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Entanglement hamiltonians in two-dimensional

conformal field theory

John Cardy1,2 and Erik Tonni3

1 Department of Physics, University of California, Berkeley CA 94720, USA.
2 All Souls College, Oxford OX1 4AL, UK.
3 SISSA and INFN, via Bonomea 265, 34136 Trieste, Italy.

Abstract. We enumerate the cases in 2d conformal field theory where the logarithm of

the reduced density matrix (the entanglement or modular hamiltonian) may be written

as an integral over the energy-momentum tensor times a local weight. These include

known examples and new ones corresponding to the time-dependent scenarios of a global

and local quench. In these latter cases the entanglement hamiltonian depends on the

momentum density as well as the energy density. In all cases the entanglement spectrum

is that of the appropriate boundary CFT. We emphasize the role of boundary conditions

at the entangling surface and the appearance of boundary entropies as universal O(1)

terms in the entanglement entropy.
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1. Introduction

The entanglement hamiltonian, also called the modular hamiltonian, has become an

important concept in understanding the nature of entanglement in many-body quantum

systems and in quantum field theories.

Given a bipartition of the Hilbert space H = HA ⊗HB, and a density matrix ρ, one

defines the entanglement hamiltonian of the subsystem A by‡

KA = − 1

2π
log ρA , (1)

where ρA = TrHB
ρ is the reduced density matrix of the subsystem.

The knowledge of the spectrum of KA determines all the Rényi entropies

S
(n)
A = − 1

n− 1
log TrHA

e−2πnKA , (2)

and the entanglement entropy SA = limn→1 S
(n)
A = 2πTrHA

KAe
−2πKA .

‡ It is convenient to insert a factor of 2π into this definition, see Eq. (3).
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The entanglement, or modular, hamiltonian plays a central role in computing relative

entropies and the so-called first law of entanglement [1]. The entanglement spectrum

has been useful for understanding the nature of entanglement in gapped states in 2+1-

dimensional quantum many-body systems [2], in 1+1-dimensional integrable models [3],

and in relativistic quantum field theories, in particular conformal field theories (CFTs). In

relativistic field theories there are special cases when KA may be expressed as an integral

over the local energy-momentum tensor with a suitable weight factor. An important

example is when the theory is defined on the whole of flat Minkowski space (or Rd in

euclidean space), ρ corresponds to the vacuum state, and A consists of the degrees of

freedom in a half-space x1 > 0, in which case§ [4, 5]

KA =

∫

A

x1 T00(x)dd−1x , (3)

i.e. a generator of Lorentz boosts, or, equivalently, of euclidean rotations.

For a CFT this result may be conformally mapped into the case when A is a ball of

radius R, giving [6, 7]

KA =

∫

A

R2 − x2

2R
T00(x)dd−1x . (4)

In 1+1 dimensions, A is a single interval of length 2R in an infinite system.

In this paper we enumerate other cases in 2d CFT when KA may be written as a local

integral over the energy-momentum tensor. These include known examples such as the

above case of a single interval, and its generalizations to finite size and finite temperature

(but not both) [8, 9], but also new time-dependent scenarios when ρ corresponds to a

pure state following a global or local quantum quench of the kind first considered in

Refs. [10, 11].

All the examples we consider have one feature in common. First, it is necessary

to recognize that for a quantum field theory the expressions for the Rényi entropies

and the entanglement entropy are UV divergent and must be regularized in some way.

The underlying reason for this is that the above sharp bipartition of the Hilbert space

into subspaces corresponding to sharp spatial regions, and the associated division of the

operator algebras, are not legitimate, since local operators are distribution-valued and

must be smeared spatially against test functions. This difficulty does not appear on the

lattice (at least for theories without local gauge invariance), and one simple way [12, 13]

to bypass it for a field theory is to consider only states in the Hilbert space which are

projected onto a common eigenstate of a locally complete set of commuting observables

in a small spatial region of thickness ε around the common boundary of A and B:

|ψ′〉 = P ε
∂A|ψ〉 . (5)

In the euclidean path integral for the reduced density matrix ρA, this has the effect of

introducing small slits around the entanglement points between A and B, and also in the

path integral for S
(n)
A on the n-sheeted cover of this space, see Fig 1. This introduces

§ Note that here we do not include the factor of 1/2π multiplying the energy-momentum tensor which

is conventional in 2d CFT.
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B A

A

B

Figure 1: Euclidean space-time region for the path integral for reduced density matrix

ρA of the projected state P ε∂A|ψ〉. As usual the rows and columns of the density matrix

are labelled by the values of the fields on the upper and lower edges of the slit along A

(shown in red.) The projection induces a boundary condition on the parts of the slit within

ε of the boundary points between A and B, shown in black. When the moments Tr ρnA are

computed, n copies of this picture are sewn together cyclically along the red edges, but this

leaves small black-edged holes around the boundary points. When A is a single interval in

an infinite system, the resulting manifold is topologically an annulus.

boundaries in the euclidean space-time path integral at each entanglement point between

A and B, in addition to any other external boundaries which are part of the definition of

the state of the full system. The projection onto a common eigenstate of a locally complete

set of commuting observables implies a particular choice of boundary conditions on each of

these new boundaries. For a CFT, it is natural to choose conformal boundary conditions,

corresponding to scale and reparametrization invariance of the boundary state. Although

these are special points in the space of all possible boundary conditions, it is believed that

they represent stable fixed points of the flows of the boundary renormalization group.

Thus any reasonable boundary condition should flow to one of them as long as the scale

ε is larger that the UV cut-off scale. Nevertheless, universal features of the results should

still be valid if this limit is not necessarily respected, that is, if we take ε to be of the

order of the lattice spacing in a lattice theory. Other lattice features should then arise as

corrections to IR scaling (although these may be of an ‘unusual’ form [14].)

One of the universal features of conformal boundary conditions is the appearance of

the Affleck-Ludwig boundary entropy [15] in the entanglement spectrum [16]. Here we

see that this should appear not only from external boundaries but also from the chosen

boundary condition in the UV regulator imposed around the entanglement points. They

also imply that the spectrum of the entanglement hamiltonian is given in terms of the

scaling dimensions of the boundary CFT consistent with the chosen boundary conditions.

These observations have already been made by Läuchli [17] and Ohmori and Tachikawa

[18] and have been verified for simple lattice models.

We are now in position to state a sufficient condition under which KA may be written
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as a local integral over the energy-momentum tensor: it holds when the euclidean space-

time region, including both external and internal boundaries around the entangling points,

is conformally equivalent to an annulus, that is, topologically a sphere with two holes,

such that A on a constant time slice is mapped to a simple curve connecting the two

boundaries . This includes the above case of a single interval, either in an infinite system

in the ground state or at finite temperature, or at zero temperature in finite system with

spatially periodic boundary conditions, but not, for example, in a finite system at finite

temperature, which would correspond to a torus with two holes. Another example is when

A is an interval at the end of a semi-infinite system with one external boundary, and also

when A is at end of a finite interval A ∪ B, as long as the boundary conditions at the

two ends are the same (when, topologically, they count as a single boundary in euclidean

space-time.)

In all these cases we show that the entanglement hamiltonian may be written as an

integral over the local hamiltonian density of the form

KA =

∫

A

T00(x)

f ′(x)
dx , (6)

along a constant time slice, where f(x) is the (real) restriction to this time slice of the

analytic function z → w = f(z) which conformally maps the euclidean space-time, with

its two boundaries, to an annulus which is a rectangle periodically identified mod(2π) in

the Imw direction. In these cases KA has the same spectrum (above its lowest eigenvalue)

as the hamiltonian which generates translations around the annulus in this direction. If

W is the width of this annulus in the Rew direction, these eigenvalues are all of the form

(π/W )(−c/24 + ∆j) [19], where c is the central charge and the ∆j are the dimensions of

the allowed boundary operators consistent with the given boundary conditions on each

edge of the annulus. Thus the eigenvalues of the entanglement hamiltonian in all these

cases are given, in the scaling limit, by the boundary scaling dimensions of the CFT, as

already observed in Refs. [17, 18]. In particular, the methods we use in this paper coincide

with those of Ref. [18] insofar as the examples considered there.

