizon

VE = χaAa|R+
=

QR+

R2
+ + a2

. (2.13)

The first law can be intepreted mathematically, as relating two stationary
KN solutions with infinitesimally different global charges, or physically, as
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governing the new equilibrium state of the BH after swallowing an infinites-
imal amount of matter [41]. The physical process interpretation is the most
enlightening: not only it shows that BHs are evolving objects, but it also
hints that their evolution obeys simple mechanical laws. In the next section
we will see that this is indeed the case and the dynamics of BHs can be
codified in the so called four laws of black hole mechanics.

2.2 The laws of black hole mechanics and ther-
modynamics

2.2.1 Black hole mechanics in GR

Many properties of the KN BH can be derived without resorting to the
explicit form of the solution. Most notably, one can prove that the mechanics
obeys four laws, strongly resembling the ones of thermodynamics [42].

The fact that the event horizon of an asymptotically flat, stationary BH
must be a Killing hypersuface was proved, with two different sets of assump-
tions, by Hawking [3] and Carter [43]. Hawking’s proof makes use of the
Einstein equations and assumes that matter satisfies the dominant energy
condition1. Under these hypotheses, the spacetime is shown to be necessar-
ily static or stationary-axisymmetric. Moreover there must exist a particular
linear combination χa = ta + ΩHψ

a of the stationarity Killing field ta and
the axisymmetry Killing field ψa which is null on the horizon. Therefore the
horizon is a null Killing hypersurface. Carter reaches analogous conclusions,
but without using the Einstein equations nor any energy condition. Instead,
he assumes that the spacetime is static or stationary-axisymmetric with a
t− ψ reflection symmetry; the last requirement means that the t− ψ plane
is orthogonal to a family of two dimensional surfaces. Carter’s proof makes
much stronger assumptions on the spacetime symmetries, yet it is remarkable
that the result does not depend on specific equations of motion.

In both Hawking’s and Carter’s sets of assumptions, one can also prove
that the surface gravity of the Killing horizon is constant [34, 43, 44]. The
constancy of the surface gravity is known as the zeroth law of black
hole mechanics. There is a connection between the zeroth law and the
existence of a bifurcation surface. Racz and Wald [45, 44] showed that, if the
surface gravity is constant and nonvanishing, the spacetime can be globally

1The dominant energy condition states that, for any timelike future-directed vector
field ξa, the −T ab ξb must be a future directed timelike or null vector, where Tab is the
matter stress energy tensor [34].
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extended to one in which the horizon is part of a bifurcate Killing horizon;
viceversa, it is easy to prove that the surface gravity of a bifurcate Killing
horizon is constant. Taken together, these findings support the expectation
that the event horizon is either a bifurcate Killing horizon with constant
nonvanishing surface gravity or an extremal Killing horizon with vanishing
surface gravity. To our knowledge, the only counterexamples so far are BH
solutions in Lorentz-violating gravity theories. These BHs require a separate
treatment and we postpone their discussion to Sec.2.4.

The modern derivation of the first law of black hole mechanics
is due to Iyer and Wald [46, 47] and, remarkably, it extends well beyond
GR. They showed that, in any diffeoinvariant gravity theory, a bifurcate
Killing horizon obeys a variational law, which is a generalization of the first
law (2.12). The generalized first law connects the variations of the mass,
angular momentum and other conserved charges to the variation of a specific
functional at the horizon, so called Wald’s entropy. In the GR limit Wald’s
entropy reduces to the area of the event horizon, in agreement with (2.12).
We shall review Wald’s derivation of the first law in Sec.2.2.2.

Hawking proved that, if the cosmic censorship conjecture2 holds and mat-
ter satisfies the null energy condition3 at the event horizon, the area of the
latter is never decreasing [3, 34]. This is the famous Area Theorem, also
known as the second law of black hole mechanics. The Area Theo-
rem makes explicit use of the Einstein equations and, in general, it does not
extend to modified theories [48]. This theorem led Bekenstein [49] to conjec-
ture that the area of a BH in GR has the physical meaning of an entropy. If
a BH does not have an entropy, Bekenstein reasoned, then it would be pos-
sible to decrease the ordinary entropy of the outside Universe by carefully
dropping entropic matter past the event horizon. This awful violation of the
second law of thermodynamics could be avoided if the lack of matter entropy
was compensated by a corresponding increase of the BH entropy. Now, the
monotonic increase of the area is reminiscent of the monotonic increase of
the entropy in ordinary thermodynamics. Moreover, for an isolated BH, an
increase in the area corresponds to an increase in the irreducible mass, i.e.
the amount of energy that cannot be converted into work from outside; this
is reminiscent of the fact that an increase in entropy corresponds to a degra-
dation of energy into heat. Therefore Bekenstein argued that the area of the

2The Cosmic Censorship Conjecture, originally due to Penrose, speculates that the
collapse of any “reasonable” form of matter cannot produce a naked singularity and all the
singularities are protected by an event horizon. See [34] for a discussion and for possible
mathematical formulations.

3The null energy condition states that Tabξaξb ≥ 0 for every future directed null vector
ξa, where Tab is the matter stress energy tensor.
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event horizon can represent the BH entropy and that the Area Theorem is
the BH analogue of the second law of thermodynamics.

This temptative analogy between BH mechanics and thermodynamics is
further supported by the formal resemblance between the first law (2.12) and
the first law of ordinary thermodynamics, δE = TδS−PδV , which expresses
the conservation of energy. The mass M obviously corresponds to the total
energy E, AH is proportional to the entropy S, while ΩHδJ + VEδQ is a
work term analogous to −PδV . The analogy fails only in that, classically,
κ does not correspond to any temperature T ; even more dramatically, the
temperature outside a stationary black hole is classically expected to be
absolute zero. This issue was later fixed by Hawking, who showed that,
taking quantum mechanics into account, the surface gravity κ actually has
the meaning of a physical temperature. We shall review these developments,
along with their implications, in the Sec.2.2.3.

We close this discussion with a last, but more debated, analogy between
BH mechanics and thermodynamics. The third law of ordinary thermody-
namics, in its strong formulation, states that the entropy of a system at zero
absolute temperature tends to a universal constant, which can be put to zero
without loss of generality. In another formulation (weak formulation) it states
the the absolute temperature of a system cannot be reduced to zero within
a finite number of operation on its thermodynamical parameters. Guided by
the surface gravity/temperature analogy, the zero temperature state corre-
sponds to an extremal BH configuration (κ = 0), and one is thus tempted to
formulate a third law of black hole mechanics [42]. Israel [50] proved
a weak version of the third law: extremal BHs are unattainable in a finite
advanced time, if the matter stress energy tensor is bounded and respects
the weak energy condition4 in the neighborhood of the event horizon. This
conclusion is reinforced by explicit calculations [51, 52]. Apparently, BHs
cannot obey the strong version of the third law, because the area (2.6) (and
thus the Bekenstein entropy) of an extremal is not a universal constant at ex-
tremality, but it depends on the parameters of the solution. However, it has
been argued that extremal BHs should not be conceived as continuous limits
of nonextremal ones. For example, as we saw above, there is an irreducible
topological difference between the two configurations. Therefore, making a
conceptual distinction between a black hole tending to extremality and an
exactly extremal one, it might be possible to formulate a strong version of
the third law in terms of the last notion. For a discussion along this line see
[53].

4The weak energy condition states that Tabξaξb ≥ 0 for every future directed timelike
vector ξa, where Tab is the matter stress energy tensor.
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2.2.2 Wald’s derivation of the first law

In this subsection we review the derivation of the first law by Iyer and Wald
[46, 47]. They consider a bifurcate Killing horizon, which serve as an inner
boundary H+ of a globally hyperbolic, asymptotically flat portion of the
spacetime. From the standard arguments recalled above in Sec.2.2, H+ has
a constant surface gravity κ. The goal is to show that, in generic D > 2
spacetime dimensions, any gravitational theory specified by a diffeoinvariant
action admits a first law of the form

δE =
κ

2π
δS + ΩHδJ (2.14)

where ΩH and J are the angular velocity and momentum of H+ respectively,
S is a functional locally constructed out of the dynamical fields at H+ and
E is a generalized notion of energy (which includes also contributions from
long-range dynamical fields, such as gauge fields).

It proves more fitting to work in the language of differential forms. Let
then L be the Lagrangian D-form, L = L ε, where ε is the spacetime volume
D-form

ε =
εa1...aD
D!

dxa1 ∧ · · · ∧ dxaD (2.15)

and εao...aD−1
is the totally antysimmetric densitized Levi-Civita symbol with

ε0...D−1 =
√−g .

The Lagrangian is a local functional of the dynamical fields collectively de-
noted as φα, where α is a collective index for the fields degrees of freedom
(the fields φα include also the metric tensor gab). Under a first order variation
δφα, L transforms as

δL = Eαδφα + dΘ(φ, δφ) . (2.16)

The (D− 1)-form Θ(φ, δφ), the “symplectic potential”, is locally constructed
out of φα and δφα, and it is linear in δφα (but see [47] for discussions about
possible ambiguities in the definition). From (2.16) we read the EOM Eα=̂0
∀α.5

Since the theory is diffeoinvariant, under a diffeomorphism £ξφ
α along

an arbitrary fixed vector field ξa the Langrangian transforms as

£ξL = d (iξL) = Eα£ξφ
α + dΘ(φ,£ξφ)=̂dΘ(φ,£ξφ) . (2.17)

5Hereafter, when we find it useful, we use the hatted symbol =̂ to mean identites
holding on-shell, i.e. when the equations of motion are statisfied.
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In the first step we used Cartan’s formula £ξ = iξd + diξ, where iξ denote
the inner product with ξ, and the fact that L is a form of maximum degree
D (which implies dL = 0). From (2.17) we see that the (D − 1)-form

J[ξ] = Θ(φ,£ξφ)− iξL (2.18)

is closed on-shell. J[ξ] is the Noether current associated with the invariance
of the action under diffeomorphisms along ξ. Following [54], one can argue
that J[ξ] is also exact, J[ξ] = dQ[ξ], where the Noether charge (D − 2)-form
Q[ξ] will be crucial in the following. Varying (2.18) w.r.t. δφα and using
(2.16) we obtain

δdQ[ξ]− d[iξΘ(φ,£ξφ)]=̂ω(φ, δφ,£ξφ) (2.19)

where ω(φ, δφ,£ξφ) = δΘ(φ,£ξφ) − £ξΘ(φ, δφ) is the symplectic current
[55]. Integrating the symplectic current over a Cauchy surface Σ we obtain
the symplectic form

Ω(φ, δφ,£ξφ) =

∫
Σ

ω(φ, δφ,£ξφ) . (2.20)

By definition, Hamilton’s equations of motion for the dynamics generated by
the vector field ξa are

δH[ξ] = Ω(φ, δφ,£ξφ) . (2.21)
Now, we assume that δφα solves the linearized EOM; then we can write
δdQ[ξ] = dδQ[ξ] and thus

δH[ξ] =

∫
∂Σ

[δQ[ξ]− iξΘ(φ, δφ)] . (2.22)

The Hamiltonian H[ξ] is well defined if there exists a form B(φ) such that
iξΘ(φ, δφ) ≡ δ [iξB(φ)], so that

H[ξ] =

∫
∂Σ

[Q[ξ]− iξB] . (2.23)

In an asymptotically flat spacetime, it is natural to identify the canonical
energy E as the Hamiltonian associated with time translations at infinity

E =

∫
S∞

[Q[ξ]− itB] (2.24)

where ta is the Killing field relative to time translations and the integration
is over a two-sphere S∞ at asymptotic spatial infinity. Similarly, the canon-
ical angular momentum J is identified as the Hamiltonian associated with
rotations (notice a conventional minus sign in the definition)

J = −
∫
S∞

Q[ψ] (2.25)
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where ψa is the rotational Killing field and the second therm in the integrand
of (2.23) does not contribute because ψa is tangent to the integration surface6.

At this point we can make contact with BH mechanics by recalling that,
for a stationary BH, ta and ψa are global Killing vectors and that χa =
ta + ΩHψ

a is null at the horizon H+. If we assume that all the fields respect
the same symmetries of the metric, i.e. £tφ

α=̂£ψφ
α=̂0, then from (2.22)

δH[χ] vanishes identically. Therefore, integrating (2.22) over a Cauchy sur-
face extending from the bifurcation surface B to spatial infinity, we obtain

δE − ΩHδJ =

∫
B

[δQ[χ]− iχΘ(φ, δφ)] =

∫
B
δQ[χ] (2.26)

where in the second step we used χa|B = 0. It can be shown [47] that the
RHS of (2.26) is equal to κδSW/2π, where

SW = −2π

∫
B
Eabcd
R n̂abn̂cd ε̄ , (2.27)

n̂ab is the binormal to B, ε̄ is the surface element of Σ and Eabcd
R = δL/δRabcd

is the functional derivative of L w.r.t. Rabcd. Moreover SW also coincides
with

SW =
2π

κ

∫
B
Q[χ] . (2.28)

We refer to [46, 47] for the technical details. Finally, putting all the pieces
togheter, we obtain

δE =
κ

2π
δSW + ΩHδJ . (2.29)

Some remarks are in order. First, formula (2.27) is obtained under the as-
sumption that all the fields are regular at the bifurcation surface: this allows
to drop many contributions using χa|B = 0. However, when gauge fields are
considered, one might be forced to single out a specific gauge choice in order
to satisfy this condition. Second, the first law (2.29) is more general than
(2.12) in that it applies also to nonstationary perturbations.

The quantity (2.27) is the so called Wald entropy: it is locally con-
structed out of the fields and their variations at B and reduces to AH/4

6We are assuming that there is only one asymptotic rotational symmetry. However,
when D > 4, a stationary spacetime admits several rotational symmetries in orthogonal
directions, with associated Killing fields ψaµ. The additional index µ labels the different
rotational directions of symmetry. Correspondingly, there will be several angular momenta
Jµ = −

∫
∞Q[ψµ]. Therefore, for genericD > 4, the Killing field generating the horizon will

be χa = ta+ ΩµHψ
a
µ, with ΩµH the angular velocity of the horizon in the µ direction. In the

main text, for simplicity, we take µ = 1, the generalization to µ > 1 being straightforward.
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for the Einstein-Hilbert Lagrangian L = R/16π. Indeed

SGR = −1

8

∫
B

δR

δRabcd

n̂abn̂cdε̄ = −1

8

∫
B
n̂abn̂abε̄ =

AH
4

(2.30)

where in the last step we used n̂abn̂ab = −2.

Example: first law for a Kerr-Newman black hole

In the remaining of this section, we rederive the first law (2.12) for a KN BH
using Wald’s method. The Lagrangian 4-form is

L =
1

16π

(
R− F abFab

)
ε =

1

16π
(Rε− F ∧ ?F ) (2.31)

where A = Aadx
a and F = dA = Fabdx

a∧dxb/2. The generic linear variation
of L is

δL =
1

16π

[
Eabδgab + EaδAa

]
+ dΘ . (2.32)

Here the EOM forms are

16πEab = Rab − 2F c
a Fcb −

1

2
Lgab , (2.33a)

4πEa = ∇bF
ab , (2.33b)

while the symplectic potential Θ spits into a GR part and an electromagnetic
part, Θ = ΘGR + ΘEM , with7

ΘGR =
1

16π

(
gbc∇aδgbc −∇bδg

ab
)
εa , (2.34a)

ΘEM = − 1

4π
F abδAb εa = − 1

4π
δA ∧ ?F . (2.34b)

Using (2.18),(2.33) and (2.34) we obtain Q[ξ] = QGR[ξ] + QEM [ξ], with

QGR[ξ] = − 1

16π
∇aξbεab , (2.35a)

QEM [ξ] = − 1

8π
(ξcAc)F

abεab = − 1

4π
(iξA) ? F . (2.35b)

Correspondingly, the expression for δE splits into δE = δEGR + δEEM , with

δEGR = − 1

16π

∫
S∞

[
δ
(
∇atb

)
+
(
gcd∇aδgcd −∇cδg

ac
)
tb
]
n̂abε̄ , (2.36a)

δEEM = − 1

4π

∫
S∞

[(itA) δ (?F )− δA ∧ it (?F )] . (2.36b)

7We use the notation εa =
[
εab1...bD−1

dxb1 ∧ · · · ∧ dxbD−1
]
/(D − 1)!, εab =[

εabc1...bD−2
dxc1 ∧ · · · ∧ dxcD−2

]
/(D − 2)! and so on.
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In order to proceed, we must recall some generic properties of the Maxwell
field at the event horizon H+. We parallel the arguments of [43, 56, 57].
Assume that, in the background solution, the vector potential Aa respects
the same symmetries of the underlying metric, £tAa=̂£ψAa=̂0. Since the
generator χa = ta + ΩHψ

a is expansionless, shearless and twistless, the Ray-
chauduri equation implies Rabχ

aχb = 0 at H+. Using Einstein’s equations
(2.33), this gives F c

a Fbcχ
aχb
∣∣
H+ = 0, which is equivalent to the statement

that the vector field F a
bχ

b is null on the horizon. However, from the anti-
symmetry of the Maxwell tensor, Fabχaχb = 0 everywhere. Therefore the
pullback of F a

bχ
b on the horizon vanishes: iχF |H+ = 0 . The same con-

clusion can be reached also about ?F , after noticing that the stress energy
tensor of the Maxwell field can be equivalently rewritten as

TEMab = 2F c
a Fbc −

1

2
F 2gab ≡ 2(?F ) c

a (?F )bc −
1

2
(?F )2gab (2.37)

where F 2 = FabF
ab, ?Fab = F cdεcdab/2 and (?F )2 = (?F )ab(?F )ab. Therefore,

using £χA = 0 and Cartan’s equation £χ = iχd+ diχ, we obtain

0 = £χA = iχF + d (iχA)
H+

= d (iχA) . (2.38)

We have thus obtained the familiar result that electromagnetic potential
VE = iχA|H+ is constant on the the event horizon.

The above reasoning makes explicit use of the Einstein equations. Al-
ternatively [58], if we assume the existence of a bifurcation surface, then
iχF = 0 = iχ ? F on B. It then follows from (2.38) that VE is constant on B.
Moreover, observing that £χA = 0 =⇒ £χ(iχA) = 0, it follows that VE is
constant everywhere on the horizon.

From the constancy of VE, we see that Aa cannot be regular at B, unless
we use a gauge in which the electromagnetic potential vanishes at the horizon.
In such a gauge, the asymptotically flat falloff conditions for Aa read

lim
r→∞

Aa = Ca +
Aa
r

+O
(

1

r2

)
, (2.39)

where Ca is a constant covecor such that χaCa = VE.
Using asymptotically flat falloff conditions for the metric, [47] showed

that δEGR is equal to the variation δM of the ADM mass [59]. Similarly, we
see from (4.30) that the second term in (2.36b) does not contribute, while
the first term gives

δEEM =
1

4π
VE

∫
S∞

δ(?F ) = −VEδQ (2.40)
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where Q = −1/4π
∫
S∞

?F is the electric charge. Therefore the variation of
the canonical energy is

δE = δM − VEδQ . (2.41)

See also [60] for a similar derivation of (2.41) using the canonical Hamiltonian
formalism. Combining (2.29) and (2.41) we eventually obtain the KN first
law (2.12)

δM =
κ

8π
δAH + ΩHδJ + VEδQ . (2.42)

2.2.3 Hawking radiation

The gap between BH mechanics and its thermodynamical intepretation was
closed by Hawking in [61, 62], with the discovery of quantum particle creation
in a BH spacetime. Hawking employed a semiclassical approach: he studied
the evolution of a quantum test field in the background of a fixed classical
geometry. He found that, when the geometry describes the collapse of an
initial matter state into a BH, an asymptotic observer at late time will see
her vacuum as populated by a thermal radiation with temperature

TH =

(
~
kBc

)
κ

2π
(2.43)

which is commonly referred as the Hawking temperature. We have restored
physical units to emphasize the simultaneous interplay of relativity, quan-
tum mechanics and thermodynamics in obtaining this result. The fact that
Hawking radiation is exactly thermal [63, 64, 65], and so completely uncor-
related, implies that one cannot really extract any additional information
from it: this fact can be regarded as yet another manifestation of the no-hair
theorem.

The result does not rely on the Einstein equations nor on any other as-
sumption regarding the gravitational equations of motion (with the obvious
exception that a BH can form). From the point of view of the laws of gravity,
Hawking radiation is a purely kinematical result, so it holds in large classes
of modified gravity theories.

From the Hawking temperatire (2.43) and the first law (2.12), one iden-
tifies the BH entropy as the so called Bekenstein entropy

SH =

(
kBc

3

~

)
AH
4G

(2.44)

where again physical units have been restored. This is a huge entropy: for
example, the Bekenstein entropy of a solar mass BH is SH/kB ∼ 1077, while
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the entropy of the Sun is S�/kB ∼ 1058. Such a difference is compatible
with the educated guess, motivated by the no-hair theorem, that when a star
collapses into a black hole most if its initial information is radiated away or
made inaccessible from outside, except for the mass, the electric charge and
the angular momentum.

Hawking radiation implies that a BH, while classically a stable object, is
quantum mechanically unstable: the emission of quanta of radiation causes it
to lose energy and shrink, eventually evaporating radiatively. Since Hawking
temperature scales roughly as the inverse of the BH mass, for a solar mass
BH TH ∼ 10−8 K. This validates a posteriori the initial assumption that the
backreaction of the test field on background geometry is negligible. Indeed,
for an astrophysical BH, it is conceivable that sensible deviations from the
semiclassical behaviour will occur only in the last stages of the evaporation,
when the BH has shrunk down to Planckian size [66, 67].

It must be stressed that TH is much smaller than the temperature of the
CMB, therefore astrophysical BHs absorb much more radiation than they
emit and they are currently not evaporating. Nevertheless, as we shall see in
a moment, it is theoretically insightful to consider the ideal case of an isolated
BH in its evaporation phase. We can obtain an order of magnitude estimate
of the evaporation time by observing that, since the emission spectrum is
thermal, the mass loss rate as seen from infinity is governed by Stefan’s law

dM

dt
= −βσSBT 4

H

(
4πR2

+

)
(2.45)

where σSB = π2k4
B/60~3c2 is the Stefan-Boltzman constant and β is a coeffi-

cient of order unity which accounts for effective the absorbtion cross section
of the BH [34]. In the Schwarzschild case (2.45) implies dM/dt ∝ −M−2.
Extrapolating up to the evaporation time τ (when M = 0) we find τ ∼M3.
For a stellar mass BH, the evaporation time is much geater than the cur-
rent age of the Universe. Therefore we do not expect to see any sign of BH
evaporation in current astrophysical contexts.

This evaporation picture in GR is clearly in violation of the Area The-
orem, because the area of the BH diminishes during the process. However,
observe that this decrease is compensated by the emission of highly entropic
radiation. Conversely, when ordinary matter is swallowed by a BH, the dis-
appearence of the matter entropy is compensated by the increase in the area.
This suggests the following extended formulation of the second law:

Generalized second law (GSL). The sum of the BH entropy SH = AH/4
and of the matter entropy Sm is never decreasing in the domain of outer
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communication
∆

(
Sm +

AH
4

)
≥ 0 . (2.46)

Unruh and Wald [68] pointed out the important fact that the GSL can-
not hold at the pure classical level, but Hawking radiation must be taken
necessarily into account. Indeed, neglecting Hawking radiation, it is easy to
conceive thought experiments in which the GSL is violated, as was already
observed e.g. in [42, p.169]. The GSL was proved in [69], but restricted to
linear quasistationary perturbations around a stationary BH. The restriction
of quasistationarity of the perturbations was later removed by Wall, under
some technical assuptions on the quantum matter fields [70].

There is a widespread belief that the occurrence of Hawking radiation
poses a serious problem to the ordinary formulation of the physical laws.
The problem, commonly known as information loss paradox, is that after
the evaporation one is left with empty space filled with a maximally mixed
quantum state (thermal radiation), even if the initially collapsing matter was
prepared in a pure state [65, 71]. This is a violation of unitarity: stated oth-
erwise, the initial information contaneid in the spacetime before the collapse
is irremediably lost.

Several speculative solutions have been proposed, which essentially fall
into two main categories: (i) the information is contained in a stable or
quasistable remnant after the evaporation, or (ii) the information progres-
sively leaks out in later stages of the evaporation, in the form of correlations
between the early time and the late time quanta of the radiation. The first
hypothesis seems disfavoured by the impossibility of encoding a huge amount
of entropy into a Planckian remnant.

Assuming that the second hypothesis is correct, Page [72] argued that in-
formation starts to leak out when the initial black hole entropy has decreased
by half. At this moment, the so called Page time, the BH is still macroscopic:
therefore the first signs of deviation from the semiclassical behaviour mani-
fest well before the BH has reached the Planckian regime. However, it was
recently argued by [73] that, if this scenario is correct, an infalling observer
experiences a “firewall” in the vicinity of the event horizon, thus violating the
equivalence principle.

Alternatively, Hawking et al. [74] proposed that the missing information
could be encoded into correlations with soft gauge bosons, corresponding to
hidden degrees of freedom of the degenerate vacuum state. Finally, one can
also accept with Unruh and Wald that information is really lost [75].
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2.2.4 Black hole mechanics beyond GR

We want to close this section by commenting about the status of BH me-
chanics and thermodynamics in BHs beyond GR. We have already seen that
the zeroth law is valid for any stationary BH, irrespective of the form of the
gravitational action, provided the existence of a bifurcation surface. In the
presence of a bifurcation surface, one can also prove a generalized first law,
as discussed in Sec.2.2.2. Moreover, Hawking radiation is a kinematical effect
and holds for any BHs even in modified gravity.

Therefore, one is tempted to identify Wald’s entropy (2.27) as the BH
entropy in the generalized second law. However, as observed in [76], SW
suffers from definition ambiguities that, while vanishing for stationary BHs
and at B, generically do not vanish for linear perturbations at a cross section
of the horizon different from B. Therefore the identification is not straight-
forward and, in general, it fails [76]. The ambiguites were fixed in [76, 77],
showing that SW must be corrected by additional terms depending on the
extrinsic curvature of the horizon. Interestingly, the resulting entropy [77,
Eq.(14)] matches the one proposed by Dong [78] from entanglement entropy
calculations.

2.3 Black hole perturbation theory

In order for KN BHs to be physically viable, one must verify that they
are stable against perturbations. Certainly, the most ambitious goal is to
study the problem at the nonlinear level, which requires the development of
appropriate numerical techniques. A first investigation, supporting nonlinear
stability, was presented only recently in [79].

A more modest yet insightful approach is the study of linear mode stabil-
ity: one considers small linear perturbations of arbitrary spin fields on top of
a stationary BH background, to see if they decay sufficiently fast in time. BH
perturbation theory dates back to the seminal work by Regge and Wheeler
[80] and Zerilli [81, 82]. An extended account of the subject can be found in
Chandrasekhar’s milestone book [83]. For recent reviews see [84, 85, 86, 87].

