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ABSTRACT. We investigate the structure and the topology of the set of geodesics (critical
points for the energy functional) between two points on a contact Carnot group G (or, more
generally, corank-one Carnot groups). Denoting by (z,2) € R?” x R exponential coordinates
on G, we find constants C1,C2 > 0 and R1, Rz such that the number 2(p) of geodesics joining
the origin with a generic point p = (z, z) satisfies:
1) C1 12| + Ry <9(p) <C2 12l
[l [l

We give conditions for p to be joined by a unique geodesic and we specialize our computations
to standard Heisenberg groups, where C1 = Cy = %.

The set of geodesics joining the origin with p # pg, parametrized with their initial covector,
is a topological space I'(p), that naturally splits as the disjoint union

I'(p) = Lo(p) UT'se (p),

where I'g(p) is a finite set of isolated geodesics, while I'so (p) contains continuous families of
non-isolated geodesics (critical manifolds for the energy). We prove an estimate similar to (1)
for the “topology” (i.e. the total Betti number) of I'(p), with no restriction on p.

When G is the Heisenberg group, families appear if and only if p is a vertical nonzero point
and each family is generated by the action of isometries on a given geodesic. Surprisingly, in
more general cases, families of non-isometrically equivalent geodesics do appear.

If the Carnot group G is the nilpotent approximation of a contact sub-Riemannian manifold

+ Ro.

M at a point pg, we prove that the number v(p) of geodesics in M joining po with p can be
estimated from below with 2(p). The number v(p) estimates indeed geodesics whose image is
contained in a coordinate chart around po (we call these “local” geodesics).
As a corollary we prove the existence of a sequence {pn}nen in M such that:
lim pn, = po and lim v(pn) = oo,
n— oo n— oo

i.e. the number of “local” geodesics between two points can be arbitrarily large, in sharp
contrast with the Riemannian case.

1. INTRODUCTION

If the topology of a Riemannian manifold M is “complicated enough” (for example if M is
closed) a well known theorem of J-P. Serre [15] states that there are infinitely many geodesics'
between any two points in M. These geodesics have the property of being “global”, in the sense
that their existence is guaranteed by the global topology of the manifold.

At the opposite extreme, if the manifold M is a convex neighbourhood of a point in a Rie-
mannian manifold, the structure of geodesics resembles the Euclidean one, and between any two
points there is only one geodesic.

In the contact sub-Riemannian case the global picture is the same as of the Riemannian case.
The study of geodesics that “loop” in the topology of the manifold was recently done by the first

n the spirit of Morse theory, we define Riemannian geodesics as locally length minimizing curves parametrized
by constant speed or, equivalently, critical points for the energy functional.
1
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FIGURE 1. Geodesics in the Heisenberg group.

author and F. Boarotto in [6]: every two points on a compact sub-Riemannian contact manifold
are joined by infinitely many geodesics (the result uses a weak homotopy equivalence between
the space of all curves and the space of horizontal ones). On the opposite, our main interest will
be in the set of “local” geodesics, i.e. geodesics between two points whose image is contained in
a coordinate chart: here the sub-Riemannian picture is dramatically different. To mention one
example, the only geodesically convex neighborhood of the origin in the Heisenberg group (see
below) is the entire group, [13].

In this framework we consider a constant-rank distribution D C T'M with the property that
iterated brackets of vector fields on D generate the tangent space (Héormander condition). This
condition guarantees that any two points in M can be joined by a Lipschitz continuous curve
whose velocity is a.e. in D (Chow-Rashevskii theorem).

If a smooth scalar product is defined on D, it makes sense to consider, for any horizontal
curve -y, the norm of its velocity and the energy of this curve is defined by:

10 =5 [P

Sub-Riemannian geodesics between pg and p are critical points of J constrained to have endpoints
po and p. From now on the word geodesic will always mean sub-Riemannian geodesic.

Example 1 (Heisenberg). The Heisenberg group Hs is the smooth manifold R® with coordinates
(1,2, 2) and the distribution:

0 9 0 O z1 O
Dspan{axl 262’6x2+ 282}'
The sub-Riemannian structure is given by declaring the above vector fields an orthonormal basis.

Let pp = (0,0,0) be the origin. Geodesics are curves whose projection on the (x1,z2)-plane
is an arc of a circle (possibly with infinite radius, i.e. a segment on a straight line); the signed
area swept out on the circle equals the z-coordinate of the final point p.