If we compare (6) with the result for a thermal ensemble

Kthermal =
β

2π

∫

A

T00(x)dx , (7)

we see that f ′(x)−1 may be interpreted as a position-dependent effective inverse

temperature

βeff(x) =
2π

f ′(x)
. (8)

In the case when β is uniform the thermal entropy per unit length is [20, 21]

sthermal =
πc

3β
, (9)

and so one might be tempted [9] to identify the entanglement entropy from (8) as

SA
?
=

πc

3

∫

A

βeff(x)−1dx =
c

6

∫

A

f ′(x)dx =
c

6
W . (10)
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Since f(x) ∼ log(x − xj) at each entangling point xj, this expression diverges as

∼ (c/6) log(1/ε) at each such point, as expected. In fact (10) is correct up to O(1)

terms, but for the wrong reason. Entanglement entropy, unlike the Gibbs entropy, is not

in general an extensive quantity.

A correct argument is as follows. As we shall show, the Rényi entropies are

proportional to a ratio of partition functions on the annulus, and in the limit W � 1 this

is dominated by the ground state |0〉 of the hamiltonian which generates translations in

the direction of Re w:

Tr ρnA ∼ (〈a|0〉〈0|b〉)n−1 e−
c
12

(n−1/n)W , (11)

where a, b denote the boundary states. This implies that

SA ∼
c

6
W + ga + gb , (12)

where ga,b = − log〈a, b|0〉 are the Affleck-Ludwig boundary entropies. The existence of

such terms for external boundaries was deduced in Ref. [16], but we see that they also

originate from the boundary conditions at the entangling points.

We see from this that (10) arises as a consequence of the particular properties of 2d

CFTs, and there is no reason to expect it to hold, for example, in higher dimensions,

except possibly as the Rényi index n→ 0+ [22].

The new examples in this paper correspond to time-dependent situations commonly

termed quantum quenches. We treat both the cases of a global and local quench. In the

global case, we consider the time-evolution in the CFT of an initial state e−(β/4)HCFT|b〉
where |b〉 is a conformally invariant boundary state [10]. While this appears to be rather

special, it has the properties of initial short-range correlations and entanglement, and

also that of thermalization, in that after a time t ∼ `/2 the reduced density matrix ρA
of a subsystem of length ` becomes indistinguishable from that of a thermal ensemble at

temperature β−1 [23]. We consider the entanglement between the semi-infinite regions

A = (0,∞) and B = (−∞, 0). In that case it was shown in Ref. [10] that the Rényi

entropies are given by the euclidean path integral on the n-sheeted cover of an infinitely

long strip, with a single twist operator inserted at iτ such that |τ | < β/4, analytically

continued to τ → it. In this case there are two boundaries, one around the entangling

point and the other corresponding to |b〉. At t = 0 we then find

KA =
β

2π

∫ ∞

0

sinh(2πx/β)T00(x)dx . (13)

For x � β the weight factor agrees with (3), but for x � β it becomes exponentially

large, corresponding to very low effective temperature and a very small contribution to

the entanglement entropy. On the other hand, for t� β we find

KA ≈
β

π

∫ 2t

0

T (x, t)dx+ · · · = β

π

∫ t

−t
T (x, 0)dx+ · · · , (14)
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x = 0 x = 2t

x = tx = �t

A

A

B

B

x = 0

x = tx = �t
t = 0

t > 0

t = 0

t > 0

Figure 2: Quasiparticle picture of the hamiltonian KA describing the entanglement

between the semi-infinite intervals A and B, after a global quench, as given in (14). Most

of the entanglement is thermal, due to the R-moving particles (shown as solid lines) of pairs

emitted from the interval (−t, t), and reaching the subinterval (0, 2t) of A at time t. The

L-movers (shown as dashed lines) are correlated with these, and contribute similarly to KB .

where T (x, t) is the energy-momentum tensor for only the right-movers (and is in fact a

function of only x − t). This approximation simplifies the behavior near the light-cones

|x| = t + O(β), and suppresses a contribution to short-range entanglement for x > t.

(For the complete expression see Eqs. (48) and (50).) This result has two new features.

First, it depends only on the stress tensor T for the R-movers, which equals 1
2
(T00 + T10),

thus involving not only the hamiltonian density T00 but also the momentum density T10.

Second, although the first expression is an integral along A at the observation time t,

this is equivalent to an integral along the intersection of the past light-cone of A with

any constant time slice, in particular t = 0. However it is consistent with the quasi-

particle picture of the global quench put forward in Ref. [10], in which the entanglement

between A and B is due to EPR pairs, entangled over a spatial distance O(β), emitted

from the interval (−t, t) of the initial state, as illustrated in Fig. 2. We now see that

the entanglement of A with B in fact comes only from the R-movers (while a similar

expression for KB would involve only the left-movers). There is no discrepancy here,

since the L-movers are correlated with the R-movers over a distance O(β) due to the

conformal boundary condition T = T at τ = −β/4. The entanglement entropy computed

from (14) is SA(t) ∼ (πc/3β)t, in agreement with Ref. [10], and the spectrum of KA is

again that of a boundary CFT, with spacing ∼ β∆j/2t.

For the local quench, we consider the case when two semi-infinite intervals, each in

their ground state, are joined together smoothly at t = 0, and the subsequent evolution

is by the HCFT on the full line. We treat various cases, but again the simplest is to study

the entanglement between A = (0,∞) and B = (−∞, 0). We find, again for late times,

KA ≈
∫ ∞

−t

(x+ t)|x|
t

T (x, 0)dx+

∫ ∞

t

(x− t)|x|
t

T (x, 0)dx . (15)

(This expression has again been simplified around x ≈ ±t and x ≈ 0. See Eqs. (60) and

(61) for the full result.) Once again we see that the L- and R-movers enter differently, and

that the integral at t = 0 is over the past light-cone of A. The main contributions to the
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x = 0 x = 2t

x = tx = �t

A

A

B

B

x = 0

x = tx = �t
t = 0

t > 0

t = 0

t > 0

Figure 3: Quasiparticle picture of the hamiltonian KA describing the entanglement

between the semi-infinite intervals A and B, after a local quench where two semi-infinite

systems are joined together at x = 0 at time t = 0, as given in (15). Most of the

entanglement comes from R-moving particles of pairs emitted from near the junction, but

also from R- and L-movers from near x = −t and x = t respectively.

entanglement entropy however, come from the regions x ≈ ±t and x ≈ 0, as illustrated

in Fig. 3. These contribute differently to the entropy (see (64) and (65)), but in total we

find SA(t) ∼ (c/3) log t, in agreement with Ref. [11]. The spectrum of KA is again that

of a boundary CFT, now with spacing ∼ π∆j/(2 log t).

The outline of this paper is as follows: in Sec. 2 we discuss the mapping to the

annulus in general and show how this determines the entanglement spectrum and the

entanglement entropy. In Sec. 3 we apply this to the static examples previously discussed

in the literature, adding a new one. Then, in Sec. 4 we treat the cases of a global and

local quench in detail. We also summarize results for an inhomogenous quench. Finally

in Sec. 5 we summarize and discuss possible partial extensions of these results to higher

genus and higher dimensions.

2. Mapping to the annulus

As usual, the reduced density matrix ρA may be computed as the path integral on a

suitable euclidean space-time, cut open along the intersection C of the spatial region A

with a constant time slice. For the static cases we consider (either the vacuum state or

finite temperature), it does not matter at which time slice C is placed, and we may take

it to be at euclidean time τ = 0. In the time-dependent examples in Sec. 4, we choose it

to lie at euclidean time τ , and then continue τ → it.