This section is organized as follows. In 2.3.1 we introduce BH perturba-
tion theory in the simple case of the Schwarzschild BH. In 2.3.2 we descibe
the concept and the properties of the quasinormal mode of oscillations. In
2.3.3 we briefly review the status of BH perturbation theory for Kerr and
KN black holes. Finally, in 2.3.3 we illustrate the connection between quasi-
normal modes and unstable photon orbits.
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2.3.1 Perturbations of the Schwarzschild black hole

In order to introduce BH perturbation theory, we study the simplest case of
linear perturbations of bosonic fields with spin s in the fixed background of
the Schwarzschild spacetime, mainly following the reviews [86, 28]

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2

(
dθ2 + sin2 θdϕ2

)
(2.47)

with f(r) = 1− 2M/r. We focus on scalar (s = 0), electromagnetic (s = 1)
and gravitational (s = 2) perturbations. Since the background spacetime
is spherically symmetric, we will expand the perturbations in spherical har-
monics. When the multipole number l of the harmonic expansion is smaller
than the spin, the problem must be treated separately from the general case.
We first focus on the general case and comment later about l < s.

Consider a minimally coupled massless scalar field Φ. Without loss of
generality, we can assume that the unperturbed scalar field vanishes and use
the letter Φ for its perturbations as well. The equation of motion is just

∇a∇aΦ = 0 . (2.48)

It is convenient to factorize the angular dependence of the field by expanding
in scalar spherical harmonics Y m

l (θ, ϕ), whith multipole number l and az-
imuthal number m. We study the perturbations in the Fourier time domain
with (generically complex) frequency ω:

Φ =
∑
l,m

∫
dωe−iωlmt

Zl,m(r)

r
Y m
l (θ, ϕ) . (2.49)

Inserting (2.49) into (2.48), the perturbed equation can be cast in the Schroedinger-
like form (

d2

dr2
?

+ ω2

)
Z(r) = V (r)Z(r) (2.50)

where the potential V (r) is

V (r) = f(r)

(
l(l + 1)

r2
+

2M

r3

)
(2.51)

and r? is the Regge radial coordinate defined by dr?/dr = f(r)−1. Notice
that, for 2M < r < +∞, −∞ < r? < +∞. We have also omitted the
additional subscripts (l,m) from Z and ω to lighten the notation.

Next, we consider the case of the electromagnetic potential Aa and per-
turb it as Aa = A

(0)
a + δAa, where A

(0)
a is the background part and δAa is
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the perturbation. We can expand the angular dependence in vector spherical
harmonics: the perturbations naturally separate into axial perturbation δAAa ,
which acquire a multiplicative factor (−1)l+1 under a parity transformations,
and polar perturbations δAPa , which acquire a factor (−1)l. In the Fourier
time domain they read

δAAa =
∑
l,m

∫
dωe−iωt

(
0, 0,−u4(r)∂ϕY

m
l

sin θ
, u4(r) sin θ∂ϕY

m
l

)
, (2.52a)

δAPa =
∑
l,m

∫
dωe−iωt

(
u1(r)Y m

l

r
,
u2(r)Y m

l

rf(r)
, 0, 0

)
. (2.52b)

We exploited the U(1) gauge invariance to gauge out the angular components
of δAPa . It is convenient to express the perturbations in terms of the Maxwell
tensor Fab. The axial and polar parts of the perturbed Maxwell tensor read

δFA
ab =

∑
l,m

∫
dωe−iωt


0 0 −iωu4(r)∂ϕY

m
l / sin θ iωu4(r) sin θ∂θY

m
l

∗ 0 u′4(r)∂ϕY
m
l / sin θ −u′4(r) sin θ∂θY

m
l

∗ ∗ 0 l(l + 1)u4(r) sin θY m
l

∗ ∗ ∗ 0

 ,

(2.53a)

δF P
ab =

∑
l,m

∫
dωe−iωt


0 f01(r)Y m

l f02(r)∂θY
m
l f02(r)∂ϕY

m
l

∗ 0 f12(r)∂θY
m
l f12(r)∂ϕY

m
l

∗ ∗ 0 0
∗ ∗ ∗ 0

 (2.53b)

where the asterisks denote total antisymmetrization and we have defined the
auxiliary variables

f01(r) =
ir ωu2(r) + f(r) [ru′1(r)− u1(r)]

r2f(r)
, (2.54a)

f02(r) =
u1(r)

r
, (2.54b)

f12(r) =
u2(r)

rf(r)
. (2.54c)

They are not independent from each other, but obey the Bianchi identity

f01(r) = iωf12(r) + f ′02(r) . (2.55)

Using the Bianchi identity, the perturbed Maxwell equations

∇aδF
ab = 0 (2.56)
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can be separated into to two Schroedinger-like equations for axial and polar
variables respectively(

d2

dr2
?

+ ω2

)
Zi(r) =

l(l + 1)

r2
Zi(r) i = A,P (2.57)

where the original perturbations are related to the variables ZA,P (r) through
the relations

u4(r) =
iZA(r)

ω
, f01(r) = − l(l + 1)ZP (r)

r2
, (2.58a)

f02(r) = −f(r)Z ′P (r) , f12(r) =
iωZP (r)

f(r)
. (2.58b)

Finally, let us turn to the metric perturbations. We perturb the metric as
gab = g0

ab + hab, where g0
ab is the Schwarzschild metric (2.47). The pertur-

bations hab can be expanded in tensor spherical harmonics. Out of the ten
independent components of hab, four can be gauged out with an infinitesimal
diffeomorphism, which is a symmetry of the Einstein–Hilbert Lagrangian.
As before, the perturbations naturally split into axial hAab and polar hPab. We
work in the Regge-Wheeler gauge [80], where

hAab =
∑
l,m

∫
dωe−iωt


0 0 −h0(r)∂ϕY

m
l / sin θ h0(r) sin θ∂θY

m
l

∗ 0 −h1(r)∂ϕY
m
l / sin θ h1(r) sin θ∂θY

m
l

∗ ∗ 0 0
∗ ∗ ∗ 0

 ,

(2.59a)

hPab =
∑
l,m

∫
dωe−iωtY m

l


f(r)H0(r) H1(r) 0 0
∗ H2(r)/f(r) 0 0
∗ ∗ r2K(r) 0
∗ ∗ ∗ r2 sin2 θK(r)


(2.59b)

and the asterisks now denote total symmetrization. As in the electromagnetic
case, the perturbed Einstein equations can be separated in two Schroedinger-
like equations for the axial and the polar variables(

d2

dr2
?

+ ω2

)
Zi(r) = Vi(r)Zi(r) i = A,P (2.60)

where the potentials VA,P (r) are given by

VA(r) = f(r)

(
l(l + 1)

r2
− 6M

r3

)
(2.61a)

VP (r) = f(r)

[
2 (9M3 + 9λM2r + 3λ2Mr2 + λ2(λ+ 1)r3)

r4(3M + λr)2

]
(2.61b)
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and λ = l(l + 1)/2 − 1. The axial potential (2.61a) was first derived by
Regge and Wheeler in [80] and the corresponding axial equation is commonly
refered to as the Regge-Wheeler equation. The derivation of the polar
potential (2.61b) is much less trivial: it was obtained by Zerilli in [81] and
the polar equation is refered as the Zerilli equation.

The scalar, electromagnetic and gravitational axial potentials can be col-
lectively written as

VA(r) = f(r)

(
l(l + 1)

r2
+

2M(1− s2)

r3

)
. (2.62)

For l ≥ s the expression inside the big brackets is manifestly positive. This
allows to show that a Schwarzschild BH cannot support stationary extra hair
outside the event horizon. Indeed, rewrite the axial equation as

d

dr

((
1− 2M

r

)
Z ′A(r)

)
−
(
l(l + 1)

r2
+

2M(1− s2)

r3

)
ZA(r) = 0 (2.63)

where we put ω = 0 to ensure stationarity. If we multiply by the complex
conjugate wave function Z†A(r) and integrate from r = 2M to r → ∞ we
obtain∫ ∞

2M

[(
1− 2M

r

)
‖Z ′A(r)‖2 +

(
l(l + 1)

r2
+

2M(1− s2)

r3

)
‖ZA(r)‖2

]
= 0

(2.64)
where we integrated the first term by parts and took into account that bound-
ary terms vanish for well behaved perturbations. Then the impossibility of
stationary hair directly follows from the fact that each member of the inte-
grand is separately positive definite in the domain of integration. The same
conclusion can be reached for the Zerilli equation.

As we said above, the case l < s must be treated separately. In par-
ticular, for l = 0 electromagnetic perturbations, one obtains that the only
nontrivial solution has ω = 0 and represents the addition of an infinitesimal
electric charge. Similarly, the only non trivial l = 0 and l = 1 gravitational
perturbations represent the addition of an infinitesimal mass (l = 0), an in-
finitesimal spin (l = 1 axial) and an infinitesimal linear momentum (l = 1
polar) [82]. This is of course a manifestation of the no-hair theorem.

2.3.2 Quasinormal modes

Let us now restore ω and return to te general dynamical perturbations for
l > s. One expects that, when initially perturbed, a BH will emit waves with
characteristic oscillation frequency ωR = Re(ω) and damping ωI = Im(ω), i.e.



26 CHAPTER 2. BLACK HOLES IN GR AND BEYOND

ω = ωR+i ωI . The complex frequencies ω are the quasinormal modes (QNMs)
of oscillation of the BH. They are obtained by solving (2.50) with outgoing
boundary conditions at infinity and ingoing boundary conditions at the event
horizon. These boundary conditions capture the physical interpretation of
the horizon as a one-way membrane. Given that V (r? = ±∞) = 0, we have

Z(r) ∼
{
e−iωr? ∼ (r − 2M)−2M iω for r? → −∞ ,

eiωr? ∼ e−iωrr2M iω for r? → +∞ ,
(2.65)

where in the above asymptotic behaviours we are neglecting constant terms.
The BH is stable outside the event horizon if ωI > 0 for every ω. As shown
by [83, §35], for a Schroedinger-like equation of the form (2.50), subjected
to the above boundary conditions, unstable modes are absent if V (r) > 0 in
the domain −∞ < r? < +∞. Therefore, all the above perturbed equations
do not give rise to linear instabilities.

We restricted to single field perturbations of a Schwarzschild BH. If we al-
low for a nonvanishing electric charge Q, one cannot perturb the gravitational
and electromagnetic fields separately, but must consider their interaction in
a consistent treatment. As shown in [88, 83], axial and polar perturbations
decouple and one obtains two pairs of Schroedinger-like equations. The grav-
itational and electromagnetic degrees of freedom are inherently coupled and
therefore cannot be excited independently. Nevertheless, one can still distin-
guish in a sense between “gravitational modes” and “electromagnetic modes”
as those which, in the limit Q → 0, reduce respectively to the modes given
by the Regge-Wheeler/Zerilli equations (2.60)-(2.61) and the electromagnetic
equations (2.57).

A remarkable property of the Schwarzschild and Reissner-Nordstrom per-
turbations is that their quasinormal modes are isospectral, meaning that the
axial and polar spectrum are the same. This property is rooted in a special
relation between the Regge-Wheeler and the Zerilli potentials [83], which is
a manifestation of a supersymmetry of the problem [89, 90, 91].

The QNM spectrum can be computed with several numerical and ana-
lytical approximate techniques [84, 87]. The most efficient one to date is
Leaver’s continued fraction method [92, 93, 94]. For symmetry reasons, the
spectrum of perturbations of a spherically symmetric background must be
degenerate with the azimuthal number m, as it is clear from the fact the the
potentials above depend only on the multipole number l. For each pair l
there is an infinite and discrete set of tones ωn, where the overtone number
n = 0, 1, 2, etc. By convention, the tones are ordered from the least damped
tone or fundamental tone ω0 to the most damped one ωn→∞. The imagi-
nary part ωI decreases fastly with n, therefore the spectrum is effectively
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domininated by the fundamental tones.

2.3.3 Perturbations of a spinning black hole

The extension of the linear mode analysis to spinning BHs is more laborious.
Teukolsky [95] showed that the angular and radial dependence of gravita-
tional perturbations of Kerr are separable [83] using spinorial techniques.
Although a mathematical proof has not yet been found that Kerr is linear
mode stable, the numerical analysis in [96] supports this conclusion. The
KN case is even more cumbersome, since nobody has been able to separate
gravito-electromagnetic perturbations in this spacetime. This is an outstand-
ing problem in BH perturbation theory [83]. The study of the QNMs of KN
was addressed in [97, 98] under the simplifying restriction of small spin, and
in [99] under the restriction of small electric charge. Finally, an analysis
without such restrictions was performed in [100]. All these studies show
convincing evidence that KN is linear mode stable. Moreover, [79] provided
further indications in favour of stability at the nonlinear level. Therefore, al-
though formally the problem is not solved, all the existing numerical studies
confirm that the KN solution is stable.

Regarding the properties of the QNMs, the nonvanishing angular mo-
mentum induces an additional dependence on the azimuthal number m and
a corresponding Zeeman-like splitting of the spectrum. It is not clear if
isospectrality persists also in the rotating case, and there is no a priori rea-
son to believe it. The only indication that isospectrality may indeed hold
comes from the slow-rotation numerical analysis of [97, 98].

Let us mention that there is actually a way to induce instabilities in KN
BHs. Recall that rotating BHs exhibit the phenomenon of superradiance,
by means of which one can extract energy and angular momentum from
the ergoregion. It turns out that massive bosonic fields, with a Compton
wavelenght of the same order of the horizon radius, can trap superradiant
modes in a potential barrier and grow as a condensate cloud around the
BH: this is a superradiant instability [36, 30, 31]. Superradiant instabilities
can grow sufficiently to have astrophysical implications: in the case of a real
bosonic field, the instability slowly decays though GWs, leading to potentially
observable signals from advanced GW detectors [101, 102]; if the field is
complex, the GW decay is suppressed and the field can effectively give rise
to an hairy BH [103, 104, 105]. For astrophysical BHs, the bosonic mass
range of interest is the ultralight range 10−20 ÷ 10−10 eV. As a consequence,
superradiant instability has been proposed as a possible signature of some
dark matter candidates, such as dark photons or QCD axions; alternatively,
the absence of superradiance can constraint the viability of these models
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[102, 106].

2.3.4 The light ring correspondence

Goebel [107] proposed an appealing physical interpretation of QNMs in the
eikonal limit l � 1: they can be considered as the oscillation and damp-
ing frequencies of unstable photon orbits around the BH. This connection
was further explored by Mashoon and Ferrari [108, 109], who considered the
leakage of perturbed light rays from unstable orbits in the KN spacetime,
showing that the correspondence is exact in the slow rotating limit. The
result was later extended to generic asymptotically flat BHs beyond general
relativity in [110].

The light ring correspondence has been extensively explored in the Kerr
spacetime [111, 112, 113, 114]. Although it is formally valid only in the limit
l � 1, it provides surprisingly accurate predictions also at small l & 2. See
for example [24, Appendix A], in which it is shown that the exact l = m = 2
modes for Kerr and KN BHs differ from their light ring estimates only by 4%
or less. We illustrate the procedure in the case of slowly rotating and weakly
charged KN BHs. For simplicity we consider equatorial orbits (θ = π/2),
which correspond to l = |m| QNMs.

The first corrections of KN with respect to Schwarzschild occur at first
order in the spin and at second order in the electric charge. In this approxi-
mation the metric is specified by the line element

ds2 = −f(r)dt2 − 2aΩ(r) sin2 θdtdϕ+
dr2

f(r)
+ r2

(
dθ2 + sin2 θdϕ2

)
(2.66)

where
f(r) = 1− 2M

r
+
Q2

r2
, Ω(r) =

2M

r
− Q2

r2
. (2.67)

At order O(a), the equations of a general null geodesic in the equatorial plane
are

ṫ =
1

f(r)
∓ aΩ(r)L

r2f(r)
, (2.68a)

ϕ̇ = ±L
r2

+
aΩ(r)

r2f(r)
, (2.68b)

ṙ2 = Vgeo(r) = 1− f(r)L2

r2
∓ 2aΩ(r)L

r2
(2.68c)

where L is the angular Killing angular momentum and, without loss of gen-
erality, we set the Killing energy to unity. The plus/minus sign refers to
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corotating/counterrotating orbits. The radius rc of the unstable circular or-
bit and the corresponding Killing angular momentum L are determined by
the equations Vgeo(rc) = 0 = V ′geo(rc). As shown in [110], unstable null
geodesic decay with a pricipal Lyapunov exponent Γc given by

γc =

√
V ′′geo(rc)

2ṫ2
. (2.68d)

Then, in the light ring correspondence, the QNMs are given by [110]

ωn = ±l ωc − i
(
n+

1

2

)
γc (2.69)

where ωc = ϕ̇/ṫ is the angular frequency of the orbit.
When specifying to the spacetime (2.66)-(2.67), it is convenient to intro-

duce the adimensional quantities v = Q/M and ã = a/M , which represent
the charge-to-mass and spin-to-mass ratio respectively, in such a way to iso-
late a universal mass scale M . Then an explicit calculation shows that the
radius of the unstable equatorial orbit is

M−1rc = 3

(
1− 2v2

9

)
∓ 2ã√

3

(
1 +

v2

6

)
(2.70)

while the oscillation and damping frequencies are

Mωc =
1

3
√

3

(
1 +

v2

6

)
± 2ã

27

(
1 +

v2

2

)
, (2.71a)

Mγc =
1

3
√

3

(
1 +

v2

18

)
± ã v2

243
. (2.71b)

It is understood that all the expressions hold at order O(ã) and O(v2).

2.3.5 Black hole spectroscopy

The existence of QNMs led Detweiler [115] to propose BH spectroscopy as a
method for testing GR and the no-hair theorem from GW detections. It is
based on the observation that QNMs describe the spectrum of linear pertur-
bations away from a stationary BH in a universal way. The typical situation
of interest is the formation of a BH in the merger of two binary compact
objects: the late part of the waveform (ringdown), is well described as a
superposition of QNM oscillations [116]

h(t) ∼ Re

[∑
lmn

Almne
−i(ωlmnt+φlmn)

]
(2.72)



30 CHAPTER 2. BLACK HOLES IN GR AND BEYOND

where the sum is over the multipole and azimuthal numbers l,m and the
overtone number n. While the amplitude Almn and the phase φlmn depend
on the particular initial conditions of the system, the (complex) oscillation
frequencies ωlmn are universally given by the QNM spectrum, as described
in the previous section. In GR the spectrum is dominated by the funda-
mental l = 2 modes, while the subdominant radiation is well approximately
accounted by cutting the above sum to l = 4 [116, Table I].

Now, if the remnant BH is described by GR, the no-hair theorem holds
and the spectrum depends only on the three conserved charges: the mass
M , the spin a and the electric charge Q. Considering that astrophysical
BHs are expected to have a negligible charge-to-mass ratio, the independent
parameters reduce to two. This is a huge constraint on the form of the
spectrum and any deviation would signal a departure from the standard GR
description. BH spectroscopy then consists in testing GR by detecting and
fitting (at least two complex) QNMs [117, 118]. In the words of Detweiler
[115]

After the advent of gravitational wave astronomy, the observation of
these resonant frequencies might finally provide direct evidence of BHs
with the same certainty as, say, the 21 cm line identifies insterstellar
hydrogen.

Notice that this is not just and not necessarily a test of the no-hair theo-
rem: indeed, several modified theories have the same stationary solutions as
in GR, but the presence of additional degrees of freedom alters the perturbed
equations and as a consequence also the QNM spectrum [119].

BH spectroscopy is expected to play a key role in second and third gen-
eration GW detectors [21]. These future observational prospects call for
a parallel theoretical effort to compute QNMs for black holes beyond GR.
Unfortunately, this is a very challenging task. To date, QNMs have been
computed only in dynamical Chern-Simons gravity [120, 121, 122, 123] and
in Einstein-dilaton-Gauss-Bonnet gravity [124, 125, 126]. A general formal-
ism for perturbations in Horndeski theory was developed in [127, 128] and
in [119, 129]. However, in all these cases, the computation is restricted to
perturbations of spherically symmetric or slowly rotating BHs.

A theory-agnostic approach to treat fully rotating BHs was proposed in
[130]: the authors consider generic small deviations from the Kerr metric
and derive approximate QNM frequencies through the light ring correspon-
dence. The main limitation is that the light ring approximation captures
only the QNMs of the gravitational family, while it is blind to additional
modes induced by additional degrees of freedom. All these considerations
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show that the determination of QNMs for alternative theories is a fully ac-
tive research area. In Chapter 4 we will contribute by studying QNMs for
BHs in Einstein-Maxwell-dilaton theory.

2.4 A survey of black holes in modified theories

In this section we describe several theories of modified gravity along with
their BH solutions. The aim is to present the various types of modifications
that can occur at the level of the no hair theorem and of the causal structure.
This is not at all intended as a complete coverage of the subject and the reader
is referred to e.g. [25, 26, 29, 27] for an extensive overview.

2.4.1 Scalar-tensor theory

Horndeski theory is the most general scalar-tensor theory with second
order field equations in four spacetime dimensions [131, 132]. The generic
from of the action is

S =

∫
d4x

√−g
16π

5∑
i=2

Li (2.73)

where

L2 = G2(Φ, X) , (2.74a)
L3 = −G3(Φ, X)�Φ , (2.74b)
L4 = G4(Φ, X)R +G4,X(Φ, X)

[
(�Φ)2 − ΦabΦab

]
, (2.74c)

L5 = G5(Φ, X)GabΦ
ab − 1

6
G5,X(Φ, X)

[
(�Φ)3 − 3ΦabΦab + 2ΦabΦbcΦ

c
a

]
.

(2.74d)

R is the Ricci scalar, Gab is the Einstein tensor, Φ is a real scalar field,
X = −∇aΦ∇aΦ/2, Φab = ∇a∇bΦ, �Φ = ∇a∇aΦ, the Gi’s are arbitrary
functions of Φ andX and Gi,X is the derivative of Gi w.r.t. X. All the indices
are raised and lowered with the metric tensor gab and its inverse. Given the
arbitrariness of the Gi’s, it is not surprising that no general characterization
of Horndeski BHs exist. One must rely on specific motivated subclasses of
the theory.

A well studied subset of Horndeski is the generalized Brans-Dicke
theory, or Bergmann-Wagoner scalar-tensor theory [133, 134]

SBD =

∫
d4

√−g
16π

[
ΦR− ω(Φ)

Φ
∇aΦ∇aΦ− V (Φ)

]
. (2.75)
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This is the most general subclass with a Lagrangian at most quadratic in the
scalar derivatives. In Brans-Dicke, asymptotically flat BHs obey a no-hair
theorem [25, 135, 136]: BH solutions are the same as in GR, endowed with
a trivial scalar field, provided suitable stability conditions on the potential
V (Φ) are imposed.

A similar no-hair theorem was also proved [25, 137] for static asymp-
totically flat black holes in shift-symmetric Hornedski theory, i.e.
the subclass of Horndeski which is invariant under a constant shift of the
scalar Φ → Φ + const. The theorem makes several assumptions, the most
notable of which is that the Noether current associated to shift-symmetry
does not contain Φ-independent terms. It was shown in [138] that, relaxing
this assumption, a counterexample can be found in decoupled dynamical
Gauss-Bonnet gravity (D2GB)

SD2GB =

∫
d4x

√−g
16π

[
R− 1

2
∇aΦ∇aΦ + αΦG

]
(2.76)

where G = R2− 4RabRab +RabcdRabcd is the Gauss-Bonnet invariant and α is
a coupling constant. In D2GB theory the scalar field must have a nontrivial
profile outside the horizon: explicit hairy solution were constructed in [139] in
the decoupling limit, and they were shown to form dynamically in [140, 141].

BHs with scalar hair are particularly relevant for theory testing [20]: in-
deed, monopole scalar charges are crucial to understanding the emission of
scalar radiation in a binary system and allow to put potentially strong con-
straints on the parameters of the modified theory [142, 15]. In D2GB case,
an elegant proof of hairiness was given in [143] for BHs, together with the
key result that the monopole scalar charge QS is given by

QS =
1

2
ακEuler(B) (2.77)

where κ is the surface gravity and Euler(B) is the Euler characteristic of the
bifurcation surface B (Euler(B) = 2 for spherical topology). The result is
valid even beyond the decoupling limit, at all orders in α. Moreover, it does
not rely on the details of the gravitational EOM, therefore it is valid even
if the kinetic term of the gravitational field differs from the usual Einstein-
Hilbert one. We refer to [143] to the details of the proof.

On the ohter hand, horizonless compact objects, such as NSs, in D2GB
cannot have a monopole scalar charge (hereafter simply scalar charge). This
is easily seen by integrating the scalar EOM

�Φ = −αG (2.78)
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over a compact Cauchy hypersurface. While the integral of the LHS gives the
scalar charge, the integral of the RHS vanishes identically for flat asymptotics
because G is a topological invariant in four dimensions [142, 144].

It is instructive to consider a simplified version of the theorem in [143], in
which the Gauss-Bonnet invariant in the action is replaced by the topological
invariant of an abelian gauge connection. This variant is covered in [143] as
well. Consider the Lagrangian form

L = Lg + LΦ (2.79)

where Lg is the gravitational Lagrangian, whose detailed structure is irrele-
vant, and

16πLΦ =
1

2
? dΦ ∧ dΦ +

α

2
ΦF ∧ F (2.80)

is the dilaton Lagrangian, with F = dA the field strenght of the vector
potential A. Using dF = 0, we easily see that F ∧ F = d (A ∧ F ) off-shell,
i.e. F ∧ F is a topological invariant. Thus the scalar EOM is

d (?dΦ) = −α
2
F ∧ F = −α

2
d (A ∧ F ) . (2.81)

Now, consider a stationary BH solution such that the scalar and the vector
fields respect the same symmetries of the background: in particular, they
are Lie dragged along the Killing vector field χa generating the event hori-
zon, £χΦ = £χA = 0. Contracting both sides of (2.81) with χa and using
Cartan’s identity £χ = diχ + iχd, we get

d [iχ(?dΦ) + α(iχA)F ] = 0. (2.82)

Finally, integrating (2.82) from B to infinity and assuming asymptotically
flat boundary conditions we get [143]

QS = αVEQM (2.83)

where
QS =

1

4π

∫
S∞

it (?dΦ) (2.84)

is the scalar charge, VE = iχA is the electric potential, which is constant on
the bifurcation surface [58], and QM is the magnetic charge

QM =
1

4π

∫
B
F . (2.85)

Observe that the derivation does not make use of the gravitational and elec-
tromagnetic EOM, the only essential ingredient being the linearity of coupling
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between the scalar and the gauge topological invariant. Along the same lines
one shows that NSs have no scalar charge: indeed, if the BH is replaced by a
NS, the integration of (2.82) is over a compact hypersurface with no internal
boundaries and so QS = 0. In Chapter 4 we will use similar arguments in
the context of Einstein-Maxwell-dilaton theory.

By the way, notice that a much stronger result holds for NSs in shift-
symmetric Horndeski theory, of which D2GB is a particular case: in this
subclass, NSs have no hair at all [145].

D2GB can also be viewed as a linear realization of Einstein-dilaton-
Gauss-Bonnet theory (EDGB) [146]

SEDGB =

∫
d4x

√−g
16π

[
R− 1

2
∇aΦ∇aΦ +

α

4
f (Φ)G

]
, f (Φ) = eγΦ (2.86)

which emerges in the framework of low-energy effective string theories. It is
clear, from the fact that G does not vanish on GR BH solutions, that BHs in
EDGB cannot support a trivial scalar profile and therefore they cannot obey
a no-hair theorem. As it was shown in [147, 148], this is not necessarily the
case if the exponential coupling is replaced by a different f(Φ): for example,
if f(Φ) ∼ Φ2, it is clear that Kerr BHs with Φ = 0 are solutions of the
EOM, although not the only ones: Refs. [147, 148] discovered that, for
certain ranges of the BH charges, the GR solution is unstable and hairy
BHs becomes dynamically favoured. This is the phenomenon of spontaneous
scalarization.