If p belongs to the (z1,x2)-plane there is only one geodesic joining it with the origin (this
is precisely the segment trough py and p); if p has both nonzero components in the (z1,x2)
plane and the z axis, the number of geodesics is finite; finally, if p belongs to the z-axis there
are infinitely many geodesics. In the latter case, given one geodesic, we obtain infinitely many

others (a continuous family) by composing it with a rotation around the z-axis (see Fig. 1).
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In the general sub-Riemannian case a Sard’s like argument for the sub-Riemannian exponential
map guarantees that for the generic choice of the two points geodesics are isolated, but finiteness
is more delicate. The following fact is proved in [4, Prop. 7], but to the authors’ knowledge the
general question seems to be an open problem.

Proposition 1. Let M be a step-two Carnot group such that tk(D) > 3 dim(M). Then for the
generic choice of py and p the number of geodesics between them is finite.

The goal of this paper is to make the above picture quantitative, at least in the case of contact?
sub-Riemannian manifolds, addressing the following question:

“How many geodesics join two points on a contact sub-Riemannian manifold?”

A contact sub-Riemannian manifold is the simplest example of nonholonomic geometry. From
the point of view of differential geometry it consists of a (2n+1)-dimensional, connected manifold
M together with a distribution D C T'M of hyperplanes locally defined as the kernel of a
one-form « (the contact form) such that the restriction da|p is non-degenerate. The sub-
Riemannian structure is given by assigning a smooth metric on the hyperplane distribution.
The non-degeneracy condition implies Hormander’s condition.

Ezample 2 (Heisenberg, continuation). The Heisenberg group is a contact manifold with contact

form a = —dz + % (x1dxg — xodxy). As we will show later:

_ 8 [
m [l

In particular when p is “vertical”, p = (0,0, z) the number of geodesics is infinite; otherwise it

is finite and equals the r.h.s. (the O(1) notation means “up to a bounded error”).

(2) #{geodesics between the origin and p = (1,22, 2)} + O(1).

For any point pg € M one can consider the so-called nilpotent approzimation of the sub-
Riemannian structure at pp. The result of this construction (that depends only on the germ of
the structure at pg) is a sub-Riemannian manifold Gy, and is an example of a Carnot group.

Thm. 7 states that the geodesic count on the Carnot group G, controls the geodesic count on
the original manifold M. For this reason, we start our analysis with the study of contact Carnot
groups, namely Carnot groups arising as the nilpotent approximation of contact manifolds.

1.1. Contact Carnot groups. A contact Carnot group is a connected, simply connected Lie
group G, with dim G = 2n + 1, such that its Lie algebra g of left-invariant vector fields admits
a nilpotent stratification of step 2, namely:

g=0199, 01,0 # {0},
where dim go = 1 and

[91,01] =92  and (91, 02] = [g2, 92] = {0}.

A scalar product is defined on g1, by declaring a set f1,..., fon, € g1 to be a global orthonormal
frame. The group exponential map:

expg ' g — G,

associates with v € g the element (1), where v : [0,1] — G is the unique integral line of the
vector field defined by v such that v(0) = 0. Since G is simply connected and g is nilpotent,

2We stress here that all our results remain true with almost no modification for more general corank-one
sub-Riemannian structure. For simplicity we restrict our exposition to the contact case.
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expe is a smooth diffeomorphism. The choice of an orthonormal frame fi,..., fa, € g1 and
fo € g2 defines exponential coordinates (x,z) € R*™ x R on G such that p = (z, 2) if and only if

2n
P = €expg (szfz + Zfo) .

i=1
For any such a choice there exists a skew-symmetric matrix A € so(2n) such that
[fi, 5] = Aij fo.
For contact Carnot groups A is non-degenerate. We denote by:
ap < - <ap €Ry

the distinct singular values of A and n; their multiplicities. Let z; € R?*" be the projections of
x on the invariant subspaces associated with a;. Accordingly we write p = (z1,...,2x, 2).

Ezample 3. A classical example is the (2n + 1)-dimensional Heisenberg group Ha,41. This is
the case with £ = 1, i.e. a unique singular value a; = 1 with multiplicity n. In this case, for
i1=1,...,n

0 1 0 0

1 0
fi -—a—mi—axi-m&, Jn+i '_8x—n+i+§xi&’ Jo = P

and A is the standard symplectic matrix J = (7?“ 10” )
The geodesic count for G can be made quite explicit in term of the exponential coordinates
of p and the singular values of the matrix A. Define for this purpose the “counting” function:

v (p) = #{geodesics in a Carnot group between the origin and p},

where, by convention, the “hat” stresses the fact that we refer to a Carnot group. We have the
following estimates for #(p) (see Thms. 23-24). None of these bounds is trivial: the upper bound
because the exponential map is not proper; the lower bound is in fact even more surprising, as
the typical finiteness techniques from semialgebraic (semianalytic) geometry only produce upper
bounds (we use indeed a kind of “ergodicity” property argument).