The Rényi entropies are then given by sewing together n copies of this path integral

cyclically along C, giving an n-sheeted cover of the original euclidean space-time, with

conical singularities at the entangling points, which are the ends of C. Denoting the

partition function on this n-sheeted cover by Zn, we then have

TrHA
ρnA =

Zn
Zn

1

. (16)

In all the examples we consider both the original space and its n-sheeted cover



Entanglement hamiltonians in 2d CFT 9

are conformally equivalent to an annulus, once proper account has been taken of the

regularization by removing a region around the entangling points. In the introduction,

we argued that this may be done by removing small slit along τ = 0 in the euclidean path

integral, but it is more convenient to remove a small disc since this regulator respects the

local rotational invariance. This does not affect the topology, and should not affect any

universal properties of the result (such as the contributions of the boundary entropy), but

it will affect the non-universal amplitudes of corrections to scaling.

Having done this, let z → w = u+ iv = f(z) be the conformal mapping of the single

cover to the annulus. This is normalized in such a way that the boundary around one of

the entangling points is mapped into u = constant, 0 6 v < 2π, periodically identified

mod(2π). Thus f(z) ∼ log(z − zj) near this point. The n-sheeted cover is then mapped

into an annulus with v periodically identified mod(2πn). In the static cases, it will turn

out that C is mapped into a constant v section of the annulus, which we may take to be

v = 0, but in the time-dependent cases (before continuing to real time) it is mapped to a

more general curve connecting the two boundaries of the annulus.

The entanglement hamiltonian KA is then the conformal image of the generator of

translations around the annulus in the direction of v = Imw:‖

KA = −
∫

v=const.

Tvvdu =

∫

f(C)

T (w)dw +

∫

f(C)

T (w̄)dw̄ , (17)

which becomes

KA =

∫

C

T (z)

f ′(z)
dz +

∫

C

T (z̄)

f ′(z)
dz̄ . (18)

The factor of f ′(z)−1 in the first term is a product of the f ′(z)−2 occurring in the

transformation rule for T , and a jacobian factor f ′(z). We have ignored the Schwartzian

term in the transformation law since this gives a constant which cancels in the ratio (16).

(However, it needs to be included if we insist that Tr e−2πKA = 1.)

The entanglement hamiltonian KA is locally the generator of rotations around the

entangling point(s). Its exponentiation e−2πKA covers the euclidean space-time, minus the

regularizing discs, exactly once:

Z1 = Tr e−2πKA , Zn = Tr e−2πnKA . (19)

However, we may equally well compute these partition functions on the annulus {w}.
Denoting the width of the annulus by W , the eigenvalues of KA are, apart from a constant,

then given by π(−c/24 + ∆j)/W , where the ∆j are dimensions of the allowed boundary

operators consistent with the prescribed boundary conditions on each boundary [19].

It is useful to define the modular parameters

q ≡ e−2π2/W , q̃ = e−2W , (20)

‖ The hamiltonian density is T00 in Minkowski signature, which is −Tvv in euclidean space. In complex

coordinates this is T + T .
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in terms of which [19]

Z1 = q−c/24
∑

j

dj q
∆j , Zn = q−nc/24

∑

j

dj q
n∆j , (21)

where the positive integers dj are degeneracy factors.

Equivalently, by considering the generator of translations in the u-direction [19]

Z1 = q̃−c/24
∑

k

〈a|k〉〈k|b〉 q̃δk , Zn = q̃−c/24n
∑

k

〈a|k〉〈k|b〉 q̃δk/n , (22)

where the sum is now over all allowed scalar bulk operators with dimensions δk, and

|a, b〉 denote the boundary states. In fact, since W = Re
∫
f(C)

dw = Re
∫
C
f ′(z)dz,

W ∝ log(1/ε)� 1, so that q ≈ 1, q̃ � 1 in the region of interest, and the expressions in

(22) are more useful than those in (21).

From (19), (21) and (22) we then see that the eigenvalues of ρA, properly normalized

so that Tr ρA = 1, are of the form

q−c/24+∆j

Z1(q)
∼ q−c/24+∆j

〈a|0〉〈0|b〉 q̃−c/24
, (23)

with degeneracies dj. From this may be read off the universal part of the spectrum of

KA = −(1/2π) log ρA. We stress that this is completely universal across all the examples

considered in the subsequent sections, the only difference being in how W , and therefore

q and q̃, depend on the geometry, and the chosen boundary conditions. In particular, we

see that the smallest eigenvalue of − log ρA, corresponding to ∆j = 0, is

λmin ∼ log
(
〈a|0〉〈0|b〉 q̃−c/24

)
=

c

12
W − ga − gb , (24)

where ga,b = − log〈a, b|0〉 are the boundary entropies.

We also see from (16) and (22) that, for W � 1,

Tr ρnA ∼
〈a|0〉〈0|b〉 q̃−c/24n

(
〈a|0〉〈0|b〉

)n
q̃−cn/24

, (25)

so that the Rényi entropies are

S
(n)
A ∼

c

12

(
1 +

1

n

)
W + ga + gb . (26)

The ‘unusual’ corrections to this are powers of q̃δj/n and q̃δj , as predicted in Ref. [14].

Note the leading term in the n = 1 entanglement entropy is twice that in the smallest

eigenvalue of − log ρA in (24), as observed in [24], but this is no longer the case once the

O(1) boundary entropy terms are included. In this reference the density of states of KA

was found by transforming the leading term given by (25): this gives the approximate

form, but we see that in fact the true density of states is just that of a (boundary) CFT.
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z ⇣

w

2⇡

0

| {z }
W

f(�R + ✏) f(R � ✏)

Figure 4: Euclidean space-times characterising the case of a single interval A = (−R,R)

on the infinite line, as discussed in Sec. 3.1. In the left panel, the black dots denote the

endpoints of the interval A. In the right panel the segments with Im(w) = 0 and Im(w) = 2π

are identified.

For minimal models, or more generally rational CFTs, one may say more [19].

The sums in (21) and (22) may be organized into finite sums over characters χj(q) =

q−c/24+∆j
∑

N dj,N q
N :

Zn =
∑

j

nj χj(q
n) =

∑

j,k

nj S
k
j χk(q̃

1/n) , (27)

where the non-negative integers nj provide the operator content given by the boundary

conditions chosen on the annulus, and Skj are the elements of the modular S-matrix. Thus

Tr ρnA =

∑
j nj χj(q

n)(∑
j nj χj(q)

)n =

∑
j,k nj S

k
j χk(q̃

1/n)(∑
j,k nj S

k
j χk(q̃)

)n . (28)

Interestingly, this has the same form as is found for the reduced density matrix of a semi-

infinite interval in a non-critical integrable lattice model using the corner transfer matrix,

with, however, a different physical meaning for q and q̃ [25]. In particular in this case

q̃ ∼ ξ−2 as the correlation length ξ →∞. (See [26] for recent numerical results.)

3. Time-independent examples

3.1. Single interval on the infinite line, ground state

Suppose A is the interval (−R,+R), and the whole system is in the ground state. The

euclidean space-time is then the complex z-plane, minus small discs of radius ε around

the endpoints at ±R.

The mapping to the annulus parameterized by the complex coordinate w = f(z) can

be constructed by first mapping the z-plane into the domain delimited by the images of
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the two small discs above (described by the complex coordinate ζ) and then mapping it

onto the annulus given by w = log(ζ), being ζ = z+R
R−z . The complete map reads

w = f(z) = log

(
z +R

R− z

)
. (29)

In Fig. 4 we show the euclidean space-times involved in the construction of the map (29).

Note that f(z) is just the (complex) electrostatic potential due to charges ±1 at the

entangling points. The curves Re f = constant, which map onto u = constant on the

annulus, are the equipotentials, while the curves Im f = constant, which map onto v =

constant, are the field lines. This electrostatic analogy is common to all the examples we

consider which may be mapped to an annulus.

In the coordinates w, the width of the annulus is W = f(R − ε) − f(−R + ε) =

2 log(`/ε) + O(ε), where ` = 2R is the length of A. Thus, from (26), we find that in this

case the Rényi entropies have the form

S
(n)
A =

c

6

(
1 +

1

n

)
log(`/ε) + ga + gb + corrections . (30)

The leading term is well-known, but the O(1) terms less so. Note that they cannot, for

all n, simply be absorbed into a redefinition of the regulator ε. The boundary entropies

are therefore in principle measurable by comparing different values of n. If we use the

same prescription to regularize around the two entangling points, then ga = gb.

