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Abstract

Aim of this paper is to discuss convergence of pointed metric measure spaces in absence
of any compactness condition. We propose various definitions, show that all of them
are equivalent and that for doubling spaces these are also equivalent to the well known
measured-Gromov-Hausdorff convergence.

Then we show that the curvature conditions CD(K, 00) and RCD(K, co) are stable
under this notion of convergence and that the heat flow passes to the limit as well, both
in the Wasserstein and in the L2-framework. We also prove the variational convergence
of Cheeger energies in the naturally adapted I'-Mosco sense and the convergence of the
spectra of the Laplacian in the case of spaces either uniformly bounded or satisfying the
RCD(K, o0) condition with K > 0. When applied to Riemannian manifolds, our results
allow for sequences with diverging dimensions.
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1 Introduction

The notion of convergence of metric measure spaces has been introduced by Fukaya in [23]
as the natural variant of Gromov-Hausdorff convergence for metric structures endowed with
a reference measure. Fukaya’s interest was to study the behaviour of eigenvalues of the
Laplacian on smooth Riemannian manifolds with some uniform curvature bound under a
zeroth-order convergence: it turned out that the purely metric notion of Gromov-Hausdorff
convergence was not enough to obtain reasonable results, and the additional requirement of
convergence of volume measures was needed.

Since then the notion has been widely used, in particular in connection with lower Ricci
curvature bounds, and proved to be useful to handle also non smooth limits of Riemannian
manifolds (see for instance the series of papers by Cheeger-Colding [16, 17, 18] and the more
recent developments by Colding-Minicozzi [20] and Colding-Naber [21]).

Almost ten years ago, Lott-Villani on one side [33] and Sturm on the other [42], [43]
introduced an abstract notion of lower Ricci curvature bound on metric measure setting.
The notion introduced is that of CD(K, N) space, meaning of a space with Ricci Curvature
bounded from below by K € R and Dimension bounded above by N € [1,00] (in [33], for
N < oo only the case K = 0 was considered). A key feature of their definition is that it
is stable w.r.t. convergence of the spaces. From the technical point of view, there are some



differences between the presentations of such stability result in the two approaches, although
on compact and doubling metric measure spaces they produce the same convergence.

e Lott and Villani worked with proper (i.e. bounded closed sets are compact) pointed
metric measure spaces, and showed that the CD(K, N) condition is stable under pointed
measured Gromov-Hausdorff convergence. This means, roughly said, that for any R > 0
there is measured Gromov-Hausdorff convergence of balls of radius R around the given
points of the spaces (see Definition 3.24 for the precise statement).

e Sturm worked with normalized metric measure spaces with finite variance, i.e. spaces
such that the reference measure is a probability measure with finite second moment.
He then defined a distance D on this class of spaces putting

]D((Xl,dl,ml), (XQ,dQ,II’LQ)) := inf Wg((q)ﬁml, (Lg)ﬁmg),

the infimum being taken among all metric spaces (X, d) and all isometric embeddings
t1 @ (supp(my),d;) — (X,d) and ¢z : (supp(mz),d2) — (X,d). He then proved that
Curvature-Dimension bounds are stable w.r.t. D-convergence.

Given that CD(K, N) spaces with N < oo are always proper, the approach of Lott-Villani fully
covers this situation. On the other hand, the CD (XK, c0) condition does not imply any sort of
compactness, not even local, and hence to work with (pointed) measured Gromov-Hausdorff
convergence is quite unnatural in this case. At least for spaces with finite variance, Sturm’s
D distance is suitable to discuss stability of these curvature bounds, as no compactness is
required in order to work with it.

New problems arise when one considers sequences of spaces with non uniformly bounded
measures and possibly diverging dimensions or simply deals with measures whose locally
doubling constants are not uniformly bounded (as, e.g., in the infinite dimensional setting
of [11, 22, 34]). This happens when one needs to consider o-finite measures in the investi-
gations of blow ups (i.e. tangent cones at a point) and blow downs (i.e. tangent cones at
infinity), questions that have been addressed for instance in the aforementioned papers of
Cheeger-Colding and in the article of Perelman [38] in the framework of measured Gromov-
Hausdorff limits of Riemannian manifolds with uniform Ricci lower bound (let us also quote
the work of Cheeger-Tian [19] and the aforementioned paper of Colding-Minicozzi regarding
the asymptotic cone of Einstein manifolds).

Besides the issue of stability of the CD(K,00) condition, other relevant questions have
been recently considered in the framework of general metric measure spaces: they concern
the stability of the heat flow, the variational convergence of the so-called Cheeger energy
[7] and the stability of its quadratic behaviour, that is strictly linked with the infinitesimal
Hilbertian structure of the ambient space [25]: all these aspects are intimately connected
with the more restrictive notion of metric measure spaces with Riemannian Ricci curvature
bounded from below, thus satisfying the so-called RCD(K, 00) condition (introduced in [9]
and further analyzed in [10, 4, 27]). The class of RCD(K, c0) spaces has been proposed to
somehow characterize the ‘Riemannian-like’ structures: it is the subclass of CD(K, o0) spaces
where the Cheeger energy is a quadratic Dirichlet form so that the heat flow linearly depends
on the initial data.



A quick overview

The present paper provides the tools to address all these questions in great generality.

Our aim is dual: on one side we propose a notion of convergence (that we call pointed
measured Gromouv convergence, pmG-convergence in short) of metric measure structures which
works without any compactness assumptions on the metric structure and for possibly o-
finite measures, on the other we prove that lower Ricci bounds and the above mentioned
constructions are stable w.r.t. this convergence.

The structures we shall work with are isomorphism classes of pointed metric measure
(p-m.m.) spaces (X,d, m, ), where

(X,d) is a complete and separable metric space, m is a nonnegative and nonzero

Borel measure which is finite on bounded sets, and Z is a point in supp(m),
and (X1,d;, my,Z;) is said isomorphic to (X2, d2, mg, T2) provided there exists
an isometric embedding ¢ : supp(m;) — X» such that yym; = my and «(71) = Zo.

The easiest (and most powerful) way to introduce the notion of pointed measured Gromov
convergence (pmG in short) uses an extrinsic family of isometric imbeddings (see the more
detailed discussions at the end of the Introduction and in Section 3): we say that a sequence
of (isomorphism classes of ) p.m.m. spaces (X,,, dp, My, T,) converges to (X0, doo, Moo, Too) iN
the pmG sense if there exist a complete and separable space (X, d) and isometric embeddings
tn: Xy — X, n € NU{oo}, in such a way that

/god(bn)ﬁmn — /cpd(boo)ﬁmoo for every ¢ € Cps(X),

where Cps(X) denotes the space of functions ¢ : X — R which are continuous, bounded, and
have bounded support.
Our main results are

i) to show that pmG convergence can be characterized in an intrinsic way, according to
various equivalent approaches (Section 3.2 and Theorem 3.15),

ii) to prove that on doubling spaces, pmG-convergence is the same as pointed measured
Gromov-Hausdorff convergence (Propositions 3.30 and 3.33), see also below for a brief
description of these notions,

iii) to show that the curvature condition CD (K, c0) is stable w.r.t. pmG-convergence (The-
orem 4.9).

On top of this, we also prove that

iv) the heat flow, defined as the Wasserstein gradient flow of the relative entropy or as the
L2-gradient flow of the Cheeger energy, is stable w.r.t. pmG-convergence (Theorems 5.7
and 6.11),

v) the Cheeger energies of pmG-converging p.m.m. spaces are stable with respect to (a
suitably adapted notion of) Mosco-convergence (Theorem 6.8).



The points iv) and v) above are particularly important when considering the class of
RCD(K, c0) spaces, and it turns out that

vi) the RCD(K, 0c0) condition is also stable w.r.t. pmG-convergence (Theorem 7.2),
vii) in this case finer convergence properties of the heat flow can be proved (Theorem 7.7),

viii) whenever spaces satisfying a uniform weak Logarithmic-Sobolev-Talagrand inequality
are considered (e.g. when K > 0 or the diameters are uniformly bounded), the spectrum
of the (linear) Laplace operator is also stable (Theorem 7.8).

We devote the rest of this introduction to describe the main contributions in more detail
and to state the most important theorems of the paper.

Stability of the Lott-Sturm-Villani curvature condition w.r.t. pmG-convergence.

Recall that a p.m.m. space (X,d, m,z) satisfies the Lott-Sturm-Villani CD(K, co) curvature
condition if the relative entropy functional Enty, : &2(X) — R U {+o0} defined as

e 1
Bt (1) = /plogpdm if u=pm<m, plogpe L'(X,m), (1.1)

+o00 otherwise.

is geodesically K-convex: here 925(X) is the space of Borel probability measures with finite
second moment endowed with the Kantorovich-Rubinstein-Wasserstein quadratic transporta-
tion distance Wy (see Subsections 2.2 and 4.1.1 for more details). The set of p’s such that
the entropy is finite is denoted by D(Enty,).

We will show that the curvature condition CD(K,c0) is stable w.r.t. pmG-convergence
(Theorem 4.9):

Theorem I. Let (X,,dy, my,Zy), n € N, be a sequence of CD(K,00) p.m.m. spaces converg-
ing to (Xoo,doo, Moo, Too) in the pmG-convergence. Then (Xoo, doo, Moo, Too) 18 a CD(K, 00)
space as well. |

Stability of the Heat flows and Mosco-convergence of the Cheeger energies.

In a general p.m.m. space (X,d, m, ) there are (at least) two variational ways to introduce
the heat flow. Adopting the point of view of probability measures and following the approach
introduced in [30] and further developed by [5], one can consider the metric gradient flow a
la De Giorgi of the relative entropy functional Enty in (H2(X), Wa).

According to this notion, a curve p : [0,00) — D(Enty) C P2(X) is the Wa-gradient flow
of Enty, starting from fi provided it is locally absolutely continuous in (Z2(X), Wa), and

1/ 1/
Enty (1) = Enty (us) + 2/ | |? dr + 2/ D™ Ent|?(u,)dr Y0 <t<s, (1.2)
t t

where |/1;| denotes the metric speed of the curve p and |[D™Enty| : Z2(X) — [0, +0o0] is the
(descending) slope of the relative entropy Enty,. It is defined identically +o00 outside D (Enty,),
0 at isolated measures in D(Enty) and in all other cases as

_ — (Entm(,u) — Entm(u))+
D™ Ent = lim .
| ml (1) Wa (v,1)—0 Wa(p, v)



In a CD(K, o) space it is possibile to prove [7] that for every i € D(Enty) there exists a
unique solution pu; = J [ of (1.2) satisfying the initial condition pg = fi. Moreover, whenever
i = fm with f € L?(X,m), one has

G = (Hef)m

where (H;)¢>0 is the contraction semigroup in L*(X,m) generated as the L?-gradient flow (see
Subsection 5.1.4) of the convex and lower semicontinuous Cheeger energy

Ch(f) =5 [ DS dm

we refer to Section 4.1 for the precise definition of Sobolev spaces and of the weak upper
gradient |Df|, in a metric-measure framework.

It is then natural to investigate the asymptotic behaviour of the heat flows (both in the
Wasserstein and L? sense) along a pmG-convergent sequence (X,,d,,m,,%,), n € N, of
CD(K,o0) p.m.m. spaces, where we set N := N U {oco}. This is possible by adopting the
extrinsic point of view of pmG convergence, thus assuming that (X,,d,) are isometrically
imbedded in a common metric space (X, d). In this way the convergence of the p.m.m. spaces
is reduced to the weak convergence of the measures m,, and it is also possible to define a
weak /strong LP convergence for real valued functions f,, € LP(X,m,), see Definition 6.1.

We will thus prove the following stability result (Theorems 5.7 and 6.11).

Theorem II. Let (X,d,m,,Z,), n € N, be a sequence of CD(K,00) spaces, let m,, weakly
converge to My

in the duality with the bounded and continuous functions with bounded support of Cps(X),
and let (H")i>0 (resp. (HP)i>0), n € N, be the Wa gradient flows of Enty, in Po(X)
(resp. the L*(X, m,)-gradient flow of the Cheeger energy in (X,d, m,)).

If (i) C P2(X) is a sequence satisfying

fin ~3 fioo,  Entm, (fin) = Entu, (i) < 00 asn— 00, (1.3)

then for everyt > 0
AT LEN AT Ent, (" 1) — Entm_ (4" ioo) as n — oo. (1.4)

If f, € L*(X,m,), n € N, L2-strongly converges to fso € L*(X,my), then

_ 2 _
HY £, L H® foo  strongly for every t > 0. (1.5)

The L2-convergence of the heat semigroups (H?);>o in the Theorem II above is strictly
related to (a suitably adapted notion of ) the Mosco-convergence for the corresponding Cheeger
energies Ch,, (Theorem 6.8):

Theorem III. Under the same assumptions of the previous Theorem, let us denote by Chy,
the Cheeger energy induced by (X,d,m,). Then the following holds:

e Weak T — liminf. For every sequence n — f, € L*(X,,m,) L*-weakly converging to
some foo € L*(Xoo, Moo) we have

lim Chy(fn) > Choo(foo).

n—0o0




e Strong T — limsup. For every fo € L*(Xoo, M) there exists a sequence n +— f, €
L?(X,,my,) L?-strongly convergent to fo such that

The proof of some of these results would be easier under additional compactness assump-
tions (see e.g. [24] for the proof of the stability of the gradient flow of the entropy in the
compact case), that also yields the finiteness of the quadratic moment (and thus of the mass)
of the reference measure m. The crucial lower semicontinuity properties of the entropy func-
tionals simplify a lot in this setting. Part of the added value of this paper is precisely to show
that it is possible to work out the severe technical obstructions one encounters in working
without any a priori compactness and to extend the stability issues from the Wasserstein to
the L2-setting.

Spaces with Riemannian Ricci curvature bounded from below: stability of the
RCD(K, c0) condition and spectral convergence.

The above results have particularly important and enhanced applications in the case of
RCD(K,00) p.m.m. spaces, whose Riemannian Ricci curvature is bounded from below by
K (19, 4)).

As we already mentioned, the class of RCD(K, co) spaces is the subclass of CD(K, o0)
spaces where the Cheeger energy is a quadratic Dirichlet form,

i.e. there exists a symmetric bilinear form & : D(Ch) — R such that Ch(f) = 2&(f, f) for
every f € D(Ch).

It turns out that also this notion is stable w.r.t. pmG-convergence.

(Theorem 7.2):

Theorem IV. Let (X,,d,, m,,Z,), n € N, be a sequence of RCD(K,00) p.m.m. spaces
converging to a limit space (Xoo,doo, Moo, Too) i the pmG-sense. Then (Xoo, doo, Moo, Too) 18
RCD(K, ) as well.

In this case finer convergence properties of the Heat flow can be proved, obtaining a
stability result analogous to Theorem II under weak convergence of the initial data (i.e. the
assumption of the convergence of the Entropy in (1.3) can be avoided, see Theorem 7.7).

Whenever the spaces satisfy a uniform weak Logarithmic-Sobolev-Talagrand inequality
(e.g. when K > 0 or the diameters are uniformly bounded; see Definition 6.4), the (linear)
Laplace operator A,,, defined in terms of the (quadratic) Cheeger bilinear form &,:

_ / Anfgdm, = &,(f.9) V€ D(A,) C D(Ch), g € D(Ch),

has a compact resolvent and its discrete spectrum can be ordered in nonnegative monotonic
sequence 0 < A\ (Ay) < Aa(A,) < -+ < A(Ay) < -+, with possibile repetitions according
to the given multiplicities. It turns out that the spectra of A, are also stable under pmG
convergence (Theorem 7.8):

Theorem V. Let (X,,d,, m,, %), n € N, be a pmG-converging sequence of RCD(K,00)
spaces. Assume that for some a,b > 0, the spaces satisfy the wLSTI(A, B) for every n € N
(in particular if K > 0 or diam(supp(mn)) is uniformly bounded). Then

ILm Me(Ap) = M (Ax)  for every k € N.



As for the stability of the Heat flow, we stress that these results are new even in the case
of non compact proper spaces endowed with o-finite measures pointed measured Gromov
Hausdorff converging to a limit space (in particular the reader may think of a sequence of non
compact Riemannian n-manifolds satisfying a uniform lower bound on the Ricci curvature,
more generally we allow also the sequence not to have dimension bounds).

We conclude the introduction by briefly describing the different approaches to the pmG
convergence and the relations with the pointed measured Gromov Hausdorff convergence.

Pointed measured Gromov convergence: four possible approaches and their
equivalence.

There are (at least) four different ways to introduce a convergence notion for p.m.m. spaces
(for a different approach in the case of counting .7"V-rectifiable spaces, see [41]);

here we briefly recall the main ideas, for the details the reader is referred to Section 3.2
and in particular to the equivalence Theorem 3.15, showing that all the approaches lead to
equivalent definitions, which thereby characterize the pointed measured Gromov convergence.
(A) Intrinsic approach: use of Gromov reconstruction theorem. Given an integer N € N and

a continuous function with bounded support ¢ : RN*N — R we can consider the “cylindrical”
function on the isomorphism classes of p.m.m. spaces (X, d, m, Z) defined as

o[X,d, m, z] ::/Ngo((d(xi,xj))gzl)dém(m’l)dm@w1)(332,-" L TN).
X

It is clear from the above definition that ¢[X,d, m, Z] only depends on the isomorphism class

induced by (X,d,m,z). Adapting a result due to Gromov for the case of spaces with finite

mass, we shall see that the knowledge of all cylindrical functions in fact characterizes this

class, since (X1,d1, my,Z1) and (X2, ds, mg, T2) are isomorphic if and only if

e[X1,d1, my, Z1] = ¢[Xo,dy, ma, o),

for any N € N and ¢ as above, see Proposition 3.7.
This result suggests to declare that the sequence (X,,,d,, m,,Z,) intrinsically converges
t0 (Xoo, Moo, doo, Too) provided

()D[Xna dTLa mn: jn] — (P[Xoo, mom dOO? '/EOOL

as n — oo for every N € N and ¢ as above (Definition 3.8).

(B) Extrinsic approach: embedding everything in a common space.

This is the point of view we have quickly recalled at the beginning of this discussion.
We say that (X,,,dy,, my,, Z,) converges to (X0, doo, Moo, Too) if there exists a complete and
separable space (X,d) and isometric embeddings ¢, : X, — X, n € N, in such a way that

/god(bn)ﬁmn — /cpd(boo)ﬁmoo for every ¢ € Cps(X).

We shall call this notion extrinsic convergence, as it relies on the additional data (X,d) and
(tn) (Definition 3.9). Notice that a priori it is not clear that this definition is well-posed at
the level of isomorphism classes, given that the ¢,,’s are required to be defined on the whole
X,,’s rather than on supp(m,,). Yet, in practice this is not an issue: in the simple Proposition



3.10 we shall see that the domain of an isometry can always be extended provided we take
the freedom of extending also the target space.

(C) A variant of Sturm'’s distance D. As previously mentioned, in [42] Sturm worked with
metric measure spaces (X,d, m) such that m € 25(X) and introduced a distance D between
their isomorphism classes whose relation to the quadratic transportation distance Ws is es-
sentially the same that the Gromov-Hausdorff distance has to the Hausdorff distance: he
posed

]D)((Xl, dl, ml), (XQ, dg, mg)) ;= inf WQ((Ll)ﬁml, (Lg)ﬁmg),

the infimum being taken among all spaces (X,d) and isometric embeddings ¢; : X; — X,
i=1,2.

If one is working with p.m.m. spaces with controlled volume growth, it is possible to adapt
the definition of D in the following way. Say that v : [0,00) — (0,00) is a given continuous
non-increasing map and denote by X¥ the set of equivalence classes of spaces (X,d, m, Z) such
that

Jas o) < .
Then we can define the distance D¥ between X, X € X¥ as

Z . _ _
DY (X1, X2) := |log ﬁ\ +inf Wa((e1)smyy, (e2)sma.y) + d(01 (Z1), 12(Z2)),

where X; = [Xi,di,mi,ii] and

1
Z/L7w

iy = /¢(di(-,@-)) dm,  and  mig = ——g(di(- 7)) dms,
for i = 1,2 and the inf is taken among all spaces (X, d) and isometric embeddings ¢; : X; — X,
1 = 1,2, see Definition 3.11.

(D) A metric independent of chosen weights: the pointed Gromov-Wasserstein distance

In order to introduce a metric independent of a given weight we shall proceed as follows.
First we fix a non-constant bounded concave function ¢ : [0,00) — [0, 00) with ¢(0) = 0 and
notice that given a metric space (X,d), the map (x,y) — c(d(x,y)) is a bounded distance
inducing the same topology. Then we introduce the 1-transportation distance W, built on
top of it:

We(u,v) := inf / c(d(z,y)) dy(z,y), the inf being taken among all transport plans .
Now for given (equivalence classes of) p.m.m. spaces X; = [X;,d;, m;, Z;], i = 1,2, with finite
mass we can define the distance

m m
p(GéV (X1, Xq) := ’10g m;

Eﬁ;; ‘ +inf d(e1(21), L2(T2)) + We((e1)gma, (22)5mz),

where m; := m;(X;)"'m;, i = 1,2, and the inf is taken as before among all spaces (X, d) and
all isometric embeddings ¢; : X; — X.