Finally, let us mention that EDGB can also be viewed as a particular
example of quadratic gravity, which is not a subclass of Horndeski. In
quadratic gravity which the scalar field is coupled to all the independent
curvature invariants

SQG =

∫
d4x

√−g
16π

[
R− 1

2
∇aΦ∇aΦ + f1(Φ)R2 + f2(Φ)RabRab

f3(Φ)RabcdRabcd + f4(Φ)R?R
]

(2.87)

where R?R = RabcdR ef
ab εcdef is the Pontryagin invariant. In general, both

BHs and NSs are hairy in quadratic gravity, although the hair cannot be
expressed in a simple form even for BHs [26, 144].

2.4.2 Einstein-Maxwell-dilaton theory

Einstein-Maxwell-dilaton theory (EMD) is not a modified gravity
theory per se: the kinetic gravity term is the ordinary Einstein-Hilbert one
and no further curvature terms are present in the Lagrangian. However, it
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constitutes a proxy for theories in which all the three bosonic DOF (scalar,
vector and tensor) can propagate. The action of EMD is

SEMD =

∫
d4x

√−g
16π

[
R− 2∇aΦ∇aΦ− e−2ηΦF abFab

]
(2.88)

where Φ is a real scalar field (the dilaton) and Fab = ∂aAb − ∂bAa is the
field strenght of the vector potential Aa. The action depends on the coupling
constant η. Some specific values have been widely considered in the literature:
for η = 0, it trivially reduces to the Einstein-Maxwell action (2.1); for η = 1
it emerges as a low energy effective action in string modeles, while η =√

3 corresponds to the four-dimensional compactification of five-dimensional
Kaluza-Klein theory [32, 33, 149].

Static spherically symmetric asymptotically flat BH solutions in EMD
have been studied in [32, 150, 33] for all values of η. If the electric charge
does not vanish, they are hairy, otherwise they reduce to the Schwarzschild
solution with trivial vector and scalar fields. It must be stressed that the
potential Aa must not necessarily coincide with the photon field of the stan-
dard model. Therefore standard arguments for the smallness of the electric
charge do not necessarily apply [24]. The extension to rotating BHs is not
straightforward: fully rotating solutions have been found so far only for the
Kaluza-Klein value η =

√
3 [33, 149]. On the other hand, slowly rotating

solutions have been classified for all the values of η [33]. Remarkably, a
uniqueness theorem was proved in EMD [151] for 0 ≤ η2 ≤ 3.

EMD BH hair are of secondary type: no new conserved charge is associ-
ated with the dilaton field. In Chapter 4.3 we will show that the monopole
scalar charge QS is related to the electric potential at the event horizon by
the simple relation

QS = −η VE QE (2.89)
where VE is the electric potential at the horizon and QE is the electric charge.
The proof proceeds along the same lines of the proof of (2.83), although in
EMD it is not possible to conclude that NSs have no scalar charge.

2.4.3 Black holes in Lorentz-violating gravity

Lorentz symmetry is regarded as a fundamental symmetry of nature. De-
partures from this symmetry are highly constrained in the matter sector of
particle physics [152, 153]. There is still the possibility that Lorentz sym-
metry is broken only in the gravity sector, withs mechanisms suppressing
its percolation in the matter sector [154]. Another motivation for consider-
ing Lorentz violation (LV) in gravity is that it can alleviate the nonrenor-
malizability of GR: as originally proposed by Hořava, the introduction of a



36 CHAPTER 2. BLACK HOLES IN GR AND BEYOND

preferred foliation can make the theory power counting renormalizable, while
still consistent with the ordinary IR gravitational physics [155, 156, 157]. The
two main frameworks to treat LV in gravity at low energies are Einstein-
Aether theory and khronometric theory.

Einstein-Aether (Æ) theory [158] introduces a preferred timelike direction
ua at every point of spacetime, thus breaking local Lorentz invariance (LLI)
at the level of the boosts. The vector ua is the “aether vector” and it induces
a preferred frame up to spatial rotations. The action for Æ theory is8

SÆ =

∫
d4x

√−g
16πG

[R + Lu + λ (uaua + 1)] (2.90)

where

Lu = −Kab
cd∇au

c∇bu
d , (2.91a)

Kab
cd = c1g

abgcd + c2δ
a
c δ

b
d + c3δ

a
dδ

b
c − c4u

aubgcd . (2.91b)

This is the most general action formed with gab and ua and their derivatives,
which gives second-derivative EOM and preserves general covariance. The
physical units of ua can be chosen in such a way that the ci’s are pure num-
bers. The parameter λ is a Lagrange multiplier enforcing the unit-timelike
condition uaua = −1. A direct coupling of matter with the aether vector
ua is expected to be highly suppressed, because it would lead to unobserved
violations of Lorentz symmetry in particle physics [152, 153].

Khronometric theory [156] emerges as a low energy limit of Hořava grav-
ity. In the IR regime, it has the same action of Æ theory, with the additional
restriction that the aether vector is assumed to be hypersurface orthogonal
[6]

ua = −N∇aT , N = (−∇aT∇aT )−1/2 (2.92)

where T is a preferred time, the “khronon”, and N is the lapse of the preferred
foliation. We don’t restate the action because it identical to (2.90); the
only difference is that the unit-timelike constraint is already enforced by the
definition (2.92), so there is no need of the Lagrange multiplier in the action.
In khronometric theory ua defines a preferred folitation, which is a stronger
requirement than defining just a preferred frame as in Æ theory. Notice that
ua is invariant under a redefinition T → f(T ) of the preferred time: in other
words, the preferred time is not uniquely specified, but the preferred foliation
is.

In both theories, Lorentz invariance is broken dynamically. Indeed, the
Æ and the khronometric action are generally covariant, but the aether field

8For LV theories we explicitate Newton’s constant G in the gravitational action.
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acquires a nonvanishing VEV in the solutions of the EOM. The Langrangian
Lu can also be rewritten as

− Lu =
cθ
3
θ2 + cσσ

abσab + cωω
abωab + cαa

aaa (2.93)

where aa = ub∇bua is the aether acceleration, while θ = ∇au
a, σab = ∇(aub)←−−−−

and ωab = ∇[aub]←−−−
are respectively the expansion, the shear and the twist of the

aether field. An underleft arrow denotes projection on the local hypersurface
orthogonal to ua. Obviously for khronomoetric theory ωab = 0 because the
field is globally hypersurface orthogonal. Moreover, for khronometric theory
aa = N−1∇aN←−−− = ∇a lnN←−−−−−. The new ci’s are related to the original ones by
the relations

cσ = c13 , cω = c1 − c3 , cθ = 3c2 + c13 , cα = c14 (2.94)

where cij = ci + cj. Although in principle the parameters ci’s are free, they
have been severely constrained with theoretical and experimental observa-
tions, such as absence of instabilities, Čerenkov radiation, ppN constraints,
binary pulsars, big bang nucleosynthesis and GWs. In particular, from the
recent tight constaint on the speed of GW170817, one deduces the very
stringest restriction |cσ| < 10−15. An updated discussion of such contraints
after GW170817 can be found in [159, 160].

For physical applications, the preferred frame can be identified with the
rest frame of the CMB. Æ theory propagates two tensor, two vector and one
scalar DOF with the following speeds in the aether frame

s2
T =

1

1− cσ
, s2

V =
c2
σ + (1− cσ)(cσ + cω)

2cα(1− cσ)
, s2

S =
(cσ + c2)(2− cα)

cα(1− cσ)(2 + cθ)
(2.95)

which in general are all different from the speed of light s = 1. Khronometric
theory propagates only the tensor and the scalar DOF, with the same speeds
sT and sS as above, while there is no propagation of vector DOF. Notice that
the absence of Čerenkov radiation requires sT,V,S ≥ 1, i.e. the propagating
modes cannot be subluminal.

The existence of modes with different propagating speeds makes already
clear that the notion of BH in LV gravity is not as simple as in GR. Indeed,
to each mode with speed si will correspond a different event horizon, defined
as the metric horizons of the modified metrics g(i)

ab = gab + (1− s2
i )uaub, such

that there will be a nested triplet of horizons. However, if Lorentz symmetry
is broken, there is no reason why the dispersion relation of the fields must be
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quadratic in the momentum, ω2 ∼ k2. One could as well consider modified
dispersion relations of the form

ω2 ∼ k2 + αk4 . (2.96)

In the IR limit the quadratic term in (2.96) dominates, but in the UV the
modes can propagate at arbitrarily high speed. The presence of modified
dispersion relations of the aboke kind appears natural the full Hořava theory
beyond the IR limit, while formally it is not necessary in Æ theory. Such
dispersion relations do note admit a maximum limiting speed, and the very
concept of BH seems to lose meaning.

At least in the presence of a preferred foliation, this naive expectation
proves to be wrong. Indeed, it has been shown by numerical and analytical
calculations [161, 162, 163, 164] that BHs with a preferred foliation possess
a special surface, the so called universal horizon (UH), acting as an event
horizon for modes of arbitrary speeds. UHs were first discovered in [161, 162]
in the static case; in particular [162] showed that UHs are always present
if the parameter ci’s are of astrophysical relevance. Since then, UHs have
been found in a variety of configurations: with non-flat asymptotics [164],
whith slow rotation [165], in lower dimensions [166, 167], at extremality [168].
A general characterization of UHs in asymptotically flat spacetimes with a
preferred foliation was presented in [169].

The mechanism behind the existence of a UH is the following. The aether
vector ua defines causality: causal modes propagate forward w.r.t. the pre-
ferred time slices, the forward direction being defined precisely by the di-
rection of ua. Therefore, if there is a time slice which is disconnected from
asymptotic infinity and where ua points “inward”, that slice acts as a fu-
ture event horizon. This is a universal horizon. The situation is depicted in
Fig.2.2 for the case of spherical symmetry.

Brown continuous lines represent slices of constant preferred time T : they
are plotted in advanced null coordinates (v, r)9. The vertical continuous
line is the UH: since the aether ua points inward, modes inside the UH
are disconnected from asymptotic infinity. It is clear from the figure that
the vector ta = (∂/∂v)a is timelike at infinity but spacelike at the UH, thus
indicating that a Killing horizon must exist in between (vertical dashed line),
where ta is null. This figure is well representative of the analytic static
solutions presented in [163].

It is not clear that UHs and Killing horizons always cohexist. It seems
reasonable to demand that a viable LV BH must possess a Killing horizon, in

9The advanced null coordinates (v, r) are coordinates adapted to ingoing null rays: r
is the areal radius of the spherical cross sections, while v is a null time such that ingoing
null rays move at v = const.
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Figure 2.2: The preferred slices T = const. (brown continuous lines) of a
spacetimes containing a universal horizons. The diagram is plotted in ad-
vanced null coordinates (v, r). The continuous and dashed vertical lines
represent respectively the universal horizon and the Killing horizon. We do
not plot the slices for r < rUH to keep the diagram clean.

order to reconnect with standard physics when ordinary matter is considered.
To avoid confusion, let us keep calling BH a conventional Killing horizon, and
use the word UH for the LV event horizon. Numerics in [162] indicate that
static LV BHs always cloak an UH in situations of astrophysical relevance,
both in khronometric ans Æ theory. Since Æ theory does not assume the
existence of a preferred foliation per se, it is not trivial that UHs are admitted
also there. A strong result states that spherically symmetric BHs with a
regular UHs in khronometric theory are also solutions of Æ theory [164];
the viceversa is also true, due to the more general fact that hypersurface
orthogonal solutions in Æ theory are also solutions of khronometric theory
[6]. Therefore the two theories share the same static spherically symmetric
UHs. However, this correspondence is broken in the spinning case: it was
shown in [170] that four-dimensional asymptotically flat slowly rotating BHs
in Æ theory generically do not admit a UH, except for very special choices of
the couplings ci’s; on the contrary, UHs are present in khronometric theory
even after the inclusion of rotation [165].

As observed in [171], stationary Killing horizons in khronometric theory
and Æ theory cannot have a regular bifurcation surface. This is because, at
the bifurcation surface, only tangent vectors are invariant under the flow of
Killing field χa generating the horizon. However, ua is timelike everywhere
and therefore cannot be tangent to B. For the same reason, ua cannot be
parallel to χ at B, and it cannot vanish because it is normalized to unity.
Therefore, if a bifurcation surface exists, ua must blow up there, contradicting
the initial regularity assumption. This is the reason why Wald’s derivation
of the first law cannot be carried on in the case of LV BHs.
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2.4.4 Black holes in higher and lower dimensions

The Einstein-Hilbert gravitational action, with the possible addition of a
cosmological constant term, gives rise to the EOM

Gab = 8πGTab (2.97)

where Gab = Rab − Rgab/2 + Λgab is the Einstein tensor. The two key prop-
erties of the Einstein tensor are that: (i) it is divergence-free, ∇aG

a
b = 0,

in such a way to ensure the weak equivalence principle (WEP) ∇aT
a
b = 0;

(ii) it is locally constructed out of gab and its first and second derivates, in
such a way to give rise to second-order EOM. It is meaningful to ask if Gab

is the only symmetric, divergence-free tensor purely constructed out of the
metric and its first and second derivatives. In four spacetime dimensions, the
answer is in the affirmative. This is a particular case of a theorem due to
Lovelock [172, 173], who wrote the most general gravitational action giving
rise to an Einstein tensor with the above properties, in arbitrary D spacetime
dimensions. The result is the Lovelock action

SL =

∫
dDx

√−g
16π

[(D−1)/2]∑
k=0

ckL(k) , (2.98a)

L(k) =
1

2k
δa1b1...akbkc1d1...ckdk

R c1d1
a1b1

. . . R ckdk
akbk

(2.98b)

where the ck’s are coupling constants and δa1b1...akbkc1d1...ckdk
is the generalized Kro-

necker delta, defined by

δa1b1...akbkc1d1...ckdk
= det

δ
a1
c1

. . . δbkc1...
...

...
δa1dk . . . δbkdk

 = 2kδ[a1
c1
δb1d1 . . . δ

ak
ck
δ
bk]
dk
. (2.99)

The sum is restricted to the integer part of (D−1)/2 because the generalized
delta vanishes for k > [D/2]; moreover, in even dimensions, L(D/2) is a
topological density and therefore, although formally admitted, it does not
conrtibute to the EOM and it can be omitted. See [174] for a review of
Lovelock theory and its black hole solutions.

One can easily verify that the first few terms are L(0) = 1, L(1) = R and
L(2) = R2 − 4RabRab +RabcdRabcd = G. Therefore, in D = 4, we recover that
the most general Lagrangian is L = c0 + c1R, while G is the Gauss-Bonnet
topological density.

Lovelock theory is also connected to two four dimensional modified the-
ory that we already mentioned, namely Einstein-dilaton-Gauss-Bonnet and
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Einstein-Maxwell-dilaton. Indeed, it was shown in [7] that they can be ob-
tained in a four-dimensional reduction of the five dimensional Lovelock the-
ory.

Static BH solutions in D-dimensional Lovelock theory were studied in
[175, 176] in spherical symmetry and were generalized to planar and hyper-
bolic symmetry in [177]. For simplicity, let us restrict to the spherically
symmetric case. It was shown in [175] that the general form of the metric is

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

D−2 (2.100)

where f(r) = 1− r2g(r) and g(r) solves the polinomial equation

[(D−1)/2]∑
k=0

ĉkg
k =

µ

rD−1
. (2.101)

Here µ is a constant related to the asymptotic mass of the solution, while
the hatted constants ĉi’s are defined through

ĉ0 =
c0

c1

1

(D − 1)(D − 2)
, ĉ1 = 1 , (2.102a)

ĉk =
ck
c1

2k∏
n=3

(D − n) for k > 1 . (2.102b)

In D = 4, the solution reduces to the standard (anti-)deSitter Schwarzschild
metric

f(r) = 1− Λ

3
r2 − µ

r
(2.103)

where we adopt the standard convention ĉ0 = −2Λ. If we consider a less
trivial case, say D = 5, the solution reads

f(r) = 1 +
r2

2ĉ2

(
1±

√
1− 4ĉ2

(
ĉ0 −

µ

r4

))
(2.104)

and we see that there are two branches, the “− branch’ and the “+ branch”.
The + branch is not perturbatively connected to the Einstein-Hilbert theory,
i.e. it is not perturbative in the paramter ĉ2. When ĉ0 = 0, the two branches
scale at infinity like

lim
r→∞

f(r) =

{
1− µ

r2
“− branch”

1 + r2

ĉ2
+ µ

r2
“+ branch”

(2.105)
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and we see that, in the + branch, one can generate an effective cosmological
constant even if the bare one c0 vanishes. It must be stressed that an event
horizon does not necessarily exist for all the values of µ and/or ĉ2 [176].

In the general case, maximally symmetric backgrounds are determined
by solutions of (2.101) in the form g = g0 = const. for a vanishing sourde
µ. If c0 = 0, it is clear that the flat vacuum g0 = 0 is always admitted. If
c0 6= 0, however, it is not even clear that maximally symmetric vacua exist.
Assuming that this is the case, then [176] showed that at infinity the solution
goes like

lim
r→∞

f(r) = 1− g0r
2 − µ̃

rD−3
(2.106)

where µ̃ is just a rescaling of µ.
As a last example, let us consider what appens in lower dimensions, for

D = 3. If we solve (2.101) for c0 = 0, we see that f = 1 − µ and no BH
exists. On the other hand, if we allow for a nonvanishing bare cosmological
constant, we obtain

f(r) = −M − Λr2 (2.107)

whee we rescaled µ = M + 1 and we see that a BH exists iff Λ < 0, i.e. only
for anti-deSitter asymptotics. This is the famous Bañados-Teitelboim-Zanelli
(BTZ) solution [178, 179], which generalizes to the spinning case as

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2 (Ω(r)dt+ dϕ)2 , (2.108a)

f(r) = −M − Λr2 +
J2

4r2
, Ω(r) = − J

2r2
. (2.108b)



3
Smarr formula and black hole mechanics for

modified theories

3.1 Introduction

In this Chapter we describe a systematic procedure to derive the Smarr for-
mula for BH solutions in diffeoinvariant gravity theories. The procedure is
based on Wald’s formalism for the derivation of the first law, introduced in
Ch.2.2.2 (to which we refer for the notation). The content of the Chap-
ter is based on the papers “Smarr formula for Lovelock black holes: A La-
grangian approach” (P1), “Improved derivation of the Smarr formula for
Lorentz-breaking gravity” (P2) and “First law of black holes with a universal
horizon” (P3).

The main idea is simple. Consider a stationary nonextremal BH solution
and assume that the matter fields respect the same symmetries of the back-
ground metric, i.e. £tφ = £ψφ = 0, where ta ans ψa are the Killing vectors
associated to time translations and axi-rotations respectively. From the fact
that the symplectic potential Θ (φ,£ξφ) is linear and homogeneous in £ξφ,
it follows that Θ(φ,£χφ) vanishes on shell, with χa = ta + ΩHψ

a being the
vector field generating the event horizon1. Eq.(2.18), J[ξ] = Θ(φ,£ξφ)− iξL,
then implies

J[χ] + χ · L = dQ[χ] + χ · L = Θ (φ,£χφ) = 0 (3.1)

on shell. Integrating (3.1) over a spatial hypersurface Σ extending from the

1As in Ch.2.2.2, we are assuming that there exists only one rotational axis of symmetry.
See footnote 3 of Ch.2.2.2.

43
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bifurcation surface B to asymptotic infinity, we obtain∫
S∞

Q[χ] =

∫
B
Q[χ]−

∫
Σ

χ · L (3.2)

or equivalently ∫
S∞

Q[t] =
κ

2π
SW + ΩHJ −

∫
Σ

χ · L . (3.3)

Eq.(3.3) follows from the definition (2.25) of the angular momentum J and
from the expression (2.28) of the Wald entropy SW .

That (3.3) reproduces the Smarr formula in four-dimensional vacuum GR
follows straighforwardly from the fact that the vacuum Einstein equations
imply R = 0, and so L = 0 on shell. Moreover, Iyer and Wald [47] showed
that, for an asymptotically flat spacetime,

∫
S∞

Q[t] = M/2, where M is the
ADM mass. Therefore (3.3) for vacuum GR reduces to the standard Smarr
formula

M =
κAH
4π

+ 2ΩHJ . (3.4)

If we perform the most minimal modification, namely the addition of a cos-
mological constant, we see that things are not so straightfoward anymore.
Indeed Einstein equations

Rab −
R

2
gab + Λgab = 0 (3.5)

imply R = 4Λ. Then the on shell Lagrangian is L = (R− 2Λ)/16π = Λ/8π.
If Λ < 0, one has AdS asymptotics and the outer domain of communication
extends up to infinity. In this case, one can easily convince herself that the
integral of χ · L over Σ diverges.

Let us restrict for simplicity to the static case, where χa = ta and J =
0. The line element is given by (2.100), with the f(r) (2.103). Therefore,
choosing Σ as a t = constant hypersurface, the integral of t·L over Σ diverges
as the volume of an euclidean sphere with infinite radius. Of course, since
κ and SW are finite, the divergence is compensated by an equally divergent
contribution from the LHS of (3.3). It is nevertheless desiderable to have an
equivalent of Eq.(3.3) in which each single term is finite definite.

To this aim, one can simply subtract from (3.3) the same identity eval-
uated on the vacuum solution, i.e. on the globally AdS spacetime, thus
obtaining ∫

S∞−AdS
Q[t] =

κ

2π
SW +

∫
Σ−AdS

t · L . (3.6)

In the case of a static BH, similarly to the asymptotically flat case, the LHS
of (3.6) is equal toM/2, while the integral on the RHS is equal to −ΛVH/8π,
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where VH = 4πr3
H/3 is the “Euclidean volume” of the black hole. Therefore

the Smarr formula of a static BH in GR in the presence of a cosmological
constant is

M =
κAH
4π

+
ΛVH
4π

. (3.7)

This is a standard result. Eq.(3.7) was rederived by Kastor, Ray and Traschen
(KRT) [180] by means of a “Killing potential”, namely an antisymmetric ten-
sor χab such that χa = ∇bχ

ab, whose (at least local) existence is guaranteed
by the fact that ∇aξ

a = 0 for any Killing vector ξa (to see this, just take the
trace of the Killing equation). KRT [181, 182] applied the same technique
to the more general case of asymptotically AdS BHs in Lovelock gravity.
The derivation of KRT is based on the Hamiltonian framework for Lovelock
theory: in particular, it is based on a Hamiltonian definition of mass à la
Regge-Teitelboim [183] and a Hamiltonian derivation of a first law of mechan-
ics [184]. In this derivation, the use of Lovelock-adapted Killing potentials
[185] plays a fundamental role in reducing the Smarr formula to a purely
boundary integral, with contributions at infinity and at the event horizon.

In Sec.3.2 we give an alternative derivation of the Smarr formula for static
Lovelock BHs, based on Wald’s Lagrangian formalism. In particular, we will
show that, for static BHs, the volume integral of t · L over Σ reduces to a
surface integral over ∂Σ = S∞ ∪ B, thus making contact between Eq.(3.6)
and the Smarr formula of [181, 182]. We also show how the expression of the
ADM mass can be obtained in a Lagrangian framework, using a background
subtraction technique similar to the one employed in the standard Hamilto-
nian procedure. These results were obtained in P1. Besides their inherent
interest, they also serve as a testbed for developing the necessary formalism.

The formalism will be then applied in Sec.3.3 to the case of Lorentz-
violating BHs in Einstein-aether theory and (infrared) Hořava gravity. The
motivation comes from the fact that a mechanical and/or thermodynamical
interpretation of LV BHs is still controversial. The concomitant existence of
a Smarr formula and an associated first law is is widely considered a basic
requirement for such an interpretation. In Sec.3.3.1 we provide a derivation
of the Smarr formula for LV BHs which is applicable to any BH solution, thus
extending previous results which were restricted to the static case, while in
Sec.3.3.2 we specify to some exact LV BH solutions, in order to see if they
admit a first law with a thermodynamical interpretation. These Sections are
based on P2 and P3.
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3.2 Smarr Formula for Lovelock black holes

Consider the Lovelock action (cf. Ch.2.4.4)

SL =

∫
dDx

√−g
16π

m∑
k=0

ckL(k) , (3.8a)

L(k) =
1

2k
δa1b1...akbkc1d1...ckdk

R c1d1
a1b1

. . . R ckdk
akbk

(3.8b)

where m ≤ [(D − 1)/2] is the highest integer such that cm 6= 0. Varying SL
w.r.t. the metric we obtain the EOM

Gr
s =

m∑
k=0

ck
2k+1

δra1b1...akbksc1d1...ckdk
R c1d1
a1b1

. . . R ckdk
akbk

=
m∑
k=1

(
kck
2k
δa1b1...akbkc1s...ckdk

R c1r
a1b1

. . . R ckdk
akbk

)
− 1

2
δrsL = 0 (3.9)

as well as the symplectic potential

Θ (gab, δgab) =
m∑
k=1

kck
2k−1

δa1b1...akckc1d1...ckdk
∇d1δgc1b1 . . . R

ckdk
akbk

εa1 . (3.10)

From the first line of (3.9) it is immediate to see that the generalized Einstein
tensor Gr

s is divergence free, ∇rG
r
s = 0.

From the definitions of the Noether current (2.18) J[ξ] = Θ(φ,£ξφ)− iξL
and of the Noether charge J[ξ] = dQ[ξ], we derive the following expression
of the Noether charge in Lovelock theory

Q[ξ] =
m∑
k=1

kck
2k−1

δa1b1...akbkc1d1...ckdk
∇[a1ξ

d1] . . . R ckdk
akbk

ε c1
b1

. (3.11)

Using (2.27) one can easily show that the Wald entropy of Lovelock BHs is
given by

SW =
m∑
k=1

kck
4

∫
B
L̃(k−1)ε̄ (3.12)

where a tilde indicates that L̃(k−1) is evaluated w.r.t. to the (D−2)-dimensional
intrinsic metric of the bifurcation surface B, and ε̄ is the surface element of
B. The expression (3.12) for the Lovelock BH entropy was originally found
in [184] via an Hamiltonian derivation of the first law.
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Given the symplectic potential, the Noether current and the Wald en-
tropy, we have all the ingredients to proceed to the derivation of the Smarr
formula for static BHs from Eq.(3.6). Recall from Ch.2.4.4 that static Love-
lock BHs are described by a line element of the form

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

D−2 . (3.13)

This allows to express
∫

Σ
t ·L in a simple form as an integral over ∂Σ. Indeed,

it can be shown that, for a metric of the form (3.13),

L(k) =
γk
rD−2

d2

dr2

[
(1− f)k rD−2k

]
, γk =

(D − 2)!