The entanglement hamiltonian follows from Eq. (6), giving the well-known form (4),

specialized to 1+1 dimensions.

3.2. Finite interval in an infinite system at finite temperature

The finite temperature case was considered in Refs. [8, 9]. If A is the interval (−R,+R)

of length ` = 2R in the infinite line, this time on a cylinder of circumference β in the

imaginary time Im(z) direction, the conformal mapping z → e2πz/β sends this problem

into the one considered in Sec. 3.1. The entangling points z = −R and z = R are mapped

into e−2πR/β and e2πR/β respectively, and so the mapping to the annulus is

f(z) = log

(
e2πz/β − e−2πR/β

e2πR/β − e2πz/β

)
. (31)

From (6), the entanglement hamiltonian is now

KA =
β

π

∫

A

sinh[π(R− x)/β] sinh[π(x+R)/β]

sinh(2πR/β)
T00(x) dx . (32)

The width W of the annulus in this case reads

W = f(R− ε)− f(−R + ε) = 2 log

(
β

πε
sinh(π`/β)

)
+O(ε) . (33)

Inserting this result into (26) we find the Rényi entropy

S
(n)
A =

c

6

(
1 +

1

n

)
log

(
β

πε
sinh(π`/β)

)
+ ga + gb + corrections , (34)

in agreement with Ref. [16], up to the boundary terms.
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3.3. Finite interval in a finite system, ground state

Let us consider a finite interval A = (−R,+R) of length ` = 2R in a finite spatial circle of

circumference L. This setup was also addressed in Ref. [9]. Now the euclidean space-time

described by z is the cylinder given by 0 6 Re(z) < L and Im(z) ∈ R, where the two lines

Re(z) = 0 and Re(z) = L are identified. This problem can be sent into the one treated in

Sec. 3.1 by employing the conformal map z → e2πiz/L. Thus, the mapping to the annulus

becomes

f(z) = log

(
e2πiz/L − e−2πiR/L

e2πiR/L − e2πiz/L

)
. (35)

By specifying (6) to this case, one gets the entanglement hamiltonian

KA =
L

π

∫

A

sin[π(R− x)/L] sin[π(x+R)/L]

sin(2πR/L)
T00(x) dx . (36)

As for the Rényi entropies, we need to compute the width of the annulus

W = f(R− ε)− f(−R + ε) = 2 log

(
L

πε
sin(π`/L)

)
+O(ε) . (37)

Then, Eq. (26) tells us that the Rényi entropies are

S
(n)
A =

c

6

(
1 +

1

n

)
log

(
L

πε
sin(π`/L)

)
+ ga + gb + corrections , (38)

which is the result obtained in Ref. [16], up to the boundary terms.

3.4. Interval at the end of a semi-infinite line, ground state

In this example A = (−R, 0) and B = (−∞,−R), being R > 0 the length of the interval.

The mapping f(z) to the annulus is again given by (29), but now one of the boundaries

(b) is the conformal image of the external boundary along Re z = 0. The euclidean

space-times characterising this case are represented in Fig. 5, where the black lines, which

correspond to the external boundary, are mapped into each other.

In this case the width of the annulus is simply W = log(2R/ε) + O(ε), and so, from

(26) we get

S
(n)
A =

c

12

(
1 +

1

n

)
log(2R/ε) + ga + gb + corrections , (39)

where now we may have ga 6= gb.

The entanglement hamiltonian has the same form given by (4) specialized to 1+1

dimensions, integrated over the interval A.

3.5. Finite interval at the end of a segment with the same b.c., ground state

Consider now the case where the whole system A∪B is given by the interval (−L/2,+L/2).

The conformal boundary conditions at Re z = ±L/2 are taken to be the same (see below
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f(�R + ✏)

Figure 5: Euclidean space-times describing the case of an interval A = (−R, 0) at the

end of semi-infinite line, as discussed in Sec. 3.4. The thick black lines in the three panels

are mapped into each other. In the right panel the segments on the lines Im(w) = 0 and

Im(w) = 2π are identified.

for the more general case.) The subsystem A is the interval (x0, L/2). As usual, we

remove a small disc around the entangling point z = L/2 − `. The remaining region is

once again conformally an annulus.

The conformal map which takes this to the conventional presentation of the annulus

in the w-plane is

w = f(z) = log

(
sin[π(z − x0)/2L]

cos[π(z + x0)/2L]

)
. (40)

This may be constructed, using the method of images, as the complex electrostatic

potential due to a unit charge at z = x0 between two conducting plates at Re z = ±L/2.

In any case, it may easily be checked that, when Re z = ±L/2, Re f(z) = 0, and that

when z is real, so is f(z). An alternative derivation is also given in Appendix A.

We then have

f ′(z) =
π

2L

(
cot[π(z − x0)/2L] + tan[π(z + x0)/2L]

)
=
π

L

(
cos(πx0/L)

sin(πz/L)− sin(πx0/L)

)
,

(41)

so that Eq. (6) adapted to this case provides the entanglement hamiltonian

KA =
L

π

∫

A

sin(πx/L)− sin(πx0/L)

cos(πx0/L)
T00(x) dx , (42)

where the integration domain is A = (x0 + ε, L/2). Notice that, considering the regime

`/L� 1 in (42), the expected result derived in Sec. 3.4 is recovered.

In this case the width W of the annulus is

W = f(L/2)− f(x0 + ε) = log

(
2L

πε
sin(π`/L)

)
+O(ε) , (43)
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where ` = L/2− x0. Thus, from (26), the Rényi entropies S
(n)
A read

S
(n)
A =

c

12

(
1 +

1

n

)
log

(
2L

πε
sin(π`/L)

)
+ ga + gb + corrections , (44)

where ga comes from the conformal boundary state around the branch point, while gb
encodes the conformal boundary state on the lines Re(z) = ±L/2.

The case where the boundary conditions are different on each boundary at x = ±L/2
is much more difficult. This is because the map (40) now introduces 2n boundary-

condition changing operators on one of the boundaries of the annulus, at the points

w = iπ(1
2

+ x0

L
) + 2iπk and iπ(3

2
− x0

L
) + 2iπk, where k = 0, . . . , n− 1. In this case, since

the width W of the annulus is the same, the leading term in (44) is unchanged, as is

the term ga, but the O(1) term gb is replaced by a universal but complicated function of

n and x0/L. In the limits x0 → ±L/2, however, it should approach the entropy of the

appropriate boundary.

4. Quantum quenches

In this section we consider the temporal evolution of the entanglement hamiltonians of two

dimensional CFTs after some quantum quenches. A quantum quench is a sudden change

in one of the quantities determining the unitary temporal evolution of the initial state.

In particular, we focus on global quenches [10], local quenches [11], and inhomogeneous

quenches [27]. For a more complete list of references we refer the reader to the recent

review [28].

4.1. Global quench

In a (homogeneous) global quench, a system is prepared at time t = 0 in a translationally

invariant state |ψ0〉, which may be the ground state of some hamiltonian H0, and is

subsequently unitarily evolved with a different hamiltonian H, of which |ψ0〉 is not an

eigenstate, and with respect to which it has an extensively large energy.

This problem, when H is the hamiltonian of a CFT, was first addressed in [10],

where the time evolution of the entanglement entropy SA(t) of an interval was described.

Subsequently the time evolution of the correlation functions [29] and of the reduced density

matrix ρA(t) [23] were also discussed. In these works a particular form was taken for |ψ0〉,
namely ∝ e−(β/4)H |b〉, where |b〉 is a conformal boundary state and β is a parameter with

the dimensions of inverse temperature.

