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ABSTRACT: We develop the formalism of holographic renormalization to compute two-
point functions in a holographic Kondo model. The model describes a (0 4 1)-dimensional
impurity spin of a gauged SU(N) interacting with a (1+ 1)-dimensional, large- N, strongly-
coupled Conformal Field Theory (CFT). We describe the impurity using Abrikosov pseudo-
fermions, and define an SU(N)-invariant scalar operator O built from a pseudo-fermion and
a CFT fermion. At large N the Kondo interaction is of the form O©, which is marginally
relevant, and generates a Renormalization Group (RG) flow at the impurity. A second-
order mean-field phase transition occurs in which O condenses below a critical temperature,
leading to the Kondo effect, including screening of the impurity. Via holography, the
phase transition is dual to holographic superconductivity in (1 + 1)-dimensional Anti-
de Sitter space. At all temperatures, spectral functions of O exhibit a Fano resonance,
characteristic of a continuum of states interacting with an isolated resonance. In contrast
to Fano resonances observed for example in quantum dots, our continuum and resonance
arise from a (0 + 1)-dimensional UV fixed point and RG flow, respectively. In the low-
temperature phase, the resonance comes from a pole in the Green’s function of the form
—i(0)2, which is characteristic of a Kondo resonance.
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1 Introduction and summary

The Kondo model of a magnetic impurity interacting with a Fermi liquid of electrons,
proposed by Jun Kondo in 1964 [1], has been seminal for both experimental and theoret-
ical physics. In experimental physics, the Kondo model explains the thermodynamic and
transport properties of many systems, including certain types of quantum dots [2, 3] and
certain metals doped with magnetic impurities [1, 4, 5]. Most famously, for doped metals
the Kondo model successfully describes the logarithmic rise of the electrical resistivity p
with decreasing temperature T'. In theoretical physics, the Kondo model provides perhaps
the simplest example of a renormalization group (RG) flow exhibiting asymptotic freedom,
the dynamical generation of a scale, namely the Kondo temperature, Tk, and a non-trivial
infra-red (IR) fixed point describing the screening of the impurity by the electrons. As a
result, the Kondo model has played a central role in the development of many techniques in
theoretical physics: Wilson’s numerical RG [6-8], integrability [9-16], large-N limits [17—
22], Conformal Field Theory (CFT) [23-28], and more. For reviews of many of these, see
for example refs. [29, 30].

Indeed, given the successes of these techniques, the single-impurity Kondo model is
often called a “solved problem.” However, in reality many fundamental questions about
the Kondo model remain unanswered, such as how to measure (or even define) the size of
the Kondo screening cloud, how entanglement entropy (EE) depends on the size of a spatial
subsystem, or how observables evolve after a (quantum) quench, i.e. after the Kondo model
is “kicked” far from equilibrium.

Moreover, many generalizations of the original Kondo model remain impervious to
the existing techniques. For example, what if we replace the electron Fermi liquid with
(strongly) interacting degrees of freedom, such as a Luttinger liquid? What if multiple
impurities interact not only with the electrons, but also with each other? Answers to these
questions are urgently needed to understand important experimental systems. For exam-
ple, a heavy fermion compound can be described as a dense lattice of impurities in which
the competition between the Kondo and inter-impurity interactions leads to a quantum
critical phase very similar to the “strange metal” phase of the cuprate superconductors.
Understanding the strange metal phase may be the key to understanding the mechanism
of high-temperature superconductivity. The Kondo lattice therefore remains a major un-
solved problem.

Motivated by these questions, in a series of papers we have developed an alternative
Kondo model, based on holographic duality [31-34]. Holography equates certain strongly-
interacting quantum field theories (QFTs) with weakly-coupled theories of gravity in one
higher dimension. Holography is therefore a natural tool for studying impurities coupled
to strongly-interacting degrees of freedom, and is particularly well-suited for studying EE
and far-from-equilibrium evolution.

Our holographic model is based on the large-N [17-22, 35, 36] and CFT [20, 23-28]
approaches to Kondo physics. The large-N approach involves replacing the SU(2) spin
symmetry with SU(NN) and then sending N — oo, keeping Tk fixed. Following many
previous large-N Kondo models [13, 17, 20, 35, 36], we restrict to an impurity spin in a



totally anti-symmetric representation of SU(NV), whose Young tableau is a single column
with @ < N boxes, and describe the impurity spin using Abrikosov pseudo-fermions, Y,
constrained to obey xfy = Q. The Kondo coupling between the impurity spin and the
electrons is then of the form AOTO, where A is the Kondo coupling constant and O = 9Ty,
with 1 an electron. At large IV, the screening of the impurity appears as the formation of
the condensate (O) # 0 below a critical temperature T, ~ Tk [13, 17, 35, 36]. We thus
refer to the phases with (O) = 0 and (O) # 0 as “unscreened” and “screened,” respectively.
Crucially, the logarithmic rise of p with T', which normally occurs when T' > T, is absent
at large N. However, the large-N limit is useful at low temperatures, T' < Tx, where A
is large and hence conventional perturbation theory in A breaks down. When T' < Tk, p
exhibits power-law scaling in T', with a power determined by the dimension of the leading
irrelevant operator about the IR fixed point [20, 27, 28].

The CFT approach to Kondo physics begins with the observation that the impurity
couples only to the electron s-wave spherical harmonic, so non-trivial physics only occurs
in the radial direction about the impurity [23, 25, 28]. The low-energy physics is therefore
effectively one-dimensional. Linearizing about the Fermi momentum then produces a rela-
tivistic electron dispersion relation, with the Fermi velocity playing the role of the speed of
light. The low-energy effective theory thus consists of free, relativistic fermions in one di-
mension, interacting with the impurity at the origin. That theory is a boundary CFT, which
has an infinite number of symmetry generators, namely those of a single Virasoro algebra,
plus Kac-Moody algebras for charge, spin, and channel (or flavor) [23, 28]. These infinite ac-
cidental symmetries make the CFT approach very powerful. For example, together with the
boundary conditions these symmetries determine the IR spectrum completely [23-25, 28].
The CFT approach also provides novel results for low-T" scaling exponents [23-25, 27, 28].

Our holographic model combines the large- IV and CFT approaches, and adds two more
ingredients. First, we gauge the SU(N) spin symmetry, so that the impurity spin becomes
an SU(N) Wilson line. Second, we make the SU(N) 't Hooft coupling large, so that the
gauge degrees of freedom (adjoint fields) are strongly-interacting. These two ingredients
are necessary to produce a tractable gravitational dual, with a small number of light fields
in a classical limit. Indeed, all holographic quantum impurity models to date use these
two ingredients, as reviewed in refs. [31, 32].

To be specific, our holographic model includes four fields. First is an asymptotically
AdS3 metric, with Einstein-Hilbert action with negative cosmological constant, which is
dual to the stress-energy tensor. Second is a Chern-Simons gauge field, A, dual to Kac-
Moody currents, J, representing our electrons . Third is a Maxwell gauge field, a, re-
stricted to a co-dimension one, asymptotically AdSs brane, localized in the field theory
direction, and dual to the Abrikosov pseudo-fermion charge j = x'y. Fourth is a complex
scalar field, ®, also restricted to the brane, charged under both A and a, and dual to
O =Ty, In refs. [31, 32] we treated the matter fields as probes of a BTZ black brane.

Our model is a novel impurity RG flow in both holography and condensed matter
physics. In holography, our model is novel as a holographic superconductor [37, 38] in an
AdSs subspace of a higher-dimensional AdS space. Indeed, a general lesson of our model is
that holographic superconductors in AdSsy describe impurity screening. In condensed mat-



ter physics, our model describes a novel impurity RG flow between two strongly-interacting
fixed points, unlike the original Kondo model, where the UV fixed point is trivial and the IR
fixed point may or may not be trivial, depending on the number of channels [24, 25, 28, 39].
More specifically, our A runs in the same way as the original Kondo model, but our model
has a second coupling, the 't Hooft coupling, which does not run, and is large. Our holo-
graphic model not only reproduces expected large-N Kondo physics, such as condensation
of O, screening of the charge @), power-law scaling of p with 7" at low T [31], etc., but also
exhibits novel phenomena due to the large 't Hooft coupling, as described below.

Indeed, using our holographic model, we have begun to address some of the open ques-
tions about Kondo physics. For example, in ref. [32], we introduced a second impurity in
our holographic model, as a first step towards building a holographic Kondo lattice. We
found evidence that the competition between Kondo and inter-impurity (RKKY) inter-
actions may lead to a quantum phase transition. In ref. [33] we calculated the impurity
entropy in our holographic model, by calculating the change in EE due to the impurity,
for an interval of length ¢ centered on the impurity. Calculating the EE holographically
required calculating the back-reaction of the AdSs matter fields on the metric [33, 40]. The
impurity screening reduced the impurity entropy, i.e. reduced the number of impurity de-
grees of freedom, consistent with the g-theorem [26, 41]. On the gravity side, the reduction
in degrees of freedom appeared as a reduction in the volume of the bulk spacetime around
the AdS, brane, similar to the deficit angle around a cosmic string. Furthermore, at low T'
the EE decayed exponentially in £ as £ increased. The decay rate provides one definition of
the Kondo screening length, which made a particularly intuitive appearance in the gravity
theory, as a distance the AdSy brane “bends.”

In this paper, we take a first step toward addressing another major open problem in
Kondo physics: out-of-equilibrium evolution. In particular, we work in the probe limit, and
compute response functions, namely the retarded Green’s functions involving O, j, and J,
in the regime of linear response to small, time-dependent perturbations. We then compute
the spectral functions, i.e. the anti-Hermitian parts of the retarded Green’s functions. We
also separately calculate the poles in the Green’s functions, dual to the quasi-normal modes
(QNMs) of the fields in the BTZ black brane background. Generically, these poles give rise
to peaks in the spectral functions.

We presented some of our results in a companion paper [42]. In this paper we will
present full details of calculations and further results. In particular, we have three main
results.

Our first main result is technical: we perform the holographic renormalization (holo-
ren) [43-53] of our model. The main challenge here is the well-known fact that a YM field
diverges near the asymptotically AdS> boundary, unlike YM fields in higher-dimensional
AdS spaces. That divergence can alter the asymptotics of fields coupled to the YM field,
and indeed alters the asymptotics of our field ®. The asymptotic region is dual to the UV
of the field theory [54], so we learn that in our holographic model j acts like an irrelevant
operator, and in particular, changing the value of (j), which controls the impurity’s spin,
changes the dimension of O at the UV fixed point. Such behavior does not occur in
non-holographic Kondo models, and so, by process of elimination, must be due to the



strongly-interacting degrees of freedom we added. Strong-coupling effects can also appear
in the IR, for example the leading irrelevant operator about the IR fixed point likely has
non-integer dimension [31].

Our holo-ren draws from, and extends, several previous examples of holo-ren: for fields
dual to irrelevant operators [55, 56], for our holographic two-impurity Kondo model [32],
and for asymptotically conical (rather than asymptotically AdS) black holes [57]. The
holo-ren provides covariant boundary counterterms, enabling us to compute renormalized
correlators, including the thermodynamic free energy and two-point functions. The holo-
ren also allows us to identify the Kondo coupling A from a boundary condition on ® [31-34].

As in many large- N Kondo models, our holographic model exhibits a large- N, second-
order, mean-field phase transition [31-34]. For all T', one class of static solutions obeying
the boundary conditions includes ® = 0, dual to the unscreened phase, with (O) = 0.
When T < T, another class of solutions appears, with ® # 0, dual to the screened phase,
with (O) # 0. For all T' < T,, the ® # 0 solution has lower free energy than the ® = 0
solution, so a phase transition occurs at 7T, with mean-field exponent: for 7" just below T,
(0) o (T. — T)'/? [31].

In the unscreened phase, the holo-ren reveals that the only non-trivial retarded Green’s
function in our model is (OTO), with all other one- and two-point functions completely
determined by (O), the Ward identities for the currents j and J, and the particle-hole
transformation @ — N — Q. For example, <(’)(’)T> can be obtained from <(’)T(’)> by taking
Q — N — Q. We denote (OT0O)’s Fourier transform as Gpip, which we compute as a func-
tion of complex frequency w, and the associated spectral function as ppip = —2Im G,
which we compute for real w. We are able to compute Gt analytically, by obtaining an
exact solution to ®’s Klein-Gordon equation (with gauge covariant derivatives) in AdSs,
with boundary condition involving the Kondo coupling A.

The defect’s asymptotic AdSy isometry is dual to a (0 + 1)-dimensional conformal
symmetry. When T' > T, the only breaking of that conformal symmetry is through 7" and
the running of A. For static solutions, we can approach the UV fixed point by sending
T — o0, which also sends A\ — 0 due to asymptotic freedom. When A — 0, ®’s boundary
condition reduces to Dirichlet [31, 32], guaranteeing that Gpip indeed takes the form
required by (0 + 1)-dimensional conformal symmetry [58, 59].

More generally, our model falls into one of the three known classes of models whose
large-N fixed points exhibit (0 + 1)-dimensional conformal symmetry. The first are holo-
graphic AdSs models, such as our model. The second are large-N quantum impurity mod-
els, including large-N Kondo models (without holography) [20]. The third are so-called
Sachdev-Ye-Kitaev (SYK) models, namely fermions on a lattice without kinetic terms and
with long-range many-body interactions, in a large-N limit [59-73]. For all three classes,
(0+1)-dimensional conformal symmetry completely determines any Green’s function, such
as Gpip, in terms of scaling dimension and global symmetry charges [59, 67, 74].

However, in our model, as T decreases and A grows, (0 + 1)-dimensional conformal
symmetry is broken. As T — T, from above, in the complex w-plane the lowest pole in
Gotp, meaning the pole closest to the origin, which we denote w*, moves towards the
origin. When T' = T,, w* reaches the origin, and when T" < T,, w* moves into the upper



half of the complex w plane, signaling the instability of the unscreened phase when T' < T,
as expected [31]. In contrast, in the standard (non-holographic) Kondo model, at large N
and at leading order in perturbation theory in A, the lowest pole sits exactly at the origin
of the complex w plane for all T' > T, [75]. By process of elimination, our results for the
movement of w* must arise from the additional degrees of freedom of our holographic model,
and in particular must be a strong coupling effect, since we do not rely on perturbation
theory in either A\ or the 't Hooft coupling.

A pole in a retarded Green’s function (for complex w) leads to a peak in the associated
spectral function (for real w). Our second main result is for ppte in the unscreened phase:
w* produces the only significant feature in ppip, namely a peak, and specifically a Fano
resonance. Fano resonances occur when one or more resonance appears within a continuum
of states (in energy). In such cases, scattering states have two options: they can either scat-
ter off the isolated resonance(s) (resonant scattering), or they can bypass these resonances
(non-resonant scattering). The classic example is light scattering off the excited states of an
atom. In spectral functions, the interference between the two options leads to a Fano reso-
nance, which generically is asymmetric, with a minimum and a maximum (see figure 2 (a)),
and is determined by three parameters: the position, the width, and the Fano or asymmetry
parameter, ¢, which controls the distance between the minimum and maximum. In physical
terms, ¢° is proportional to the probability of resonant scattering over the probability of
non-resonant scattering. For an introduction to Fano resonances, see for example ref. [76].

In our case, the continuum comes from the (0 + 1)-dimensional fixed point dual to the
AdSs subspace, where the scale invariance implies any spectral function must be power
law in w, i.e. a continuum. Our resonance arises from our relevant deformation, i.e. our
Kondo coupling, which necessarily breaks scale invariance. Moreover, the asymmetry of
our Fano resonances is possible because particle-hole symmetry is generically broken when
|Q — N/2| # 0.

We expect asymmetric Fano resonances in any system with the same three ingredients,
namely an effectively (0+1)-dimensional UV fixed point, resonances that appear when scale
invariance is broken, and particle-hole symmetry breaking. In fact, Fano resonances have
appeared in such systems, though they are often not identified as such. For example, Fano
resonances appear in spectral functions of charged bosonic operators in the non-holographic
large-N Kondo model [20] and in holographic duals of extremal AdS-Reissner-Nordstrom
black branes, whose near-horizon geometry is AdSy [58, 59, 77]. Indeed, we expect Fano
resonances in AdS; models generically, such as Sachdev-Ye-Kitaev models [59-62, 66, 73],
if some deformation breaks scale invariance and produces a resonance. Specifically (0+ 1)
dimensions is special because any resonance must necessarily be immersed in a continuum,
unlike higher dimensions, where the two may be separated in momentum and/or real space.

Fano resonances have been produced experimentally in side-coupled QDs [76, 78], that
is, by coupling the discrete states in a QD to a continuum of states in a quantum wire.
Crucially, however, in these cases (0 + 1)-dimensional scale invariance apparently plays no
role: before the coupling between QD and quantum wire, spectral functions on the QD
would be a sum of Lorentzians, not a scale-invariant continuum. Our Fano resonances
therefore have a different physical origin from those in QDs, and are more characterisitc of
(0 + 1)-dimensional fixed points, as explained above.



In the screened phase, the symmetry breaking condensate (O) # 0 induces operator
mixing, so that generically all two-point functions are non-trivial. However, the holo-ren
shows that all four scalar correlators are equivalent: Gpip = Gpot = Goo = Gptpt, SO
we will discuss only Gptp, which we compute numerically. Our third main result is: in
the screened phase, the lowest pole in Gy, w*, is purely imaginary, and moves down the
imaginary axis as 7 decreases. In fact, w* oc —i(0)? for T just below T.. The spectral
function ppte then exhibits a Fano resonance symmetric under w — —w.

This result is consistent with expectations from the standard (non-holographic) Kondo
model. At finite IV, an essential feature of the Kondo effect is the Kondo resonance, a peak
in the spectral function of the conduction electrons, with five characteristic features. First,
for all T' the peak is localized in energy exactly at the Fermi energy. Second, for all T" the
peak is localized in real space at the impurity. Third, as 1" approaches Tk from above,
the peak’s height rises logarithmically in T'. Fourth, when T reaches Tk, the peak’s height
saturates and remains for all lower T" at a value fixed by the impurity’s representation (the
Friedel sum rule). Fifth, as T drops below Tk and then continues to decrease, the peak
narrows, and at 7' = 0 has width o< Tk . The Kondo resonance is a many-body effect (i.e. is
not obvious from the Kondo Hamiltonian) signaling the emergence of the highly-entangled
state in which the conduction electrons act collectively to screen the impurity. For more
details about the Kondo resonance, see for example the textbooks refs. [29, 75, 79].

The features of the Kondo resonance change in the large-N limit, as explained in
ref. [75] and references therein. In particular, the Kondo resonance is absent in the un-
screened phase (T' > T¢), and appears only in the screened phase (T' < T;). If we introduce
Abrikosov pseudo-fermions y, then due to operator mixing induced by (O) # 0, the Kondo
resonance can be transmitted from the electron spectral function to other spectral functions.
In particular, in Gyt the Kondo resonance appears as a pole of the form w o —i(O)2.
As mentioned above, for T" just below 7T, we indeed find a pole in Gty of precisely that
form, providing compelling evidence for a Kondo resonance in our model.

This paper is organized as follows. In section 2 we review our holographic Kondo
model. In section 3 we perform the holo-ren of our model. In section 4 we review Fano
resonances. We present our results for the unscreened phase in section 5, and for the
screened phase in section 6. We conclude in section 7 with discussion of our results and
suggestions for future research.

2 Review: holographic Kondo model

As mentioned above, our holographic model combines the CFT and large-N approaches
to the Kondo effect. In this section we will review these briefly and then introduce the
action and equations of motion of our holographic model, and the transition between the
unscreened to screened phases. For more details on the CFT, large- N, and holographic
approaches to the Kondo effect, see refs. [31-34].