Theorem 2 (The “infinitesimal” bound). Given a contact Carnot group G, there exist constants
C1,Cy > 0 and Ry, Ry such that if p = (x,2) € G is a point with all components x; different
from zero, then:

|2] 4

]2 ]2

In fact Cy,Cs (resp. Ry, R2) are homogeneous of degree —1 (resp. 0) in the singular values
oy < --- < ap of A and are given by:

(3) Cy + Ry <i(p) <Co + Rs.

-1

8 a om\° "o | 8k a
4) Ci= __; sin (—) with 0= E =L {—jJ and Cy = ——§

T Qg 2 oo Lo T af
Remark 1. For any other choice of fi,..., f5, € g1 (orthonormal) and a complement fj € g

there exists a matrix M € O(2n) and a constant ¢ such that:

2n
fi=>_ Myfj,  fo=cfj
j=1
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Indeed this new choice defines a new skew-symmetric matrix A’ and also new exponential coor-
dinates (2',z’). One can easily check that:

A =cM*AM, 2 = M*zx, 2 =cz.

Since C7, Cy are homogeneous functions of degree —1 in the singular values of A, the upper and
lower bounds (3) are invariant w.r.t. different choices of exponential coordinates.

Ezample 4 (Heisenberg, continuation). In the Heisenberg group Ha,, 41 there is only one singular
value @ = 1, with multiplicity n. By using (3) and (4) one obtains:

recovering (2) (that holds true for any Heisenberg group, not just the three-dimensional one).

An interesting related question is to determine the set of points p such that (p) = 1 (as it
happens for example if p = (z,0), i.e. p is horizontal). In the Heisenberg group:
- lz2l  _ M
vp)=1 = —5 < — ~1.12335
[[x]|> = 4 ’
where A\ is the first positive solution of tan A = X; in the general case we have the following.

Proposition 3. Let G be a contact Carnot group and p = (x,z) such that:

T (202
A< (32 - an) ol

Then there is only one geodesic from pg to p.

1.2. Critical manifolds. It is interesting to discuss the structure of all geodesics ending at p,
including the case when the point p belongs to a hyperplane coordinate space (i.e. z; = 0 for
some j), which was excluded from Thm. 2. We still exclude the case p = pg, as for the case of
Carnot groups there is only one geodesic: the trivial one v(t) = po.

Sub-Riemannian geodesics starting from py are parametrized by their initial covector n €
T, M. The subset I'(p) of geodesics ending at p has the subset topology from T, M. We have
the following characterization (see Thm. 22).

Theorem 4 (Topology of critical manifolds). Let G be a contact Carnot group. The set I'(p) of
geodesics ending at p # py can be decomposed into the disjoint union of two closed submanifolds:

I'(p) =To(p) UTw(p).

The set T'o(p) is finite and the set T'o(p) is homeomorphic to a union of spheres. Moreover the
energy function J is constant on each component of T'(p).

Remark 2. The structure of the sets of geodesics whose final point is vertical, in the general
step-two Carnot group of type (k,n) is studied in [4]. Geodesics to p are critical points for the
energy functional J : Q, — R (here Q,, is the space of all admissible curves to p and J is defined
as above); for the generic vertical p these geodesics appear in families, which are tori of finite
dimension depending on the “multiplicity” of the Lagrange multiplier (in particular they are
never isolated and J is a Morse-Bott function). A Morse theoretical study proves that:

#{critical manifolds of J with energy less then ¢} < O(c"™%).

On the other hand the “order of growth” of the topology of Qf = {y € Q,[J(y) < c} (the
sublevel set of the energy) is given by (here b(X) denotes the total Betti number of X):

b(2) < O(c" 1),
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FI1GURE 2. The graph of g.

an inequality which is stronger than the classical Morse-Bott prediction b(€25) < O(c™ ).