Such states have short-range correlations and entanglement, and are supposed to be

reasonable approximations to the ground states of gapped QFT hamiltonians H0. They

possess the technical advantage that the time-evolution e−iHt|ψ0〉 is analytically tractable,

and the physical property of subsystem thermalization, that is the reduced density matrix

ρA(t) of a subsystem of length ` becomes exponentially close to that of a Gibbs ensemble

e−βH for times t > `/2. (More general initial states lead to a generalized Gibbs ensemble

(GGE) [23].)
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z
w

| {z }
W

Figure 6: Euclidean space-times characterising the case of the semi-infinite line after a

global quench, as discussed in Sec. 4.1. Left: The infinite strip whose vertical width is β/2,

which is mapped onto the annulus (right panel) by the conformal map (45). The grey line

corresponds to the path C = {iτ + x, x > 0}. Right: The annulus parameterized by the

complex coordinate w (the horizontal segments delimiting the rectangle are identified). The

endpoints of the grey line provide W in Eq. (52), whose real part gives the width W of the

annulus, which leads to the Rényi entropies (53).

Let us consider the reduced density matrix ρA of a semi-infinite line x > 0. In the

Euclidean setup introduced in [10], the global quench can be described by the infinite

strip given by −β/4 6 Im(z) 6 β/4 and Re(z) ∈ R. Given our choice of A, in this space

we have to consider C = {z = iτ +x, x > 0}, where |τ | < β/4 (see the left panel of Fig. 6,

where C is the grey line). We remark that C and C do not coincide in this case.

As usual, we remove a small disc around the entangling point z0 = iτ , with conformal

boundary condition a. Since the boundary conditions on Im z = ±β/4 are the same (b),

the remaining region is once again topologically an annulus. In fact the geometry is a

rotated version of that considered in Sec. 3.5, and the conformal mapping to the standard

presentation of the annulus is a modification of that in (40), namely

w = f(z) = log

(
sinh[π(z − iτ)/β]

cosh[π(z + iτ)/β]

)
, (45)

whose derivative reads

f ′(z) =
(2π/β) cosh(2πiτ/β)

sinh(2πz/β)− sinh(2πiτ/β)
. (46)

By employing this expression in (18), we find for the entanglement hamiltonian

KA =
β

2π

∫ ∞

0

sinh(πx/β) cosh(π[x+ 2iτ ]/β)

cosh(2πiτ/β)
T (x+ iτ) dx (47)

+
β

2π

∫ ∞

0

sinh(πx/β) cosh(π[x− 2iτ ]/β)

cosh(2πiτ/β)
T (x− iτ) dx .
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Notice that the integration domain of these two integrals is the same but the weight

factors multiplying T and T within the integrals are different. This has its origin in the

fact that C 6= C.

Making the analytic continuation τ → it of (47), we obtain the time dependent

entanglement hamiltonian after the global quench

KA =
β

π

∫ ∞

0

sinh(πx/β) cosh(π[x− 2t]/β)

cosh(2πt/β)
T (x− t) dx (48)

+
β

π

∫ ∞

0

sinh(πx/β) cosh(π[x+ 2t]/β)

cosh(2πt/β)
T (x+ t) dx .

In this expression it is important to realize that the components of the stress tensor are

in fact evaluated at time t, that is

T (x, t) = T (x− t) = T (x− t, 0) , T (x, t) = T (x+ t) = T (x+ t, 0) , (49)

as implied by the equations of motion. Thus, employing x − t as integration variable in

the first integral and x+ t in the second integral, the entanglement hamiltonian can also

be written as

KA =
β

π

∫ ∞

−t

sinh(π[x+ t]/β) cosh(π[x− t]/β)

cosh(2πt/β)
T (x) dx (50)

+
β

π

∫ ∞

t

sinh(π[x− t]/β) cosh(π[x+ t]/β)

cosh(2πt/β)
T (x) dx .

where we should now think of (T, T ) as evaluated at t = 0.

The formula (48), or equivalently (50), displays the features anticipated in Sec. 1 for

the global quench case. Let us consider some interesting regimes for this result.

For t = 0, the entanglement hamiltonian simplifies to (13), given that T + T = T00.

When t � β, from (50) we find (14), and that the antiholomorphic part does not

contribute in this regime. This approximation ignores interesting contributions from

x+ t = O(β) in the first term, and x− t = O(β) in the second. Together, they appear in

(48) in the form
∫ O(β)

ε
xT00(x)dx, as must happen close to the entangling point.

Another interesting limit is β →∞, which projects |ψ0〉 onto the ground state. Then

(48) becomes

lim
β→∞

KA =

∫ ∞

0

x
(
T (x− t) + T (x+ t)

)
dx =

∫ ∞

0

xT00(x, t) dx . (51)

Thus (3) is recovered, holding for all t as expected.

To compute the Rényi entropies, it is important to realize that the width of the

annulus is no longer given by the difference between the values of f(z) at the endpoints

of C. In fact if we define

W = f(iτ +∞)− f(iτ + ε) ∼ log

(
β

πε
cos(2πτ/β)

)
− 2πiτ

β
, (52)

this is complex. The actual width W is the real part 1
2
(W +W).
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Figure 7: Flows in Minkowski space given by (56), corresponding to the modular

hamiltonian (50) at time t0 after a global quench. Each curve is characterized by the

value of the constant in the r.h.s. of (56) and has the same color in both the panels. The

flows are always contained in the Rindler wedge x > |t − t0|, delimited by the dashed

lines. At t0 = 0 (left panel) these are hyperbolic only for x� β, corresponding to thermal

behavior: for larger values they asymptote exponentially fast to x = |t|, corresponding to

short-range entanglement. For t0 � β the behavior is qualitatively different for x < t0 and

x > t0. The asymmetry about t = t0 is due to the different weights for R- and L-movers in

(50). In the right panel 2πt0/β = 3 and these features can be observed.

Thus, continuing τ → it, the Rényi entropies from (26) are

S
(n)
A =

c

12

(
n+

1

n

)
log

(
β

πε
cosh(2πt/β)

)
+ ga + gb + corrections . (53)

The entanglement entropy obtained from this formula in the limit of large t is SA ∼
(πc/3β)t, which is in agreement with the results of Ref. [10]. Let us recall that, when the

subsystem A is an interval of finite length `, we have two entangling points and therefore

the coefficient of the linear growth of SA for t < `/2 is twice the value we find here.

It is worth writing W and W after analytic continuation:

W|τ=it = log

(
β

πε
e2πt/β cosh(2πt/β)

)
+O(ε) , (54)

W|τ=it = log

(
β

πε
e−2πt/β cosh(2πt/β)

)
+O(ε) . (55)

As anticipated in Sec. 1, from these formulas it becomes clear that the large t behavior of

the Rényi entropies comes almost entirely from W|τ=it, that is, the right-movers.
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It interesting to examine the flows in Minkowski space given by Re f(z) = constant,

being f the expression in (45). Making the analytic continuation given by τ → it0,

z → x− t and z̄ → x+ t (we now denote the observation time by t0 to distinguish it from

the Minkowski coordinate t), the equation describing these flows become

sinh(π(t− x− t0)/β)

cosh(π(t− x+ t0)/β)

sinh(π(t+ x− t0)/β)

cosh(π(t+ x+ t0)/β)
= constant . (56)

These flows are illustrated in Fig. 7.

4.2. Local quench

In this section we consider the local quench setup in a CFT in which two semi-infinite

systems on the intervals (−∞, 0) and (0,∞), each with the same conformal boundary

condition at x = 0, are prepared in their respective ground states |0〉L,R, and are then

joined at t = 0. The evolution hamiltonian is the translational invariant HCFT but the

initial state is not translational invariant.

We elaborate on the analysis of this problem done in [11]. We in fact consider the

state e−λHCFT
(
|0〉L ⊗ |0〉R

)
, with λ > 0 playing a similar role to that of β in the global

quench since otherwise the energy is infinite. However, note that this state has finite,

non-extensive energy above the ground state of HCFT.

Following [11], the euclidean space setup is as follows. Consider a plane with two

slits along the imaginary axis parameterized by the complex coordinate z: one slit goes

from −iλ to −i∞ and the other one from iλ to +i∞, being λ > 0. Although we may

consider various ways of bipartitioning the system, the simplest is to take A = (0,∞) and

B = (−∞, 0). Another possibility is studied in the Appendix B. According to [11], in the

above plane we have to consider the semi-infinite line C = {z = iτ + x, x > 0}, where

0 < τ < λ. This domain is shown in the left panel of Fig. 8, where C is given by the grey

line. Let us remark that also in this case C and C do not coincide.