The CFT approach to the Kondo effect [23-28] begins with a (1 + 1)-dimensional
effective description: relativistic fermions that are free except for a Kondo interaction with
the impurity at the boundary of space. In that description, left-moving fermions “bounce



oftf” the boundary and become right-moving, interacting with the impurity in the process.
By extending the half line to the entire real line, reflecting the right-movers to the “new”
half of the real line, and re-labeling them as left-movers, we obtain a simpler description:
left-movers alone, interacting with the impurity at the origin. The Hamiltonian (density)
is then, in units where the Fermi velocity acting as speed of light is unity,

H— %Wama + AS(w) SApLTA s, (2.1)

where wlé creates a left-moving electron with spin «, A is the classically marginal Kondo
coupling, Tc‘?ﬁ are the generators of the SU(2) spin symmetry (A = 1,2, 3) in the fundamen-
tal representation, and S is the spin of the impurity, which is localized at = = 0, hence
the 0(z). The left-moving fermions form a chiral CFT, invariant under a single Virasoro
algebra as well as SU(2); and U(1) Kac-Moody algebras, representing spin and charge,
respectively (the U(1) acts by shifting 1,’s phase). With k& > 1 channels of fermions, the
Kac-Moody algebra is enhanced to SU(2); x SU(k)2 x U(1).

The one-loop beta function for A is negative. As a result, a non-trivial RG flow occurs
only for an anti-ferromagnetic Kondo coupling, A > 0. Due to asymptotic freedom, the
UV fixed point is a trivial chiral CFT, namely free left-moving fermions and a decoupled
impurity. The Virasoro and Kac-Moody symmetries and (trivial) boundary conditions
then determine the spectrum of eigenstates completely [23-25, 28]. The IR fixed point will
again be a chiral CFT, whose spectrum of eigenstates can be obtained from those in the
UV by fusion with the impurity representation [24].

Our holographic Kondo model will also employ a large-N limit [17-22], which is based
on replacing the SU(2) spin symmetry with SU(N) and then sending N — oo with N A
fixed. In particular, we will employ the large- NV description of the Kondo effect as symmetry
breaking at the impurity’s location [13, 17, 35, 36], which begins by writing S4 in terms
of Abrikosov pseudo-fermions,

§4 = XLTf,BX,Bv (2:2)
where XL creates an Abrikosov pseudo-fermion. We construct a state in the impurity’s
Hilbert space by acting on the vacuum with a number Q of the XL. Because the XL anti-
commute, such a state will be a totally anti-symmetric tensor product of the fundamental
representation of SU(N) with rank Q. To obtain an irreducible representation, we must
fix the rank Q by imposing a constraint,

XhXa = Q. (2.3)

Due to the anti-commutation, Abrikosov pseudo-fermions can only describe totally anti-
symmetric representations of SU(N), so that Q € {0,1,2,...,N}. Following our earlier
work [31-34], we will only consider totally anti-symmetric impurity representations.

Plugging eq. (2.2) into the Kondo interaction term in eq. (2.1), and using y,’s anti-
commutation relations as well as the completeness relation satisfied by the fundamental-
representation SU(N) generators,

1 1
TisTss = 3 <5a55/37 — Naaﬁ(sw;) , (2.4)



we can re-write the Kondo interaction as
1 Q
NS = A (X Tabxs ) (w1 T0s) = 5) <—o*o +Q-< (w&/@)) L (25)

where the scalar operator O = ¥lxa is (0 + 1)-dimensional, i.e. is a function of time ¢
only, because x, cannot propagate away from the impurity’s location, x = 0. Clearly, O
is a singlet of the spin SU(N); symmetry, is in the same SU(k)n x U(1) representation as
wL, and has the same auxiliary U(1) charge as x,. Classically 1, has dimension 1/2 and
Xo has dimension zero, so O has dimension 1/2. The Kondo interaction eq. (2.5) is thus
classically marginal, i.e. A is classically dimensionless.

We can introduce Abrikosov pseudo-fermions for any N, but let us now take the large-
N limit. In eq. (2.5) the Q and (Q/N)@Z)lﬂj}a terms are then sub-leading in NN relative
to the OTO term, so the Kondo interaction reduces to —AOT(©/2. The solution of the
large- N saddle point equations reveals a second-order mean-field phase transition: below
a critical temperature T, on the order of but distinct from Tk, (O) # 0 [13, 17, 35, 36],
spontaneously breaking the channel symmetry down to SU(k — 1) and the U(1) charge and
U(1) auxiliary symmetry down to the diagonal U(1). Of course, spontaneous symmetry
breaking in (0+ 1) dimensions is impossible for finite /V: the phase transition is an artifact
of the large-N limit. Corrections in 1/N change the phase transition to a smooth cross-
over [13]. The large-N limit describes many characteristic phenomena of the Kondo effect
only when T' < T, where (O) # 0, including the screening of the impurity by the electrons,
and a phase shift of the electrons.

As described in section 1, to obtain a classical Einstein-Hilbert holographic Kondo
model, we want to combine the CFT and large-N approaches and gauge the SU(N); spin
symmetry, which introduces the 't Hooft coupling, which we want to be large. Of course, the
SU(N)x symmetry is anomalous, and so should not be gauged. To suppress the anomaly,
we work in the probe limit: when N — oo we hold k fixed, so that & < N, and then
compute expectation values only to order N. In the probe limit the SU(N); anomaly does
not appear [31, 80|, so that in effect SU(N); — SU(N).

Each SU(N)-invariant, single-trace, low-dimension (i.e. dimension of order NY) opera-
tor is dual to a field in the gravity dual. The stress-energy tensor is dual to the metric. The
SU(N) currents are not SU(V)-invariant, and hence have no dual fields. The SU(k)n xU(1)
Kac-Moody currents are dual to an SU(k)x x U(1) Chern-Simons gauge field [81], which
we call A. The U(1) charge j = YhXa is dual to a U(1) gauge field, which we call a,
localized to x = 0. The complex scalar O is bi-fundamental under SU(k)x x U(1) and the
U(1) with charge j, and is dual to a complex scalar field, ®, also localized to = 0, and
bi-fundamental under A and a. For simplicity, following refs. [31-34] we will take k = 1, so
that the SU(k)x x U(1) Kac-Moody symmetry reduces to U(1). The Chern-Simons gauge
field A is then Abelian, with field strength F' = dA. Similarly, a has field strength f = da.

To describe a (1 4 1)-dimensional CFT with non-zero T, we use the BTZ black brane
metric (with asymptotic AdSs radius set to unity),

1 1 22
2 2 2 2
dsprz = 22 <h(2)dz ~ hE)dE" + de ) ’ Mz =1- 2 29)



where z is the radial coordinate, with the boundary at z = 0 and horizon at z = zg, ¢t
and = are the CFT time and space directions, and u,v = z,t,z. The CFT’s temperature
is dual to the black brane’s Hawking temperature, 7' = 1/(27zp). The fields a and ¢ are
localized to = = 0, i.e. to the submanifold spanned by ¢ and z, whose induced metric is
asymptotically AdSs,

dsiag, = gmnda"dz" = = <h(z)d22 - h(Z)dt2> , (2.7)
where m,n = t, z. The determinant of the metric in eq. (2.7) is g = —1/z%.

The classical action of the holographic Kondo model of refs. [31-34] is the simplest
action quadratic in the fields. We will split the bulk action into two terms, namely the
Chern-Simons action for A, Scg, and the bulk terms for the fields in the asymptotically
AdS> submanifold, Sags,,

S = Scs + Sads,, (2.8a)
N
Scg = —— ANdA, (2.8b)
47
AdS3
1
Sads, = —N / d%z /=g Lfm"fmwr (D™®)" (D, ®) + M?>®T®|,  (2.8¢)
AdSs

where D, is a gauge-covariant derivative,
Dy, ® = (0 + 1Ay, — tap,) P, (2.9)

and M? is ®’s mass-squared. We will discuss the value of M?, and the boundary terms that
must be added to S for holo-ren, in section 3. We will also discuss the equations of motion
following from eq. (2.8), and their solutions, in detail in section 3. In the remainder of this
section we will focus on features of the equations of motion and their solutions relevant for
our model’s phase structure.

We split ® into a modulus and phase, ® = e?¥¢. Furthermore, throughout this paper
we work in a gauge with A, = 0 and a, = 0. As shown in refs. [31-34], a self-consistent
gauge choice and ansatz that can describe a static state with Q # 0 and possibly (O) # 0
includes A, (z), a;(z), and ¢(z), with all other fields set to zero. The equations of motions
for these fields are

0.4, = —4nd(z)v/—g 9" ar ¢*, (2.10a)

9. (V=9979" 0.a¢) = 2/=gg" as ¢, (2.10Db)

9. (V=997 0.0) = V—gg'al ¢+ —gM?*¢. (2.10¢)

Crucially, A,(z) does not appear in a;(z) or ¢(z)’s equation of motion, egs. (2.10b)
and (2.10c). As a result, the only way that a;(z) and ¢(z) “know” they live on a defect

in a higher-dimensional spacetime is through the blackening factor, h(z). In particular,
if T = 0 then the defect’s metric is precisely that of AdSs. Moreover, A,(z) has trivial
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Figure 1. (a) The free energy F, normalized by 1/ (N(27T)), as a function of T'/T, for Q = 0.5.
The solid line is for the unscreened phase, where (O) = 0, and which has F/ (N (27T)) = —Q?/2 =
—0.125. The dots represent our numerical results for the screened phase, where (O) # 0. Clearly
the screened phase always has lower F, and hence is thermodynamically preferred, for all T < T,.

(b) The dots are our numerical results for 53 (O)/\/T as a function of T'/T. in the screened phase

with @ = 0.5. The solid line is a numerical fit to 0.30 (T, — T)l/Q. The agreement between the
numerical results and the fit indicates second-order mean field behavior, (O) « (T, — T)"/?.

dynamics (as expected for a Chern-Simons gauge field): we only need to solve for a;(z)
and ¢(z), and then insert those solutions into eq. (2.10a) to obtain A, (z).

As mentioned in section 1, our holographic Kondo model exhibits a phase transition
as T decreases through a critical temperature T, just like the standard (non-holographic)
Kondo model at large N. For any T, egs. (2.10b) and (2.10c) admit the solution
ai(z) = p— Q/z and ¢(z) = 0. These solutions are dual to states with (O) = 0. However,
when T' < T, a second branch of solutions exists that have ¢(z) # 0. Given that ¢(z)
is dual to OF + O, these ¢(z) # 0 solutions are dual to states with (Of + ©) # 0,
which implies (OT) = (0) = (O + 0)/2 # 0. We will therefore just refer to (O) # 0
henceforth. To determine which state is thermodynamically preferred, we must determine
which state has lower free energy F, which we compute holographically from the on-shell
Euclidean action: for details, see refs. [31-34]. Figure 1 (a) shows F/(N(27T)) as a
function of T/T, for Q = 0.5, for the two branches of solutions. Clearly the solution
with ¢(z) # 0 has lower F, and hence is thermodynamically preferred, for all T < T.
Figure 1 (b) shows our numerical results for x/(2N)(O)/y/T. as a function of T/T, for
@ = 0.5, where & is our holographic Kondo coupling constant, defined in the boundary
term eq. (3.61). Figure 1 (b) also shows a numerical fit revealing second-order mean-field
behavior: (O) « (T, — T)l/ 2 when T < T,. Clearly our model exhibits a second-order
mean-field transition when 7" drops through T;. In section 5 we will show T, x Tk, where
the proportionality constant depends only on @): see in particular figure 6.

As mentioned above, at large N the screening of the impurity, and other characteristic
Kondo phenomena, such as a phase shift of the electrons, occurs only when T' < T,., where
(O) # 0. We will thus refer to states with (O) = 0 as the unscreened phase and states
with (O) # 0 as the screened phase.
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What does the screening look like on the gravity side of the correspondence? The flux of
at(z) controls the “size” of the impurity’s representation, by controlling the number of boxes
in the associated Young tableau. To see how, consider the a;(z)’s general asymptotic form,
ai(z) = pu—Q/z+ ..., where ... represents terms that vanish as z — 0. The parameter p
acts as a chemical potential for j = xx, and in particular a non-zero p breaks particle-hole
symmetry. The particle-hole symmetric value of the charge is @ = N/2, which thus corre-
sponds to p = 0. In general the parameter ) depends monotonically on p. For example, for
the solution a4(z) = p—@/z mentioned above, regularity of a;(z) at the horizon, a;(zg) = 0,
requires Q = pzpg. As a result, Q = 0 corresponds to Q@ = N/2, while @ > 0 corresponds
to @ > N/2, and @ < 0 corresponds to @ < N/2. A totally anti-symmetric representation
must have 0 < @ < N, which should translate to limits on (). Our model is too crude to
determine the exact relation between ) and Q, and includes nothing to impose limits on @),
although these features could potentially be incorporated, following similar models [82-85].
They only feature we will need, however, is that @ is monotonically related to Q — N/2.

For any solution, the flux of a:(2) at the boundary is ). When ¢(z) = 0, the flux of
at(z) is constant from the boundary to the horizon. However, when ¢(z) # 0, the flux of
at(z) is transferred from a:(z) to A;(z), because @ is bi-fundamental. Recalling that the
holographic coordinate z corresponds to energy scale, where the boundary corresponds to
the UV and increasing z corresponds to moving towards the IR [86, 87|, solutions with
@(z) # 0 thus describe an impurity whose size shrinks as we move towards the IR [31]. In
other words, the impurity is screened, as advertised.

What does the phase shift look like on the gravity side of the correspondence? The
phase shift is encoded in A, (z) [31]. In particular, eq. (2.10a) shows that 0,A;(z) # 0 if
and only if both a; # 0 and ¢(z) # 0. If we imagine compactifying = into a circle, then
Az(z) # 0 implies a non-zero Wilson loop around the x direction, § A # 0, which is dual to
a phase shift for our strongly-coupled “electrons,” or more generally for any object charged
under our U(1) channel symmetry. Non-zero 0,4, (z) means the phase shift grows as we
move towards larger z, i.e. as we move towards the IR, as expected.

In short, our holographic model captures some of the essential phenomena of the large-
N Kondo effect, namely impurity screening and a phase shift at 7' < T, when (O) # 0.
In the following we will show that our holographic model also captures another essential
phenomenon: the Kondo resonance.

3 Holographic renormalization and two-point functions

In this section we derive general expressions for the renormalized holographic two-point
functions of the Kondo model described by the action in eq. (2.8), in both the unscreened
and screened phases. Before we embark on the technical aspects of this calculation, it is
instructive to outline the main steps involved, and to highlight several subtleties that this
specific model presents.

A particularly economical way of computing holographic two-point functions is to read
them off directly from the linearized fluctuation equations, bypassing the usual step of eval-
uating the on-shell action to quadratic order in the fluctuations. This is possible due to the
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holographic identification of the radial canonical momenta, which on-shell become func-
tions of the induced fields, with the one-point functions of the dual operators in the theory
with Dirichlet boundary conditions [51]. To obtain the two-point functions it suffices to
expand the canonical momenta to linear order in the induced fields. As in standard linear
response theory, the coefficients of the linear terms in this expansion are identified with the
corresponding response functions, i.e. the unrenormalized two-point functions [88]. Insert-
ing the covariant expansions of the canonical momenta to linear order in the fluctuations
in the second order fluctuation equations results in a system of first order non-linear Ric-
cati equations for the response functions [88, 89]. Like the system of second order linear
equations for the fluctuations, the system of Riccati equations for the response functions
is generically coupled, and can only be solved numerically. However, in contrast to the
second order linear equations, the general solution of the Riccati equations contains only
one integration constant per response function, since the arbitrary sources have already
been eliminated, which is determined by imposing regularity in the bulk of the spacetime.
Generically, the fact that the arbitrary sources have been eliminated from the Riccati
equations renders them better suited for a numerical evaluation of the two-point functions.

Both the on-shell action and the response functions obtained from the Riccati equa-
tions are generically divergent and need to be evaluated with a radial cutoff near the AdS
boundary. Moreover, local covariant boundary counterterms need to be determined in order
to renormalize these quantities. However, two important subtleties arise in obtaining the
correct boundary counterterms in our holographic Kondo model, both directly related to
the special asymptotic behavior of the AdSs gauge field. In contrast to gauge fields in AdSy
and above, in AdS3 and AdS, the asymptotically leading mode of an abelian gauge field is
the conserved charge @, instead of the chemical potential, u [90]. The same phenomenon is
observed with higher rank antisymmetric p-forms in higher dimensions [91]. In such cases,
consistency of the boundary counterterms requires that they be a function of the canonical
momentum conjugate to the gauge field, rather than the gauge field itself [57, 90].

Moreover, the requirement that the charge @ be kept fixed leads to an asymptotic
second class constraint in phase space, which further complicates the computation of the
boundary counterterms [90]. Relaxing the constraint, i.e. changing the value of @ in this
case, changes the form of the asymptotic solutions for the scalar field. In order to have
a well-defined space of asymptotic solutions, therefore, we must restrict the phase space
asymptotically to the subspace defined by constant ). However, if we want to compute
correlation functions of the operator dual to @), which as we will discuss later is not a local
operator, then we must allow for infinitesimal deformations away from the asymptotic
constraint surface. The boundary counterterms then take the form of a Taylor expansion
in the infinitesimal deformation away from the constraint surface, with the coefficient of
the n-th power renormalizing the n-point function of the operator dual to Q.

In our holographic Kondo model, a further complication arises due to the double-trace
boundary conditions we need to impose on the scalar field in order to introduce the Kondo
coupling. The response functions obtained directly from the Riccati equations correspond
to the two-point functions in the theory defined by Dirichlet boundary conditions on the
scalar field and Neumann boundary conditions on the AdSs gauge field, i.e. keeping @
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fixed. In the large-N limit, however, the renormalized two-point functions in the theory
with double-trace boundary conditions on the scalar field are algebraically related to
those in the theory with Dirichlet boundary conditions on the scalar field. The precise
relation is obtained by identifying additional finite boundary terms required to impose
the double-trace boundary condition on the scalar field, and then carefully examining the
variational problem.

In this section we will address all the above subtleties as we go along. We start
by reformulating the Kondo model in eq. (2.8) in radial Hamiltonian formalism, which
allows us to introduce the radial canonical momenta, the linear response functions,
and the Hamilton-Jacobi equation we must solve in order to determine the boundary
counterterms. We then proceed to derive the Riccati equations for the linear response
functions, determine their general asymptotic solutions in the UV (i.e. near the asymp-
totically AdS boundary), and determine the most general regular asymptotic solution
in the IR (i.e. deep in the bulk). The arbitrary integration constants appearing in the
UV expansions parameterize the renormalized two-point functions, and their value is
determined by matching the solution, numerically, to the regular asymptotic solution in
the IR. Subsequently we determine the boundary counterterms necessary to renormalize
the free energy, as well as the one- and two-point functions in the theory with Dirichlet
boundary conditions on the scalar field. Finally, the renormalized two-point functions
with a non-zero Kondo coupling are obtained by adding further boundary terms that
implement the double-trace boundary condition on the scalar field.