Since geodesics in T'g(p) are always finite, the preimage of a regular value of F is finite.
Geodesics in 'y (p) appear in families. Since geodesics are critical points for the energy func-
tional, we call each connected component of I'w (p) a critical family (or critical manifold). The

set T'oo(p) has the following description. Given oy, ..., ay (the singular values of A) define:
1A —sin)
g(A) = PN
(Sln E)

and the sets:
21 b
Ay =—2\{0}, A=[JA; and L) ={j|reA;}
J j=1

Thus A; consists of the poles of A — g(Aa;) and the set of indices L(A) tells how many of these
poles occur at A (see Fig. 2). With these conventions we have:

Foo(p) =~ U GN()-1 N(\) = Z n;,

AEA, JEL(N)

where n; is the multiplicity of the singular value a; and

A, = )\EA‘ 2= Y agglhay)ll]? | A >0
:Cj;éo

For the generic A all singular values are distinct (kK = n) and non-commensurable, thus for
every A € A, we have #L(\) = 1, N(\) = 1 and all critical manifolds are homeomorphic to
circles. If some of the singular values have multiplicities greater than one, but still are all pairwise
non-commensurable, #L(\) = 1 but we can have critical manifolds of various dimensions.

As we will see, I'oo(p) is not empty only if some of the coordinates z; vanish. If I'no(p) is
not empty, each critical manifold is homeomorphic to a sphere; here the estimate (3) can be
extended to all points p # pg if one adopts a “topological” viewpoint. Denoting by:

B(p) = {sum of the Betti numbers of the set of geodesics from the origin to p},
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#To | #0ae | b(To) | b(Tee) | B

2] 2] El 2

_ |2 _ 2| || |2|
some IJ =0 ”lH2 [S8) oo some x] =0 ||£C||2 HTLH2 ”55”2
r=0 0 00 00 z=0 0 00 00

FI1GURE 3. The order of the contributions to # and B coming respectively from
Iy and 'y (it is assumed p = (z, 2) # (0,0)). The “topology” counting function
B is more stable: it behaves as a rational function, whereas © has a “delta
function” when some z; is zero. Notice that isolated geodesics are always finite.

we have the following generalization of Thm. 2 which bounds the number of spheres in I'o(p)
(see Thms. 23-28).

Theorem 5 (The “infinitesimal” bound for the topology). Let G be a contact Carnot group.
There exist constants C1,C% > 0 and R, R} such that for every p = (z,2) € G, with p # (0,0):

2| |2
]2 ]2

As above, C7, C) (resp. R}, Rj) are homogeneous of degree —1 (resp. 0) in the singular values
oy < -+- < ai of A and are given by:

o4 + Ry < B(p) < Cy + R},

-1

8 §'m\° a1 | 8k «

Ci:——;Siﬂ (—) with § = Z il el and C'é:——g;
T oy 2 aj | ap T af
:CJ' ;ﬁO
and in particular again these upper bounds are invariant w.r.t. change of exponential coordinates.
Fig. 3 compares the contribution to 7 and  coming respectively from I'g and I'so. In some

sense, B(p) counts the geodesics “up to families”. Thus if « # 0 then geodesics might appear in
families, but still the topology of these families is controlled, in particular the number of disjoint
families is bounded.

Remark 3. On a contact Carnot group there is a well defined family of “non-homogeneous
dilations” d.(z, 2) = (ex,£22), where € > 0 (see [2, 5]). These dilations have the property that
if v is a geodesic between the origin and p, then d. is a geodesic between the origin and d.(p)
(the energies are though different, see Prop. 43 below). In particular both the counting function

and the topology function are constants along the trajectories of J.:

p(0:(p)) =o(p)  and  B(-(p)) =B(p)  foralle > 0.

1.3. Families of geodesics. A simple way to produce families of geodesics (critical manifolds)
is to act on a geodesic v with sub-Riemannian isometries fixing the endpoints of ~.

Ezample 5 (Heisenberg, continuation). Let us consider the Heisenberg group Ha,,+1. Thus & =1
and @ = 1 (A is the canonical symplectic matrix). Let p = (0, z) be a vertical point and v a
geodesic from the origin to p. The group of isometries fixing the origin is isomorphic to:

ISO(H2n+1) ~ U(n) X ZQ.
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170)) 1 2 2 3 4 oA
() __ O A
\&/ Q As

FIGURE 4. Equivalence classes of isometrically non-equivalent families of
geodesics for k = 4 commensurable singular values o; = 27 /i for i = 1,2,3,4.
Thus A; =4Z \ {0}.

