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ABSTRACT: We develop a general framework for computing the holographic 2-point func-
tions and the corresponding conductivities in asymptotically locally AdS backgrounds with
an electric charge density, a constant magentic field, and possibly non-trivial scalar pro-
files, for a broad class of Einstein-Maxwell-Axion-Dilaton theories, including certain Chern-
Simons terms. Holographic renormalization is carried out for any theory in this class and
the computation of the renormalized AC conductivities at zero spatial momentum is re-
duced to solving a single decoupled first order Riccati equation. Moreover, we develop
a first order fake supergravity formulalism for dyonic renormalization group flows in four
dimensions, allowing us to construct analytically infinite families of such backgrounds by
specifying a superpotential at will. These RG flows interpolate between AdSy in the UV
and a hyperscaling violating Lifshitz geometry in the IR with exponents 1 < z < 3 and
0 = z+1. For 1 < z < 2 the spectrum of fluctuations is gapped and discrete. Our hope and
intention is that this analysis can serve as a manual for computing the holographic 1- and
2-point functions and the corresponding transport coefficients in any dyonic background,
both in the context of AdS/CMT and AdS/QCD.
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1 Introduction and summary of results

Holographic techniques have been applied in recent years to a wide range of quantum sys-
tems exhibiting strong dynamics, both in high energy and condensed matter physics. Even
though the application of holography to most real-world systems is entirely phenomenolog-
ical, holographic models have been very successful in capturing certain qualitative aspects
of strongly coupled systems. Indeed, such models provide an effective theory description
for certain strongly coupled systems, completely on par with an effective field theory de-
scription, which, as is the case for non-BCS superconductors [1, 2], is often not known.

A class of phenomena that have attracted particular attention lately are phenomena
occurring in the presence of a strong magnetic field, and considerable effort has been
devoted to understanding such phenomena both within the field theory [3-12] and the
holographic [13-27] frameworks. In particular, the focus in [7, 10, 11, 21] was on condensed
matter phenomena, such as the Quantum Hall Effect [3-6, 15, 18, 19, 22, 28-32], while [9,
23, 27| study the effect of the magnetic field on heavy ion collisions and [8, 10, 13, 16, 17,
20, 26, 33] explore the Stark, chiral magnetic, chiral vortical, and Nernst effects. In fact,
many of these phenomena have topological origin, which allows for a unified understanding
of both condensed matter and heavy ion physics in strong magnetic fields [12].

Thermoelectric conductivities have been computed holographically from dyonic back-
grounds at finite temperature in the pioneering works [34-36]. The magnetic field plays a
crucial role in regulating the DC electric conductivity at finite charge density, removing the
Drude peak that appears in any system with translation invariance. Translation invariance
can also be broken in a number of other ways, leading to momentum relaxation (see e.g. [26]
and references therein). Numerical dyonic backgrounds with running scalars at zero and
finite temperature have also been considered recently in the study of the Fractional Quan-
tum Hall Effect [22]. Finally, dyonic backgrounds with a mass gap provide the interesting
possibility to study thermalization in heavy ion collisions in the presence of finite charge
density and magnetic field, extending previous works studying thermalization in confining
backgrounds as an initial value problem [37-40].

The purpose of the present work is twofold. Firstly, we put forward a general frame-
work for systematically extracting holographic data from asymptotically locally AdS dyonic
backgrounds in the presence of running scalars, based on a radial Hamiltonian formulation
of the bulk dynamics. Although the general techniques we present here are not new, we
feel that their power in simplifying the extraction of the holographic data has not been
appreciated enough. In this respect we emphasize three aspects of the holographic dictio-
nary: i) holographic renormalization and its importance to preserve the Ward identities,
ii) n-point functions can be extracted directly from the bulk solutions, without evaluating
the on-shell action, and iii) there are fundamental advantages in formulating the fluctua-
tion equations as first order Riccati equations. All three aspects fundamentally rely on a
Hamiltonian formulation of the dynamics. Indeed, there is a lot of millage one can get by
exploiting the manifest symplectic structure of the Hamiltonian dynamics. This is because
the local RG formulation of a quantum field theory [41], which is the natural language
in the context of holography, inherently equips the space of local couplings and operators



with a symplectic structure.

As we shall see, correctly renormalizing the theory is crucial for holographically deriv-
ing Ward identities like (2.41) that relate 2- and 1-point functions, and which are required
for expressing all thermoelectric conductivities in terms of the electric ones only. Moreover,
the derivation of such identities becomes almost a triviality in the Hamiltonian language,
since they follow directly from the first class constraints reflecting local symmetries in the
bulk theory. Point ii) is important here as well. Namely, the 1-point functions are identi-
fied with the renormalized canonical momenta, in the presence of sources. This has a very
concrete consequence which leads to drastic simplification of the computation of e.g. the
2-point functions: the 2-point functions can be computed by further differentiation of the
1-point functions, without evaluating the on-shell action. This is linear response theory
applied directly to the bulk. Point iii) highlights the fact that the Riccati equations are
precisely equations for the response functions directly, eliminating the sources from the
problem at the very beginning. The advantages of doing this are that a) it becomes almost
trivial to correctly renormalize individual 2-point functions, computing only the terms that
contribute to a given correlator [42], b) the numerical solution of the fluctuation equations
is considerably simpler since only a single regularity condition must be imposed in the IR
and the arbitrary sources have already been eliminated from the problem [43], and c) the
fact that the Riccati equations follow from the Hamiltonian formulation of the dynam-
ics implies that the response functions are automatically compatible with the symplectic
structure of the theory, thus avoiding the necessity of evaluating the symplectic form to
correctly identify the modes in generic coupled systems [44].

The second aim of this paper is to present exact analytic dyonic backgrounds with run-
ning scalars, some of which are confining. Most of the holographic backgrounds that have
been used to study phenomena at finite charge density and magnetic field are known only
numerically, or in some asymptotic limit. This is particularly the case for backgrounds that
involve running scalars. Here, we present infinite classes of new analytic zero temperature
solutions corresponding to dyonic renormalization group (RG) flows. In fact, utilizing the
radial Hamiltonian formulation of the dynamics we derive a fake supergravity description
of such backgrounds, both at zero and finite temperature. In the zero temperature case,
and in the context of a bottom up model, this allows us to generate new solutions simply
by specifying a superpotential at will.

The model

The theory we consider is a generic bottom-up Einstein-Maxwell-Axion-Dilaton (EMAD)
model described by the action

S = g3 [ 4%V (Rl 0,00 6= Z(0)0n0" X =V (6.) = () P ™)+ S +Scs.
(1.1)

where k2 = 871G is Newton’s constant and

1

SeH =5 d?x/=7 2K, (1.2)
267 Jom



is the Gibbons-Hawking term ensuring that this action admits a Hamiltonian description.
Moreover, Scg stands for a Chern-Simons term whose explicit form depends on the space-
time dimension. For d = 3, which we will mostly focus on, the Chern-Simons term takes

the form!
1

Sos = ~5.3 | VXV HO) FuFpo. (1.3)

All four functions V (¢, x), 2(¢), Z(¢) and I1(x) specifying the action are a priori completely
general, provided that the theory admits asymptotically AdS solutions. These functions
can be restricted by demanding that the action (1.1) can be obtained as a consistent
truncation of a gauged supergravity action, or by imposing a specific global symmetry,
such as SL(2,7) invariance as e.g. in [22]. The equations of motion following from (1.1)
take the form

1 1 1
R,Lw - iR.g,uu - <8u¢az/¢ - 2.g,uuap¢ap¢> + *guuv

2
1 1
—Z (@Lx&,x — 2gw,8pr‘)”x> — 23 <FupFl,p — 4gu,,Fp0Fp”> =0, (1.4a)
206 — Vi — ZyDpx0°X — S FpeF?7 =0, (1.4b)
AV, (Z0"X) — Vi — TLye""P" F, Fpy = 0, (1.4c)
V,, (SFM 4+ e F,y) = 0. (1.4d)

Summary of results

In this paper we focus on homogeneous background solutions of these equations of motion
with a finite electric charge density, a constant magnetic field, and running scalars. The
presence of the electric charge density and constant magnetic field imply that these back-
ground solutions break Lorentz invariance, even at zero temperature. One of our main
results is a completely general description of such backgrounds in terms of a fake super-
potential (3.14) and first order BPS-like flow equations (3.15). Since Lorentz invariance is
broken even at zero temperature, the fake supergravity description we develop here applies
equally to both zero temperature RG flows and finite temperature black hole solutions.
For solutions with zero charge density and magnetic field it reduces to the standard fake
supergravity for Poincaré domain walls at zero temperature, but it provides a non-trivial
generalization to black hole solutions. It should be emphasized that the fake supergravity
description we develop here follows from Hamilton-Jacobi (HJ) theory and it is quite dif-
ferent from the first order formulation in e.g. [45]. In particular, the superpotential (3.14)
depends in general on both the scalars and the warp factor. Moreover, once a solution of
the superpotential equation is given, the solutions of the equations of motion follow imme-
diately from the first order equations (3.15). This is quite distinct from the formulation
of [45], where the superpotential effectively facilitates a change of variables in order to
write the second order equations as a system of coupled first order equations.

"'We write 7P = etelelese®d with €**"Y = 1, where 7 is the Lorentz frame index corresponding to

the direction orthogonal to the boundary of OM in M.



In the context of a bottom up model like the one we study here, where the functions
specifying the action are a priori arbitrary, the HJ origin of our fake supergravity descrip-
tion is particularly useful. In particular, one can very easily construct solutions of the
superpotential equation (3.14) which immediately lead to exact solutions of the equations
of motion. We present such an infinite class of exact RG flows in four dimensions specified
by an arbitrary function W,(¢) in the superpotential (3.18) in section 3. These RG flows
interpolate between AdS, in the UV and a hyperscaling violating geometry with exponents
1< z<3and @ =2z+1 in the IR. By computing the Schrodinger potential of the fluc-
tuations we show that the subclass of flows with 1 < z < 2 has a discrete spectrum of
fluctuations, while the spectrum is continuous for 2 < z < 3. A complete analysis of these
exact backgrounds will presented elsewhere [46].

Besides the description of general homogeneous backgrounds with finite charge density
and constant magnetic field, our aim in this paper is to provide a general framework for
computing the renormalized 2-point functions of the dual stress tensor, current and scalar
operators in any such background and for a generic model of the form (1.1). In this respect
we describe the holographic renormalization of any such theory in terms of a counterterm
potential U(¢, x) that is obtained by solving a superpotential equation in a Taylor series
in ¢ and y, and we explicitly write the renormalized 1-point functions in the presence of
sources in terms of the renormalized radial canonical momenta in (2.37) [47]. This iden-
tification not only provides general expressions for the VEVs in any dyonic background
in (3.32), but also allows one to extract the 2-point functions directly from the canonical
momenta, without the need to evaluate the on-shell action. Moreover, using this identi-
fication of the renormalized 1-point functions in terms of the canonical momenta enables
us to immediately identify the first class constraints in the Hamiltonian formalism, which
reflect local symmetries in the bulk, with the Ward identities (2.38), (2.39), and (2.40),
reflecting global symmetries in the dual field theory. Since these Ward identities hold for
the 1-point functions in the presence of arbitrary sources, differentiating with respect to
the stress tensor and current sources one obtains two Ward identities for the 2-point func-
tions, which are given in (2.41). As we show in section 5.2, these Ward identities together
with the Kubo formulas allow one to express all thermoelectric conductivities in terms
of the electric conductivities, generalizing the corresponding result of [36] for the dyonic
Reissner-Nordstrom black hole to more general backgrounds including running scalars.

Another important aspect of our general framework for computing the renormalized 2-
point functions is that we formulate the fluctuation equations in terms of first order Riccati
equations instead of second order linear equations. The advantage of the Riccati equations
is that they are differential equations for the response functions directly, with only one
integration constant per equation, which can be fixed by imposing an IR condition. This
drastically simplifies both the holographic renormalization of the 2-point functions [42] and
especially the numerical solution of the fluctuation equations, since the arbitrary source
is factored out of the problem from the onset [43]. For the finite frequency and zero spa-
tial momentum fluctuations we consider here the fluctuation equations reduce to a single
Riccati equation (4.15) (or equivalently (6.41)), from which all conductivities can be de-
termined. This Riccati equation generically is not integrable, but some progress can be



made by considering various limiting cases. Particularly interesting is the small frequency
expansion which we determine up to (and including) O(w?) in section 6.4. The correspond-
ing result we obtain for the conductivities is given in (6.34) and agrees completely with
that obtained in [34] for the dyonic Reissner-Nordstrom black hole. Moreover, we find
that using two different Padé approximants based on the small frequency expansion of the
response functions (6.33) captures completely both the hydrodynamic and small magnetic
field approximations discussed in [36], including the location of the poles closest to the
origin of the complex frequency plane.

Organization of the paper

The rest of the paper is organized as follows. In section 2 we present the radial Hamiltonian
formulation of the dynamics described by the action (1.1) and we set up the algorithm for
holographically renormalizing any such theory. This leads to a holographic derivation of
the Ward identities, which we later use to relate various 2-point functions and conductivi-
ties. In section 3 we discuss a general class of homogeneous backgrounds with finite charge
density, constant magnetic field and running scalars and we develop a fake supergravity
formalism that allows us to construct an infinite family of RG flows in four dimensions.
Moreover, general expressions for the renormalized vacuum expectation values (VEVs)
corresponding to these backgrounds are derived. Section 4 contains the analysis of the
fluctuation equations around the backgrounds described in section 3 for certain class of
time dependent fluctuations at zero spatial momentum. In particular, after decoupling the
fluctuation equations following [22, 34, 36], we reduce the system to a single decoupled
first order Riccati equation [42, 43]. In section 5 we show how the renormalized 2-point
functions can be extracted directly from the radial canonical momenta and the solution of
the Riccati equation, showing that evaluating the on-shell action is a completely redundant
step. Moreover, we discuss how the various conductivities are related to the 2-point func-
tions of the current and stress tensor through the Kubo formulas, and derive the relations
implied by the Ward identities. Section 6 addresses the solution of the Riccati equation
in various limiting cases. In particular, we derive the UV and IR asymptotic expansions
and obtain general perturbative solutions for small and large frequency. All the machin-
ery developed in the previous sections is applied to the dyonic Reissner-Nordstrom black
hole in four dimensions in section 7, where we solve numerically the Riccati equation and
compare with the various approximate solutions discussed in section 6. We end with some
concluding remarks in section 8, and three appendices where we provide a few more ex-
amples of exact RG flows in various dimensions, as well as the Gauss-Codazzi and general
fluctuation equations following from the action (1.1).

