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Abstract—The paper deals with the problem of estimating the
actuarial present value of the continuous whole life and n-year
term life annuities. We synthesize nonparametric estimators of
these statuses of life annuity. The main parts of their asymptotic
mean square errors for these estimators and their limit
distributions are found. By individuals’ death moments, both
parametric and nonparametric estimates are constructed for the
models of the whole and n-year term life insurance. The
asymptotic normality and mean square convergence of the
proposed estimators are proved. The simulations show that the
empirical mean square errors of life annuity estimates decrease
when the sample size increases. Also, when the model distribution
is changed, the nonparametric estimates are more adaptable in
comparison with parametric estimates, oriented on the best
results only for the given distributions.
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L INTRODUCTION

The essence of life annuity in accordance with [1, p. 170] is
that, from the moment 7=0 an individual once a year begins to
get a certain money, which we take as the unit of money, and
payments are made only for the lifetime of an individual. It is
known that the calculation of the characteristics of life annuity
is based on the characteristics of the respective type of
insurance. Thus, the average total cost of the present
continuous annuity is given as (see [1, p.184])

1-4,
5

a,(9) =

where Zx is a net premium (the average value of the present
value of a single sum of money in the insurance lifetime at the
age x), 0 is a force of interest. Let x be an individual age when
the payments begin, X be the duration of his life,
T, = X - x be the future lifetime. Introduce the random variable

—oT
x

z(x):]_eT, T >0. 1)
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Then, taking the expectation of the random variable z(x)
(1), the life annuity is determined by the formula (see [2-6])

a.(8)=M(z(x) = %[1 — (D;:;)B)} )

where M is the symbol of the expectation, S(x)=P(x>x) is a
survival function,

(x,8) =—> J‘e’&dS(t).

x

In practice, often the n-year life annuity [1, p. 185] is used.
Here, from the moment /=0 an individual yearly begins to
get money, which we take as the unit sums of money, and
payments are made only during » years when he is alive. It is
known that the continuous n-year term annuity is defined by
the net premium. Thus, the average current value of the
continuous n-year annuity (see: [1, p.185]) is equal to
I_Zx:ﬁ‘

5

,5(8) =

where Zxﬂ is the net premium (the average value of the

present value of a unit sum of insured in the n-year lifetime
insurance at the age x).

Define for this case the random variable

z(x,n)=1_67, T <n. 3)

Taking the expectation of the random variable z(x,n) (3),
get the actuarial present value for the n-year annuity:

_ _ 1 D(x,0,n)
i) (8) = M (z(x,m)) = g[l _W]’ )

D(x,8,m) =—e™ J-e’s’a’S(t).
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II.  ESTIMATION OF ANNUITIES

Suppose we have a random sample X,...X y, of N lifetimes
of individuals. Estimate separately the numerator and
denominator in (2) and (4). Substituting the unknown function
S(x) by its non-parametric estimator

N
Sy = D 1K, >),
i=1

where [(4) is the indicator of an event 4,
we obtain the following estimators of the whole life and n-
year term life annuities:

VR SR 1, Dy 5
a, (5)—8[1—SN(X).N;CXP(‘5&)I(& >X)J—5(1—SN(X) b (5)
at (5)—l I—Liex COY)I(x <X, <n) BRIPLNCLT) )
x:ﬁ‘ - S SN(X) ‘N pn p i i - 5 SN(X)
Here,
eﬁx N
@, (x,8) = - D exp(=8X)I(X; > x),

i=1

& N
@, (x,8,n) = %Zexp(—SX,)l(x <X, <n).

i=1

III.  MEAN SQUARE ERRORS

Prove results on the properties of the estimators (5) and
(6). Give only the properties of the estimators (5) as the results
for (6) can be got analogously.

First, we find the principal part of the asymptotic mean
square error (MSE) and the convergence rates of the bias (5).
We need Theorem 1 from [7], (here it is Lemma).