For the general case of p.m.m. spaces of possibly infinite mass we adopt a cut-off argument
based on the fact that, by assumption, in our spaces bounded sets have finite mass. Hence



we fix a Lipschitz compactly supported function ¢ : [0,00) — [0,1] with ( = 1 on [0, 1] and
then for given X = (X,d, m,z) and k € Z we put

dmy (2) := ((d(z, )27 ")dm(z), and Xy o= (X, d, mpy,2),

and finally define the pointed-Gromov-weak distance as

1 . m
pPGw (X1, Xo) := Z o7 in {1, PG&/ (%1, x2,[k])},
kez

see Definition 3.13. Notice that the choice to let k vary in Z rather than in N is made to get
completeness of the distance pGw, see Theorem 3.17.

We shall see in Theorem 3.15 that the intrinsic convergence is equivalent to the extrinsic
one and they also coincide with convergence w.r.t. pGw and D¥ for v decreasing sufficiently
fast (see also Remarks 3.19 and 3.20). As said, we shall call this convergence pointed measured
Gromov convergence, pmG-convergence in short.

The link with pointed measured Gromov-Hausdorff convergence.

In Section 3.5, we shall analyze the relation between pmG-convergence and pointed measured
Gromov Hausdorff one (pmGH for short). For compact spaces, the latter means that we can
embed the given sequence of spaces in a common one to ensure pointed Gromov Hausdorff
convergence at the level of metrics and weak convergence at the level of measures. The differ-
ence with pmG-convergence is thus in the fact that once the isometric embeddings are made,
for pmGH-convergence both Hausdorff convergence of the metrics and weak convergence of
measures are asked, while for pmG-convergence only weak convergence of measures is im-
posed. This is why we dropped the word ‘Hausdorff” in denoting the notion of convergence
we are proposing.

Perhaps the best way to see the differences between pmG and pmGH convergences is with
an example. Thus consider the sequence n +— ([0, 1], dgucl, My, %), where dg, is the standard
metric on [0,1] and m,, := %LIHO gt (1-— %)5% As n — oo this sequence pmG-converges
to the (isomorphism class of a) (;ne—point space equipped with a Dirac delta. Yet this is
not the case for pmGH-convergence as certainly n — ([0, 1], dguc) does not converge to a
one-point space in the GH sense. What one could say in this situation is that the given
sequence converges to ([0, 1], dgycl, 0 1 %) (which is the approach we are going to choose in

Section 3.5) but the drawback of this choice is that the notion of convergence would not be
defined for isomorphism classes of spaces, but would rather depend on the portion of space
which is outside the support of the measure.

We therefore see that while pmGH-convergence always implies pmG-convergence (see
Theorem 3.30), the converse is not always true. Yet, at least in the class of doubling spaces
a behaviour like that of the example proposed cannot occur and we shall see that in this case
the two notions of convergence actually coincide (Theorem 3.33). In other words we will
prove the following result.

Theorem VI. Let (X,,dy, My, Z,), n € N, be a sequence of p.m.m. spaces. If it is converging
in the pmGH-sense then (X, dp, My, Tn) — (Xoo, dooy Moo, Too) w.r.t. pmG-convergence.

Conversely, if (Xp,dn,mp,Zn) — (Xoo,doo, Moo, Too)  w.r.t. pmG-convergence,
supp(Me) = Xoo, and all the spaces (X,,d,, my,) are c-doubling for some ¢ > 0 indepen-
dent of n, then (X, dn, My, Tp) = (Xoo, doos Moo, Too) in the pmGH sense.
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2 Notation and preliminary results

2.1 Measures and weak/narrow convergence.

We assume that the reader is familiar with the basic notions of measure theory and optimal
transport on abstract metric spaces (standard references are [3], [5] and [45]). Here we recall
the basic definitions mainly in order to fix the notation.

Given a complete and separable metric space (X, d), we denote by (X ) the collection of
its Borel sets, by .#,.(X) the set of Borel measures u : Z(X) — [0, 00] which are finite on
every bounded set, by .# (X)) the subset of finite measures p, and by Z?(X) the collection of
all Borel probability measures.

On Aj,.(X) we consider the topology induced by the duality with Cps(X), the space of
bounded continuous functions with bounded support: a sequence () C Ajo-(X) converges
weakly to oo € Moc(X) provided

lim /fdun = /fd,uOO for every f € Cps(X). (2.1)

n—o0

When i, fico € Z(X), (2.1) is equivalent to narrow convergence, i.e. convergence in .Z (X)
with respect to the duality with the space Cy(X) of bounded continuous functions:

ILm /fd,un = /fduoo for every f € Cp(X).

The following lemma provides a useful lower semicontinuity result. We set N = N U {oc}.

Lemma 2.1. Let (X,d) be a complete and separable metric space and Fy, : X — [0, 400
(resp. G : X = R), n € N, lower semicontinuous (resp. continuous and uniformly bounded)
functionals satisfying

d(xn, Too) = 0 = Fo(rso) < lim Fy(zp), Gool(Too) = li_>m Gn(xy). (2.2)

n—oo
Then for every sequence (vy) C A (X) weakly converging to ve, € A (X) it holds

/FOO dve < lim | F), du,, /GOO dvs = lim [ G, dy,. (2.3)

n—o0 n—0o0

Proof. Providing N by the usual polish topology, it is easy to check that (2.2) yields the
lower semicontinuity of the functional F' : X x N — [0, +00] defined by F(z,n) := F,(z),
(x,n) € X x N. We then consider the product measures 7, : v, X 6,, n € N: since 7, — Uno
weakly in Z(X x N) as n — co and F,, are nonnegative, we obtain

/Foodyooz/Fdﬂoog lim [ Fdp, = lim [ F, dv,.

n—oo n—oo
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The second property of (2.3) then follows by applying the previous lower semicontinuity result
to Fy(z) := Gp(z) — C and to F,(z) := C — G, (x), where C > 0 is a sufficiently big constant
such that —C' < G, (z) < C for every z € X and n € N. ]

A simple application of Lemma 2.1 yields the lower semicontinuity of second moments
w.r.t. weak convergence:

n—oo

Pn = floo Weakly in P(X), Tp, — Too = /d2('axoo)duoo < lim [ d*(,Zn) dpy.  (2.4)

Convergence in (2.4) holds if (uy,) is 2-uniformly integrable; recall that a subset K C P9(X)
satisfies this property if

lim sup / d?(-,Z)dp =0 for some (and thus every) z € X. (2.5)
R—+o00 ek BS,(z)
In this case
le fdu, = /fd,u for every f € C(X) with quadratic growth, (2.6)

i.e. satisfying
|f(z)| < A(1 + d*(x, %)) for some A >0, Z € X and every = € X.

Relative weak compactness in &?(X) can be characterized by Prokhorov’s Theorem. Let us
first recall that set X C Z(X) is said to be tight provided for every € > 0 there exists a
compact set K. C X such that

(X \ K.) <e forevery p € XK.

The we have the following classical result:

Theorem 2.2 (Prokhorov). Let (X,d) be complete and separable and let X C P (X). Then
the following are equivalent.

o X is precompact in the weak topology.
o X is tight.

o There exists a function ¢ : X — [0, +o0] with compact sublevels such that

sup/d)d,u< 0.

pneX

2.2 Transport and L?>-Wasserstein distances.

If (Y, d) is a separable metric space and t : X — Y is a Borel map, every probability measure
p € P(X) can be pushed to a measure tyu € 2(Y) by the formula (¢;u)(B) := p(t~1(B))
for every B € %(Y). If t71(B) is also bounded whenever B is bounded (e.g. when t is
an isometry), then the same formula applies to 1 € #,.(X) and defines a measure tyu €

Mioc(Y).
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Given p; € 2(X;), the set Adm(u1, u2) C Z(X1 x Xs) is the set of admissible transport
plans, i.e. the set of those « such that 7T§’7 = pi, i = 1,2, where 7!, 72 are the projections on
the first and second coordinate respectively.

By Z2(X) we denote the space of probability measures with finite second moment, i.e.

the set of those measures p € &(X) such that
/dQ(x,x) dp(z) < oo, for some (and thus any) z € X.
We endow such space with the quadratic transportation distance W5 defined as

W2 =  inf d? d .
5 (p,v) et / (z,y)dy(z,y)

It is well known that (P2(X), Ws) is a complete and separable metric space and that Wo-
convergence can be characterized as in the following proposition (for a proof, see e.g. Propo-
sition 7.1.5 in [5]).

Proposition 2.3. Let (X,d) be a complete separable metric space and (p,) C P2(X) a
sequence weakly converging to some oo € P(X). Then o € Po(X) and Wa(pin, tioeo) — 0
if one of the following holds.

o (un) is 2-uniformly integrable, i.e. (2.5) holds.
o (un) satisfies (2.6).

e for some sequence (T,) C X converging to T € X it holds

lim [ d?(-,Z,) dpy, = /d2(-,:coo)duoo < oo.

n—oo

e for some sequence (T,) C X converging to T, € X it holds

n—oo

lim [ d*(-, %) dp, < /dz(-,foo)d,uoo < 0.

Conversely, if (1n) C P2(X) is a sequence Wa-converging to some pio € P2(X), then the
sequence also weakly converges and all the four properties above are true.

In order to freely deal with all measures in &?(X), rather than in the restricted set Z(X),
it will be convenient to introduce the distance W, as follows. We fix once and for all a function
¢ € C([0,00)) such that

¢ is concave and non-constant, ¢(0) =0, dlim c(d) < oo, (2.7)
—00

typical examples being ¢(d) := tanh(d) and ¢(d) := d A 1. Then if (X,d) is a metric space,
the cost function
c(z,y) = cld(z,y)) z,y€X,

is a bounded and complete distance on X, inducing the same topology of d. The Kantorovich-
Rubinstein-Wasserstein distance W, is then introduced as

We(p,v) = inf /c(x,y) dvy(x,y), c defined as in (2.7). (2.8)
YEAdm(p1,p2)
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Recall that regardless of the choice of ¢ as in (2.7)

the space (Z(X),W,) is a complete and separable metric space (2.9)
whose topology induces the weak convergence of probability measures , '

see for instance Chapter 6 of [45] for a proof.

3 Pointed metric measure spaces and their convergence

3.1 Pointed metric measure spaces and their equivalence classes

In this paper we will deal with pointed metric measure (p.m.m.) spaces. A metric measure
space is a structure (X,d, m) where

(X,d) is a complete separable metric space, m € #jy(X), m #0 (3.1a)
and a pointed metric measure space (X,d, m, Z) is a metric measure space together with
a given point T € supp(m) C X. (3.1b)
Two metric measure spaces (X;,d;, m;), i = 1,2 are called isomorphic if there exists
an isometric imbedding ¢ : supp(m;) — Xo such that m; = my, (3.2a)
in case of pointed metric measure spaces (X;,d;, m;, Z;), i = 1,2, we further require that
UZ1) = Zo. (3.2b)

Any such ¢ is called isomorphism from X; to Xs.

We shall typically denote by X* := [X,d, m] the equivalence class of the given metric
measure space (X,d,m) and by X := [X,d, m, z] the one of the pointed metric measure space
(X,d,m,z). Also, we shall denote by X the collection of all equivalence classes of p.m.m. spaces
and by Xy, the subclass of (equivalence classes of) p.m.m. spaces with finite mass, i.e. such
that m(X) < oo.

As usual, the foundational issue concerning the possibility of considering the equivalence
classes of ‘all’ p.m.m.s. can be easily avoided via the use of Kuratowski embedding which
allows to isometrically embed any separable metric space in £*°. We won’t insist on this point
any further.

Remark 3.1 (Only the support of the measure matters). We stress that the portion of
spaces outside the support of the measures is irrelevant, so that (X,d, m,z) (resp. (X,d, m))
is always isomorphic to (supp(m),d, m,z) (resp. (supp(m),d, m)). |

In what comes next we shall need the following compactness result, which is of its own
interest:

Proposition 3.2 (Compactness of the class of isomorphisms). Let X; = [X;,d;,m;, Z;], i =
1,2, be p.m.m. spaces. Then the collection of isomorphisms from Xy to Xs, i.e. of all maps
¢ :supp(my) — Xy as in (3.2), is sequentially compact w.r.t. pointwise convergence.
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Proof. Using the fact that my is finite on bounded sets, it is easy to produce a continuous non-
increasing function v : [0, 00) — (0, 00) such that the measure m; = v (d; (-, Z;))m; has finite
mass (see for instance the explicit construction given in Proposition 3.12 below). Fix such ),
notice that the image measure mp := ¢ym; does not depend on the particular isomorphism ¢
chosen, let (1) be a sequence of isomorphisms and define ~,, := (2,1, )ym1 € (X1 x X2),
n € N, ¢ being the identity map. Then we have 7T§"Yn =m; fori = 1,2 and n € N and
given that mj, mg are tight (because they have finite mass), we easily deduce that the family
{¥n }nen is tight as well.

Thus by Theorem 2.2 we know that up to pass to a subsequence, not relabelled,
we may assume that (v, ) weakly converges to a limit plan v € Z(X; x X3). Pick
(), 24), (2f,25) € supp(y) and notice that the weak convergence of (v,) to ~ ensures
that there are (z1,,75,),(2],,25,) € supp(y,) such that (z7,,25,) — (z7,25) and
(27, 25,) — (2f,25) in X1 x X5 as n — oo. Given that by construction it holds
di(2],,, 71 ,) = da(a5,,,25,,) for every n € N, we deduce that di(z},27) = da(75, 23), i.e.
that -+ is concentrated on the graph of an isometry ¢ defined mj-a.e. with values in X5. By
continuity, we can extend ¢ to an isometry defined on the whole supp(m;), so that it remains
to show that ¢,(x) — ¢(x) as n — oo for every n € N and z € supp(my). But this is obvious,
indeed for given x € supp(m;) we can find, using as before the weak convergence of the ~,,’s,
points (z, tn(x,)) € supp(7y,,) converging to (z,t(x)) € supp(y) in X1 X X3 as n — o0, o
that we can conclude with

d2((2), tn(@)) < d2(e(2), tn(@n)) + d2(tn(@n), tn(@)) = d2((2), tn(20)) + d1(@n, ) — 0,
as n — oo. ]

The following simple lemma will be useful to adapt some results already available for metric
measure spaces (as Gromov reconstruction Theorem, see [29, 31.7] and the next Theorem 3.7)
to the case of p.m.m. spaces.

Lemma 3.3. Let (X;,d;, m;,z;), i = 1,2, be two p.m.m. spaces with equal finite mass m =
ml(X1> = mg(XQ) < 00.

Then they are isomorphic as p.m.m. spaces if and only if there exists A > m such that
(X1,d1,my + Az, ) is isomorphic to (Xo,d2, mg + Adz,) as m.m. spaces.

Proof. One implication is obvious; in order to prove the converse one, let ¢ : supp(m;) — Xo
(by (3.1b) Z; € supp(my)) be an isometry such that ts(m; + Adz,) = ma + Az, and let
y = 1(Z1) € supp(mz), n = tymy. Since t5(Adz,) = A, we have

N+ Ad, = ma + Adz,.

Since mg(X2) < A the only possibility is that y = Z and therefore my = n. O

3.2 Equivalent notions of convergence of pointed metric measure spaces
3.2.1 A) Intrinsic approach: use of Gromov reconstruction theorem

It is a remarkable result due to Gromov [29] that equivalence classes of normalized metric-
measure spaces can be characterized in terms of integral functionals depending on the dis-
tances between points. In order to first state such result and then adapt it to the case of
general p.m.m. spaces we need to introduce some notation.
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First of all we introduce the finite dimensional spaces of (pseudo)metrics in RV*V

GV = {g e RVN 1 g = (gij)1<ijen
0=gii < gji = 9ij < gin +9gn; forevery i,j,he {1, - ,N}},

endowed with the canonical product distance and topology inherited as convex subset of
RN*N: we also consider the continuous map

N XN 5 GN, iY iz = (@) i<ien & 9 = (gi)i<igen ¢ i = d(@, 25),
and the image measures
my = (j{)s(6: ® m®V V) € A, (G). (3.3)

It is immediate to check that mg only depend on the equivalence class X = [X,d, m, Z]. Those
measures naturally arise when one considers “cylindrical” integral functionals of the type

@[X] == /XN o((d(zi, 7)) N_1) ddz(@1) dm®N D (g, -+ J2y) = /GN o(g)dmy (g), (3.4)

for every ¢ € Cys(GV). In fact, for X1, Xs € X by definition one has
o[X1] = p[Xa] for every € Cps(GY), NeN < mf| =m}] for every N € N.
Remark 3.4. Notice that we could equivalently consider the map
Ny N—1 N _ i o - e
jx X0 =2 GV, ® = (@i)e<icn = (gihiigen o gij o= d(@ ) ifd =1,
and my = (5 )m&N-1), [ |

Remark 3.5. When m(X) < oo, (3.4) makes sense for every ¢ € Cp(G") and it is not
difficult to check by ‘expanding’ the product (Aéz + m)®V that the knowledge of all the
measures (mg )Nen also determines all the measures of the type

(0 +m)*Y) e.#@Y) NeN,

for every A > 0. |

A similar construction is possible for non-pointed metric measure spaces: denoting by X*
the equivalence class of (X,d,m) and given N € N and ¢ € Cps(G"), we define

FEY= [ (@)Y i e an) = [ ele) )N (9)

Gromov reconstruction theorem for metric measure spaces can then be formulated as follows,
see [29, 31.7] for the proof:
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Theorem 3.6 (Gromov reconstruction for m.m. spaces of finite mass). Let X} := [X;, d;, my],
1=1,2, be two metric measure spaces with finite mass. Assume that

O [X]] = " [X5] for every N € N and ¢ € Cye(GV).
Then X7 = X5.

The compactness given by Proposition 3.2 allows to extend the reconstruction theorem
for general p.m.m. spaces:

Theorem 3.7 (Gromov reconstruction for p.m.m. spaces). Let X; = [X;,d;, m;, z;], i = 1,2,
be p.m.m. spaces such that

©[X1] = p[Xs] for every N € N and ¢ € Cps(GY).
Then X1 = Xs.

Proof. Let ¢ : [0,00) — [0,1] be a Lipschitz cut-off function identically 1 on [0, 1], positive on
[1,2) and identically 0 on [2,00). Fix R > 0 and let (g; : X; — [0,00), i = 1,2, be given by
Cri(w) = C(di(-,7;)/R), and Zg : GV — R defined by

Zr(g) = C(%) C(%g) e C(glfN), g = (gij)1<ij<n € G". (3.5)

Now observe that
(Crimy)y, = (jg)ﬁ@@ ® (ER,imi)®N) = Zp - (m)y, VN €N, (3.6)

indeed, for every ¢ € Cp,(GY) we have

N
/ o(g) d(Cram), = / (g, 20)50) TT C(E522) (6, @ mPY)
GN XN+1 —1

— /XN+1 @((di(l‘j, .I'k))j7k)ZR((di(:Bj, wkz))j,k) d(dwl ® m®N)
~ [, #(@zalg) dm}.

From (3.6), the fact that (g ;m;(X;) < oo, i = 1,2, and taking into account Remark 3.5 we
deduce that

Gz, + Crama) ™) = G (M0, + Crama) ™),

for every A > 0, N € N and ¢ € Cps(GY). Thus we can apply Gromov reconstruction
Theorem 3.6 for metric measure space of finite mass to obtain [Xl,dl,ER,lml + Nz, ] =
[Xg,dg, ER,ng + )\5@2] for every A > 0.