Removing as usual a small disc around z0 = iτ , the remainder may be mapped to

the standard presentation of the annulus by

w = f(z) = log

(√
(λ2 − τ 2)(z2 + λ2)− iτ z − λ2

λ(z − iτ)

)
. (57)

This may be found by first mapping to the right half plane, and then to the annulus

(technical details on the construction of the conformal map (57) are given in Appendix A).

Once again, it is a complex electrostatic potential, that due to a unit charge at z0 = iτ in

the presence of conductors along (x = 0, |y| > λ). The derivative of this conformal map

is simpler, and reads

f ′(z) =

√
λ2 − τ 2

(z − iτ)
√
z2 + λ2

. (58)

Then, the entanglement hamiltonian (18) in this case becomes

KA =

∫ ∞

0

x
√

(x+ iτ)2 + λ2

√
λ2 − τ 2

T (x+ iτ) dx+

∫ ∞

0

x
√

(x− iτ)2 + λ2

√
λ2 − τ 2

T (x− iτ) dx . (59)
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Figure 8: Euclidean space-times characterising the case of the semi-infinite line after a

local quench whose initial endpoint coincides with the defect, as discussed in Sec. 4.2. The

conformal transformation (57) maps the space-time in the left panel onto the annulus in

the right panel. The grey line in the left panel is C = {iτ + x, x > 0} is mapped onto the

grey line in the right panel, whose endpoints give the width of the annulus W = Re(W),

which provides the Rényi entropies (66).

Similarly to the global quench case, the integration domains of the two integrals in (59)

are the same but the functions multiplying T and T in the integrands are different.

Making the analytic continuation τ → it, the entanglement hamiltonian (59) becomes

KA =

∫ ∞

0

x
√

(x− t)2 + λ2

√
λ2 + t2

T (x− t) dx+

∫ ∞

0

x
√

(x+ t)2 + λ2

√
λ2 + t2

T (x+ t) dx . (60)

As in the global case, T (x − t) and T (x + t) here should be thought of as T (x, t) and

T (x, t) respectively. Alternatively we may shift the x-integration variables to find

KA =

∫ ∞

−t

(x+ t)
√
x2 + λ2

√
λ2 + t2

T (x) dx+

∫ ∞

t

(x− t)
√
x2 + λ2

√
λ2 + t2

T (x) dx , (61)

where now the components of the stress tensor should be thought of as taken at t = 0.

The main features of the result (60) or, equivalently (61), have been already

anticipated in Sec. 1. It is worth analysing some special regimes of these formulas.

When t = 0 the entanglement hamiltonian reads

KA

∣∣
t=0

=

∫ ∞

0

x
√

(x/λ)2 + 1 T00(x) dx . (62)

This agrees with the result (3) for the half-space for x� λ, but otherwise shows that the

entanglement between the right and the left halves is short-ranged. For large t the leading

term of (61) is given by Eq. (15), which is also the expression obtained when λ = 0.
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Taking the limit λ→∞ of (60) we get

lim
λ→∞

KA =

∫ ∞

0

x
(
T (x− t) + T (x+ t)

)
dx =

∫ ∞

0

xT00(x, t) dx , (63)

which is (3) specialized to d = 2, as it should, since now the whole system is in the ground

state of H at t = 0.

In evaluating the Rényi entropies we again find that the width W of the annulus is

not simply given by the difference of the values of f(z) at the endpoints of C, since this

is complex. In fact, introducing this complex width as in the previous section, after the

analytic continuation we find

W|τ=it = log

(
t2 + λ2

(
√
t2 + λ2 − t) ε/2

)
+O(ε) ∼ 3 log t as t→∞ , (64)

W|τ=it = log

(
t2 + λ2

(
√
t2 + λ2 + t) ε/2

)
+O(ε)) ∼ log t as t→∞ . (65)

The Rényi entropies can be found from (26), using W = 1
2
(W +W):

S
(n)
A =

c

12

(
n+

1

n

)
log

(
t2 + λ2

ε λ/2

)
+ ga + gb + corrections . (66)

For large t we find S
(n)
A = c

6
(n+ 1/n) log t+ . . . , which leads to SA = (c/3) log t+ . . . for

the entanglement entropy, in agreement with the result of Ref. [11].

However, we see from (64) and (65) that in this case the R-movers contribute a factor

3 more than the L-movers to SA, as discussed in Sec. 1.

In the Appendix B we slightly generalize this setup by considering the case of a semi-

infinite line A after a local quench where the endpoint of A and the point where the two

semi-infinite lines are joined at t = 0 do not coincide.

4.3. Inhomogeneous quench

In this section we compute the entanglement hamiltonian for a quench from an

inhomogeneous state of the type first discussed in Ref. [27]. This has essentially the

same form e−(β/4)H |b〉 as that used for a translationally invariant global quench in Sec. 4.1,

except that β is taken to be slowly varying function of position x.

Thus the euclidean path integral is now over the region |Im z| 6 1
4
β(x). We assume

that β(x) → β± as x → ±∞, although it may be that β− 6= β+. This geometry may

always be mapped to a uniform strip |Im ζ| 6 1
4
β by a conformal mapping z → ζ = g(z).

The mapping to the annulus is then z → w = f [g(z)] where f is the mapping in (45).

From (18) the entanglement hamiltonian is then

KA =

∫

C

T (z)

f ′[g(z)]g′(z)
dz +

∫

C

T (z̄)

f ′[g(z)]g′(z)
dz̄ . (67)

Although the precise form of g is complicated, it was pointed out in [27] that,

as long as the support of β′(x) is bounded, say within |x| < l, only the asymptotic
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behaviors of g(z) as z → ±∞ are relevant to the late time, large distance behavior of

correlation functions and the entanglement entropy. Since in these limits g is locally a

scale transformation and real translation, we must have

g(z) ∼ (β/β+)(z + a+) , as z → +∞ , (68)

∼ (β/β−)(z − a−) , as z → −∞ , (69)

where

a+ = lim
x→∞

(
1

β+

∫ x

0

β(x′)dx′ − x
)

= O(l) , (70)

and similarly for a−. Note that then g(0) = O(l). The cross-over region between these

two asymptotic expressions is concentrated around |x| = O(l). After analytic continuation

τ → it, only real values of z and g(z) enter the expressions.

Now suppose that A = (x0,∞) and B = (−∞, x0), where for simplicity we take

x0 � ξ. In the same approximation that leads to (14) we may then write

KA =
β

π

∫

g(x0−t)<g(x)<g(x0+t)

T (x)

g′(x)
dx . (71)

Then the result depends on whether x < 0 is in the past light cone of A. If x0 > t+O(l),

we have simply

KA ∼
β+

π

∫ x0+t

x0−t
T (x) dx . (72)

However, if t > x0 +O(l) we have

KA ∼
β−
π

∫ O(l)

x0−t−a−
T (x) dx+

β+

π

∫ x0+t

O(ξ)

T (x) dx , (73)

where the contribution from x = O(ξ) depends on the details of β′(x). This has an

obvious quasiparticle interpretation: the entanglement between A and B is again due

only to R-movers. Those that originate from x < 0 have effective inverse temperature β−,

while those from x > 0 have inverse temperature β+. Note, however the shift in the lower

limit in the first term: the conformal map g distorts the light-cones near x = O(ξ), so

that the quasiparticles coming from x < 0 are red or blue-shifted as they enter the region

x > 0.

We stress that we have discussed only the simplest features of an inhomogeneous

quench. It would be possible to obtain much more explicit expressions for particular

choices of β(x).