2 Radial Hamiltonian formalism and the holographic dictionary

The on-shell action is usually the starting point for any holographic computation since
this is identified with the generating function of the dual field theory [48, 49]. However,
unless one wants to evaluate the free energy of a particular state, corresponding to the
value of the (renormalized) on-shell action, evaluating the on-shell action is a redundant



step since the radial canonical momenta are holographically identified with the one-point
functions of the dual operators [47], which contain the same information. In particular,
the vacuum expectation values (VEVs) of the dual operators correspond to the values of
the (renormalized) radial momenta on a particular solution, while higher-point functions
are obtained by successively differentiating the canonical momenta with respect to the
sources. All n-point functions can therefore be extracted directly from the bulk solutions,
without the need to evaluate the on-shell action. This is especially important in Lorentzian
signature where it is often much harder to evaluate the on-shell action as a function of
the sources than the canonical momenta. Moreover, the radial Hamiltonian formulation
of the bulk dynamics allows one to most straightforwardly carry out the procedure of
holographic renormalization, either fully non-linearly [47, 50, 51] or perturbatively to the
desired order that contributes to the n-point functions one wants to renormalize [42].
Finally, the holographic Ward identities follow immediately from the radial Hamiltonian
dynamics since they correspond to first class constraints.

In order to formulate the bulk dynamics in a Hamiltonian language we begin by decom-
posing the bulk variables in components along and transversely to the radial coordinate,
as in the standard ADM treatment of gravity [52], except that the Hamiltonian time now
is the radial coordinate instead of real time. In particular the bulk metric is written in
the form

ds? = (N2 + NiNi)alr2 + 2N;drdx’ + ’}/ijdl'idxj, (2.1)

in terms of the lapse function IV, the shift function N; and induced metric 7;;, while the
U(1) gauge field is decomposed as

A = adr + Aydz’. (2.2)
In terms of these variables the bulk Ricci scalar becomes
Rlg] = RY] + K* — KK + VY, (~2Kn" + 2n"V,n') (2.3)

where Kj;; is the extrinsic curvature given by

.
Kij = ﬁ (P)/ij — DZNJ — D]NZ) N (24)

and n* = (%, —%) is the unit normal vector to the constant r hypersurfaces. Here and
in the following a " denotes a derivative with respect to the radial coordinate r and D;
represents the covariant derivative with respect to the induced metric +;;. Inserting these
expressions in the action (1.1) and using the identities

1 Nt
VEI= NV g ( M N;Wj>, (2:5)

— Nz Z]_A'_W



we find that the action can be written in the form S = [drL and Scs = [drLcg with

Z(¢)

Nz (X~ N'0ix)?

1 ., ) o1, . 2
L= 5.3 d xNﬁ{Rh]+K — Ky K9 - N2 (¢*N5i¢> -
—%E(qﬁ)v” (Ai — 00 — N*Ep)(A; — dja — N'Fy)
—70,00;6 — Z(p)77 9ix0jx — B(9) Fyy F7 = V (9, X)} , (26)
and provided d = 3,

1 .. .
Los= 5o / B/ AT (A; — D,0) Fi. (2.7)

This Lagrangian is the basis of the radial Hamiltonian analysis.

The canonical momenta following from this Lagrangian are

5L 1 ~ ~
ij _ _ — ij _ peid
T e ~ (K'y K ) , (2.8a)
m=ig =y (6= Naw). (2.8b)
mo=g e 20 (= o). (25¢)
i_ 0L _ 2y i _ 9. il _ 2 — ik
m oA, T2 N () ('7 (Aj — 9ja) = N; F ) a2V (H(X)€ ng) , (2.8d)

while the canonical momenta conjugate to the fields IV, IV;, and a vanish identically since
the corresponding velocities do not appear in the Lagrangian. Note that the only contri-
bution of the Chern-Simons term is the last term in the canonical momentum conjugate
to the gauge field A;. Clearly this term is present only for d = 3. Using these expressions
for the canonical momenta we can evaluate the Legendre transform of the Lagrangian to
obtain the radial Hamiltonian, namely

H= /ddx (wiﬂ'% + mod + mX + wiAi) L= /ddx (NH+ NH +aF),  (29)

where
K2 1 .
= — A .. 15, _kl

H e (2 <’Ym]l q_ 1%;%1) i

T35 @O\ it VaT B | 7 V00 By | 45 27 (0)m+ g

vV O i i

+ 55 (FR0] + Z(0)0ix0'x + S(6)Fy FY + V(6,X) + 0:60'9) (2.10a)
H' = —2D;7" 4+ FY <7rj + ,@MH(X)@“F@ + D' + 0, (2.10b)
F =D (2.10¢)



Since the canonical momenta for the fields N, N; and a vanish identically, the corresponding
Hamilton’s equations imply the constraints

H=H =F=0. (2.11)

These are first class constraints, reflecting the diffeomorphism and gauge invariance of
the bulk theory, and imply that the Hamiltonian is identically zero on-shell. These first
class constraints are the starting point for the analysis of the bulk dynamics and for the
construction of the holographic dictionary.

As is well known from HJ theory, the first class constraints (2.11) together with
the condition that the canonical momenta be expressible as gradients of a functional

8[77A7X7¢]7 Le.
58, 68 58 58

_a7 7T¢:%7

= —_— 7TX
are completely equivalent to the full set of second order equations of motion. In particular,

wij:&y”, = (2.12)
1] 1

inserting these expressions for the canonical momenta in the constraints (2.11) leads to
a set of functional differential equations for the function S[v, A, x, ¢|. These are the HJ
equations for Hamilton’s principal function S[y, A, x, ¢], which is also identified with the
on-shell action evaluated with a radial cut-off. The most general solution of the second order
equations of motion is described by a complete integral of the HJ equations, i.e. a solution
that contains as many integration ‘constants’ (in this context functions of the transverse
coordinates) as generalized coordinates. These integration constants can be thought of as
the ‘initial momenta’ — the renormalized momenta denoted with a ~ in (2.36)— and as we
shall see are identified holographically with the renormalized 1-point functions.

Given a complete integral of the HJ equations one can immediately write down first
order BPS-like flow equations by identifying the expressions (2.8) and (2.12) for the canon-
ical momenta. With the gauge choice N =1, N; = 0 and a = 0, which we will adopt from
now on, these flow equations become

. 42 1 5S
Yig = — ﬁ (%’k%‘l - CH%’;”W) %, (2.13a)
. k2 S
= - < 2.13b
T (2130)
K2 oS
(=~ Z () —, 2.13¢
K=- =20, (2130
A. _ I€2 Z—l((b) ﬁ_z—l(d))l—[( ) ]kF (2 13d)
‘T Taym T )i Ei '

Integrating these first order equations leads to another set of integration constants, which
are identified holographically with the sources of the dual operators. The resulting space
of solutions is parameterized by 2n integration constants, where n is the number of gener-
alized coordinates, and hence spans the full space of solutions of the second oder equations
of motion. This observation is practically very useful since not only it drastically sim-
plifies the procedure of holographic renormalization, but it also often leads to new exact
background solutions.



2.1 Holographic renormalization

Holographic renormalization [47, 50, 51, 53—-55] can be understood as the systematic proce-
dure for determining the boundary terms required to render the bulk variational problem
at infinity well posed. Once the variational problem is well posed the finiteness of the on-
shell action is automatic [44, 56]. In fact, the boundary term required is always a specific
solution of the radial HJ equation, not only for asymptotically locally AdS spaces [50], but
even more generally [44]. This should not be surprising given that a complete integral S of
the HJ equations coincides with the on-shell action evaluated on the most general solutions
of the equations of motion. In particular, inserting an asymptotic complete integral in the
flow equations (2.13) and integrating them asymptotically is a very efficient way to derive
the Fefferman-Graham asymptotic expansions and their generalizations for non asymptot-
ically AdS spaces. The key object therefore in renormalizing the theory and constructing
the holographic dictionary is the general asymptotic solution of the HJ equation.

If the bulk theory is renormalizable, all the ultraviolet (in the QFT sense) divergent
terms in this general asymptotic solution of the HJ equations must be local in transverse
derivatives, since they correspond to the local counterterms required to cancel the ultra-
violet divergences of the on-shell action. The constraints H! = 0 and F = 0 respectively
impose invariance under transverse diffeomorphisms and U(1) gauge transformations. It
follows that as long as we look for a local, gauge and transverse diffeomorphism invari-
ant functional S[y, A, x, ¢], the only equation that we have to solve is the Hamiltonian
constraint H = 0.

In fact we only need to solve the Hamiltonian constraint asymptotically, but in a
covariant way, i.e. every term should be a function of the induced fields, without any
explicit radial dependence.? This can be achieved by formally expanding the functional
S[v, A, x, ¢] in a covariant expansion in eigenfunctions of a suitable functional differential
operator 6. For asymptotically locally AdS spaces this can be the dilation operator [47],
but the form of this operator depends on the various functions of the scalars ¢ and y that
parameterize the Lagrangian, since these determine the leading asymptotic behavior of the
induced fields. If we do not specify the explicit form of these functions, or even if we want
to consider non asymptotically AdS backgrounds, then a covariant expansion still exists
but in eigenfunctions of the operator [57]

5y = / ddxmijéj”. (2.14)
ij

In the absence of a vector field this operator counts transverse derivatives, but this is not
strictly the case when there is a Maxwell field in the theory. What (2.14) always counts is
the number of inverse induced metrics, 4%/, which coincides with the number of derivatives
in the absence of a Maxwell field. When the solution of the HJ equations can be expanded
both in eigenfunctions of the dilatation operator and of 4., then the two expansions are

2Keeping the boundary dimension d arbitrary allows one to write the conformal anomaly in covariant
form as well, without any explicit dependence on the radial cut-off. However, the cut-off dependence emerges
via dimensional regularization by replacing the pole in the coefficients of the asymptotic solution of the HJ
equations with the radial cut-off [47].

~10 -



simple rearrangements of each other. For example, different powers of the scalars would
appear at different orders in the expansion according to the dilatation operator while they
would all be part of the zero order solution of the expansion in eigenfunctions of ¢,,.

Before we proceed with the recursive solution of the HJ equation H = 0 for the function
S, a few comments are in order regarding the role of the Chern-Simons term. Note that
using (2.12) we can write

;2 , 1 g ) 1 g
771-1—?\/jvﬂ(x)eZlekl:Eﬁﬂ’(x)eljkAjakx+ﬂ (S—l—’iz/dBX\/—’yH(x)emkAiij)
7
(2.15)
It follows that if and only if TI(y) is a constant then the effect of the Chern-Simons term
is simply a shift of the on-shell action S according to

1 , 3
/ddx\/—yﬂ(x)e”kAiij, (2.16)

Sa§:8+7
K
where S satisfies the HJ equation derived from a Lagrangian without a Chern-Simons
term. Crucially, this boundary term is gauge-invariant if and only if II(x) is a constant. In
that and only that case therefore we can simply determine S by solving the Hamiltonian
constraint in the absence of a Chern-Simons term and then replace S with S. For non-
constant II(), however, the Hamiltonian constraint in the presence of the Chern-Simons
term cannot be reduced to that without such a term. Hence, to determine S one must solve
directly the Hamiltonian constraint in (2.10). Nevertheless, we only need to determine the
divergent part of the on-shell action & and it is straightforward to show that provided
the equations of motion admit asymptotically locally AdS solutions the Chern-Simons
term is asymptotically finite.? For the purpose of determining the boundary counterterms
therefore, even for non-constant II(x), we can always solve the Hamiltonian constraint
corresponding to the theory without a Chern-Simons term. As we shall see though, the CS
term leads to a gravitational anomaly in the holographic Ward identities.

In order to construct the asymptotic solution of the HJ equation for general potentials
in the Lagrangian we therefore proceed by formally expanding S as

528(0)+5(2)+"' , (2.17)
where each term S () in this expansion is an eigenfunction of 4, with eigenvalue d — 2k,
ie.

0yS2ry = (d — 2k)S o1 (2.18)
The zero order term S(g) must contain no transverse derivatives and be gauge invariant
and so it must take the form

Sw) = % / d'xv/=7U (¢, ), (2.19)

for some function of the scalars U(¢, x). Inserting this in the Hamiltonian constraint H = 0
leads to the ‘fake superpotential’ equation

U3+ 2700 - 0P = V6,0, (220)

3This would not necessarily be the case for a massive gauge field though. See e.g. [58].
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where the subscripts denote partial derivatives with respect to the corresponding field.
In asymptotically locally AdS spacetimes this PDE can be solved by seeking a solution
U(¢, x) in the form of a Taylor expansion, with the quadratic term determining the scaling
dimension of the dual operator. In particular, for asymptotically locally AdS spacetimes
the potential takes the form

d(d—1
Vo) = -2 pnde? w4 (2.21)
where the scalar masses must satisfy the Breitenlohner-Freedman bound [59]
d 2
miL?, miL* > — <2> , (2.22)
and are related to the dimensions Ay and A, of the dual operators as
miL? = —Ay(d— Ny), miL*=-A(d—Ay). (2.23)
The possible solutions of (2.20) are of the form
U(g.x) = a1 1+i &+ (2.24)

where p4 and g, can each take two values, respectively Ay or d — Ay and Ay or d — A,.
However, only a solution of the form

d —
U(60) = ST+ 57— A6 + 5o ([d = A3+ (225)

can be used as counterterms [42] and therefore one must seek a solution of this form.