Using Lemma 3.3 we deduce that there exists an isometry

LR : BQR(i'l) N Supp(ml) — B2R(j2) N Supp(mQ)

such that B B
Lr(Z1) = T2, and (tr)#(CraM1) = CRroma. (3.7)
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From the definition of ¢ R4, ¢ = 1,2, and the fact that . is an isometry we also have the
consistency property

(tr)#(Crrami) = Crromy, VR < R. (3.8)

Now let R,, 1 oo be a chosen sequence and ¢, the corresponding sequence of isomorphisms.
For any given k € N, the validity of (3.7) and (3.8) ensures that the maps {tg, }n> are iso-
morphisms of (X1, d1, (g, 1m1, Z1) and (X, da, (g, 2ama, T2), hence applying Proposition 3.2 we
deduce that there exists a subsequence of (R,,) whose corresponding isomorphisms pointwise
converge to a limit isomorphism, call it 7y, of (X7,dy, C_Rk,lml,:i"l) and (Xo, dQ,C_Rkag, T3).
By a standard diagonalization argument we can ensure that the limit map 7x does not
depend on k. Denote it as ¢ and notice that the construction and (3.7) and (3.8) grant that

UZ1) = Zo, and iy (Crami1) = (romy, VR >0,

which, by definition of g, i = 1,2, ensures that 7 is an isomorphism of (X1,d1, my,#1) and
(Xa,da, mg, T2). o

Theorem 3.7 suggests the following notion of convergence:

Definition 3.8 (Intrinsic notion of convergence of equivalence classes of p.m.m.s.). Let
Xy = [Xn,dn,mp, ] € X, n €N, and Xy = [Xoo, doo, Moo, Too) € X
We say that the sequence n +— Xy, intrinsically converges to Xoo provided:

for any N € N and ¢ € Cps(GN) we have nh_)rrgo 0[Xp] = 0] Xso)-

3.2.2 B) Extrinsic approach: embedding everything in a common space

Recalling the definition of weak convergence of measures in .#j,.(X) given in (2.1), where
(X,d) is a complete and separable metric space, we can give the following definition of con-
vergence:

Definition 3.9 (Extrinsic notion of convergence of equivalence classes of p.m.m.s.). Let
(X, dn,my, ), n € N, be a sequence of p.m.m. spaces. We say that the corresponding
sequence of classes n — X, extrinsically converges to X, provided there exists a complete
and separable metric space (X,d) and isometric embeddings i, : X, — X, n € N, such that

(tn)gmp = (too)iMoe weakly in Mioc(X),  tn(Tn) = too(Too) € SUPP((too)iMes) i1 X.
(3.9)

The system ((X,d, Ln)) 1s called an effective realization of the extrinsic convergence.

neN

Notice that a priori it is not clear that this definition is well-posed, because the isometries
L, are required to be defined on the whole spaces X,, and not just on the supports of the
measures m,, so that a priori the convergence might depend on the chosen elements in the
equivalence classes. In fact, this is not an issue thanks to the following simple result:

Proposition 3.10 (Extension of isometric immersions). Let (X,,dx,), n € N, and (Y,dy) be
separable metric spaces, I, C X,, given subsets and vg, : F, = Y isometric embeddings. Then
there exists a complete separable metric space (Z,dz) and isometric embeddings vy : Y — Z,
tx, : Xn — Z, n €N, such that

LXp|p, = LY OLE,, Vn € N.
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Proof. Put (Zyp,dz,) := (Y,dy). Then define the set Z; := Zy U (Xo \ Fp) and the distance
dz, on it by requiring dz, to coincide with dz, on (Zy)?, with dx, on (Xq \ Fp)?, defined as

dz, (7,2") :== inf dz, (2, 1p, (7)) + dx, (2, 2")
€ Fy
on Zy x (Xo \ Fy) and extended by symmetry on (Xg\ Fy) x Zp. It is immediate to check that
(Z1,dz, ) is a separable metric space, that the natural inclusion L% of Zy in Z7 is an isometry

and that the map L)Z(IO : Xo — Z7 defined as

L)Zflo(a:) = Lg(l)(l/po(x»v if x € Fy, L)Zgo(x) =z ifze Xy\ Fp,

is an isometry as well for which the identity L)Z(10| P Lg(l) o tp, holds.

Iterating the construction we produce a sequence of separable metric spaces (Z,,dz, ),

n € N, and isometric embeddings ngil, L)Z(:hl of Z,,_1, X,,_1 respectively in Z, satisfying

O"'Obg(l)OLFg-

Eventually defining Z := UpenZy, equipping it with the natural distance induced by the
inclusions of the Z,’s and taking, if necessary, its completion, we conclude the proof. ]

3.2.3 C) A variant of Sturm’s distance D

In [42] Sturm worked in the class of m.m. spaces (X, d, m) normalized and with finite variance,
these two meaning that m € Z5(X). For this sort of spaces he defined the distance D as

]D)((Xl, dl, ml), (Xg, d2, mg)) = inf WQ((Ll)ﬁml, (Lz)ﬁmg),

the infimum being taken among all metric spaces (X, d) and all isometric immersions ¢; : X; —
X, i=1,2. In fact, in the aforementioned reference the isometries ¢1, 19 were required to be
defined only on suppm;, ¢ = 1,2, but as for the case of the extrinsic notion of convergence,
Proposition 3.10 shows that it is not restrictive to assume them to be defined on the whole
X1, Xo.

The idea to define a distance on pointed non-normalized spaces is the following. We fix a

non-increasing and absolutely continuous function v : [0, 00) — (0, 00) with le P(r)=20
T o

(3.10)
and introduce the class X¥ C X of those (equivalence classes of) p.m.m. spaces (X,d, m,T)
such that

/(1 +d2(, 2)(d(-, 7)) dm < oo,

For [X,d, m,Z] € X¥ we define the normalization constant z, € (0,00) and the renormalized
measure my, € F»(X) as

Ly = /w(d(-,x))dm, dmy = ~(d(-,z)) dm. (3.11)
Zy)

Then we introduce the distance:
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Definition 3.11 (The distance D¥ on X¥). For X; := [X;,d;, m;, %], i = 1,2, with X1,Xs €
X¥ we define

]DW(DCl, :X:Q) =

log Zz' + inf (W2((L1)ﬂm1,¢a (L2)ﬁm2,1p) + d(Ll(:Z'l), LQ(@)))

the infimum being taken among all separable metric spaces (X,d) and isometric embeddings
11: X1 —> X and 19 Xo — X.

It is clear that the definition is well posed, in the sense that D¥ (X1, X2) only depends on
X1, X2 and not on the chosen elements in the equivalence class. Also, using the fact that ID is
a distance on the class of normalized spaces with finite variance (see [42]), it is immediate to
verify that DY is a distance on X¥. We omit the simple proof.

It is obvious that spaces in X¥ have a controlled volume growth. In the next statement we
show that also the converse implication holds, a fact which will turn useful later on. Notice
that in the bound (3.13) below the third power of the distance appears: this will help in the
proof of Theorem 3.15 to gain 2-uniform integrability (see also Remark 3.20).

Proposition 3.12. Let ¢ : [0,00) — [0,00) be a given continuous non-decreasing function
and [X,d,m,z] € X be such that

m(Bgr(z)) < ¢(R), VR > 0.

Define 1 : [0,00) — (0,00) as

OO 1
P(r) :—/r mds. (3.12)

Then 1 is as in (3.10), [X,d,m,Z] € X¥ and

/(1+d3(.,x))¢(d(-,x))dmg/Ooo1 L 4 < o0, (3.13)

r3

Proof. Tt is obvious that formula (3.12) defines a non-increasing and absolutely continuous
map such that lim,_, ¥ (r) = 0. Conclude using the identity

/ P(d(z, 7)) f(2) dm(x) = — /0 ) ( /B 7@ dm(cc)) dr,

valid for any such ¢ and every continuous f : X — [0, c0). O

3.2.4 D) A metric independent of chosen weights: the pGy distance

One drawback of the distances D¥ is that they depend on the chosen weight function 1. In
order to build a ‘universal’ distance we can use the distance W, (recall the definition (2.8))
in place of Wy and proceed as follows.

For two normalized metric measure spaces X; := [X;,d;, m;], ¢ = 1,2, we define

Gw (X1, X3) = inf We((e1)gmy, (e2)pma),
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where here and below the inf being taken, as usual, among all complete and separable spaces
(X,d) and isometric immersions ¢; : X; — X, i =1,2.
In case X7, X5 have finite mass, the natural variant of Gy is given by

ml(Xl)
mQ(XQ)

G{ (07, %3) = | log | (), (12)s0),

m;
m;(X;)
For pointed metric measure spaces of finite mass X; := [X;,d;, m;, %], ¢ = 1,2, we can
then consider the distance

where the measures m; := are the normalizations of m;, 1 = 1, 2.

ml(Xl)
mQ(XQ)

pG&}”(DCl, :X:Q) = ’ log ‘ + inf d(L1 (:fﬁ, L9 (i‘g)) + WC((Ll)ﬁﬁll, (Lg)ﬁﬁlg).
The fact that all these are separable distances on the corresponding classes can be seen arguing
exactly as in [42, 28], we omit the details.

For the general case of p.m.m. spaces of possibly infinite mass we adopt a cut-off argument:
fix once and for all a function

¢ : [0,00) — [0,1] Lipschitz, with { =1 on [0,1] and ( =0 on [2, c0). (3.14)

Then for given (X,d, m,z) € X and k € Z we consider the rescaled measures my) on X defined
as
dmpy (z) := C(d(x,i)Qik)dm(x), (3.15)

and the corresponding isomorphism class
x[k] = [X,d,m[k,},:i]. (3.16)
Then we define:

Definition 3.13 (The distance pGw).

1 m
pr(x/, X = Z T min {1, pGév (DC’W, /[;C])}
keZ

Knowing that pG&,n is a distance, it is obvious that pGw is a distance on X and that
pGw (X1, X2) — 0 if and only if pG@n(f)Cl,[k], X k) — 0 for every k € Z.

Notice that we are letting k£ vary on Z rather than on N: we did so to get completeness
of pGw, see Theorem 3.17.

3.3 Proof of the equivalence of the various notions of convergence

Aim of this section is to prove that the various notions of convergence previously introduced
coincide. As already said in the introduction, such equivalence is already known under parti-
cular circumstances, like compactness or normalization of the spaces and our scope is to
generalize such previously known facts. In doing so, we shall use the fact that, shortly said,
‘intrinsic convergence implies convergence w.r.t. the distance Gw for normalized spaces’ as
proved in Proposition 10.5, Proposition 10.1, and Theorem 5 of [28]. The rigorous statement
is the following;:
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Theorem 3.14. Let X} := (X,,d,, m,), n € N, be normalized metric measure spaces. As-
sume that

Jim o*[X0] = ¢ [X],
for every N € N and ¢ € Cps(GN). Then lim, o Gw (X5, X%) = 0.
We can now turn to the main result of this section:
Theorem 3.15. Let X,, = [X,,, dp, My, Ty, 1 € N. Then the following are equivalent:
(A) The sequence n — X,, intrinsically converges to Xoo in the sense of Definition 3.8.

(B) The sequence n +— Xy, extrinsically converges to X in the sense of Definition 3.9.

(C) There exists ¢ : [0,00) — (0,00) nonincreasing and absolutely continuous such that
X, € XY for every n € N and lim,, 0o D¥ (X, Xoo) =

(D) limy 00 PGW(Xy, Xoo) =0

Proof. B
(C) = (B) According to (3.11) for every n € N we define

By definition of DY we know that for every n € N there exists a complete separable metric
space (Y;,,dy; ) and isometric embeddings ¢y, t5° of (X, dy), (X0, doo) respectively in Y, such
that

1
log ﬂi ’ +dy;, (tn(Zn), by (Too)) + WQ((Ln)ﬁmmw? (Lzo)ﬂmoo,w) < ]Dw(xm Yoo) + = (3.17)
OO

Now define Y := U, .5 X,, and a pseudodistance dy on Y by declaring that

dy(y y) =
dn(y, ), if 4,4’ € X, for some n € N,

dyn(Ln(y), >y"), if y € X,, for somen € N, ¢y € X,

dy, (¢.2°(y), tn(v')), if y € Xo, v € X,, for some n € N,

mg)l(f dy, (¢2°(y), 150 (x)) + dy,, (¢22(y), 159 (x)), if y € X, v € X, for some n,m € N.
Next we identify points x,y € Y such that dy(z,y) = 0: it is readily verified that the
resulting space, which we shall still denote by (Y,dy) is separable and up to passing to
the completion we can also assume that Y is complete. By construction, the set ¢, (X,) U
19°(X o) C Y, endowed with the distance dy;, is canonically isometrically embedded in (Y, dy)
so that there are canonical isometric embeddings ¢/, of X,, into Y, n € N. We claim that
(Y,dy) and the ¢/,’s provide an effective realization of the extrinsic convergence. The fact that
dy (t,(Zn), the(To)) — 0 is obvious by (3.17) and similarly we obtain that z, ; — Zoo . For
the weak convergence of (u],)ym,, to (¢l )sme fix ¢ € Cps(Y') and notice that the boundedness
of supp(p) and the continuity of ¢ ensure that

Zoo,wso(')
P(dy (- 1o (ZToc)))

Zn,¢80(‘)
P(dy (- 6(Tn)))

uniformly converges to (3.18)

the sequence
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on supp(y) as n — oo. Therefore

. . Zn (/7 /
lim d(e, )ym, = lim / 1/) d(e,)ymy,

Zo szO /
_ ’ A( )iy = lim [ od(d)sme,
| Sty Ay = i, [ oatco

having used (3.18) and the weak convergence of (¢],)smy,  to (1l )Mo granted by the fact
that Wa((7,)5Mp,p, (th)§Meo,y) — 0 (from (3.17)) and Proposition 2.3.

(B) = (A) Keeping the same notation of (3.3), we observe that (A) is equivalent to

for every N € N the sequence m” := (jgn)u(éfn ® (mn)@’(N_l)), n €N, (3.19)
3.19
weakly converges to m% := (j)]\(foo)u((%oo ® (Moo)® VD) in 0e(GV) as n — oco.

Now notice that by (B) and Definition (3.9), there exists a separable metric space (Y, dy) and
isometries ¢y, : X — Y such that n, = (t,)ymy, and g, = 1, (ZTy) satisfy (3.9). In particular
the measures m% of (3.19) admit the representations m) = (j{¥) ﬁ(égn ® (n,)) for every
n € N, so that (3.19) follows immediately from (3.9).

(A) = (D) It is sufficient to prove that for every k € Z we have pG@”(DCn’[k],DCOQ[k]) — 0
as n — oo. Thus fix k € Z, recalling the definition of Zg given by (3.5) and set ¢k := Zorp
to deduce that <p[3Cn7[k]] = ©p [xn] for every n € N. Hence by assumption for every function
¢ € Cp(GN) we have lim,, o0 ¢[9€n7[k]] = @[36007[,6]].

Now pick A > sup,,cy My, ((Xn) and consider the (non-pointed) metric measure spaces
x;,[w i= [Xn, dn, My, 3] + Az, ]: by Remark 3.5, Theorem 3.14 and taking into account that
my, (5] (Xn) — Mo 1) (Xoo) we deduce that Gw (X7, el Lo i, ) = 0 asn — oo.

With the very same construction used to prove the 1mphcation (C)=(B) above, we can
produce a complete separable space (Y,dy) and isometric immersions ¢, : X,, = Y, n € N
such that (n)s(my, 1) + Az, ) weakly converges t0 (too)s(Mog (k] + Az )-

To conclude is therefore sufficient to show that t,(Z,) — teo(Zoo), as this would also
give that (u,)ym,, ) weakly converges to (too)jMug,(x)- But this is obvious by the choice of A.

Indeed, for r > 0 we can consider the map X, € Cps(Y) given by X, (y) :==0V (1— M)
so that

A+ Im X (tn(Zn)) > Hm [ Xe d(en)s(mp i) + Adz,) = /XT d(too)t(Meo 1] + Adzs,) = A,
n— o0 n—oo

which gives lim,, , . X (tn(Z5)) > 0 and thus limy, e d(in(Zn), Ltoo(Zao)) < 7. Being r > 0

arbitrary, the claim follows.

(D) = (C) By the assumption we have pG&”(DCn,[k}, Xoo,fk]) — 0 as n — oo for every k € Z.

Given R > 0 we can find k € Z such that R < 2¥ so that recalling the definition of the

measures mp,) given in (3.15) we deduce

lim [ 0V (1—dn(-, Br(Z,))) dm, = /0 V (1 = doo(, Br(ZTo))) dmog < o0.

n—oo

Using the bound m,,(Bg(Zy)) < [0V (1—dy(-, Br(Zyn))) dm,, valid for every n € N, we deduce
that there exists a continuous non- decreasmg ¢ :]0,00) — [0, 00) such that

supmy,(Br(Zn)) < ¢(R), VR >O0.
neN
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Now define ¢ : [0,00) — (0,00) as in (3.12) and use Proposition 3.12 to deduce that X,, € X¥
for every n € N and

[ee) 1
1 3 T T < _— =
Sup/( + dn( 7xn))¢<dn( 7xn))dmn = /0 1 T 7‘3 d?" S < o,

neN

from which it follows that

S
= 2. (3:20)
Xn\Br(Zn) Xn\BR(Zn)

[ vt am, < [ @m)ual e dn, <

for every n € N. Fix k € Z, recall that by definition of pGyw we have pGéVm(DCn,[k], Xoo,f]) = 0
as n — oo and then use the very same construction used in the proof of (C)=-(B) above to de-
duce the existence of a complete and separable metric space (Y, dy ) and isometric embeddings
tn of X, in Y, n € N, such that

lim log M + dY(Ln(jn>v //oo(a?oo)) + Wc((/’n)ﬁﬁln (k] (LOO)ﬁﬁloo [k]) =0, (3'21)
n—00 Mg 1 (Xoo) ’ ’
where dm,, ) ::_C(dn(-,icn)2_k)dmn (¢ being given in (3.14)) and m,, 1) = m,, [ (X )1 My, k]
for every n € N. In particular, the sequence of measures n (Ln)ﬁm K= Mk (Xa) -

(tn)iMy, k) Weakly converges t0 (Loo)iMoo, k] = Moo, k] (Xoo) * (oo )i Moo, k) and therefore

n—o0

lim w(dn(7jn))C(dn(7jn)2ik) dmn :/¢(doo(axoo))g(doo(axoo)2k) dm007 (3'22)

from which it follows, taking into account that supp(1 — ¢(dn (-, 7,)27F)) € X,, \ By (Z,,) for
every n € N and the first in (3.20), that

. s

We now introduce the constants z, [, (resp. z,) and the probability measures m,, ) 4
(resp. my ) as in (3.11), starting from m, ;) (resp. from m,). By (3.22) we know that
limy 00 Zn (k) = Zook],w- On the other hand, the last inequality can be rewritten as
iMoo |Zn.yp — Zoow| < 235—_2, and given that this holds for every k € Z we deduce

nhﬁngo Zpap = Zoosp- (323)
Now define p,, = %, n € N, and build a transport plan =, & € Adm(my, y, My, 3.4)

by ‘letting the mass in common stand still and uniformly distributing the rest’ or, more
rigorously, define

mn?w

{pn<1} @ (M i — m"’w‘{pnzl})‘
m””M{pn<l}(X")

Vg = ()M o)+

It is readily checked that indeed 7, ; € Adm(my, .y, m, k). Since m, ) < m,, we have
T k] < Znyap; TOTEOVET, Py = Zp /7 k), = 1 on Bok(Z,). Therefore, by construction, for
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(z,y) € supp(v,x) and & # y we have x ¢ Bor(Z,) and y € Bor+1(ZT,) and thus dn(z,y) <
3d,(z, Tp). Taking into account the second in (3.20) we deduce

VV22 (mn,d)? mn,[k},w) < / di(ﬂf, y) d7n,k (.CL‘, y)
{z#y}

< i di(,fn)¢(dn(7jn)) dm,, <
Zn”¢ X\ng (fn)

. o (3.24)
27, Vn € N,

where ¢ := sup,cx 9(2n,y) 'S (notice that ¢ < oo by (3.23) and the fact that ze, # 0).
To conclude, recall that by the same argument we used in the proof of the implica-
tion (C)= (B) (tn)ymy, [1),p weakly converges to (Loo)jMuo k) @8 m — o0 in Z(Y) and
thus, given that they have uniformly bounded support, by Proposition 2.3 we get that
Wa((n) s, (1)1 (Loo)§ Moo [k],w) — 0 as n — oo. Hence

lim Wa((en)5Muaps (boo)iMoop) < Tim Wo((en)§ My, (bn) M 1] 46)

n—oo n—oQ

— B24)  [c
+ lim WQ((Loo)ﬂmoo,[k],wa(Loo)ﬁmoo,w) < 2 ok

n—oo

In summary, choosing (Y,dy) and the embeddings {ty },cx in the definition of DY, by (3.21),
(3.23) and the last bound we get lim,, oo D¥ (X, Xoo) < 24 /5%~ Eventually letting k — +o0

we conclude. n
By virtue of Theorem 3.15 we can propose the following definition:

Definition 3.16 (Pointed measured Gromov (pmG) convergence). Let X, = [X,,, dp, My, ),
n € N. We say that the sequence n — X,, converges to Xoo in the pointed measured Gromov

sense (pmG-sense, for short) provided any of the 4 equivalent statements in Theorem 3.15
holds.

3.4 Basic topological properties of the pmG-convergence and some com-
ments

We collect here some basic properties of the space of p.m.m. spaces equipped with pmG-
convergence. We start with the following result:

Theorem 3.17. The space X endowed with the distance pGw is a complete and separable
metric space.

Proof.