3.1 Radial Hamiltonian formulation of the Kondo model

To describe our holographic Kondo model in radial Hamiltonian language, we re-write the
induced metric in eq. (2.7) in the form

d32Ad82 = dr? + ydt?, (3.1)

where the radial coordinate z of eq. (2.7) is related to the canonical radial coordinate r of

eq. (3.1) as
r = log (1 + M) — log(2z), (3.2)

with 7 € [ry,+00), and rg = —log(2zp), and asymptotically, v = —e?"+0O(1) as r — +o0.
In these coordinates the action in eq. (2.8) may be written as

N > .
S=-1 /an: &9 (—AiAj +24,0,4;)
1
-~ [av= (27% 1D, 44 D2 + M?@*@) L 33

where (i,7) = (t,z), a dot denotes differentiation with respect to 7, A; = 9,4;, and
€9 = ¢*. From eq. (3.3) we obtain the radial canonical momenta:

5S N .68

i 99 N i = = = Nv—~v~ Hay —
R A Aj, o = S5 NV=y7" (4t = Orar),
o = gi = —Nv=y (D,®)T, Topt = ;; = -—Nv= D;®. (3.4)
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In terms of the modulus and phase, ® = €'Y ¢, the scalar field’s canonical momenta become

08

=3

. oS .
= 2NV= ¢, my= 5= —2Nv/=7 ¢*(4, — ar + ). (3.5)

No radial derivatives of the components a, and A, appear in eq. (3.3), so they correspond

o

to non-dynamical Lagrange multipliers. Moreover, the canonical momentum of the Chern-

Simons field in eq. (3.4) amounts to a primary constraint, which implies that the canonical

momentum and the gauge connection A; are not independent variables on phase space.
The Legendre transform of the action in eq. (3.3) gives the radial Hamiltonian,

H = /d%Ain + /dt(dtﬂ'fl + by 4 my) — S

_ /dzx A <—7Tw5(1’) 4 i\jrgij28[i14j]) +/dt ar (=0t + 7y)

1 1 1 t\2 1 2 1 —2_2
_N dt 73 <2’7(7Ta) + Zﬂ-¢ + ZQS 7Tw

4N [t v (@R 9T R A - o P M) (30

Hamilton’s equations for the non dynamical fields a, and A, result in the first class
constraints

N .
Ty = i(@ﬂ'q; — (I)TW.:I,T) = 8t7rfz, EEZJQa[iAj] =-2 827Tf4 = 7T¢5(I’), (3.7)

which reflect the U(1) gauge invariances associated with the AdSs and Chern-Simons gauge
fields, respectively. We will see below that these constraints lead to Ward identities in the
dual field theory.

Hamilton-Jacobi theory connects the canonical momenta with the regularized on-shell

action S through the relations!

0S ¢ 08 0S 0S8

540 T Tse T T Gen (38)

iy =
or for the modulus and phase of the scalar field, 74 = g—‘; and my, = %. The regularized on-
shell action S, also known as Hamilton’s principal function in this context, is identified via
the holographic dictionary with the regularized generating function of connected correlation
functions in the theory defined by Dirichlet boundary conditions on the scalar and Chern-
Simons fields, and Neumann boundary conditions on the AdSs gauge field. The canoni-
cal momenta, therefore, correspond to the regularized one-point functions with arbitrary
sources. The regularized two-point functions are thus obtained by differentiation of the
canonical momenta with respect to the induced fields. As we will see in the next subsection,

!The expression in eq. (3.4) for the Chern-Simons momentum implies that S cannot be a local covariant
functional of A;. This is consistent with the fact that A; parameterizes the full phase space, and only a
particular component of A;, depending on the boundary conditions, will be identified with the source of
the dual current operator.
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this property allows us to rewrite the fluctuation equations in terms of Riccati equations,
which are first order, and whose solution gives directly the regularized two-point functions.

Since § is identified with the regularized on-shell action as a function of the induced
fields on a radial cutoff, its divergent asymptotic form determines the boundary coun-
terterms that are required to renormalize the theory. The asymptotic form of & can be
determined in covariant form by solving the radial Hamilton-Jacobi equation

oS sS
H+E 0 < H+75 =0, (3.9)

or more explicitly

Ao ()

() ()

0S8
+N/dt \ﬁ “H0:0)? + v 1 d? (Ar — ap + Onh)? +M2¢2> +75 =0, (3.10)
together with the two constraints
0S 0S 0S N 0S
- -~ 90, Ang = —2 A1
5o = O <(5at> @) 5y = 1z¢ 20 = —20 (6A> (3:.11)

which reflect the U(1) gauge invariances associated with the AdSs and Chern-Simons gauge
fields, respectively.

3.2 Linear response functions from Riccati equations

In this subsection we use the relation between the radial canonical momenta and the one-
point functions in order to rewrite the second order fluctuation equations in the form of
Riccati equations, which are first order. For convenience, we will work with the complex
scalar field ® and its complex conjugate ®T, rather than its modulus and phase. In the
coordinates of eq. (3.1), and in the radial gauge A, = a, = 0, the equations of motion
associated with the action in eq. (3.3) are

%‘”&Aj +6(z)y/=7 Jr =0, (3.12a)
T
1 ... A
oA - §(z)6%/—y~~LJ, =0, (3.12b)
T
O (V=) + =y =0, (3.12¢)
’7 Gtat r = 0, (312(1)
(V=) + V=7 (O +i(Ar — ar))? - =y M*® =0, (3.12¢)

where we have defined a current associated with ®,
T = —i(qﬂpmcp - (Dmcp)ch). (3.13)

We solve first for the Chern-Simons gauge field. Eliminating J, from egs. (3.12a)
and (3.12d) and J; from egs. (3.12b) and (3.12c), results respectively in the two conditions

~16 —



Oy (€7 A; + 2m6(2) 8" /=y ar) = 0, (3.14a)
0 (€7 A; + 2m6(2) 8" /=y v ay) = 0. (3.14Db)

The general solution for the Chern-Simons gauge field thus takes the form

e, = %%ga(m)&“ 16 A (), (3.15)
where A(g);(t,z) is a flat connection on the AdSs boundary, i.e. €/9;Ag); = 0. This
implies that the two components A );(t, z) are not both arbitrary sources, in contrast to
what happens for a Maxwell gauge field. As we shall see below, in order to obtain a well-
defined variational problem for the Chern-Simons gauge field, we must add the appropriate
boundary term [81, 92-95].

In our model, a key observation that will play a role in the choice of boundary condi-
tions for the Chern-Simons gauge field is that the AdSs fields source only A,, while A; is
independent of the radial coordinate. This implies that we can use a residual U(1) gauge
transformation, i.e. preserving the radial gauge A, = 0, to set A; to zero, so that the
Chern-Simons gauge field decouples from the equations of motion for the AdSs fields. In
that choice of gauge, the Chern-Simons gauge field takes the simple form

Ay = —210(x)/—y v ay + A0)z> Ay = Ay =0, (3.16)

where Ag), is a function of z only, but is otherwise arbitrary. However, when we discuss
the variational problem for the Chern-Simons gauge field, we will reinstate Ag);.

We now solve for the Ad.Ss fields. We want to find a real and static background solution,
and then consider time-dependent fluctuations about that solution. The most generic real
and static background solution includes a?(r) and ¢o(r), whose equations of motion are

1
i — 57 a] = 20965 = 0, (3.17a)

o + %v‘lwo — (Y H(ad)? + M?)¢p = 0. (3.17b)

We have been able to solve these equations analytically (i.e. without numerics) only for
¢o(r) = 0. Solutions with ¢o(r) # 0 were obtained numerically in refs. [31, 32].

We now introduce fluctuations da;, 6®, and §®' about the static background solution,
linearize their equations of motion, and Fourier transform from time t to frequency w via
0y — —iw, to obtain

wy L8y = ¢o(6D — 0BT — do(0® — 6dT)  (3.18a)
6d + %7*17(5@ — v N w4 ad)?6® — M?5® = v L go(w + 2a?)day, (3.18b)
(5<‘I'>T—I—%’y_1"y(5<i>f—fy_l(—w—i—a?)?é@T—Mzébe = fy_l¢$(—w + 2a?)day. (3.18¢)

We will consider these equations in the unscreened and screened phases separately.
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3.2.1 Response functions in the unscreened phase

In the unscreened phase, where ¢9 = 0, eq. (3.18a) becomes trivial, and eqgs. (3.18b)
and (3.18¢) decouple. These second-order equations for the fluctuations §® and 6®' can
be turned into first-order equations for the two-point functions as follows. The canonical
momenta in egs. (3.4) and (3.8) imply that on-shell the radial velocities become functions
of the induced fields. To linear order in the fluctuations we thus have

(5@ == R@T.@é@, (5@* == R@@Té@t (319)

where the response functions Rgte and Reet depend only on the background af and ¢y,

T
Dot

expressions into the two decoupled fluctuation equations, egs. (3.18b) and (3.18c), leads to
the two Riccati equations [88, 89]

as well as w. Hermitian conjugation implies that R _.(w) = Rgip(—w). Inserting these

: T 4. _ 2
Rato + 57 Y Rete + Raig =7 (wta)) = M* =0, (3.20)
. 1 4. _ 2
Regt + 37 'Y Reopt + Réqﬂ s (w— a?) — M? =0. (3.20b)

Using eq. (3.2) to change the radial coordinate from r back to z, and using the solution for
the background gauge field ay = Q(1/z — 1/zy) these Riccati equations become

1
—2hPRY g + 5ifl/Q(zh — 20 Rgte + Raig + 22hH (w+Q(1/2 — 1/21))* — M? =0,
(3.21a)

1
—2hYPRY o + 5ifl/?(2h — 2h)Rppt + Rgr + 2201 (W —Q(1/2 — 1/25))* — M* =0,
(3.21D)

where primes denote 0., for example Ry s = 0. Roto-

We want to solve eqgs. (3.21) with in-going boundary conditions at the horizon.
Egs. (3.21) can be solved analytically, either directly, or by first transforming them into
second-order linear homogeneous equations through the change of variables

Rote = —2zh'/? Y'Y+ Root = —2h'2y Jy_, (3.22)

where the functions y+ satisfy the second order equations?

2z <(WiQ(1/Z—1/ZH))2 V2+Q2_1/4>yi=0,

(1 —22/2%)2 2(1— 22/22) (3.23)

/" /
At
Y+ 22 _ 21211 Y+

where v = /M2 — Q%+ 1/4. The two linearly independent solutions of eq. (3.23) are
y+(z,w;v) and yi(z,w; —v) where

(2/2m) ™ (=zfem) 3" 1 1 2
y+(z,w;v)= - o 2P (5 v FiQ+iwzy, S +r+iQ, 1+2v; .
(1+Z/ZH)5+V+T 2 2 z24+zg

(3.24)

2Eq. (3.23) is identical to the equation of motion in ref. [77] (after their eq. (5.20)), with the identifications
Co = zm, geq = £Q, mRy = M.
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The linear combination of yi(z,w;v) and y4(z,w;—v) that satisfies in-going boundary
condition at the horizon is

, 1
Y (z,wiv) = (yi(z wi V) + cx(w; v)y+ (2, w; ) (3.25a)
L(1+20)T(5 —v+iQ — 1_ j

cr(wiv) = —— ( V(G — v +iQ — iwzm)T(; i V:FZQ) . (3.25b)

221 (1 — 2v)1(3 + v £iQ — iwzp)T(3 + v FiQ)

The general in-going solutions of eqgs. (3.21) are therefore

. 1in .

R<I>T<I> = —Z h1/2 7y+ (Z’ w’ V), R@@T = —Z h1/2 7y7 (Z7w, V) . (326)
yir(z,wiv) Y (z,wiv

As explained in detail in refs. [31-34], to guarantee that O is dimension 1/2, and hence
our Kondo coupling OO is classically marginal, we must choose M? = —1/4 + Q?, so that
v = 0. In the limit ¥ — 0, the solution in eq. (3.25) has the asymptotic behavior

Y (z,w;0) = 2212 (log(z/21) + O+ (w)) + . . ., (3.27)
where ... represents terms that vanish faster than those shown as z — 0, and
. . r_.
Oi(w)=H <—2 +1iQ — zwzH> +H <—2 ¥ zQ) + log 2, (3.28)

and H(n) denotes the nth harmonic number. The response functions’ asymptotic expan-
sions are then

1 1 1

1
Rote =75 " logelem) 1 0@ O R =TS T G 10

+ O(2).

(3.29)
One of our main tasks in the remainder of this section is to determine how the coefficients

in the asymptotic expansion in eq. (3.29) can be translated into the two-point functions of
O and OF.

3.2.2 Response functions in the screened phase

In the screened phase, where ¢g # 0, egs. (3.18) are three coupled equations for the three
fluctuations. They can be turned into a system of coupled Riccati equations by introducing
response functions as

6D = Rgp1p0® + Rt 0P + 7 1 Rpt,0as, (3.30a)
00T = Rppd® + Rpgi 00T + 7 ' Raadar. (3.30b)

We could similarly introduce response functions for da;, however eq. (3.18a) implies that
they are completely determined by the response functions in eq. (3.30). Inserting eq. (3.30)
into the fluctuation equations egs. (3.18b) and (3.18c) leads to a system of six coupled
Riccati equations.

Although the six response functions defined in eq. (3.30) will be useful for extracting
the two-point functions in the following, we will now show that in fact they can be mapped
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to only four independent response functions. The in-going boundary condition then forces
one of these four to vanish identically, leaving only three non-trivial, independent response
functions.

We first re-express eq. (3.18) in terms of the fluctuations of the modulus and phase,
d¢ and 1), respectively, which leads to two coupled second-order equations for the gauge
invariant fluctuations, (da; + iwdy)) and d¢:

. 1 —1- . . ]
. Y (0 + iwdp
8T< Sy + iwdy) > 2 ( ) — 203 (Jay + iwdh) = 4pgalde,  (3.31a)

1+ 3771y “w? 1+ 3771y *w?

56+ éfrlw — 77 w00 — (M2 + 77 ())”) 66 = 2607 af (dar + iwdip) . (331D)

Given a solution for (da; + iw&ﬁ), we can extract da;, and hence also dv¢, by re-writing

eq. (3.18a) as
1

R R R

Sy (5at + mw) . (3.32)
We can turn eq. (3.31) into a system of Riccati equations by introducing four response
functions,

5&15 = RH (5at + zw&b) + 7R125¢, (5¢ = %(R + 7R12)7_1 (5&15 + ZUJ(Sw) + éRzg(Sqﬁ,
(3.33)
where, with the benefit of hindsight, we have parameterized 5@5) so that R will satisfy a
homogeneous equation. Using the identities 6® = 8¢ + igpdt) and 6OT = §¢ — igodrp,
we can express the six response functions introduced in eq. (3.30) in terms of only four
independent response functions, namely those in eq. (3.33), as advertised:

Raeq = % R+ Ri2 —wey 'Ri1),  Rat, = % (R+Riz +wey 'Run)  (3.34a)
Rao = 1 (Raz — w7765 Rus — 265 do + 07195 'R) (3.34D)
Rotpt = i <R22 — Wiy o Ry — 205 o — w'y_lqﬁalR) , (3.34c)
Roto = i <R22 + 2wy "Rz + wy o PRt + 20 Lo + w‘%g%) : (3.34d)
Root = i (Rm — 2wy R + wy g TRy + 205 Lo — wy_lgbalR) . (3.34¢)

Inserting eq. (3.33) into egs. (3.31) then leads to Riccati equations

. 1 . w? 1
Ri1 — 77_1’77?,11 +|\1+-—5 R%l + s R12(R+R12) — 2¢(2) =0, (3.35a)
2 2795 2
: 1 . w? 1 ~1,0
Riz+ 57 YRz + | 1+ s—35 | RuRi2 + ;R12R22 — 4oy a3 =0, (3.35b)
2 2793 2
1 w?
Roz+ 57 YR+ 1+ -—5 R12(R 4+ vR12)
2 275
1
+5REH —2(MP 47 @)+’ =0, (3.350)
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: 1 . w? 1
R — 5’}/ Y — 1 + ﬁ Rn — *RQQ R =0. (335(1)
We can solve eq. (3.35d) by direct integration,

w2
R = C(w)y/—7yexp (—/dr/ [(1 + 2702 >R11 + R22:|> (3.36)
0

where C(w) is an integration constant. In appendix A we show that the in-going boundary
conditions for the fluctuations on the horizon require C(w) = 0, and hence R = 0. We
have thus shown that only three non-trivial, independent response functions remain, as
advertised. Setting R = 0, and using eq. (3.2) to change the radial coordinate from r to z,
egs. (3.35) become

2h — zh/ 222 1
Ry - PR ( 27 >R She R, 203 =0,  (337a)
0
2h — zh' 22w?
—2h' PRy, + (2]11/2)7312 + (1 2h¢> R11Ri2
0

1
+5R12Ra2 + 4¢oz*h"a? =0, (3.37b)

2h — zh") 22w\ h
—2hYPRY, + (77322 - (1 ) —=R?
> 2h1/2 2hgR ) 22" 1
222

+= R22 + = ((af)? + w?) —2M? = 0. (3.37¢)
Using eqs. (3.37), we derive the near-horizon asymptotic expansions of Ri1, Ri2, and Rao
in appendix A, and the near-boundary asymptotic expansions in appendix B. Egs. (3.37)
are first-order, hence the solution for each response function has one integration constant,
which we fix using the in-going boundary condition at the horizon (more specifically, by
demanding that the near-horizon expansion coincides with that in eq. (A.11)).

In the screened phase we have been able to obtain the background solutions af and ¢
only numerically. We have thus solved eqgs. (3.37) only numerically, by integrating them
from the horizon to the boundary, subject to the near-horizon behavior in eqs. (A.11). We
then extract the two-point functions from the near-boundary asymptotic expansions of the
solutions, as we discuss in the next subsection.

3.3 Holographic renormalization

To extract the physical one- and two-point functions from the solutions for the background
and the response functions, we must perform holographic renormalization (holo-ren) [43—
52]. For a recent review of holo-ren, see ref. [53]. Holo-ren consists of deriving the ap-
propriate boundary counterterms that render the variational problem well posed for the
desired boundary conditions, as well as determining the resulting holographic dictionary,
relating physical observables to the solutions in the bulk.

As we mentioned in section 1 and at the beginning of this section, the holo-ren of
our holographic Kondo model involves a number of subtleties, stemming from the unusual
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form of the Fefferman-Graham (FG) expansion of gauge fields in AdSs and the related
second class constraint eq. (B.2), as well as the mixed boundary conditions we impose on
the complex scalar @ to introduce the Kondo coupling. In the remainder of this section we
will address these issues systematically.

We saw above that the functional S defined through eq. (3.8) coincides with the reg-
ularized on-shell action, which we will denote as Syeg, and satisfies the Hamilton-Jacobi
equation, eq (3.10). In particular, the divergent parts of & and S coincide, allowing
us to determine the counterterms by solving the Hamilton-Jacobi equation. Since we are
only interested in the divergent part of S, we can simplify the Hamilton-Jacobi equation
eq. (3.10) by dropping terms that affect only the finite parts of S. Using the leading form
of the asymptotic expansions (B.4) in appendix B, and the general solution for the Chern-
Simons field in eq. (3.15), a simple power counting argument shows that we can ignore any
terms that involve A;, 1, or the time derivatives of any fields, and moreover, we can take
v — —e?". To determine the counterterms, we can thus use the “reduced” Hamiltonian

1 1 1 1 _
Hreduced (ﬂ-fm Ty ity d); 7) =——[dt <7(7TZ)2 + Wé) +N [dt V= (,7 1a$+M2) ¢2’

N v—7r\2 4
(3.38)
and solve the simplified Hamilton-Jacobi equation
0S 6S 0S
Hr u tziv = =,0at,9; 2 7:07 3.39
educed <7Ta 5(11‘, T 5¢) at Qb 7> + ’757 ( )

in order to determine the divergent part of Syeg in the form Sfay, ¢;7].