Once the relevant solution U(¢, x) is determined by solving (2.20), the higher order
terms S(gy) are determined through the linear equations obtained by substituting the
formal expansion (2.17) in the Hamiltonian constraint, namely*

2k? ;2 1 1,
N <27T( 07K ~ g7 TOT (k) T 5T oK) + 57 lﬂx(om(zk)) = Rear), (2.26)

where

i _ 9Sem i 05w 08 (21) 0S (2%)
Tk = vy k) T G, 0 TERXT T TeRe = 5 (2.27)

and the inhomogeneous source of this linear equation is given by

R = vy (R[] + Z(¢)9;x0'x + 0;00") ,

2K2

v ij K i j 2 2 a1 1 2, 1, 2
R =gz PFsl" = o= (m@im@i— g™ + 77 e ity Tee 54T ™" )

K2 ; 2 1 ,
Rk = V= Z (27T 20) 5T (2k—20)] — g q{TeoTer-20 T ZE T (20) T (2k—20)
=1

1 1,__
+§7T¢(25)7T¢(2k,25) + §Z 17TX(215)7TX(2/€2€)> , k>2. (2.28)

4As discussed earlier, we use the Hamiltonian constraint without a Chern-Simons term since this term
only contributes at finite order in the on-shell action.
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Using the explicit form (2.19) of the leading order solution S gy these recursive equations

become

2 _
= 71 Umek) + Usmocar) + 27 Uxryar) = Rian): (2:29)

This can be simplified further by writing

S(Qk) = /ddxﬁ(zk), (2.30)
and using the identity
0Yi (2 + SAT (21" + 06T p(2m) + OXTx(2m) = 0L 2k + Divany s (2.31)

for some vector field v(y;)". Applying this identity to the variations under ¢, and using the
freedom to define L3y up to a total derivative we arrive at the relation

27T(Qk) = (d - 2k>£(2k)a (232)

which allows us to simplify the recursion relations to

4] _ 0 d—2k
<U¢5¢ +Z IUX(5X> /ddxﬁ(%) — ( I-1 > Uﬁ(gk) = R(Qk). (2.33)

These linear functional PDEs can be solved systematically following the procedure devel-
oped in [57]. Importantly, only the inhomogeneous solution, which is unique, contributes
to the divergences. The homogeneous solutions are ultraviolet finite. The counterterms

are therefore defined as
[d/2]
Sct = — Z S(2k) (234)
k=0

Carrying out this calculation keeping the dimension d as a parameter one finds that cer-
tain terms contain a pole at particular dimensions, e.g. 1/(d —4). Such terms lead via
dimensional regularization to cut-off dependence according to the replacement rule
1
m — To, (235)

where 7, is the radial cut-off in the canonical radial coordinate r [47, 57]. The sum of all
such terms is then identified with the holographic conformal anomaly [53].

Given the local counterterms S; the renormalized action (evaluated at a radial cut-off)
is given by

Sren =8 + St = /ddx (visT + AT+ ¢y + XT) s (2.36)

where the quantities 7%, 7, 7y and T, are arbitrary functions that correspond to inte-
gration ‘constants’ of the HJ equation. They correspond to the renormalized canonical
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momenta and can be identified with the renormalized 1-point functions of the dual opera-

tors through the relations®
. 2 4§ 2 : 1 68 1
T'L] — _ ren — _ 7/_(\_1] , J'L — ren — %Z ,
N T =Ry .
(Oy) 1 0Sren 1 (0,) 1 0Sren 1 '
= = T y = == Ty .
VAT PRV VAT A

It should be emphasized that these are the 1-point functions in the presence of arbitrary
sources and so any higher-point function can simply be obtained from these by further
functional differentiation. These expressions are central to our subsequent analysis, and
more generally to the holographic dictionary, since they allow one to extract the n-point
functions of the dual operators directly from the radial canonical momenta, i.e. from the
bulk solution of the equations of motion, without having to evaluate the on-shell action in
terms of the sources.

2.2 Holographic Ward identities

The identification of the renormalized 1-point functions with the renormalized canonical
momenta in (2.37) allows us to translate the constraints #* = 0 and F = 0 into Ward iden-
tities for the 1-point functions in the presence of arbitrary sources. Since these constraints
are linear in the canonical momenta, they hold at each order of the expansion (2.17) in
eigenfunctions of the operator d,. In particular, they hold for the renormalized momenta
leading respectively to the diffeomorphism,

. ‘ 9 .
Di(T7) + Fij(J7) 4+ (Ox)0ix + (Oy)0i¢p = —?H(X)Ejklﬂijly (2.38)

and U(1),
Di(J%) =0, (2.39)

Ward identities, which reflect symmetries that are always present in the bulk and so they
hold irrespectively of the asymptotic form of the background. Notice that the Chern-Simons
term introduces a gravitational anomaly in the dual theory, given by the r.h.s. of (2.38).
For asymptotically locally AdS backgrounds we also have the trace Ward identity (for a
derivation see e.g. [47])

(T7) + (d = A){O0)I'x + (d = 8p)(04)0'6 = A, (2.40)

where A is the conformal anomaly, given by the coefficient of the cut-off dependent terms
in Sct-

Since these Ward identities hold in the presence of arbitrary sources, we can differen-
tiate them with respect to the sources to obtain constraints on higher-point functions. In

®To avoid cluttering the notation we do not differentiate between the renormalized 1-point functions
evaluated at the cut-off, as e.g. in (2.37), and the limit obtained by multiplying these 1-point functions with
the appropriate factor of the cut-off and sending the cut-off to infinity, as in e.g. (3.32).
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particular, differentiating (2.38) with respect to the sources of the stress tensor and the
current we get respectively

DT ()T (o)) 2D (85T ()6 (3, %) ) = (17 () D36 (36, 5) (T4 (30)) D5 (3, ')
o Fy (T )19 (0) + (TH () 0y () ix + (T (x) O (x)) 1 =

oy .
VM6 (x, %) D(T]) — ?H(X)emFijFpﬂkl5(d) (x,x") =0, (2.41a)

DT ()T (x')) + (J7 (%)) (50; — 650;) 619 (x, x') + Fig (x)(J7 (%) J* (') + (Ox ()T (x')) Dix
+ (O (%) J*(x'))0;p = —%H(X)em (Fpq(x) (6%0; — 6%0;) + 2F;;(x)080,) 6P (x,x'),  (2.41b)

where all derivatives are with respect to x, the covariant delta function is defined through

@ (x. %) = - 5@ (x — 5/ .
0 (x,x7) ﬁd ( ), (2.42)
and we have used that
(J()TH (X)) = (TH (x')J7 (x)) + 26D (%, x) (J (%)), (2.43)

and similarly for the 2-point functions of the stress tensor and the scalar operators. We

will revisit these two Ward identities for the 2-point functions in section 5.

3 Dyonic backgrounds

Having established the holographic dictionary for the model (1.1), we are now interested
in computing the holographic 2-point functions in backgrounds of the form

ds% = dr? 4 240) (= f(r)dt® + da* + dy?) (3.1a)
Ap = a(r)dt + g(xdy — ydx), (3.1b)
¢ =0¢p(r),  xB=x8(r), (3.1c)

where H is a constant background magnetic field, f(r) is the blackening factor and A(r)
is the warp factor. The gauge field strength on such backgrounds is given by

Fp =dAp = &dr ANdt + Hdz N\ dy. (3.2)
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Inserting the ansatz (3.1) in the Gauss-Codazzi equations (B.2) we obtain the following set
of equations for backgrounds of this form:

.. . . 1 . 1% 2> _ _ _ .
A+A<dA+2f 1f)+(d_1)—|—(d_1)e AL (fe?AH? +62%) =0,  (3.3a)

(d—1) (A — ;f_lfA> +¢*+2Z%*=0, (3.3b)

f+f (dA - ;f*f’) —4%e A (fe M H? +6%) =0,  (3.3¢)
6_2A

f
. ; 1 14\ - . edA .

. .1 2\ .
205 + 2 <dA + 2f1f> B — Vo — ZsXH — 254 (fe?AH? —a?) =0, (3.3d)

0, <e<d—2>A57a - 2HH> =0.  (3.3f)

Note that due to the presence of the Chern-Simons term (1.3) these equations make sense
either in any d provided II = 0, or for any Il in d = 3. In what follows we keep II arbitrary
and work in d = 3, but our results can be adapted to general d provided II is set to zero.

In the following it will often be more convenient to work with an alternative radial
coordinate defined through

0, = —/fe 4, (3.4)
so that the background metric in (3.1) takes the form
2 2A(u) du? 2 2 2
dsp =e T fu)dt” + dz* + dy” | . (3.5)

Denoting with a prime differentiation with respect to the radial coordinate u, the back-

ground equations for d = 3 become
1 1
A"+ 24 (A/ + 2f1f’> + ﬁeQAV +3f e (H2+a%) =0, (3.6a)
2(A" — A®) + ¢34+ 2ZX5 =0, (3.6b)
424 —45e 4 (H? + %) =0, (3.6¢)
1

1, - 1 Y.
¢h+2 (A’+2f 1f’> W= Ve =S ZpxE—Spe > 71 (H?+0%) =0, (3.6d)

1 1
I +2Z <A’+2f—1f’> o= 5 f Ve 4 ZodlpXp+4Tlye > f la'H = 0, (3.6¢)
(Zo/ +21H) =0. (3.6

Notice that the last equation can be integrated in general leading to

o = %(@ — 211H), (3.7)

where the integration constant @, as we shall see momentarily, determines the time com-
ponent of the vacuum expectation value of the conserved U(1) current and so corresponds
to the background electric charge density.
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3.1 First order flow equations and the fake superpotential

The radial Hamiltonian formulation of the dynamics we developed in section 2 allows us to
describe any solution of the second order equations (3.3) in terms of first order equations
and a ‘fake superpotential’. In order to derive these first order equations we observe that
for backgrounds of the form (3.1) the canonical momenta (2.8) (in the gauge N = 1,
N; = a =0) become

1 , :
Tij :27,%26(0“_2)14]01/2 ((d — 1)A (5z] — (1 + f)5¢05j0) + ;f (513 - 51'05]‘0)) , (3.8&)
1 .
Ty =— ?edA 124, (3.8b)
1 .
m == e fRZ(0%, (3.8¢)
.2 A 2 ~
i~ (d-2)A p—1/2 . 0 _ % Asi0
"= (Ze 124 2HH) 5 Q™. (3.8d)
Moreover, a variation of the on-shell action with respect to a metric of the form (3.1) takes
the form
08 = w6~y + 1%y = 20AT + fTL60 frymt, (3.9)
and hence
oS 1 gaap L
8A_27r_2m26 f#2(d—-1) dA+2f , (3.10a)
0S —1., _tt L aa 12 —1
oF = ol = et f 2(d-1)fA (3.10b)

Eliminating A from the first two equations in (3.3) and replacing the velocities with partial
derivatives of S(A, f, ¢, x,a) using these expressions leads to the HJ equation for back-
grounds of the form (3.1), namely

K2e4 2 4
< 7172 ) (d_ (/51 (Sa—dfSy) S§Z‘1S§> + Vet (A, ¢, X) = 0, (3.11)

where
Var(4,0,X) = V(9 X) + 25(0)e B 4207 (9)e 2414 (G~ 2HTI()) . (312)

Notice that the background magnetic field and electric charge makes the effective potential
dependent on the warp factor A in addition to the scalars ¢ and x. The dependence of S
on f and « can be eliminated by the separable ansatz

1 dy (A £1/2 5
where the term proportional to @ accounts for the canonical momentum conjugate to the

time component « of the vector field and the fake superpotential W satisfies the equation
1

W2+ 27 (QWE = ——= (d+0a) W? = Vir(A,6, ). (3.14)
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Note that this ansatz is capable of providing an almost complete integral of the HJ equation,
with “almost” referring to the fact that this ansatz does not contain an integration constant
for the generalized coordinate f. Inverting the momenta (3.8) and using the ansatz (3.13)
for the on-shell action S leads to the advertised first order equations

, 1
fo2

rinlae —T)WA’ (3.15Db)
b =Wy, (3.15¢)
X =2Z"'W,, (3.15d)
G = —nle~(d-2)A41/2 (@ - 2HH(X)) . (3.15¢)

As is guaranteed by the HJ construction (and can be checked explicitly using the back-
ground equations (3.3)), given a fake superpotential that satisfies (3.14) any solution of the
first order equations (3.15) leads to a solution of the second order equations of motion (3.3).

3.2 Exact families of dyonic backgrounds

In fact, the superpotential equation (3.14) together with the first order equations (3.15)
amounts to a (fake supergravity [60]) solution generating technique for dyonic backgrounds
with running scalars, which becomes particularly powerful in the context of a bottom up
model where the potentials defining the action (1.1) are a priori unspecified. To support
this claim we provide two explicit examples here: a superpotential that gives the general
dyonic Reissner-Nordstrom black hole in arbitrary dimension, and an infinite class of RG
flows between AdS4 in the UV and a hyperscaling violating Lifshitz geometry in the IR.
Additional solutions of the superpotential equation (3.14), including in other dimensions,
are presented in appendix A.