Completeness. Let n — X,, = [X,,,dp,, my,, Z,] € X be a pGw-Cauchy sequence. Then for
k € Z the sequence (X, x]) C Xyp, is pG{;{,n -Cauchy. With the same gluing procedure used in
the proof of (C)=-(B) in Theorem 3.15 we can find a complete separable space (Y}, dy, ) and
isometric embeddings ¢y, 1 : X, = Y, n € N, such that

m,, 11 (X
lim logM

n,Mm—00 mm,[k] (Xm) * dYk (Ln,k(ffn), Lm’k(fm)) T Wc((bn’k)ﬁﬁnv[k]’ (Lmvk)ﬁﬁlmv[k]) = 0’

(3.25)
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the measures m,, ;) being defined as in (3.15) and m,, ;) being their normalization. In parti-
cular, we see that

the sequence n — m,, ;;7(X,,) has limit z;, € (0, 00) for every k € Z,

and that
the sequence n + ¢y, (Z,) has limit g € Y}, for every k € Z,

and from the completeness of (Z(Yy), We) (recall (2.9)) we also deduce that there exists
ny, € P (Yy) such that We(ng, (tn,k)sMn k) — 0 as n — oo. It is then clear that the sequence
of non-pointed metric measure spaces n + [X;,dp, m,, 3] converges to [Yy,dy,, zxng] w.r.t.
GL.

Now fix ¥ < k—2 and let f, : Y, = R be given by fn(z) := ((dy, (z, Ln,k(in))Z_kl_l). Let
Ui € Yy be the limit of n — ¢, 1 (Z,) (whose existence is granted by (3.25)) and notice that
(fn) uniformly converges to f(z) := C(dYk (x, gjk)Q_k/_l) from which it follows that fnipn gm, (4
weakly converges to zx fny. In other words, for ¥’ < k the space (Y%, dy, ) and the embeddings
{tn,k }nen can be used as competitor in the definition of GW([XH, iy Moy ()]s [Xms diney My, 1r]])
to check that such sequence is G@n -Cauchy. It is then clear that it converges to [V}, dy, , zj fng].

The same argument also gives

(010) (Byesa 1)) = [ fmam, = T [ £ g

2 B (B (8) = i gy (Xn) = 20 > 0,

and being this true for every k' < k—2, letting k' | —oo we obtain gy € supp(ng). This shows
that n +— X, [ converges to (Y, dg, ng, Jx) W.1.t. pG{é”.

To conclude, we need to show that there exists a p.m.m. space Y := [Y,d,n, 7] such that
Y = [Yi, dk, N, Uk], but this also follows by the above compatibility argument. Indeed, for
k" < k we know that there exists an isometry L,’:/ : (supp g, dy,,) — (suppng,dy; ) such that
(i) = Y and (F)myy = ¢(dy, (, 7x)2~* )0y, hence the conclusion follows with the same
gluing argument we already used in the proof of (C)=-(B) of Theorem 3.15.

Separability. We simply observe that the map

B:X — [ #0c(G")
N=1
X - (mg)NeN

is a homeomorphism of X with its image B(X) endowed with the product topology inherited
by [1xN—; Mioe(GN). Since this topology is separable and metrizable, we conclude that X is
separable as well. O

Remark 3.18. It is worth to underline that for any given ¢ as in (3.10), the space (X¥,D¥)
is not complete. The problem is that the condition & € supp(m) can be not satisfied in the
limit. |

Remark 3.19 (Different weight functions). In the proof of the implication (D)=-(C) of
Theorem 3.15 we used the explicit formula (3.12) for the weight function ¢ only to deduce
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the bounds (3.20). The very same arguments used there actually show that the following
slightly stronger statement holds: if n — X,, = [X,,,d,, my,, Z,] is a sequence converging to
Xoo = [Xoo, oo, Moo, Too] in the pmG-sense and ¢ as in (3.10) is such that

X, € XY, VneN, and lim Sup/ d?(-, )Y (d(-, Zn)) dm,, = 0,
Xn\Br(Zn)

R—00 peN
(3.26)
then
lim DY (X,, Xo) = 0.

n—oo

In particular, we see that if 11.19 are as in (3.10) and (1) < 1o(r) for every r sufficiently
big, then X¥2 ¢ X¥1 and

(xn)neN C XW? lim Dw (xm DCOO) =0 = lim Dlpl(xm xoo) = 0.

n—o0 n—o0

Remark 3.20 (A limit case concerning weights). In connection with Remark 3.19 above it
is worth to underline that it may happen that (X,,) pmG-converges to X, that for some v
as in (3.10) we have X,, € X¥ for every n € N, yet that D¥(X,,, X ) does not go to 0.

An explicit example in this direction is given by X,, := [R, dgucl, tin, 0], n € N, where dgyel
is the standard Euclidean distance and n — p, € P2(R) is a sequence weakly converging
t0 fioo € HP2(R) which is not Wa-converging. Then the choice ¢ = 1 produces the desired
behaviour.

It is then easy to see that if X,, € X¥ for every n € N and X,, ng Xoo but DY (X, Xoo)
does not go to 0, then for every v’ such that lim, % = 0 we have ]D)w/(xn, Xoo) — 0, as

the faster decrease of ¢’ ensures the 2-uniform integrability of the rescaled measures. |

Remark 3.21 (Distortion distances). In [44] Sturm introduced the distortion distance be-
tween normalized m.m. spaces. The induced notion of convergence of sequences of m.m.
spaces can easily be adapted to the case of p.m.m. spaces along the same lines used here.
Then Corollary 2.10 of [44] shows that for a given sequence (X,,) of normalized p.m.m. spaces
with uniformly bounded diameter, convergence in the distortion distance to a limit space X
is equivalent to pmG-convergence. |

By a diagonal argument, the characterization of Gromov-weak convergence given by The-
orem 3.15(C), and Proposition 7.1 in [28] we obtain the following compactness result.

Corollary 3.22 (Compactness). Let X, = [Xp,dp, My, Zp], n € N be a sequence of
p-m.m. spaces and let X,, ) be defined as in (3.16). (Xpn)nen is precompact in X if and
only if for every k € 7Z the sequence (xn7[k])n€N is precompact in Xy, .

In particular (Xy,)nen is precompact in X if and only if

1. for every k € Z the sequence n +— log (my,(Byr(Zk))) is bounded;

2. for every k € Z and € > 0 there exists N.j, € N and subsets X jn C Bor(Tn) C Xp,
n € N, such that my,(Bor(Zn) \ Xegpn) < € and X, ., can be covered by at most N, balls
of radius €.
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We conclude the section pointing out that the extrinsic approach to pmG-convergence is
the only one, out of the 4 that we analyzed, which relies on some additional structure: it
needs not only the equivalence classes {X,},cx, but also the space (X, d) and the isometric
embeddings {tn},,cx-

As said, we refer to such (X, d) and ¢,,’s as an effective realization of the pmG-convergence.
To choose an effective realization amounts, in a sense, to choose ‘the way the X,’s are con-
verging to Xo,’. To see this, consider the following definition:

Definition 3.23 (Convergence of points belonging to converging spaces). Let X, =
(X, dny My, Tpy| e converging to Xoo = [Xoo,doos Moo, Too] in the pmG-sense and (X,d),
{tn}nen an effective realization of the convergence.
Then we say that n — x,, € supp(my,) is converging to Too € supp(Muo) via such realization
provided
d(Ln($n)v Loo(xoo)) — 0,

as n — o0.

In other words, we are identifying (X,,d,, m,,Z,) with the isomorphic space
(X, d, (tn)gMn, tn(Zn)), n € N, and then reading the convergence at the level of points in
X.

It is possible to see that if the limit space X, admits no non-trivial automorphisms, then
such notion of convergence is in fact independent on the effective realization (this is in fact an
if-and-only-if, the argument makes use of the compactness given by Proposition 3.2, we omit
the details). Yet, in general, to fix an effective realization truly affects this convergence; to
see this just consider the case where all the X,,’s are R? equipped with the Euclidean distance,
the Lebesgue measure and pointed at the origin. It is then clear that in embedding all of
them in a common, say, R?, we are free to ‘rotate’ each one of any desired angle.

In this sense, to fix an effective realization is a non-intrinsic choice. Yet, from the technical
point of view to have at disposal the above notion of convergence of points is very useful in
order both to state and to prove results about converging sequences of spaces. Hence we shall
adopt this point of view when speaking of pmG-convergence of spaces with a lower bound on
the Ricci, see Remark 4.6. The fact that the results proven this way are intrinsic can then be
recovered noticing that they do not rely on the particular effective realization chosen.

3.5 Relation with pointed measured Gromov-Hausdorff convergence

We now analyze the relation between pmG-convergence and pointed measured Gromov-
Hausdorff convergence. The definition below is adapted from Definition 8.1.1 in [15] adding
the requirement of weak convergence at the level of measures.

Definition 3.24 (Pointed measured Gromov Hausdorff convergence). Let (X,,,dy, My, Tn),
n € N, be pointed metric measure spaces as in (3.1a,b). We say that (X,,dn, My, Tn) —
(X0, doo, Moo, Too) @n the pointed measured Gromov Hausdorff (pmGH) sense, provided for
any €, R > 0 there exists N(e, R) € N such that for all n > N(e, R) there exists a Borel map

He Br(Z,) — Xoo such that

o f’s(jn) = Zoo,

o SUD, e () [dn (@ y) — doo(fa* (@), [ (9))] < e,
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e the e-neighbourhood of f°(Bgr(Z,)) contains Br—(Zss),
Re

e (fn )ﬁ(m"’BR(in)) weakly converges to Moo| g (zacy 85T OO for a.e. R > 0.
Remark 3.25 (All the space matters). Notice the technical difference between this definition
and the one of pmG-convergence. Here the entire sets X,,, n € N, matter, and not only the
portion supp(m,). This means in particular that this notion of convergence is only defined
for p.m.m. spaces and not for their equivalence classes.

It is certainly possible to force the choice of the representative in the class by requiring
to deal with spaces (X,d, m, Z) such that supp(m) = X, but this would produce examples of
non-convergence like the one discussed at the end of the introduction. |

Remark 3.26 (Uniform vs weak convergence). Another, more important, difference between
pmGH convergence and pmG-convergence is that in the pmGH case distances are asked to
converge uniformly on bounded sets, whereas for pmG the convergence of distances is only
required implicitly via the weak convergence of measures. This means that in the pmG-case
distances are only required to converge in an appropriate weighted, or weak, sense. |

Remark 3.27. Due to the aforementioned uniform convergence on bounded sets, typically
when speaking about pmGH-convergence one assumes the spaces to be proper (i.e. bounded
closed set are compact). We didn’t do so just to keep a slightly higher level of generality, but
this is not the main point in the discussion. |

It is worth to point out that the maps ff “ in the definition of pmGH-convergence can be
chosen to be independent on R, e:

Proposition 3.28 (Equivalent definition of pointed mGH convergence). Let (X, dp, My, Tn),
n € N, be pointed metric measure spaces as in (3.1a,b). Then the following are equivalent.

A) (Xp,dp, My, Tn) — (Xoo,doo, Moo, Too) 0 the pointed measured Gromov-Hausdorff
sense.

B) There are sequences R, T 400, €, | 0 and Borel maps fp, : X;, = Xoo such that

1) fn(fn) = Too,

2) SUD, ye By, (2n) |90 (2,Y) — doo (fu(2), fr())] < en,

3) the ep-neighbourhood of fn(Br, (Zn)) contains Br, —c, (Tso),

4) for any ¢ € Cyp(Xoo) with bounded support it holds nh_}nolo Jpo fndm, = [pdms.

Proof. The implication (B) = (A) is obvious, so we prove (4) = (B). Let Ry 1 400, & | 0
be two arbitrary sequences and put Nj := N (&4, Rg). It is not restrictive to assume that
Ni11 > Ni for any k € N and that Ni T +00. Define R, T 400 and ¢, | 0 as: R,, and ¢,, are
arbitrary for n < Njp, while for Ny < n < Niy; we put R, := Ry, and ¢, := &j.

The functions f,, : X, — X are then defined as follows: f, is arbitrary for n < Ny, for
N <n < Ngy1, fo is arbitrary on Bf (Z,,) as well, while on Bg, (Z,) we put f, := ff”"a”.

Possibly redefining (R),), (£,) and (f,,) for n < Nj in order to achieve (B2) and (B3) even
for small n’s, it is readily checked that the construction gives the thesis. O

Remark 3.29. With a little bit of work one can see that if the spaces (X,,dy), n € N are
length spaces (i.e. the distance is realized as infimum of length of curves), then (B) above
can be replaced by
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B’) There are sequences R, 1 400, &, | 0 and Borel maps f, : X,, = X such that

SUP..yeBg,, (Zn) |dn (2, y) — doo (fn(2), fn(y))| < en and f(Bg,(Zn)) C Br, (%)
the e,-neighbourhood of f,,(Bg, (%)) contains B, (To)

Indeed, starting from (B) we double &, to achieve (3'), then we modify a bit f,, so that the
image of f,,(BRr, (Tn)) of Br, (Zy) is contained in B, (T~ ), in this way we achieve (2)’: this is
done by shrinking a bit the original image along almost minimizing curves connecting to .
With this procedure we alter distances of at most 3¢, thus we keep the desired convergence.

The approach (B’) is the one chosen by Villani in Definition 27.30 (third part) of [45], so
that all the stability statements proved in Chapter 29 of [45] under pointed mGH convergence
are still true in our framework provided the involved spaces are length spaces (which will be
always the case in the paper).

Let us finally mention that (B’) gives the same convergence as the Gromov-Hausdorff-
Prokhorov metric studied in [39] in case of locally compact length spaces endowed with locally
finite measures; here the authors prove that such a metric induces a structure of Polish space
on the equivalence classes of p.m.m.s. as above. [

Due to Remark 3.26, the following result is not surprising.

Theorem 3.30 (From pmGH to pmG-convergence). Let (X,,d,,m,,Z,), n € N, be
p.m.m. spaces converging to (Xoo, doo, Moo, Too) in the pmGH-sense. Then [X,,,dy, My, Ty] —
[Xoo, doos Moo, Too| w.r.t. pmG-convergence.

Proof. Let (Ry), (¢,) and (f,) as in part (B) of Proposition 3.28. Define Y := U, .5 X, and
the separable pseudodistance d on Y as

dn(ylay2)7 if Y1, Y2 GXn,

doo(ylay2)7 if Y1,Y2 € X007
d(yl’yz) = inf dn(yllayl) + doo(fn(yll)ayQ)v if Y1 € Xn7 Y2 € X007

yiEBRn(xn)

d(y2, y1), if y1 € Xoo, y2 € X

Identifying points z,y € Y such that d(z,y) = 0 and taking if necessary the completion, it is
easy to see that (Y, d) is complete and separable. Also, it holds

d(y, fu(y)) <en Yy € X, CY, such that d(y,Z,) < Rj.

By definition we have d(Z,, Too) = €n } 0.
Let us now prove that

o(r) :=supmy,(B,(Z,)) < oo for every r > 0;

Let us set € := sup,, €, and observe that choosing p(y) :=0V (r+1+¢e¢—d(y,T0)) A 1 we
have
(P(fn(y)) =1 ifye X,NBy(z,) and R, >,
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so that B4) yields

lim sup mn(BrCfn)) < hmsuP/ po fpdm, = / pdmy, < moo(Br+1+e(joo)>-
n X

n—o0 n—o0

In order to conclude our proof it is sufficient to check that
le ¢(dm, = /Cdmoo (3.27)

for every ¢ € Cps(Y). A standard approximation argument (see e.g. [5, § 5.1]) shows that it
is not restrictive to assume ¢ 1-Lipschitz. If supp(¢) C Br(Z«) and R + ¢ < R, we have

‘/(dmn—/gofndmn

(3.27) then follows by B4). O

S/ ¢ —Co fpldm, < p(R+e)e, =0 asn T oo.
BR+a(jn)

It is worth underlying the difference between ‘uniform’ and ‘weak’ convergence of distances
alluded to in Remark 3.26 with an explicit example (see also the end of the introduction).

Example 3.31. Let X, :=[0,1-1/n]U[2,2+1/n] C R and X := [0, 1], all of them endowed
with the (restriction of) Euclidean distance and Lebesgue measure. The fact that diamX,, > 2
for every n € N and diamX,, = 1 shows that there is no (pointed) mGH convergence of X,
to Xoo. On the other hand, pmG-convergence is obvious. |

Hence in general pmG-convergence does not imply pointed mGH convergence. A natural
assumption which allows to have such reverse implication is to assume the spaces to be
uniformly doubling. Recall that (X,d, m) is called c-doubling provided it holds

m(Bar(z)) < cm(Bgr(z)), Ve e X, R>0. (3.28)

Notice that the doubling condition imposed as in (3.28) forces supp(m) = X and in particular
it does not pass to the quotient to a condition on equivalence classes of p.m.m. spaces (to get
such property one could impose (3.28) only for x € supp(m)).

It is easy to see that a family of bounded and c-doubling spaces is uniformly totally
bounded (i.e. for any € there exists n. such that each of the spaces can be covered by at most
ne balls of radius €), whence the following compactness criterion holds (see e.g. Theorem
8.1.10 of [15] for a proof).

Lemma 3.32. Let (X,,dn, m,,Zy), n € N, be a sequence of p.m.m. spaces as in (3.1a),
(3.1b). Assume that for some ¢ > 0, all of them are c-doubling and there exists r > 0 such
that sup,, my, (B, (Z,)) < 0.

Then the sequence is precompact in the pmGH topology and any limit space
(Xoos oo, Moo, Too) 18 Cc-doubling as well.

Under the doubling assumption, we can show that pmG-convergence implies pmGH con-
vergence (following the lines used by Sturm in [42]).

Theorem 3.33 (From pmG to pmGH). Let (X,,,d,, my, Z,), n €N, be p.m.m. spaces as in
(3.1a,b). Assume that
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i) [Xn, dn, My, Tn) = [Xoo, doo, Moo, Too] w.T.t. pmG-convergence,
i) supp(Meo) = Xoo,
iii) for some c > 0 the spaces (Xy,d,, my) are all c-doubling.
Then (X, dp, My, ) = (Xoo, doos Moo, Too) in the pmGH sense.

Proof. Assumption (ii) and Lemma 3.32 give that some subsequence k
(X > dny, My, Ty ) converges to some (X, ,d,m, ,z. ) in the pointed measured
Gromov-Hausdorff sense.

Theorem 3.30 shows that k& +— [X,,,dp, My, Ty,] converges to [X. ,dl,ml.,z.]
w.r.t.  pmG-convergence as well. Hence (X ,d ,ml 7, ] = [Xoo,doo, Moo, Too] and re-
calling the approach to pmG-convergence given by the extrinsic approach (Definition 3.9),
Proposition 3.28 and using assumption (ii) we easily deduce that k& — (X, ,d,,,mp,, Zp,)
pmGH-converges to (Xoo, doo, Moo, Zoo)-

Being this result independent on the converging subsequence chosen at the beginning, the
thesis is proved. O

4 Stability of lower Ricci curvature bounds under pmG-
convergence

4.1 Preliminaries

4.1.1 Relative entropy

From now on, we shall only work with p.m.m. spaces as in (3.1) such that the bound
m(B,(z)) < c1e®”,  Vr >0, (4.1)

holds for some cj,cy. As we shall see in Remark 4.4 below, such restriction is fully justified
when working on CD(K, c0) spaces.

Given a p.m.m. space (X,d, m,z) as in (3.1a,b) satisfying (4.1), the relative entropy func-
tional Enty, : P5(X) — R U {+oc} is defined as

lo dm if p=pm < m,
Bt (1) = /p g(p) p=p (4.2)
400 otherwise.

To check that this is a good definition, recall that if the reference measure m is a probability
measure, then it is well known that Ent,, is lower semicontinuous w.r.t. weak convergence
and non negative. For spaces satisfying (4.1), we pick C > co and define

7= /e_CdQ(I’x) dm(z) € (0,00), sothat m:= }e—ccﬂ(.@)m € P(X). (4.3)
z

Then we observe that for 4 = pm it holds pu = zpeCdQ(”f)ﬁl and that since m € Z(X), the
negative part of plog(p) is in L'(m), so that we get

Enty (@) = Entg(p) — C / d?(-,z) dp — log z. (4.4)
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In particular, the definition in (4.2) is well-posed and Enty, is lower semicontinuous w.r.t. W.
We will denote by D(Enty) C Z2(X) the set of p’s such that Entp (1) < co.
A crucial property of the relative entropy w.r.t. probability measures is that it is jointly
lower semicontinuous w.r.t. weak convergence on the two variables, i.e.

(W), (n) € 2(X),
m, = My € Z(X) weakly = Ents_ (feo) < lim Entg (). (4.5)

n—00

fn = floo € P(X) weakly

See for instance [45, Theorem 29.20], [11, Lemma 6.2] for a proof.

4.1.2 Compactness criterions

Let (Z,dz) be a complete and separable metric space.
A useful fact that we will often use in the following is that sublevels of the relative entropy
w.r.t. probability measures are automatically tight:

Proposition 4.1. Let (Z,dy) be a complete separable metric space and let (Wy,), (un) C P(Z)
be two sequences of measures. Assume that (W) is tight and that sup, Entg (@) < oo.
Then (py) is tight as well.