(D − 2k)!
. (3.14)

The proof is a bit involved and we present it in Appendix A. With the help
of (3.14), we have∫

Σ−AdS
t · L =

∫
Σ−AdS

L taεa =

∫
Σ−AdS

L rD−2drdΩD−2 =

=
m∑
k=0

ck
16π

∫
Σ−AdS

L(k)rD−2drdΩD−2 =

=
m∑
k=0

ckγk
16π

∫
∂Σ−AdS

d

dr

[
(1− f)krD−2k

]
dΩD−2 =

=
m∑
k=0

ckγk
16π

d

dr

[
(1− f)krD−2k

]
ΩD−2 (3.15)

where

ΩD−2 =
2π(D−1)/2

Γ
(
D−1

2

) (3.16)

is the total solid angle spanned by an euclidean (D− 2)-sphere. The sum in
the expression (3.15) can be reduced by one: tracing (3.9), we obtain

L =
m∑
k=0
k 6=m̄

ck
16π

(
2k − 2m̄

D − 2m̄

)
L(k) (3.17)

for any 0 ≤ m̄ ≤ m. It then follows that

W :=

∫
Σ−AdS

t · L =

=
m∑
k=0
k 6=m̄

ckγk
16π

(
2k − 2m̄

D − 2m̄

)
d

dr

[
(1− f)krD−2k

]∣∣∣∣
∂Σ−AdS

ΩD−2 . (3.18)
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Summing up, for static Lovelock BHs, we have been able to reduce our can-
didate Smarr formula (3.6) to the form∫

S∞−AdS
Q[t] =

κ

2π
SW −W . (3.19)

where W is the surface term (3.18). What remains to do is to connect the
integral on the LHS to the mass of the BH.

In general, we don’t know the explicit solution for f(r), which is de-
termined implicitly by the polinomial equation (2.101). However, from the
discussion of Ch.2.4.4, we can impose asymptotic boundary conditions of the
form

lim
r→∞

f(r) = 1 +
r2

l2
− µ

rD−3
+ . . . (3.20)

Here l−2 plays the role of an effective cosmological constant (modulo numer-
ical factors), but it does not necessarily coincide with the bare cosmological
contant Λ = −c0/2c1. Rather, l is determined by which branch of the solu-
tion (2.101) we are considering. (Notice that the constant µ is not the same
as in (2.101), but they coincide up to a rescaling, cf. (2.106); we use the
same letter only for the sake on notational simplicity.)

Using the asymptotic scaling (3.20), [182] derived an expression for the
total massM in terms of l, µ and the coupling constants ck. The derivation of
[182] uses the Regge-Teitelboim canonical Hamiltonian formalism. We shall
now rederive M using the covariant Hamiltonian formalism of Wald. As we
saw in Ch.2.2.2, one can identify the variation of the Hamiltonian energy as

δE =

∫
S∞

[δQ[t]− itΘ(φ, δφ)] (3.21)

where we specified (2.22) to ξa = ta and we used (2.24). The quantity E
defined in (2.24) is not what we would call the “mass” of the BH, because
in general E contains also contributions from the non-flat background. But
obvioulsy, for a fixed asymptotic background, δE is the variation δM of the
mass. Therefore, if we consider variations of the solution in the form

lim
r→∞

δf(r) = − δµ

rD−3
δµ = constant, (3.22)

from (3.21) we have
δE ≡ δM = #δµ (3.23)

where # denotes a proportionality constant which depends only on l and on
the ck’s. Then we can simply remove the delta’s from (3.23) and the mass
will be M = #µ. Let us now see this at work.
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Using Eqs.(3.11),(A.4),(A.5) and (A.9) from Appendix A, it easy to show
that ∫

S∞

Q[t] = lim
r→∞

m∑
k=1

[
kckγk(1− f)k−1f ′

16π r2k−D

]
ΩD−2 (3.24)

from which it follows that∫
S∞

δQ[t] = lim
r→∞

m∑
k=1

kckγk
16π r2k−D

d

dr

[
(1− f)k−1δf

]
ΩD−2 =

=
m∑
k=0

(−1)k+1 kckγk
16π l2k−2

(D − 2k − 1)δµΩD−2 = (σ − γ)
δµΩD−2

16π
(3.25)

where in the second step we used the asymptotic scalings (3.20) and (3.22),
and in the last step we defined

σ =
m∑
k=1

(−1)k+1 kck
l2k−2

(D − 2)!

(D − 2k − 1)!
, (3.26a)

γ =
m∑
k=1

(−1)k+1 kck
l2k−2

(D − 2)!

(D − 2k)!
. (3.26b)

Similarly, from (3.10)

−
∫
S∞

t ·Θ = lim
r→∞

m∑
k=1

kckγk(1− f)k−1f

16π r2k−D 2∇[aδg
a

r] ΩD−2 =

lim
r→∞

m∑
k=1

kckγk(1− f)k−1

16π r2k−D

(
−dδf
dr
− (D − 2)δf

r

)
ΩD−2 =

=
γ δµΩD−2

16π
. (3.27)

Therefore, putting (3.24) and (3.27) together, we find that the mass is given
by

M =
σ µΩD−2

16π
(3.28)

which agrees with the result of [182]. The relation between M and the LHS
of (3.19) can be already read from (3.24), replacing δf → f and subtracting
the same expression evaluated at µ = 0. The result is∫

S∞−AdS
Q[t] =

(
1− γ

σ

)
M (3.29)



50 CHAPTER 3. SMARR FORMULA AND BH MECHANICS

and therefore the Smarr formula becomes(
1− γ

σ

)
M =

κ

2π
SW −W . (3.30)

The above Smarr formula can be put in the more standard form

(D − 3)M = (D − 2)
κ

2π
SW − Ŵ (3.31)

where Ŵ is

Ŵ =
m∑
k=0

2(k − 1)ckΨ
(k) (3.32)

and Ψ(k) are suitably defined “potentials”. In this form, the Smarr formula is
in direct connection with the generalized first law of [181, 182]. Indeed, by
dimensional analysis, the k-th coupling ck has dimension [lenght]2(k−1). More-
over, M and SW have dimensions [lenght]D−3 and [lenght](D−2). Therefore,
a scaling argument suggests a generalized first law of the form

δM =
κ

2π
δSW −

m∑
k=0

Ψ(k)δck . (3.33)

Actually, [181, 182] derived the Smarr formula (3.31) starting from the first
law (3.33) and reversing our argument. For an explicit derivation of Ŵ from
(3.30) see the Appendix A of P1. Observe that, in the asymptotically flat
limit l →∞, γ → c1 and σ → c1(D − 2), and so the Smarr fomula acquires
naturally the form (3.31) with Ŵ = (D − 2)W .

3.3 Black holes with Lorentz violation

The aim of this Section is to explore whether BHs with Lorentz violation
admit the formulation of suitable laws of mechanics, and under which condi-
tions a thermodynamical interpretation is possible. In order to set things up
and fix the notation, we first introduce the most simple example of BHs in
LV gravity, namely static and asymptotically flat BHs. Recall from Ch.2.4.3
that the action for Einstein-Aether theory is

SÆ =

∫
d4x

√−g
16πG

[R + Lu + λ (uaua + 1)] (3.34)

where

Lu = −Kab
cd∇au

c∇bu
d , (3.35a)

Kab
cd = c1g

abgcd + c2δ
a
c δ

b
d + c3δ

a
dδ

b
c − c4u

aubgcd . (3.35b)
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The variation of (3.34) w.r.t. to gab, ua and λ is (up to boundary terms)

δSÆ =

∫
d4x

√−g
16πG

[
δgabEab + 2δua (Æa + λua) + δλ(u2 + 1)

]
, (3.36)

from which we read the EOM

uaubg
ab = −1 , (3.37a)

Æa + λua = 0 , (3.37b)
Eab = Gab − T uab = 0 . (3.37c)

The first EOM just expresses that the aether vecor ua is unit-timelike. When
explicitating the second and third EOM, it is convenient to define the fol-
lowing quantities

Y a
b = Kac

bd∇cu
d , (3.38a)

Xm
ab = umY(ab) + u(aY

m
b) − u(bY

m
a) . (3.38b)

The covector Æa in (3.37b) reads

Æa =
1

2

δLu
δua

= c4 a
m∇aum +∇mY

m
a (3.39)

where am = ua∇au
m is the aether acceleration. In (3.37c), Gab = Rab−Rgab/2

is the usual Einstein tensor, while the aether stress energy tensor is

T uab = c1 (∇aum∇bu
m −∇mua∇mub) + c4aaab +∇mX

m
ab+

+ λuaub +
1

2
Lu gab. (3.40)

Eqs.(3.37b)-(3.37c) can be simplified by solving (3.37a) for λ. This yields
λ = (u ·Æ), and the aether and gravitational EOM become

Æ←−a =
(
δba + uau

b
)
Æb = 0 , (3.41a)

Gab = c1(∇aum∇bu
m −∇mua∇mub) + c4aaab+

+∇mX
m
ab + (u ·Æ)uaub +

1

2
Lu gab .

(3.41b)

BH solutions to the EOM (3.41) are not known analitically for generic values
of the couplings ci’s. A generic ansatz for a static solutions is

ds2 = −e(r)dt2 +
f 2(r)

e(r)
dr2 + r2dΩ2 , (3.42a)

ua =

(
(u · t),−(s · t)f(r)

e(r)
, 0, 0

)
, (3.42b)

sa =

(
−(s · t)
e(r)

,−(u · t)
f(r)

, 0, 0

)
. (3.42c)
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For later convenience, we have introduced sa as the unit-spacelike normal
vector to ua. The four functions e(r), f(r), (u · t) and (s · t) in the above
ansatz are not all independent from each other. In particular, the unit-
timelike constraint on ua, or equivalently the unit-spacelike constraint on sa,
enforce the relation

e(r) = (u · t)2 − (s · t)2 . (3.43)

The Killing field associated to time translations is

ta =

(
∂

∂t

)a
= −(u · t)ua + (s · t)sa . (3.44)

Assuming asymptotic flatness and expanding in inverse powers of r at infinity,
numerical analyses [162] show that the solution depends on two parameters
r0 and rae. At order O(r−2) the expansion reads [162, 163]

e(r) = 1− r0

r
+O(r−3) , (3.45a)

f(r) = 1 +
c14r

2
0

16r2
+O(r−3) , (3.45b)

(u · t) = −1 +
r0

2r
+

r2
0

8r2
+O(r−3) , (3.45c)

(s · t) =
r2
ae

r2
+O(r−3) . (3.45d)

However, a close numerical inspection shows that the solution diverges at
the sS-horizon2, unless rae is fine tuned as a function of r0. Therefore, once
regularity is imposed, the solution depends only upon one free parameter r0.
This parameter is connected to the Hamiltonian mass at infinity by [186, 187]

M =
r0

2G

(
1− c14

2

)
. (3.46)

The expansion (3.45) assumes that c123 6= 0 and c14 6= 0. Remarkably, when
c123 = 0 or c14 = 0, exact BH solutions can be found in a close analytic form
[163].

In both the numerical and the analytical solutions, a special hypersurface
exists at r = rUH = constant, to which the aether vector ua is orthogonal.
As explained in Ch.2.4.3, this is the universal horizon: it represents a causal
barrier for modes propagating at arbitrarily high speeds in the aether frame
(i.e. in the frame in which the time direction is aligned with ua). From

2Recall from Ch.2.4.3 that the sS-horizon is defined as the outer event horizon for
modes of speed sS , namely as the Killing horizon of the metric g(S)ab = gab + (1− s2S)uaub.
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(3.42) we see that this is possible if and only if (u · t) = 0 at r = rUH. From
(3.44) this means that the Killing filed ta becomes spacelike at the UH and
lies tangent to it.

Recall from Ch.2.4.3 that Æ-theory and khronometric theory share the
same static BH solutions with a regular UH. Therefore all the above consid-
erations extend also to khronometric theory. In particular, staticity implies
that the solution (3.42) possess a preferred foliation also in Æ-theory, a prop-
erty that does not hold in general in this theory (for example, it is not true
in general when rotation is switched on [170]).

It was shown in [169, Theorem 4] that (u · t) = 0 is a general condition
at the UH, even beyond staticity. More specifically it was shown that, for
stationary asymptotically flat spacetimes with a preferred foliation and with
time translational Killing field ta, (u · t) = 0 and (a · t) 6= 0 form a set of
necessary and sufficient conditions for an hypersurface to be a UH (here (a·t)
denotes the contraction of the aether acceleration with ta). Moreover, [169]
also showed that (a · t) must be constant on the UH.

The fact that static LV BHs depend only on the single lenght scale r0, or
equivalently on the UH radius rUH, makes the existence of a first law and of
a Smarr formula associated to the UH a somewhat trivial fact [163]. Indeed,
consider two solutions differing by an infinitesimal variation δr0 of r0. Then
it follows from (3.46) that

δM =
1

2G

(
1− c14

2

) ∂r0

∂rUH
δrUH (3.47)

which can be rearranged as

δM =
qUH

8πG
δAUH (3.48)

where AUH = 4πr2
UH is the area of the UH and qUH is a parameter with the

dimensions of an inverse lenght. Given that M depends only on rUH and
that there are no dimensionful parameters in the Lagrangian apart from G,
we can apply a scaling argument an derive the Smarr formula [163]

M =
qUHAUH

4πG
. (3.49)

Of course, since (3.48) and (3.49) are derived under strong symmetry as-
sumptions, they can be taken as an hint but not as a strong indication that
the UH admits a first law and a corresponding Smarr formula. Moreover,
the first law (3.48) describes variations between infinitesimally close solu-
tions, therefore it is a first law in a more restricted sense than a physical
process version, or than a phase-space version à la Wald. We therefore take
(3.48)-(3.49) as a motivation for exploring the Smarr formula and the first
law for LV BHs in more general and less symmetric configurations.
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3.3.1 Derivation of the Smarr formula

In order to derive the Smarr formula for LV gravity, we start from the general
equation

dQ[ξ] + ξ · L = Θ (φ,£ξφ) (3.50)

valid for a generic vector field ξa in any diffeoinvariant gravity theory, and
therefore also in Æ-theory and in khronometric theory. As explained in the
introduction, our basic idea to derive the Smarr formula is to identify ξa with
a properly chosen Killing field of the stationary solution. If we can further
show that ξ ·L reduces to a total divergence, the Smarr formula follows from
the integration of the LHS over a spacelike hypersurface with boundaries at
infinity and at the horizon.

However, we immediately recognize that, while this procedure applies
safely to Æ-theory, a difficulty arises in khronometric theory. Indeed, in
Æ-theory the dynamical fields are gab and ua and therefore it is true that
ΘÆ (φ,£ξφ) = 0 for any Killing field ξa. On the ohter hand, in khronometric
theory the dynamical variables are gab and T , which is the preferred time up
to redefinitions T → T̃ (T ). In the presence of a preferred foliation, it has
no physical meaning to impose symmetries on T , which is just a label for
the leaves; rather, the symmetries must be imposed on the normal vector ua
defining the foliation. Therefore in general it is not true that £ξT = 0, and
in particular it cannot be true that £tT = 0. This implies that the RHS
of (3.50) does not vanish in khronometric theory, which therefore must be
treated separately from Æ-theory.

Smarr formula for Æ-theory

From the boundary terms neglected in (3.36), we can read the symplectic
potential for Æ-theory [187]

ΘÆ (φ, δφ) =
1

16πG

[
gab∇mδgab −∇aδg

ma +Xm
abδg

ab − 2Y m
a δu

a
]
εm

(3.51)
from which it follows, using

dQ[ξ] = Θ (φ,£ξφ)− iξL , (3.52)

that

QÆ[ξ] =
−1

16πG

[
∇aξb + uaY b

c ξ
c + uaY b

c ξ
c + Y ab(u · ξ)

]
εab. (3.53)

In order to show that ξ·L is exact on-shell, we make the important observation
that the Lagrangian itself is exact on-shell. In order to show this, it is
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sufficient to trace the gravitational EOM (3.41b), thus obtaining(
2−D

2

)
R = c4a

2 +∇m

(
gabXm

ab

)
− (u ·Æ) +

D

2
Lu =

= ∇m (umY a
a )− ua∇mY

m
a +

D

2
Lu =

= ∇m (umY a
a − uaY m

a ) +

(
D − 2

2

)
Lu (3.54)

where we work in genericD > 2 spacetime dimensions. Therefore the on-shell
Lagrangian is equal to

LÆ =

(
R + Lu + λ(uaua + 1)

16πG

)
ε =

=
1

16πG

(
2

D − 2

)
∇m (uaY m

a − umY a
a ) ε =

= d

[
(uaY m

a − umY a
a ) εm

8πG(D − 2)

]
:= dAÆ (3.55)

where in the last step we defined the (D − 1)-form

AÆ =
(uaY m

a − umY a
a ) εm

8πG(D − 2)
. (3.56)

Now, suppose that ξa is a Killing field such that £ξgab = £ξu
a = 0. From

the observation that A is constructed only with gab, ua and their covariant
derivatives, it follows that on-shell

ξ · LÆ = ξ · dAÆ = £ξAÆ − d (ξ · AÆ) = −d (ξ · AÆ) . (3.57)

Then Eq.(3.50) becomes

d (QÆ[ξ]− ξ · AÆ) = 0 (3.58)

and, integrating over an hypersurface Σ, we obtain∫
∂Σ

(QÆ[ξ]− ξ · AÆ) = 0 . (3.59)

Is there a deeper reason for the seemingly miracolous property that the Æ
Lagrangian is a total derivative on shell? We shall now show that the answer
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is in the affirmative and is rooted in the scale invariance of the action (3.34).
Consider the following redefinitions of the fields

gab → Ω gab, (3.60a)

ua → Ω−1/2 ua, (3.60b)
λ→ Ω−1 λ, (3.60c)

where Ω is a constant. Since the Christoffel symbol and the Riemann tensor
are unaffected by this transformation, and since

√−g → ΩD/2
√−g, the Æ

Lagrangian D–form transforms as

LÆ → Ω(D−2)/2 LÆ , (3.61)

i.e. it experiences a constant rescaling itself: the theory is thus scale invariant
(this was already noted in [188], where the parameter A there in Eq.(3) cor-
responds to our Ω). Now consider the corresponding infinitesimal dilatation
around the identity, Ω ≈ 1 + ω,

δωgab = ω gab

δωu
a = −ω

2
ua

δωλ = −ωλ

 =⇒ δωLÆ = ω

(
D − 2

2

)
LÆ . (3.62)

Under the infinitesimal transformation (3.62), the symplectic potential (3.51)
becomes

ΘÆ (φ, δωφ) = −ω
(
gabXm

ab − uaY m
a

)
εm

16πG
= ω

(uaY m
a − umY a

a ) εm
16πG

. (3.63)

Therefore, from the fact that the variation of any Lagrangian on-shell is equal
to δL = dΘ(φ, δφ), Eq.(3.55) immediately follows.

By the way, this derivation shows that any scale invariant Lagrangian
is a total derivative on-shell: a Lagrangian is scale invariant if, under a
transformation φα → Ωpαφα of the dynamical fields, where the pα’s are real
numbers and α labels the different fields, it transforms as L → ΩpL for
some real number p. Therefore, considering the corresponding infinitesimal
transfromation Ω ≈ 1+ω, it follows that L = p−1dΘ (φα, pαφα) on-shell (here
the field index α is obviously not summed over).

Before passing to khronometric theory, let us briefly discuss the inclusion
of a bare cosmological constant. In this case the Lagrangian acquires an
additional contribution

L = LÆ + LΛ , LΛ = −Λε

8G
. (3.64)
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Then L is not anymore scale invariant, but under (3.63) transforms as

δωL = ω

(
D − 2

2

)
LÆ − ω

D

2
LΛ = ω

(
D − 2

2

)
L + ωLΛ . (3.65)

Since the symplectic potential ΘÆ is not modified, it follows that the La-
grangian on shell is

L = dAÆ −
(

2

D − 2

)
LΛ (3.66)

and Eq.(3.59) becomes

0 =

∫
∂Σ

(QÆ[ξ]− ξ · AÆ) +
Λ

8G(D − 2)

∫
Σ

ξ · ε . (3.67)

As explained in the introduction, the last integral can be turned into a sur-
face integral over ∂Σ by means of a Killing potential, so the inclusion of a
cosmological constant does not spoil our reduction of the Smarr formula to
an indentity between surface integrals.

Smarr formula for khronometric theory

In khronometric theory, we must vary the action

ST =

∫
d

xD
√−g
16πG

[R + Lu] (3.68)

w.r.t. gab and T . Here Lu is the same as in (3.35), but the aether vector
ua is viewed as constructed out of the preferred time T as in (2.92), ua =

−
(
−gab∇aT∇bT

)−1/2∇aT . The resulting EOM are

∇a

(
NÆ←−

a
)

= 0 , (3.69a)

Gab = c1 (∇aum∇bu
m −∇mua∇mub) + c4aaab+

+∇mX
m
ab − (u ·Æ)uaub − 2Æ(aub) +

1

2
Lugab .

(3.69b)

The symplectic potential is

ΘT (φ, δφ) =
1

16πG

[
gab∇mδgab −∇aδg

ma +Xm
abδg

ab − 2Y m
a ubδg

ab

−Y m
c u

cuaubδg
ab + 2NY m

a ∇aδT←−−−− 2NÆm

←−δT
]
εm

(3.70)

where N =
(
−gab∇aT∇bT

)−1/2 is the lapse of the preferred foliation. More-
over, the Noether current QT [ξ] coincides with QÆ[ξ] as derived from Æ-
theory.
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That the Lagrangian form is exact on-shell can be seen again by tracing
the gravitational EOM (3.69b),

LT =

(
R + Lu
16πG

)
ε =

1

16πG

(
2

D − 2

)
∇m (uaY m

a − umY a
a ) ε =

= d

[
(uaY m

a − umY a
a ) εm

8πG(D − 2)

]
≡ dAÆ (3.71)

exactly as in Æ-theory. The same result can be obtained by noticing that
the action (3.68) is invariant under the scale transformation

gab → Ωgab

T → Ω1/2T

}
=⇒ LT → Ω(D−2)/2LT . (3.72)

Considering the infinitesimal transformation Ω ≈ 1 + ω, from the on-shell
equality ω(D − 2)LT/2 = ΘT (φ, δωφ) we get

LT = d


(
uaY m

a − umY a
a −NÆm

←−T
)
εm

8πG(D − 2)

 . (3.73)

This coincides with (3.71) after noticing that the last term vanishes due to
the aether EOM:

d
(
NÆm

←−Tεm
)

= ∇m

(
NÆm

←−T
)
ε =

=
[
∇m

(
NÆm

←−
)
T +NÆm

←−∇mT
]
ε = 0 (3.74)

where the last equality follows from (3.69a) and from Æm

←−um = 0. Therefore
the reduction of the LHS of (3.50) to a surface integral proceeds as in Æ-
theory, ∫

Σ

(dQT [ξ] + ξ · LT ) =

∫
∂Σ

(QÆ[ξ]− ξ · AÆ) . (3.75)

The problem is that the RHS of (3.50) does not vanish anymore. From (3.70),
assuming £ξgab = £ξua = 0, ΘT (φ,£ξφ) it is equal to

8πGΘT (φ,£ξφ) =
[
−Y ma∇a(u · ξ)←−−−−−+ (u · ξ)Y ma∇a lnN←−−−−−+ (u · ξ)Æm

←−
]
εm =

=
[
Y ma

(
(u · ξ)aa −∇a(u · ξ)←−−−−−

)
+ (u · ξ)Æm

←−
]
εm =

=

[
−Y ma£ξua←−−+ (u · ξ)Æm

←−
]
εm = (u · ξ)Æm

←−εm (3.76)
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where we used £ξT = ξa∇aT = −(u · ξ)/N , aa = ∇a lnN←−−−−− and the relation
£ξua←−− = ∇a(u · ξ)←−−−−−− (u · ξ)aa.

We obtain that, on-shell, the integral of (3.50) in khronometric theory
becomes ∫

∂Σ

(QÆ[ξ]− ξ · AÆ) =
1

8πG

∫
Σ

(u · ξ)Æm

←−εm . (3.77)

The RHS of (3.77) vanishes when εm ∝ um. Therefore a Smarr formula,
as a relation between terms at infinity and terms at the inner boundary, is
generally defined only on the preferred slices ΣT at T = const. This is a
manifestation of the fact that, while we are formally dealing with a diffeoin-
variant formulation of IR Hořava, the theory “knows” about the existence of
a preferred foliation and certain properties are well defined or accessible only
in that foliation.

Smarr formula for spherically symmetric black holes

We want to show that, when restricted to spherically symmetric configura-
tions, our Smarr formula reproduces the one originally found in [189, 163].
Using (3.53) and (3.56), the form QÆ[ξ]− ξ · AÆ reads

QÆ[ξ]− ξ · AÆ = − 1

16πG

[
∇aξb + 2c13u

aξc∇(buc) + c13(u · ξ)uabb

−2c14(u · ξ)uaab + (u · ξ)cωωab −
2

D − 2

(
c123(∇ · u)uaξb − c13ξ

aab
)]
εab

(3.78)

where ωab = ∇[aub]←−−−
is the twist of ua, and cω = c1 − c3.

For a spherically symmetric configuration, the expression simplifies. First,
the twist ωab vanishes because spherical symmetry implies hypersurface or-
thogonality of ua. Second, let sa be the spherically symmetric unit-spacelike
normal to the spherical surfaces. Then, using εab = n̂abε̄, where n̂ab = −2u[asb]
is the binormal to the spatial spherical sections and ε̄ is their surface element,
we get

QÆ[ξ]− ξ · AÆ = − 1

16πG

[
∇aξbn̂ab + c13(s · ξ)

(
sasb∇aub

)
− 2 c123

D − 2
(s · ξ) (∇ · u)− 2(D − 3)c14

D − 2
(u · ξ)(a · s)

]
ε̄ . (3.79)

Moreover, since ξa is a Killing vector and £ξua = 0, we can rewrite the first
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term as

∇aξbn̂ab
2

= ∇aξbsaub = sa∇a(u · ξ) + saξb∇aub =

= (u · ξ)(a · s)− (s · ξ)
(
sasb∇aub

)
(3.80)

where in the last line we used £ξua←−− = ∇a(u · ξ)←−−−−−− (u · ξ)aa. Therefore

QÆ[ξ]− ξ · AÆ =
1

8πG

[
−
(

1− (D − 3)c14

(D − 2)

)
(u · ξ)(a · s)

+ (1− c13) (s · ξ)
(
sasb∇aub

)
+

c123

D − 2
(s · ξ) (∇ · u)

]
ε̄ . (3.81)

Specializing to four dimensions we get

QÆ[ξ]− ξ · AÆ =
1

8πG

[
−
(

1− c14

2

)
(u · ξ)(a · s)

+ (1− c13) (s · ξ)
(
sasb∇aub

)
+
c123

2
(s · ξ) (∇ · u)

]
ε̄ . (3.82)

Eq.(3.82) makes direct contact with Eqs.(33)-(34) in [163]. Indeed, defining

q = −
(

1− c14

2

)
(u · ξ)(a · s) + (1− c13) (s · ξ)

(
sasb∇aub

)
+
c123

2
(s · ξ) (∇ · u)

(3.83)
and using n̂abn̂ab = −2, the identity d (QÆ[ξ]− ξ · AÆ) = 0 can be rewritten
as

0 = − 1

16πG
d
(
q n̂abεab

)
= − 1

8πG
∇a

(
q n̂ab

)
εb (3.84)

from which Eqs.(33)-(34) of [163] follow.
Finally, let us evaluate the Smarr formula on a leaf of the preferred folia-

tion, for the four-dimensional static BHs (3.42), for which ξa = ta. Integrat-
ing (3.82) on a two-sphere at infinity we get precisely M/2, where M is the
same as in (3.46) and we used the falloffs (3.45), (a · s) = r0/2r

2 + O(r−3)
and the fact that ∇aub = O(r−2). On the other hand, integrating (3.82) over
a two-sphere at the UH, using (u · t)UH = 0, we obtain qUHAUH/8πG where
qUH is the value of q at the UH

qUH = (s · ξ)UH

[
(1− c13)

(
sasb∇aub

)
+
c123

2
(∇ · u)

]
UH

. (3.85)

Therefore, equating the two integrals, we reproduce Eq.(3.49), where qUH is
given by (3.85).
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3.3.2 A thermodynamical interpretation?