5. Discussion

In this paper we have discussed examples in 2d CFT where the entanglement (modular)

hamiltonian KA may be written as an integral over the energy-momentum tensor times a

local weight. A sufficient condition is that the euclidean space-time region describing

the traces of powers of the reduced density matrix (once small slits or discs around
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z

Figure 9: The action of KA as defined by Eqs. (6) and (74) when A consists of two disjoint

intervals whose endpoints are the black dots on the horizontal axis. The evolution under

v = Im f propagates A into the upper half plane, but it stops when it hits the point i
√
ab

(black dot in the upper half plane) where f ′ vanishes. The remainder of the euclidean

space-time region is covered by a similar propagation with KB , but these have to be joined

by operators (X,X†) which effectively sew together the states on the boundary between

these two regions.

the entangling points have been removed) is topologically an annulus. In these cases,

a conformal mapping shows that the universal part of the spectrum of KA is always

that of a boundary CFT with appropriate boundary conditions, in agreement with [18],

and suggested by numerical studies in [17]. One may ask whether this condition is

also necessary. The answer appears to be positive. If we denote the intersection of A

with a constant time slice by C as before, then the space-time generated by e−θKA with

0 6 θ < 2π is topologically C ×S1. If C has a single component this is an annulus, but if

C has more than one component, this is a product of annuli, which has a different genus

from the euclidean space-time describing ρA.

It is interesting to examine what goes wrong if we naively apply our methods to the

case when A is the union of two disjoint intervals, and B is the complement in the infinite

line. Without loss of generality we may take these to be A1 = (−b,−a) and A2 = (a, b).

This problem has been studied exhaustively in the literature [30, 31, 32, 33]. Using the
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electrostatic analogy, we might try to use the mapping function

w = u+ iv = f(z) = log

(
(z + b)(z − a)

(z + a)(z − b)

)
, (74)

and to use (6) as the form for KA. Unfortunately this fails, because, as suggested by the

above argument, e−θKA does not cover the euclidean space-time smoothly as θ increases

from zero to 2π. The curves v = θ are, for small enough θ, homotopic to C, but at a

particular value of θ = θ0 (depending on the cross-ratio of the four points), the evolution

becomes singular. This is related to the fact that f ′(±i
√
ab) = 0, so the mapping fails to

be conformal there. So all we can do with this KA is cover part of the space-time (see

Fig. 9).

The remainder can be covered by a similar expression KB which is an integral over

B. KA and KB are operators in HA and HB respectively. The sewing together of these

two evolutions involves an operator X which is a map from HA → HB. Thus we may

write

ρA = e−θ0KA X† e−(2π−2θ0)KB X e−θ0KA , (75)

but there is no sense in which we may write − log ρA as an integral over A or B alone.

The existence of this singularity in the imaginary time evolution implies the non-validity

of the KMS condition for this candidate for the modular hamiltonian, since this assumes

that the real time evolution may be analytically continued to imaginary time with no

obstructions.

It is interesting, therefore, that for a free chiral fermion Casini and Huerta [32] have

managed to circumvent this difficulty. The flow they use is identical to that along constant

Re f(z) as given by (74), but in addition it mixes the fermion field at z with that at z′,

where f(z′) = f(z) (that is, zz′ = −ab.) This mixing appears to allow the smooth passage

through the singularities. Indeed, in Ref. [33] it is shown explicitly that the Casini-Huerta

flow satisfies the KMS condition (and the result is generalized to an arbitrary number of

intervals). It remains to be seen whether this kind of orbifold construction works for a

general CFT.

We remark that a similar difficulty arises in the case when A is a single sub-interval

of a circle, at finite temperature (so that the euclidean space-time is a torus.) In that case

also, the simplest candidate for f is non-conformal at 2 points: since f ′(z) has 2 poles on

the torus it must also have 2 zeroes.

We have also emphasized that the procedure in (10) by which the entanglement

entropy is computed as an integral over the thermal entropy density coming from a

position-dependent effective temperature, only gives the correct result by virtue of special

properties of 2d CFT, namely that it may be conformally mapped to an annulus which

corresponds to a uniform temperature on an interval of a certain width. There is no reason

why this procedure should work more generally, except perhaps in special limits [22]. One

such limit is as the Rényi index n→ 0+ in higher dimensions. Consider the simplest case

when A is the half-space x1 > 0, so (3) applies. The euclidean space-time region for the

Rényi entropies is then a wedge-shaped region 0 6 θ < 2πn where θ = tan−1(x0/x1) in
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cylindrical coordinates, with θ = 0 and θ = 2πn identified. In that case, from (3), the

effective inverse temperature is βeff ∝ nx1. As long as β−1
eff ∂x1βeff ∼ n � 1, it should be

possible to approximate log TrρnA by an integral over the appropriate free energy density

for a uniform temperature. For a d-dimensional CFT, this behaves ∝ σ/βd−1, where σ is

the appropriate generalization of the Stefan-Boltzman constant. We therefore find a term

S
(n)
A ∝

σ

nd

∫ ∞

ε

dx1

xd−1
1

∫
dd−2x⊥ , (76)

as n → 0+. This gives the correct logarithmic dependence on the cut-off for d = 2. For

d > 2 the integration over the remaining d− 2 coordinates x⊥ gives a factor of the area of

the boundary ∂A, and this is multiplied by a UV divergent factor 1/εd−2, as expected. So,

although this argument is probably correct for n� 1, it applies only to the non-universal

area law term for d > 2.
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Appendices

A. On the conformal maps for the cases with an external boundary

In this appendix we discuss the construction of some conformal maps w = f(z) sending the

space-time characterising the physical problem (parameterized by the complex coordinate

z) onto the annulus (described by the complex coordinate w = u + iv), which allow to

write the corresponding entanglement hamiltonians by employing Eq. (18). We focus on

those cases where, in the z-spacetime, the internal boundary is the small disc encircling

the branch point z0, while the other boundary is an external one along which the same

boundary condition is imposed. The annular domain here is the one introduced in Sec. 3.4

(see the right panel of Fig. 5). Explicit examples of these maps have been used in Sec. 3.4,

3.5, 4.1 and 4.2.

As first step to construct f(z), we have to find the conformal map ξ = ξ(z) which

sends the z-spacetime onto the right half plane (here parameterized by the complex

coordinate ξ), namely Re(ξ) > 0. The external boundary in the z-spacetime is mapped

onto the vertical line Re(ξ) = 0, while the small disc around the branch point is sent onto

a small disc around ξ0 = ξ(z0).

Assuming that the map ξ(z) is known, let us construct the conformal transformation

w(ξ) which maps the right half plane onto the annulus, requiring also that a small disc
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around the point ξ0 is sent onto the boundary limu→−∞(u + iv) of the annulus. This

can be done by introducing the unit disc (parameterized by the complex coordinate ζ),

i.e. the domain |ζ| 6 1, as intermediate step. Indeed, the conformal transformation

w = log(ζ) maps an infinitesimal disc around the origin ζ = 0 and the external boundary

|ζ| = 1 onto the boundaries limu→−∞(u + iv) and Re(w) = 0 of the annulus respectively

(see the middle and right panels of Fig. 5). Thus, w(ξ) = w(ζ(ξ)), where ζ(ξ) is the

conformal map which sends the right half plane onto the unit disc and such that ζ(ξ0) = 0.

The latter transformation can be found by composing ξ → ζ̃ = (ξ − 1)/(ξ + 1), which

sends the right half plane onto the unit disc, with a generic SU(1, 1) transformation, i.e.

ζ̃ → ζ = α ζ̃+γ

γ̄ ζ̃+ᾱ
= α

ᾱ
ζ̃+η

η̄ ζ̃+1
, where η = γ/α, mapping the unit disc onto itself. The rotational

symmetry about the origin ζ = 0 allows us to set α > 0. Then, the requirement that

ζ(ξ0) = 0 leads to η = (1− ξ0)/(1 + ξ0).