Proof. Notice that r +— rlog(r) is convex and bounded from below by —%. Hence by Jensen’s
inequality, for any Borel set E C Z and for u, = p,m, it holds
11 (E) / - mn(Z\ E)
n E)l ~ < nl n d n < Entg n -
fin( )0g<mn(E)>_ P og(pn) dm ntg,, (fn) + .
Hence if sup,, m,(Ex) — 0, then also sup,, un(Er) — 0. Conclude using the tightness of
(). O

1
< sup Entﬁ‘ln (Mn) + —.
n (&

4.1.3 Geodesics

Let (Z,dz) be a complete and separable metric space and 2°,2! € Z. A curve [0,1] 3 ¢
2 € 7 is said geodesic connecting zg to z; provided zg = 2°, z; = 2! and

dz(zt,2s) = |s — tldz (20, 21), Vt, s € [0, 1].

The set of all geodesics is denoted by Geo(Z) and it is a closed subset of the complete
and separable metric space C°([0,1]; Z) endowed with the sup distance (possibly reduced to
trivial constant curves, if Z has no geodesics connecting two distinct points). We will denote
by e, : C°([0,1]; Z) — Z, t € [0, 1], the evaluation map e;(z) := z.

A geodesic (1) C P5(Z) w.r.t. the Wy distance can always be lifted to a ‘geodesic plan’
on Z(Geo(Z)) in the following sense (see [32] for a proof):

Proposition 4.2. Let (1) C P2(Z) be a geodesic in (P2(Z), Wa). Then there exists a plan
m € P(Geo(Z)) such that

(et)ﬁﬂ' = UV, Vit S [0, 1],

W2 (v, 1) = / 4% (v0, ) dre (7).
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4.1.4 CD(K, o) spaces

Definition 4.3 (CD(K,00) spaces). Let K € R. We say that a (pointed) metric measure
space (X,d,m,Z) as in (3.1a,b) with (4.3) has Ricci curvature bounded from below by K € R
provided for any p°, u' € D(Enty,) there exists a Wa-geodesic () such that g = p°, py = pt
and

K
Entn(pu) < (1= #)Ente(10) + ¢ Ente (1) = 5 #(1 = W2 (o, pi1)-

Notice that in this definition, only the portion of the space in supp(m) plays a role, because
if p(X \ supp(m)) > 0 then certainly Enty () = co. It follows that the property of being
a CD(K, o0) space passes to the quotient and is well defined for equivalence classes X*, X of
m.m. spaces and p.m.m. spaces respectively.

Remark 4.4. In the present approach, we defined the relative entropy only on spaces satis-
fying the exponential growth condition (4.3), which grants, as already noticed, that Enty, is
well defined and Ws-lower semicontinuous on (F5(X), Wa).

It would be possible to define the relative entropy functional also on general p.m.m. spaces
not satisfying (4.3), e.g. by restricting its domain of definition: if m is finite on bounded
sets, then certainly Enty, is well defined on probability measures with bounded support (see
also, e.g., [42] for a different approach). It is however important to underline that whatever
- meaningful - definition of Enty,, one chooses, on a CD(K,oc0) space (X,d,m), for every
% € supp(m) the volume function v(r) := m(B,(Z)) satisfies the exponential growth rate

v(R) < c(e,v(2e),v(2¢)/v(e)) exp ((1 + K_)R2> for every R > 2¢ > 0, (4.6)

where ¢ : [0,00) X [0,00) x (0,00) — (0,00) is a constant continuously depending on its
parameters, see the argument in Theorem 4.24 in [42]. In particular, (4.3) always holds on
CD(K, c0) spaces. [

4.2 Setting up the problem

We now discuss the stability of lower Ricci curvature bounds under pmG-convergence. To this
aim, notice that Theorem 3.33 and Remark 3.29 imply that all the curvature dimension con-
ditions CD(K, N), CD*(K, N), MCP(K, N) with finite IV are stable w.r.t. pmG-convergence
(see [43], [33], [13] for the various definitions). Indeed if (X,d, m) fulfils any of these, it is
doubling and (supp(m),d) is geodesic. Hence we can apply first Theorem 3.33 to get that
the considered sequence is converging in the pointed mGH sense, then use Remark 3.29 to
reduce to the definition of pointed mGH convergence used by Villani and finally use his stabil-
ity statements Theorem 29.25 in [45] (he deals only with CD(K, N), but the proofs directly
generalize to CD*(K, N) and MCP(K,N) - also, it should be pointed out that there are
slight variants in the definition of CD(K, N), but all of these are stable w.r.t. pointed mGH
convergence and hence w.r.t. pmG-convergence).

Therefore the only case left out of the analysis is the one of CD(K,c0) spaces, as this
condition does not enforce doubling nor any sort of local compactness. In the rest of the work
we thus concentrate on convergence of this sort of spaces.

In order to fix the ideas and the notation that will be used later on, we start with the
following simple proposition:

34



Proposition 4.5. Let (X,,,dp, my,,Z,) be a sequence of CD(K,00) spaces converging to
(X ooy ooy, Meo, Too) under pmG-convergence.
Then there exists a constant ¢y > 0 such that

my,(Br(Z,)) < c1exp ((1 +K_) R2) for everyn € N, R >0, (4.7)

and choosing ,
Y(r) :=e " with C> 14+ K_,

we have

Xp = [Xn,dn, my, Ty € XY for every n € N and lim DY (f)Cn,f)Coo) =0.

n—oo

Proof. Choosing e.g. € =1 in (4.6) and observing that

lim inf m, (B1(Zy)) > Meo(B1(ZTso)) > 0, limsupmy,(B2(Zy)) < Moo (B3(Tx)) < 00,

n—o0 n—oo

(4.6) yields the uniform bound (4.7). The other assertions follow from Theorem 3.15 and
Remark 3.19, noticing that the property (3.26) holds for the chosen . O

We collect in the next remark the main assumptions and notation that we are going to
use in the rest of the paper.

Remark 4.6 (Main assumptions and notation).

- Xy = [Xp,dp, mp, Ty, n € N, is a given family of p.m.m. spaces pmG-converging to a
limit space Xoo := [Xoo, doos Moo, Too)-

- There is a complete and separable space (X, d) containing isometrically all the (X, d,),
n € N and which realizes the extrinsic convergence as in Definition 3.9. In particular

11151010 d(Zp, Too) = 0.

- For some C > 0 we have X,, € XY for every n € N, where ¢(r) := e~ and
HW(DE,L,DCOO) — 0 as n — oo. In particular, for some ci,co > 0 all the spaces X,

n € N, satisfy the bound (4.1).

- According to (4.3), for n € N we define

- - 1 %
Ty = /e_Cd%(I’I”) dm,(z), and m,:= — o Ch (T, ¢ P2 (Xn) C Pa(X),
Zn,
so that the convergence in (X¥, DY) gives
lim z, = Zoo, lim Wa(m,, m) = 0.
n—oo n—oo

- We shall say that n — =z, € supp(m,) converges to zo € supp(ms) provided
limy, 00 d(Zp, o) = 0.
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- We shall say that n — u, € Z(supp(m,)) weakly converges to u € Z(supp(m))
provided (uy,) weakly converges to pso as sequence in &(X). Similarly for measures in
P (supp(my,)) and Wa-convergence.

Notice that we are directly assuming that (X, d) contains isometrically the X,,’s rather
than asking for the existence of isometric embeddings. Up to identifying (X,,,d,) with its
isometric image this is always possible, but this particular choice allows to avoid to introduce
the isometric embeddings ¢y, thus simplifying the notation.

In line with the discussion made at the end of Section 3.4, we also point out that although
the choice of the space (X,d) is non-intrinsic and might affect the notion of convergence of
points and measures as given above (in line with Definition 3.23), in fact all the statements
that we are going to prove are intrinsic in nature, being independent of the particular choice
made. We won’t insist on this point any further.

4.3 Stability of CD(XK, o)

We start our discussion on the stability of Ricci curvature bounds. The first result is about
so-called I'-convergence of the relative entropies w.r.t. Wa-convergence.

Proposition 4.7 (I'-convergence of the Entropies). With the same assumptions and notation
as in Remark 4.6, the sequence of relative entropies (Enty,, ) I'-converges to Enty . w.r.t. the
Wa-convergence, i.e.:

o ' —liminf for any peo € P2(Xs) and any sequence (uy,) such that Wa(pin, proo) — 0
we have

Entmoo (Hoo) < lim Entmn (:un)’

n—o0

o I' — limsup for any pieoc € P2(Xo) there exists a sequence () such that Wa(pin, pioo) —
0 and

Enty, (:U’oo) > 1L7m Enty,, (,Un) (48)

Proof.

[-liminf. Let (u,) C Z3(X) be a sequence Wh-converging to some o € Po(X). By
Proposition 2.3 we have [d?(-,Z,,) duy — [ d?(-, Zoo) dtoo. Thus from (4.4) and the fact that
Zn — Zoo € (0,00), to conclude it is enough to check that

n—0o0

which follows by (4.5).
I'-lim sup. Using (4.4) and z, — Zo, to conclude it is enough to prove that for any pe €
P5(X) there exists a sequence (puy,) C P2(X) Wa-converging to (i and such that

fim Ente, (4n) < Enta (j100).

n—o0

The proof of this fact is not new (see for instance [11, Lemma 6.2]), but for completeness let
us recall the arguments.
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If Ents_ (fteo) = 00 there is nothing to prove. Thus we can assume that g < M. Let
loo = pPMys and assume for the moment that p is bounded.

For any n € N, let v, € Opt(Mu,m,) be an optimal plan. Define v/, € P(X?) as
Ayl (z,y) == p(x)dvy,(z,y) and p, = 7r§7;1 € P5(X). By construction, vy, < 7, hence
P K W?‘yn =m,. Let u, = nym,. It is readily checked from the definition that it holds

= [ p(z)d(~,)y(x), where {(v,,),} is the disintegration of v, w.r.t. the projection on
the second marginal. By Jensen’s inequality applied to the convex function u(z) = zlog(z)

we have
Bt un) = [ (i) dity = / " ( / p(z)dm)y(a:)) ()

< f[terstoirsno = [ iporon e

~ [ute)ani, - / u(p) difos = Pt (jioo).

Since by construction we have v, € Adm(fio0, fin), it holds

W2 (oo fin) < / &(z,y) dv, (z,y) = / p(2)d2(z, ) dyn (2, ) < (U ) WE (e, 1),

and therefore Wa(fico, ttn) — 0. Thus in this case the thesis is proved.
If p is not bounded, for k € N define p* := ¢ min{p, k}, cx being such that u* := p*m., €
P5(X). Clearly, it holds

lim Entg_ (1*) < Entg_ (4oo), klim Wa(p, poo) = 0.
—00

k—o00
Then apply the previous argument to p* and conclude with a diagonalization argument. [
We shall also make use of the following general 2-uniform integrability criterion:

Proposition 4.8. Let (Y,d) be a complete and separable metric space and (i), (Vn) C Po(Y)
two 2-uniformly integrable sequences. Assume that for every n € N there exists a Wy-geodesic
L= pngt connecting pi, to vp.

Then the family {fint}nentelo,1) 15 2-uniformly integrable.

Proof. For every n € N, let mw,, € #(Geo(Y)) be a plan representing the geodesic t — iy, + as
in Proposition 4.2. Clearly it holds

/ d(Z,-) dpin ¢ _/ d?(z,y) dm,(y), VR>0, te[0,1], neN. (4.9)
7(@) {7:d*(@70)>R}

The trivial inequality
d(’Yt, ) 2(d(707j)+d(71,j”))5
ensures that {y:d(v,z) > R} C A% U A}, where A%, A}, C Geo(Y) are given by

(71, 7)},
(70,7) }-

A% ={y : d(v0,2) > R/4, d(70,2)

>d
Al = {’y : d(y1,Z) > R/4, d(’yhx) >d
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From the bound
d(7¢,2) < 2(d(70,2) + d(71, 7)) < 4d(10,2),  Vy € AR,

we get

/

Arguing symmetrically for A}% and taking (4.9) into account we obtain

/ d*(Z, ) dpns < 16/ d*(-,z) dun+16/ d?(-,z) dvy,
Bj,(2) 6/a(@ Bf/4(@)

R/4

¢ (1, 7) dmp(7) < 16 /

d?(v0,Z) dmp(v) < 16/ d?(-, ) dpup.
A

R R Bgya(@)

for any R > 0, t € [0,1], n € N, and the conclusion follows from the 2-uniform integrability
of (tn), (¥n)- O

With these tools at disposal, we can now prove the general stability of the CD(K, o0)
condition along the same lines used by Lott-Villani [33] and Sturm [42]:

Theorem 4.9 (Stability of CD(K,0)). Let X,,, n € N, be a sequence of CD(K,o0)
p.m.m. spaces converging to Xoo in the pmG-convergence. Then Xoo is a CD(K, 00) space as
well.

Proof. By Proposition 4.5, without loss of generality we may use the assumptions and notation
of Remark 4.6.

Let fioo, Voo € D(Enty ). Use the I' — lim inequality in Proposition 4.7 to find sequences
(), (V) C P2(X) which Wa-converge t0 fioo, Voo respectively and satisfy

lim Enty, (ttn) < Entn (fo), lim Enty, (v,) < Enty_ (Voo (4.10)
n—oo n—o0

In particular, for n large enough we have p,, v, € D(Enty, ), thus by assumption there are
Wa-geodesics t +— pu, ¢ connecting ji, to v, such that

K
Entp,, (ttnt) < (1 — t)Enty,, (1) + t Enty, (v,) — Et(l — t)WQQ(/Ln, Un)- (4.11)

Therefore, for n large enough the values of Enty,, (ftn¢) are uniformly bounded in n,t. Since
the second moments of p,; are also - clearly - uniformly bounded in n,t, from (4.4) and
Zn — Zoo € (0,00) we deduce that the values of Entg (fin¢) are uniformly bounded in n,t,
as well. Hence by Proposition 4.1, for every ¢ € [0, 1] the sequence n + p,; is tight. From
Proposition 4.8 we also know that it is 2-uniformly integrable, thus it is relatively compact
in (Z2(X),Ws) (Theorem 2.2 and Proposition 2.3).

Since geodesics are equi-Lipschitz, applying the metric version of Arzela-Ascoli Theo-
rem we find a subsequence ny 1T 400 and a limit geodesic (toos) C F2(X) such that
Wa(ting, ts Poot) = 0 as k — oo for every t € [0,1]. Hence the I —lim inequality in Proposition
4.7 yields

lim Enty,, (ftn,t) > Entm_ (feo,) for every ¢ € [0,1]. (4.12)

k—o00
The inequalities (4.10), (4.11) and (4.12) give
K
Bt (ftoo1) < (1= )b, (f1o0) +  Entm g (voo) = (1 = W5 (oo, Voo),
for any t € [0, 1]. O
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5 Compactness and stability of the heat flows

Aim of this section is to show that the gradient flow of the relative entropy is stable w.r.t. pmG-
convergence under a uniform CD(K, co) condition. We call such gradient flow ‘heat flow’ by
analogy with the common Euclidean setting.

5.1 Preliminaries
5.1.1 Absolutely continuous curves

Let (Z,dz) be a complete separable metric space and I C R a non trivial interval. A curve
I 5t 2z € Z is absolutely continuous (resp. locally absolutely continuous) provided there
exists a function f € LY(I) (resp. in L} (I)) such that

loc
dz(zt, 25) < / f(r)dr, Vt,sel, t<s. (5.1)
t

For absolutely continuous (resp. locally a.c.) curves, the limit limj_, w exists for

a.e. t € I, defines an L*(I) (resp. L}, (I)) function denoted by || called metric speed, and
it is the minimal function - in the a.e. sense - that can be put in the right hand side of (5.1)
(see Theorem 1.1.2 in [5] for a proof). We denote by AC(I; Z) (respectively ACP(I;Z)) the
space of all absolutely continuous curves (resp. with metric derivative in LP(I)).

The map

.2 . 2
at, f~ e AC(I: ),
O(1,Z) 3 7 Es]n] = /I’%’ ify e ACULZ)
400

otherwise,

is lower semicontinuous. In the following we will often write the expression |’ 7 |4¢|? dt even for
curves ¥ not absolutely continuous, in this case the value will be understood as +oo implicitly.

Given an absolutely continuous curve u € AC(I; (P2(Z), Ws)), we will denote by |f| its
metric speed in the space (P2(Z2),Ws). If m € 2(C(1,Z2)) is a plan satisfying (e;)ym = 1
for any ¢ € I, it is easy to see that it holds

/I el dt < / &57] dre (7). (5.2)

In [32] it has been showed that with an appropriate selection of 7 equality can hold in (5.2):
Proposition 5.1. Let (Z,dz) be complete and separable and p € AC*(I;(Py(Z),Ws)). Then
there exists m € P (C(I,Z)) such that
eim = foranyte 1, [ ljuP = [ ) amy). (5.3)
I

5.1.2 Bits of Sobolev calculus

In what follows (specifically, Proposition 5.12), we will need to deal with a little bit of Sobolev
calculus. Here we recall the basic definitions and facts used later.

There are several, equivalent, definitions of Sobolev functions from a metric measure space
(X,d,m) to R: we consider here only the case p = 2 following the approach proposed in [7];

39



we refer to [8, 1] for the case of a general summability exponent p € [1,00) and to [25] for
further developments and a deeper analysis of the duality relations between weak differentials
and gradients in metric measure spaces.

Definition 5.2 (Test plans). Let (X,d, m,z) be a p.m.m. space as in (3.1a,b). We say that
e Z(C(0,1],X)) is a test plan provided there exists a constant ¢ > 0 such that

(er)pm < em  for every t € [0,1], /EQ[W]dTr(’y) < 0.

Definition 5.3 (Sobolev class and weak upper gradients). Let (X,d,m,Z) be a p.m.m. space
as in (3.1a,b) and let f : X — R be a Borel function. We say that f belongs to the Sobolev
class S?(X,d, m) provided there exists G € L*(X,m) such that

1
/ [f(71) = f(o)|dm(y) < //0 G(ve) |y | dt dme (=), for every test plan .

Any such G is called weak upper gradient of f.

It turns out that this notion is invariant with respect to modification of f in m-negligible
sets and for f € S?(X,d, m) there exists a minimal - in the m-a.e. sense - weak upper gradient
G, which we will denote by |Df]|,. Notice that if f: X — R is Lipschitz, then certainly the
function identically equal to the Lipschitz constant Lip(f) of f is a weak upper gradient, so
we get the inequality

IDf|w < Lip(f), m—a.e.. (5.4)

Basic calculus rules are
ID(ef + B9g)|w < || Df|w + [BDglw,  Vf,g€S*(X,dm), o, B ER,
ID(f9)lw < |fIIDglw + |9[Dflw,  Vf € S*X,d,m), g Lipschitz,

these inequalities being valid m-a.e..
The Sobolev space W12(X,d, m) is then defined as L?(X, m) N S?(X,d, m) endowed with
the norm

(5.5)

1312 = 1172 + IDflllZ2-

Notice that in general W12(X,d, m) is not a Hilbert space (consider for instance the case
of finite dimensional Banach spaces). In particular, in general there is no natural Dirichlet
form on L2(X,m). The potentially non quadratic object which replaces the Dirichlet energy
is called - following [7] - Cheeger energy: it is the lower semicontinuous and convex functional
Ch: L*(X, m) — [0, +oc] defined by

1 , ,
i d 3 [IPrRdm, i e S dm), 56
+o00

otherwise.

Notice that the notions of (minimal) weak upper gradient and of Cheeger energy are invari-
ant under isomorphisms of p.m.m. spaces, in the sense that if (X;,d;, m;,z;), i = 1,2 are
isomorphic according to (3.2) then

Chx,(f ot) = Chy,(f) for every f € L*(Xo,my).

As usual, in the following we will follow the notation of Remark 4.6 and deal with spaces
(Xn,dn, my, Z,), n € N, which are all subspaces of a common space (X,d). In particular,
the spaces (X,d, m,,Z,), n € N, are isomorphic to (X, d,, My, Z,) and we will consider the
Cheeger energies Ch,, : L?(X, m,,) — [0,00], n € N.
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5.1.3 Ws-Gradient flow of the entropy

Let (X,d,m,Z) be a p.m.m. space as in (3.1a,b) satisfying the growth condition (4.7). The
(descending) slope |D™Enty| : &2(X) — [0, +00] of the relative entropy Enty, is defined as
identically +oo outside D(Enty,), as 0 at isolated measures in D(Enty) and in all other cases

as
_ — (Entw(p) — Entu(v)) "
D™ Ent = 1
| ] (1) WQ(;,IB)ao Wo(u,v)

)

where by (-)™ we intend the positive part.
If (X,d,m,z) is a CD(K, 0c0) space for some K € R, the slope admits the representation

_ +
Entm(vl{i/i(u,]il;tm@) n ng('u, y)) for every u € P(X), (5.7)

|ID”Entp|(@) := sup <
VEW

see [5, Chap. 2] which shows in particular that
If (X,d,m,z) is a CD(K, 00) space, then |D™Enty| is Wa-lower semicontinuous.  (5.8)

A deep result obtained in [7] is that on CD(K, c0) spaces the slope admits the representation
formula

2
D™ Entw|2(pm) = 8Ch(y/7) = / DALy g (5.9)
{p>0y P

which is the standard representation formula for the slope of the entropy in terms of the
Fisher information, well known in a smooth setting.