A mechanical and/or thermodynamical interpretation of BHs in Lorentz vi-
olating gravity is problematic. First of all, we have already discussed in
Ch.2.4.3 that LV BHs cannot extend to a regular bifurcation surface, a fact
which forbids Wald’s derivation of the first law in these BHs [187]. Second,
Æ-theory and IR Hořava gravity should be considered as effective theories, in
which higher order Lorentz-violating operators are neglected in the infrared;
in particular, this is exactly the way khronometric theory is obtained from
the full Hořava action [6]. These operators become relevant at high energies,
thus inducing modified superluminal dispersion relations in the ultraviolet
regime. Therefore a Killing horizon is not anymore a true causal horizon and
its thermodynamical significance in terms of entropy and associated Hawking
temperature becomes questionable.

The discovery of the UH opens the way for a possible solution of these
issues. Indeed, since the UH is now a true causal boundary, one may conjec-
ture that a notion of entropy as a measure of the missing information should
rather be associated with it. Two questions then arise: (i) Is there a notion
of “Hawking temperature” associated with UHs? (ii) Is there a first law of
mechanics associated with UHs, possibly with a thermodynamical interpre-
tation?

The first question was addressed in [190, 189, 191, 192]. Refs.[190, 189,
191] studied the problem from the point of view of particle creation near
the UH and the subsequent generation of a thermal radiation via quantum
tunneling of the antiparticles beyond the horizon. The general outcome is
that the tunneling gives rise to a thermal radiation with temperature

TUH =

(
N − 1

N

)
κUH

π
. (3.86)

Here N represents the leading behaviour of the modified dispersion relation
of the test field in the ultraviolet,

ω ∼ kN for k →∞, N > 1 (3.87)

where the freqeuncy ω and the momentum k in (3.87) are understood to be
defined in the aether frame. The quantity κUH is defined as

κUH =
1

2
ua∇a(u · t) ≡

(a · t)
2

(3.88)

where in the last step we used the Killing identity ∇(atb) = 0. Notice that the
factor N − 1 at the numerator of TUH is crucial to exclude that relativistic
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modes, for which ω ∼ k, are emitted from the UH. Indeed, it was shown
in [191] that they continue to be emitted from the Killing horizon with the
usual Hawking temperature TKH = κKH/2π.

As we anticipated, [169] showed that (a · t), and thus κUH, must be con-
stant on the UH. Moreover, [193, 194] showed that κUH can be intepreted
as a surface gravity of the UH, in the sense that it quantifies how much a
congruence of infinite-speed modes peels off at the UH. Therefore it seems
that not only a temptative identification of the UH temperature exists, but
it is also connected to a notion of surface gravity and obeys a zeroth law.

It must be noted that TUH is a local notion which does not necessarily
correspond to the temperature perceived by an observer at infinity. It is not
even clear that the spectrum remains thermal after a reprocessing of the rays
occurs at the Killing horizon before reaching infinity [193, 190]. Actually, by
means of a calculation based on a collapsing null shell, [192] found that the
details of the spectrum for an observer at infinity are independent of the UH
and the temperature is given by TKH, up to corrections of order κKH/ΛLV ,
where ΛLV is the LV scale entering the modified dispertion relation.

From the above results, it is not really clear what is the role played by
the UH in a possible formulation of BH thermodynamics in LV theories. A
general derivation of a first law would surely be of great help, because one
could then try to identify the temperature and entropy contributions from it.
Such a derivation still lacking, one can adopt the more modest approach of
scrutinizing the existing exact solutions, in order to see if an empirical pattern
emerges pointing towards the existence of a first law. This is precisely the
approach that we carry on here.

Some methodological calrifications are necessary. In order for a thermo-
dynamical interpretation to be viable, we expect to find a first law of the
form

dM = TUH dSUH + (work terms). (3.89)

We interpret (3.89) as a differential equation to be solved for SUH: this means
that we do not assume a priori that SUH is proportional to the area of the
UH. Clearly there is some vagueness here, because we could always ascribe
anyawkward term in dM to a not better specified form of work in (3.89). For
this reason we restrict ourselves to the simplest and most natural choices of
work terms. In particular, since the static solutions we consider have a one
parameter dependence, we assume in analogy with GR that no work term
is involved. Similarly, when considering rotating solutions, we allow only for
the work term due to the change in angular momentum. Moreover, we do
not consider variations of the cosmological constant.

Another matter of concern is the fact that, from (3.86), TUH isN -dependent.



3.3. BLACK HOLES WITH LORENTZ VIOLATION 63

This in turn would induce an N -dependence also on SUH, which implies an
awful species dependence of the UH entropy. However, in a UV completion of
Hoǎva-Lifshitz gravity, N becomes a universal constant dictated by the Lif-
shitz symmetry of the theory in the UV [155]. Therefore the N -dependence
is not problematic and we can simply work at fixed N > 1. Here, for defi-
niteness, we take N → ∞, the case of a finite N differing just by factors of
(N − 1)/N .

The exact solutions we will work with are: (i) four-dimensional static
asymptotically flat UHs with c14 = 0 or c123 = 0; (ii) four-dimensional static
asymptotically AdS UHs with c14 = 0; (iii) three-dimensional rotating asymp-
totically AdS UHs with c14 = 0. Case (i) has been already treated in [163]
and we just review it; as anticipated, it admits a first law of the form (3.89)
with a straightforward interpretation. Case (ii) was treated in [164], but we
claim that the treatment suffered from a imprecise definition of mass; any-
way, even after adjusting the mass, we find that a first law of the form (3.89)
does not seem to be admitted. Finally, case (iii) is the only one for which
exact rotating UH solutions have been found in Æ-theory and khronometric
theory [166]: we find that, while a meaningful first law of the form (3.89) is
admitted in the static limit, things get messy as soon as rotation is switched
on.

Four-dimensional static asymptotically flat UHs

Refs.[189, 163] showed that, for c14 = 0 or c123 = 0, static asymptotically
flat BH solutions with a regular UH can be found in four dimensions. The
solutions are summarized in Table (3.90). The parameter f(r) in the line
element (3.42a) turns out to be equal to 1. The other metric and aether
functions are presented in terms of rUH rather that r0, because this facilitates
the computation of the first law.

c14 = 0 c123 = 0

e(r) 1− 4rUH
3r
− c13

3(1−c13)

r4UH
r4

1− 2rUH
r
− (c14−2c13)

2(1−c13)

r2UH
r2

(u · t) −
(
1− rUH

r

)√
1 + 2rUH

3r
+

r2UH
3r2

−1 + rUH
r

(s · t) r2UH√
3(1−c13)r2

rUH
r

√
2−c14

2(1−c13)

(3.90)

In terms of rUH, the mass M and the temperature TUH (for N →∞) read

M =

{
2rUH
3G

if c14 = 0(
1− c14

2

)
rUH
G

if c123 = 0
, (3.91)
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and

TUH =
(a · t)

2π
=


1

2πrUH

√
2

3(1−c13)
if c14 = 0

1
2πrUH

√
2−c14

2(1−c13)
if c123 = 0

. (3.92)

Therefore, integrating (3.89) for SUH with no work term, we obtain

SUH = α
AUH

4G
, α =


√

2(1−c13)
3

if c14 = 0√
(1− c13)

(
1− c14

2

)
if c123 = 0

. (3.93)

This is the expected result. In order to see how it is affected in less simple
or less symmetric spacetimes, let us consider the inclusion of a negative
cosmological constant and the effects of rotation.

Four-dimensional static asymptotically AdS UHs

It was shown in [164] that static asymptotically AdS UHs in Æ-theory and
khronometric theory are possible only if c14 = 0. The solution can be ex-
pressed in the following closed analytic form

(u · t) = −r
l

(
1− rUH

r

)√
1 +

2rUH

r
+

(3r2
UH + l2)(r2

UH + 2rUHr + 3r2)

3r4
,

(3.94a)

(s · t) =
r

λ
+

r2
UH

r2
√

3(1− c13)

√
3r2

UH + l2

l2
, (3.94b)

e(r) = 1− Λ̄r2

3
− r0

r
− c13

3(1− c13)

(
3r2

UH + l2

l2

)
r4
UH

r4
, (3.94c)

r0 =
2rUH(3r2

UH + 2l2)

3l2
+

2r2
UH

λ
√

3(1− c13)

√
3r2

UH + l2

l2
. (3.94d)

and again f(r) = 1. The solution depends on the UH radius rUH and ont he
three further parameters Λ̄, l and λ. These are not independent from each
other, but are related to the bare comsological constant Λ by the relation

Λ̄

3
=

Λ

3
− c13 + 3c2

2λ2
=

1

λ2
− 1

l2
. (3.95)

The parameter λ act as a “misalignement” coefficient, in the sense that ua
is not aligned with ta at spatial infinity unless λ = 0. Although the latter
is the most natural choice, we leave λ unspecified because our results are
independent of its specific value.
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We now derive an expression for the mass of the above spacetime. The
formula (3.46) is valid only for flat asymptotics and, therefore, it cannot
be used for the spacetime (3.94). We use the same method introduced in
Sec.3.2 for Lovelock theory: we identify the variation of the mass δM with
the variation of the covariant energy

δE =

∫
S∞

[δQ[t]− itΘ (φ, δφ)] (3.96)

with respect to rUH. Using (3.51) and (3.53) it can be shown that, for two
infinitesimally close static solutions of the form (3.42), δE is equal to

δE =
ΩD−2r

D−2

8πG

[
−(D − 2)δe(r)

2r
+

(D − 2)e(r)

rf 2(r)

dδf(r)

dr
+ c14(u · t)δ(a · s)

− c2(s · t)δ (∇ · u)− c13(s · t)δ
(
sasb∇aub

)
] (3.97)

and moreover

(a · s) = −(s · t)(u · t)′
f(r)

, (3.98a)

(∇ · u) = −
[
rD−2(s · t)

]′
rD−2f(r)

(3.98b)

(sasa∇aub) = −(u · t)′
f(r)

(3.98c)

where the primes denote derivatives w.r.t. r. Therefore, using (3.97)-(3.98),
the mass of the solution (3.94) is

M =
rUH (3r2

UH + 2l2)

3Gl2
+

√
1− c13r

2
UH√

3λG

√
3r2

UH + l2

l2
. (3.99)

Notice that this mass is different from the one identified in Eq.(57) of [164].
The discrepancy comes from the fact that [164] identifies the mass with the
(finite part) of

∫
S∞

(QÆ[t]− t · AÆ), modulo a constant proportionality fac-
tor. However, while these two notions coincide for flat asymptotics, they are
not anymore guaranteed to match in an AdS spacetime. Therefore, it looks
more consistent to compute the mass using a proper Hamiltonian definition.

Since we do not vary the cosmological constant, the only variable param-
eter in the first law (3.89) is rUH. For this reason, we assume that there is
no work term in (3.89). The temperature TUH is

TUH =
1

2πrUH
√

3(1− c13)

(
rUH
√

3(1− c13)

λ
+

√
3r2

UH + l2

l2

)√
9r2

UH + 2l2

l2

(3.100)
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from which it follows that

dSUH

drUH
=

1

TUH

dM

drUH
=

2πrUH
√

1− c13

G

√
9r2

UH + 2l2

9r2
UH + 3l2

. (3.101)

This equation can be integrated to give

SUH =
π
√

1− c13

18G

[
2
√

3 (2l4 + 15l2r2
UH + 27r4

UH)+

−l2 ln

(
5l2 + 18r2

UH + 2
√

3 (2l4 + 15l2r2
UH + 27r4

UH)

)]
. (3.102)

Expression (3.102) is certainly awkward. While it is true that, in general, we
should not expect the entropy to be proportional to the area, it is also true
that it is not easy to intepret (3.102) without some numerology. Therefore
one should be very cautious and be open to the fact that (3.102) is signaling
a problem in the thermodynamical interpretation based on the putative first
law (3.89).

Three-dimensional rotating asymptotically AdS UHs

Fully rotating solutions in three-dimensional khronometric theory were found
in [166] for c14 = 0 and AdS asymptotics. They are the equivalent of the
BTZ solution (2.108) in three-dimensional GR. The line element and aether
vector have the form

ds2 = −e(r)dt2 +
dr2

e(r)
+ r2 (dϕ+ Ω(r)dt)2 , (3.103a)

uadx
a = (u · t)dt− (s · t)

e(r)
dr (3.103b)

where

e(r) = −r0 +
J̄ 2

4r2
− Λ̄r2 , (3.104a)

Ω(r) = − J
2r2

, (3.104b)

(u · t) =
1

l

(
r2 − r2

UH

r

)
, (3.104c)

(s · t) =
r

λ
+

1

r

√
r4
UH

l2(1− c13)
− J

2

4
(3.104d)
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and rUH, J , l and λ are integration constants. The quantities r0 and J̄ are
given in terms of rUH, J , l and λ by

r0 =
2r2

UH

l2
+

2

λ

√
r4
UH

l2(1− c13)
− J

2

4
, (3.105a)

J̄ 2 = J 2 − 4c13r
4
UH

l2(1− c13)
. (3.105b)

As in the four-dimensional case, the solution is controlled by a misalignment
paramter λ and by an effective cosmological constant Λ̄, which are related to
l and to the bare cosmological constant Λ by

Λ̄ = Λ− 2(c2 + c13)

λ2
=

1

λ2
− 1

l2
. (3.106)

The solution is stationary and axisymmetric with Killing vectors ta = (1, 0, 0)
and ψa = (0, 0, 1). Introducing the unit-spacelike vector sa orthogonal both
to the aether ua and to ψa,

sadx
a = (s · t)dt− (u · t)

e(r)
dr , (3.107)

the expression (3.44) for timelike Killing vector ta can be generalized to the
rotational case as

ta = −(u · t)ua + (s · t)ss + Ω(r)ψa . (3.108)

The mass of the solution can be computed using the formula (3.97) forD = 3,
finding

M =
1

4G

(
r2
UH

l2
+

(1− c13)

λ

√
r4
UH

l2(1− c13)
− J

2

4

)
. (3.109)

From Eq.(2.25), the total angular momentum J is

J =
(1− c13)J

8G
. (3.110)

Finally, TUH is equal to

TUH =
1

lπrUH

(
r2
UH

λ
+

√
r4
UH

l2(1− c13)
− J

2

4

)
. (3.111)
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Notice that the solution is well defined only if

r4
UH

l2(1− c13)
− J

2

4
≥ 0 . (3.112)

If λ→∞, an interesting fact happens when the bound (3.112) is saturated:
the quantity (s · t) vanishes identically, and the preferred time coincides with
the coordinate time t. Moreover, the Killing horizon and the UH coincide: in
this case the BH degenerates into an extremal configuration where the UH is
null. Notice that this is not in contradiction with the result of [189], spelled
above, that the UH must be a timelike leaf. Indeed, imposing λ → ∞ in
(3.111) and saturating the bound (3.112), gives TUH, which in turn imples
(a · t)UH = 0 via (3.86) and (3.88)3. From now on, we assume that the
inequality (3.112) holds strictly, i.e. that the BH is nonextremal.

In order to study the viability of the first law (3.89), we consider sepa-
rately the static case J = 0 from the rotating case J 6= 0. In the static case,
it is immediate to verify that (3.89) is satisfied with no work term and with

SUH =

√
1− c13PUH

4G
(3.113)

where PUH = 2πrUH is the perimeter of the UH. The situation changes dra-
matically when J 6= 0. In this case, we posit a first law of the form

dM = TUHdSUH + ΩUHdJ (3.114)

which is the analogous to the one arising in GR. Here ΩUH = −Ω(rUH) is
the frame dragging of locally nonrotating observers w.r.t. the aether frame,
whose velocity is given by the aether vector ua. From (3.109)-(3.111), the
first law (3.114) implies the Clausius relations

∂SUH

∂rUH
=

1

TUH

∂M

∂rUH
=
πr2

UH

2G l

(
r4
UH

l2(1− c13)
− J

2

4

)−1/2

, (3.115a)

∂SUH

∂J 2
=

1

TUH

∂M

∂J 2
− (1− c13)ΩUH

16πGTUHJ
= −(1− c13)πl

32GrUH

(
r4
UH

l2(1− c13)
− J

2

4

)−1/2

.

(3.115b)

Eq.(3.115b) can be integrated to give

SUH =
(1− c13)πl

32GrUH

√
r4
UH

l2(1− c13)
− J

2

4
+ ρ(rUH) (3.116)

3The existence of extremal UHs was first pointed out in [195] for c14 = 0 and in [168]
in the general coupling case.
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where ρ(rUH) is an arbitrary function of rUH that must be fixed integrating
(3.115a). The problem is that, if we differentiate (3.116) w.r.t. rUH, the result
differs from the RHS of (3.115a) by terms depending explicitely on J , which
cannot be compensated by any choice of ρ(rUH), leading to a contradiction.

One could think to replace (3.114) with a more general first law of the
form

dM = TUHdSUH + αΩUHdJ (3.117)
where α is a generic constant. However, working for simplicity in the limit
λ→∞, one can show that (3.117) leads to the same SUH as in (3.105), with
the only addition of a factor of α on the RHS. Therefore, (3.115a) cannot be
satisfied anyway.

Summing up, we conclude that, in the three-dimensional rotating solu-
tion under consideration, there is no first law that can be satisfied at the
UH, under the restrictions stated below Eq.(3.89). Those restrictions are
dictated by a simple generalization of GR: therefore, even if one does not
want to abandon the hope that UHs respect a first law of the form (3.89),
our analysis shows that more exotic solutions (e.g. in the form of work terms)
are necessary.

Some remarks are necessary, in order to not overestimate prematurely our
results. First of all, the problems that we encountered in the interpretation
of the first law are restricted to the particular branch of the theory c14 = 0.
It might be the case that higher order terms in the full Hořava theory would
always end up introducing a nonzero c14 via radiative corrections: in this case,
setting this parameter to zero in the infrared action would be inconsistent
with the UV completed theory. Second, AdS is not a natural asymptotic for
Hořava theory. Indeed we expect that (i) astrophysical BHs are modeled by
flat asymptotics, and (ii) if we use Hořava theory as an holographic dual of a
Lifshitz QFT, we should consider asymptotic Lifshitz symmetry rather than
AdS (see e.g. [196, 197, 198]).

Therefore our results signal problems that can occur but, in order to
see if they constitute actual drawbacks of the theory, one must investigate
what happens when more physicl asymptotics are considered. For astrophys-
ical BHs, this implies the study of fully rotating asymptotically flat four-
dimensional solutions, which have not yet been obtained neither analytically
nor numerically. Regarding the applications to holography, static asymptot-
ically Lifshitz UHs in three dimensions were analyzed in [198]. It was shown
that these UHs possess a first law of the form

dM ∝ TUHdPUH , (3.118)

in analogy with their static three-dimensional static AdS counterparts. Whether
they are better behaved when rotation is switched on, is a matter for future
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research; nonetheless, from our previous considerations, we expect the case
of Lifshitz asymptotics to be more promising.



4
Einstein–Maxwell–dilaton black holes

4.1 Introduction

In this Chapter we will study black holes in Einstein-Maxwell-dilaton theory
(EMD). The material is taken from the papers “Scalar charge of black holes
in Einstein-Maxwell-dilaton theory” (P5) and “Quasinormal modes of weakly
charged Einstein-Maxwell-dilaton black holes” (P6).

EMD was introduced in Ch.2.4.2. Let us briefly describe the main moti-
vations for considering this theory and its BH solutions. Recall from Ch.2.4.2
that EMD is described by the action

SEMD =

∫
d4x

√−g
16π

[
R− 2∇aΦ∇aΦ− e−2ηΦF abFab

]
. (4.1)

EMD can be viewed as an extension of the ordinary Einstein-Maxwell theory,
recovered in the limit of vanishing scalar coupling η = 0. When η = 1
it emerges in a low energy limit of string theory [32, 33], while the case
η =
√

3 corresponds to the compactification of the five-dimensional Kaluza-
Klein theory [33, 149, 7]. More generally, it constitutes a proxy for theories
where all the three bosonic degrees of freedom (scalar, vector and tensor) can
be dynamical. Recently the physics of single and binary BHs in EMD has
received new attention, mainly due to the perspective of observational tests
offered by GW astronomy [199, 200, 201, 202]. Moreover, Ref.[203] considered
EMD with the addition of an axion field as an example of a modified BH, in
relation to the theory-testing prospects of the Event Horizon Telescope.

Despite this increasing attention, the characterization of BHs in EMD is
understood only partially. The main limitation is that explicit solutions are
essentially confined to static or slow rotating configurations [32, 33], with the
only exception of the single case η =

√
3, for which fully rotating solutions

71
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were derived in [149]. Notably, [151] proved an uniqueness theorem for sta-
tionary EMD BHs under the condition 0 ≤ η2 ≤ 3. The general picture that
emerges from these solutions is that EMD BHs are electrically charged and,
most importantly, hairy: the scalar field (the dilaton) acquires a nontrivial
configuration outside the event horizon. The hair is of secondary type, i.e.
the multipole moments of the dilaton are not new conserved charges, but
they depend depend on the mass, spin and electric charge of the BH. Finally,
when the electric charge vanishes, the dilaton configuration trivializes and
the BH ceases to be hairy.

It is then clear that the no-hair theorem can be evaded in EMD, if the
elctric charge of the BH is nonzero. There are standard arguments in the
literature predicting that BHs of astrophysical interest should have a very
small, if not vanishing, electric charge-to-mass ratio [23]. However, one must
not exclude the possibility that EMD describes the dynamics of a novel gauge
vector field, different from the photon field of the standard model (see for
example [24], in which “dark photons” and “dark electric charges” are studied
as dark matter candidates). In the latter case, anyway, one can appeal to
the guiding principle of small deviations from GR, and still argue that the
EMD electric charge is a perturbative parameter, although not necessarily
as small as in the photon case [24].

The natural question then arises how one can constrain the deviations
of BHs in EMD from their standard GR counterparts. As anticipated, GW
observations constitute a natural testing tool. This comes essentially from
two physical mechanisms. On the one hand, it is known that the presence of
scalar hair, and in particular the presence of a monopole scalar charge, trig-
gers the activation of dipole radiation. In the inspiral phase of a merger event,
dipole radiation occurs at negative post-Newtonian order and can superseed
the ordinary quadrupolar radiation, thus allowing to put efficient constraints
of the generation mechanism [204, 26, 142, 15, 20]. On the other hand, the
presence of hair modifies the QNM spectrum in the ringdown part of the
waveform, thus allowing to constrain deviations through BH spectroscopy,
as explained in Ch.2.3.5.

Unfortunately, the application of these testing strategies to EMD is ob-
structed by a lack of results. The main limitation to the inspiral-phase tests
is that they require the knowledge of the monopole scalar charge in terms
of other measurable parameters of the BH. Since, in the generic case, only
static and slowly rotating solutions are known, and since astrophysical BHs
are generally fully rotating, an explicit knowledge of the monopole scalar
charge is not at hand. Finding rotating solutions in modified theories is no-
toriously a difficult task. Therefore it is desiderable to develop a strategy to
compute the monopole charge which does not rely on explicit solutions, but
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only on the structure of the theory. For example, we saw in Ch.2.4.1 that
this is possible in theories where the dilaton is linearly coupled to a topo-
logical invariant (cf. Eq.2.83). In P5 we have shown that this is possible
also in EMD, thus filling a gap in the sense just explained. This is our first
constribution to EMD BH theory.

The second contribution concerns the computation of the QNMs. A de-
tailed characterization of QNMs for EMD BHs was so far limited to the
particular value η = 1, and even in that case only to static BHs [205]. Al-
though this study already provides relevant informations, one would like to
go beyond particular realizations of the theory and encompass the general
case. This is precisely what we have done in P6: we computed numerically
QNMs for weakly charged BHs in EMD, both in the static and in the slowly
rotating cases, without restricting to a specific value of η. The restriction
to slow rotation is obviously due to the lack of fully rotating solutions, but
we shall see that our results already shed light on various peculiar features.
Therefore they represent an important step towards a general understanding
of QNMs in EMD.

The rest of this Chapter is organized as follows. In Sec.4.2 we review the
explicit stationary BH solutions in EMD existing in the literature. We also
discuss the definition and the limitations of the weak electric charge limit
in these BHs. In Sec.4.3 we derive a general relation between the monopole
scalar charge and the electric potential energy at the BH horizon, which was
anticipated in Ch.2.4.2 (cf. Eq.2.89), and which constitutes the main result
of P5. Finally, in Sec.4.4 we investigate the properties of QNMs in EMD
BHs, as they were originally presented in P6.

4.2 Black hole solutions in EMD theory

In this section we review the existing stationary BH solutions in EMD. By
variational principle, the action (4.1) gives the following EOM

S ≡ ∇a∇aΦ +
η

2
e−2ηΦFabF

ab = 0 , (4.2a)

Ja ≡ ∇b

(
e−2ηΦF b

a

)
= 0 , (4.2b)

Eab ≡ Gab − TΦ
ab − T Fab = 0 , (4.2c)
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where Gab = Rab − gabR/2 is the Einstein tensor. The scalar and EM stress
energy tensors are respectively

TΦ
ab = 2∇aΦ∇bΦ− (∇Φ)2gab , (4.3a)

T Fab = e−2ηΦ

(
2FacF

c
b −

1

2
F 2gab

)
, (4.3b)

where we used the shorthand notations (∇φ)2 = gab∇aφ∇bφ and F 2 =
FabF

ab.

Static black holes Static asymptotically flat BH solutions of the EOM
(4.45) where derived in [32, 150], see also [33]. The line element is

ds2 = −F (r)dt2 +
dr2

F (r)
+ r2G(r)

(
dθ2 + sin2 θdϕ2

)
(4.4)

where

F (r) =

(
1− R+

r

)(
1− R−

r

)(1−η2)/(1+η2)

, (4.5a)

G(r) =

(
1− R−

r

)2η2/(1+η2)

. (4.5b)

The surface r = R+ is the BH event horizon. The surface r = R− is a
curvature singularity, except for the case η = 0 when it is a nonsigular inner
horizon. The dilaton and the vector field are given by

e2Φ = e2Φ∞

(
1− R−

r

)2η/(1+η2)

, (4.6a)

Aadx
a =

e2ηΦ∞QE

r
dt . (4.6b)

where QE is the electric charge of the BH. We see that, when η = 0, the
dilaton reduces to a constant Φ∞ and the solution correctly reproduces the
Reissner-Nordström BH. Notice that, since the original action (4.1) is invari-
ant under the constant shift Φ → Φ + Φ∞ and the concomitant rescaling
Aa → eηΦ∞Aa, it follows that Φ∞ can be eliminated through a redefinition
of QE. Therefore, for simplicity, from now on we put Φ∞ = 0.