Each isometry ¢ in the connected component U(n) of the identity fixes p = (0, z), thus gv is
still a geodesic from the origin to p; such an isometry stabilizes the whole ~ if it fixes the initial
covector. Then, the stabiliser subgroup of the geodesic 7y is ISO. (Ha,+1) =~ U(n — 1). In this
way we produce a family:

X, =U(n)/Un—1) ~ s> 1

consisting of distinct geodesics isometrically equivalent to . In other words all geodesics in X,
are obtained from 7 by composition with an isometry (and they all have the same energy). In
this case, it turns out that X, is a connected component of I'w(p), i.e. a critical manifold.

Surprisingly this is not the case for more general Carnot groups. In fact, given a critical
manifold X C I'w(p) (one of the above spheres), this need not be obtained by acting with the
stabilizer of p on a fixed geodesic. In other words, geodesics forming X, although all having the
same energy and endpoints, might be isometrically non-equivalent. They are “deformations” of
each other, but not via isometries.

We say that two geodesics with the same endpoints are isometrically equivalent if they are
obtained one from the other by composition of an isometry of G. We denote by I's(p) the set
of equivalence classes of isometrically equivalent geodesics ending at p. For example, a family of
isometrically equivalent geodesics corresponds to just a point in the quotient T'o (p).

The topology of this set (a quotient of T'w(p)) is related with the commensurability of the
singular values of A (see Thm. 38).

Theorem 6 (Isometrically equivalent geodesics). Let G be a contact Carnot group. The set
' (p) of equivalence classes of isometrically equivalent geodesics ending at p # po is homeomor-
phic to:

Toolp) 2 [J S5V €00 = #L(),

AEA,

where ST, = S™ ﬂjol is the intersection of the m-sphere with the positive quadrant in R™+1.

See Fig. 4. When A is generic, for every A € A, C A we have £()\) = 1 and ', is a discrete set
of points, one for each A € A, (all the geodesics in a critical manifold X ~ S* are isometrically
equivalent to a given one). Nevertheless, non-trivial manifolds of isometrically non-equivalent
geodesics appear when there are resonances.

1.4. A limiting procedure. We discuss here the main ingredient of our study for contact sub-
Riemannian manifolds: the nilpotent approximation of the structure at a point pg. Because of
the local nature of the problem, we can assume that M = R?"*+! and the point py is the origin.
Moreover, the distribution D C TR?"*! is given by:

D =span{fi,..., fon},
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where fi,..., fan are bounded vector fields on R2"*!. The sub-Riemannian structure on D is
obtained by declaring these vector fields to be orthonormal at each point.

We assume that the coordinates (z,2) € R?" x R are adapted to the distribution at the origin
namely, Dy, = span{0y,,...,0s,,} (for example we take canonical Darboux’s coordinates). In
the language of sub-Riemannian geometry these coordinates, at least in the contact (or step 2)
case, are also called privileged. Using these coordinates we define “dilations” d. : M — M by:

5c(w, 2) = (e, e22), e >0,

and the nilpotent approximation at pg, another sub-Riemannian structure on the same base
manifold M, given by declaring the following fields:

fi= ah_%géé*fi’ Vi=1,...,2n,

a new orthonormal frame. Thus, the nilpotent approximation at a point pg is the “principal part”
of the original sub-Riemannian structure in a neighbourhood of py w.r.t. the non-homogeneous
dilations §.. Moreover, it turns out that the nilpotent approximation at any point py of a contact
sub-Riemannian manifold is a contact Carnot group.

We introduce the following notation:

v(p) = #{geodesics joining py and p}.

Thus v(p) will denote the number of local geodesics between py and p, i.e. geodesics in M that
are contained in a coordinate chart of py. Similarly 7 denoted the number of geodesics between
the origin and p for the nilpotent approximation. The next theorem relates the geodesic count
on the original structure and on the nilpotent Carnot group structure (see Thm. 44).

Theorem 7 (Counting in the limit). Let M be a contact sub-Riemannian manifold. For the
generic p € M sufficiently close to pg:
(p) < liminf v(3:(p)).

e—0

where 0. is the non-homogeneous dilation defined in some set of adapted coordinates in a neigh-
bourhood of pg.

Combining Thm. 7 and Thm. 2 we obtain an estimate for the order of growth of the number
of “local” geodesics between two close points on a contact manifold (see Thm. 45).

Theorem 8 (The local bound). Let M be a contact manifold and ¢ € M. Denote by (z, z)
Darbouz’s coordinates on a neighbourhood U of q. There exist constants C(q), R(q) such that,
for the generic p= (z,z) € U:

2

liminf v(d:(p)) > C(q)——= + R(q).