Generalized dyonic Reissner-Nordstrom black hole

The dyonic Reissner-Nordstrom black hole in arbitrary dimension can be obtained imme-
diately from the flow equations (3.15), which imply that a universal consistent solution,
independently of the form of the potentials as long as they admit asymptotically AdS so-
lutions, is given by ¢ = x = 0. In that case the superpotential equation (3.14) can be
integrated to obtain

d—1 2025-1(Q — 2I1H)2e—2(d-1A 212y 244

A)=——4/1 — Ce—d4

Wen(4) ' ([d—1)(d—2) d-na—1a
(3.16)
where C' is an integration constant and II is understood to be zero unless d = 3. In-

—A

troducing the new radial coordinate u through® e~ = u/L one can integrate the first

5This is a priori a different radial coordinate than the one introduced in (3.4), but for the Reissner-
Nordstrom black hole the two coincide.

~ 18 —



order equations (3.15) to obtain the general form of the backgrounds corresponding to the
superpotential (3.16), namely

dsi,, = ij (fHu)du® — f(u)dt® + dx?), (3.17a)
207248 L0)(Q - 2(0)H)? yy ) 2L72S(0)H? _
flo =1+ @na-n " @-na-g"
(3.17b)
L~ ~ d—2
a=ap+ ) Y7(0)(Q — 2I1(0) H )u®~. (3.17¢)

From these expressions we identify the integration constant C' in (3.16) with the black hole
mass, namely M = L~¢C, while the integration constant o in the gauge field is identified
with the chemical potential u.

Exact dyonic RG flows
For d = 3 (AdS4), the superpotential equation (3.14) admits a solution of the form

W(A,¢) = Wo(d)V 1+ ¢?e4, (3.18)
where the parameter ¢ is defined through
H?S0 + (Q — 21 H)?S5 ! = ¢?L72, (3.19)

and the scalar potentials V(¢) and X(¢) are determined in terms of a single arbitrary
function W,(¢) as

3
V(g) = W5 = 5w,

2

In order to solve explicitly the second equation for ¥(¢) we need to distinguish two cases,
depending on whether the ratio |Q — 21y H|/|H| is smaller or greater than 1. To do this it
is convenient to introduce two parameters, 7. and 7, through the identifications

Q —2IyH | coth(r./2), |Q — 2MoH| > |H],
YoH " |tanh(r,/2), |Q — 2l H| < |H],

H?%(¢) + (Q — 2[oH)?S ™ () = ¢ <W0’2 - ;W02> . (3.20)

(3.21)

so that the corresponding expressions for 3(¢) are

|Q — 2M,H| > |H]| :

2
| 1 | 1 1
S7H(0) = 5 L%y (1+tanh®(7./2)) (2 (WO’2+2W3>+\/4 (Wg2+2W3) — L~4tanh? Te) :

|Q — 2M,H| < |H]| :

N =

Y(p) = %L220(1+tanh2(7m/2)) (

2
1 1 1
<W;2+2W3> +\/4 (W52+2W3) — L—%tanh? Tm) :

(3.22)
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Note that since W, ~ —2/L + O(¢?) in the UV, the quantities under the square root are
always non-negative. Moreover, since ¥(¢) depends explicitly on the parameters 7, or 7,,,
these parameters (i.e. the ratio of the electric charge density to the magnetic field) must
be considered as a specification of the theory — not of the solutions.

For either of the two cases, inserting the superpotential (3.18) in the first order equa-
tions (3.15) allows us to obtain the explicit form of the metric in the form

de?

ds® =
T WE e )

+ 24 (- (1+ q2674A) dt* + dz® + dy?) , (3.23)

where the warp factor is expressed in terms of the scalar via

L P We(9)
A= 2/ d¢Wé(q3). (3.24)

This geometry is asymptotically AdS, in the UV. Assuming that in the IR ¢ — oo and
the function W,(¢) behaves as

Wo(d) ~ wee®, A >0, (3.25)

the flow equations imply (up to an additive constant that depends on the specific function
W,(¢) and affects the Lifshitz radius in the IR metric (3.28))

1
A~ ——0. 3.26
) (3.26)
Introducing the radial coordinate
v = e~ AFL/2N9 (3.27)

in the IR the metric asymptotes to the hyperscaling violating Lifshitz geometry [61-68]

ds?p = 0972 dv’
IR = PNwZ(A+1/2))

5 — P20 ae? 4 da? + dy2> , (3.28)

with Lifshitz and hyperscaling violating exponents

A2 43)2

=——"'" f= 1, 1 . 2
z N2 z+1, <z<3 (3.29)

These are type IIIb hyperscaling violating backgrounds for 1 < z < 2 and type IVb for
2 < z < 3 according to the classification of solutions of the null energy conditions in [69].
It is interesting to note that for the purely electric solution (H = 0), these IR geometries
correspond to solutions of an Einstein-Maxwell-Dilaton theory with a vanishing scalar
potential [61, 68-70]. In the present case, however, the scalar potential is not zero! The
reason for this apparent puzzle is that the scalar potential is asymptotically subleading
in the IR in the purely electric case, and there are necessarily subleading terms, contrary
to the case of pure exponential potentials. Another point we must emphasize is that,

"The case ¢ — —oco is completely analogous, with A < 0.
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contrary to what is often claimed in the literature, these geometries are not singular, since
the concept of a curvature singularity in the presence of a diverging scalar is inherently
ambiguous. Indeed, as it was shown in [69], these geometries are perfectly well behaved in
the ‘dual frame’ where they become Lifshitz and the singularity is completely absorbed in
the diverging scalar. It follows that there is no need for applying Gubser’s criterion for this
kind of IR geometries, in the same way that this criterion is not applicable to RG flows
between two AdS fixed points.

In the far IR, the radial coordinate v is related to the conformal coordinate u introduced
in (3.4) as

22241 9 "
2_
U221 u— +00 A< 3,
—c2 2 _ 1
v~ e~ cu, u — 400, A\ = 3, (3.30)
22241 9 1
(e —u)2V=1, u— uy, A>3,

where ¢g is a non vanishing constant that depends on the charges. Computing the Schrodinger
potential for the fluctuation equations (4.12) one finds that for both H # 0 and H = 0
cases it behaves in the IR as

2(222-1)

1, 1 _
Vieh = 5ht + Jhi = ho ~ kP07, (3.31)

where k? ~ ¢? is non-zero. We therefore expect that the spectrum of fluctuations is
discrete and gapped for A2 > 1/2 (1 < z < 2), continuous and gapped for \?> = 1/2
(z = 2), and continuous and ungapped for A\?> < 1/2 (2 < z < 3). A full analysis of these
RG flows, including the possibility of embedding them in gauged supergravity will appear
elsewhere [46].

3.3 Vacuum expectation values

Using the identification (2.37) of the 1-point functions with the renormalized canonical
momenta we can now evaluate the vacuum expectation values (VEVs) of the dual operators
in these backgrounds. Combining (2.37) and (3.8) we find that the general form of the
renormalized 1-point functions evaluated in backgrounds of the form (3.1) take the from

(Ty;) = — lim eld=2/L e (d—1)A(6;; — (1+ f)dindjo) + i (655 — 8i0630) | + 2¢—34 o
Y r—00 K2 v 1095 2f ij i00; 7\/7 ij |
(3.32a)
(Oy) = Jim eSer/t <,j2¢ ety 2”?) : (3.32D)
. . 1 A1 .
(0)) = lim 7/t (—,#Z(¢)X+ . 1/27T_Xt) , (3.320)
) 92 -
W = =g Q0% (3.32d)

To simplify these expressions we need the form of the counterterms S.; and the corre-

sponding canonical momenta 7TZ~C;,

These counterterms can be computed in full generality using the algorithm presented in

W(;t and 7¢ evaluated in backgrounds of the form (3.1).

- 21 —



section 2.1, but this analysis can be simplified by focusing on background solutions only.
In particular, in section 2.1 terms involving the field strength Fj; were counted as deriva-
tive terms and do not appear in the leading order solution (2.19) parameterized by the
function U(¢, x). Since the field strength is constant in backgrounds of the form (3.1)
however, we can take its effect into account by a modified function U(A, ¢, x) that satis-
fies the same equation (3.14) as the fake superpotential W (A, ¢, x), instead of the simpler
equation (2.20). In fact, since we need to determine only the divergent part of U(A, ¢, x)
we can drop the term proportional to @ — 2HTI in the effective potential (3.12) since this

2d=1DA which is always subleading relative to e =44,

term would only affect U at order e~
The counterterm function U(A, ¢, x) for general backgrounds of the form (3.1) therefore

can always be obtained as a Taylor expansion solution of the following PDE:

U3 + 27N O)U2 — o (d+ 0 U = V(o) + 25(0)e MH% (3.33)
As we emphasized in section 2.1, the relevant solution must have a Taylor expansion of
the form (2.25). From the form of (3.33) we immediately deduce that the counterterm
function U(¢,x) will be a function only of the scalars ¢ and y as long d < 4 since in
that case the term involving the background magnetic field contributes at subleading order
relative to e~ Tt follows that for d < 4 the function U(¢, x) can be obtained by solving
the simpler equation (2.20). For the marginal case d = 4 this term will contribute to U with
a coefficient that has a pole of the form 1/(d — 4) (see (3.16)) which via the dimensional
regularization described in section 2.1 leads to a cut-off dependent divergence and a related
conformal anomaly. For d > 4 the magnetic field in (3.33) will contribute to the ultraviolet
divergences in the standard way.
Finally, having determined the counterterm function U(¢,x) for backgrounds of the
form (3.1) through (3.33), we obtain the renormalized 1-point functions

(Tyy) = 5 lim /% (((dl)AU) (03— (1+f)diodj0) + (;}ﬁ) (51'51'053'0))

/{,2 r—00

1 1
= — lim edr/L ((W + U) (513 — (1 + f)&iodjo) +— (WA + UA) (52] — 52‘0(5]'0)) ,

K2 o0 d—1

(3.34a)

(O4) = _% lim B/t (q5 + U¢) = —% lim 2/ 2 (Wy + Uy), (3.34b)
(Ox) = —% lim 2 (Zy +Uy) = —% Tim AR (W 4 U, (3.34c)
() = —%@5%‘0. (3.34d)

As was mentioned earlier, we see from these expressions that the integration constant @
corresponds to the conserved electric charge density of the background. Moreover, the
energy density € is given by

€= {Tf) = —(Ti) = — lm /" (@~ DA-U). (3.35)

K* r—00
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while the pressure density corresponds to (no index summation)

1 ) Z U
P o= (T,) = _?Tnjolo edr/L ((d— DA-U + 2];0 — d_A1> : (3.36)

4 Fluctuation equations at zero spatial momentum

We next consider linear fluctuations around general backgrounds of the form (3.1), and
for arbitrary potentials V (¢, x), X(¢), Z(¢) and II(x). In order to be able to decouple
the fluctuation equations (which we present in full generality for d = 3 in appendix C)
we follow [22, 34, 36] and consider only fluctuations that are independent of the spatial
transverse coordinates and we set certain components of the fluctuations consistently to
zZero.
In particular, denoting the most general fluctuations that preserve the gauge N = 1,
N;=a=0by
Yij = VBij + hij, Ai=Apitai, ¢=¢p+e, X=xB+T, (4.1)

with Sg = fy%khki, we switch off the fluctuations Sf =S¥ =S =S¥ =@ =7 =a; =0 and
only keep the components a; = az(r,t), ay = ay(r,t), Sf = S¥(r,t) and S} = S/ (r,t). For
such fluctuations the only non-trivial equations are

Einstein zt:

<a£ + <3A - % 1 f'> Oy — 426—4AH2> SP = —4%e A (i, + He *9ay),  (4.2a)

<83 + <3A + ; ! f) O + 4xe 24 floﬂ) St =4%e™ 2471 (da, + He *04ay)
(4.2b)

Einstein yt:

. 1 .
(984 (34— 3717 ) = 502 51 = 432 (s — B 00r) . (120

<a§ + (SA + g 1 f‘> O + 4%e %A f‘1d2> Sh=4ne 24 ¢! (day — He *40ya,)

(4.2d)
Einstein rz:
0,5F = —4%e A (H&SY + H fa, + adra,) (4.2¢)
Einstein ry:
S) = —4%e A (~HA&SY — Hfa, + adsay), (4.2f)
Maxwell z:
o, (z FU26A (082 + fax)) = S f 2 A(02a, + HO,SY) + 201, X dsay, (4.2¢)
Maxwell y:
o, (z FY2A (aSY + fay)) = N f V2% (82, — HO,ST) — 21, X pOsas. (4.2h)
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Note that (4.2a) and (4.2b) as well as (4.2c) and (4.2d) are trivially related since
Sy =—f7'sy, Sy =—fr's. (4.3)
The remaining equations can be decoupled by introducing the complexified variables
SE =87 +iSY, hix = hiw +ihy, ax = ag +iay, (4.4)
so that we can write
.1 .
<a§ + (3A -3 1 f> ar> Sit = —4%e 4 (day FiHe *A0pay — H?e *4SF), (4.5a)
8,Sit = 4%e (£iH (4SF + fax) — adway) (4.5b)
o, (2 FH2eA (aSE + fai)) = Nf V2% A(02ay F iHOSE) F 2L xpdhar,  (4.5¢)
or after Fourier transforming in time (9; — iw)
O (e?’Af_l/zSti) = —4xeA 12 (dar £wHe 24y — H2e248F) (4.6a)
wSiF = 4%e 2 (£H(4Sf + fay) — wday) (4.6b)
Or (Effl/QeA (O'zStfE + fdi)) = Effl/Qe*A(—wzai + wHSti) + 2wIl, X pa+. (4.6¢)

Note that multiplying (4.6b) with e34f~1/2 taking the radial derivative and substitut-
ing (4.6¢) in the resulting expression gives back (4.6a), which is therefore not independent,
unless w = 0.