The quantities R+ and R− are related to the mass M and to the electric
charge QE by

M =
R+

2
+

(
1− η2

1 + η2

)
R−
2
, (4.7a)

QE =

(
R+R−
1 + η2

)1/2

. (4.7b)
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Eqs.(4.7) can be inverted to give

R+ = M
[
1 +

√
1− (1− η2)v2

]
, (4.8a)

R− =

(
1 + η2

1− η2

)
M
[
1−

√
1− (1− η2)v2

]
(4.8b)

where we introduced the electric charge-to-mass ratio v = QE/M . The value
of v is not arbitrary: requiring that R+ > R− (in order to avoid naked
singularities) and that R± are real, we obtain the bound

v2 ≤ 1 + η2 . (4.9)

When the upper bound is satisfied, R+ and R+ coincide and the BH is
extremal. Notice however that, when η 6= 0, extremal BHs in EMD can have
very different properties from the extremal Reissner-Nordström solution. In
particular, the surface gravity of the event horizon

κ+ =
1

2R+

(
1− R−

R+

)(1−η2)/(1+η2)

(4.10)

vanishes for η < 1, is finite for η = 1 and diverges for η > 1. Moreover, for
η 6= 0, the area of the event horizon of an extremal EMD BH vanishes. In
this chapter we focus exclusively on nonextremal EMD BHs, but a discussion
of the properties of extremal BHs can be found in [206].

Slowly rotating black holes The above static solution can be generalized
to slow rotation [33]. The resulting line element has the form

ds2 = ds2
static − 2aΩ(r) sin2 θdtdϕ+O(a2) (4.11)

where ds2
static is the same as in (4.4), a is a spin parameter and Ω(r) is given

by

Ω(r) =
(1 + η2)2

(1− η2)(1− 3η2)

r2

R2
−

(
1− R−

r

)2η2/(1+η2)

−
(

1− R−
r

)(1−η2)/(1+η2)

×

×
[
1− R+

r
+

(1 + η2)2

(1− η2)(1− 3η2)

r2

R2
−

+
(1 + η2)

(1− η2)

r

R−

]
. (4.12)

The vector potential becomes

Aadx
a =

QE

r

(
dt− a sin2 θdϕ

)
+O(a2) (4.13)
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while the dilaton field remains unaffected at O(a). As a consequence, the
relations between R± and the mass and electric charge are still the same as
in (4.8). The system has now also an angular momentum J , given by

J =
a

2

(
R+ +

3− η2

3(1 + η2)
R−

)
= Ma

(
1 +

η2

3(1 + η2)

R−
M

)
. (4.14)

Weak charge limit As we anticipated in the introduction, we will consider
EMD BHs in the weak electric charge limit. Observe that the line element
(4.4) reduces to Schwarzschild for v → 0, while the first corrections appear
at order O(v2). Therefore we define the weak charge limit as a second order
expansion in v at fixed M . In this limit, F (r) and G(r) become

F (r) = 1− 2M

r
+ (1− η2)

M2v2

r2
+O(v4) , (4.15a)

G(r) = 1− η2Mv2

r
+O(v4) . (4.15b)

The vector field is unchanged since it is already linear in v, while the dilaton
becomes

Φ = −ηMv2

2r
+O(v4) . (4.16)

The lenghty expression (4.12) for Ω(r) drastically simplifies to

Ω(r) =
2M

r
+

[η2r − 3M(1− η2)]Mv2

3r2
+O(v4) , (4.17)

while the angular momentum becomes

J = Ma

(
1 +

η2v2

6

)
+O(v4) . (4.18)

For later convenience, let us introduce the “physical spin parameter” aJ ,
defined in such a way to satisfy the Kerr-like relation J = MaJ . From (4.18)

aJ = a

(
1 +

η2v2

6

)
+O(v4) . (4.19)

Moreover, we redefine aJ = Mã, so that we work with an adimensional spin
parameter ã and the only dimensional scale is the mass M .

At this point, it must be observed that the above expansions have been
made too lightly. The reason is easily understood: from (4.5) and (4.6), we
are actually expanding in powers of R−/r. This expansion is not meaningful
for all values of r and it certainly fails for r → 0. Since we are interested
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in meaningful approximations outside the event horizon, it is sufficient that
the expansion holds for r ∼ M . From (4.8), this implies the condition |(1−
η2)v2| � 1. We thus find that, for a fixed v, a weak charge expansion must be
restricted to a corresponding upper limit of η. Of course, the exact value of
such an upper limit dipends on how much precision we want to achieve. We
will return to this issue in Section 4.4, where we apply the O(v2) expansion
to simplify the perturbed EOM and compute the QNMs.

4.3 The monopole scalar charge

In this section we prove that the monopole scalar charge of an isolated asymp-
totically flat BH in EMD is related to the electric potential energy at the
event horizon by the simple relation

QS = −η VE QE (4.20)

as anticipated in Chapter (2.4.2). The proof follows closely the derivation of
Eq.(2.83). We start from the EMD Lagrangian written in the language of
differential forms

LEMD = Lg + LΦA (4.21)

where Lg is the Einstein-Hilbert term, whose differential form we don’t need
explicitely in the following, and LΦA is the Maxwell-dilaton part of the La-
grangian

8πGLΦA = ?dΦ ∧ dΦ− e−2ηΦF ∧ ?F . (4.22)

By varying (4.22) w.r.t. to Φ and A, we derive the EOM

Φ : d ? dΦ + ηe−2ηΦF ∧ ?F = 0 , (4.23a)
A : d

[
e−2ηΦ ? F

]
= 0. (4.23b)

Using (4.23b) into (4.23a), we obtain the divergence identity

d
[
?dΦ + ηe−2ηΦA ∧ ?F

]
= 0. (4.24)

At this point, we assume that a stationary BH exist, with timelike Killing
field ta and axisymmetry Killing field ψa, such that the horizon is a null
hypersurface generated by the linear combination χa = ta + ΩHψ

a. We also
assume that the dilaton and the vector fields respect the same symmetries of
the metric, £tΦ = £tA = 0 and similarly for ψa. Then, contracting (4.24)
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with χa and using Cartan’s identity £χ = iχd+ diχ, we get

0 = d
[
iχ ? dΦ + ηe−2ηΦ (iχA) ? F − ηe−2ηΦA ∧ iχ ? F

]
+

−£χ

[
?dΦ + ηe−2ηΦA ∧ ?F

]
=

= d
[
iχ ? dΦ + ηe−2ηΦ (iχA) ? F − ηe−2ηΦA ∧ iχ ? F

]
(4.25)

where in the last step we used the fact that £χgab = £χΦ = £χA = 0.
Therefore we have reduced the dilaton and vector EOM to a divergence-free
rank-2 differential form. The last step of the proof consists into integrating
(4.25) over a spacelike hypersurface with boundaries at the bifurcation sur-
face B and at spatial infinity. Applying the Gauss’ theorem, the integration
reduces to two boundary contributions. The boundary contribution at the
bifurcation surface is

IB =

∫
B

[
iχ ? dΦ + ηe−2ηΦ (iχA) ? F − ηe−2ηΦA ∧ iχ ? F

]
=

=

∫
B
ηe−2ηΦ (iχA) ? F = 4πη VE QE (4.26)

where VE = iχA|B is the electric potential at B, and QE is the electric charge

QE = − 1

4π

∫
B
e−2ηΦ ? F . (4.27)

In the first step of (4.26) we used the fact that χa|B = 0 and that iχ ? F |B = 0,
while in the second step we used the constancy of iχA on the event horizon
(see Chapter 2.2.2 for the derivation of these properties).

In order to compute the boundary contribution at infinity, we must im-
pose asymptotic flatness boundary condition. The dilaton field falls off as

lim
r→∞

Φ = Φ∞ +
Φ1

r
+O

(
1

r2

)
(4.28)

where Φ∞ is a constant, while Φ1 is related to the monopole scalar charge by

QS =
1

4π

∫
∞

Φ1

r2
ε2 (4.29)

where ε2 is the surface element at asymptotic infinity. We can fix the gauge
of the vector potential such that it scales as

lim
r→∞

A =
A
r

+O
(

1

r2

)
. (4.30)
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Using the asymptotic expansions (4.28) and (4.30), the contribution to the
integral of (4.25) at infinty is

I∞ =

∫
S∞

[
iχ ? dΦ + ηe−2ηΦ (iχA) ? F − ηe−2ηΦA ∧ iχ ? F

]
=

=

∫
S∞

iχ ? dΦ = 4πQS (4.31)

where in the first step we used the falloff (4.30) to drop out the terms involv-
ing the vector potential and the Maxwell field strenght, while in the last step
we used the definition (4.29) of the monopole scalar charge. Finally, from
I∞ = IB, we obtain the identity (4.20). This completes the derivation. �

It can be easily seen that (4.20) is satisfied in the BH solutions presented
in the previous section. Indeed from (4.6) (taking for simplicity Φ∞ = 0) we
have

Φ =
η

1 + η2
ln

(
1− R−

r

)
. (4.32)

Expanding at infinity and taking (4.7) into account, we get

lim
r→∞

Φ = − η

1 + η2

R−
r

+O
(

1

r2

)
= −η Q

2
E

R+ r
+O

(
1

r2

)
. (4.33)

It follows that QS = η Q2
E/R+, which coincides with (4.20) once observing

that VE = QE/R+.

Horizonless compact objects A comment is in order. It may seem that
the above proof could be adapted to prove that horizonless compact ob-
jects, such as neutron stars, cannot hold a monopole scalar hair in EMD.
Indeed, the spacetime of an horizonless compact objects has no inner bound-
ary. Therefore, if we integrate (4.25) over a compact Cauchy hypersurface
with a single boundary at infinity, we obtain QS = 0. This argument would
be exactly the same as the one in Ch.2.4.1 for the Lagrangian (2.80). How-
ever, a crucial difference arises. For the Lagrangian (2.80), the reduction of
the dilaton EOM to an exact rank-2 differential form did not make use of the
EOM for the vector potential, but merely follows from the topological nature
of the electromagnetic part of the action. Instead, in the case of EMD, we
made explicit use of (4.23b) in order to reduce the dilaton EOM to the form
(4.24). Now, since we are implicitely assuming that charged BHs in EMD
can form from a gravitational collapse, it means that the collapsing matter
carries electric charge and therefore it must be coupled to the vector field
Aa, even if the latter does not coincide with the photon field of the stan-
dard model. Such a coupling would generate a current term on the RHS of
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(4.23b), and consequently also on the RHS of (4.24). Therefore, the integral
of (4.25) would not vanish, but instead it would be equal to a volume in-
tegral involving electric currents. These additional terms are not present in
vacuum, but one cannot exclude their presence for an horizonless compact
object. Therefore, in conclusion, we cannot conclude that neutron stars in
EMD do not support a monopole scalar charge.

Weak charge limit Let us now return to BHs. We want to prove a further
important result: the scalar charge of weakly charged EMD BHs does not
depend on the spin (by weak electric charge we mean a O(v2) expansion, as
explained in the previous section). To see why we first observe that, for a
static BH,(4.33) implies

QS = −η Q
2
E

2M
+O(v4) . (4.34)

When the BH is spinning, we can write the scalar charge as

QS = −η Q
2
E

2M
f(M, v, a, η) +O(v3) (4.35)

where f(M, v, a, η) is a function which accounts for corrections to the static
charge due to the spin, i.e. f(M, v, a = 0, η) = 1. However, since we are
interested in knowing QS only up to terms quadratic in v, and since in the
static limit QS is already quadratic in v, we can neglect the dependence of
f on v. This, in turn, implies that we can also neglect the dependence on
η: indeed, from the EOM (4.45), all the terms containing η vanish when the
electric charge vanishes. Therefore we conclude that, in the weak charge limit,
the factor f reduces to fKerr, the one given by the Kerr-Newman solution in
the limit QE → 0.

The factor fKerr can be derived by contracting the Kerr-Newman vector
potential (2.3) with the Killing field χa given by (2.7)-(2.8), thus obtaining
the Kerr electromagnetic potential. Then, writing

VE,Kerr =
QE

2M
fKN(M,a,QE) , (4.36)

where QE/2M is the electromagnetic potential in the static limit at O(QE),
and taking the limit of fKN for QE → 0, we obtain

fKerr(M,a) = lim
QE→0

fKN(M,a,QE) =
2MR+

R2
+ + a2

∣∣∣∣
Kerr

= 1 . (4.37)

Therefore
QS = −η Q2

E/2M +O(v3) (4.38)
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irrespective of the spin parameter a. �
This result is significant when testing the theory against GW observa-

tions. Indeed, GW events so far constrain the spin only loosely, thus pre-
venting the extraction of efficient contraints from dipolar radiation emission
[15]. The fact that in the weak charge limit QS is spin-independent suggests
that less degenerate bounds can be obtained in EMD.

We conclude by noticing that (4.38) contrasts with the claim in [200]
that the scalar charge varies with the spin. The scalar charge for spinning
EMD BHs was estimated in [200] numerically, by evolving suitable initial
data towards a stationary BH configuration. The initial conditions chosen
are compatible with the weak charge approximation (QE ∼ 10−3), but the
authors find that the monopole charge decreases with the spin. This discrep-
ancy might be due to propagating numerical errors in the initial conditions
(see the discussion in the first paragraph of [200, Sec.IV.A]).

4.4 Quasinormal modes of EMD black holes

4.4.1 Review of the previous studies

In this section we study the quasinormal modes of oscillations of BHs in EMD.
The problem of finding QNMs for EMD BHs has been already addressed
before in [206, 205, 207]. Ref.[206] derived the perturbed axial EOM and
sketched the derivation of the polar ones. The computation of the QNMs
was not the main concern, and the EOM were used to study the Hawking
emission of EMD BHs in the extremal limit. Ref.[207] used the axial EOM
derived in [206] to compute the gravitational QNMs and noticed that, unless
the charge-to-mass ratio approaches unity, the results are almost independent
of η. The polar case wass not treated, due to the complicated form of the
polar EOM.

The first detailed study was [205]: here the QNMs are computed for the
special case η = 1 and only for static BHs, but the axial and polar spectrum
are both treated and compared to each other. Moreover, the analysis does not
restrict to gravitational modes only, but it extends also to electromagnetic
and dilaton ones. The most notable result of [205] is that the presence of
the dilaton breaks the isospectrality between axial and polar spectrum. The
level of isospectrality breaking (henceforth ISO-breaking) grows with v and
it is almost negligible for small v, as it should be expected from the fact
that the perturbations reduce to the ones on a Schwarzschild background in
the limit v → 0. Additionally, ISO-breaking is not very pronounced in the
gravitational sector, while it is much more evident in the EM modes: this
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is also expected from the fact that, in the action 4.1, the dilaton couples
directly only to the EM field.

The main limitation of [205] is that it focuses on the specific value η = 1.
It would be certainly interesting to see how the properties of the spectrum
vary with η. Some considerations in this direction are contained in [200],
which numerically simulates the collision of static BHs in EMD for a wide
range of η and extract the ringdown frequencies. However, [200] considers
BHs with an electric charge as weak as QE ∼ 10−3: for such small charges,
ISO-breaking and η-dependence of the spectrum lie within the numerical
error and therefore the spectrum is not distinguishable in practice from the
standard Reissner-Nordström one.

Plan of the Section The rest of this Section is organized as follows.
Sec.4.4.2 contains a detailed overview of our results, to facilitate the rest
of the reading. In Sec.4.4.3 we give an estimate of gravitational QNMs using
the light ring correspondence. In Sec.4.4.4 we compute the QNMs numeri-
cally for static BHs. In Sec.4.4.5 we employ a modified version of the DF
approximation scheme. In Sec.4.4.6 we extend the numerical computation
of the QNMs of slowly rotating BHs. Finally, in Sec.4.4.7 we address the
possible presence of dilaton instabilities.

4.4.2 Overview of the results

In P6 we have extended the analysis of [205] to generic values of η, for both
the static and the slowly rotating BHs introduced in Sec.4.2. In order to
deal with the complexity of the polar EOM, we resorted to the weak charge
approximation, in the sense explained in Sec.4.2. On general grounds, we
must expect that the presence of the dilaton induces ISO-breaking for all η
except η = 0, for which the theory reduces to electrovacuum GR. Moreover,
from the form of the dilaton coupling, the effect should grow not only with
v, but also with η.

This is exactly what we find. In agreement with [205], we observe that
ISO-breaking is almost negligible in the gravitational sector, while it becomes
relevant in the EM one. However, differently from [205], we are also able
to monitor how the spectrum varies with η. The gravitational modes are
scarsely dependent on η, the differences being within the estimated numerical
error. On the contrary, the EM part of the spectrum exhibits a marked
difference between axial and polar modes: in particular, ISO-breaking grows
much beyond the numerical error already for moderate values of η. This
provides in principle a way to distinguish among doifferent realizations of
the theory through BH spectroscopy.
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It is interesting to compare the exact numerical results with suitable ap-
proximation schemes. After all, an exact study of QNMs in modified theories
is not possible in general. Therefore it is important to test approximation
schemes in those few cases in which the exact computation is viable. More-
over, our study restricts to static and slowly rotating BHs: the difficulties
that we already encountered with such restrictions let us believe that an ex-
tension to fully rotating configurations would not be possible without suitable
simplification techniques. We concentrated on two (complementary) approx-
imations: the light ring correspondence and a modification of the so called
Dudley-Finley scheme.

The ligh ring correspondence was introduced in Ch.2.3.4. There we saw
that in GR the gravitational part of the spectrum is well approximated, with
an accuracy of some percents, by the properties of unstable null geodesics
around the BH. As argued in [130], the correspondence should continue to be
valid in modified theories, provided that GWs propagate at the speed of light
and that deviations of the background geometry from Kerr are parametrized
by a perturbative small parameter (these conditions certainly hold for weakly
charged EMD BHs). Then [130] proposes to use the light ring to estimate
BH QNMs, in order to bypass the difficulty of computing them rigorously
in arbitrarily modified theories. We verify that the light ring approximation
gives a good description of the gravitational QNMs, in both the static and
the slowly rotating cases.

The light ring correspondence is limited in that it describes only gravi-
tational modes. However, as discussed above, EM modes contain important
informations about the dynamics of the theory. Therefore it is desiderable
to develop a complementary approximation scheme to deal with the non-
gravitational QNMs. To this aim, we employ a modified version of the so
called Dudley-Finley (DF) approximation. In its original version, the DF ap-
proximation consists in perturbing the dynamical fields independently from
each other: this is particularly appropriate when the backreaction of mat-
ter fields on the vacuum geometry is small. Since the coupling between the
EM field and the dilaton plays a key role in EMD, we devise a modified DF
scheme: in our scheme, one perturbs the metric as an independent field, but
the vector and the dilaton fields are perturbed together, keeping on their
mutual coupling. Our DF scheme captures the essential physics behind ISO-
breaking in the EM sector, also providing a simpler way for its estimation.

As a last task we investigate the stability of EMD BHs. In particular,
we critically discuss the claim, formulated in [200], that EMD BHs are sub-
jected to dilaton instabilities. According to [200], instabilities occur when
the electric charge is bigger than a certain threshold, and it is enhanced for
monopolar (l = 0) perturbations. In order to study this possibility, we de-
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rive the l = 0 pertubed EOM at all oders in v. We find that the effective
potential is such that no instability occurs. We argue that the wrong claim
of [200] is rooted in an inconsistent application of the weak electric charge
approximation.

4.4.3 The light ring approximation

We need to generalize the light ring estimation of Chapter 2.3.4 to the class
of metrics of the form (4.4) and (4.11) (the formal difference is the presence
of the factor G(r) in the line element). As in Chapter 2.3.4, we will work in
the weak electric charge approximation O(v2) and at slow rotation O(a). At
order O(a), the equations of a general null geodesic in the equatorial plane
become

ṫ =
1

F (r)
∓ aΩ(r)L

r2F (r)G(r)
, (4.39a)

ϕ̇ = ± L

r2G(r)
+

aΩ(r)

r2F (r)G(r)
, (4.39b)

ṙ2 = Vgeo(r) = 1− F (r)L2

r2G(r)
∓ 2aΩ(r)L

r2G(r)
. (4.39c)

Then, repeating the same steps as in Chapter 2.3.4, and expressing the results
in terms of the physical (adimensional) spin parameter ã, we find that the
complex light ring frequencies are given by

ωn = ±l ωc − i
(
n+

1

2

)
γc (4.40)

where

Mωc =
1

3
√

3

(
1 +

v2

6

)
± 2ã

27

(
1 +

v2

2

)
, (4.41a)

Mγc =
1

3
√

3

(
1 +

v2

18

)
± ãv2

243
. (4.41b)

Remarkably, (4.41) is exactly the same as (2.71). In other words, the light
ring frequencies for slowly rotating, weakly charged BHs in EMD are de-
generate with η and reproduce the Kerr-Newman result. Therefore, if we
take the light ring approximation as a good indicator of the behaviour of
the gravitational QNMs, we deduce that they depend very weakly on η. We
emphasize that this conclusion would not have been reached if, instead of
aJ

1, one had used the “unphysical spin parameter” a. However, it is obvious
1Recall that ã = aJM

−1.
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that the use of aJ must be preferred, because it is the one connected with
the physical definition of the angular momentum.

As we shall see in 4.4.4 and 4.4.6, explicit numerical computations show
that gravitational QNMs are well approximately isospectral within the nu-
merical error and in agreement with (4.41), thus validating the use of the
light ring correspondence.

4.4.4 Quasinormal modes I: static case

We now compute the EMD QNMs numerically using the perturbed EOM at
order O(v2) and Leaver’s continued fraction method. For conceptual cleare-
ness, we distinguish the static case, addressed here, from the slowly rotating
case, which is treated in Sec.4.4.6.

The perturbed equations The derivation of the perturbed EOM is a
matter of pedantic and technical manipulations. Here we just illustrate their
main features (a detailed derivation is contained in a specific Mathematica®

notebook [208]). We find that the axial perturbed EOM can be casted in the
form [

d2

dr2
?

+ ω2

]
~Zax(r) = Vax(r)~Zax(r) (4.42)

where ~Zax is a vector-like wavefunction with two components, while Vax(r)
is a 2 × 2 potential matrix. The tortoise coordinate r? is defined through
dr?/dr = F−1(r) and takes values in the domain r? ∈] − ∞,+∞[ for r ∈
]R+,+∞[. The first and second entry of the matricial Eq.(4.42) reduce re-
spectively to the Maxwell equation and to the Regge-Wheeler equation, in
the limit where the background reduces to a Schwarzschild BH. This clearly
shows that there are two families of QNMs: the modes of gravitational type
and the modes of EM type, distinguished according to their limit as v → 0.

Similarly, the polar perturbed EOM can be casted in the form[
d2

dr2
?

+ ω2

]
~Zpol(r) = Vpol(r)~Zpol(r) + Upol(r)

d~Zpol(r)

dr?
(4.43)

where now, since the polar sector propagates also the dilaton degree of free-
dom, ~Zpol(r) is a vector wave function with three components and, corre-
spondingly, Vpol(r) is a 3 × 3 potential matrix. Moreover, the polar EOM
present also a friction-like potential Upol(r). In the polar sector there are
three families of QNMs: gravitational QNMs, EM QNMs and scalar QNMs;
in particular, in the limit v → 0, scalar QNMs reduce to the modes of the
massless Klein-Gordon equation on a Schwarzschild BH.
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The perturbed EOM (4.42) and (4.43) are valid in the general case l ≥ 2.
The particular cases l = 0 and l = 1 must be treated separately. For l = 0
there is no axial propagating mode and only one polar propagating mode,
described by the EOM[

d2

dr2
?

+ ω2

]
Z0(r) = V 0(r)Z0(r) (4.44)

where the potential V 0(r) reduces to the Klein-Gordon one for v → 0. For
l = 1 there are one axial and two polar propagating modes, and the respective
EOM can be casted in the form[

d2

dr2
?

+ ω2

]
Zaz,1(r) = V ax,1(r)Zax,1(r) , (4.45a)[

d2

dr2
?

+ ω2

]
~Zpol,1(r) = Vpol,1(r)~Zpol,1(r) . (4.45b)

In the limit v → 0, the l = 1 axial EOM reduces to the Maxwell equation
on a Scwarzschild background, while the l = 1 polar EOM reduce to the
Klein-Gordon and Maxwell equations respectively.

The explicit expressions of all the above equations and potentials at O(v2)
are provided in a specific Mathematica® notebook [208]. A key property
of all the potentials V(r), U(r) and V (r) is that they vanish both at infinity
and at the event horizon, up to subleading terms of order O(v3). Therefore,
imposing ingoing boundary conditions at the event horizon and outgoing
boundary conditions at infinity, the generic eigenfunction ~Z(r) will scale as

~Z(r) ∼
{
e−iωr? ∼ (r −R+)−2µ iω for r → R+ ,

eiωr? ∼ e−iωrr2M iω for r → +∞ .
(4.46)

The constant µ can be obtained by integrating dr?/dr = F−1(r) close to the
horizon, and it is equal to

µ = M

(√
1 + (η2 − 1) v2 − η2

1− η2

) η2−1

η2+1
(√

1 + (η2 − 1) v2 + 1

2

) 2
η2+1

.

(4.47)
However, at order O(v2), µ reduces to M and (4.46) greatly simplifies. The
scalings (4.46) can be used as a starting point to make a convenient ansatz
for the wave functions, in the form of a series expansion around the event
horizon

~Z(r) = e−iω(r−R+) r2(M+µ) iω(r −R+)−2µ iω

∞∑
k=0

~ak

(
1− R+

r

)k
. (4.48)
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The ansatz (4.48) is the point of departure for the numerical implementation
of Leaver’s continued fraction method. We applied the method as described
in [87]. It must be noted that, in the case of the axial EOM (4.42), we were
able to find an homogeneous redefinition of the fields, such that the system
diagonalizes and one is left with two decoupled EOM. Obviously, when casted
in this form, the system is more tractable. However, we were not able to find
a similarly convenient redefinition for the polar EOM (4.43). Therefore, in
order to agevolate a more consistent comparison between the axial and the
polar spectra, we decided to use the nondiagonalized form of the perturbed
EOM also in the axial case.

In Sec.4.2 we saw that we cannot expand in v without implicitely re-
stricting the values of η under consideration, according to |(1 − η2)v2| � 1.
We must now specify which degree of precision we want to achieve in our
concrete computation. We adopt the convention to consider the expansion
meaningful if v ≤ 0.6 and |(1− η2)v2| ≤ 0.5, which translates into

0 ≤ η ≤
√

1 + 0.5/v2 . (4.49)

For example, when v = 0.5, according to (4.49) the expansion is valid for
η ≤
√

3.
We shall now describe the main features of the QNM spectrum, as re-

sulting from our numerical analysis. According to their limit for v → 0, we
will divide the modes in five families: axial and polar gravitational modes,
ωAG,l ans ωPG,l; axial and polar electromagnetic modes, ωAE,l and ωPE,l; po-
lar scalar modes ωPS,l. We explicitated the multipole number l but omitted
the overtone number n, because we will focus only on the fundamental tones
n = 0.