Another non trivial consequence (see Corollary 2.4.10 in [5] for a proof) of the K-geodesic
convexity of Ent,, is that the slope is an upper gradient for Enty,, i.e. it holds

1
Bt (1t0) — Bty (111)] < / oe||D~ Ent] (10) dt,
0

whenever (p;) C D(Enty), t € [0, 1], is an absolutely continuous curve. In particular, for any
locally absolutely continuous curve (u;) C D(Enty,) defined on some interval I C R it holds

1 [ 1 [°
Entpy (1) < Enty(ps) + 2/ e |2 dr + 2/ D™ Entw|? () dr, Vi,sel, t <s. (5.10)
t t

Gradient flows are defined as those curves for which equality holds:

Definition 5.4 (Gradient flow of the relative entropy). Let (X,d,m,z) be a CD(K, c0) space
and i € D(Enty). A curve p: [0,00) — D(Enty) C Po(X) is the Wa-gradient flow of Enty
starting from [ provided it is locally absolutely continuous in (P2(X), Wa), po = i and

1 /[ 1 [
Enty (p¢) = Ente (us) + 2/ || dr + 2/ D™ Entw|?(u,)dr V0 <t <s. (5.11)
t t

Thanks to (5.10), (5.11) is equivalent to

17 17T
Entm (i) > Enty(ur) + 2/ |fe]? At + 2/ D" Entm|?(u¢) dt  for every T > 0. (5.12)
0 0
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We remark that this definition is invariant under isomorphisms of p.m.m. spaces, since it
just involves the distance and measures in the domain of the entropy: notice that, with the
notation of (3.2),

Entm, (tp) = Enty, (1) for every p € P2(X1), p < my.

Therefore the property of being a gradient flow of the entropy is not affected if our space
(X,d,m, z) is isometrically embedded into some bigger space X as in Remark 4.6.

The following theorem collects some of the main properties of the gradient flow of the
entropy and a useful a priori estimate.

Theorem 5.5. Let (X,d, m,Z) be a CD(K,00) p.m.m. space. Then for every i € D(Enty)
there exists a unique Wa-gradient flow p, := 6, t > 0, of the entropy starting from . The
curve (ug) has also the following properties:

|fte| = | D™ Enty| (1) for a.e. t >0, (5.13)
t— X D™ Enty| (1) is lower semicontinuous and non increasing. (5.14)
Moreover, if C> 1+ K_ so that (4.3) holds, and T := 8%, then
1 (T
2/ |f1¢)? dt < 2Enty (1) + 4C/d2(-,x) dji + 2log(z). (5.15)
0

Proof. Here we limit to check the estimate (5.15), referring to [7] for a proof of the main part
of the statement (see also [6] for a survey in the case of compact spaces).
By definition of gradient flows and (4.4) we know that

1 [T 1 [T
Butm(j0) 2 Entm(ur) + 5 [ |iuf? dt = Bnta(ur) = € [ () dpor ~log(a) + 5 [ i at.
0 0

We also have the simple bound

T 2 T
/ d2<~,x>dw=w§w,5x>s(szo,am / |m|dt) < 92 (0, 6s) + 2T / ue|? dt
0 0

1 T
2 [@lapdnt e [P
ac J, "™

(5.15) comes from these two inequalities taking into account that Enti > 0, since m is a
probability measure. O

5.1.4 [L?-gradient flow of the Cheeger energy

The main identification result of [7] shows that in CD(K, co) spaces the Wasserstein gradient
flow of the entropy coincides with the L2-gradient flow (H:);>0 of the Cheeger energy: the
latter is the semigroup of contractions H; : L*(X,m) — L?(X,m) whose trajectories f; =
H:f, t > 0, belong to Lipy,.((0,00); L?(X, m)) and are the unique solution of the differential
inclusion (see e.g. [14] and [7, §4])

d _
&ft + 9Ch(ft) 20 a.e. in (0, 00), ltiﬁ)lft =f in L*X,m).
AOCh(f) denotes the (possibly multivalued) subdifferential of Ch in L?(X,m), it is a convex

subset of L?(X,m); when OCh(f) is not empty, its element of minimal norm defines the
Laplacian Agy, of f.
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Theorem 5.6 ([7], Thm 9.3). Let (X,d,m,z) be a CD(K,c0) p.m.m. space. If i = fm €
Po(X) with f € L*(X, m) then

A= (Hf)m  for every t > 0.

5.2 Convergence of Heat flows in the general non linear case
This section is devoted to the proof of the following general convergence result:

Theorem 5.7 (Convergence of heat flows). Let X,,, n € N, be a sequence of CD(K, o) spaces
converging to a limit space Xoo in the pmG-sense. Then with the notation of Remark 4.6 the
following holds.

Let (fin) C P2(X) be such that

_ _ _ Wa _
Entmn (Nn) - Entmoo (//’oo) < o, Hn —2> Moo, (516)

as n — oo. Then the solutions p,; = ¢, (fin), t > 0, of the Wy gradient flow of Enty,,
satisfy

ot Wa, oot for every t > 0, (5.17a)
Enty,, (ttnt) — Entm (ftoo t) for every t >0, (5.17b)
D™ Enty,, |(ttnt) — D™ Entm_|(foo,t) for every t € (0,00) \ 8, (5.17¢)
|fin,t] — |froo,t] for a.e. t >0, (5.17d)
where 8 is the set (at most countable) of discontinuity points of t — |D™Enty_|(ftoo,)-

We split the proof of Theorem 5.7 in various steps.

Tightness and compactness results

Lemma 5.8. Let ¢ : X — [0,400] be a function with compact sublevels. Then for every non
trivial interval I = [a,b] C R the functional ¥ : C(I,X) — [0, +00] defined by

12 - 2/7.
Vo) = [0+ ] - [ (o0 +rR)ae iy e ackx),

400 otherwise,

has compact sublevels on C(I,X) (recall that the latter is endowed with the sup distance).

Proof. Since €3]] is a l.s.c. functional, Fatou’s Lemma and the lower semicontinuity of ¢ on
X ensure that ¥ is lower semicontinuous on C(1, X).

Let (v") € AC?(I; X) be a sequence satisfying ¥(7") < C' < oo. The bound &[] < C
easily yields the Holder equicontinuity estimate

d(y7ip. 1) < VCh, whenever a<t<t+h<b. (5.18)

By [40, Theorem 2, (1.24)] (y™) is relatively compact with respect to the convergence in
measure: in particular, we can find a subsequence (y*), a .#!-negligible set N C I, and a
limit curve v : I\ N — X such that limg_, d(7;"*,77°) = 0 for every t € I\ N. The uniform
bound (5.18) shows that v is also 1/2 Holder continuous, it can therefore be extended to I
by the density of I \ N and the completeness of X, and the resulting convergence of v to
~4*° is uniform. O
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Proposition 5.9 (Compactness in Z(C([0,T),X))). Let (fin) C P2(X) be such that

sup Enty,, (fin) < 00, sup/dZ(-,:cn) dfi, < 00, (5.19)
neN neN

and let pnt = H1(fn), t > 0. For every 0 < T < 8% the sequence of plans m, €
2(C([0,T),X)) associated to the absolutely continuous curve [0,T] > t — p, via Propo-
sition 5.1, is tight in 2(C([0,T), X)).

Proof.
Step 1: tightness of {1, }n . Taking into account that ¢ — Enty,, (tn¢) is non increasing
and (4.4), for any t € [0,T] we get

Entg,, (tin,t) = Entu,, (tin,t) + CW3 (fint, 0z, ) + log(zy)
+ 2
< Bt (1) + € (Walinsdz,) + [ linalds) + log(a)
0

T
< Enttu, (fin) + 2CW2 (fin, 6s,) + 2CT / il ds + log(zn):
0

Hence from the bound (5.15), assumption (5.19) and the fact that sup, log(z,) < oo we
conclude that
sup Entg, (pn:) < o0,

neN
t€[0,T

and the tightness of {/in.¢tnen ecfo,7] follows from Proposition 4.1.
Step 2: tightness of (m,). Since the set {iin¢}ic(0,1],nen is tight, by Theorem 2.2 there
exists a function ¢ : X — [0, +oc] with compact sublevels such that

sup /T/Jdﬂn,t < 0. (5.20)
t€[0,T],neN

Define ¥ : C([0,7], X) — [0,400] by ¥(vy) := E2[y] + fOT () dt. Lemma 5.8 ensures that
the sublevels of ¥ are compact in C([0,7], X ). Using (5.3) we get

[wam= [ vonarame+ [emanae = [ ([ ot a

The right hand side of this expression is uniformly bounded in n thanks to (5.20) and (5.15),
thus the conclusion follows by Prokhorov’s Theorem 2.2. O
[-liminf estimates

The next two propositions are valid without any Ricci curvature assumption (but still assu-
ming the growth condition (4.7)) and are of independent interest.

Proposition 5.10 (I'-lim for Entropy + second moment). With the same assumptions and
notation of Remark 4.6, let (u,) C P2(X) be a sequence weakly converging to some fiono €
Py(X). Then

Entm. (Hoo) + C/dQ(Hi‘OO) dpioe < lim (Entmn (n) + C/dQ('afn) dﬁ‘n> .

n—o0

44



Proof. Direct consequence of (4.4), z, — z~ and (4.5). O

Proposition 5.11 (I'-lim for kinetic energy minus second moment). With the same assump-
tions and notation of Remark 4.6, let T < ;= and (m,) C 2(C([0,T],X)) a sequence weakly
converging to some wo, € P(C([0,T],X)). Assume also that

(e0)ymn € P(X), Vn €N,  with  Wa((eo)smn, (e0)sToo) — 0.

Then

/(;82[7] - Cd?(w@@) dmeo(v) < lim (%82['7] - Cd?(w@m)) dmn(y).  (5.21)

n—oo

If we further assume that

T T
lim // HtIthdﬂ'n(fy):// Hl2 dt drras (7) < o0, (5.22)

then (e)ymy converges to (eq)sToo in (Po(X), Ws) for any t € [0,T].

Proof. Let F, : C([0,T], X) — [0, +0c0], n € N be the ls.c. functionals given by

1
Faly) = 5&20] - Cd*(yr, Tn) + 2Cd* (70, Zn).-
Since T,, = Too, We easily get

sup d(Yn,t, Yoo,t) = 0, = Foo(o0) < lim F, ().

t€[0,T] n

We claim that the F},’s are non negative. Indeed, from 7" < i we have

T 2 T
1
CdQ(fyT,fn) <C (/ |9¢| dt + d('yo,xn)) < 2/ 1%12 dt + 2Cd2(,yo,ggn).
0 0

Therefore applying Lemma 2.1 with C([0,7], X) in place of X, v, := 7, and recalling that
(€0)ymn — (€0)§T o in (F2(X), W3) by assumption, we get (5.21).

For the second part of the statement, notice that the lower semicontinuity of the kinetic
energy and assumption (5.22) give that lim, o ffg |9s|2dsdm,(v) = ffg [s|% ds dmr oo (7y) for
any ¢t € [0,7]. Hence, up to diminishing 7', we can assume without loss of generality that
t =T. Now observe that the positivity of F,,, (5.21) and (5.22) give

—0 < —C/d2(-,xoo)d(eT)ﬁ7roo < lim —C/d2(~,1:n)d(eT)ﬁ7rn.

n—oo

The weak convergence of 7, to 7 gives the weak convergence of (er);m, to (er)sTo, thus
the conclusion comes from Proposition 2.3. O

In the next proposition, to get the I'-lim inequality for the slope, the uniform lower Ricci
curvature bound plays a crucial role.
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Proposition 5.12 (I-lim for the slope). With the same notation and assumption as in
Remark 4.6, assume furthermore that for some K € R the spaces X, are all CD(K, 00) spaces
(so that by Theorem 4.9 also the limit space X is a CD(K, 00) space).

Then for any sequence n — p, € Po(X,) weakly converging to some o € P2(X) it
holds

ID™Entm, [(tieo) < lim [D™Entew,, |(4n)-
n—oo
Proof.
Step 1: From weak to W, convergence. For R > 0, let hg : R™ — [0,1] be given by
hr(z) := max{{min{2 — z/R, 1},0} and define the 1/R-Lipschitz functions X,, g : X — [0, 1],
n €N, as Xp r(7) := hg(dn(z,7,)).

Clearly, for some Rg,ng, the probability measures pioo g = Coo,Rng RpMoo and p, g =
Cn, RX% pin are well defined for any R > Rg and n > ng, where c g, ¢, g are the normalization
constaﬁts, and it holds ¢, g — 1 as R — oo and ¢, g — Coo,R @S I — OO.

From the convergence of Z, to T, we get the weak convergence of (i, r) t0 fioo.r as
n — o0o. Therefore, since their supports are uniformly bounded, the convergence is in the
Ws-topology by Proposition 2.3.

Step 2: control of the slope under cutoff. Given that the slope is +oco outside the
domain of the entropy, up to pass to subsequences, with no loss of generality we can assume
that p, < m, for every n € N. Let u, = f>m,, so that Hn,R = cn,R(anmR)an. From (5.4)
and (5.5) we get

’D(fnxn,r”w < ‘Dfn’w + |fn‘/R

Squaring, integrating, recalling that [ f2dm, = 1 and the definition of Ch,, given in (5.6) and
the discussion thereafter, we get

1 1 1
Chn(\/ Cn,anXn,R) < Cn,R <Chn(fn) (1 + ﬁ) + E + 2R2> , VR > RQ,TZ > ng.

Therefore using (5.9) twice, we get that for R > Ry it holds

_ _ 1 4 4
ID™Entu, |2 (tn.5) < .t <\D Entu, |2(1t) (1 + ﬁ> -+ R2> . (5.23)

Step 3: I'-lim under Ws-convergence. Fix v € D(Enty_) and use the I'-lim inequality
in Proposition 4.7 to find a sequence (v,) C P2(X) such that Enty,, (v,) — Enty_(v) and
Wo(vp,v) — 0 as n — oo. Using the Wy-convergence of p, r t0 oo, as n — oo and the
I'-lim inequality in Proposition 4.7 we have

Entm,, (pn,r) — Entm,, () | K

Entm,, (foo,r) — Entm () + —Wa(pn.r, vn)
n,fvy ¥n

K
+ 5W2(IUOO,R7V) < lim

W2(/-’LOO,R7 V) n—00 W2 (,Un,R7 Vn) 2
< lim [D™Entw, |(tn,r),
n—00

having used (5.7) in the last step. Taking the positive parts, the supremum over v € D(Enty,__)
and using again (5.7) we conclude

D™ Entm. [(ttoc,r) < lim [D™Entm, [(tin,r), VR > Ro. (5.24)

n—oo
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Step 4: back to ; and conclusion. From the definition it is clear that Wa(peo, R, fioo) — 0
as R — oo (because there is weak convergence and 2-uniform integrability), hence recalling
the Wa-lower semicontinuity of |D~Enty, | (see (5.8)) we get

D Bt (o) < lim D" Entey | (100 ). (5.25)
R—o0
The inequalities (5.23), (5.24) and (5.25) give the conclusion. O

Remark 5.13. It is worth underlying that although the structure of the proof of Proposition
5.12 is very similar to the one presented in [24] for the compact case, actually it is conceptually
more involved. Indeed, to gain Ws-convergence from weak one we used a cut-off argument,
and to control the variation of the slope under this procedure (inequality (5.23)) we used
as crucial tool the non-trivial identification of the squared slope with the Fisher information
(identity (5.9)), which in turn is a consequence of the fine analysis carried out in [7]. [

Conclusion of the proof of Theorem 5.7

Proof. Let T := g and, for every n € N, m,, € 2(C([0,T], X)) a plan associated to [0, 7] 2
t — pn via Proposition 5.1, so that in particular

T
/ a2 dt = / €l dmn(y). (5.26)
0

Thanks to (5.16), Proposition 5.9 is applicable, thus () is tight in Z2(C(]0,T], X)) and up
to pass to a subsequence, not relabelled, we can assume that it weakly converges to some 7.
The convergences in (5.16), the bound (5.15), the identity (5.26), and the lower semicontinuity
of the kinetic energy combined with Lemma 2.1, give

[ebldnatn < lim [ eahldm(y) < oc.

n—oo

Put p := (e)ymoo and recalling (5.2), we get that u € AC%([0,T]; (P2(X), Wa)) with

T
/ el dt < / €[] drrac (7)- (5.27)
0

The weak convergence of (7)) to wo ensures that n — pu,; weakly converges to p for any
t € [0,T]. Proposition 5.11 yields

[ (3801 - ) dmac(a) <l [ (Ge20) = o, 22)) dma(n).

n—oo

(5.28)

=:a =lan

Applying Proposition 5.10 to ju, := (e7)4Tn, oo := (€T)§To We obtain

Enty_ ((eT)ﬁﬂ'oo) + C/dQ(fyT,xoo)dﬂoo('y) < lim <Entmn((eT)ﬁ7rn) + C/dQ(fyT,xn)dﬂ'n(’Y))

n—o0

;;) =:bn
(5.29)
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Also, from Proposition 5.12 and Fatou’s lemma we get

1 (T 1 (7
/ D" Entm_ |*(1s) dt < lim 3 D" Enty, [*(pn,) dt . (5.30)
0

2 n—o00 0

TV
=:c =:icp

Adding up (5.28), (5.29) and (5.30) and taking (5.27) into account we get

17 17T
Entu, (ur) + = / |f1e|? At + 5 / D Enty [*(1) dt < lim (a, + by, + cp). (5.31)
0 0

2 n—oo

From the fact that ¢ — p, ¢ is a gradient flow of Enty,,, (5.11), (5.16) and (5.26), we obtain
an + by + ¢, = Enty,, (fin) — Enty (fico)- (5.32)

Therefore (5.31) yields

1T 1 (T _
Butn. (1) + 5 [ VP e+ [ D Entn P(u)de < Ent_(m), (533)
0 0

which means, according to (5.12), that [0,7] > ¢ ~— p; is the (restriction to [0,7] of the)
gradient flow of Enty,_ starting from fiso. Thus pp = pieo ¢ for any t € [0, 7.

By (5.10), the opposite inequality in (5.33) also holds, and since in proving (5.33) we used
(5.31), which in turn was proved using (5.27), we deduce that equality holds in (5.27), i.e.

T T
/ e dt = // 542 dt drros (). (5.34)
0 0

Notice also that equality in (5.33) reads as a + b + ¢ = Enty__ (fieo), therefore from (5.28),
(5.29), (5.30), (5.31) and (5.32) we get

Entm, (i) =a+b+c < lim a, + lim b, + lim ¢, < lim (a, + b, +cp)

n—oo n—o0 n—o0 n—oo

< lim (a, + by, +¢,) = lim Enty, (jin) = Enty (fico),
n—oo n—oo
which forces a,, — a, b, — b and ¢, — ¢. Proposition 5.12 and the convergence ¢, — ¢ give

D" Entm|?(1) < lim [D™Entw, |*(ttns),  ae. t €[0,T],

n—oo
and
T T
/ D~ Ente [2() dt = Tim / D™ Ente, |2 (i) oI, (5.35)
0 n—oo 0
which implies
D Enty [*(1) = lim D™ Enty, [*(tn.), a.e. t€[0,T).
n—oo
Taking the regularity property (5.14) into account we get the convergence for all ¢ € [0, T
with the possible exception of the countable discontinuity set of ¢ — |D™Enty__|(ft00,¢). From

(5.13) we also get |fioo,| = limy, |ftn | for a.e. t € [0,T] which together with (5.35) and the
equalities (5.34), (5.26) give that (5.22) holds. Therefore from the second part of Proposition
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5.11 we get that () converges to fioo ¢ w.r.t. Wo for any ¢ € [0, 7. Finally, the convergence
Enty,, (ttnt) — Entg_ (1¢) follows from b, — b and the convergence of the second moments
(replace T by t € [0, 7] in the whole argument to get this latter convergence).

Observe now that all these results do not really depend on the particular weakly converging
sequence (7r,,) chosen at the beginning, so that they are valid for the full original sequence.
Thus we proved all the stated convergence properties for ¢ € [0, %] In particular, we have
that

Wa(ttn,1/(8C)s Hoo,1/(3C)) — 0, Entu,, (4n,1/(3c)) — Entm, (Hoo,1/(sc)) < 0.