Introduce the notation according to [7]:
ty = (tinotaysntyy)” IS an  s-dimensional vector with
COMPONENts 1, =1, (x)=1,y(x;X),... Xy), j=Ls, xe R%, R* is

the a-dimensional Euclidean space; H(r):R® — R'is a function,
where 7 =1(x) = (4(x),...t,(x))T is an s-dimensional bounded
vector function; Ny(u,6) is the s-dimensional normally
distributed random variable with a mean vector
w=p(x)=(u,,..u,)" and covariance matrix ¢ = o(x);

VH() = (Hy (O H, (1) H‘/(t):% j=tw

J =t
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= is the symbol of convergence in distribution (weak
convergence); ||x|| is the Euclidean norm of a vector x.

Lemma. Let

1) the function H(#) be twice differentiable, and
VH(1)#0;
2) My~ =0y, i=12...
Then Vk=1.2,...
‘M[H(tN)—H(t)]k ~M[VH(t) (ty —z)]k‘ =o(dy*2). (D)

Note, if in the formula (7) k=1, we obtain the main part of
the bias for H(z,), and at k=2, we have the main part of the

MSE.
Theorem 1. If S(x)>0 and S(?) is continuous at x, then
1) for the bias of (5), the following relation holds:

[b@ @yf = o(v;

2) the MSE of (5) is given by the formula

o(@,®)

o @' (®) = M@ §)-a,®) =—

O(N_3 /2 ),
where 6(z,(3)) is defined below by the formula (8).

Proof. For the estimator z'(8) (5) in the notation of
Lemma, we have:

1y =( @y (x,8),Sy () dy = N; t =(@(x,8),5(x))";

1, ®xd) _ 1 D, (x,8)) _y
1= g Hy ) == - =g
H() 5[1 S(X)j a; H(ty) 8( SN(X)] s
11 1 o(x,8))
_ r_| L _ 19,
VH(t) = (H, (1), H, (1)) _[SS(X), 5 SZ(X)] #0.

We know that §,(x) is an unbiased and consistent
estimator of S(x). Show that ®,(x,5) is an unbiased estimator
of the functional ®(x,3):

& (N
MO (x,8) = % M {ZBXP(—?W,-)I()C > X)} =0(x,9).
=l

Now, calculate the variance of ®,,(x,5):



& N
D® , (x,8) = D{eN DI, > xe

i=1

eZSx N { o, }
:F;D 10X, > x)e
- %(qxx,za) —02(x,9))
The ratio of two unbiased estimators can have a bias. We
find the order of the bias with making use of the results from

[7]. In view of M(z, —¢) =0, we obtain

M@ (8)-a, @)~ M[VH @)y 0] =M@ ©)-a, )] = o(N ).
Find the components of the covariance matrix

611012

o

621022

o(a, (%)) = [
for the statistics 7 :

6, = ND{® (x,8)} = O(x,28) - 7 (x,);
Gy, = ND{Sy (x)} = S(X)(1-S(x));

Oy =0y =N cov(Sy (x), @y (x,8))

= N(M{Sy(x)®y(x,3)})

—M{Sy ()} M{® (x,8)} = (1= S(x)D(x, ).

Using the previous result on the bias and the covariance
matrix, we obtain

+ONY,

u? @) (8)= M[VH() 1ty -] +ON %)= 0(%(5))

where

2 2
o(@,(8)=Y. Y H;(0)0,H,()=H{ ()0, + H (1), +

p=l j=1
1
87 8

Theorem 1 is proved.

®)
D(28) 30’(x,8) , 20°(x,)

+2H, () H, ()0, = 200 () $%(x)

1V. ASYMPTOTIC NORMALITY

To find the limit distribution of (3), we need the following
two theorems.