In order to decouple these equations for w # 0 we replace a+ with the linear combina-

tions
Er =way F HSti, (4.7)
in terms of which (4.6) become
wd, <e3A f*1/23f> = —4zeAf1/2 (aéi +GHSE + wHe*Msi) , (4.82)
(w? — 4% A fH?) S = ave A (£ H [Ey — waks) | (4.8b)

wa_l/Qer'zS'ti + Or (Efl/QeA(Si + HS’ti)) = W2 e, £ 2wllyxBE+, (4.8¢c)

where we have used the last equation in (3.3) to obtain (4.8c). Substituting now the
expression for S& from (4.8b) into (4.8a) leads to the two decoupled equations for £

Ex + g1(w, H)Ex + go(w, £H)ExL =0, (4.9)

where
g1(w, H) =0, 1log |Se? f12Q71| (4.10a)
go(w, £H) =f e 2A4(Q — 4¥42) F % F a0, log [Set f12a07 (4.10b)
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with
Q=w?—48H?fe 2 (4.11)

In terms of the u coordinate these equations read

EY + hi(w, H)EL + ho(w, H)Ex =0, (4.12)

where
hi(w, H) =0, log |SfQ71, (4.13a)
ho(w, £H) =f2(Q — 45 fe 240’2 F % fa'd, log [Ta/Q71. (4.13b)

Riccati form of the fluctuation equations

Finally, these linear second order fluctuation equations can be expressed in first order
Riccati form by introducing the response functions Ry [42, 43], namely

Er = Ri&s, (4.14)
so that (4.9) take the Riccati form
Ri+RE + g1(w, H) Ry + go(w, £H) = 0. (4.15)

Since these are first order differential equations there is only one integration constant
for each, which is fixed by imposing suitable boundary conditions in the interior of the
geometry. This is one of the advantages of the Riccati formulation of the fluctuation
equations, since they compute directly the response functions, without any dependence on
the arbitrary sources.

5 Renormalized Green’s functions, Kubo formulas, and transport coef-
ficients

Another advantage of the Riccati form (4.15) of the fluctuation equations is that, as we now
show, the 2-point functions can be determined in general in terms of the response functions
R+. Therefore, solving the Riccati equations directly determines the 2-point functions,
without the need to evaluate the on-shell action and then take functional derivatives.
The Riccati formulation of the fluctuation equations implements linear response theory in
the bulk.

5.1 Holographic Green’s functions and Ward identities

In order to unravel the relation between the response functions R+ and the 2-point func-
tions we need to determine the canonical momenta (2.8), which as we have seen in section 2
are identified with the 1-point functions, to linear order in the fluctuations. For the fluctua-
tions we considered in section 4 the only non-trivial components of the canonical momenta
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to linear order in the fluctuations are

Y 1 1ei ki ' :
ij _ ik iaij L (i it
= —2’€2 —B (2Sk’YBJ +2ASY + ﬁ (Sj - thlg)) ) (513)
(12 2 S qit i - diw i i
7= ?\/—’sz (CMS — ’)’Baj) + ?H (5xay - 5yaax) ) (51b)
whose only non-zero components are
(1j): 1 b [ et -
T =~ 2V BB (St +4AS; ) ; (5.22)
O
ma =V (S (S + fax) F 20lle 20z ) (5.2)

where W}:i: = % +4n¥! 1F = 7% 4+ 7Y, Using the defining relations (4.14) for the response

functions R+ we can express the velocities StjE and a4 in terms of the fluctuations £+ as
SF = 4ne 240" (£H fRy — wa) g, (5.3a)
ay = Q7 (WRy F4HSe *4a) &y (5.3b)
Hence, the only non-zero components of the momenta to linear order in the fluctuations
take the form
(1) (1)

= %\/% (Chhis + Cihax), w8 == (Cihux + Chax), (5.4)

where
CiE (r,w) = %’yge_% (ﬂ:HEe_QAQ_l (tH R+ —wa) — A) , (5.5a)
Cfa(r,w) = —%'ygEQ_le_Mw (tHfRy —wa), (5.5b)

2 w ~
CE(r,w) = iﬁvgﬁ (ZQ_lw (tHfR+ —wa) — Qe_Afl/Q) , (5.5¢)
K
and we have used the fact that e f~1/2%4 —2I1H = —Q is a constant (see (3.7) and (3.4)).
In order to renormalize these expressions for the canonical momenta linear in the
fluctuations we must take into account the contribution of the boundary counterterms,

which for d = 3 take the form
1
Su =z [ ExVA V@) + 06, 0RR). (56)

where U is determined through (2.20), while © is determined by the algorithm described
in section 2.1. However, for backgrounds of the form (3.1), where the Ricci scalar of the
induced metric vanishes, and for fluctuations of the form discussed in section 4 it is straigh-
forward to check that the counterterm involving the Ricci scalar does not contribute (see
last equation in (C.2)). In particular, when expanded to second order in the fluctuations
the counterterms for d = 3 take the form

(2) 1
Set = 22 d2x/dw V=780 by (w)hy— (—w). (5.7)
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These counterterms lead to the renormalized response functions

1
Cren(r,w) = Cif (r,w) + ?e_ZAng

2 P |
- ?yge*% <iHZe2A91 (+HfR4 —wa) — A+ 2U> : (5.8a)
2
CrenE(r,w) = Cif (r,w) = —?ng*e*“w (+HfR: — wa), (5.8b)

2 ~
Crent(r,w) = CE (r,w) = i—Q’yg% <EQ_1w (tH Ry — wa) — Qe_Af1/2> . (5.8¢)
K
Notice that only the coefficients C,jfh get renormalized.
Using (2.37) we can now express the renormalized 1-point functions in terms of the

renormalized momenta, namely

t\ — tx sty 2 /TF:N:
(JE) = (J7) £ i(JY) = _173%35, (5.9)

or, after lowering the indices
2 1
vV —B vV ~—IB

The 2-point functions can now be obtained by functional differentiation of these 1-point

(Tyx) = et R = 20 1R, (Jx) = ARE = o~ Ap-122E  (510)

functions with respect to the fluctuations. The precise coefficients of the functional deriva-
tives with respect to hs4+ and a+ that correspond to an insertion of respectively T;+ and
J+ can be determined by computing the variation

0Sren, = Qﬁxtﬁm—I—Q%ytdhyt—i—%xéam—i—%yéay = % (Qﬁ}féht_ + 27, 0hyy + Tréa_ + 7?(1_5a+) ,

(5.11)
where the factor of 2 in the metric momenta is due to the fact that we must sum over the
two possible index combinations. It follows that

6Sren

(Tia(w)) = 264 12 05ren (g (o)) = 26 p1/2_OSren
dax(-w)

e (5.12)

We now have all the ingredients in order to evaluate the renormalized 2-point functions.
Combining (5.9) and (5.4) we get

(Trz) = e (CEr M hys + G Mas) , (Ji) = 4 (ClE M hyy + CFMay) . (5.13)

From (5.12) then follows that the 2-point functions are obtained as

(Tia)Tic () = 264 = (Ti ) = 294G ),

(Tit @V () = 260 (Tis () = 264G w),
da(w)

(4 0)T-(—)) = 264 LT, (@) = 2640 @), .14
dat(w)
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and similarly for the fluctuations h;— and a_. In particular, the full set of renormalized
2-point functions that can be computed with the fluctuations we considered are

(Ths (@) Ti-(~w)) = 2 Tim (/LG (r,w) ) | (5.15a)
(T (@) Ty (~w)) = 2 Tim (™/EC" (r,w) ) (5.15b)
(T4 ()T () = 2 lim (711 (r,w)) (5.15¢)
(T @)+ () = 2 Jim (7501 (r,w)) (5.154)
(i (@) (~w)) = 2 Tim (¥/ECH(r,w)), (5.15¢)
(@)1 (~w)) = 2 lim (" ECaren(r,w)) (5.15f)

with all other 2-point functions vanishing identically. In the x,y basis these become

(T ()T ~w)) = (Tiyf)Tiy ()= 5 Tim (775 (G (r,0) + Gt ™ (r,)) )

(5.16¢)

2 r—o0

(5.16a)
(Tia (@) Tay () = = (Toy (@) Tro(—) = 5 Tim (77 (G (r,0) = Ciy (1)) )

(5.16b)
(T@) () = (Tiyfw)dy(~w)) = 3 Tim (575 (CF" (r,0) + Gl (r,w)) )

(5.16¢)
(Tia @)y () = = (Toy(@)a(-w)) =3 lim (772 (Gl (r,) = Cpy (1)) )

(5.16d)
(o@)o(=w)) = (@) y(~w)) =3 lim (75 (CH(r,w) + Co ™ (r,w)) )

e3r/L (C;raren(r’w) . C(;lren(r,w))> )
(5.16f)

The limits on the r.h.s. can be evaluated explicitly by considering asymptotically AdS
backgrounds of the form (3.1) so that

a=a+ Eal(@ — 2HIIy)Le "/F 4+ O (6_2T/L) , (5.17a)
_r —r/L

A=2+0 (e ) , (5.17b)

f=1-ML 33/ 40 (6*4/L> , (5.17¢)

and asymptotically ¥ ~ g, II ~ IIy for some constants ¥y and IIy. Note that this
asymptotic form of f follows from the third equation in (3.6), even for backgrounds with
running scalars. As we shall see, these asymptotic conditions for the background imply
that the response functions R4 asymptotically behave as

Rai(r,w) = Ryqy(w)e E + O(e7/F), (5.18)
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where the functions Ri(l)(w) are determined by the boundary conditions in the interior of
the bulk spacetime. Evaluating the limits (5.16) using these asymptotics we finally obtain

H

Ta@)Ta(-0) = (Ty@)Ty(-o)= i {Ta@)y(-)) + (Ta),  (5.19)
(T Try ()} = — (Lo ) Toe () = — 10 (Tha () () (5.190)
T Je(-0)) = Tyl () = i la@)dy(—)) = (1), (519)
Ty () = — (T (@ L)) = — 10 (o) e ) (5.194)
where
(@) () = )l (—w) = — 5TRG ) (5.20a)
(a@) () = — (@) () =~ 25 (SoRy(@) — 2Mgw),  (5.20b)
with
R (@) = 3 (R () & Ry (), (5.21)

and the renormalized 1-point functions (Ty) and (J!), corresponding respectively to the
energy and charge densities, are given in (3.35) and (3.34). Notice that the only independent
2-point functions are the current-current ones, while all other non identically vanishing
2-point functions are expressed in terms of the current-current 2-point functions and the 1-
point functions of the background. In fact, the relations (5.19) are nothing but the Fourier
transform of the 2-point function Ward identities (2.41), and so they are purely kinematic.

A number of comments are in order here. Firstly, note that the Ward identities (5.19)
imply that certain 2-point functions can potentially diverge as w — 0 for non-zero magnetic
field. However, as we shall see in section 6.4, the leading behavior of the response functions
Ri1)(w) for small w is (see (6.33))

Riqy(w) = j:;g (2HH0 - @) % +OW?), (5.22)

independently of the regularity condition imposed in the IR.® This ensures that the 2-point
functions do not diverge in the small frequency limit for H # 0. Another remark is that
all the expressions for the 2-point functions we have discussed so far, including the Ward
identities (5.19), are independent of the IR boundary conditions. In order to compute
the conductivities we will impose infalling boundary conditions on the horizon in order to
obtain the retarded 2-point functions [71], but any other thermal 2-point function can be
obtained by imposing the corresponding boundary condition on the horizon. As we shall
show in section 6.2, imposing infalling boundary conditions on the horizon implies that the
response functions R4 (w) are related via R4 (w) = R_(—w)*, and hence

Riay(w) =R_a)(—w)" (5.23)

8More precisely, it is independent of the IR boundary conditions, as long as the constant ¢; in section 6.4
is non-zero.
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Finally, it should be stressed that we have computed the renormalized 2-point functions
without ever evaluating the on-shell action, contrary to the usual procedure in the litera-
ture. What allowed us to do this is the fact that the renormalized canonical momenta are
identified with the 1-point functions in the presence of sources via (2.37). This is practi-
cally very important in Lorentzian holography, since the proper evaluation of the on-shell
action for thermal correlators involves multiple boundaries [72-74].

5.2 Kubo formulas and transport coefficients

The thermoelectric conductivities are defined in linear response theory via the relations

Y\ (¢ Ta 5
<<Q>> B (Ta T@) (_ﬁlogT> , (5.24)

where J is the electromagnetic current and Q is the mixed thermoelectric current defined by

(Qa> = <Ta > - ,u<']a>7 a,b=u,y, (525)

and p is the chemical potential. E here is the applied electric field and VT is the spatial
temperature gradient. The linear responses in the currents are encoded in the matrix of
thermoelectric conductivities, where G is electric conductivity, @ and @ are the thermo-
electric coefficients and « is the thermal conductivity. Each of these quantities is a 2 x 2
antisymmetric matrix. The hats indicate that these quantities are the conductivities in the
presence of a magnetization current [35].

Combining this definition of the conductivities with the expressions (5.13) for the
1-point functions of the stress tensor and electromagnetic current and the 2-point func-
tions (5.16) we arrive at the Kubo formulas

Gap = iw (T (W) Jp(—w))r, (5.26a)
Taap = iw™ (Qa(w)Jy(—w)) r = iw ™ (Tt (w) Jo(—w)) R — HOab, (5.26b)

T//%ab = iw71<Qa(w)Qb(_w)>R = Z‘w71<Qa(w)Tbt(_w)>R - ,U/Taab
= iW_1<Tat(w)Tbt(—w)>R - Miw_1<Ja(W)Tbt(—W)>R — uT gy, (5.26¢)
where the subscript R indicates that the retarded correlators must be used.