At this point we encounter the first subtlety in the holo-ren of our model, namely,
the leading term of the AdSs gauge field’s FG expansion in eq. (B.4) is the charge term,
Qe", and not the chemical potential term, p(¢). This is a generic feature of gauge fields in
AdSs> and AdSs, as well as rank-p antisymmetric tensor fields in AdSg41 with p > d/2 [91].
Following ref. [90], we will argue that in this case, consistency with the symplectic structure
of the theory, as well as locality, requires the counterterms to be a local function of the
canonical momentum 7%, and not of the gauge potential a;. As a result, in practice we
should determine not S, but its Legendre transform,

g[ﬂévqﬁﬂ] =85- /dt s (3.40)
by solving the Legendre transform’s Hamilton-Jacobi equation,
5S S 35S
Hre uce t’ = < = —<,9; 2v— = 0. 3.41
d d(%% 55 % 57r3¢7>+ > (3.41)

Our ansatz to solve eq. (3.41) is
Sg=N / dtv/—7 G(u,v), (3.42)
so that we now need to solve for G(u,v), where

(xt/N)?, v=¢ (3.43)

u =
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By construction, gg agrees with the Legendre transform of Sieg, up to finite terms. Insert-
ing our ansatz eq. (3.42) into eq. (3.41) gives us an equation for G(u,v),

G+u—v(G2+2uG2 — M?) =0, (3.44)

where G, = 0,G and G, = 09,G. Solving eq. (3.44) asymptotically near the boundary,
subject to the boundary conditions dictated by the FG expansions in appendix B, and
specifically eq. (B.4), unambiguously determines the divergent part of the on-shell action,
and hence the counterterms required to renormalize the theory.

Moreover, knowing G(u,v) allows us to renormalize not only the on-shell action, but
also the canonical variables, and hence the response functions through the identities

8Sg 68g g 0Sg

1
G _ — g 0Sg -
at__ﬁ__ﬁ _7gu7r(t],7 WCP_E_N\/TPY@Tgva W¢T_W_N\/TV(I)QU-
(3.45)
Linearizing these, and comparing to the definitions of the response functions in eq. (3.30),
gives
1 2uvG2
1 gu + 2uguu7 oot TP gu + 2uguu (g’v + /Ug’U’U) )
Guv < 'Y7Tt Pt > < QUQQ
Rg — a , Rg — =" g (I)T 27
da gu + 2uguu N\/T’Y PP gu + 2uguu VU ( )
Guv yml® 2uG2
Rita = 7 Riipr = | 5—ie— — P2 3.46
®la G+ G, \NvV—7) "’ bt Go & 2uCon Guw | 7, (3.46)

where the superscript G on R% and the other response functions is merely a reminder that,
by construction, they coincide with the exact response functions only asymptotically near
the boundary.

A second subtlety in the holo-ren concerns the form of the solution G(u,v) of eq. (3.44)
and is related once more to the asymptotic form of the AdSy gauge field. The near-
boundary asymptotic expansions in appendix B imply that as r — oo, 7t ~ NQ and hence
u ~ @Q%/2. Although the equations of motion allow Q(t) to be an arbitrary function of
time, a well-defined space of asymptotic solutions exits only when the constraint eq. (B.2)
holds, which implies that Q?/2 = M?/2 + 1/8 = u, on the constraint surface. As a result,
only Neumann boundary conditions are admissible for the AdSs gauge field ay, i.e. keeping
the charge @Q fixed.? The solution of eq. (3.44) satisfying the boundary conditions dictated
by the near-boundary asymptotics in eq. (B.4) thus admits an expansion of the form

G(u,v) = Zgn(v)(u — up)". (3.47)
n=0

3The two-impurity holographic Kondo model of ref. [32] involved a U(2) gauge field and a charged scalar
in AdS>. Mixed boundary conditions were imposed on the U(2) gauge field, which required the scalar mass
M to change dynamically in order to preserve the scalar field’s asymptotic form, and hence obtain a well
defined variational problem. In the present work we treat M as a fixed parameter of the theory and so
mixed boundary conditions on the AdS> gauge field are not allowed. We stress that these types of problems
do not arise in the absence of charged matter. For example in the model of ref. [90], with a U(1) gauge
field and dilatonic scalar in AdS2, but no charged matter, () was a strictly conserved quantity, and both
Neumann and Dirichlet boundary conditions were permitted for the gauge field.
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Crucially, the series in eq. (3.47) need not be convergent, and should be understood as an
asymptotic expansion only, truncated to a finite, but arbitrary, order.

Eq. (B.4) also implies that asymptotically near the boundary, v — u, ~ Q2/2 — u, +
O(e™"r?a?) ~ Q4Q + O(e"r?a?), so u — ug can receive two different potential contribu-
tions: §Q), which dominates if non-zero, and the mode a. When 6@ # 0, the order m term
in the expansion in eq. (3.47) encodes the near-boundary divergences of the m-point func-
tion of the operator sourced by §Q). These divergences enter two-point functions via the
near-boundary asymptotic expansions of the response functions in eq. (B.10). If 6Q = 0,
however, then u — u, does not contribute to any such divergences, but also, no correlators
of the operator sourced by §Q) can be computed. In the latter case, therefore, the countert-
erms come entirely from go(v). In that case, the near-boundary expansions of the response
functions appears in eq. (B.12), which encode the two-point functions of only O and Of.

Inserting the expansion in eq. (3.47) into the equation for G, eq. (3.44), leads to a
tower of differential equations for the coefficients g,(v), the first three of which are

90 + 1o — V(g + 2uog? — M?) =0, (3.48a)
g1+ 1 —v(2g0g] + 291 + Suog192) = 0, (3.48b)
g2 — v(g7 + 29bgh + Suegs + 12uyg193 + 89192) = 0, (3.48¢)

where primes denote 09,. We will only need to solve these equations asymptotically near
the boundary, and only keeping terms up to a certain order, since higher orders will not
contribute to the divergences of an m-point function with fixed m. In particular, the near-
boundary asymptotic expansions in eq. (B.4) allow us to parameterize go(v) and g1(v) as

go = —Uo, + ho, g1 = —1+ h, (3.49)

where hg and h; behave as v times non-negative integer powers of logwv as v — 0, as do
g2 and g3. We present the explicit small-v expansions of hg, h; and gs in appendix C.

The near-boundary, or equivalently small-v, asymptotic solutions for gg(v), ¢1(v) and
g2(v) in appendix C present yet another subtlety of the holo-ren of our model: our choice of
the scalar field’s mass, to guarantee that our Kondo coupling OTO is classically marginal,
leads to powers of logv in the small-v expansions of go(v), g1(v), and go(v). However,
such non-analytic in v terms in the counterterms amount to subtracting a non-analytic
function of the source of the dual scalar operator, and hence violate the locality of the
counterterms. To restore locality, we are forced to sacrifice the radial covariance of the
counterterms [47, 88], i.e. the counterterms will exhibit explicit dependence on the r cutoff,
which is the holographic manifestation of a conformal anomaly. This is manifest, for
example, in the expressions for the counterterms in eq. (C.9) in appendix C.

Given a near-boundary asymptotic solution G(u,v) of eq. (3.44), the counterterms
are defined as

S = —N / Aty =7 G (u, ), (3.50)

and hence the renormalized action evaluated at the radial cutoff is

Sren = greg + Sct- (351)
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By construction, S¢; has the same divergences as Sieg, hence Syen remains finite as we
remove the cutoff. Varying Sie, gives then the renormalized canonical variables:

58 ren = / at (= aort + mno® + miroet ) + / A2z 7S A,

= /dt( a;ort + oG + mE o) + /d2x TR A, (3.52)
ren 5§ ct i ren 551"’311 7 N =
G T oty NV T = e a == e A
ren 6§ren C ren 5‘§ren [¢
Tt = g = ma — Nv=y glel, = 5 =7y — Nv=7 G5'2¢),
ren 6§F 1 C ren (5§r 1
T = o2t = mat — NV G, = ey = (3.53)

which are evaluated at the radial cutoff. As mentioned above, for the scalar field the
canonical momentum is renormalized, while for the AdSy gauge field, a; itself is renormal-
ized instead, due to the asymptotic behavior of gauge fields in Ad5’2 and the fact that the
counterterms are local functions of the canonical momentum = [90].

We now want to plug the FG expansions of the fields into the renormalized canoni-
cal variables in eq. (3.53). Crucially, however, we show in appendix B that background
solutions and fluctuations have different FG expansions, so we must treat them separately.

The FG expansions for background solutions appear in eq. (B.4), reproduced here for

convenience:
a;=¢e"Q — QQ( 13 + (o — af)r? + (2% — 206 + 52)r> +pu+-, (3.54a)
¢ = e~ /2 (—ar+B)+--, (3.54b)
Y=t 4 (3.54c)

where p, o, 8 and 1_ are arbitrary functions of time, while U(1) gauge invariance implies
both that @ is independent of time and 1y = 0. The ... represent terms that vanish as
r — oo faster than those shown, and which are completely determined by those shown, via
the equations of motion. Inserting eq. (3.54) into eq. (3.53) and using the counterterms in
eq. (C.9) allows us to remove the radial cutoff, and hence obtain the renormalized canonical
variables in terms of the FG coefficients:

a;" = lim ¢ = p+ Ay 7t = lim 7t = NQ,
r—00 r—00
2
Q (53 308 + 60’8 — 6a°),
o = hm( re"/? e ) = NBe -, P = lim (r? T/2<I>) —ae™-,
r—00 r—00
~ren _ 7: r/2__ren M/)_ T — -1 r/2 i =i
W‘I’T_rlggo(e i) = NpBe Q_Tgrglo( ') = —ae )
AN = lim (re”"/27™) = 2N 8, ¢ = lim (rle"/?¢) = —a. (3.55)
r—00 =00
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We took p — 1+ A(g); in the expression for a@;*", because the above asymptotic solutions
for the AdS; fields were obtained in the gauge of eq. (3.16), where A(g), = 0. However, in
order to identify the correct one-point functions, the general dependence on all the sources
must be reinstated.* As we shall see, this contribution of Ay is crucial for obtaining the
two-point functions.

For the fluctuations, we determine the response functions by linearizing eq. (3.53) in
the fields induced at the radial cutoff. The complete analysis leading to the full set of
renormalized response functions is carried out in appendix C. As an illustration, we quote
here the results for the renormalized scalar response functions only, which take the form

55 = Raa + Goy (97)?, oot = Rotet + 9oy @7,

vot = Root + (95" +0G5,) en = Reto + (G2 +0G) . (3.56)
The FG expansions of the response functions appear in eq. (B.13), reproduced here for
convenience:

11 R R

where 7/?\,@@, ﬁqu, and 7/?\,4@ are functions of frequency w. The ... represent terms that
vanish as r — oo faster than those shown, and which are completely determined by those
shown, via the equations of motion. Inserting eq. (3.57) into eq. (3.56) and using the
counterterms in eq. (C.9) allows us to remove the radial cutoff, and hence obtain the
renormalized response functions:

Sren  __ 1: 2pren \ _ > Sren 2pren \ _
ppt = lim (r*Rea1) = Raat, pip = lim (r*Riis) = Rate,
ren __ 1: 2pren\ _ Sren 2 pren )
R = TIi)m ( R ) = Rq;cp, STt — rll{go (7‘ Rqﬂtqﬂ) = R@T@T. (358)

eq. (3.58) is valid in both the unscreened and screened phases, although the values for
Rotep, Rotots Roe and Reget are different in the two phases.

3.4 Boundary conditions and the renormalized generating function

The renormalized action gren cannot be identified with the generating function in the
dual theory until we impose boundary conditions on the fields and add the corresponding
finite boundary terms that impose these boundary conditions. The boundary conditions
also dictate which combinations of the renormalized canonical variables in eq. (3.55) are
identified with the sources in the dual field theory. In this subsection we will introduce
the finite boundary terms of our model, and then identify the sources in the dual field
theory. We will then determine the Ward identities of the dual field theory, and finally,
determine the renormalized two-point functions of our model, in terms of coefficients in
the FG expansion of the response functions, eq. (B.13) or equivalently eq. (3.57).

In our case, three finite boundary terms are required to have a well-posed varia-
tional problem that captures the desired physics. First, for the Chern-Simons gauge field

4A(0)t can be reinstated by letting ar — a: + Aoy, recalling that A, = Ay, is constant and enters a;s
equation of motion through the U(1) current Jy, eq. (3.13), with gauge-covariant derivative in eq. (2.9).
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alone, with no AdSs defect fields, a well-posed variational problem requires the boundary
term® [81, 92-95]

N y N
= — / Pz /A FIAA; = — / d’z A A, (3.59)
8 8w

where AL = A, + A, and 45 is the induced metric on a radial slice of AdS3. Second, because
the general solution for the Chern-Simons gauge field in eq. (3.15) receives a contribution
from the AdSs fields, to guarantee a well-posed variational principle for the Chern-Simons
gauge field in the presence of the AdSy defect we must add the finite boundary term

1
So=—7 /dt . (3.60)

which couples the Chern-Simons and AdSs fields. Third, in order to introduce our Kondo
coupling, we must add the finite boundary term® [31, 32]

/dt Aren/\ren (361)
Putting everything together, the generating functional of the dual theory is”
Wy = lim (Syen 4 St + S2 + S). (3.62)
r—00

To identify the sources in the dual field theory, we consider the variational principle
for W,

W, = / dt (—Ged7, + 7508, + 7RO ) + / d% (A + 1 7e0(@)) 64

(3.63)
where we have defined

1 = _ = ~ ~
o =" — Aoy — A0 Be=24 TG of =0t + — N T (3.64)

A well-posed variational problem for W, requires that we keep fixed 7 <I>H, CIDL, and
Ap)—, hence we identify these as the sources of the dual operators. Keepmg these fixed
corresponds to a Neumann boundary condition for the AdS; gauge field, and a mixed (or
Robin) boundary condition for the scalar field, in which av = k3 [31, 96]. Our holographic
Kondo coupling is k, related to the Kondo coupling A of the Kondo Hamiltonian in eq. (2.1)
as k o« N A. For more details about our holographic Kondo coupling and its RG running,
see ref. [31] and especially section 4 of ref. [32].

®Changing the sign of the boundary term in eq. (3.59) simply interchanges the role of A} and A_ in the
following.

®Instead of eq. (3.61), refs. [31, 32] used the boundary term (k/N) [dt(75™)? = (k/AN) [dt(TE"+75r)?,
which agrees with eq. (3.61) for background solutions, but not for fluctuations. Unlike the boundary term
used in refs. [31, 32], eq. (3.61) preserves the U(1) gauge invariance associated with the AdSs gauge field.

"The free energy obtained from W;, that is with the Legendre transform in eq. (3.40) and the countert-
erms in eq. (3.50) with eq. (C.9), agrees with the free energy computed in refs. [31, 32].
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The one-point functions of the dual operators are then defined via

W W N
() =~ = (T4) = S~ i (A( ot + w t5(a ))
W SW SW

O)y=-2L = 7 (of) = - _Fen (@)= -2 = R (365

(0) 55, o (on sol el (0) 5. é (3.65)

and are functions of the sources. The scalar operator O is defined as the conjugate to the
real source ¢, = (. + ®})/2. Using eq. (3.55), we can express these in terms of the FG
expansion coefficients in eq. (B.4), or equivalently eq. (3.54),

(A = 1= 22 (5~ 30p” + 60”8 — 60%) — 1A, (T4) = o (A +7QI(@)).
(0) = —Nﬁe*“"—, (01 = —NBe¥-, (0) = —2N3. (3.66)

In general, the Ward identities for the U(1) currents dual to the Chern-Simons and
AdS, gauge fields depend on the choice of boundary conditions, since different boundary
conditions may preserve different symmetries. Since the Kondo deformation in eq. (3.61)
preserves the U(1) symmetry on the impurity, the U(1) constraints in eq. (3.7) translate
to the Ward identities

3,.(0) — ot (0oh) = wrt 0_(J+) = %6+A(0), + NTQZ?_&(QU), (3.67)
where 0y = 9, + d;. The Ward identity for the Chern-Simons current J, is simply
the condition 9_A(g); = 94 A()—, as in the absence of the AdS> defect. Eqgs. (3.67) are
operator identities, i.e. they hold with arbitrary sources. Differentiating the Ward identities
in egs. (3.67) with respect to the sources leads to relations among higher-point functions.

We are finally ready to compute the main result of this section, namely the two-point
functions of our model. To write the two-point functions involving 7, we introduce chiral
coordinates & and their Fourier counterparts, the chiral momenta p*. Varying our result
for (74) in eq. (3.65), and using the Ward identity 9 A ), = 04+ Ap)—, we find

N py

<j+(p+,p_)j+(—p+,—p—)> 47rp_

(3.68)

which is completely independent of the AdSs fields, i.e. eq. (3.68) is identical to the previous
results for chiral currents in (1 4 1)-dimensional CFTs in refs. [81, 92, 93]. All two-point
functions between J4 and the impurity operators are zero, except for one:

1

(T4 (p+:p-)A(=p+, —p-)) = 1 (3.69)

Since the two-point functions in egs. (3.68) and (3.69) are completely insensitive to the
transition between the unscreened and screened phases, we will ignore them henceforth.
In the unscreened phase, besides egs. (3.68) and (3.69), the only non-trivial two-point
function is the one between @ and Of. To derive this two-point function we use the following
identities, derived in appendix C (in the unscreened phase the response functions R@ﬂ-t and
RCI,Tﬂt vanish, and so the infinitesimal source é7% does not contribute to these expressions):

§7gt = —N(Rpigp0® + Ryiprd®!), 07 = —N(Roa0® + Rypidd'), (3.70)
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where 7%@@, 7/?\,@1'@]‘, Roe and 7%@@1 are the renormalized scalar response functions, which
appear as coefficients in the FG expansions in eq. (3.57). The quantities in eq. (3.70)
represent the renormalized one-point functions, which in the regime of linear response are
linearly proportional to the sources, where the proportionality factor is the renormalized
two-point function. We thus need to write eq. (3.70) in terms of the scalar sources. Using
the scalar sources defined in eq. (3.64), we find

5:1\)5 - (]. - K,ﬁqﬂ‘@)(;(/ﬁ - K/ﬁqﬁqﬂ‘é(/ﬁ—r, 5‘/1\>L == 7%7/?\,@@5&\) + (1 - Hﬁ(b(bf)(sa\)T. (371)
In the unscreened phase, in appendix B we find that ﬁ@fqﬁ =0 and 7€<pq> = 0, indicat-

ing that (O(w)TOT(~w)) = 0 and (O(w)O(~w)) = 0 respectively. Using that result, and
by combining the variations in egs. (3.70) and (3.71) in the unscreened phase, we then find

~ R N R
Srgr = —N——212 653, §7pg=-N—220 531 (3.72)
(1 - KRore) (1 — kRepot)
from which we read off the two-point functions
R R
(ONW)O(—w)), = NLP, (O(W)OT(—w)), = N—eet (3.73)
1-— KR@T@ - ’KLRCPCI)T

We computed Ryt and Rget in the unscreened phase in subsection 3.2.1, with the result
in eq. (3.26) and asymptotic expansions in eq. (3.29). Indeed, comparing the asymptotic
expansions in eq. (3.29) to the general FG expansions in eq. (3.57), we find

~ 1 1
Rote = H (—2 +iQ —iwzH> +H (—2 —ZQ) —log(zuA/2),

| (3.74)

Rogt = H <—2 —iQ — mzﬂ> +H (—; + iQ) —log(ziA/2),
where 1/A is the near-boundary cutoff in z. Plugging eq. (3.74) into eq. (3.73) then
gives our main result for the unscreened phase, the renormalized two-point functions
(OT(W)O(~w))x and (O(w)OT(~w)), as functions of the field theory parameters Q, T,
and w. We explore the physics of these two-point functions in detail in section 5.