Gravitational modes The gravitational modes exist for l ≥ 2. In the limit
v → 0, the least-damped modes are the l = 2 and l = 3 fundamental tones,
given respectively by Mω = 0.3737 − i 0.0890 and Mω = 0.5994 − i 0.0927
[26]. They are expected to be the dominant modes in a pure GR GW signal.
In Fig. 4.1 we show the real and imaginary parts of the axial QNM frequencies
for l = 2 and l = 3 as a function of the dilaton coupling η, for different values
of v. One can see that the frequencies depend very weakly on η: the relative
difference between the maximum and the minimum for the curves shown
in Fig. 4.1 remains below 0.6%, for both real and imaginary parts. The
corresponding polar modes are analogous qualitatively and quantitatively, as
we show in Fig. 4.2 where we plot the relative percentage difference

∆Re (ωG,l) = 100× Re (ωPG,l)− Re (ωAG,l)

|Re (ωAG,l)|
(4.50)
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and similarly for the imaginary part. We see that ISO-breaking grows only
moderately with v, being almost negligible at small v ≤ 0.2 and becoming
of the order of the percent for v = 0.6. Therefore we observe a very weak
ISO-breaking in the gravitational sector, in agreement with [205, 200].
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Figure 4.1: Real (left) and imaginary (right) parts of the axial gravitational
QNMs, MωAG,l, as a function of the dilaton coupling η, for l = 2 (top) and
l = 3 (bottom) for different BH’s charge-to-mass ratios v, computed using
the O(v2) equations.

It is important to estimate the percentage error made in working with
the O(v2) approximation. To this aim, we derived the exact form of the
axial perturbed EOM at all orders in v and we compared the l = 2 axial
gravitational modes with the ones from the O(v2) EOM (the exact axial
EOM are listed in a Mathematica® notebook [208]). For concreteness we
focus on the values η = 0, 1 and

√
3 and we restrict to v ≤ 0.8. In Fig.4.3

we plot the relative percentage difference

δRe(ω) = 100×
∣∣∣∣Re(ωFULL)− Re(ωSMALL)

Re(ωFULL)

∣∣∣∣ (4.51)

and similarly for the imaginary part, where ωFULL corresponds to the QNM
frequency computed without any approximation and ωSMALL to the QNM
frequency computed at O(v2). We see that for the real part the error remains
below 0.2% for v ≤ 0.6, while it becomes of the order of half the percent for
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Figure 4.2: ISO-breaking [cf. Eq. (4.50)] between the polar and axial gravi-
tational QNMs for l = 2 (top) and l = 3 (bottom).

the imaginary part. In particular, we note that this error is comparable to
the amount of ISO-breaking that we find in the gravitational sector. It is
reasonable to expect that similar errors will occur also in the EM and scalar
sectors.

Electromagnetic modes The EM modes exist for l ≥ 1. As shown in
Refs. [209, 210, 211], these modes can become significant for the radiation
emitted by the merger of charged BHs. In particular, Refs. [209, 210] nu-
merically studied head-on BH collisions in Einstein-Maxwell theory (η = 0)
for equal [209] and opposite [210] charge-to-mass ratio, while Ref. [211] sim-
ulated the inspiral of weakly-charged Reissner-Nordström BHs for different
initial configurations. A generic prediction of these studies is that the pro-
cess is always accompanied by the emission of both EM waves and GWs,
with the ringdown part being described by a superposition of both EM and
GW QNM frequencies. In addition, for the head-on collisions, it was shown
that while for equal charges the EM wave emission is always subdominant
w.r.t. GWs [209], for opposite charges, l = 1 EM waves become the dominant
channel of radiative emission already for moderate values of |v| ≥ 0.37 [210].
Therefore, depending on the initial binary parameters, EM wave emission
and EM QNMs can constitute a non-negligible part of the radiation and



90 CHAPTER 4. EINSTEIN–MAXWELL–DILATON BLACK HOLES

η=0
η=1

η= 3

0.0 0.2 0.4 0.6 0.8
0.0

0.1

0.2

0.3

0.4

v

R
e(
δ
ω
A
G
,2
)
[%

]

η=0
η=1

η= 3

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

v

Im
(δ
ω
A
G
,2
)
[%

]

Figure 4.3: Real (left) and imaginary (right) part of δ ωAG for l = 2, as
defined in Eq. (4.51), as a function of the BH’s charge-to-mass-ratio, v, for
different values of η.

their study can be relevant for the purposes of BH spectroscopy.
For concreteness, we focus on the axial and polar EM modes for l = 1

and l = 2. Our results, for 0.1 ≤ v ≤ 0.6, are shown in Fig. 4.4 (for
l = 1) and Fig. 4.5 (for l = 2). In the limit v → 0, these QNMs coincide
with the fundamental EM modes on a Schwarzschild background, Mω =
0.2483 − i 0.0925 and Mω = 0.4576 − i 0.0950 [26]. As can be easily seen
already at a qualitative level, there is a marked difference between the axial
and the polar modes for sufficiently high η. In particular, the polar QNMs
have a much stronger dependence on η, which can be understood from the
fact that the dilaton only couples directly to the polar EOM.

This difference is more easily seen in Fig. 4.6 where we show the percent-
age ISO-breaking, evaluated as in Eq. (4.50). The difference between polar
and axial modes is very small for η ∼ 0 but grows monotonically with η
and v.2 Isospectrality of the real part of the polar and axial frequencies is
broken up to ∼ 15% for l = 1 and ∼ 8% for l = 2, while for the imaginary
part the effect is smaller, but still more pronounced than in the gravitational
sector. Therefore ISO-breaking in the EM sector provides a clear signature
to distinguish EMD BHs in the (v, η) plane.

Scalar modes Unless η = 0, the dilaton perturbations couple dynamically
to the other fields, therefore inducing the presence of scalar modes. From the
action (4.1), one expects that the importance of the scalar radiation grows
with η, being almost negligible when η � 1 [200]. This is already visible in
the above analysis of EM QNMs, where we saw that larger values of η are

2We note that the difference should be exactly zero for η = 0 because of the known
isospectrality of the Reissner-Nordström QNMs [83]. The very small departure from zero
at large v can be ascribed to the small charge approximation that we employed.
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Figure 4.4: Real (top) and imaginary (bottom) parts of the EM axial QNMs
(left), MωAE,l, and polar QNMs (right), MωAP,l, for l = 1, computed using
the O(v2) equations.

also accompanied by an increasing of EM ISO-breaking.
A possible consequence of the presence of the dilaton is the possibility

that it could induce instabilities in this BH spacetime. In fact, it was argued
in Ref. [200] that the presence of the dilaton could induce tachyonic-like
instabilities for sufficiently large coupling constant η. We did not find any
evidence for an instability when computing the scalar QNMs. In particular,
in Fig. 4.7 we show the scalar QNM for l = 0, where it can be seen that the
imaginary part is always negative, thus indicating that these modes always
decay and are therefore stable (the same conclusion remains valid for l = 1
and l = 2). For reference, we note that the fundamental Klein-Gordon mode
on a Schwarzschild background is given by Mω = 0.1105− i 0.1049.

A more detailed analysis of the possible presence of dilaton instabilities,
which goes beyond the weak charge approximation, is postponed to Sec.4.4.7.

4.4.5 The Dudley-Finley approximation

In Refs. [212, 213] an approximate approach to compute the perturbed equa-
tions was introduced by Dudley and Finley (DF), motivated by the difficulty
of separating radial and angular perturbations in the Kerr-Newman space-
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Figure 4.5: Same as Fig. 4.4 but for l = 2.

time. In the DF approximation the metric and the matter fields are perturbed
separately. This method should be valid as long as the matter fields do not
induce large deviations from vacuum GR, i.e. when the effects of matter are
already weak at the background level. In the case of the Reissner-Nordström
black hole this expectation was confirmed in [214], where the DF QNMs were
found in good agreement with the exact ones for v . 0.5. It is reasonable
to expect that a similar agreement remains valid in the more general case of
EMD theory.

The original DF method consists in perturbing each field independently
from the others. We have seen that, while the gravitational modes are only
weakly sensitive to the presence of the dilaton, EM modes are quite sensitive
to the coupling to the dilaton. It is then reasonable to employ a modified
DF scheme in which (i) the gravitational field is varied independently and
(ii) the vector and scalar fields are varied togheter but independently from
the metric.3

Using the DF approximation, we derived the l = 1 EOM at O(v2) for the
system of coupled scalar and EM fields and computed their QNM spectrum4.

3Notice that, in the DF approach, metric or matter perturbations are turned off from
the very beginning when one derives the perturbed EOM. An alternative approach could
be to turn off the degrees of freedom at the end, once the EOM have already be obtained.
For a discussion and a comparison of these two approaches see [215].

4The EOM can be found in a supplemental Mathematica® notebook [208].
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Figure 4.6: ISO-breaking [cf. Eq. (4.50)] of the EM QNMs for l = 1 (top)
and l = 2 (bottom).

In Fig. 4.8 we plot the relative percentage difference for the real part of the
l = 1 EM QNM frequencies between the DF approximation and the exact
QNMs (similar results also hold for the imaginary part). The error due to
DF approximation is almost negligible for small v and remains quite accurate
even for v ≈ 0.6, i.e. when we already expect the DF approximation to break
down. Moreover, the difference is not very sensitive to the particular value
of η. Similar results also hold for the gravitational and EM l = 2 QNMs.

In Fig. 4.9 we show the ISO-breaking for the real part of the QNM for
l = 1, as estimated using the DF approximation. By comparison with
Fig. 4.6, we can see that the DF prediction remains quite accurate even
for v ≈ 0.6. We thus conclude that the DF approximation captures the main
qualitative and quantitative features of the QNM spectrum of EMD BHs,
under the approximation of weak electric charge. In particular, it allows a
computationally simpler study of ISO-breaking in the EM channel. In the
next subsection we will therefore rely on the DF approximation to compute
EM QNMs in the presence of slow rotation.
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Figure 4.7: Real (left) and imaginary (right) part of the scalar QNM,MωPS,l,
for l = 0.
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Figure 4.8: Percentage deviation of QNM frequencies for the real part of the
axial (left) and polar (right) EM QNMs for l = 1, as derived from the O(v2)
true equations compared to the QNMs computed using the DF approxima-
tion. As expected, the DF approximation works better when v → 0.

4.4.6 Quasinormal modes II: slowly rotating case

To derive the perturbed EOM for slowly rotating BHs we follow the proce-
dure described in [87, 216, 214, 217]. In Ref. [216] it was shown that, at linear
order in the spin, the radial and angular components of the perturbations are
separable, axial and polar modes decouple and the couplings between differ-
ent multipoles do not affect the QNM frequencies. The resulting equations,
which can be found in the supplemental Mathematica® notebook [208],
are sufficiently similar to the static ones to be addressed with the same tech-
niques, the only difference being that the asymptotic behaviour of the wave
functions reads [218, 216, 219]

Z(r) ∼
{
e−i(ω−mΩH) r? for r → R+ ,

eiω r? for r →∞ .
(4.52)
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Figure 4.9: ISO-breaking for l = 1 EM modes as derived from the DF ap-
proximate equations (cf. top left panel of Fig. 4.6).

Here m is the azimutal number of the spherical harmonics and ΩH is the
angular velocity of the BH event horizon

ΩH = − gtφ
gφφ

∣∣∣∣
r=rH

=
aΩ(R+)

R2
+ g(R+)

= ã

(
2 + v2

8M

)
+O(v3) . (4.53)

At first order in the spin we can expand the QNM frequencies ωl,m as [216]

ωl,m = ω
(0)
l + ãmω

(1)
l +O(ã2) , (4.54)

where ω(0)
l is the frequency of the static BH, while ω(1)

l is the first order
correction to the QNM frequency due to the BH spin. The quantity ω

(1)
l

depends only on the multipole number l, the dilaton coupling η, and on the
BH mass and electric charge, while the dependence on ã and m factors out
at first order. Therefore the computation of the slow-rotation QNMs reduces
to the determination of ω(1)

l .
This approximation was used in Ref. [216] to compute the EM QNMs

in a slowly rotating Kerr BH background, while Refs. [214, 219] used it to
compute the QNMs of Kerr-Newmann BHs. In particular, they found that
the O(a) approximation predicts QNMs frequencies that deviate from their
exact values by less than 1% for a . 0.3 and 3% when a . 0.5. Within this
error, they also showed that axial and polar sectors are still isospectral even
when including spin.

Here we extend these computations for the slowly-rotating EMD BHs
described by the metric (4.11), although limiting our analysis to the weak
charge limit. When v . 0.6 and η = 0, the results of [214, 219] coincide with
ours. For concreteness let us focus on the gravitational and the EM modes
since the behavior for the scalar QNMs is completely analogous.
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Gravitational modes. We start by computing the axial gravitational
QNMs for l = 2 (similar results apply to l > 2). In Fig. 4.10 we show
the real part of ω(1)

2 . When η = 0, these results are in good agreement with
the ones plotted in Fig.1 of Ref. [214] where the QNMs of Kerr-Newman
where computed within the slowly-rotating approximation but without any
approximation for the BH charge. As in the static case, the dependence on
η is weak and the modes are very close to those of a Kerr-Newmann BH in
Einstein-Maxwell.
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Figure 4.10: Real (left) and imaginary (right) part of the leading-order spin
corrections, Mω

(1)
l , for the l = 2 axial gravitational QNMs. Similar results

can be obtained for l > 2.

It is instructive to compare the results of Fig. 4.10 with the light ring
approximation (4.41). Eq. (4.41) is in agreement with the fact that the
correction to the imaginary part of the QNM frequency depends very weakly
on the spin in the small-charge approximation. Moreover, we also see that
the leading-order correction due to ã for the real part of the QNM ranges
from 0.074 for v = 0.1 to 0.087 for v = 0.6, yielding quite accurate results
when compared with Fig. 4.10. Overall we find that Eq. (4.41) predicts the
l = 2 gravitational QNM complex frequencies with relative errors always
smaller than ∼ 5% for the real part and ∼ 8% for the imaginary part, within
the parameter space we consider.

The polar equations are rather cumbersome to treat. However, guided by
the intuition of the static case and the results in Refs. [214, 219], we expect
that the difference with the axial modes will be small.

Electromagnetic modes. It is perhaps more interesting to investigate the
difference between axial and polar modes in the EM spectrum, to see how our
conclusions in Sec.4.4.4 are modified. To this aim, we simplify the problem
using the DF scheme, as explained in Sec.4.4.5. We concentrate on the real
part of the QNMs because it displays the larger effects. Fig. 4.11 shows the
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EM ISO-breaking for l = 1, ã = 0.2 and m = ±1 (when m = 0, Eq.(4.54)
implies that the spectrum is unchanged). It is clear from a comparison
with Fig. 4.6 that the spin does not substantially change the degree of ISO-
breaking.
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Figure 4.11: ISO-breaking of the real part of the EM QNMs for l = 1, m = 1
(left), m = −1 (right) and ã = 0.2 [cf. top left panel of Fig. 4.6].

4.4.7 Dilatonic (in-)stability in Einstein-Maxwell-dilaton

In [200] an argument was presented for the existence of dilaton instabilities
in EMD BHs. The argument goes as follows. If we perturb the scalar EOM
(4.2a) w.r.t. to Φ, keeping the metric and the vector field constant, we obtain
the perturb EOM

�δΦ = η2F 2δΦ . (4.55)

Ref.[200] assumes that the electric charge QE is small and evaluates the
D’Alambertian on the LHS of (4.55) on the Schwarzschild background, thus
obtaining [

d2

dr2
?

+ ω2

]
Z(r) = V (r)Z(r) , (4.56a)

V (r) = F (r)

(
l(l + 1)

r2
+

2M

r3
− η2Q

2
E

r4

)
(4.56b)

where Z(r) = rδΦ(r) and F (r) = 1 − 2M/r. A sufficient condition for the
Eq.(4.56a) to generate an instability is [220, 221]

I =

∫ ∞
R+

V(r)dr < 0 , (4.57)

where V(r) = V (r)/F (r). It is clear from (4.56b) that the integral I will be
most negative for l = 0. Therefore, putting l = 0 and using R+ = 2M , one
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can verify that the instability occurs for

η2v2 > 3 (4.58)

where v = QE/M as usual. This is the prediction of [200].
The obvious criticism to this argument is that the conclusion is not self-

consistent with the initial assumptions. Indeed, one assumed that a weak
electric charge expansion was possible: but the final inequality (4.58) is not
consistent with the condition |(1 − η2)v2| � 1 for the reliability of the ex-
pansion (cf. Sec.4.2). Therefore, a more rigorous analysis is needed, and in
particular we must consider perturbations at all orders in v.

In order to be as much rigorous as possible, we have derived the l = 0
perturbed EOM at all orders in v, without freezing the metric and the vector
perturbation. In other words, our derivation is the most general without
approximations. We find that the effective potential V (r) has the rather
lengthy expression

V 0(r) =

(
1− R+

r

)(
1− R−

r

)−4η2

η2+1 1

(η2 + 1)2 r5 [r(1 + η2)−R−]2
×

×
{(
η2 + 1

)3
r4
[
(1 + η2)R+ − (η2 − 1)R−

]
+
(
η2 + 1

)2
r3R−

[(
2η2 − 5

) (
η2 + 1

)
R+ − 3R−

]
+
(
η2 + 1

)
r2R2

−
[(

2η4 + η2 + 3
)
R− −

(
η2 + 1

) (
2η4 + η2 − 9

)
R+

]
−rR3

−
[(

2η2 + 7
) (
η2 + 1

)
R+ +R−

]
+
(
η2 + 2

)
R+R

4
−
}
, (4.59)

where R± are given by (4.8). Scanning the parameter space we were unable
to find evidence for an unstable mode. In fact, by evaluating numerically the
potential (4.59) for generic values of η and v we find that the potential is
always positive definite outside the event horizon. This implies that (4.57)
cannot hold. Moreover, the positivity of the effective potential is a proof that
the modes do not suffer from instabilities [83].

The positivity check can be done analitically in the special limit η →∞,
in which (4.59) reduces to

lim
η→∞

V 0(r) =

(
1− R+

r

)(
1− R−

r

)−4
[r2(R+ −R−) + 2R+R−(r −R−)]

r5
.

(4.60)
It is clear that the RHS of (4.60) is positive everywhere for r > R+. A
possible issue is that, formally, R± diverge in the limit η →∞ (see Eq.4.8).
However, this can be fixed by rescaling v → σ/η. With this rescaling one has

R± = M
(√

1 + σ2 ± 1
)
, (4.61)
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and (4.60) is positive for any value of σ. In contrast, Eq.(4.58) would have
predicted an instability for σ >

√
3.

It is instructive to repeat the same computation by only perturbing the
dilaton field while keeping the metric and the vector field fixed, similarly to
what was done in Ref. [200]. In this case the potential V 0(r), whose general
expression is presented in a supplemental Mathematica® notebook [208],
in the limit η →∞ reduces to

lim
η→∞

V 0(r)→
(

1− R+

r

)(
1− R−

r

)−4
[r2(R+ −R−)− 2R+R−(r −R−)]

r5
.

(4.62)
It can be checked that this expression is not always positive for r > R+. In-
deed, using (4.61), one can easily see that the factor r2(R+−R−)−2R+R−(r−
R−) can be negative for σ > 2

√
2. Moreover, a numerical inspection reveals

that (4.58) is satisfied for σ & 3.08, thus giving rise to an instability. This
shows that a consistent treatment of all the perturbations is essential in order
to not produce wrong estimates.

In conslusion, we do not find any evidence of dilatonic instabilities in
EMD BHs. We believe that this discrepancy with [200] might be due to
the fact that, for the values of η for which Ref. [200] finds an instability,
the small-charge approximation they employ is not valid, as we argued in
Sec. 4.2.
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5
Nonsingular Black Holes

5.1 Motivations

As we saw in Chapter 2, black holes in GR are singular. From the astrophys-
ical point of view, the singularity is not worrysome because it is protected by
the event horizon and it cannot influence the physics in the outer domain.
However, from a theoretical point of view, the occurrence of a singularity
signals a breakdown of the theory. Since singularities are common also to
BHs in modified gravity theories, it is widely believed that they are classical
artifacts and they must be solved by quantum gravitational effects. Since
we do not have a complete theory of quantum gravity, we do not know how
these modifications occur in concrete.

We can roughly estimate at which scales we expect the modifications. The
working principle is that the classical theory breaks down when the curvature
and density become Planckian. Consider for simplicity a Schwarzschild BH.
The curvature invariant

√
|RabcdRabcd| scales with the radial coordinate r as

the energy density M/r3. Therefore they become Planckian at a radius r̃
such that M/r̃3 ∼ l−2

P , where lP is the Planck length, i.e. at r̃ ∼
(
Ml2p

)1/3.
One of the approaches to the problem assumes that, irrespective of the

nature of the quantum gravitational theory, the modifications can be modeled
via a regular effective classical metric gab, which results from the averaging
of fluctuating quantum geometries and which obeys quantum modified Ein-
stein equations. This is by no means guaranteed, and therefore it is just an
assumption. Can we test it?

At the astrophysical level, a modified nonsingular BH will be indistin-
guishable from a pure GR one. This is because the mass of ordinary BHs
is much bigger than the Planck mass, and therefore quantum corrections

101



102 CHAPTER 5. NONSINGULAR BLACK HOLES

start to manifest well inside the event horizon1. This indicates that we must
resort to theoretical considerations. We saw in Ch.2.2.3 that, theoretically,
BHs tend to evaporate via Hawking radiation. As we stressed there, although
the evaporation process is not expected to happen in realistic stellar mass or
supermassive BHs, its abstract theoretical consideration can lead to impor-
tant insights in BH physics: for example, it is precisely in this setting that
the generalized second law is formulated and argued for.

In this Chapter we will study the internal consistency of the regular BH
paradigm when Hawking radiation is taken into account. For simplicity, we
will restrict to static BHs. Such studies are of course not new, and important
conclusions have already been reached. It is a general feature of nonsingular
black holes that they possess an outer horizon, identified with the event
horizon, and an inner horizon, which in the stationary case plays the role
of a Cauchy horizon. The distance between the horizons increases with the
mass and, in particular, the inner horizon is at a Planckian distance from the
BH regular center when the mass is much higher than the Planck mass. As
the BH evaporates, the two horizons get closer and closer and, in principle,
they can merge and subsequently disappear, leading to an horizonless massive
remnant or to a Minkowski spacetime plus radiation. This is the standard
qualitative regular BH evaporation picture, as it is usually presented, see e.g.
[223, 224].

We will question this picture in two steps. First, we show that the inner
horizon develops an instability of the mass-inflation type, as it happens for
Reissner-Nordström and Kerr BHs. This is a dynamical instability, which
develops within a characteristic time scale τin. Therefore it is crucial to
compare τin with the BH evaporation time scale τev: if τev > τin, then the
instability has enough time to grow and the very original assumption of a
regular effective geometry is invalidated. We actually demonstrate that, un-
less the metric components are chosen in special ways, Hawking evaporation
of a nonsingular BH takes an infinite time to complete. This is of course a
major drawback and it constitutes our main result.

We then discuss critically the assumptions behind such conclusion, to
see wether they can be relaxed. The result essentially lays on the two as-
sumptions that the evaporation is adiabatic and quasi-static, in a sense to
be specified below. We argue that these conditions are generically satisfied
through all the evaporation process. Therefore an effective semiclassical de-
scription is inconsistent and, at least in the last stages of the evaporation, the

1In Ch.2.2.3 we mentioned the firewall hypothesis, according to which Hawking evapo-
ration and unitarity cannot be conciliated without invoking dramatic modifications even at
the event horizon scale. This is also argued in models of black hole- white hole transitions
[222]. Here we neglect these possibilities and stick to more conservative scenarios.
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explicit nature of quantum gravity effects must be considered. This seems
to affect the real utility of the regualr BH paradigm, because it fails exactly
where it was supposed to provide an effetive description.

At the end, we discuss special non-generic conditions under which regular
BHs may still be viable. Although such conditions seem rather artificial, it
cannot be excluded that they belong to some universal class with features
independent of the particular model. We do not attempt to explore such
a classification, but we limit ourselves to state the relevant conditions. All
the results of this Chapter are cointained in the paper “On the viability of
regular black holes” (P4).

5.2 General aspects of regular black holes

We start by reviewing general properties of static regular BHs [225, 224].
Without loss of generality, the line element of a static spherically symmetric
regular BH can be written as

ds2 = −e−2Φ(r)F (r)dt2 +
dr2

F (r)
+ r2

(
dθ2 + sin2 θdϕ2

)
(5.1)

where Φ(r) and F (r) are real functions. It is convenient to introduce the
“local mass function” m(r) defined by

F (r) = 1− 2m(r)

r
. (5.2)

Several considerations constrain the shape of m(r) and, in turn, the number
of horizons. Using the Einstein equations, the effective energy density associ-
ated with the geometry (5.1) is m′(r)/4πr2, where a prime denotes derivative
w.r.t. the radial coordinate. Finiteness at r = 0 requires that m(r) vanishes
at least as r3 for r → 0. On the other hand, imposing that the Schwarzschild
solution is recovered at large distances from the center, implies m(r) → M
for r → ∞, where M is the usual ADM mass. Therefore F (r) = 1 for both
r → 0 and r →∞. By a simple counting of the roots, F (r) must then have
an even number of zeroes, so at least two horizons are present.

A more extended analysis of the generic properties of regular BHs can be
found in [226], where it is shown that, if Φ(r) = 0 and the DEC holds, then
the number of horizons is exactly two. Here for simplicity we assume that
there are exactly two horizons also in the generic case, but our conclusions
do not depend crucially on this assumption.
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A simple explicit model is Hayward’s metric [223], given by Φ(r) = 0 and

F (r) = 1− 2Mr2

r3 + 2Ml2
(5.3)

where M is the ADM mass and l is a constant with the dimensions of a
lenght. From the discussion of Sec.5.2 we may identify r̃ = 2Ml2 with the
characteristic radius at which the metric starts to deviate significantly from
the Schwarzschild one, and so we identify l with the Planck lenght. The
position of the two horizons r± is determined by the algebraic equation

F (r±) = 0 =⇒ r3
± − 2Mr2

± + 2Ml2 = 0 . (5.4)
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Figure 5.1: The blue line shows the positions of the horizons as a function
of the mass M . For large masses, the horizons tend to r− → l and r+ → 2M
(orange lines). The black spot is the locus of the extremal point r? =

√
3l

and M? = 3
√

3l/4. The plot is drawn in units of l.

The position of the horizons as a function of the mass is shown in Fig.5.1.
We see that there are two horizons as long as M > M? = 3

√
3l/4, for

which the two horizons degenerate into a single horizon at r = r? =
√

3.
For M < M? there is no horizon and the solution represents an horizonless
compact object. The locus of the extremal point is univoquely determined
by the two equations

F (r?) = 0 , (5.5a)
F ′(r?) = 0 . (5.5b)

The surface gravities of the outer and inner horizons are given by

κ± =
1

2
F ′(r±) , (5.6)
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from which we see that, at the extremal point where F ′(r?) = 0 and the two
horizons coincide, the surface gravity κ? = 0. Since the solution tends to
Schwarzschild for M → ∞, and since in this limit the Schwarschild surface
gravity κ = 1/4M tends to zero, then the surface gravity κ+ of the outer
horizon of Hayward’s BH must have a global maximum. Fig.5.2 plots κ+ as
a function of M .
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Figure 5.2: The blue line shows the surface gravity κ+ of the outer horizon
for Hayward’s BH, with l = 1. The curve tends to the Schwarzschild κ (red
line) for large M , but it reaches a maximum for Mmax = 27/16 and drops
to zero at M? = 3

√
3/4. The horizontal brown line marks the maximum

κmax = 1/9.