We can now use the Ward identities (5.19) — which we emphasize were derived holo-
graphically — to express the thermoelectric coefficients and the thermal conductivity in
terms of the electric conductivities only. From (5.19) we get

—twT Oy = Hogy + iwpoge — p, (5.27a)
WI'Qyy = —1HOpy — WOy, (5.27b)

where p = (J) = —2Q/k? is the electric charge density we found in (3.32). Combining
these two relations as

WT (Qpy £ 104y) = FH (04y £1044) — Wit (0zy £ i02,) £ p, (5.28)
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and defining
Ot = Opy T 104z, Q4 = Qpy + 104y, (5.29)

we arrive at the expressions
wlay = —(wp+ H)oy £ p, (5.30)

reproducing the result of [36]. However, here we have arrived at this result through a holo-
graphic derivation of the Ward identities (2.41), which hold in a generic theory including
scalar operators. Similarly, combining (5.26¢) and (5.19) we get

wlky = —(wp + H)Tax + (e — pp), (5.31)

where ky = ﬁmy + iRz, and € is the energy density defined in (3.35).

It follows that the only conductivities we actually need to compute are the electric
conductivities, which are holographically expressed in terms of the response functions
through (5.20) as

2 _
Ooz = Oyy = ——5 Sow "RE) (@), (5.32a)

P i
Oy =~y = — <zow Ry ()~ 21'[0) : (5.32b)

where the response functions are computed with ingoing boundary conditions on the hori-
zon. Note that there is no magnetization subtraction for the electric conductivities, which
is why we have dropped the ~.

6 Response functions from the Riccati equation

In the preceding sections we have shown that the renormalized 2-point functions and the
corresponding conductivities for generic asymptotically AdS backgrounds of the form (3.1)
can be expressed in terms of the response functions Ri(l)(w), which are as yet undeter-
mined. These response functions are computed by solving the Riccati equations (4.15) and
imposing appropriate regularity conditions in the interior of the bulk spacetime. Typi-
cally these equations can only be solved numerically, but certain analytic results can be
obtained by taking various limits. In this section we determine the general solution of
the Riccati equations in the small and large frequency limits, as well as the ultraviolet
and infrared asymptotic solutions, before presenting an algorithm for obtaining the exact
solution numerically.

6.1 UV asymptotic solutions

We begin by determining the UV behavior of the response functions R (r,w). Inserting
the UV expansions (5.17) for the background fields in the coefficients (4.10) of the Riccati
equations we obtain

1
g1(w,H) = I +0(e™1), go(w, £H) = w?e 2L 4 O(e73/1). (6.1)
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It then follows trivially from the Riccati equations (4.15) that the general UV behavior of
the response functions takes the form

Ra(r,w) = Raye (w)e"E + O(e1E), (6.2)

where R 1)+ (w) are the only integration constants of these first order equations. As we have
seen, these integration constants, which are determined by imposing suitable regularity
conditions in the IR, are the quantities encoding all the dynamical information in the
2-point functions and the corresponding transport coefficients.

6.2 IR asymptotic solutions

The IR behavior of the response functions R4 (7, w) depends crucially on the type of back-
ground considered. The ansatz (3.1) includes both zero temperature (no horizon) and finite
temperature backgrounds and the results for the renormalized Green’s functions obtained in
section 5 are applicable to both types of backgrounds. However, the conductivities involve
the retarded Green’s functions at finite temperature and so they are relevant observables
for backgrounds with a horizon. We will therefore consider explicitly only the IR asymp-
totics for finite temperature backgrounds of the form (3.1) here. Confining backgrounds of
the form (3.1) at zero temperature are discussed e.g. in [22, 46].

Assuming the geometry exhibits a horizon at u = wy (corresponding ot the smallest
root of the equation f(u) = 0) giving rise to a finite temperature 7', the function f increases
from zero at u = wuy, in the IR to the value f =1 at w = 0 in the UV. In particular, f(u)
admits a Taylor expansion near uy of the form

flp)=4rTp+ O (p2) ., p=up—u, (6.3)

while the warp factor satisfies e(?) = O(1) as p — 0. These asymptotic conditions,
together with the assumption that 3(¢) and II(x) remain finite at the horizon, allows one
to determine the leading asymptotic form of the coefficients (4.13), namely

2

1
hlz—*—i-(')(l), h(): w

It follows that the near horizon behavior of the general solution of the fluctuation equa-
tions (4.12) takes the form

Ex(p) = P (w)p~ T (14 O(p)) + 2 (w)pi=T (1+O(p)), (6.5)

where ¢! and ¢§% are arbitrary integration constants, multiplying the two linearly indepen-

dent solutions — respectively infalling and outgoing — of the second order equations (4.12).
The retarded Green’s functions are computed by setting the outgoing mode to zero at the
horizon, while the advanced Green’s functions correspond to setting the infalling mode to
zero [71]. Tt follows that the near horizon behavior of the response functions

Ry =0, log|Ex| = fY/2e740,log |Ex], (6.6)
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must be of the form

—iwe= A (47T p) =12 + O(p'/?), Retarded,

Ra(pw) = { iwe= AW (4T p) =12 4 O(p'/?),  Advanced, (6.7)

depending on whether we want to compute the retarded or advanced 2-point functions.
These conditions on the horizon determine the sole integration constants R 1)+ (w) in the
solution of the Riccati equations (4.15). Note that these boundary conditions are invariant
under the combined transformation w — —w and complex conjugation. This leads to the
relation (5.23) we mentioned earlier between the response functions. Another important
remark is that the expansion (6.5) as written here is only strictly valid for nonzero w. This
is because the O(p) terms that appear in this expansion contain inverse powers of w, thus
rendering the limit w — 0 ill defined. We need to keep this fact in mind when determining
the small w behavior in section (6.4).

6.3 Universal large w solution

Besides the UV and IR asymptotic expansions, the large and small frequency solutions of
the fluctuation equations can be obtained analytically. These determine respectively the
large and small frequency behavior of the response functions R 1)+ (w), and hence of the
conductivities.

In the large frequency limit the coefficients (4.13) become

w2

ho =73 + O(w), h1=0dulog|Sf|+0 (w™?). (6.8)
Assuming these expansions hold uniformly in [0, up], the fluctuation equations (4.12) to
leading order in w simplify to

fOLSFEL) +wW?nEL =0, (6.9)

whose general solution is
!/ u du’

£ = (c1 + Ow™)) exp (iw /Ou f(Z’)) + (c2 + O(w™)) exp <—iw/0 f(u,)> . (6.10)

with ¢; and ¢y arbitrary integration constants. From the near horizon behavior of f in (6.3)
we deduce that infalling boundary conditions on the horizon corresponds to setting cy = 0.
This yields

Ri =8, log|&x| = —f12e7 40, log |Ex| = —iwf~ 2™ + O), (6.11)
and so from (6.2) we conclude that

—iw + O(wW’), Retarded,

Rew(®) = { iw+ Ow),  Advanced. (6.12)

From (5.32) then follows that for large frequencies the conductivities behave as

o) = 0y () = —%20 O™, oay(w) = —ope(w) = —%HO +OW ). (6.13)

Notice that this result is independent of the particular background considered here and is
thus universally valid for asymptotically locally AdS backgrounds of the form (3.1).
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6.4 Universal small w solution and its Padé approximant

A universal result for the response functions R (1)(w) can also be obtained in the small
frequency limit. From (4.13a) and (4.13b), using the background equations (3.6), we deduce
that

1 62A /
hi(w,H) = 24" + 17 <f2> w? + 0O (W), (6.14a)
—2A N —24 24 N/ 2 1 / 24\ /
ho(w,:I:H):—eT(ezAf) :FeH <e fOé)w—i—;iQ 4H30}<62f) w3+0(w4).
(6.14Db)

Inserting an expansion of the form
Ex =0 +u Ej([l) + wQS(f) + w?’gf’) + 0 (w?), (6.15)

in the fluctuation equations (4.12) leads to the following equations up to O(w?):

!

Ow®): &/ 42460 e_;A (241 e = e—fM (é“‘ 12 (%m)) =0, (6.16a)
o (oo () ) - (5 o
A o) Bt 1C e 1 F
o (oo (55 Y-t (e ()

(6.16d)

Note that the O(w") equation is a homogeneous second order equation and hence the cor-
responding general solution contains two integrations constants. Moreover, the subleading
in w equations are second order inhomogeneous equations but with the same homogeneous
solutions as the O(w") equations. Without loss of generality we will absorb all freedom
in choosing the homogeneous solutions into the O(w®) solution by allowing the integration
constants to potentially depend on the frequency.

At O(w?) the two linearly independent solutions are

u dul
59 =c1f+cafp, plu) E/o A2 (6.17)

where the lower limit of integration in p(u) has been chosen so that the integral is well
defined. In the UV these behave as

3
U
flu) =1 = Mu+ 0 (u'), plu) = 575 + 0 (u'), (6.18)
while near the horizon we have
9 672A(uh)
fu)=4rTp+ 0O (p*), plp) = e O (log p) . (6.19)
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Both f and fp are therefore regular on the horizon and so we cannot a priori exclude
any of the two solutions at this order in the frequency. As we shall see, we need to
determine the expansion (6.15) up to O(w?) in order to find suitable linear combination of
the integration constants c¢; and ¢y that corresponds to the desired IR boundary conditions.
The inhomogeneous solution at O(w!) takes the form

24/ 24/
el =+ H/ 2Af2<cl/ f2( fa>du+02/ 2p ( fo‘>du). (6.20)

where again the lower limits of integration have been chosen so that the integrals are well
defined. Near the horizon these the O(w!) solution behaves as

(1) N (é — 2HHh) B 672A(“h)
EY iiHEh ciplogp 627(47rT)2 logp |, (6.21)
where II;, = II(x(up)). In the UV we have
W _ L (o
eb = (iHZO (Q - 2HH0) ut O (u2)> +e0(ub). (6.22)

Combining the O(w®) and O(w') results, near the horizon the small frequency expansion
behaves as
e—2A(un)

Ex ~ 1 (4nTp + wO(plog p) + O(w?)) + c2 (M

+wO(log p) + O(w2)> . (6.23)

It follows that for any value of the integration constants ¢; and co this expansion breaks
down when —|w|logp ~ 1. However, as long as p > e~ /Il the expansion (6.15) is well
defined. Going one order higher, the O(w?) inhomogeneous solution takes the form

@ _ " da [t o) A (N o f (N L) -

where the lower limit of the first integration, 0 < u, < up, is an arbitrary point between

the horizon and the boundary since the integrand diverges both at the horizon and the
boundary. Near the horizon this behaves as

(2) e2Alun) 5
EY =a N logp+ O(1) | +c20((log p)?), (6.25)
where ¥j, = 3(¢p(up)), while in the UV
2
2 3L 1 9

gi = m <M01 — @CQ U+ O(u ) (626)
At this point we can determine the relation between the integration constants ¢; and
¢o corresponding to ingoing boundary conditions on the horizon. Provided p > e~1/I¢l,

the ingoing solution in (6.5) can be expanded as
Ex =M w) (1 — ﬁwlogp + O(wlog p) )) (6.27)
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On the other hand, in the same limit the small w solution we found behaves as

e~ 2A(un) (Q — 2HTI,) e petAn)arT
~ g T W g p— —wP—— T 20((1 2
Ex~ o WRTHS, (87T oY amEy, losptw O((log p)7) | ,
(6.28)
and hence we conclude that
AH e—4A(un) ~
e " iy —2HTI ) 2
=0 (Z nF(Q h) (6.29)

Applying the same argument to subleading orders in the expansion determines the point

Uy in Sf).

Finally, observing that
e« Ij}gﬁf) = 0, (6.30)
as u — 0, it is straightforward to show that Eig) = O(u?) and hence in the UV we get
Er = e (1 + 2 (@ - 2HH0> u i S <M - 102) u+ 0(u2,w4)) . (6.31)
HY, 4H?Y 3L2 ¢y

It follows that

~ L2w? 1
Ro=0,log|Ex| = —fH2e40, log |Ex| ~ z< “_(Q-2mHTI) - L <M @ >>

THD, A\ 302 ¢
(6.32)
from which we read off the response functions
w o~ 3M L2w? (4mT)2e*A(un) 3
R w:zp—(Q—szH)— + _ +Owh).
W) = F g5, ) AH?S T 165 HR(HS), F (Q — 2HIL,)) )
(6.33)

Notice that the leading O(w) part of this expression is universal and independent of the IR
boundary conditions as long as ¢; # 0. This temperature independent part of the response
functions determines the universal DC Hall conductivity and it is crucial to remove the
apparent pole at w = 0 in the conductivities (5.32). From (5.32) it follows that the small
frequency behavior of the conductivities is

SML (4n )% 10 2 +0 (W) (6.34a)
g = —— — - 9 .
YUU2HRTT RH2R2(H?Y2 4 (Q — 2HTL,)?)

ArT)2e* A (Q — 2HTI, )w?
Oay = —0ya = L — (rT)"e 7 (Q - e o (W?). (6.34b)
H  8H3Kk2(H2Y2 + (Q — 2HII,)?)

Ogx =

Given that M is related to the temperature 7', the second order correction in w of the
response function brings in a temperature dependence in the leading nontrivial correction
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of the transport coefficients. From the Ward identities (5.19) then we obtain
(47T)2e44Wn) (Q — 2HTT )w?

Tialeo) Jo(—w)) = Ty (M) = = s G = ammy) +© («?), (6.35a)
K h —
o D 3ML2Z,w (4nT)2etAun) 53 2 B
Tialo}y(—w)) = =T} el = 5.5 8HK2(H2S3 +(Q—2HTI,)?) o,
(6.35b)
B o 3ML? (47 T)2e* AR X g 2
()i 2 = iy (@) Tiy w00 =~ 5 5 +8m2<szz+<cﬁzlenh>2>+O( )
(6.35¢)
7T)2e4Awn) (Q — w
(Tl T () = ~{Ty) () = ST CE 2 10 7).
h
(6.35d)

These agree with equations (49)-(51) in [34] for the dyonic Reissner-Nordstrém black hole,
but the present derivation holds even for backgrounds with non-trivial scalar profiles.