Hence the argument can be repeated with i, 1/(s¢)s ftoo,1/(8C) 10 Place of fin, fico. Iterating,
we get the result on the whole [0, 00). O

5.3 A consequence: Mosco-convergence of the slopes

Now that we have at disposal the convergence of the heat flows, we can improve the result of
Proposition 5.12 and obtain the full Mosco-convergence of the slopes of the relative entropies:

Corollary 5.14 (Mosco-convergence of the slopes). With the same notation and assumption
as in Remark 4.6, assume furthermore that for some K € R the spaces X, are all CD(K, 00)
spaces (so that by Theorem 4.9 also the limit space X is a CD(K,00) space). Then the
following holds:

e weak I' — liminf For any sequence n — p, € P2(X,,) weakly converging to some pioo €
P9(Xo) it holds

D~ Ent,[(j100) < lim [D~Ent, | (tn).

n—oo

e strong I' — limsup For any pe € P2(Xso) there exists a sequence n — u, € P2(X,)
Wa-converging to oo Such that

D™ Entm,|(koo) > lim [D™Entu,, |(tn).
n—o0

Proof. The first part is precisely the content of Proposition 5.12, so we pass to the second.
Without loss of generality we assume |D™Enty _|(ftec) < 0o (otherwise there is nothing to
prove) so that in particular Enty_ (1100) < 00. Invoking the second part of Proposition 4.7
we can find a sequence p,, Wa-converging to po such that Enty, (1) — Entm, (o). Setting
Pnt = 5 +(fn), (5.15) yields the uniform Holder estimate

W2(:U‘TL,t7/~Ln) S C\/E t € [OvT]a

for some C, T > 0 independent of n. Let us choose a vanishing sequence of times t;, € (0,7)\8,
8 being as in Theorem 5.7. Applying (5.17¢c), we can find an increasing sequence k — ng € N
such that for every n > ny

D™ Entm, |(#n,4,) < D™ Entu|(oo,) +27° < e [D” Entw [ (1ec) +27,
where in the last inequality we applied (5.14). The sequence vy, := fin+, Whenever ng < n <

ng4+1 thus satisfies the desired inequality. O
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6 Mosco-convergence of the Cheeger energies.

In this section we will prove a I'-convergence result for Cheeger energies in the same spirit of
Proposition 4.7.

As usual, we adopt the assumptions and notation of Remark 4.6. We denote by Ch,
the Cheeger energy associated to the measure m,, and by Lfo .(X,m;) the Lebesgue space of
m,-measurable functions whose restriction to each bounded set B C X belongs to LP(B, m,,).

6.1 Weak and strong L2-convergence w.r.t. varying measures.

Let us first introduce a notion of weak /strong convergence for real valued functions defined in
varying LP-spaces and strongly inspired by the theory of Young measures, see e.g. [2]. We refer
to [5, §5.4] for similar definitions and the relevant proofs, that can be easily adapted to cover
the present case of measures in .#,.(X) by the rescaling approach we adopted in Section 3.
The basic idea is to study the convergence of a sequence of functions f,, € L{ (X, m,) by the
corresponding measures g, = (% X f,)gmy, in Aoe(X X R), 4 : X — X being the identity map.
Here we state everything in the equivalent terms of weak convergence and test functions.

Definition 6.1. Let f, € L (X,m,), n € N. We say that (f,) weakly converges to fs if

/cpfn dm,, — /gpfoo dmy  for every ¢ € Cps(X). (6.1)

Forp € (1,00) we say that (f,) LP-weakly converges to foo provided (6.1) holds and moreover

sup/ | fr|P dm,, < o0. (6.2)

neN

If (fn) is LP-weakly converging to foo and furthermore

fim /|fn|pdmn < /|foopdmoo < o0, (6.3)

then we say that it is LP-strongly converging to foo.
If f, € LY (X, my,), we say that (f,) converge to fs in the Wa-Entropy sense if (6.1)
holds and

/dQ(:c,:in)fn dm,, — /dQ(x,aE)foo dm,, < 00
(6.4)

/ Ful0g fo iy, — / Foo 108 foo dmes < oo,

Remark 6.2. In the Hilbertian case p = 2 a different approach, still leading to similar notions
and results, can be found in [31, Section 2.2]. It is based on the construction of a family of
linear maps ®,, : € — L?(X,m,,) defined in a dense subspace € of L?(X, my,) and satisfying
limp o0 [[Pnfll22(x,mp) = Ifl22(x;me)- In our situation the maps @, could be defined by a
disintegration technique, as in the proof of Proposition 4.7; however we prefer to adopt the
more direct approach of Definition 6.1 above, that takes advantage of the particular structure
of the spaces L?(X,m,) associated to the weakly convergent measures m,,. |
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It would not be difficult to show, arguing as for Proposition 4.7 (see also [5, § 5.2]) that
along any weakly convergent sequence (f,) we always have

lim [ [fal? dmy > / [ Fool? diice, (6.5)

n—o0

so that (6.3) is in fact a limit. Moreover the same argument of [5, Theorem 5.4.4] shows that
strong convergence in the LP sense (6.1)—(6.3) implies

[ < 5aw) dmats) — [ <0 ) dmec()
for every ¢ € C(X x R) with |¢(y,7)| < ¢(y) + C|r|?, ¢ € Cps(X), C > 0.

(6.6)

A similar argument, based on the strict convexity of the function r +— rlogr and on the
decomposition (4.4) shows that convergence in the Ws-Entropy sense yields (6.6) with p = 1.
We also remark that if n — f, € LP(X,m,), p € (1,00), fulfils (6.2), then there is a
subsequence LP-weakly converging to some limit fo, € LP(X, my).
In the following we shall need the convergence result

fa 25 fuo, strongl
— , stron
e 0% &Y = /fngndmn —>/foogoo dm, (6.7)
Jn — oo, Weakly

which can be proved by picking ¢ € R, applying (6.2) and (6.5) to the L?-weakly converging
sequence (f, +g,) and (6.3) to (f,) to pass to the limit in

2€/fngndmn—/\fn—l—egn]Qdmn—/]fn\zdmn—esZ/]gnQdmn

and obtain

lim 28/fngndmn > /\foo+€goo\2dmoo—/\foo\Qdmoo—azS

n—oo

> 25/foogoo dms — €28,

where S := sup,cy [ |gn|*dm, < co. Then the claim follows by dividing by € > 0 (resp.
e < 0) and letting € | 0 (resp. € 1 0).

Finally, as for Proposition 4.7, every fo € LP(X,my) can be approximated in the strong
LP-sense by a sequence f,, € LP(X,m,).

The next result provides a useful criterium to improve weak convergence, whenever one
knows a bound on the Fisher information or on the Cheeger energy.

Theorem 6.3. Let X,,, n € N, and (X,d) as in Remm:k 4.6, assume furthermore that fgr
some K € R the space X,, is CD(K,0) for every n € N and let f, € L] (X,m,), n € N.
Then the following are true.

i) Let pp = fom, € Po(X), n € N, be such that

sup Wa(pin, 0z, ) + D™ Entpy,, | (1n) < 0. (6.8)
neN
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Then there exists a subsequence weakly converging to some pioo = fooMoo € Pa(X).

If furthermore we assume that
Wo(n, ptoo) — 0, (6.9)

asn — 0o, then (fy,) converges to foo in the Wa-Entropy sense (thus (6.4) and (6.6) hold
withp =1).
i) Let (f) be converging to fs in the L?-weak sense. Then

Cheo(fxo) < lim Chy(f). (6.10)

n—oo
If furthermore we assume that

sup Ch,(f,) < o0 and lim sup/ f2dm, =0, (6.11)
X\BRr(Zn)

neN R—oo p

then (fn) converge to fo in the L?-strong sense.

Proof.
i) Let us first recall that (5.7) yields for every v, € D(Enty,, )

_ K_
Entmn (/’Ln) S Entmn (V'n») + ’D Entmn|(un)w2(/’[/7“ Vn) + TWZQ(/’an V?’l)' (612)
Choose now v, such that

sup Entp, (v,) + Wa(vp, 0z,,) < 00

neN
(it is easy to see that this choice is possible) and recall (6.8) to deduce that sup,, Entm,, (1) <
oo. Recalling (6.8) again and using the identity

Entm, (tn) = Entg, (1n) — C/dQ(-,xn) dpn, —logzy, (6.13)

we obtain that sup, Entg (u1n) < oco. Proposition 4.1 then ensures that (u,) is tight and
hence by Theorem 2.2 that it has a subsequence weakly converging to some po, with (by
(4.5)) Ents_(feo) < 00. In particular piee < Mog K Mog. Moreover, the uniform bound on
the second moments of the p,’s granted by assumption (6.8) ensures that p € HP2(Xo) and
therefore by (6.13) with n = co we deduce Enty_ (o) < 00.

If we further assume (6.9), so that in particular the full sequence (yu,) Wa-converges to
Hoo, then passing to the limit in (6.13) gives Entm_(ftoo) < lim,, ,  Enty, (1tn). Choosing
now in (6.12) v, Wa-converging to jiso with lim, . Enty, (v,) < Enty_ (teo) as in (4.8),
since the triangle inequality yields Wa(vp, ptn,) — 0, we obtain from (6.12) that

lim Enty, (pn) < lim Enty, (1) < Enta (o)

n—oo n—oo

ii) In order to prove (6.10), without loss of generality we can assume that sup,, Ch,(f,) < oc.
Initially we will also suppose that

fn(x) =0 for my-a.e. x € X, with d(x,z,) > R, (6.14)
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for some R > 0 and that f, > 0 m,-a.e. for every n € N.

Now observe that up to extracting a subsequence we can assume that Z, := [ f2dm, —
Zoo- If Zoo = 0 then foo = 0 and there is nothing to prove. Thus we can assume Z,, > 0.
Put pn := Z,!f2m,, recall that the identity (5.9) gives |D~Enty, |*(un) = 82, Ch,(fn),
the uniform bound on Ch,,(f,) and notice that (6.14) grants 2-uniform integrability of ().
Hence by point (i) we deduce that there is a subsequence of (), not relabelled, converging
to some floo = Z3'gooMs in the Wo-Entropy sense. Choosing ((y,7) = ¢(y)Vr* in (6.6)
we obtain that go, = f2, and the convergence of Z, to Z., yields (6.3) with p = 2, i.e. the
L2-strong convergence of (f,,) to foo.

Inequality (6.10) then follows by Proposition 5.12 and identity (5.9) again:

8Z501Ch00(fw) = |D7Entmoo‘2(/i00) < lim |D7Entmn‘2(ﬂn) = lim 8Z7:1Chn(fn)-

n—oo n—oo

To drop the assumption on the positivity of the f,,’s, apply what we just proved to (f,") and
(f,) to deduce that up to subsequences they L?-strongly converge to some f1, f~ respectively
and that
Choo(f) < lim Chy(f7). (6.15)
n—oo
Since we know that (f,) is L?*-weakly converging to fso, we deduce that ff = f* and the
claim follows adding up the two inequalities in (6.15) and observing that

Chn(fn) :Chn(fg)"i_(:hn(fn_% vn e N.

We consider now the general case, by showing how to remove the auxiliary assumption
(6.14). Let X : [0,00) — [0,1] be a 1-Lipschitz function with compact support identically 1
on [0,1] and for R > 0 define the truncated functions

SR = X(dn(-,Zn)/R) fn,  VneN.

The locality property of the minimal weak upper gradient and the Leibniz rule (5.5) yield

1
|DfR,n|w < |Dfn|w + E|fn’ my-a.e..

Squaring and integrating we deduce

Chn(fR,n) < Chn(fn)(lJr%) +§<%+%), VTLEN,

where S = supnefog dm, < oo. Taking first the lim as n — oo and then as R T co we
deduce

lim Chy(f,) > lim lim Chy(fan).

n—o00 RTOO n—o0
Now observe that the fr,’s are L2-weakly converging to fr as n — oo and clearly satisfy
(6.14), so that by what we previously proved we get lim, ,  Ch,(frn) > Cheo(fRrco) for
every R > 0. Eventually noticing that fg e — foo in L?(X, ms) and taking into account the
L?(X, my)-lower semicontinuity of Chs, we obtain (6.10).

It remains to prove L2-strong convergence under the additional assumptions (6.11). To

this aim notice that for given R > 0 the functions (fr,) satisfy the assumption (6.14), so
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by what we previously proved they L2-strongly converge to fR0o @ n — 00. Moreover, as
already noticed, fg oo — foo as R — o0 in L?(X, ms) while the second in (6.11) grants that

hm sup/|fn fRn|2dmn—0
Rtoo neN

The conclusion follows. O
In the particular case of a single measure m,, = m, n € N, and a CD(K, 00) space (X, d),
the previous Theorem provides a simple criterium for the compact imbedding of the Sobolev
space WH2(X,d,m) in L?(X, m).
In order to make the connection more evident we recall the useful notion of Logarithmic-
Sobolev-Talagrand inequality:

Definition 6.4. We say that a pointed metric measure space (X,d,m,Z) satisfies a weak
Logarithmic-Sobolev-Talagrand inequality wLSTI(A, B) with constants A, B > 0 if we have

(/Xdz(m,:f)f?(x) dm)l/Q < Allfl 2 + BVCh(F),  Vf € L2(X,m). (6.16)

We are calling (6.16) a weak Logarithmic-Sobolev-Talagrand inequality because it can be
seen as a consequence of a combination of the log-Sobolev inequality and of the Talagrand
inequality, as made precise by the following simple proposition:

Proposition 6.5. Let (X,d,m) be a CD(K, ) space with finite mass, put m* := m(X) " 'm
and assume that for some a,b > 0 we have

Wo(p,m*) < a+ bD"Enty=«|() for every p € Po(X). (6.17)

Then for every & € supp(m) the space (X,d, m, ) satisfies a wLSTI(A, B) with

A= 2a+2b<m>l/z+2, B = v3b.

Proof. We start proving that m* € 25(X). Indeed, choosing p = Zp'h%(v)m* with hg(z) ==
((2—=d(z,2)/R) A1) VO and Zg = [y h% dm* we get

D Bt 1) = 2= ([ 1Dhfl )" < 2 (' (Banta)

and therefore

(/ d?(z, 7) dm’")l/2 < Wo(m™, ) + Wa(p, 0z) < a+ 2 (m*(B (3?:)))1/2 +2R
. ) = Walmo, p 2\H,0z) = RVZr 2R
Since Zr > m*(Bgr(7)) we eventually get
9 _ " 1/2 2b m(BgR(:Z“)) 1/2
< — | =% 2 f . 1
(/Xd(m,:n)dm) _a+R(m(BR(a?))) + 2R, forevery R>0 (6.18)

Now let M := m(X) and m* = M ~'m, pick f € WH?(X,d, m) and let [ f2dm = M F?. Then
(5.9) and (6.17) yield

Wa((f/F)?m*,m*) < a + ——1/3Ch(f/F)

g~
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so that the triangle inequality for Wy yields

([ #warmre ') <at fw SCh(F/F) + ( [ e am*) ",

Taking into account (6.18) with R =1, (6.16) follows. O

Remark 6.6. Otto and Villani showed in [36] that in the smooth setting a CD(K, c0) bound
yields a Logarithmic-Sobolev inequality of constant p > 0 which in turn yields (6.17) with
a =0and b = p~! and hence the wLSTI(0,v/8p~!). These implications have been later
generalized to the non-smooth setting: see for instance the calculus tools developed in [7] to
see that CD(K, 00) yields the log-Sobolev and [26] and references therein for the implication
from log-Sobolev to the (6.17).

In particular if (X,d, m) is a CD(K, 0o) space of finite mass with K > 0 then it satisfies
wLSTI(0, K—1). It is also obvious that whenever m has bounded support of diameter D, then
wLSTI(D, 0) holds. |

The relevance of the wLSTI(A, B) in our discussion is due to the following fact:

Proposition 6.7 (Compact embedding of W2 in L?). Let (X,d,m,Z) be a CD(K,o0)
p.m.m. space satisfying wLSTI(A, B) for some A, B >0 (e.g. when K >0 and m is finite or

m has bounded support).
Then the imbedding of W2(X,d, m) in L*(X,m) is compact.

Proof. The trivial inequality fX\BR(E) fPdm < % [x d*(-,Z) f*dm and (6.16) ensure that
whenever a sequence f,, is bounded in W?(X,d, m) it holds

lim sup / f2dm =o0.
oo ns JX\BR(@)
Hence the conclusion comes from point (ii) of Theorem 6.3. O

6.2 Mosco-convergence of Cheeger energies

We apply the previous results to study the variational convergence of the Cheeger energies.

Even if the functionals are not imbedded in a common Hilbert space, it is natural to
call the property below “Mosco”-convergence (see [12, § 3.3]). It would also be possible to
imbed all the domains of the functionals in a common topological space, as e.g. [37], and
state the results in terms of I'-convergence, or to adopt the general approach of [31, Section
2.5]. Nevertheless, we think that the more direct formulation in terms of functions in varying
LP-spaces would be simpler and still sufficient for the applications.

Theorem 6.8 (Mosco-convergence of Cheeger energies). Let X,,, n € N, be a sequence of
CD(K,o0) spaces converging to a limit space Xoo in the pmG-sense. Then with the notation

of Remark 4.6 the following holds:

e Weak I’ — liminf For every sequence n — f, € L*(X,m,) L?-weakly converging to some
foo € L3(X,ms) we have

lim Chy,(fn) 2 Choo(foo)- (6.19)

n—oo
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e Strong I’ — limsup For every foo € L*(X,my) there exists a sequence m +— f, €
L?(X,m,) L*-strongly convergent to f., such that

n—o0

Proof. Inequality (6.19) has already beed proved in point (ii) of Theorem 6.3, so we consider
(6.20).

By a simple diagonalization argument we see that it is sufficient to approximate functions
f~ in a set dense in energy. Furthermore, given that we are going to build an L?-strongly
converging sequence, by using the identity Ch(f) = Ch(f™") + Ch(f~) we can also reduce to
the case of non-negative fu.

Hence after a truncation, localization and normalization arguments we can then assume
that fs is essentially bounded with bounded support and, setting go, := f2, that ps =
JooMoo 18 in P2(X). By (5.9) and the same argument of the proof or Theorem 6.3 it is then
sufficient to find a sequence

n — vy, = gpmy, Wa-converging to fieo, with [D™Enty, |(v,,) — D™ Entm | (foo)-
This is precisely the content of the second part of Corollary 5.14, so the thesis is achieved. [

Remark 6.9. By the stability of the CD(K, 00) condition granted by Theorem 4.9 and the
Mosco-convergence of the Cheeger energies just proved it is easy to deduce that the class of
CD(K, o) spaces satisfying wLSTI(A, B) is closed w.r.t. pmG-convergence. |

We provide two useful corollaries to Theorem 6.8, concerning the convergence of the
resolvents and of the L? gradient flows associated to the Cheeger energies. Both the results
are well known in the case of functionals defined in the same Hilbert space (see e.g. [12]), so
we only give a brief sketch of the proofs.

For every 7 > 0,n € N we define the resolvent map J, , : L*(X, m,) — D(Ch,,) as

Jne(f) = (I +70Chy,)"H(f) = argmin @,,-(:; f) (6.21)
L2(X,my)

where )
@, (g; f) = 5 / lg — f|*dm,, + Ch,(g) for every g € L*(X, m,).

Corollary 6.10. Under the same assumptions of Theorem 6.8, for every sequence (f,) L?-
strongly converging to fo € L?(X, ms) we have

Jur(f) 5 Jar(foo)y and  Chy(Jnr(f)) — Choo(Joor(fo)), (6.22)

for every T > 0.

Proof. Let gn = Jp+(fn), for every n € N. Choosing 0 as competitor in the definition of g,
we easily see that [ g2dm, <4 [ f2dm,. Hence we can extract a subsequence (still denoted
by gn) L?-weakly converging to some g € L?(X, my). Applying the second part of Theorem
6.8 we can also find a sequence g, € D(Ch,) such that @, (Gn; fn) — Poor(Goo; foo)-
Passing to the limit in the inequalities @, 7(gn, fn) < ®pnr(Gn, fn) thanks to the first part
of Theorem 6.8 we find that g is a minimizer of ® ;(; foo), S0 that g = goo. Since the
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limit is unique, we conclude that the whole sequence g, is L?>-weakly converging to g., and
D, (9n, fn) = Poo,7(goos foo)- A further application of the lower semicontinuity results (6.5)
and (6.19) provides the second in (6.22) and

/gn ~ folPdm, / 90 — fool? dmioe.