The position of the maximum can be obtained by finding the extrema of
F ′(r,M) while simultaneously imposing F (r,M) = 0 (i.e. that the (r,M)
couple corresponds to the BH horizons). Oviously, this is tantamount to find
the extrema of the function

G (r,M) =
∂F (r,M)

∂r
+ λF (r,M) (5.7)

w.r.t. r, M and λ, where the latter is a Lagrange multiplier (we emphasized
that in this case F must be viewed as a function of both r and M). The
result is rmax = 3l and Mmax = 27l/16, with a corresponding maximum
surface gravity κmax = 1/9l.

Although derived for the special case of Hayward’s BH, these features
are common to all the models proposed in the literature with Φ(r) = 0: for
example they can be observed in the Bardeen BH [227], in the Dynmnikova
BH [228] and in regular BHs motivated by asymptotic safety [229] (for a
review of regular BH models see [225]). As we will see in Sec.5.3 and in
Sec.5.5, the inclusion of a nonvanishing Φ(r) can alter this generic picture,
sometimes in significant ways.
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For the purposes of the next Section, it is useful to rewrite the line element
(5.1) in advanced null coordinates

ds2 = −e−2Φ(r)F (r)dv2 + 2e−Φ(r)dvdr + r2
(
r2dθa + sin2 θdϕ2

)
(5.8)

where the advanced null time v is defined as

dv = dt+
dr

e−Φ(r)F (r)
. (5.9)

In these coordinates, ingoing and outgoing null rays are described respectively
by the equations

dv = 0 , (ingoing null rays) (5.10a)
dr

dv
=
e−Φ(r)F (r)

2r
. (outgoing null rays) (5.10b)

If we expand (5.10b) around r±, using the definition (5.12) of surfce gravity,
we obtain that outgoing null rays suffer from an exponential peeling along
both the inner and the outer horizons

d(r − r±)

dv
= ±|κ±|(r − r±) + o(r − r±) (5.11)

where

κ± =
e−Φ(r±)

2
F ′ (r±) . (5.12)

is the surface gravity at the outer (plus sign) and ineer (minus sign) horizons.
The absolute values in (5.11) come from the fact that κ+ (resp. κ−) is positive
(negative). In particular, while at the outer horizon we have a red shift, rays
at the inner horizon experience a blue shift. This blue shift is at the core
of the prediction, described in the next Section, the the inner horizon is
classically unstable.

5.3 Instability of the inner horizon

The potentially unstable nature of the inner horizon due to the exponential
focusing of null rays was previously noticed, and thoroughly studied, in the
different but related context of charged and rotating black holes. While still
being an active research area (see, for instance, the recent works [230, 231]),
the main aspects were settled more than two decades ago [232, 233], though
formal proofs of a number of technical aspects were only available later [234].
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In brief terms, the central conclusion of these works is that the inner horizon
is unstable in the presence of both ingoing and outgoing perturbations.

Both types of rays generically exist in realistic collapse scenarios: indeed,
outgoing radiation will be emitted from the star even after the formation of
the horizon, while ingoing perturbations can come e.g. from the backscat-
tering of gravitational radiation. Therefore inner horizon instabilities are
expected to form in a regular BH scenario. To date, the phenomenon for
regular BHs has been analyzed only for the specific case of the “loop black
hole" [235]. However, here we see that the analysis can be easily extended
to all regular black hole geometries.

The process can be modelled following [236], where outgoing and ingoing
perturbations are described in terms of null shells. This simplification allows
to perform all necessary calculations analytically, and exploits the Dray–’t
Hooft–Redmount (DTR) relation [237, 238] (see Eq.(5.13) below).

The situation is schematically represented in the Penrose diagram of
Fig.5.3. The ingoing and outgoing shells meet at the radius r0 for a given
moment of time. Using the null coordinates (u, v), we can study the behav-
ior of the system when this crossing point is displaced along a null outgoing
curve: that is, we take a constant value u = u0 (this value is arbitrary as
long as it lies inside the outer horizon) and move r0 along the v direction,
such that it spans a curve r0(v)|u=u0 .

If we focus on a local neighbourhood around the crossing point r0, the
ingoing and outgoing shells divide the spacetime in four regions (A, B, C and
D) with different geometries and, in particular, different values of the mass
parameter m(r) of the corresponding regular BH geometry. It was shown in
[237, 238] that the masses of the four regions are related to the masses of the
ingoing ond outgoing shells, min and mout, by the so called DTR relations.
These relations are noteworthy independent of the field equations and are
formulated on purely geometrical grounds.

For a spherically symmetric geometry of the form (5.1), this relation takes
the simple form [236]

|FA(r0)FB(r0)| = |FC(r0)FD(r0)|. (5.13)

as a constraint on the coefficient grr of the metric. Eq. (5.13) can be manip-
ulated in order to obtain

mA(r0) = mB(r0) +min(r0) +mout(r0)− 2mout(r0)min(r0)

r0FB(r0)
, (5.14)

where we have min(r0) = mC(r0) − mB(r0), and also mout(r0) = mD(r0) −
mB(r0). The first three terms on the right-hand side of Eq. (5.14) have a
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Figure 5.3: Schematic Penrose diagram of a star collapsing to a regular black
hole with concentric outgoing and ingoing null shells. The DTR relation is
applied to the crossing point r0 between outgoing and ingoing shells. The
corresponding four spacetime regions A, B, C and D are depicted. We only
depict the relevant quadrants of the maximally extended Penrose diagram of
a regular black hole (see e.g. [225] for the full diagram).

clear physical meaning: mB measures the mass of the region between the
ingoing and outgoing shell and, therefore, the original mass of the regular
black hole before the ingoing shell is absorbed. This is moreover the region in
which the coordinates (u, v) are defined. On the other hand, min andmout are
the masses of the ingoing and outgoing shells. These three contributions are
finite, but the last contribution has to be analyzed carefully. The reason is
that, as the point r0(v)|u=u0 gets closer to the location of the inner horizon,
FB(r0) → 0. This implies that, in order to understand the evolution of
the system at late times, we need to understand the behavior with v of
min(r0(v)|u=u0) and FB(r0(v)|u=u0) (note that mout is constant along u = u0).

The quantity min describes how the ingoing tails decay with v and is
determined by Price’s law [239, 240, 241, 242, 243]

min(r0(v)|u=u0) ∝ v−γ, (5.15)

where, for the purposes of the present discussion, it is enough to consider
the lower bound γ > 0. The quantity mout vanishes on the inner horizon,
but we need to determine how fast it approaches this value when we displace
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the point r0 increasing the value of v along ingoing null curves. Along these
trajectories Eq. (5.11) applies so that, close to the inner horizon, one has

dv =
2dr

e−Φ(r−)F ′(r−)(r − r−)
+ o(r − rH). (5.16)

We just need to integrate this equation starting from some value of r greater
than, but arbitrarily close to, r−. Taking into account that e−Φ(r−)F ′(r−) =
2κ− = −2|κ−|, it follows that

FB(r0(v)|u=u0) ∝ e−|κ−|v. (5.17)

Combining these ingredients, we see that at late times (v � 1/|κ−|), one has
mA(r0(v)|u=u0) ∝ v−γe|κ−|v. (5.18)

This is the equation that characterizes the phenomenon of mass inflation:
the mass parameter in the region A grows exponentially, on a timescale
determined by the surface gravity of the inner horizon. In other words, the
inner horizon is unstable with a characteristic timescale 1/|κ−| measured in
the ingoing null coordinate v. This timescale is Planckian for most of the
models in the literature (for Hayward’s metric this can be easily estimated
by observing that, from Fig.5.1, r− ≈ l for all values of the mass). Note that
the proportionality constant in Eq. (5.18) is positive, which can be realized
by recalling Eq. (5.14) and taking into account the signs of mout, min and
FB(r0).

5.4 Evaporation time

In this Section we show our main result, that the evaporation time of a non-
singular BH is generally infinite. We work under the assumtpions that the
only relevant dynamical process driving the evaporation is Hawking radia-
tion, and that the evaporation is adiabatic and quasistatic. By adiabatic
we mean that the variation of temperature with time is “slow” during the
emission : the precise notion of slowness was formalized by [66, 67] in the
condition |κ̇+/κ

2
+| � 1, which was also shown to ensure that the spectrum is

Planckian with characteristic temperature TH = κ+/2π. By quasistatic we
mean that the BH never passes through a phase in which a large fraction of
its mass is emitted quickly.

In Sec.5.5 we will critically discuss these assumptions, but here we just
consider them as valid through the whole evaporation process. Their combi-
nation implies that the mass loss rate is determined by Stefan’s law

dM(u)

du
= −CσSBT

4
H(u)A2

H(u) = −C ′κ4
+(u)r2

+(u) . (5.19)
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Here C is a positive constant accounting the number of polarizations of the
Hawking quanta and for corrections to the effetive absorbtion cross section
of the BH, σSB = π2k4

B/60~3c2 is the Stefan-Boltzmann constant, and C ′ =
CσSB/4π

3. We emphasized that the temperature and the geometry of the
BH depend on the retarded time u at I +. The precise values of C and σSB

are irrelevant for the moment.
Our strategy to prove that the evaporation time is infinite consists into

integrating (5.19) in u with u? as one of the integration extrema, where u? is
the time at whichM(u?) = M? and r+(u?) = r?,2 and show that this requires
u → ∞. Let us assume that the evaporation has proceeded adiabatically
and quasi-statically up to a moment when the mass is arbitrarily close to the
extremal value, M = M? + ∆M , with ∆M/M? � 1. Then the radius of the
outer horizon is

r+ = r? + ∆r = r? (1 + ε) , 0 < ε� 1 . (5.20)

Correspondingly, we will have

M = M? + ∆M = M? (1 + βεσ) + o(εσ) (5.21)

where we β and σ are two real constants with σ > 0. The values of β and σ
cannot be chosen arbitrarily, but they must be consistent with the defining
equation of the outer horizon

F (r+,M) = 0 (5.22)

where we explicitated the dependence of F on M . Expanding (5.22) around
∆r and ∆M we obtain

0 = F (r?,M?) +

(
∂F

∂r

)
r?,M?

∆r +

(
∂F

∂M

)
r?,M?

∆M+

+
1

2

(
∂2F

∂r2

)
r?,M?

∆r2 +

(
∂2F

∂r∂M

)
r?,M?

∆r∆M+
1

2

(
∂2F

∂M2

)
r?,M?

∆M2 + . . .

(5.23)

The first and second terms vanish due to the defining equations (5.5) of the
extremal point. Let us first consider the case that (∂F/∂M)r?,M?

does not
vanish. Then ∆M is of order εn, where n is the first natural number for
which (

∂nF

∂rn

)
r?,M?

6= 0 , (5.24)

2Remember that M? and r? are the mass and the radius at which the two horizons
degenerate into a single one.
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so that σ = n. Then β is given by

β = − rn?
n!M?

(
∂F

∂M

)−1

r?,M?

(
∂nF

∂rn

)
r?,M?

. (5.25)

It is important to observe that, from (5.23), n must be at least equal to 2,
σ = n ≥ 2. The surface gravity of the outer horizon κ+ can be also expanded
in ∆r and ∆M as

κ+ =
e−Φ(r+)

2
F ′ (r+) =

e−Φ(r+)

2

∞∑
i,j=0

1

i!j!

(
∂i+j+1F

∂i+1r∂jM

)
r?,M?

ri?ε
i (∆M)j .

(5.26)
From the fact that σ ≥ 2, we see that the leading term in (5.26) gives

κ+ = αεγ + o (εγ) , (5.27)

where γ = n− 1 and

α =
e−Φ(r+)

2

1

n!

(
∂nF

∂rn

)
rn−1
? . (5.28)

(We made the educated guess that Φ(r+) does not negatively diverge. We
will comment about relaxing such assumption in Sec.5.5.)

We are now ready to show that the evaporation time is infinite. Using
(5.19) in the limit ε→ 0, the evaporation time ∆u is equal to

∆u =

(
M?βσ

C ′α4r?

)∫ 0

ε0

dε εσ−4γ−1 (5.29)

where ε0 is a generic starting point arbitrarily close to 0. It follows that the
evaporation time is finite if and only if

σ − 4γ > 0 . (5.30)

However this condition is manifestly violated, since σ = n ≥ 2 and γ = n−1
imply σ − 4γ = 4− 3n ≤ −2. �

We now generalize the result to the case (∂F/∂M)r?,M?
= 0. Since this

is just a technical issue, the reader can go directly to the next Section if she
wishes. We distinguish three cases, depending if σ in (5.21) is equal, smaller
or equal to one.

• Case σ = 1. If σ = 1, then from (5.26) and from ∆M ∝ εσ = ε, the
exponent γ in (5.27) is a natural number bigger than one. But then
σ − 4γ must be negative. �
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• Case σ < 1. If γ ≤ 1, σ − 4γ is trivially negative. Therfore we
consider only the case γ < 1. In this case, (5.26) implies γ = I + Jσ,
where I and J are integers such that I ≥ 0 and J ≥ 1. Then σ− 4γ =
−4I−(4J − 1)σ and we see that the term in round brackets is positive,
hence the conclusion. �

• Case σ > 1. If σ > 1, (5.26) implies that γ = n − 1, where n is
defined as in (5.24). Moreover, from (5.22), it follows that the terms
proportional to ∆rn ∝ εn can be compensated only by terms of the type
(∆r)I(∆M)J ∝ εI+Jσ, where I and J are integers such that I+Jσ = n
and I, J ≥ 1. It then follows that σ ≤ n which, combined with γ =
n− 1, shows that σ − 4γ < 0. �
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Figure 5.4: The figure shows the evaporation of a BH with a regular core,
taking an infinite time for the inner and outer horizons to meet.

This completes our derivation. The Penrose diagram in Fig.5.4 depicts
an evaporating regular BH, for which the inner and outer horizon meet in
an infinite retarded time. In the next Section we critically discuss the main
assumptions behind our result.
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5.5 Adiabatacity and quasistaticity

It was argued in [66, 67] that Hawking radiation has a Planckian spectrum
if the following adiabaticity criterion is satisfied∣∣∣∣ κ̇+

κ2
+

∣∣∣∣� 1 (5.31)

where a dot indicates a derivative w.r.t. the retarded time u. Physically the
criterion corresponds to the fact that the emission of a quantum with energy
corresponding to the Planckian peak of the spectrum should not see a large
fractional change of the temperature. For regular BHs, this condition can
fail only in the last stages of the evaporation, when both κ̇+ and κ+ go to
zero. Let us show that this is not the case and (5.31) is satisfied even at the
final moments. From (5.27)

κ̇+ ∝ εγ−1ε̇ (5.32)

while, from (5.21) and (5.19),

εσ−1ε̇ ∝ Ṁ ∝ ε4γ =⇒ ε̇ ∝ ε4γ−σ+1 . (5.33)

Therefore κ̇+ ∝ ε5γ−σ and the criterion (5.31) becomes

ε3γ−σ � 1 (5.34)

which is satisfied if and only if 3γ − σ > 0. By repeating the same analysis
as in the end of the previous section, one can show that indeed 3γ − σ is a
positive quantity, and the adiabaticity criterion is respected.

We now turn to quasistaticity. In our derivation of the evaporation time
we assumed that the BH, starting from a large macroscopic mass, smoothly
reaches a configuration in which the mass has shrunk down close to M?.
However we have seen that, viewed as a function of M , the Hawking tem-
perature κ+/2π has a maximum. Therefore the evaporation can exit the
quasistatic regime if the maximum temperature is high enough that a large
fraction of the BH mass is emitted in a short time. To see if this is the case,
let us first consider the analytically tractable case of Hayward’s metric. As
we saw in Sec.5.2, the maximum of the surface gravity occurs for rmax = 3l,
Mmax = 27l/16 and κmax = 1/9l. Therefore

Tmax =
1

18π l
≈ 10−2

l
. (5.35)

Since we identify l with the Planck lenght, the temperature at the maximum
is just two orders of magnitude smaller than the Planckian temperature. On
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the other hand Stefan’s law (5.19) at the maximum, assuming that C = O(1),
gives

Ṁmax = − 1

37245π
. (5.36)

Since the only relevant scale of the problem is l, we can estimate the typical
mass emitted at the maximum as ∆Mmax ≈ |Ṁmax|l, where in natural units
l is the Planck time. Therefore ∆Mmax/Mmass ≈ 10−6 and we see that the
quasistatic condition is not violated. We interpret this result as an indica-
tion that the system is not much perturbed even at the maximum of the
temperature emission.

We have numerically repeated the same calculation for the regular BHs
proposed by Bardeen and Dynmikova, finding that the fractional mass emit-
ted at the maximum is, respectively, 10−7 and 10−5. A similar conclusion
was reached in [229] in the context of BHs regularized by asymptotic safety.

In all these examples, the function Φ(r) in the metric (5.1) is identically
zero. It is certainly possible to increase the fractional mass emitted at the
maximum, going beyond the quasistatic regime, in a model where Φ(r) 6= 0
is very large at the maximum, although we are not aware of any specific
regular metric with this property.

It is much less trivial to go beyond the adiabatic regime to make the
evaporation time finite. In this case, we need to violate the assumption that
Φ(r) is regular at M = M? and r = r?. If we take

e−Φ? ∝ ε−δ , δ > 0 (5.37)

then it is sufficient that δ is in the range

(n− 1)− σ

4
< δ ≤ (n− 1) (5.38)

in order to have a finite evaporation time (lower bound) and a non-divergent
surface gravity (upper bound). [The factors of (n − 1) come from the fact
that we are assuming from simplicity that (∂F/∂M)r?,M?

6= 0, see the dis-
cussion before Eq.(5.24).] Notice that the lower bound automatically leads
also to a violation of the adiabaticity condition 3γ−σ > 0. When the upper
bound is saturated, we are in the special case in which the surface gravity
at extremality does not vanish and it is discontinuous, limr+→r? κ+ > 0 and
limr−→r? κ− < 0.

There are other properties, besides the bound (5.38), that Φ(r) must sat-
isfy in order to give a consistent regular BH evaporation picture. Regularity
at the origin requires that Φ′(r) vanishes at least linearly for r → 0. More-
over, we also want the instability timescale to be much larger than the evap-
oration one. This requires exp [−Φ(r−)] � 1 at the inner horizon. Strictly
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speaking this is necessary only as long as M & M?, because F ′(r−) → 0 as
M →M?; then, from Eq.(5.12), κ− can still be small even if exp [−Φ(r−)] is
not.

Although it cannot be excluded in principle, we do not expect to be easy
to find a regular BH metric satisfying all the above requirements at the same
time.

5.6 Discussion and outlook

We have analyzed two aspects of regular black holes, namely the instabil-
ity of the inner horizon and the evaporation time. We have shown that the
inner horizon is unstable on a finite time scale and that this instabilty is
unavoidable in complete generality. Moreover, we provided a self-consistent
computation of the evaporation time, concluding that it is infinite in all the
models of regular BHs, unless Φ(r) 6= 0 and satisfies very special conditions.
In conjuction, these two findings determine an inconsistency of nonsingular
BH models, since instabilities manifest as dynamically generated singulari-
ties.

We have discussed that, in order for the evaporation to occur in a finite
time, adiabaticity and/or quasistaticity must be violated at some stage of
the process. In other words, one must go beyond the conventional Hawking
picture. This results in a theoretical ambiguity that cannot be resolved inter-
nally to the model in a “natural way”, but it must be addressed by invoking
mechanisms from outside reasonings.

It must be noted that our results are not the first ones to highlight pos-
sible inconsistencies of regular BHs. In particular, there is evidence in the
literature that, even if we suppose that some unknown semiclassical mecha-
nism makes the evaporation time finite, an outburst of negative energy will
be emitted, which can exceed in absolute magnitude the oringinal BH mass
in violation of energy conservation [224, 244, 245, 246]. As for the mass infla-
tion instability, this negative emission is rooted in the exponential blue-shift
of the inner horizon.

Although we cannot claim it in an absolutely conclusive manner (see the
discussion of Sec.5.5), we interpret our results as additional evidences against
the viability of regular BHs in their realizations so far, and view these models
much less appealing from a theoretical point of view.
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6
General conclusions

In this Thesis we have investigated the theoretical physics of various black
hole models alternative to the standard black holes of GR. These models
originated from different motivations: black holes with universal horizons
are found in modified gravity theories which break local Lorentz symmetry;
Einstein-Maxwell-dilaton black holes originate in string theory and in lower
dimensional compactifications, but they also serve as proxies for black holes
in theories propagating additional degrees of freedom; regular black holes
are motivated by the efforts to understand how quantum gravity solves the
classical singularities.

In each of the above cases, we have obtained results which appear to be
relevant for the follow up research in their respective fields. Let us summarise
them, along with possible future research directions.

• In the case of Lorentz-violating black holes, we provided a systematic
way of deriving a Smarr formula, which can be useful to characterize
their stationary properties. Moreover, we presented convincing argu-
ments that these black holes do not always obey a standard first law of
mechanics, in the sense of a law connecting the asymptotic conserved
charges with the geometry of the event horizon. To be more conser-
vative, we have argued that such a law cannot be a general property
of Lorentz violating theories, but we do not excluded that it can be
valid in specific subsets, such as aymptotically flat four dimensional
black holes or asymptotically Lifshitz lower dimensional black holes.
Given that the latter cases are physically motivated, we find that ex-
ploring them more deeply would constitute the natural continuation of
our research.

• In the case of black holes in Einstein-Maxwell-dilaton theory, we have
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studied two complementary aspects. On the one hand, we have shown
that their monopole scalar charge is predictable even without knowing
the explicit form of the solution, expecially in the (physically moti-
vated) weak electric charge limit. On the other hand, we have char-
acterized how the parameters of the theory can be constrained from
the detection of the ringdown modes of the black holes. Einstein-
Maxwell-dilaton is a special, and perhaps the most simple, example
of Einstein-Maxwell-scalar theories, in which a scalar field couples non-
minimally with the electromagnetic field. For certain choices of the
scalar coupling, these theories can give rise to interesting phenomena
like spontaneous scalarization, whose study has raised attention only
recently [247]. Therefore we regard our work as a first step towards
exploring the phenomenology of these theories. It would be certainly
interesting to investigate how our findings in Einstein-Maxwell-dilaton
generalize or can be extended to the more general class of Einstein-
Maxwell-scalar, with more complex nonminimal couplings between the
scalar and the electromagnetic fields.

• In the case of regular black holes, we investigated their internal consis-
tency against Hawking evaporation and inner horizon instability. We
found that, for generic nonsingular metrics, the models are inconsistent
because they predict the dynamical emergence of singularities. We no-
ticed that, although there can still be some viable classes of regular
black holes, the conditions that they must obey do not seem to be eas-
ily satisfiable. We therefore interpret our results, in conjuction with
previous ones in the literature, as strongly indicating that more radical
solutions to the problem of singularities must be considered.

We also want to emphasize that, besides the contextual significance of the
above results, we also developed thechniques for addressing the respective
problems, which can be useful well beyond the specific cases considered in
this Thesis. For example, the prescription for deriving a Smarr formula can
be applied in principle to any stationary black hole, and it can be flexible
enough to encopass special cases in which the stationary symmetries are only
partially respected: we already saw an example of such flexibility in the case
of khronometric theory, in which the khronon field cannot be assumed to be
static.

In the study of the ringdown of Einstein-Maxwell-dilaton black holes, we
developed an approximation scheme which is a generalization of the Dudley-
Finley scheme, originally proposed in the simpler case of electrovacuum black
holes. Given that quasinormal modes are notoriously difficult to compute
exactly, it is crucial to implement reliable simplification techniques. Having
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shown that the Dudley-Finley scheme can be adapted to Einstein-Maxwell-
dilaton can stimulate similar extensions in other modified theories.
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A
Proof of equation (3.14)

We start by describing the essential steps for the proof of Eq.(3.14). First of
all, rewrite the line element (3.13) in cartesian spatial coordinates as

ds2 = gabdx
adxb = −f(r)dt2 + hIJdX

IdXJ (A.1)

where XI are coordinates such that XIXJδIJ = r2 and δIJdXIdXJ = dr2 +
r2dΩ2

D−2. The spatial indices I, J spans I, J = 2 . . . D. The spatial metric
hIJ is given by

hIJ = δIJ +
(1− f)

f

XIXJ

r2
(A.2)

with inverse

hIJ = δIJ − (1− f)
XIXJ

r2
. (A.3)

In (A.2) it is understood that the indices of the XI ’s are lowered with the
delta δIJ , a convention that we adopt throughout all this Section.

In the coordinates (t,XI), the only nonvanishing components of the
Christoffel symbol are

Γ t
t I =

f ′

f

XI

2r
, Γ I

t t = f f ′
XI

2r
, (A.4a)

Γ I
J K =

f

2

[(
1− f
fr2

)′
XIXJXK

r
+ 2

(
1− f
fr2

)
XIδJK

]
, (A.4b)

where a prime denotes derivative w.r.t. the radial coordinate r. Correspond-
ingly, the only nonvanishing components of the Riemann tensor are

R tJ
tI = − f

′

2r
δJI −

f ′′

2r2
XIX

J +
f ′

2r3
XIX

J , (A.5a)

R KL
IJ =

2(1− f)

r2
δK[I δ

L
J ] −

2f ′

r3
δ

[K
[I XJ ]X

L] − 4(1− f)

r4
δ

[K
[I XJ ]X

L] . (A.5b)
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Now, from the definition (3.8b) of L(k) and from the expressions (A.5), we
have

L(k) =
1

2k
δa1b1...akbkc1d1...ckdk

R c1d1
a1b1

. . . R ckdk
akbk

=

=
1

2k
δI1J1...IkJkK1L1...KkLk

R K1L1
I1J1

. . . R KkLk
IkJk︸ ︷︷ ︸

H(k)

+

+
k

2k−2
δJ1...IkJkL1...KkLk

R tL1
tJ1

. . . R KkLk
IkJk︸ ︷︷ ︸

T (k)

. (A.6)

Let us compute separately the “spatial” contribution H(k) and the “temporal”
contribution T (k). The spatial contribution is equal to

H(k) =
σk
rD−2

d

dr

[
(1− f)krD−2k−1

]
, σk =

(D − 2)!

(D − 2k + 1)!
. (A.7)

Proof. From (A.5) we have

H(k) =
(1− f)k

r2k
δI1J1...IkJkI1J1...IkJk

− 2k
(1− f)k

r2k+2
δAJ1...IkJkBJ1...IkJk

XAX
B+

− k (1− f)k−1f ′

r2k+1
δAJ1...IkJkBJ1...IkJk

XAX
B .

(A.8)

The reader can verify, by induction over k, that

δI1J1...IkJkI1J1...IkJk
=

d!

(d− 2k)!
=

(D − 1)!

(D − 2k − 1)!
, (A.9a)

δAJ1...IkJkBJ1...IkJk
XAX

B =
(d− 1)!

(d− 2k)!
r2 =

(D − 2)!

(D − 2k − 1)!
r2 (A.9b)

where d = D − 1 is the dimensionality of the spatial slices. Then Eq.(A.7)
follows immediately.

With similar manipulations, one can show that the temporal contribution
is equal to

T (k) = − γkk

rD−2

d

dr

[
(1− f)k−1f ′rD−2k

]
, γk =

(D − 2)!

(D − 2k)!
. (A.10)

As a last step, observe that H(k) and T (k) can be rewritten as

H(k) =
γk
rD−2

d

dr

[
(1− f)k

drD−2k

dr

]
, (A.11a)

T (k) =
γk
rD−2

d

dr

[
d(1− f)k

dr
rD−2k

]
, (A.11b)
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from which (3.14) eventually follows. This completes our proof of Eq.(3.14).
�
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