Padé approximant

The small frequency expansion (6.33) of the response functions can be considerably im-
proved by means of a Padé approximant, which is capable of capturing certain poles of the
conductivities. It turns out there are two different Padé approximants that correctly cap-
ture the behavior of the conductivities at different limits of parameter space. The two Padé
approximants correspond to two different terms dominating the response function (6.33).
Writing (6.33) as

Ray+(w) = RE})
the two relevant Padé approximants are

Lo+ R WP+ R W+ O, (6.36)

w('Rm )2

3 1] 2 3
RE?&—(;);E?&W T Ra” + 0w, Rppyw ~ Ry w? > Ry,

Rus@) =9 "} W2(RE )2 5 ol 3 2 o g O
R(l)iw + RE]):E—RE?])iw + O(w )7 R(l)iw < R(l)iw ~ R(l)iw .

The first Padé approximant is a good approximation to the response functions at low
temperature, i.e. near extremality, and leads to a pole at

AH(Q — 2HTIy)
3L2M ’
which agrees with (81) of [36] in the small H limit keeping w/H fixed. The second Padé
approximant leads to poles at
12L2MH6_4 A
(4nT)?

Wet (6.38)

W (iHY, F (Q — 2HIL,)), (6.39)

Wit = —

which agrees with (74) of [36] in the hydrodynamic limit where H and Q are sent to zero
keeping H/w and @Q/w fixed. As we shall see in section 7 these Padé approximants capture
the poles closest to the origin of the complex w plane to very good approximation.
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6.5 Numerical solution of the Riccati equation

The Riccati equations (4.15), or equivalently the second order linear equations (4.12), are
not integrable in general and so one needs to solve these equations numerically. One can
solve either the Riccati equations or the second order equations, but the fact that the
Riccati equations directly determine the response function by imposing only IR boundary
conditions is a clear advantage compared to the second order equations where one must
keep track of the arbitrary source.” Moreover, the relation R, (w) = R_(—w)* implies
that instead of computing R4 and R_ for positive w we can compute only R (w) for all
w. Thus, in order to compute the conductivities one only needs to solve one first order
ordinary differential equation which is simpler than solving a set of coupled second order
differential equations as was previously done in the literature.

In order to solve the Riccati equations (4.15) numerically it is convenient to introduce

the new dependent variables
0, =0 [zHeA PR, +w (@ — znﬂﬂ : (6.40)
in terms of which the Riccati equations take the simpler form
f(HO, +4H272402) — {2 — ! (w@i ¥ (@ - 2HH))2 = 0. (6.41)
For retarded Green’s functions the horizon condition (6.7) translates to
O ~w ! (—z‘ZhH + (éj _ 2HhH>> : (6.42)
on the horizon, while in the UV
04 ~ w2 (HZOR(l)i +w (éj - 2H0H>> : (6.43)

from which one can read off the renormalized response functions R ;)+. Equation (6.41) can
be integrated using any standard solver for ordinary differential equations. However, the
horizon is not a regular singular point and imposing boundary conditions on the horizon
requires some care in the numerical analysis. A standard technique is to use a Taylor
expansion in the vicinity of the horizon, and match the numerical solution at some small
distance away from the horizon. However, we found that even a near-horizon expansion
to O(uy, — u)* was not sufficient for stabilizing the numerics for (6.41) with NDSolve in
Mathematica.!? Instead, using a Padé approximant based on the near-horizon expansion
to O(up — u)? in order to impose the IR boundary condition sufficiently away from the
horizon worked very well with NDSolve.

Tt is worth pointing out that the boundary value problem for the second order equations (4.12) is
well defined, despite the apparent singularity of the the coefficients ho and h; at the zeros of Q = w? —
4H?Y fe~ 4. Indeed, it is straightforward to see that ho and hi have a simple pole at the zeros of Q and
therefore these correspond to regular singular points of the second order equations [22, 75].

10We also solved (6.41) using the ODE integrator from the Python library scipy, finding the same results.

— 38 —



7 Example: dyonic Reissner-Nordstrom black hole

In this section we will apply the above general analysis to the dyonic Reissner-Nordstrom
black hole (3.17), which was first studied in [34, 36]. The dyonic Reissner-Nordstrém
black hole is a solution of the background equations (3.6) either for a model with constant
potentials, i.e. V(¢,x) = —6/L% 3(¢) = o, Z(¢) = Zp and I(x) = Ilp as in [34,
36], or in a theory with arbitrary potentials that admits asymptotically AdS solutions,
provided the scalars are set to their vacuum AdS value, which can be taken without loss
of generality to be zero. Setting the scalars to zero is a consistent truncation of the
background equations (3.6) provided V (¢, x), 3(¢) and II(x) don’t have a linear term in
their respective variables in a Taylor expansion around ¢ = y = 0. However, while in the
theory with constant potentials the dyonic Reissner-Nordstrom black hole — as we shall
demonstrate momentarily — is the only asymptotically AdS solution of the form (3.1),
this is not generically the case in the theory with non constant potentials. In particular, a
generic theory will admit in addition to the dyonic Reissner-Nordstrom black hole a hairy
black hole with the same charges and a phase transition between the two solutions will
generically occur at some critical temperature.

In order to show that the dyonic Reissner-Nordstrom black hole is the only asymptot-
ically AdS solution of the form (3.1) in the case of constant potentials, let us consider the
background equations (3.6), which in this case reduce to

364A
12

2 (A" — A®) + ¢B + Zox3 =0, (7.1b
(6214](‘/)/ _ 420 (H2 + 0/2) — 0’

(4 ) =0,

(24 fA) — + % (H? +a) =0, (7.1a

(€ fxp) =0, (7.1e
(Xoa’ + 2IpH)' = 0. (7.1f

The general solution of the last equation is
a(u) = ag — Qu, (7.2)

where the constant () is related to @ that we introduced before by ¥oQ = 2I[IgH — C~2
Moreover, the scalar fields can be expressed in terms of f(u) and A(u) as,

du’
eQA(u’)f(u/) ?

u du/

where ¢g, xo0, Cy and C\ are integration constants, while using the solution for «, the

op(u) = ¢o + Cd)/o

blackening factor can be expressed in terms of A(u) as

flu) = fo+ /0 " (3M + 4% (H? + Q%) ) e724), (7.4)
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where M is another integration constant. Finally, eliminating f from the first two equations
we obtain a second order equation for the warp factor A(u), which is the only remaining
unknown quantity, namely

3€4A 2

7 ) =0.

(7.5)
However, since we are interested in asymptotically AdS solutions we must have A ~

(C3+ ZoC2) (A"+247)% 42 (A" — A7) <3MA’ + (44w + 1)Eo(H? + Q%) —

log(L/u) as u — 0. The last equation then requires that Cy = C\, = 0 for asymptoti-
cally AdS solutions and hence the scalars must be necessarily constant and so, without
loss of generality, we can set them to zero. The resulting solution is the dyonic Reissner-
Nordstrom black hole (3.17) in four dimensions for which

bp(u) =0, A(w) =log(L/u),  f(u)=1— Mu®+ % (H? + Q%) o,

xB(u) =0, alu) = ap — Qu. (7.6)

The horizon radius wy, is the smallest positive root of the quartic equation f(up) =0, i.e.

Yo
Muj =1+ Iz (H? + Q%) up,. (7.7)
This expression can be used to express the mass M in terms of the horizon radius wuy,
namely
= (1= %) = 20 (52 4 @)y (1 (78)
u) = - - = UpU -—— . .
u% L? h Up

Finally, the Hawking temperature can be found by the usual argument demanding that
the Euclidean section be free of conical defects, leading to the expression

frlun) 1 (3 B0 o oy 3
T=— - (2 =g .
47 4w \u, L2 ( +@ )uh ’ (7.9)
while the energy and pressure densities, respectively (3.35) and (3.36), become
ML? ML?
€= K2 P=- 242 e+ 2P =0. (710)

In figures 1 and 6 we plot the real and imaginary parts of the response function R _ ;) (w)
as a function of a real frequency for two different choices of the electric and magnetic fields,
corresponding to different temperatures. The values of the electric and magnetic fields in
figure 1 correspond to a nearly extremal black hole, where the first Padé approximant
in (6.37) provides a good approximation of the response functions for small frequencies. In
particular, the Padé approximant very accurately reproduces the pole closest to the origin
of the complex frequency plane as can be seen explicitly in the plot. The conductivities
for these values of the electric and magnetic fields are plotted in figures 2, 3 and 4. The
fact that there is no Drude peak and the poles are not located at zero frequency is a
consequence of the broken translational symmetry due to the magnetic field [34, 36]. How
the Drude peak is recovered in the limit of vanishing magnetic field is illustrated in figure 5.

40 —



— (R /)
(R /) small & Padé

Im(R_y) /) small w Taylor

Figure 1. Plots of the real and imaginary parts of the response function R_()(w) as a function
of a real frequency w for H = 0.6, Q@ = 1.6156, T" = 0.00239, together with the small frequency
expansion (6.33), the first Padé approximant in (6.37), as well as the asymptotic behavior (6.12).
Both the location of the horizon u; and the AdS radius L are set to 1. As is evident from these
plots, the Padé approximant is a drastic improvement of the small w expansion in this regime of
parameter space. In particular, it captures very well the pole in the Real part of R_(1)(w), but
not the delta function at the same frequency (as predicted by the Kramers-Kronig relations) in the
imaginary part.

The values of the electric and magnetic fields in figure 6 are instead in the hydrodynamic
regime where the second Padé approximant in (6.37) provides a good approximation of the
response functions for small frequencies, including the location of the poles, which have
now moved away from the real axis according to (6.39). The corresponding conductivities
are plotted in figures 7, 8 and 9.

In figure 10 we compare the location of the pole of the conductivities 0., and oy
nearest to zero on the real frequency axis as a function of the magnetic field H at a number
of different temperatures with the result (6.38) predicted by the first Padé approximant
in (6.37). As expected, the Padé correctly gives the location of the pole at very small
magnetic field, independently of the temperature. However, the lower the temperature
the agreement extends to a higher value of the magnetic field. An analogous plot for the
poles (6.39) in the hydrodynamic regime can be found in figure 3 of [36].

Finally, in figure 11 we plot 04| as a function of the complexified frequency for a
number of values of the electric and magnetic fields keeping H? 4+ Q? = 1 fixed, reproducing
figure 1 in [36] (see also figure 9 in [26]). To capture the non-liner regime where the
cyclotron poles deviate from the semi-circle configuration it was necessary to impose the IR
boundary condition using a Padé approximant in the near horizon expansion, as discussed
in section 6.5. This transition regime is not visible in the plots of [36] and [26].
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Tm(a,) small w Padé

Figure 2. Plots of the real and imaginary parts of the conductivities 0,, and 0., as a function of
a real frequency w for H = 0.6, @ = 1.6156, T' = 0.00239, together with the small frequency expan-
sion (6.33), the first Padé approximant in (6.37), as well as the large w asymptotic behavior (6.13).
Again the location of the horizon u; and the AdS radius L are set to 1. The location of the poles
in Imo,, and Reoy, are well approximated by the Padé approximant and are given by (6.38).
However, the delta functions in Re 0., and Im oy, which are related to the aforementioned poles
via the Kramers-Kroning relations, are not captured by the Padé approximant. As H — 0 the
delta functions move towards the origin of the complex w plane, giving rise to the well known
Drude peak, which reflects translation invariance. The fact that the poles (and hence the delta
functions) in these plots are away from the origin is a consequence of broken translation invariance
due to the magnetic field [34, 36]. A similar effect occurs when translation invariance is broken by
impurities [76].

8 Concluding remarks

In this paper we presented a general framework for the holographic analysis of asymp-
totically AdS backgrounds with finite charge density and a constant magnetic field, in-
cluding the systematic computation of the renormalized 1- and 2-point functions and the
corresponding transport coefficients. The importance of such dyonic backgrounds in the
holographic study of strongly coupled systems in both condensed matter and high energy
physics was our main motivation for carrying out the analysis in a general and systematic
fashion, in the hope that our results can be directly used in numerous applications.

There are three important aspects in our general holographic prescription that we
have tried to emphasize, all of which rely on a radial Hamiltonian formulation of the bulk
dynamics. The first is a general recursive prescription for holographically renormalizing
the theory. This is particularly important in the presence of running scalars, which can
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Figure 3. Plot of |0,,|? as a function of a complex w for H = 0.6, Q = 1.6156, T' = 0.00239 (left),
together with the first Padé approximant in (6.37) (right). As is evident from these plots, the Padé
approximant captures the poles closest to the origin extremely accurately.

Figure 4. Plot of |0,,|? as a function of a complex w for H = 0.6, Q = 1.6156, T' = 0.00239 (left),
together with the first Padé approximant in (6.37) (right).

contribute to the UV divergences. Moreover, correctly renormalizing the theory is crucial
to ensure that ultralocal and quasilocal terms in correlation functions (and hence transport
coefficients) are compatible with the Ward identities.

The second aspect we wanted to highlight is the fact that correlation functions are
much more efficiently extracted directly from the solutions of the equations of motion
instead of first evaluating the on-shell action and then taking derivatives. The (renormal-
ized) radial canonical momenta are holographically identified with the 1-point functions
of the dual operators in the presence of sources, which can be further differentiated with
respect to the sources to give any desired n-point function. The only instance one actu-
ally needs to compute the on-shell action is in the computation of the free energy of the
background solutions.