In the screened phase the variations of the renormalized one-point functions are

6%@1 = —N(ﬁqﬂq)d(/ﬁ + ﬁ@fq;fé@-w + 7/?\,@1'71.25%27 (3753)

57p = —N(Roa0® + Ropid®') + Ray: 07, (3.75b)
s - PPN . 1

58, = — (Rw(tz@a@ + Rae ot 6! + Ryene 57rg) - 740 (3.75¢)

All response functions in these expressions are determined in appendix C, and their explicit
forms in terms of the coefficients of the FG expansions are shown in eq. (C.17).

To evaluate the two-point functions involving the scalar operators we again need to
determine the infinitesimal sources d®,, and 5(13L in terms of the sources of the undeformed
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theory. From the definitions in eq. (3.64), and the expressions for the response functions
in terms of the FG coefficients in the screened phase in eq. (C.17), we find

5B, = (1-’37%) 55—% <7€<;g+;‘;>5%;, - <1—’;7€22>5$—;V(A§g—02> 57,

(3.76)
where RSS is defined in eq. (C.10), and recall §¢ = (6@ + 6®1)/2. However, linearizing the
first Ward identity in eq. (3.67) around a screened phase background solution gives

5B — 50" = —%0%5%3, (3.77)

so eq. (3.76) can be re-written as

58, (1 _ Zﬁm)aci - R0l - R 5, (3.780)

Egs. (3.78) can be inverted to obtain ® and 6®' in terms of 6®,, 6bf and 67

a*

1 K~ ~ K~ oo K =
p=——((1-°= 8P + —~Rog 00T + — R3S §7t 3.79
1 R = ~ K =~ ~ K =~
pt=——_ (= .+ (1-2 ol 4+ DR o7 . .79b

2

Inserting eq. (3.79) into eq. (3.75) for the scalar one-point functions and making use of the
linearized Ward identity eq. (3.77), we obtain

1

(5%@ - (5/7?4)1[ - ﬁ
1 - §R22

N ~ ~ ~ 1~
(-47222(5@5 +6®1) — SRS 57?;;) , (3.80)

from which we read off the two-point functions,

(OW)O(~w)ix = (OW)O' (~w))x = (0T (W)O(~w))x

OO () = N R22/ a
- (00! () = 2l (3:81a)

WA (—w)) e = (OT (W) A (—w)) = 77%1)3/2
(OW)At(-w))s = (OT(w) Ar(=w))x I Rm)2 (3.81b)

Moreover, inserting eq. (3.79) in the gauge field one-point function in eq. (3.75) and
using the expressions in eqs. (C.17) gives

1/~ ~ 1/~ =~ | ESUN 1
0 = 5 (R +w/ao) 08 + 5 (R — w/ao ) 08 — —REo7L — 1A (3.82)
1500 2 ,\ ~ 1 —~ 2 k 7/?\,00 2 e 1
__RB2 (5%, +08]) - (RE+ 5 <w> - ERBE ) g 140
1 —K]RQQ/Q N 2 \ag 1 —HR22/2
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which reproduce the two-point functions in eqs, (3.69) and (3.81b), and from which we
read off the two-point function

~ k[ w\? £ 2
<At<w>«4t<—w>>n:}v< g (o) _H> (35

ap 1-— HRQQ/Q

As mentioned at the end of subsection 3.2.2, in the screened phase we have been
able to obtain the background solutions af and ¢ only numerically, and hence have only
solved eq. (3.37) for Ra2, R12 and R1; numerlcally From those numerical solutions we then
extract the FG expansion coefficients Rgg, ng and 7311 using the near boundary expansions
in egs. (B.10), and thus obtain the two-point function via egs. (3.81) and (3.83). We present
our numerical results for the scalar two-point functions in the screened phase in section 6.

4 Review: Fano resonances
A spectral function p is defined as the anti-Hermitian part of a retarded Green’s function, G:
pzi[G—GT} — 2ImG. (4.1)
In our system, we are interested in
Goio = (OT(w)O(=w))x, (4.2)

and the associated spectral function pptp = —2Im Gpip. Given the anti-Hermitian part
of a Green’s function, a Kramers-Kroning relation completely determines the Hermitian
part. The latter therefore contains no additional information, so we will compute only
the former, i.e. spectral functions. In general, for real w, when w > 0 the spectral
function is proportional to the probability amplitude to excite a particle, whereas when
w < 0 the spectral function is proportional to (minus) the probability amplitude to excite
an anti-particle (hole). Unitarity implies the positivity property wppip > 0 for real
w € (—00,00), so that ppip > 0 when w > 0 and pprp < 0 when w < 0.

Spectral functions exhibit Fano resonances when a continuum (in energy) of states
scatter off a resonant state, or discrete set of resonant states, with energy somewhere
in the continuum. The resonant states are always localized in energy, and usually (but
not always) localized in real space, i.e. they are often associated with some “impurity”.
Numerous examples of Fano resonances appear throughout physics, but a classic example
is the scattering of light (the continuum) off the excited states of an atom (the resonant
states). As mentioned in section 1, Fano resonances have also been observed in quantum
impurity models in one spatial dimension, including side-coupled QDs [76, 78]. For a brief
review of Fano resonances, see for example ref. [76].

The Fano spectral function is

om0
PFano = s (43)
(w—wo)® + (5)?
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where wy fixes the position of the Fano resonance, I' fixes the width, ¢ is called the “Fano” or
“asymmetry” parameter, and we have fixed the normalization so that limg, s +c0 PFano = 1.
The prano in eq. (4.3) can be re-written in an illuminating way:
)2 r
@-0E | b w-w
2 2 2 ry2’
(w=w) +(5)°  (w-w) +(3)

PFano = 1 + (4'4)

where on the right-hand-side, the first term in the sum (the 1) represents the continuum,
the second term is a Lorentzian representing the resonant state, and the third term is the
“mixing” or “interference” term arising from the interaction between the two. Indeed, the
essential physics of Fano resonances is that the incoming scattering states, from the con-
tinuum, have two paths through the system: they can either scatter off the resonant state
(“resonant scattering”) or they can bypass the resonant state (“non-resonant scattering”).
The interference between the two paths generically produces an asymmetric resonance, the
Fano resonance. The Fano parameter ¢ characterizes the amount of mixing or interfer-
ence. More precisely, ¢? is proportional to a ratio of probabilities: ¢ o< the probability of
resonant scattering over the probability of non-resonant scattering.

Figure 2 shows prano for some representative values of g. Figure 2 (a) shows pgano for
generic ¢ > 0, with a characteristic asymmetric Fano resonance. In these cases, prano has
a minimum and maximum:

r

minimum :  Prape = 0 at w=wy—q=

2

maximum : prano = 1 +¢* at W:W0+*§-
q

At w = wp, which is between the minimum and maximum, ppan = ¢?. Taking ¢ < 0 simply
reflects the Fano resonance described above about the w = 0 axis, so we will restrict to
q > 0 henceforth.

For the special values ¢ = 0, 1, and oo, the Fano resonance becomes symmetric.
Figure 2 (b) shows ppano for ¢ = 0, meaning purely non-resonant scattering. In this case,
the maximum moves to w = 400 while the minimum moves to w = wy, leaving only a
symmetric dip called an anti-resonance. Figure 2 (¢) shows ppano for ¢ = 1, meaning
equal probabilities of resonant and non-resonant scattering. In this case, the minimum and
maximum are symmetric about w = wg. Figure 2 (d) shows prano/q> for ¢ — oo, meaning
purely resonant scattering. In this case, the minimum moves to w = —oco and the maximum
moves to w = wy, leaving the Lorentzian peak of the resonant state itself.

Near a simple pole at w* = wgr + iwr in the complex w plane, the retarded Green’s
z

function is G = =,

with residue Z. As is well-known, a real-valued Z leads to a
Lorentzian resonance in p (where the latter is restricted to real w). However, a complex-

valued residue, Z = Zr + iZ; with Z; # 0, leads to a Fano resonance:

—2Zpwr —277 (w — wR)
r (w— wR)2 + (w1)2 (w— wR)2 + (w1)2 Plano (4:5)
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(c) (d)

Figure 2. The Fano spectral function, ppano in eq. (4.3), as a function of (w — wp) / (I'/2) (so the
origin is at w = wg, where prano = ¢2), for (a) a generic value of ¢, where the Fano resonance is
asymmetric, (b) ¢ = 0, where the Fano resonance becomes a symmetric dip or anti-resonance, and
(c) ¢ = 1, where the minimum and maximum becomes symmetric. (d) Shows prano/¢> as a function
of (w—wp)/(T'/2) in the limit ¢ — oo, where the Fano resonance becomes a Lorentzian.

where in the final equality we added and subtracted 1, and used the form of ppin, in
eq. (4.4), with the identifications wy = wgr and I'/2 = |w;| and

27k 27;

¢ —1= . 2=

_ 4.6
wr |lwr| (4.6)

The ratio of these two equations leads to ¢ — sign (wy) Q%q — 1 = 0. Unitarity requires

sign (wr) = —1, in which case the solutions for ¢ are
Zr 72,
=——3/1+ = 4.7
1= 7 (4.7)

or equivalently, using Z = |Z|e'?,
q= —cotf £ csch. (4.8)

We can obtain the solution with the minus (lower) sign from the solution with the plus
(upper) sign by shifting § — 0 + 7, so we will restrict to the upper (plus) sign and to the
interval 6 € [0, 7], where ¢ > 0. Figure 3 shows ¢ as a function of #, and table 1 shows how
various limits of 8 lead to the symmetric Fano resonances in figure 2.

In sections 5 and 6 we will see that generically the spectral functions of @ and Of
exhibit Fano resonances, in both the unscreened and screened phases, with various ¢. In
our case, the continuum arises from the (04 1)-dimensional scale invariance associated with
the AdS, subspace, inherited from the (14 1)-dimensional scale invariance associated with
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Figure 3. The Fano/asymmetry parameter ¢ as a function of 6 (solid black line), from eq. (4.8),
for a simple pole in a retarded Green’s function with complex residue Z = |Z|e?. The value ¢ = 1
(dashed black line) produces a symmetric Fano resonance, as in figure 2 (c).

0 Zr | Z; | q | Figure 2

0 |Z| 010 (b)
/2| 0 ||Z]| 1 (c)

T | —|Z]| 0 | > (d)

Table 1. Values of the Fano parameter ¢ producing the symmetric Fano resonances in figure 2,
the corresponding values of Zi and Z;, the real and imaginary parts of the residue Z, and the
corresponding values of 6 in Z = |Z|e?.

AdS3, and which forces any spectral function to be a power law in w, i.e. a continuum.
Resonances can then only occur if scale invariance is broken, which we achieve via our
marginally relevant Kondo coupling. In our model, the asymmetry is related to particle-
hole symmetry breaking, that is, ¢ will depend on Q.

5 Unscreened phase

In this section we use the results of sections 2 and 3 to determine the excitation spectrum
of our system in the unscreened phase, by locating the poles of Gpip and Gyt in the
plane of complex frequency w (subsection 5.1), and the corresponding peaks in pprp and
poot for real w (subsection 5.2).

Some results for the poles appear already in refs. [31], in the unscreened phase and
at small w. Indeed, a key result of ref. [31] was that in the unscreened phase, and for
any @ (including @ = 0), as T — T a pole moves towards the origin of the complex
w plane, reaching the origin at precisely T = T,.. If we then take T" < T, but remain in
the unscreened phase, then the pole moves into the upper half of the complex w plane,
Imw > 0, signaling the instability towards the screened phase.
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Further results appeared in ref. [42], including in particular our central result, the
analytic (i.e. non-numerical) result for Gpip. In ref. [42], we discussed the movement of
poles in Gy as T — T.F, presented an analytic formula for 7, in terms of Tk and Q,
showed that ppip generically has Fano resonances, derived an analytic form for the pole
producing the Fano resonance for 1" just above T, and showed that ¢ — oo as Q — oo,
producing symmetric Fano resonances (Lorentzians).

In this section we will not only reproduce these results, but also extend them, in
particular by exploring in far greater detail the 7" and () dependence of the poles in Gpip
and peaks in ppipn. Moreover, we will present analytic results for poles in the 71" >> T limit,
which demonstrate conclusively the appearance of Fano resonances in ppio» when 7' > T..

As derived in section 3, we have (O(w)TOT(~w)) = 0 and (O(w)O(~w)) = 0, and from
eq. (3.73)

7@@@

G =N—"F—,
oto 1—I€Rq>'r¢)

(5.1)

where from eq. (3.74) we have
. 1 . . 1
Rq)’fq) = H <—2 + 'lQ — ZCL)ZH> + H <—2 — ZQ) — 1H(ZHA/2), (52)

where H(n) denotes the n'" harmonic number.

We can write egs. (5.1) and (5.2) in terms of field theory quantities using zgy = 1/(277)
and by replacing A with the Kondo temperature Tk, following refs. [31, 32], as follows. In
the metric of eq. (2.6), we re-scale to produce dimensionless coordinates,

(z/zm,t)zm,x/zm) — (2,t, ), (5.3)

which leaves the metric in eq. (2.6) invariant, except for h(z) = 1—22/2% — 1 — 22, so the
boundary remains at z = 0 but the horizon is now at z = 1. We also re-scale a;(z)zyg —
at(z), which is then dimensionless. After the re-scaling, ®(z)’s asymptotic expansion is

®(2) =arz?lnz+pr? + .., (5.4)

where ... represents terms that vanish faster than those shown when z — 0, and are com-
pletely determined by the terms shown, via the equations of motion. The boundary condi-
tion o = k3 discussed below eq. (3.64) is now ar = kpfSr, with kpfr = 2}1/2/@6, and where

K

= HT(ZHA)’ (5.5)

KT
is our running holographic Kondo coupling, with UV cutoff A. If k < 0, then if T
increases, meaning zy = 1/(27T) — 0, then k7 exhibits asymptotic freedom, xkp — 0.
We thus identify x < 0 as an anti-ferromagnetic holographic Kondo coupling. If x < 0
and T decreases, so zg = 1/(27T) increases, then kp diverges by definition at the Kondo
temperature,

A
Tr = — el/#, .
K 2776 (5 6)
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Using eq. (5.6) in eq. (5.2) to replace A with Tk, we thus find

N N 1
Goto = ——

K HZH(—%HQ_Zﬁ)+H(_%_icg)+1n(%)'

(5.7)

The form of Gppt is the same as Gpip, but with @ — —Q.

5.1 Unscreened phase: poles in the Green’s function

Clearly Gpip in eq. (5.7) has a pole whenever

1. . w 1 2T
H (—2 —i—zQ—zM) +H (—2 —zQ) +1In (TK) = 0. (5.8)

Given values for ) and T'/Tk, we can thus find the poles of Gpip by solving eq. (5.8) for
w/(27T).

Because the form of Gppi is the same as Gpip, but with @ — —-Q, if
w = Re(w) 4+ iIlm(w) is a pole of Gptp, then —w = —Re(w) + iIm (w) will be a
pole of Gppi. In other words, the poles of Gyt and Gppt come in pairs mirrored about
the imaginary axis in the w-plane.

Figure 4 shows our numerical results for the positions of poles of Gt (black dots) and
Gopt (gray diamonds) in the complex w/(27T") plane, for the representative value @) = 0.5,
for five temperatures: T/Tx = 4.92,1.34,0.895,0.671,0.447. Figure 4 shows that each of
Goip and Gppt has a sequence of poles descending down into the complex plane, i.e. with
decreasing imaginary part, spaced apart from one another by an amount w/(277T) ~ 1,
and with Re (w/27T) — @ as Im (w/27T) — —oc.

As T/Tk decreases, the most significant change in figure 4 occurs in the position of
the “lowest” poles, meaning the poles nearest the origin at T/Tx = 4.92 (figure 4 (a). As
T/Tk decreases, the lowest poles move towards the origin (figure 4 (b)), reach the origin
at the critical temperature T'/Tx = 0.895 (figure 4 (c)), and then move into the upper half
of the complex w/(27T) plane (figure 4 (d) and (e)), signaling an instability. For any other
non-zero (), the plots of the pole positions are qualitatively similar to those in figure 4. In
particular, as T'/Tk decreases the lowest poles always pass through the origin and into the
upper half of the complex plane, signaling an instability.

However, Q = 0 is slightly different. When @ = 0, so that H (—1/2—1iQ) =
H (—1/2) = —1.368... is real-valued, the only imaginary term in eq. (5.8) is in the argu-

w

ment of the harmonic number, which is oc Re (525). As a result, solutions of eq. (5.8) must

have Re (ﬁ) = 0. Clearly, when @ = 0 the particle-hole symmetry Re (w) — —Re (w) is
restored. Figure 5 shows our numerical results for the positions of poles of Gyt (black
dots) and Gyt (gray diamonds) in the complex w/(27T") plane for @ = 0, for the temper-
atures T'/Tx = 44, 8, and 4. All the poles are now on the imaginary axis, but otherwise
we observe similar behavior to the |Q| > 0 cases: as T/Tx decreases, the lowest poles in
figure 5 (a) pass through the origin, now at a critical temperature T'/Tx = 8 in figure 5
(b), and then cross into the upper half of the complex plane in figure 5 (c).

Since the instability always appears as poles passing through the origin and into the

upper half of the complex plane, we can determine the critical temperature T, easily, as
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Figure 4. The positions of poles in Gptp (black dots) and Gpe+ (gray diamonds) in the complex
w/(27T) plane, determined by solving eq. (5.8) numerically, for @ = 0.5 and T/Tx equal to (a)
4.92, (b) 1.34, (c) 0.895, (d) 0.671, and (e) 0.447. As T /Tx decreases, the “lowest” poles, meaning
the poles closest to the origin at T/Tx = 4.92 (a), move towards the origin (b), reach the origin
at T/Tx = 0.895 (c), and then pass into the upper half of the complex w/(27T") plane (d and e),
producing an instability.

the temperature where the poles reach the origin: in eq. (5.8) we set w = 0 and then solve
for T/Tx = T./Tk, with the result

In (Ij;z) =—-H <—; +iQ> - H (—; — iQ) —In2=-2Re {H <—; +iQ>] —1In2.
(5.9)
figure 6 shows T./Tk as a function of @, which has a maximum T,./Tx = 8 at Q = 0,
decreases monotonically as |@Q| increases, and goes to zero as |Q| — oo.

As mentioned in section 1, our results for the movement of w* differ dramatically from
those of the standard (non-holographic) Kondo model, at large N and at leading order
in perturbation theory in A [75]. In that model, the poles are determined by a condition
identical to eq. (5.8), but without the In (27/Tk) term. As a result, the lowest pole sits
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(a) (b) (©)

Figure 5. The positions of poles in Gpiep (black dots) and G+ (gray diamonds) in the complex
w/(27T) plane, determined by solving eq. (5.8) numerically for Q = 0 and T'/Tk equal to (a) 44, (b)
8, and (c) 4. Compared to the @ > 0 case in figure 4, the poles now all lie on the imaginary axis (the
black dots and gray diamonds overlap), but otherwise exhibit similar behavior: as T/Tk decreases,
the lowest poles from (a) move up, reach the origin at the critical temperature T/Tx = 8 in (b)
and then cross into the upper half of the complex w/(27T) plane in (c), signaling an instability.