Theorem 2 (Central Limit Theorem in the
multidimensional case) [3, p. 178-202]. If #,z,,...,t5,... 1S @

sequence of independent and identically distributed s-

dimensional vectors,
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N
M{tx} = O,G(X) = M{tsTtx}’ SN = z ts 5
s=1

thenas N —eo
Sy
NG
Theorem 3 (asymptotic normality of H(z,)) [7-13]. Let
L VN 1y = N {000} 5
2. function H(z) be differentiable in the point p, VA (u)=0.
Then

= N,(0,0(x)).

s

Zﬁﬂ.,-m)cjpﬁ,,(m}

p=lj=1

VN (Hty) - Hw) = NI{Z H ().
j=1

Theorem 4. Under the conditions of Theorem 1

JN (@ (8)-a,(8)) = N,(0,6(a,(3)). ©)

Proof. In the notation of Theorem 2, we have
5 =2, o(x) =0(a,(8)) , and

IN{(@y (x,8), Sy (x) ~ (@(x,8), S(x)} = N, (0,6(a, (3))).

the
all

The function H(z) is differentiable at
1 =(d(x,5),8(x)) and VH(r)=0. Consequently,
conditions of Theorem 3 hold. Theorem 4 is proved.

point
the

IV. SIMULATIONS

Consider the model of de Moivre, for which the lifetime of
the individual X is uniformly distributed in the interval
(0,100), where  is the limit age. The whole life annuity, in
accordance with (1), takes the form:
d(w—x)—1+e

8 (w—x)
The annuities and their estimates are presented in Fig. 1
for the random samples X;,...,X, of the sizes N = 50,100,500,
uniformly distributed on the interval (0, 100). Let the force of
interest & =0,09531(9,531%). Note that for this 6 the effective

annual interest rate i =e® —1= 0,1(10%).

—8(w—x)
a,(8) =

a)



c)

Figure 1. Dependence of the whole annuity and its estimate on the age by the

sample sizes N: a) 50; b) 100; ¢) 500.

We will characterize the quality of the estimates by the
empirical MSE:
100

> (@, (d-a) (3)’

G(N,8) = ~

The calculation results are given in Table I.

TABLE L EMPIRICAL MSES FOR DIFFERENT SAMPLE SIZES
N 25 50 100 250 500
G(N, 5) 1.048 0.524 0.262 0.105 0.052

The present values of the whole life annuities for persons of
the different ages x, 6=0,09531(9,531%), and the monthly
payment of 1000 rubles, are presented in Table II.

TABLE II. PRESENT VALUES OF ANNUITIES FOR DIFFERENT AGES
X 35 40 45 50 55

12000-a(5)| 105623 103960 102014 | 99710 | 9695
2

509

Similarly, for the n-year term annuities we have

> @ (@),
G(N,n,8) = =1

,N =50,100,500.
N

The calculation results are given in Table III.

TABLE III. EMPIRICAL MSES FOR DIFFERENT SAMPLE SIZES
N 50 100 250 500
G(N.n, ®) 0.790871 0.632723 0.2319 0.051219

It is seen from Tables I and III, the quality of estimation is
improving with increasing sample size.

The present values of the 5-year term life annuities for
persons of the different ages x, 6=0,09531(9,531%), and the
monthly payment of 1000 rubles, are presented in Table IV.

TABLE IV. PRESENT VALUES OF 5-YEAR ANNUITIES FOR DIFFERENT
AGES
X 35 40 45 50 55
105718 104036 102048 99662 96747

120002, 5§

If n=10, the present value of the 10-year annuity for a
person at age x = 45 years, 6=0.09531(9.531%), and the
monthly payment of 1000 rubles, is equal to

120004,

1515(0-09531) =12000-8.079335 = 96952.

V.

The paper deals with the problem of estimating the present
values of the continuous whole life and n-year term life
annuities. We prove asymptotic properties of the proposed
estimators: unbiasedness, consistency and normality. Also, we
found the main parts of the asymptotic MSEs of these
estimators. The simulation results for the model of de Moivre
show that the quality of evaluation by the criteria G(N,n,8) is

improving with increasing sample size.

CONCLUSION

Note that one can obtain the improved estimators of life
annuities (5) and (6) changing the empirical survival functions
in the denominators of (5) and (6) by the smooth empirical
survival functions (cf. [14-20]).

REFERENCES

[1] G.L Falin, Mathematical Foundations of the Theory of Life Insurance

and Pension Schemes. Moscow: Ankil Publ., 2002 (In Russian).