The final result for the conformal map sending the initial space-time with one external

boundary to the annulus is given by

f(z) = log

[(
1 + ξ̄0

1 + ξ0

)
ξ(z)− ξ0

ξ(z) + ξ̄0

]
, (77)

where the conformal transformation ξ(z) and the point ξ0 are determined by the initial

physical situation. Taking the derivative of (77), one finds

f ′(z) =
2Re(ξ0) ξ′(z)(

ξ(z)− ξ0

)(
ξ(z) + ξ̄0

) , (78)

which enters in the entanglement hamiltonian (18). Notice that in all the examples we

consider ξ′(z) = ξ(z)/p(z), where p(z) is a simple function.

In all the static examples addressed in the main text, the function f(z) entering in

the integrands of (18) is real and, as for the integrations domains C and C, we have that

C = C = A. Thus, the entanglement hamiltonian (18) becomes a single integral over A

of T00 multiplied by the proper real function, as already remarked in Sec. 1.

In the expression (18) for the entanglement hamiltonian, the integration domain C

is a line in the z-domain which starts at z0 + ε and ends at a point zb on the external

boundary. The endpoints of C and the conformal map (77) give us the Rényi entropies.

Indeed, let us introduce the following complex quantity

W = f(zb)− f(z0 + ε) = log

(
ξ0 + ξ̄0

ε ξ′(z0)

)
+ log

(
ξ(zb)− ξ0

ξ(zb) + ξ̄0

)
+O(ε) . (79)

In the generic situation, Im[f(zb)] 6= Im[f(z0 + ε)] and the width of the annular region is

W = Re[f(zb)]− Re[f(z0 + ε)] = Re(W), which is given by

W =
W +W

2
= log(q0/ε) + log

∣∣∣∣
ξ(zb)− ξ0

ξ(zb) + ξ̄0

∣∣∣∣+O(ε) , q2
0 ≡

(ξ0 + ξ̄0)2

|ξ′(z0)|2 . (80)

The Rényi entropies are obtained by plugging (80) into (26).
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When Im[f(zb)] = Im[f(z0 + ε)] we have that W is real and equal to the width W of

the annulus. This is always the case for the static examples that we have addressed.

The simplest case included in the above discussion is the static example considered

in Sec. 3.4, where the initial space-time is the left half plane Re(z) 6 0 (see the left panel

of Fig. 5). Thus, ξ(z) = −z and ξ0 = R. The conformal map (77) becomes (29) and its

derivative (78) gives f ′(z) = 2R/(R2 − z2), which leads to the entanglement hamiltonian

(4) for d = 2, as expected.

A less trivial static case is the one discussed in Sec. 3.5, where the initial space-time is

−L/2 6 Re(z) 6 L/2. For this example the conformal map sending the initial space-time

onto the right half plane is given by ξ(z) = eiπz/L. By specialising the argument of the

logarithm in (77) to this case, one gets the argument of the logarithm of (40) multiplied

by the imaginary unit, which can be reabsorbed by employing the rotational invariance

of the unit disc parameterized by ζ.

Also the conformal mappings entering in the time-dependent examples are special

cases of (77). In particular, for the global quench scenario considered in Sec. 4.1 the

initial space-time is −β/4 6 Im(z) 6 β/4 (Fig. 6, left panel) and therefore ξ(z) = e2πz/β,

which is a rotated version of corresponding map occurring in the previous static example.

Now ξ0 = e2πiτ/β and (77) reduces to (45). The complex quantityW in (52) can be found

also by specialising (79) to this case.

As for the local quench discussed in Sec. 4.2, the initial space-time is given in the left

panel of Fig. 8 and the conformal transformation ξ(z) = z/λ+
√

(z/λ)2 + 1 maps it onto

the right half plane [11]. Then, since ξ0 =
√

1− (τ/λ)2 +iτ/λ, which has |ξ0| = 1, we can

specialize (77) to this example, finding (57). Moreover, by specifying (79) to this case,

the expressions (64) and (65) are obtained.

B. Local quench: decentered case

In this appendix we consider a local quench where, at t = 0, two semi-infinite lines are

joined at some point x = 0 (the defect point). Again, we are interested in the reduced

density matrix of a semi-infinite line A but, differently from Sec. 4.2, now the entangling

point x0, which separates the semi-infinite lines A and B, does not coincide with the

defect point. Without loss of generality, we can choose x0 > 0, and the special case

x0 = 0 corresponds to the example discussed in Sec. 4.2.

The initial euclidean space-time, parameterized by the complex coordinate z, is

the one introduced in [11], but in this case z0 = x0 + iτ , with 0 < τ < λ. Thus,

C = {z = z0 + x, x > 0} and C = {z = x0 − iτ + x, x > 0}. Like in the other

time-dependent examples, C and C do not coincide.

From the conformal map ξ(z) given in Sec. 4.2, which sends the z-plane onto the right

half plane, in this case the image of the point z0 is

ξ0 =
1

λ

(√
x2

0 + λ2 − τ 2 + i 2τx0 + x0 + i τ
)
, (81)
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Figure 10: Local quench in the decentered case discussed in Appendix B: log[q0(x0, t)] as

function of t from Eq. (85) for some values of x0 � λ (here λ = 0.5). A sharp transition

occurs at t ' x0 between the constant value and the logarithmic behavior.

and |ξ0| > 1 when x0 > 0. The map w = f(z) to the annulus can be written by specifying

(77) to this case and the result is

f(z) = log

[(
1 + ξ̄0

1 + ξ0

)
(ξ0 + ξ̄0)

√
(z/λ)2 + 1− (ξ0 − ξ̄0) z/λ− |ξ0|2 − 1

2ξ̄0 z/λ+ ξ̄2
0 − 1

]
, (82)

whose derivative reads

f ′(z) =
2 Re(ξ0)w(z){

2w(z)
[
z/λ− i Im(ξ0)

]
+ 1− |ξ0|2

}√
z2 + λ2

, (83)

which can be found also by specialising (78) to this case. Notice that for x0 = 0 we have

|ξ0| = 1 and a significative simplification occurs in (83), which becomes (58).

The expression (83) allows to write the entanglement hamiltonian by specifying (18)

to this case, but the final formula is quite complicated and we do not report it here.

As for the Rényi entropies (26), one can evaluate the width W of the annulus by

using (80). In this case zb = limx→+∞(x+ iτ) and |ξ(zb)| → ∞, therefore the second term

in the r.h.s. of (80) vanishes. Instead, as for the first term, here we find

q2
0 =

√
(z2

0 + λ2)(z̄2
0 + λ2)

(
z0 + z̄0 +

√
z2

0 + λ2 +
√
z̄2

0 + λ2
)2

(
z0 +

√
z2

0 + λ2
)(
z̄0 +

√
z̄2

0 + λ2
) . (84)

Making the analytic continuation τ → it, we have that z0 → x0 − t and z̄0 → x0 + t.
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The above expression becomes q2
0|τ=it = q0(x0, t)

2 given by

q2
0

∣∣
τ=it

=

√
((x0 − t)2 + λ2)((x0 + t)2 + λ2)

(
2x0 +

√
(x0 − t)2 + λ2 +

√
(x0 + t)2 + λ2

)2

(
x0 − t+

√
(x0 − t)2 + λ2

)(
x0 + t+

√
(x0 + t)2 + λ2

) .

(85)

Notice that q0/λ is a function of x0/λ and t/λ only. From (26), we have that the Rényi

entropies read S
(n)
A = c

12
(n+ 1/n) log[q0(x0, t)/ε] + . . . .

In Fig. 10 we show log[q0(x0, t)] as function of t for some values of x0 � λ. In this

regime of parameters, the curve displays a sudden change at t ' x0. This sharp transition

is smoothed out as λ increases and becomes λ ∼ x0. In the special case of x0 = 0, the

expression (85) simplifies to q0(0, t) = 2(t2 + λ2)/λ, which is the result entering in (66),

as expected.

Two interesting regimes to consider are given by small and large t. In these limits

(85) becomes respectively

q0(x0, t) =





2
√
x2

0 + λ2 +
2λ2 t2

(x2
0 + λ2)3/2

+O(t4) t� 1 ,

t2

λ/2
− x2

0 − λ2

λ/2
+O(1/t2) t� 1 .

(86)

When λ ∼ ε in (86), the result of [11] for this setup is recovered.
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