TC/TK

: @

Figure 6. The critical temperature 7. in units of Tk, as a function of @, from eq. (5.9).

exactly at w = 0 for all 7. The In (27/Tk) term is thus repsonsible for the non-trivial
movement of w*, relative to the standard Kondo model. Indeed, the In (27/Tk) term in
eq. (5.8) can be viewed as arising from the renormalization of A, i.e. as a strong coupling
effect arising from working non-perturbatively in both A and the 't Hooft coupling.

We have been able to compute the position and residue of the poles analytically (with-
out numerics) in two limits: 7' > T, and T just above T (T' 2 T,). In each case, we find a
residue Z with non-zero imaginary part, indicating that pnt» will exhibit Fano resonances,
as we will confirm in subsection 5.2.

In terms of T'/T, (instead of T/Tk), Gptp takes a particularly simple form: using
eq. (5.9) to re-write eq. (5.7), we find

N N 1
Goto=———-73 : (5.10)

K "GZH(—%HQ—iﬁ)—H(—§+iQ)+1n(%)
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If T > T, or equivalently In (T'/T,) > 1, then H (—% +1Q — zﬁ) must also be large
for Gptp to have a pole. The Harmonic numbers H(n) grow large either when n — oo
with |[Arg(n)| < m, where H(n) — In(n), or when n approaches a negative integer, as
apparent from the series representation

[e.9]

H(n)_Z@— ni}f) (5.11)

k=1

We are interested in poles near the origin of the complex w-plane, rather than poles at large
|w|, since the former have a larger effect on the spectral function, so we will only consider
the poles where H (—% +1iQ — 2#) has argument equal to a negative integer. Explicitly,
in the Gpip in eq. (5.10), near such a pole we use eq. (5.11) to take

1 w 1 1
H(—+iQ—i— ) -H(-—=+iQ ) ~ , 5.12
( p Hie 27TT> ( 2 Q) L iQ — i + k (5.12)

with £ = 1,2,3,.... In that approximation, and with In (7'/7;) > 1, the Gy in eq. (5.10)
becomes

G N_N L (5.13)
oto ~ —— — ) ] . .
MR TTheie T In(T/Te)

The pole’s position w* = w} + iw; and residue Z = Zr +iZ; are then given by

w*

2nT

7= (5.14)
" (m(B)

where the lowest pole has k£ = 1, and the higher poles have k = 2,3,.... The residue Z in

1
=Q+i<—k++

1 N i(2xT)
2 In (T/Tc)> ’

eq. (5.14) is purely imaginary, Zr = 0, so (recalling table 1 in section 4) we expect ppip
will have a ¢ = 1 symmetric Fano resonance.

Eq. (5.10) makes obvious the pole at w = 0 when T' = T,. For T just above T,, T' 2 T,
we can obtain this pole’s position and residue by expanding eq. (5.10) in 7" around 7T, and
simultaneously in w around w = 0. For the expansion in w we use

1 w 1 1 w w \2
H(-—=+iQ—i-2 ) —H(->+iQ) = ' (= +iQ) 2 il 1
< p Tl Z27TT> ( 2 “Q) 4 (2 “Q) 21 7O <(27rT) ) (5.15)
where 9'(n) = 9,1 (n) denotes the first derivative of the digamma function 1(n). The

pole’s position w* = wy, + iw and residue Z = Zg + 1Z are then given by

w*

—1
2T, ¢ (L +iQ)

—i
VG0
as derived in ref. [42]. As T'— T.", both w}, and w} vanish linearly, i.e. as T/T, — 1, with
slopes determined by @ alone. Figure 7 shows these slopes as functions of ). In particular,

(T/T, 1), Z (27T.) % (5.16)

figure 7 (b) shows that the magnitude of w;’s slope is largest when @ = 0 and decreases
monotonically as |Q] increases.

The residue Z in eq. (5.16) is in general complex-valued, so when 7" 2 T, the lowest
pole in Gpip will produce a Fano resonance in ppip. Plugging the Z in eq. (5.16) into
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(a)

Figure 7. The slope of (T/T. — 1) of the lowest pole in Gpip for T just above T, as functions of
Q, from eq. (5.16). (a) The slope of the real part of the pole, w}, in units of 277,. (b) The slope
of the imaginary part of the pole, wy, in units of 27T.

o Q

Figure 8. The Fano/asymmetry parameter ¢ as a function of Q for T 2 T, obtained by plugging
the residue Z in eq. (5.16) into eq. (4.7) for g. The limits @ — —oo, 0, 400 produce symmetric
Fano resonances with ¢ — 0, 1, 400, respectively.

-1

eq. (4.7) gives us the Fano/asymmetry parameter ¢ as a function of ), shown in figure 8.
Symmetric Fano resonances will occur when Q — —oo, 0, 400, where ¢ — 0, 1, and
00, respectively, corresponding to a Fano anti-resonance, symmetric Fano resonance, and
Lorentzian resonance (figures 2 (b), (c), and (d)), respectively.

5.2 Unscreened phase: spectral function

The spectral function ppte in the unscreened phase is trivial to compute from Gpip in

eq. (5.10):

1
H(—%+iQ—z’ﬁ)—H(—%+iQ)+ln(Tlc)

N
poTO:—2ImGO1‘O:272IH1 y (517)
K
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Figure 9. The spectral function, poio/ (N/k?), as a function of w/(2rT) for the representative
value Q = 0.5 and in the T' > T, regime, namely for (a) T/T. = 10'® and (b) T/T. = 10'2 (dotted),
10° (dot-dashed), 10° (dashed), and 103 (solid).

where we now restrict to real-valued w. In our case, pptpn vanishes when w — 0 or
lw| = oo, in the latter case vanishing as (In|w|)™2, ultimately because the Harmonic
numbers are asymptotically logarithmic, as mentioned above. Such (In|w|)™? behavior
means our ppip cannot be exactly prano in eq. (4.3), since prano involves only powers of w,
with no logarithms. Nevertheless, we have shown in subsection 5.1 that the lowest pole in
Gorp generically has residue with non-zero imaginary part, so we expect Fano resonances
in poto at w near the real part of the lowest pole’s position, wp.

Figure 9 shows ppip/ (N/k?) as a function of w/(27T) for the representative value
Q = 0.5 and in the T >> T, regime, namely from T/T, = 10'® (figure 9 (a)) down to
T/T. = 103 (figure 9 (b)). From the T > T, results in eqs. (5.13) and (5.14), we expect
poto to have a ¢ = 1 symmetric Fano resonance when w equals the real part of the lowest
pole’s position, wp, which is wy = @ when T' > T.. Sure enough, for sufficiently high
T/T., as in figure 9 (a), ppip has an approximately ¢ = 1 symmetric Fano resonance at
w R wh ~ Q. As T/T. decreases through twelve orders of magnitude, the asymmetry
of the resonance appears to increase, although the position changes by only =~ 5%:
wh ~ 0.499 when T/T, = 10', while w}, ~ 0.475 when T/T, = 103. We have confirmed
numerically that as T'/T,. decreases through the values in figure 9, the peak value of the
resonance grows as 1/ (In(T/T.))?, consistent with the T > T, results for w} and Z in
eq. (5.14). Crucially, the resonance in figure 9 is not at the particle-hole symmetric value
w = 0, and so is not the Kondo resonance — as expected, since the Kondo resonance is
generically absent at large-N in the unscreened phase.

Figure 10 shows ppip/ (N/k?) as a function of w/(27T) for Q = 0.5 from T /T, = 10
(figure 10 (a)) down to T'/T. = 1.5 (figure 10 (b)), including T'/T. = 5.5, corresponding
to T/Tx = 4.92 (figure 4 (a)), and T/T. = 1.5, corresponding to T'/Tx = 1.34 (figure 4
(b)). In figure 10, as T'/T. decreases, we see four changes in the resonance. First, the
peak of the resonance moves towards w = 0, following the position of the lowest pole in
Goto. For example, compare the position of the peak in ppip at T/T. = 5.5 or 1.5 in
figure 10 (b) (dot-dashed or solid curve, respectively) to the position of the lowest pole in
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Figure 10. The spectral function, poio/ (N/k?), as a function of w/(27T) for Q = 0.5 and (a)
T/T. =10, (b) 7.5 (dotted), 5.5 (dot-dashed), 3.5 (dashed), and 1.5 (solid).

Goro in figure 4 (a) or (b), respectively. Second, the resonance grows taller, by about an
order of magnitude for the values of T'/T, in figure 10. Third, the peak grows narrower,
also by about an order of magnitude for the values of T'/T, in figure 10. Fourth, the
Fano/asymmetry parameter ¢ increases. For example, ¢ ~ 2 for T'/T, = 10 (figure 10 (a))
and ¢ ~ 5 for T'/T. = 1.5 (figure 10 (b)).

Figure 11 shows ppio/ (N/k?) as a function of w/(2aT) for Q@ = 0.5 and in the T' 2 T,
regime, namely for T/T. = 1.1 (figure 11 (a)) down to T'/T, = 1.001 (figure 11 (b)). The
four trends observed in figure 10 appear again in figure 11. First, the resonance moves
towards w = 0, following the real part of the position of the lowest pole in Gpip in the
T 2 T. regime, given by w* in eq. (5.16), which in particular has wy, oc (T'/T. —1). Second,
the resonance grows taller. Indeed, plugging the 7' 2 T results for w* and Z of eq. (5.16)
into eq. (4.5) reveals that the peak of the resonance increases as (T//T.—1)"!. Such power-
law growth, rather than logarithmic growth, again indicates that the resonance is not a
Kondo resonance. Third, the resonance grows narrower, with a width proportional to the
imaginary part of the lowest pole in Gyt in the T 2 T, regime, which from eq. (5.16)
has wj o< (T'/T. — 1). Fourth, the Fano/asymmetry parameter ¢ increases. For example,
g~ 5.8 for T/T. = 1.1 (figure 10 (a)) and g ~ 6.2 for T'/T,. = 1.001 (figure 10 (b)).

In the T' Z T, regime, we expect symmetric Fano resonances when QQ — —oo, 0, oo,
as discussed below eq. (5.16) and in figure 8. We indeed find such behavior, already at
relatively small values of |Q|. Figure 12 shows ppip/ (N/k?) as a function of w/ (27T for
T/T. = 1.01 and (a) @ = —1, (b) @ = 0, and (c) Q = +1. We clearly see symmetric
Fano (anti-)resonances with (a) ¢ ~ 0.0164, (b) ¢ = 1, and (c) ¢ ~ 60.9, respectively, all
consistent with eq. (5.16) and figure 8.

For the special value @ = 0 nothing breaks the particle-hole symmetry Rew — —Rew,
and all poles of Gyt have vanishing real part, as shown for example in figure 5. When
Q@ = 0 we thus expect a ¢ = 1 symmetric Fano resonance at w = 0 for all 7'/T,. Figure 13
shows ppip/ (N/k?) as a function of w/(27T) for Q@ = 0 and T/T, from T /T = 100 down
to 2.5 (figure 13 (a)) and from T'/T, = 1.1 down to 1.01 (figure 13 (b)). We indeed find
g = 1 symmetric Fano resonances at w = 0 for all T'/T.
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Figure 11. The spectral function, ppio/ (N/k?), as a function of w/(27T) for @ = 0.5 and (a)
T/T. =1.1, (b) 1.01 (dotted), 1.0075 (dot-dashed), 1.005 (dashed), and 1.001 (solid).
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Figure 12. The spectral function, poto/ (N/k?), as a function of w/(2xT) for T/T, = 1.01 and
(a) Q=—1, (b) @ =0, and (c) @ = +1.

Figure 13. The spectral function, poie/ (N/k?), as a function of w/(2xT) for Q@ = 0 and (a)
T/T. = 100 (dotted), 10 (dot-dashed), 5 (dashed), and 2.5 (solid), and (b) T'/T, = 1.1 (dotted),
1.05 (dot-dashed), 1.03 (dashed), and 1.01 (solid).
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Figure 14. The spectral function, ppio/ (N/k*), as a function of w/(2rT) for T/T. = 0.75
(dashed) and 0.5 (solid), for (a) @ = 0.5 and (b) @ = 0.

We can also consider ppt ¢ in the unscreened phase when 1T' < T,, bearing in mind that
the unscreened phase is unstable when 7' < ;. because Gty has a pole with Imw* > 0, as
discussed above. Figure 14 (a) shows ppio/ (N/k?), as a function of w/(27T) for Q@ = 0.5
and for T < T, namely for T/T, = 0.75 and 0.5, corresponding to T'/Tx = 0.671 and
0.447, respectively (figures 4 (d) and (e), respectively). We find a mirror version of the
four trends observed for T' > T, in figures 10 and 11. First, the resonance moves away
from w = 0, with peak position at w ~ wp. Second, the resonance grows shorter. Third,
the resonance grows wider. Fourth, the value of ¢ decreases. In particular, ¢ &~ 0.11 for
T/T. = 0.75 and g ~ 0.06 for T/T, = 0.5. Figure 14 (b) shows ppip/ (N/k?), as a function
of w/(2nT) for @ =0 and T'/T. = 0.75 and 0.5. In that case, as expected we find a ¢ =1
symmetric Fano resonance at w = 0 whose height decreases as T decreases. All of these
behaviors are consistent with the motion of the lowest pole in Gyt in the complex w plane
described in subsection 5.1.

In summary, we have learned two key lessons from the poles in Gyip and correspond-
ing resonances in ppip in the unscreened phase. First, we do not see a Kondo resonance,
consistent with the expectations of large- N Kondo models, where the Kondo effect (screen-
ing, phase shift, etc.) occurs only in the screened phase. Second, the resonances we find
are all Fano resonances, consistent with our interpretation that (0 + 1)-dimensional scale
invariance implies a continuum, and our Kondo coupling then breaks scale invariance and
produces a resonance that is necessarily immersed the continuum.

6 Screened phase

In this section we use the results of sections 2 and 3 to determine the excitation spectrum
of our system in the screened phase (T < T;) by locating the poles in Gt in the plane of
complex w (subsection 6.1), and the corresponding peaks in ppi e for real w (subsection 6.2).

The main results of this section appeared in ref. [42], namely that for T just below
T. (T < T.), a pole of the form w* oc —i(0)? appears in Gpip, giving rise to a ¢ = 1
symmetric Fano resonance in pptp, which is a signature of a Kondo resonance at large V.
In this section we will present some additional details about these results. Moreover, in
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appendix D we show, without using numerics, that w* oc —i{(0)?, but only for Q = —1/2,
although our methods should easily generalize to any Q.
As derived in eq. (3.81), in the screened phase

Roa /4

= (6.1)
1 — KRa2/2

Goto =
and Gprp = Gppot = Goo = Goipt, so we will henceforth discuss only Gpip. In the
unscreened phase we had the analytic (i.e. non-numerical) result for Rgtq in eq. (5.2),
however, in this section our solutions for 7@22 will be numerical.

6.1 Screened phase: poles in the Green’s function

Clearly Gpip in eq. (6.1) has a pole whenever 1 — kRo2/2 = 0. (Via eq. (3.81), sev-
eral other two-point functions have the same poles as well, namely Gppi, Goo, Gotpt,
(O(w) Ay (—w)), and (OF(w)Ai(—w))x.) Given values of Q and T /Ty, we can thus find the
poles in Gpip by solving the equation 1 — kRgz/2 = 0 for w/(2nT), which we have done
numerically. Our numerical results for the positions of the poles appear in figure 15, for
@ = 0.5 and with T'/T. = 1 in figure 15 (a), 0.588 (b), 0.389 (c), and 0.200 (d). When
T/T. = 1, the poles’ positions agree with those we found in the unscreened phase in sub-
section 5.1, including in particular the lowest pole, w*, sitting at the origin of the complex
w/(2nT) plane. As T'/T. decreases the most significant change occurs in w*, which moves
straight down the imaginary axis. For any other non-zero @, the plots of the pole positions
are qualitatively similar to those in figure 15, except for () = 0, where all the higher poles
are on the imaginary axis. In particular, for all @), including ) = 0, as T decreases the
most significant change occurs in w*, which moves straight down the imaginary axis.

For T just below T, T' < T, we find that w* is determined by (O). More specifically,
figure 16 shows that w* o —i(0)? when T' < T.. In appendix D, for the case Q = —1/2
we show analytically (i.e. without numerics) that w* oc —i(0)? for T < T,.. Given the
mean-field scaling discussed in section 2, (O) « (T, — T)/? when T < T,, we thus have
w* o« —i|T — T.| when T' < Te.

As mentioned in section 1, a pole in Gyt of the form w* oc —i(O)? is precisely the
manifestation of the Kondo resonance that we expect at large N [75]. In other words, in
addition to the dynamically generated scale Tk, impurity screening, a phase shift, and so
forth, our holographic Kondo model also correctly captures an essential spectral feature of
the Kondo effect, namely the Kondo resonance.

6.2 Screened phase: spectral function

Knowing the result of subsection 5.2, that our spectral function pnty generically exhibits
a Fano resonance associated with the lowest pole w* in Gpip, and knowing the result of
subsection 6.1, that in the screened phase w* is purely imaginary and simply moves down
the imaginary axis as 1" decreases, we can anticipate how ppio will behave in the screened
phase. Given that w* is purely imaginary, and hence does not break particle-hole symmetry
Rew — —Rew, we expect pntp to exhibit a ¢ = 1 symmetric Fano resonance at w = 0.
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Figure 15. Our numerical results for the positions of poles in Gyt in the complex w/(27T) plane,
for @ = 0.5 and T/T, equal to (a) 1, (b) 0.588, (c) 0.389, and (d) 0.200. As T/T. decreases, the
most significant change occurs in the position of the lowest pole, which moves straight down the

imaginary axis.
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Figure 16. In the screened phase, the lowest pole in Gpip, w*, is purely imaginary (see figure 15).
The black dots denote Imw*/(27T) as a function of k2(0)?/(N?(27T)) for @ = 0.5. The solid
black line is a numerical linear fit with slope ~ —17.6 and intercept ~ 5 x 107%. The agreement
between the data and the fit shows that w* oc —i(0)?.
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Figure 17. The spectral function, poto/ (N/k?), as a function of w/(2rT) for the representative
value @ = 0.5 and in the screened phase, for T'/T, = 0.998 (dots), 0.991 (diamonds), and 0.964
(squares). For all T/T, we find a ¢ = 1 symmetric Fano resonance at w = 0 whose height decreases
and width increases as T'/T. decreases.

Moreover, given that w* moves straight down the imaginary w axis as 1" decreases, we
expect the Fano resonance’s width to increase as T decreases.

Our numerical results for pntp in the screened phase confirm these expectations. Fig-
ure 17 shows our numerical results for pot/(N/k?) in the screened phase as a function of
real-valued w/(27T') for Q@ = 0.5 and T'/T, ~ 0.998, 0.991, and 0.964. We indeed find only
g = 1 symmetric Fano resonances whose width increases as T' decreases. We also find that
the resonance’s height decreases rapidly as T' decreases: in figure 17, T//T. decreases by
only about 4%, from T'/T. =~ 0.998 down to T'/T,. ~ 0.964, but the height of the peak drops
by roughly two orders of magnitude. As T" decreases further (not shown in figure 17), ppi
continues to flatten, and indeed, as T" approaches zero, pnt» appears to approach zero for
all w. All of these features of ppin appear for other values of ) as well, including @ = 0.