The third aspect of our analysis that we consider important concerns the fluctuation
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Figure 5. The parameters used in these plots are Q =1, M =3, ¥y =1,I[p =0 and L = 1.
Left panel: Reo,, as a function of w for several values of the magnetic field H. As H decreases,
the real part of o,, tends to behave as a delta function keeping the area below the curve fixed but
rising sharply and becoming steeper. This behavior occurs for small but nonzero w but for even
smaller w it vanishes steeply. Right panel: Imo,, as a function of w for several values of the
magnetic field H. As H decreases, the imaginary part of 0., tends to behave as ~ % for small but
nonzero w but for even smaller w it vanishes steeply. We conclude that the magnetic field regulates
the delta function which is present at w = 0 for zero magnetic field in which case there is a Drude
peak involved. In particular, the Drude peak predicts Imo,, ~ 1/w and Reo,, ~ d(w) which is
what we find by taking a sequence of decreasing H configurations.

Figure 6. Plots of the real and imaginary parts of the response function R_(;)(w) as a function
of a real frequency w for H = 0.28, @ = 0.04, T' = 0.2324 and up, = L = 1, together with the
small frequency expansion (6.33), the second Padé approximant in (6.37), as well as the asymptotic
behavior (6.12). Again, the Padé approximant is a drastic improvement compared to the small w

expansion in this regime of parameter space.
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Figure 7. Plots of the real and imaginary parts of the conductivities 0, and o, as a function
of a real frequency w for H = 0.28, @ = 0.04, T' = 0.2324 and uy = L = 1, together with the
small frequency expansion (6.33), the second Padé approximant in (6.37), as well as the large w
asymptotic behavior (6.13). Again, the location of the peaks is very well approximated by the Padé
approximant and is given by (6.39). Note that the poles have moved away from the real axis, which
is why only peaks appear in these plots.

equations for determining the 2-point (and higher) functions. These are in general a sys-
tem of coupled linear second order equations and require boundary conditions in the UV
and regularity conditions in the IR. Unless one can decouple these equations it is a pri-
ori tricky to identify which modes are the independent sources and which the responses,
although in principle this can be addressed systematically using the symplectic form of
the bulk theory [44]. However, there is a straightforward alternative which utilizes the
manifest symplectic structure of the Hamiltonian formalism. Namely, by trading the linear
second order fluctuation equations for the corresponding first order Riccati equations one
automatically eliminates the sources out of the problem and computes directly the correct
response functions by imposing only regularity conditions in the IR. Besides automatically
taking care of the identification of the sources and response functions, the Riccati equations
can be used to directly holographically renormalize the 2-point functions (only computing
the terms that are contributing to the particular 2-point function [42]), and they render
the numerical solution of the fluctuation equations considerably simpler by eliminating the
arbitrary sources from the start [43].

Finally, the radial Hamiltonian formulation of the bulk dynamics often leads to pow-
erful solution generating techniques for background solutions, as we have demonstrated in
section 3.2 and appendix A. In particular, we found infinite families of exact RG flows in-
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Figure 8. Plot of |0,.|? as a function of a complex w for H = 0.28, Q = 0.04, T' = 0.2324 (left),
together with the second Padé approximant in (6.37) (right). The plots on the top are zooming
in on the poles closest to zero visible in the plots at the bottom. Again, the Padé approximant
captures the poles closest to the origin extremely accurately.

terpolating between AdS in the UV and hyperscaling violating geometries in the IR, some
of which we expect exhibit a gapped and discrete spectrum of fluctuations. Interestingly,
even the purely electric version of these solutions is not strictly included in the classification
of hyperscaling violating geometries discussed in [61, 68, 70] since those assume a single
exponential behavior for the scalar potential. However, the exact solutions we present here
involve subleading terms in the scalar potential in an essential way.

Computing the conductivities in these backgrounds is one of our immediate priori-
ties [46]. Another interesting question is whether some of these solutions can be embedded
in gauged supergravity. The potential V(¢) can be easily embedded in supergravity by
choosing W,(¢) to be (for example) the supersymmetric superpotential. However, the
gauge kinetic function ¥(¢) is then determined as well, which renders the embedding not
a completely trivial question. Finding exact families of dyonic black hole solutions with
scalar hair and adding momentum relaxation are two other interesting directions we plan
to explore [77].
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Figure 9. Plot of |0,,|? as a function of a complex w for H = 0.28, Q@ = 0.04, T = 0.2324 (left),
together with the second Padé approximant in (6.37) (right). The plots on the top are zooming
in on the poles closest to zero visible in the plots at the bottom. Again, the Padé approximant
captures the poles closest to the origin extremely accurately.
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Figure 10. Plot of the location of the pole of 0., and o, closest to zero on the positive real

w axis as a function of H (solid lines), compared with the pole (6.38) predicted by the first Padé
approximant in (6.37). As expected, the agreement is best at small magnetic field and small

temperatures.

A Exact superpotentials and RG flows in various dimensions

In this appendix we provide a few more examples of solutions to the superpotential equa-

tion (3.14), leading to exact RG flows in various dimensions.

(i)

d=3:

The solution (3.18) can be generalized to include a non-trivial axion, namely

W (A, ¢,x) = Wo(d, X)V/1 + g2e=44, (A.1)

with the potentials given by

_ 3
V(6 X) = Woy + Z7H(9)Woy = 5 W,

q2

H?5(9) +(Q = 2 H)*S ™ (¢) = 5

<W02¢ +Z7Ho)W2, + ;WO?) . (A2

However, contrary to the purely dilatonic case discussed in section 3.2, the func-
tion Wy(¢, x) cannot be chosen arbitrarily here since it is constrained by the second
equation in (A.2).

d arbitrary, H = 0, @ #0:

For zero magnetic field the superpotential equation (3.14) admits a solution of the
form

W (A, 6) = Wo(9)y/1+ e 2d-D4, (A.3)
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Figure 11. Density plots of |04 | as a function of complex frequency for H = 0 and @ = 1 (left),
H = Q =1/v/2 (center), and H = 1 and Q = 0 (right) at T' = 1/27 (cf. figure 1 in [36] and figure 9
in [26]). The white regions correspond to poles, while the blue regions to zeros. The location of the
poles closest to zero forms a semicircle, along which the poles move as the values of H and @) are
shifted, keeping T fixed [36]. A 3-dimensional version of the plot in the center is shown in figure 9.

Figure 12. Plots of |0,,|? (left) and |o,,|* as functions of complexified frequency for H = Q =
1/ V2, T =1 /27, Note that the poles are arranged in a configuration between the near extremal
case in figures 3 and 4 and the hydrodynamic limit in figures 8 and 9.
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in any dimension, with @226 V— 2072 and
d 2%

Vo) =W - g3 20 = =T (A4)

As in the example in section 3.2 the function W,(¢) can be prescribed at will. The
corresponding metrics again flow to a hyperscaling violating geometry in the IR with

exponents

2d—3
d—2"
and it is important to keep in mind that d here includes time.

l<z< 0=d+z—2, (A.5)

(iii) d =5, Q — 2o H # 0:

In this case a possible solution of (3.14) is

W (A, 6) = Wo($) +(Q — 2T H)Wi (¢)e 4, (A.6)
where
V() = W& - SWR, B(¢) =
0 4 0> Wl/2 + %va
12 3 2 1yx7/! 1 _ 2H2
<W1 + 4W1> <WOW1 + 4W0W1> —m, (A?)

The last equation should be viewed as a differential equation for Wj(¢), and the ratio
H?/(Q — 2I1g H) must be treated as a parameter of the theory, unless it drops out of
the combination W72 + %WE Again, Wy(¢) can be any function.

B Gauss-Codazzi equations

In this appendix we write for completeness the full set of Gauss-Codazzi equations for the
model described by the action (1.1) in the gauge

ds? = dr* + yJda'da? A= Aydat, (B.1)

which is used throughout our analysis. These equations are the starting point for deriv-
ing the general fluctuation equations, which we give in appendix C. The Gauss-Codazzi
equations following from the equations of motion (1.4) are

Einstein rr:
K? — KijK"7 = Ry + 6 — 8'60,0 + Z(6) (X* — 0'xix)

+2(9) (299 Aid; — FyFY) — V(6,%), (B.2a)
Einstein ri:
D;K] — DiK = $0,6 + Z($)X0ix + 25(9) Fiyr’* Ay, (B.2b)
Einstein ij:
K} + KK} = Rjly] - 9'60;6 — Z(6)0'x0;x — 25(9) (v* A, + ')

+ (dilﬂ‘ (E(aﬁ) (2’yklAkAz + Fle’fl> — V(¢ x)) . (B.2)
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Scalar ¢:
b+ Kd+06 =5 (Vort Zo (C+0'x00) + 25 (247 Aid; + FyF7) ) =0, (B3a)
Scalar y:

. : 1 ke
Z (% + KX +0X) + Zo (X6 + 000 ) = 5 (Vi + 4L AiFy ) = 0, (B-3b)

Maxwell i:
J;War (V=7 (20174, + 1) Fye) ) = D; (B(@)FY + 200 A ) . (Bdw)

Maxwell r:

D; (S(6)y7A; + () Fyy ) = 0. (B.4b)

C General fluctuation equations for d = 3

Although in the main body of the paper we consider only certain time-dependent fluc-
tuations around the backgrounds (3.1) with no spatial dependence, in this appendix we
provide the complete set of fluctuation equations for d = 3 following from the Gauss-
Codazzi equations in appendix B, with generic fluctuations around the backgrounds (3.1)
of the form

’Yij:’Yg(T)+hij(Ta X)v Ai:AiB(T7X)+ai(T7 X)a ¢:¢B(T)+SO(T7X)7 X:XB(T)"_T(Tv X)'

(C.1)
Introducing the quantities S’ij = ﬁgkhki, S=Sand S, =S} — 59, we have the following
useful identities:

Rij[yp] =0, D =4, (C.2a)
(0) . .
s @ 10 1.
K! = A55+ﬁ555?, K = dA+ﬁ, Kij = 5%3:6“ Ay =5 (f+2A(1+))8idjo |,
(C.2b)
©  AAf+ F
(57*7) = (442 + 2467 + e (C.2c)
S U - o 1. o
K/ = 555 + ﬁ(s?(sg - S36)), K = 5% f= 9'9;S] — OpsS, (C.2d)
@ . o ] . . ) .
b= 5 (058h+0S; = Ohye) R = 3 (0" 057 + 0,07 SF — OpS! — 7S . (C.2e)

Expanding the Gauss-Codazzi equations in appendix B and using these identities leads to
the following set of fluctuation equations for d = 3:

Einstein 7j:
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(az+ (dA—k; = f') armB) 511717 (005 -a30) + - 00— (70ust + 0,0°S] — 070,5)
+4%e 4 (24 f7162 + H?) (s?ag - Sg(s?) +6) <A5 + %(VM + VX7)>

+ 48,0 (— f_le_%é?égdz—ke_“(6f5§;+5f(5§)H2> 4% (— Fle 24q (53@-@5?53) +7{;59aak)

4z (Hﬁf‘ ((5;(5;6 +5360)(SE + SY) + 65(S06F + 5253))

yYi
i (978} — 6Y0L)0F + (570, — 8¥8L)F) (Bpa — Dray))
4
d—1

4

- me*”‘ag Sep (—f71a? + H?e ) =0, (C.3a)

5/Se A (=2f Tt + fTLSHA% + 2He 24 (0,0, — Oya,) — e A HA(SE + SY))

Einstein ri:
y . , , 1 . .1 . .
0y (81 + 571 F(500 = $300) + 517100845 ) — 0s (54 37158 + 260 + 22407 ) =

—4%e 2 f a(0iar — Doas) + AXHe*A(67ay — 6¥ay) — ASHe >4 (6789 — 67S2)c,  (C.4a)

Einstein rr:

(d=1DAS + S f1fS1 = (9'0; = 0;08) S] +208¢ + 22XpT + (ZpXp — Vo) ¢ = Va7

— 2Z¢¢€_2A (f_ldQ + H2€_2A)

+2e7 248 (f162S) — 2f loiy — 2He 24 (0pay — Oyaq) + H?e 2A(ST + SY)), (C.4b)

Scalar ¢:

N S N S | .9 1

¢ +2(dA+ §f Hé+0pp — ZyxpT + §¢BS -3 (Voo + ZooXB) ¥ — §VX¢,T

_ 2¢¢90€72A (H2€72A . fﬁl(jéz)

— Spe 24 (=2f Ttaay + f1S)a% — H?e 24 (ST 4+ SY) + 2He *4(9,a, — 9ya,)) =0,  (C.5a)

Scalar T:
.. A IR o101
Z |7+ (dA+ §f f+Zz Z¢¢B)T +0p7 | + Zgxpp + §ZXBS — §VXXT
. A N Lo 1
+ (2o \Xp + dA+ S )XB | + ZostnXe — 5Vis | ¢

+2f Y2674 (2L, T H 4 T, S&H — 211, Hay — 200, c(dpay — dyaz)) = 0, (C.5b)

Maxwell r:
o1
Sa (aisg - 2805> — Byadop + [ (—f 1 0oar + Opay + 0yay) + 2HIL, f1/2e= =D 49, = 0,
(C.6a)
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Maxwell i:

0, <f1/26dA <f162Ad (532¢@ + 28 — 2553> + zygaj> + 2HHX537-) + 200, x €% 0 a, =

201, & (6157 — 65,62)0;7 + f1/2e%0;(0'a’ — &a’)

+ HfY2eld=DAp, ((E¢<p + ;ES) (0567 — 6161) — D55 (6587 — 6557) — ©.S] (5L5% — 5;’,5’9) .
(C.6b)

Note that 7% denotes the totally antisymmetric symbol in flat space.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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