Expanding the squares, using the L?-strong convergence of the f,,’s and recalling (6.7) we
deduce that [ |g,|?dm, — [ |goo|? dmeo, i.e. the first in (6.22). O

Theorem 6.11 (L?-convergence of the Heat flows). Let X,, n € N, be a sequence of
CD(K, o0) spaces converging to a limit space X in the pmG-sense and adopt the notation of
Remark 4.6. Furthermore, let (H")¢>o be the L?-gradient flows of the corresponding Cheeger
energies as in § 5.1.4.
Then for every sequence n +— f, € L?(X, m,) L%-strongly converging to foo € L*(X, my)
we have ,
HE fr AN HS° foo  strongly for every t > 0. (6.23)

Proof. Let us first suppose that Ch,(f,) < C < oo for every n € N. We denote by JT’fJ the
iterated resolvent (.J,, ,)¥; uniform convergence estimates (see e.g. [5, Thm. 4.0.4]) show that

_ 2 _
/ ‘H?(fn) - Jﬁ,t/k(fn) dm,, < C% for every n € N, k € N.

— 2 _
Since the estimate is uniform w.r.t. n and Jit/kfn LH Jﬁo,t/kfoo as n — oo thanks to the

previous Corollary, we easily get (6.23).

We then use the L2-contraction property of (H');>o and the I'-lim sup estimate (6.20) to
extend the result to the general case (see a similar argument in the proof of Theorem 7.7
below). O

Remark 6.12. In the case of RCD(K, 00) spaces, when (H;):>0 are linear operators, Theorem
6.11 can be directly deduced by the corresponding Wasserstein result, Theorem 5.7, see [10,
§5.2].

7 Stability, convergence and spectral properties for RCD (K, c0)
spaces.

7.1 The RCD(K, c0) condition and its stability.

In [9] a study of CD(K, 0co0) with linear heat flow has been initiated, the definition being the
following:

Definition 7.1 (RCD(K, co) spaces). (X,d,m,z) is a RCD(K, co) p.m.m. space if it satisfies
the CD(K, 00) condition and the Wa-heat flow () (see Theorem 5.5) is linear, i.e.

Hiap + Bv) = adip+ BAw  for everyt >0, v € D(Enty), a,B€[0,1], a+f =1,
(7.1)
or, equivalently, if the Cheeger energy Ch is a quadratic form in L*(X,m), i.e.

Ch(f +g)+ Ch(f — g) = 2Ch(f) + 2Ch(g) for every f,g € L2(X,m). (7.2)
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The acronym RCD stands for Riemannian Curvature Dimension, indeed it is well known
that Finsler geometries are included in the class of CD(K, c0) spaces, and that the heat flow
on a smooth Finsler manifold is linear if and only if the manifold is Riemannian. Hence the
idea behind the definition of the subclass RCD(K, 00) of CD(K,c0) spaces is somehow to
isolate those spaces which have a ‘Riemannian’ behaviour, see [9] and [4] for results in this
direction. We remark that in [9] the RCD(K, c0) was required both by asking the linearity
of the heat flow as above, and enforcing a bit the CD(K, 0co) with the requirement that the
entropy was K-geodesically convex along a family of geodesics larger than the one appearing
in Definition 4.3. It has been later understood in [4] that this enforcement of the CD(K, c0)
assumption was actually unnecessary.

As for the CD(K, 00) condition, the RCD(K, 0o) one is invariant with respect to isomor-
phism of p.m.m. spaces. It is also stable w.r.t. pmG convergence, as we show now. Such
stability property can be achieved both passing to the limit in (7.2) thanks to the Mosco-
convergence of the Cheeger energies that we just proved, or passing to the limit in (7.1) with
an argument based on the properties of the relative entropy. We think that both approaches
are interesting and thus we are going to propose both proofs.

Theorem 7.2 (Stability of RCD(K,00) under pmG-convergence). Let X,,, n € N, be a
sequence of p.m.m. spaces converging to a limit space X, in the pmG-sense. Assume that X,
is an RCD(K, 00) space for every n € N. Then Xoo is RCD(K, 00) as well.

Proof. We shall adopt the notation of Remark 4.6.
Proof via the use of the Cheeger energy. By assumption we know that for every n € N
it holds

Chn(fn + gn) + Chn(fn - gn) = 2Chn(fn) + 2Chn<gn) for every fna gn € L2(X= mn) (7-3)

Now pick foo, goo € L?(X,my) and use the second part of Theorem 6.8 to find sequences
(fn), (gn) L%-strongly converging to fao, goo respectively such that
lim Chy,(fn) = Choo(foo), lim Chy,(gn) = Choo(goo)-

n—oo n—o0

Notice that n + f, & g,, L?-strongly converges to fo & goo, use the first part of Theorem 6.8
and pass to the limit in (7.3) to get

Choo(foo + goo) + Choo(foo — goo) < 2Choo(foo) + 2Chog(goo)-

Repeat the argument with f!_ := fo + goo and g., := foo — goo in place of foo, goo and recall
that the Cheeger energy is 2-homogeneous to get the other inequality and the conclusion.
Proof via the use of the relative entropy. We denote by .7%,, n € N, the Ws-gradient
flow of Enty, in P5(X). Let p’, € D(Enty, ), i = 0,1, and p% = (1 — a)pd + aul,,
aec (0,1).
The T- lim inequality in Proposition 4.7 provides sequences n + !, € D(Enty,, ) such that
lim Entw, (1) = Entw (uh,),  ph <3 pby  i=0,1.

n—o0

By the general convergence result Theorem 5.7 we know that
«a 1%
Hna () = (1= a) A p(pip) + a1 (1) = (1= a) Ao 1 (1) + aitoo 1 (ta)-
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Hence our thesis follows if we show that

lim Entw, (48) = Entw (1%), 48 3 pl, (7.4)
n—oo

so that Theorem 5.7 yields 7, +(u5") LEN I +(11%). In order to prove (7.4) let us first observe
that the Wa-convergence of i to pS is a direct consequence of the convexity of the squared
Wasserstein distance W3.

Since p@ € D(Enty,,) and p2, ul < p@ with bounded density if a € (0,1), for every n € N

we have
iy _ dus, i _ du, du .
bt = e (5) = i (35) s (92 s

: dun \ o,
= Entp,, (1,) — /log (df; ) dpy,.

Taking appropriate convex combinations we get

(1 - a)Entyg (1) + aBntyg (11) = (1 — a)Ente, (12) + aBntw, (11) — Entw, (13).

Therefore from the Wa-convergence of (i), (u%) to pi,, ud respectively and the I'-lim ine-
quality in Proposition 4.7 we get

lim (1 — @)Entm, (1) + aEntm, (1) — Enta, () = lim (1 — a)Ent,g (1) + oEnt e (i)

n—oo n—oo
> (1 — a)Entya (42) + aEntyq (ub)
— (1 - a)Fntn, (12,) + aFntp_(4) — Bnty_ (42).

This fact together with the assumption lim, Enty,, (u},) = Enty__ (pi,), i = 0, 1, give

lim —Entm, (1) 2 —Entm. (15)-
n—oo

Since the other inequality in ensured by the I'-lim part in Proposition 4.7, the thesis is
achieved. ]

7.2 Refined estimates on the convergence of the Heat flow.

One of the main contributions of [9] (see also [4]) is the proof that the linearity condition on
the heat flow grants additional regularity properties for the flow itself. A crucial one is the
following contractivity statement.

Theorem 7.3 (Ws-contraction). Let (X,d,m,Z) be a RCD(K,00) space. For every fi,v €
D(Enty,) it holds

Wy(HAij, #0) < e "' Wy(,v)  for every t > 0. (7.5)

Notice that in a smooth setting, (7.5) is specific of Riemannian geometry, because Ohta-
Sturm proved in [35] that no exponential contraction holds in (R%, || - ||, £%) if the norm || - ||
does not come from a scalar product.

A direct consequence of (7.5) is that the Wa-gradient flow (.4):>0 of the entropy can be
extended from D(Enty) to its Wa-closure, which is &5 (supp(m)) (i.e. the subset of %5(X)
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made of measures p such that supp(x) C supp(m)). In other words, a unique one parameter
family of maps 7 : Z5(supp(m)) — P5(supp(m)) is defined by the following two properties:

Wao (A (1), (V) < e EWa(u,v)  for every t >0, pu,v € Po(supp(m)), (7.6)
and

Vu € D(Enty) the curve t — i (u) is the gradient flow of the entropy starting
from p in the sense of Definition 5.4.

As for the heat flow and the CD(K, c0), RCD(K,00) conditions, these maps are invariant
w.r.t. isomorphisms of p.m.m. spaces.

A more explicit characterization is provided by the following theorem, showing in parti-
cular that () € D(Enty) for ¢ > 0 and every u € a(supp(m)). The proof can be found,
for instance, in the preliminary section of [9].

In the statement of the result and thereafter, the function I : RT — R* is defined as

eKt_1

t if K
L (t) ::/ Kogg= ] K TKAD
0 t if K =0.

Theorem 7.4 (A priori estimates). Let (X,d,m) be a RCD(K, c0) space. Then for every
w,v € Pa(supp(m)) and any t > 0 it holds

I (t)?
2

As a direct consequence of (7.7), we have the following a priori control on the entropy and
its slope along the flow, which we state and prove only for ¢ close to 0, which is the regime
we will need later.

I (t)Ento (2 (1)) +

D Entuf2((1)) < Tic()Entm(v) + 5 W3 s). (7.1

Corollary 7.5. Let (X,d,m,Z) be a RCD(K,00) p.m.m. space, C > 1+ K_ and z,m as in
(4.3). For every i € Py(supp(m)) and t € [0, gc] it holds
I () Entm (A4 (1)) < —Ix(t)logz + (1 — CIk(t)) /dz(-,@) dﬁ1+/d2(-,a‘:) dp (7.8)

I (t)?
2

where ¢(K,t) is given by c(K,t) :== 1 — Clg(t) + 3CIx(¢)(4Ct + (1 + e~ K1)2).

D™ Entw|*(H4(1)) < (1 +3CIk(t)e 5 /d2(-,x) dp + (K, t)/d2(-,:z) dm, (7.9)

Proof. The bound (7.8) follows plugging v := m in (7.7), neglecting the (non negative) term
in the squared slope and using the identity

Enty(m) = /log(zleCdQ(""”)) dm = —logz — CWZ(m, 6z). (7.10)

For (7.9) we argue as follows. Let (1) be the gradient flow of Enty, starting from m and notice
that

Wa(H (1), 0z) < WalH (1), ve) + Wa(vg, m) + Wa(m, 6z)

t
< e Bty (p, m) +/ |Us| ds + Wa(m, 0z)
0

t
< oKWy, 62 + /t/ D4[2 ds + Wa(s, 62) (1 + o= K1),
0
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Squaring, using the trivial inequality (a + b+ ¢)? < 3a? + 3b? + 3¢? and the a priori estimate
(5.15) (here we use that t € [0, g¢]) we get

1
gwg(%(p), 0z) < e 2KW3 (1, 05) + 4tEnty (M) + W3 (M, 67) (8Ct + (1 + e 71)?) + 4tlogz.
Taking into account the identity (7.10), this bound reduces to
1 - _
SW3 (A (), 0z) < e W5 (1, 07) + W3 (1, 0) (4Ct + (1 + e7)?).
Plugging this bound into (4.4) and using the fact that Ents > 0 we obtain

Entw(/4 (1)) > —logz — 3Ce 25" W3 (1, 67) — 3CWE (1, 67) (4Ct + (1 + e 51)?).

The conclusion follows using this inequality in (7.7), choosing v := m and using again (7.10).
O

Remark 7.6. Corollary 7.5 grants that for every u € P3(supp(m)), the curve t — i (u) is
continuous and satisfies 7% (p) € D(Enty) for any ¢ > 0. In particular, for any ¢y > 0 the
curve [0,00) 3 t — iy, () is the gradient flow of Enty, starting from 7, (u) in the sense
of Definition 5.4. For these reasons, we still call the curve [0,00) 3 t — (1) the gradient
flow of Enty, starting from p even for p € Z5(supp(m)) \ D(Enty). [ |

The a priori estimates in Corollary 7.5 and the contraction property (7.6) allow to refine,
in the case of RCD(K, 0c0) spaces, the convergence result on the heat flow given in Theorem
5.7. Notice indeed that in the statement below only Ws-convergence of the initial data is
required, without any assumption on the behaviour of the entropies.

Theorem 7.7 (Improved stability of the heat flow). Let X,,, n € N, be a sequence of
RCD(K, 00) spaces converging to a limit space Xoy in the pmG-sense and adopt the nota-
tion of Remark 4.6.

If (i) C P2(X) satisfies

_ Wy _
Hn —2> Moo € e@2(Supp(raoo))a

then the solutions pn; = 5 ¢(fin), t > 0, of the Wa-gradient flows of Enty,, satisfy all the
properties (5.17a,b,c,d).

Proof. Let k + u¥, € D(Enty_ ) be a sequence such that
lim Enty (u%) = Enty. (fiso), lim Wa(uf,, fise) = 0.
k—ro0 k—ro0

For every k € N, use the I'-1lim part of Proposition 4.7 to find a sequence n +— uf € P5(X)
such that
lim Entg, (1F) = Entm., (1%, lim Wo(uk, 1k ) =o0. (7.11)

n—oo n— o0
Taking (7.6) into account we get
W (poo s finit)
< Wa(Hoots Aot (150)) + Wa (Aot (1), Ao (1) + Wa (St (), pin))
< e KWy (oo, 1) + Wa (Aot (1hs)s i (1)) + € Walpaly, fin)

< e KN (2Wa (oo, HEL) + Waficos fin) + Walplho, uk)) + Wa (Ao 1 (1), 4 (1F)).
(7.12)
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The choices (7.11) and the assumption p®, € D(Enty) ensure that the hypotheses of
Theorem 5.7 are fulfilled with p* in place of fi,, and p” in place of fi,o. Hence it holds
lim,,—y00 Wo (%ﬂn,t(,u,k;), %ﬂoo,t(u’;o)) = 0, so that passing to the limit first as n — oo then as
k — oo in (7.12) we get

lim Wy (,uoo,t, Mn,t) =0 for every t > 0.
n—o0

Now fix € € (0, %] and notice that from Wy (uoojg, Hn,a) — 0 and the I'-lim part of Propo-
sition 4.7 we get lim,, , . Entm, (ftn.e) > Entm, (fooe). We claim that limy, e Entmn(unvg)é
Enty . (foo,e) < 00 as well. The fact that pioo . € D(Enty,_ ) follows from (7.8). Use the I'-1im
part of Proposition 4.7 to find a sequence (v,,) C P2(X) such that

lim Enty, (1) = Enty, (fooe)s lim Wa(vp, floo,e) = 0.

n—oo n—o0

From (7.9) we get sup,, |D™Entm,, |(1tne) =: S < 00, so that formula (5.7) gives

K
7W22(Vn7/~5n,5)‘

Entmn (Mn,a) < Entmn (Vn) + SWZ(Vm Nn,a) - B

Letting n — oo and using the fact that Wa(vy, pne) — 0 we get limy, o0 Entm,, (ftne) <
Enty. (fooe) < 00, as claimed.
In summary, we proved that it holds

lim Enty, (,un?g) = Entp, (uoo@), lim W2(Mn,sa,uoo,e) =0,
n—o0 n—0o0

therefore Theorem 5.7 is applicable with pu,. in place of ji, and i in place of fio. The
conclusion comes from the arbitrariness of & € [0, g=]. O

7.3 Spectral convergence

Since in a RCD(K, 00) space (X,d, m) the Laplacian Ag, (see § 5.1.4) is a selfadjoint linear
closed operator in L?(X,m), it would be interesting to study the behaviour of its spectrum
w.r.t. pmG-convergence. We consider here the case of a sequence [X,,,dyn, m,, Z,] € X, n € N,
of RCD(K, o0) spaces satisfying a uniform weak Logarithmic-Sobolev-Talagrand inequality
wLSTI(A, B), so that in particular

Wt%(X,,d,, m,) is compactly imbedded in L?(X,,m,) for every n € N,

by Proposition 6.7. Let A, := Ay, m, be the corresponding Laplace operators; since the
resolvent (I +7A,)~! as in (6.21) are compact operators, we can find an enumeration

OS)\l(An)S)\Z(An)SS)\k(An)S7 k?EN,

of the eigenvalues of A,,, each repeated according to its own multiplicity. The eigenvalues are
invariant under isomorphisms of p.m.m. spaces, so A;(4A,) only depends on the equivalence
class X, of the space (X, d,, m,, Ty).

Theorem 7.8 (Convergence of the eigenvalues of the Laplace operator). Let X,, be a sequence
of RCD(K, 00) spaces converging to a limit X space in the pmG-sense. Assume that, for
some A, B > 0, X,, satisfies the wLSTI(A, B) according to Definition 6.4 for everyn € N (in
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particular if K > 0 and the masses are finite or diam(supp(mn)) s uniformly bounded as in
Remark 6.6).
Then
lim Ap(An) = M(Ax)  for every k € N.

n—o0

Proof. The proof is a typical application of the Mosco-convergence result proven in Theorem
6.8: the only difference with respect to the canonical setting concerns the fact that the domains
of the energies are not imbedded in a common Hilbert space. We shall adopt the notation of
Remark 4.6.

If V is a subspace of L?(X,m,), we denote by B(V) the closed unit ball in V w.r.t. the
L2(X ,my)-norm. We call Vj,,, the collection of all the k-dimensional subspaces contained in
D(Ch,,), and we recall the minimum-maximum principle characterizing the eigenvalues

An - i n\J> 3 1
Ae(An) yn f&%)ﬁ (f, f) (7.13)

where &, : D(Ch,) x D(Ch,) — R is the symmetric bilinear form associated to 2Ch,,. Let us

fix k£ € N and first prove that
li_im Me(Ar) < Me(Aso). (7.14)

Let Voo € Vi be a vector space realizing the minimum in (7.13) and let (fio0) € Vi oo,
i=1,...,k bean L?(X,m,)-orthonormal system of V., so that

By Theorem 6.8 we find k sequences n + f;, € D(Chy), i = 1,...,k, strongly converging
in the L%-sense and in Cheeger energy to f; .. It is obviously not restrictive to assume that
S fi%n dm,, =1 for every n € N and i = 1,..., k, furthermore by (7.13) we thus know that for
every constant € > 0 there exists n. € N sufficiently big so that for every n > n. we have

’/fi,nfj,n dmn +‘8n(f1,na fj,n)} S €, VZ ?é j7 Sn(fi,na fz,n) S )\k(Aoo) +5, Vl

Setting Vi, = span(fin, ... frn) we easily find that for every o = (av1,...,04) € RF

k
/ (Zaifm)Qdmn = |a\2 + Zaiaj/fi,nfj,n dm, > (1 - 6)’0[|2
=1

i#j

so that dim(Vj,,) = k and every f € B(Vj,) can be represented as f = Zle a; fi n with
|a|? < (1 — ¢)~!. Using this linear decomposition, we get

k
En(fif) = aici€n(fim: fim) < M(Aso) +28)|arf* < (1= £) T (Ak(Ano) + 2¢)
2,j=1

for every f € B(Viy,): thus A(A,) < (1 — ) L (Ae(Ax) + 2¢) if n > n.. Since € > 0 is
arbitrary, this proves (7.14).
Let us now prove the lim inf inequality

lim M(An) > M(Aco).

n—oo
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By (7.13) for every n € N we can find a space Vi, C D(Ch,) generated by the L*(X,m,,)-

orthonormal system (f;,), ¢ = 1,...,k, such that for every n € N and for every linear
combination
k k
fa,n = Zaifi,n with o = (az)z S Rk? |O’,’2 = ZQZZ =1, (715)
i=1 i=1
we have
/fi,nfj,n dmn = 61']'7 )\k(An) > En(fa,na fa,n)- (716)

The previous estimate shows in particular that sup,,, En(fan, fan) < oo we can then
extract an increasing subsequence n’ such that for every a € R¥ with |a| = 1

k
M(An) — X, fam — fawo =P @ifico Weakly, Eoolfacor fawe) <A, (7.17)
=1

where for the last inequality we applied (6.19).

Applying ii) of Theorem 6.3 thanks to the uniform estimate provided by the wLSTI, we
can reinforce the weak convergence of n — f;,, to a strong convergence in L?-sense, so that we
can pass to the limit in the identities of (7.16) and prove that (f; o) is an orthonormal system
generating a k-dimensional subspace Vj oo. Every f € B(Vj ) can then be represented as
Ja,00 asin (7.15) so that (7.17) yields Eoo(f, f) < A for every f € B(Vj o). Using (7.13) with
n = oo we conclude A\g(As) < A, as desired. O

Remark 7.9. When the pmG-convergent sequence of RCD (K, o) spaces X,, does not satisfy
a uniform wLSTI condition, the Mosco-convergence result of Theorem 6.8 is still sufficient to
prove that every point A in the spectrum o(Ay) is the limit of points A, € 0(A,,): one can
argue as in the proof of [31, Proposition 2.5] (see also Remark 6.2), where it is shown that (a
suitably adapted) Mosco-convergence of Dirichlet forms always implies lower semicontinuity
of the spectra.

The uniform wLSTI condition provides a further asymptotical compactness analogous to
[31, Definition 2.12]: in this case Theorem 7.8 could also be proven as for Theorem 2.6 in [31].
|
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