In the standard (non-holographic) large-N Kondo model with Abrikosov pseudo-
fermions, the Kondo resonance has width oc (0)? [75]. For T' < T,, the mean-field behavior
(O)  (T. — T)*/? then implies the width is o< T, — 7. When T — 0, (O) reaches a finite
value Tfl(/ % at the minimum of its wine-bottle effective potential. The Kondo resonance
then has width « Tk, similarly to finite V.

Our model also exhibits mean-field behavior, and hence a width o< T, —T when T' < T...
However, in our screened phase, as 1" decreases our manifestation of the Kondo resonance,
i.e. the ¢ = 1 symmetric Fano resonance in ppni¢, flattens out, and ultimately disappears,
so that at T' = 0 apparently poip is featureless. What accounts for the difference? In our
model, (O)’s effective potential is apparently unbounded: we found numerically that (O)
grows without bound as T decreases, because ® grows without bound. Indeed, as T de-
creases, eventually the solutions for a;(z) and ®(z) violate the probe limit: the stress-energy
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tensor grows without bound, and eventually cannot be neglected in Einstein’s equation.
That is unsurprising, given that in our bulk action eq. (2.8), ®’s potential is unbounded,
being only a mass term, M2®®. Presumably, stabilizing ®’s potential, for example with
a (®T®)? term, would stabilize (O), and hence stabilize the width of our resonance.

7 Discussion and outlook

We studied the poles in retarded Green’s functions and the associated peaks in spectral
functions in the holographic Kondo model of refs. [31-34]. We had three main results. First
was the holo-ren of our model, which provided the covariant counterterms required to com-
pute the renormalized free energy and one- and two-point functions in our model. Second,
at all T', we found that generically the poles in our Green’s functions have residue with non-
zero imaginary part, giving rise to Fano resonances in spectral functions. Fano resonances
occur when a resonance appears in a continuum (in energy) of states. Our continuum
comes from (0 + 1)-dimensional scale invariance, inherited from (1 4 1)-dimensional scale
invariance of our holographic CF'T. Our resonances are possible because we break scale in-
variance via our marginally-relevant Kondo coupling. Third, in the screened phase, where
(0) # 0, and with T just below T, we found a pole in Gntp of the form w* < —i(0)?
precisely as expected for the Kondo resonance at large N [75]. In contrast, in the un-
screened phase w* passed through the origin as T" decreased through 7., which was clearly
a strong coupling effect: in the standard (non-holographic) Kondo model at large N and
at leading order in perturbation theory in A, in the unscreened phase w* sits at the origin
of the complex w plane for all T [75].

For the future, some obvious, immediate tasks involve improvements to our model. For
example, giving our bulk scalar ® a quartic self-interaction could not only prevent ® from
diverging at low 7', and hence maintain the validity of the probe limit at low 7', but could
also prevent our Kondo resonance from disappearing as T decreases, as we discussed in
subsection 6.2. Indeed, adding a quartic term would introduce an additional dimensionful
parameter in our model, which could presumably be fixed by demanding that our Kondo
resonance has width o« Tk when T = 0.

However, as discussed in refs. [31, 32|, all holographic quantum impurity models to
date, including ours, have a fundamentally worrying issue: the spin symmetry group is the
gauge group, SU(N). Holography provides direct access only to gauge-invariant quantities.
As a result, many important quantities that are not spin singlets, such as the magnetiza-
tion and spin susceptibility, are prohibitively difficult if not impossible to calculate using
holography. The obvious route to address this issue is to develop holographic quantum
impurity models in which spin is a global symmetry.

We have seen that even a minimal holographic quantum impurity model can produce
Fano resonances. Indeed, Fano resonances require simple, common ingredients, and thus
are very generic. We therefore expect Fano resonances in practically any holographic
quantum impurity model, under the key condition that conformal symmetry is broken at
the impurity. (Otherwise, all two-point functions at the impurity are determined by the
conformal symmetry, as we mentioned in the section 1.) In fact, more generally we expect
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asymmetric Fano resonances in practically any holographic system with a UV fixed point,
breaking of scale invariance, and breaking of particle-hole symmetry.

Most importantly, we expect our holographic Kondo model, other similar holographic
quantum impurity models, and variations of SYK models, to be useful in addressing many
of the open questions mentioned in section 1, about EE, quantum quenches, etc. We expect
Fano resonances in particular to play a crucial role in developing a precise “dictionary”
between theoretical models and experiments.
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A Near-horizon expansions in the screened phase

In this appendix we determine the near-horizon expansions of the response functions Rq1,
Ri2, Ra2, and R defined in eq. (3.34) in the screened phase. We use these expansions to
fix in-going boundary conditions at the horizon when we solve eq. (3.37) numerically for
the response functions.

In this appendix we will switch from the holographic radial coordinate z in eq. (2.6) to
the coordinate ¢ = zg — 2, so that near the horizon, and using eq. (3.2) to translate from
z to r of eq. (3.1),

1

1= -2l O), 0= VR4 0, g = S1+0(). (A1)
H

Near the horizon, eqs. (3.17) for the background fields a and ¢g thus become

9 #2 1 (a0)2 52 M2
2 0 0 0 0_ 2 t) *u _
daj — Zagat el 0, 0o + Eacqﬁo + TQ% — 2ZHC¢O =0, (A2)
with regular solutions
2+ ¢ M?
. (c T O<c3>>, % = b0 (1 e O<<2>>, (A3)
ZH 2z

with integration constants a(;) and ¢(g), which we determine in our numerical solutions by
matching with the integration constants in the near-boundary expansions.
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Using the above, we can determine the near-horizon expansions of the fluctuations day,
d¢, and 7 in eq. (3.18). Near the horizon, the constraint eq. (3.18a) becomes

3

5 w8 Say + 203 0c01p = 0. (A.4)

with solutions

iwzH(Q + c2)

o 24c2 =
day = c1C (14 0(¢)), oY = 4¢(0)(1+02)

¢ (1+0Q). (A5

with integration constants c¢; and cy. Inserting eq. (A.5) into eqs. (3.18b) and (3.18c)

gives us
2+ )22 2
(Czﬁg + (4(1_'_2i2§{w2> (5at = 7¢(0)(I(1)C26¢), (A6a)
2 2+ co)
202 + (O +ZH )5 — %5 , A.6b
<C C 0= 8¢(0)(1 T (4.65)

to leading order, with the linearly-independent solutions

dap = c1(*F2 (14 0(0)) (A.7a)
B ZH c2 12 2, (FHYN?) o

b6 = gt (283) (o 2+ (52)") = 1+ 0000,

co = :l:z%, (A.7b)

Sa; = c1¢** (14 0(¢)), (A.7c)
_ z?{a(l)w2 co+ 2 ZHw 2 - c2

9= =it <CQ+1> <(02+2)2+( ; )) ¢ (14 0(C)).
=1+ @% (A.7d)

The most general in-going solution is a linear combination of the solutions with

cy = —iZT = g), cy=—1— z% = ci(?. (A.8)

Near the horizon, the definitions of the response functions in eq. (3.33) become

2¢

dar = Ra1(day + iwdy) — ZTR125¢, (A.9a)
H
.1 1 23
op = 57?,225@5 + 5 Ris — 2 ZHR (5at + ’Lw&ﬁ) (A9b)
.3
. 1wz
S = —H 54, A.9c
oY (49

Inserting the two linearly-independent in-going solutions of eq. (A.7) into eq. (A.9) leads
to four algebraic equations for the leading near-horizon behavior of the response functions,
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2
) Riz = —v22u () +1)¢2, (A.10a)

R+
497, ZHP(0)a(1)
w2y apwiaq) (@) o, (2E9\2) T o (2) 1y L
wgr Rt (c? +2) +<T) CRiy = 2z (c® +1)¢3, (A.10b)
(0)
Lo o () o (z9)2) 2 S1)
5 R o (V1) +( . ) ((Riz=GIR ) = V(b)) (A.10¢)
(2) 2 zpw )2 3
1 @ 4 9 B
“Roy — (Cln ‘|‘2 ) + ( 2 ) C_l <R12 _ ZHR> . /QZH(Ci(z) +2)C—%’ (A.lOd)
2 2 P(0)a(1) 2¢

with solutions

2v/2¢7 2i¢? ;
Rll:i%ﬁ{l%( P __ Mo A >+0(<2)}, (A11a)
z

Az wz%[(l —iwzp) 1 —iwzy

wzpy
B ,ﬂwzif 3 iM? 9
R (g n) ) A
\/521?{2%1)@%)(0) iw M?w(3i 4+ wzp)
R = VE1=¢ 12— iwzn) 21— iwen) (2 — iwen)

((2i + wem) (1 + w?25;) + 2i) 6, coed\. (a0
2 . . b *
2wzf (1 —iwzg) (2 — iwzg)
which are the main results of this appendix. Inserting eq. (A.11) into the general solution
for R in eq. (3.36) then gives us

R = C() % (chmme 1 o) (A1)
*H

and hence in-going boundary conditions require that C(w) = 0 and thus R = 0, as adver-
tised in subsection 3.2.2. As a result, the Riccati equations in eq. (3.35) simplify to those
in eq. (3.37).

B Near-boundary expansions

In this appendix we determine the general Fefferman-Graham (FG) asymptotic expansions
of the AdS, fields in our model. As mentioned at the beginning of section 3 these FG
expansions involve a number of subtleties, related to the special form of the FG expansion
of gauge fields in AdSs. In particular, the leading asymptotic mode of the gauge field is
the charge @) instead of the chemical potential i, unlike gauge fields in higher-dimensional
AdS spacetimes, and moreover the value of ) affects the FG expansion of the scalar field
®. As aresult, a well-defined space of asymptotic solutions requires keeping @) fixed, which
corresponds to an asymptotic second class constraint on the space of solutions. Such a
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constraint is unusual, compared to many holographic systems, although the constraint
required for Lifshitz asymptotics in Einstein-Proca theory [97, 98] is analogous.

A direct result of the constraint is that, if we allow fluctuations about a background
solution to have non-zero variation of (), then the background and fluctuations need
not have the same FG expansions. Indeed, in that case, higher order fluctuations are
increasingly dominant asymptotically, relative to both the background solutions and to
the lower order fluctuations. As a result, the small fluctuation approximation breaks
down asymptotically, and we are forced to work with a cut-off near the boundary, until
fluctuations proportional to d@) are set to zero. In addition, generically no well-defined
asymptotic solutions to the full non-linear equations of motion exist, so we must consider
the FG expansions of the background and of the fluctuations separately. Below we
determine the FG expansions both for the background and the fluctuations, discussing
separately fluctuations with §Q # 0 and 6Q = 0.

Note about notation. In this appendix and in appendix C, Ojog () denotes a quantity
that asymptotes to zero like zlog®(z) as & — 0%, with k a non-negative integer.

B.1 Expansions of the background and the second class constraint

Upon choosing a gauge with A; = 0, the equations of motion for a;, ¢, and 1, eqs. (3.12),

become
Qy — %fy*lf'yat —2¢°(a; — Op)) = 0, (B.1a)

¢+ %v‘lw — P+ 77107 = (ar — Op)’d — M =0, (B.1b)

0r(6%0) + 37462 — 7710, (¢ — ) =0, (B.1o)

v LBy = 204 (B.1d)

Given the asymptotic form of the metric, ¥ ~ —e?" as r — 400, as long as ¢ — 0
asymptotically (i.e. the dual operator is relevant), then the gauge field’s leading asymptotic
behavior is a; ~ €"Q(t), with Q(t) an arbitrary function of time ¢. Moreover, Q2 enters ¢’s
equation as a mass term, so that ¢ has an “effective mass” M? — Q?, hence Q? affects the
FG expansion of ¢. A well-defined space of asymptotic solutions thus requires the (second
class) constraint that @ is fixed. The charge @ is not automatically conserved by the
equations of motion, due to the coupling to the charged scalar field. Charge conservation,
therefore, can only be imposed as a boundary condition.

As in ref. [31], we fix @ such that O has dimension 1/2, so that our Kondo coupling
OO is classically marginal. The scalar’s effective mass must thus saturate the AdS,
Breitenlohner-Freedman bound: 1

M? - Q%= -7 (B.2)

We want to determine the FG expansions with @ satisfying the constraint eq. (B.2). Cru-
cially, in the first three equations in (B.1), terms containing time derivatives affect only
sub-leading orders in the FG expansion: for the leading non-normalizable and normalizable
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orders, we can thus ignore all time derivatives in egs. (B.1). For similar reasons, we can take
v = —e?" for the purpose of determining the FG expansions. With these simplifications,
egs. (B.1) become

iy — ap — 2¢%a; = 0, (B.3a)
O+ ¢ — 0%+ e afo — Mg =0, (B.3b)
Or(¢%) + ¢* =0, (B.3c)

and hence the FG expansions of the AdS, fields are
ar=e"Q — 2Q<;a2r3 + (a? — af)r? 4 (202 — 2af + 62)r> +ou(t)+---, (B.4a)
p=e "2 (—alt)r+ B(t) +---, (B.4b)
=y (t) e (O (B.4c)

where u(t), a(t), 5(t) and 14 (t) are arbitrary functions of time, and . . . represent terms that
vanish as r — oo faster than those shown, and are completely determined by those shown,
via the equations of motion. Inserting egs. (B.4) into eq. (B.1d), which is the constraint
imposed by the AdSy U(1) gauge invariance, and using eq. (B.2), we find ¢ = 0 and
%a_%)tQ = 0. The FG expansions are thus parameterized by the arbitrary functions pu(t),
a(t), B(t) and _(t). Moreover, u(t) is defined only up to a U(1) gauge transformation,
p(t) = wu(t) + 0eA(t). We will refer to egs. (B.4) as “background FG expansions,” because
Q is required to satisfy eq. (B.2). Fluctuations are allowed to violate eq. (B.2), which leads
to different FG expansions, as we will see.

B.2 Expansions of the response functions

In the unscreened phase, we want to find the FG expansions of the response functions
Raeie and Rgpei, using the Riccati equations in eq. (3.20). As above, to do so we may

ignore terms involving time derivatives, i.e. frequency w, and we may set v = —e?", in
eq. (3.20), leading to
) ) 1 ) ) 1
Rote + Rote + Rgrg + =0 Root + Root + Rggt + 1=0 (B.5)
and hence the FG expansions of Rgig and Regt are
1 1 1 1 R
R@T@Z**+7A:**+*+ ¢;q>+"'7 (B6a)
2 r_ Roto 2 r r
1 1 1 1 R
R@(I)T:—*‘*‘i/\:_*_"*_'_ <I>2<1>7L_{_“., (B'Gb)
2 r—Reot 2 r r
where ﬁqmp and ﬁq@f are functions of w, and ... represent terms that vanish as r — oo

faster than those shown, and are completely determined by those shown, via eq. (3.20).
In the screened phase, we instead need to solve instead the Riccati equations
egs. (3.35), with R = 0, as required by in-going boundary conditions at the horizon,
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as shown in appendix A. Again ignoring terms involving time derivatives, and setting
v = —e?, eqs. (3.35) become

. 1
Ri1 — Ri1 +R¥ — 5627’7@2 — 243 =0, (B.7a)
. 1
Ri2 + Riz + Ru1Ri2 + 573127222 +4de ¥ poai =0, (B.7b)
. 1 1
Raos + Ras — €2 R3y + 57332 +5=0. (B.7¢c)

These equations admit two distinct classes of asymptotic solutions, depending on whether
0Q(t) # 0 or 6Q(t) = 0. We present both of these solutions in turn.

For fluctuations with 6@ # 0, the defining relations in eqs. (3.33) and the asymptotic
solution for a; in eq. (B.4) imply that asymptotically R11 ~ 1. Egs. (B.7) then determine
the leading asymptotic behavior of the response functions: Ri1 = 1 + Ojpg(e™"), Ri2 =
Olog(€737/2), Rag = —14+0(1/r). In eq. (B.7c), the term o R?, is exponentially subleading
relative to the other terms, and hence can be ignored. The resulting equation for Ros then
admits an exact solution, with asymptotic expansion

2

R22:_1+f+
T—RQQ/Q

Ologe™), (B.8)

where Ry is an undetermined function of w. Egs. (B.7a) and (B.7b) then determine

Rip = e / dr (r ~ R /2)6_”2(;50(7")@?(7“) + Opogle™72), (B.9a)
r — R22/2
1
Riy=14e" / dre” <2e2TR%2 + 2¢3) + Olog(e™?"). (B.9b)

Expanding these then leads to the FG expansions

[ 8Q%3 200~
Rip=1+e" < %5 05— Qg 0(72220404-6/30)7“4
1 ~ ~
T3 <(12 — Q*R3,)af + 12Q* (Razan + 50)50) 73
« ~ ~ ~
+ (%})60(247312 + QO&()'R%) — 20008y — Q25§R22> r?

1 ) N —~
+ = <Qa0R22(24R12 + QapR3,)
~12Q(12R12 + QagR3,) o + 36(4 + Q27€§2)ﬁ§) T

+R11 + O(l/r)) + Olog(e_QT), (B.10a)

~

_3r 4Qw ~ R N 7’€ 7/'?\/ 7/'?\/
Rig=¢€ 2 ( % 02— %(OZORQQ + 6580)r — Q622 (R22 — 680) + % + 122T2 22
R N
t =yt O(l/r4)> + Olog(e™"7?), (B.10D)
2 1 1.y 1oag 1o, ;
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where 7/511, 7%12 and ﬁgg are undetermined functions of the frequency w. If we plug
egs. (B.10) into the defining relations egs. (3.33), then these asymptotic expansions lead to
linear fluctuations that are asymptotically more divergent that the background solutions
in egs. (B.4) — an effect of the asymptotic second class constraint eq. (B.2), which is
violated infinitesimally by the linear fluctuations with 6@ # 0. The second class constraint
also causes the integration constant Rgg to enter the asymptotlc expansions of R1; and
R12 before their corresponding integration constants R11 and ng We must therefore
determine the asymptotic expansions of Ros and R1s beyond the order where 7/?\,22 and 7?,12
appear linearly, since these terms enter in the expansions of R11 and Rqs.

While fluctuations with §¢) # 0 have three integration constants, 7%11, ﬁlg and ﬁgg,
fluctuations with 69 = 0 have only one, as we will now show. For fluctuations with
dQ = 0, the three response functions have the leading order behavior Ri; = Ojpg(e™"),
Ris = Olog(e_3T/2), and Roo = —1 4+ O(1/r). Eq. (B.7) then implies that Ry is again
given by eq. (B.8), while

o0 ! 1 /
Ri1 = —e’”/ dr'e™" (262T R2, + 2(;53) + Olog(e7), (B.11a)
Ry = 46_:/2/00 ar'e=3""/2 ( R22/2> do(r)ad (') + Oog(e™/2).  (B.11b)
— Ras/2 &

Expanding eq. (B.11) using eq. (B.4) then gives the FG expansions
Riy=¢e " < — (1 +4Q*)agr* + ao (2(1 +4Q*)Bo — (1 +20Q*)a) 7 (B.12a)

+ (14 25Q%)a08 - (144288 - 51+ 4R+ 2)Q2)a3 ) + 011/ )

+ (91Og(e_2r),

Rip— e % ( ~ 4Qagr + 4Q (o — 2a0) + 29 2(7322 a0 (;)) (B.12b)
+ OIOg( 7%)7

Ray = —1 + + R22 +35 R 147332 + %7@‘52 +0(1/r%). (B.12¢)

Inserting the expansions for Ri1, Ri2 and Ray for either 6@ # 0 or §Q) = 0 into egs. (3.34),
then gives
1 1 R(I)T(b 1 1 73@1)1 7/?\,(1@
R - - .. R - __ 4= Raes =
Pt P 9 + + + - 5 PPt 9 + , + 2 + 5 oD 2 + )
(B.13)
which is of the same form as the unscreened case, eq. (B.6), but now with the constraints

. . . 1 -
Rote = Root = Ree + 1/k = Z(Rm +2/kK), (B.14)

where kK = fy/ap comes from the background solution for the scalar, as discussed below
eq. (3.64).
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C Further details of holographic renormalization

In this appendix we summarize some technical results related to the holo-ren in subsec-
tion 3.3. In particular, we determine asymptotically the functions go(v), g1(v), and g2(v),
defined in eq. (3.47), up to the relevant order for renormalizing the two-point functions,
and we obtain explicit expressions for the renormalized response functions that enter in

the two-point functions.