G.M. Koshkin and Ya.N. Lopukhin, “Estimation of net premiums in
the models of long—term life insurance,” Review of Applied and
Industrial Mathematics, vol. 10, 2, pp. 315-329, 2003 (In Russian).
G.M. Koshkin, Introduction to Mathematics of Life Insurance. Tomsk:
Tomsk State University Publ., 2004 (In Russian).

0.V. Gubina and G.M. Koshkin, “Estimation of the actuarial present
value of the whole continuous life annuity,” Tomsk State University
Journal of Control and Computer Science, 1(30), pp. 38-43, 2015 (In
Russian).

[2]

[3]
[4]




(3]
(6]
(7]

(8]

(]

(10]

(1]

[12]

N. Bowers, H. Gerber, J. Hickman, D. Jones, and C. Nesbitt, Actuarial
Mathematics. Society of Actuaries, Itasca, 111, 1986.

H. Gerber, Life Insurance Mathematics, 3rd ed. Springer-Verlag, New
York, 1997.

G.M. Koshkin, “Approach to the investigation of functionals of
conditional distributions under statistical uncertainty,” Automation
and Remote Control, vol. 39, 8, pp. 1141-1151, 1978.

G.M. Koshkin, “Asymptotic properties of functions of statistics and
their application to nonparametric estimation,” Automation and
Remote Control, vol. 51, 3, pp. 345-357, March 1990.

G.M. Koshkin, “Stable estimation of ratios of random functions from
experimental data,” Russian Physics Journal, vol. 36, 10, pp. 1008-
1015, 1993.

G.M. Koshkin, “Deviation moments of the substitution estimator and
its piecewise smooth approximations,” Siberian Mathematical
Journal, vol. 40, 3, pp. 515-527, 1999.

A. Kitaeva and G. Koshkin, “Semi-recursive kernel estimation of
functions of density functionals and their derivatives,” IFAC
Proceedings Volumes (IFAC-PapersOnline), 9 (PART 1), pp. 423-
428,2007.

1. Fuks, and G. Koshkin, “Smooth recurrent estimation of multivariate
reliability function,” The International Conference on Information and
A.V. Kitaeva and G.M. Koshkin, “Recurrent nonparametric estimation
of functions from functionals of multidimensional density and their
derivatives,” Automation and Remote Control, vol. 70, 3, pp. 389-407,
March 2009.

510

[13]

[14]

[15]

(16]

[17]

(18]

[19]

[20]

A. Dobrovidov, G. Koshkin, and V. Vasiliev, Non-Parametric State
Space Models. Heber, UT 84032, USA. Kendrick Press, Inc. 2012.

A.V. Kitaeva and G.M. Koshkin, “Stable multidimensional intensity
function: Stable nonparametric estimation with refined convergence
rate,” Automation and Remote Control, vol. 58, 5, pp. 876-886, 1997.

V.A. Vaal’ and G.M. Koshkin, “Nonparametric estimation of the
hazard rate function and its derivative,” Russian Physics Journal, vol.
42, 3, pp. 362-366, 1999.

V.A. Vaal’ and G.M. Koshkin, “Kernel nonparametric estimation of
the hazard rate function and its derivatives,” 3rd International
Russian-Korean Symposium on Science and Technology (Korus 99).
Novosibirsk: Novosibirsk State Technical University. Proceedings.
vol. 2, pp. 496-500, 1999.

G.M. Koshkin, “Smooth estimators of the reliability functions for non-
restorable elements,” Russian Physics Journal, vol. 57, 5, pp. 672-681,
2014.

G.M. Koshkin, “Smooth recurrent estimation of the reliability
function,” Russian Physics Journal, vol. 58, 7, 2015, in press.

1. Fuks, and G. Koshkin, “Smooth recurrent estimation of multivariate
reliability function,” The International Conference on Information and
Digital Technologies 2015 (IDT 2015), 7-9 July 2015. Zilina,
Slovakia, pp. 84-89, 2015.

I.L. Fuks and G.M. Koshkin, “Smooth estimation of multivariate
reliability function,” Proceedings of the International Workshop.
Applied Methods of Statistical Analysis. Nonparametric Approach
(AMSA’2015), 14-19 September 2015. Novosibirsk: NSTU publisher,
Russia, pp. 18-29, 2015.