C.1 Determining the boundary counterterms

We write go and g1 as in eq. (3.49): go = —uo + ho and g1 = —1 + h;. Plugging these
into eq. (3.48) and expanding in v, and using the fact that hg, k1, g2 and g3 are all Ojoq(v)
as v — 0, we find

ho—v(RE+1/4) = Otog(v?),  hi—v(2hyh;+2) = Orog(v?),  ga—v(hP+2hgh) = Orog(v?),

(C.1)
where primes denote 0, (see appendix B for the definition of Oj,s). A simple power-
counting argument using the near-boundary asymptotic expansion of the scalar field in
eq. (B.4) suffices to show that in general only terms up to order Ojos(v) can potentially
contribute to near-boundary divergences, so we can neglect all the right-hand-sides in
egs. (C.1). The resulting equations can then be solved exactly.

The most general solution for hg(v) can be expressed implicitly in the form

4h0 (U)

v

1
+log(l — A(v)) = qo +log2 — 3 log v, A(v) -1, (C.2)

1
1—A(v)

where ¢g is an integration constant. Expanding this solution for small v, we obtain

holv) 1+ 1 2¢+1 4¢> 8¢%(q—1) 16¢* (¢* — Ig+1)
v) =v| =

0 2 logv (logv)?  (logv)? (logv)4 (logv)®
32q2 (q3 — %QQ + 4q — 1)

" (log v)®

) (©3)

where ¢ = log(—logv) + ¢9. The equations for hi(v) and ga(v) are linear, with general
solutions

v do 1 [dv b2 (v) vodo
hy =19 — =1 — | ==, 9= —
=ofo [ Tamg) == [ ) 2= )
(C.4)
where v is a dummy integration variable, and g; and g9 are integration constants. Expand-
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ing these solutions at small v gives us

(o) = " 4q  4q(3¢—2) 8q(4¢*—Tq+2) 16q (5¢>—+q*+12¢—2)
~ (logw)2 logv  (logwv)? (logv)3 (logv)*
80q (36¢* — 171¢> + 238¢> — 108¢ + 12
. 304364 R 12 ) (s
15(log v)
2 2 4 4q(¢—2)  8q(3¢* —3q+2
hi(v) = —=vlogv( 1 — g + 4 alg ) q(gq a4+ )
logv ~ (logv)?2  (logwv)3 (logv)*
8q (3q3 — 22¢°% + 36q — 12)
0 C.5b
3(logv)5 + +q (U)> ( )
4 6g—2 12¢2+29—5 8¢3+26¢2 —6q — 10 + 50
= ——u(l 11— . — 2 (C5
g2(0) 45U( og ) < log v (logv)? (logv)3 (C-5¢)
16¢° +52¢ — 129 — 5(4 — 3q1) ~ 2q (12¢® + 4¢* — 174¢ + 45¢; — 24)
+ - + E 4
(logw) 3(log v)

+ QQ’I9(’[)).

The integration constants qg, q1, g2 correspond respectively to the constants 7%22, 7%12
and ﬁn in the near-boundary expansions of the response functions in eq. (B.10). This can
be deduced as follows. Combining (3.34) and (3.46), and using the expansion in eq. (3.47)
and egs. (C.1), we obtain

Ry = 1+ h1 +2Q%g2 + Ogg(e™™), (C.6a)

Ry = —2he ¥ day + Orog(e™/?), (C.6b)
1 -

RY, = —4¢?h! = —2 + m + Olpg(e™"), (C.6c)

where the last equality in eq. (C.6c) follows from the first in eq. (C.1). As in eq. (3.46),
the superscript G indicates that these response functions are obtained from eq. (3.42), not
the full on-shell action. Moreover, taking Wg =g + W%T (see eq. (3.45)) with the 7y in
eq. (3.5) gives

b = —20h{ + Olpg(e™"). (C.7)

eqs. (C.6) and (C.7), together with eqs. (C.1), suffice to show that RY,, RY, and RS,
satisfy the corresponding egs. (B.7), with the important caveat that ¢ in egs. (B.7) is
replaced by ¢, i.e. the solution that satisfies the first order eq. (C.7). Since ¢y and ¢ have
the same asymptotic behavior, apart from the values of the coefficients o and 3, R%, R%
and RgQ have near-boundary expansions of the same form as those of Ri1, Ri2 and Rao,
and hence they should have the same integration constants. This implies that qg, ¢1 and
qo are related to ﬁgg, 7/?\,12 and ﬁn, respectively, although the explicit map between these
integration constants is rather complicated.

However, the fact that R%, R% and RgQ satisfy egs. (B.7) with ¢¢ replaced by ¢,
does have implications for the boundary counterterms. We have just argued that the near
boundary expansion of RgQ is of the same form as that of Raz in eq. (B.10), but with some
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integration constant 7352 that is related to go. Since v = ¢?, eq. (C.7) implies that ¢ has a
near-boundary expansion of the form in (B.4) with

8= (7%52 /2 - 2) a. (C.8)

If we want to use R%, R% and RgQ as counterterms to renormalize R11, Ri2 and Rao,
respectively, we must set § = [y and a = «q, since these are the values appearing in
the near boundary expansions in eq. (B.10). However, eq. (C.8) then forces us to set
7?,‘232 = 4 + 2/k. This poses no problem for renormalizing Rg2, but as we pointed out
earlier, an unusual feature of the asymptotic expansions in eq. (B.10) is that R1; and Rio
contain divergences that involve 7%22, which is a dynamical quantity determined by the
near-horizon conditions. Setting ﬁ% = 4+ 2/k will thus not renormalize R; and Ris.
This is similar to cases where a source for an irrelevant operator is turned on perturbatively,
much like our 6@, and additional multi-trace counterterms are required [55]. In our case
this means RY, (v) and RY,(v) should be considered functions of R = Rag + 2 — 2(+€f)’
as well, ie. R%(’UQ;RE%H) and R%(vo; ren) where vy = @3 should evaluated on the
background. These functions can be determined by demanding they satisfy exactly the
same equations as Rq; and Ri2, eq. (B.7).

As discussed in section 3, an additional complication arises due to the logarithmic
dependence of the functions gg(v), g1(v), and g2(v) on v, which forces us to introduce
explicit cutoff dependence in the counterterms, to ensure they are local functions of the
scalar source. For example, keeping only terms that contribute to the near-boundary
divergences we set

g6 (v) = v (1/2 = 1/r) = uo, (C.9)

which suffices to renormalize the on-shell action (evaluated with §@Q = 0), as well as Rao.
We will not give the explicit expressions for the counterterms R, and RS\ here, but
they can be constructed as outlined above, and they allow us to obtain the renormalized

quantities
i = lim (€"(Ri1 + RSY)) = Ri1 + Ci1(Raz, a0, Bo),s (C.10a)
1= lim (7”63”2(7212 + R(ftg)) = Riz + C12(Raz, a0, Bo), (C.10Db)
% = lim (r’(Ra +RS)) = Ran, (C.10¢)

where Cll(ﬁgg, o, Bp) and C12(7/€22,0éo, Bo) are determined by the specific choice for the
counterterm functions.

C.2 Renormalized response functions

To determine the renormalized response functions, and hence the corresponding two-point
functions, we need to consider the variation of the one-point functions. Moreover, if we
want to allow 0Q) # 0, then the variations of the one-point functions must be considered
at a radial cutoff, and the cutoff should be removed only in the end.
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A general variation of the AdS, gauge field momentum at a radial cutoff yields

o, = =NV 8 = ~ N7 (Raadar + YRaad® + 100 R 1 )
_ —N\/j’}/’}/ (Rrendaren + ,eren(S(I) + 75(I)T”Rren ) , (C.ll)

where we have used the definitions in egs. (3.53) and introduced the renormalized response

functions
R
Raw = 3 ’ C.12
“ 1+ Raa (G5 + 2uGSt) (C.12)
ren _ Rad — Raa%\/jfy 7—1g5‘2} Z(I)JF en Root — Raa%\/—i’}/ 7_1g521 3@
“ 1+ Raq (G +2uGSt) adf 1+ Raa (G5 + 2uG5,)

Using the fact that R = 0 for solutions that satisfy ingoing boundary conditions at the
horizon, we easily find that the response functions Rgq, Ree and R, 5t are related to those
introduced in eqs. (3.30) and (3.33) as Raq = Ri1, Rad =7 "Rate, Reat =7 Raa-

However, since the one-point function associated with the AdSy gauge field is given by

ren ren

a;®™, we need to express da;® in terms of the variations of the other variables. Namely,
Say = RIS6® + RIM 501+ ——prt = (REp0® + RE 001 + R, o)
t Ra%n adT N\/TV a ) wt ot mint %% | >
(C.13)
where
Rren 1 .
;eénq’ - /YRren = <’)/Raq> - N V=7 gzgﬂraqﬂ> (1 + Olog(e ))7 (C14a)
ren Rfﬁ;‘ 1 / ct —r
WécDT = Rren = P)/RCL(I)T N guvﬂaq) (1 + Olog(e ))7 (Cl4b)
ren C C T
= e R = N (14 Raa (G5 +20G58) ) (1 + Org€™), (C.14de)

and we have used that Raqq = 1+ Ojog(e™"). These renormalized response functions at the
radial cutoff are directly related with the physical two-point functions in section 3.

Similarly, the generic variation of the renormalized scalar canonical momenta at the
radial cutoff gives

ST = —Ny/= (5@ +6(G% ) )

= —NF <R<I>T<I>6(P + R@Tqﬂé@"l + '}/ R@Taéat + 5(gCt ))

— Ny (R ( ren 5 + RIS ) + R, o, (C.15a)
STt = N/ (5@* n 5<gctqﬂ))
— Ny (R@aq» + Rppi 001 + 7 " Readay + 5(ggtqﬂ))

— Ny— (Ri2s0 + Rggfaqﬂ) + Righ, b7 (C.15b)
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where

53 = Raa + Goo(®1)? + Ogg(e™),
1ot = Roter + Gou®” + Olog(e™), (C.16)
501 = Root + (G5 +vG5,) + Orgle™),

ste = Rate + (G5 +vG5,) + Oogle™),

ont = (qu - FQ;E,WGCDT) (1+ Ogle™)),
oint = (R@a v _ge 3@) (14 Orgle™) .

These renormalized response functions at the radial cutoff are also directly related with
the physical two-point functions in section 3.

Finally using eq. (3.34) and the limits in eq. (C.10), we can remove the radial cutoff
to obtain the renormalized response functions

5 : N 1 -~
poi = Hm (r’Riai) = Reat = 1 (Re2 + 260/ 0), (C.17a)
5 : . 1 ~
pip = 1m (7 (*Riis) = Rate = Z(Rm + 280/ ), (C.17b)
. . 1 ~
5o = lim (FPRED) = Res = —(Raz — 260/ ), (C.17c)
r—00 4
5 : PN 1 ~
olot = rlggo (7“273;?@‘) = Rotepr = Z(Rm — 260/ a0), (C.17d)
-~ . _ ~ 1/~
f}?;rlé = Tlggo (re r/Zngrlg) = Rent = —3 (ng — w/ag> , (C.17e)
) : - ren ) 1 /5
pirg = M (7“6 T/Qqumg) = Ratnt = —5 (Ri’g + w/ao) : (C.17f)
~ . _ 1
Wy = Jim (reTPRED ) = Rear = —5 (RE - w/ao). (C.17g)
Sren : — ren 1
7refl<I> = Tlggo (re ST/QRqSTﬂZ) = 7rt<I> = _5 ( 12 T LU/OZ(]> (C.17h)
5 . N 1 ‘
Sy = Jim (Rif) = Regng = 7R3 (C.17i)

where 7% and 7% are defined in eq. (C.10). Egs. (C.17) are valid for the screened
phase only In the unscreened phase, the scalar’s response functions qub and quqﬂ‘ are
integration constants determined by imposing boundary conditions on the horizon, while
all other response functions vanish.

D Analytic derivation of the lowest pole in the screened phase

In this appendix we present an analytic (i.e. non-numerical) derivation of the behavior
w* oc —i(O)? of the lowest pole in the screened phase, for T < T..

In this appendix we use the metric in eq. (2.6), but with the re-scaling in eq. (5.3) to
produce dimensionless coordinates,

(z/zm,t/zH, ¢/ 20) — (2,t,2), (D.1)

— 60 —



which leaves the metric in eq. (2.6) invariant, except for h(z) = 1 — 2%/2% — 1 — 22,
so the boundary remains at z = 0 but the horizon is now at z = 1. We also re-scale
ar(z)zg — a(z), which is then dimensionless. After the re-scaling, ®(z)’s asymptotic
expansion is that of eq. (5.4),

®(2) =apzPInz+pBrz'2+ .., (D.2)

where here and below ... represents terms that vanish faster than those shown when z — 0,
and the boundary condition a@ = k8 becomes ar = kpfBr. We additionally re-scale to
produce a dimensionless frequency: wzy = w/(27T) — w. Moreover, in this appendix we
exclusively use @ = —1/2.

We introduce fluctuations of the defect fields, for example a¢(z,t) = aP(2) + das(z, ),
where aY(z) is the background solution and das(z,t) is the fluctuation, and similarly
O(z,t) = Pg(2) + 6®(2,1), and ®f(z,t) = ®f(2) + 0®!(2,t). In the screened phase,
®y(z) # 0 and @5(2) # 0. In this appendix we will assume the background solution is
real, ®p(z) = <I>8(z). Next we Fourier transform using 0y — —iw, and use the same no-
tation for the Fourier transforms of the fluctuations, for example das(z,w). Linearizing
the equations of motion about in the fluctuations then gives the fluctuation equations (the

equivalent of eq. (3.18), but in the coordinates of eq. (D.1)),

4 (w+ a?)? w + 2a?
O + 00" + =60 4 ==t Byday = 0, (D.3a)
v W o (w—a))? w —2a)
2 201 Dot o Phod 0
daf + Zda; — —g=bay + 5 (w—20}) = — 5= (w+2a) =0, (D.3c)
w228, + h [@0(5@ —sot'y — ol (60 — 5<1>T)] —0, (D.3d)

where prime denotes 0., for example ®' = 9,P.

We want the QNMs, that is, solutions for the fluctuations that are normalizable at
the boundary z = 0 and in-going at the horizon z = 1, which exist only for particular
w [99, 100]. The asymptotic expansions of the fluctuations are

0Q

oap = — +dpu+ ..., 5(1’:6aT21/210gz+5ﬁTzl/2+.... (D.4)
z

To guarantee normalizability, and specifically to guarantee that the asymptotic expansions
of the fluctuations do not have terms more divergent than the asymptotic expansions of
the background solutions, we must impose d@QQ = 0, which requires dar = k §Br, with the
same value of k as the background solution ®q(z).

We parameterize the solutions of eq. (D.3) as

5B(z,w)=h""p(2)y(z,w), 60 (z,w)=h"2p(2)yt(z,w), bai(z,w)=h"""2a(z,w),

(D.5)
where the powers of h are determined by the in-going boundary condition at the horizon,
p(2) is the background solution ®¢(z) with av = 1, so that asymptotically

1
p(z):zl/Qlogz—i—Ezl/Q—i—..., (D.6)
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and now we must solve for y(z,w), y'(z,w), and a(z,w), which must be regular at both the
boundary z = 0 and the horizon z = 1.

We want the QNM solutions for 7" near 7., where the condensate (O) o «/k is small,
or equivalently ®¢(z) is negligible. We thus treat p(z) as a small correction to the solution
in the unscreened phase, that is, we use the background solution with ®¢(z) = 0 and
Q = —1/2, where

ﬁ@):—;<—1+1>, (D.7)

z

and then determine p(z) by solving the equation of motion for the scalar, linearized about
the solution with ®¢(z) = 0 and eq. (D.7), which gives

1+i\|* [ =z 3z -1
=—|I Pii | —— D.
o (e (5. o
where P, is a Legendre function of the first kind.
When T' < T., we know from subsection 6.1 that the lowest QNM frequency w* is

near the origin of the complex w plane, and hence is also small. We thus expand y(z,w),
y'(z,w), and a(z,w) in both w and also a oc k{O),

y(z,w)= Z W' ypm(2), Z whamyl (2),  a(z,w)= Z w'a apm(2),
n,m=0 n,m=0 n,m=0
(D.9)
so that now we must solve for the coefficients ¥y (2), y};m(z), and apm(z). For n =0 and
m =0,
/ /
Yoo + [2;)9 + };L] Yoo = 0, wz? [%0 + };Laoo] =0, (D.10)

and ygo(z) obeys the same equation as ygp(z). The only solutions regular at both the
boundary z = 0 and the horizon z = 1 are yj,(z) = 0, ygol(z) = 0, and ago(z) = 0. For
higher values of n and m, the equations for the coefficients are inhomogeneous,

2 h’ I

where yjlm obeys the same equation as y,,, but with source I;Em. The sources I, and

Ap depend only on solutions at lower order in n and m. For example, I, = Irto =
0
—2% a(n—1)0, Which implies Yo = y;%, which in turn implies A, = 0. Furthermore,

Aopm = 0 so that agm, = 0. Determining the sources I, Ijlm, and Ay, is straightforward
but unilluminating, so we will not present explicit results for them. However, the most
singular behavior possible at the horizon z = 1 is I, o (z — 1)7!, and similarly for Iim
and Ap;,. As a result, solutions regular at the horizon z = 1 have the form

! 1 122 2)? Ly (2 G (2) = ——— 12@ z
Yo (2) = h(Z)pQ(Z)/z @B fan(E; sy h(z)/z v Am:]i i,2)
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where Z is a dummy variable, and y};m,(z) obeys the same equation as y,,,,(z), but with
Ly — I,Tlm. Regularity of a(z,w) at the boundary requires

1
/ dz h(2) p(2)? (101(5) - Igl(z)) —0, (D.13)
0

and a second condition, identical to eq. (D.13), but with Iy; — Ip2 and Igl — Igz. Regu-
larity of y(z,w) at the boundary requires

1
/0 dz h(2) p(2)* [w Io1(2) + w? Io2(2) + o® Io(2)] =0, (D.14)

while regularity of y'(z,w) at the boundary requires a condition identical to eq. (D.14), but
with Iy — Igl, Ipo — Igz, and Iy — I;O. However, using Isg = Igo, as mentioned above,
and the second regularity condition for a(z,w), we can show that the regularity condition
for y'(z,w) is equivalent to that for y(z,w) in eq. (D.14). We are thus left with only
eq. (D.14), which will be satisfied only for certain values of w. In particular, in our regime
of interest, with small w and «, the solution of eq. (D.14) gives the lowest QNM frequency,

(D.15)

Performing the integrals in eq. (D.15) numerically, we find w* ~ —i 17 a?. Given a o< x(0),
we have thus shown that for Q@ = —1/2, and in the T' < T, regime of the screened phase,
w* o< —i(0)?, as advertised in subsection 6.1.
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