=0 l||?

A completely new phenomenon in the sub-Riemannian case is the existence of a sequence of
points g, — ¢ with arbitrary large number of local geodesics between the two (see Thm. 46).
Notice that, in general, we cannot predict the existence of a point p with infinitely many local
geodesics between g and p.

Theorem 9 (Abundance of “local” geodesics). Let M be a contact sub-Riemannian manifold
and q € M. Then there exists a sequence {qn}nen in M such that:

lim ¢, =g¢q and lim v(g,) = oo.
n— 00 n—r00
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2. PRELIMINARIES

We recall some basic facts in sub-Riemannian geometry. We refer to [2, 14, 10, 12] for further
details. Let M be a smooth, connected manifold of dimension n > 3. A sub-Riemannian struc-
ture on M is a pair (D, (-|-)) where D is a smooth vector distribution of constant rank k < n
satisfying the Hormander condition (i.e. Lie,D = T, M, Vx € M) and (-|-) is a smooth Rie-
mannian metric on D. A Lipschitz continuous curve v : [0,1] — M is admissible (or horizontal)
if 4(t) € D) for a.e. t € [0,1]. Given a horizontal curve « : [0,1] — M, the energy of v is

J(y) = / 14|,

where || - || denotes the norm induced by (:|-). The pair (D, (:|-)) can be given, at least locally,
by assigning a set of k smooth vector fields that span D, orthonormal for (-|-). In this case, the
set {f1,..., fx} is called a local orthonormal frame for the sub-Riemannian structure.

Definition 10. A sub-Riemannian manifold is contact if locally there exists a one form « such
that D = ker «r, and da|p is non degenerate (the rank of D must be even). Admissible curves
are called Legendrian.

Definition 11. Let M be a contact manifold. A sub-Riemannian geodesic is a non-constant
Legendrian curve v : [0,1] — M that is locally energy minimizer. More precisely, for any
t € [0, 1] there exists a sufficiently small interval I C [0, 1], containing ¢, such that the restriction
~|r minimizes the energy between its endpoints.

Any geodesic starting at po can be lifted to a Lipschitz curve 7 : [0,1] — T*M called sub-
Riemannian extremal, as we discuss now. In general, sub-Riemannian extremals can be normal
or abnormal, but abnormal extremals do not appear in contact or Riemannian structures. For
this reason we only discuss normal extremals.

Definition 12. The Hamiltonian function H € C°(T*M) is
k

Z<n7fi>25 V77 S T*Ma

i=1

H(n) =

N~

where f1,..., fr is a local orthonormal frame and (n, ) denotes the action of the covector 1 on
vectors.

Let o be the canonical symplectic form on T*M. With the symbol @ we denote the Hamil-
tonian vector field on T*M associated with a function a € C°(T*M). Indeed @ is defined by

the formula da = o(-,@). Consider the Hamiltonian vector field H € Vec(T*M).

Definition 13. Non-constant trajectories of the Hamiltonian system n = H (n) are normal
sub-Riemannian extremals.

In any structure where abnormal extremals do not exist (such as contact or Riemannian
structures), the next theorem completely characterizes all geodesics.

Theorem 14. Normal sub-Riemannian geodesics are exactly projections on M of normal sub-
Riemannian extremals. In particular, all normal geodesics are smooth.
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Moreover, any normal sub-Riemannian geodesic can be specified by its initial covector.

Definition 15. The sub-Riemannian exponential map (with origin pg) E : Ty M — M is

E(no) i= (e (), Vo € Ty M.

where etfl (n0) denotes the integral curve of H starting from 0.

Thus all geodesics from py are the image through E of the ray t — tn. We denote by
I'(p)=Etp) C T, M the set of geodesics from py to p # po, with the subset topology.

2.1. Fibers of the exponential map and geodesics. Notice that the correspondence:

N, w(t) =m(e ()

defines a continuous map from T M to the set of admissible curves. If we endow this set with
the W1 >°_topology and we assume p # po, this map restricts to a homeomorphism between I'(p)
and the set of geodesics to p: the topologies on I'(p) as a subset of T, M or as a subset of the
space of admissible curves coincide and the point of view we adopted is not restrictive.

On the other hand, recall that extremals (resp. geodesics) are non-constant and for these
reasons we will always make the assumption p # pg. Most of our results are true also for p = py,
but then one should regard I'(p) simply as the fiber of E and not as the set of geodesics to p.

2.2. Contact Carnot groups. A corank 1 Carnot group G is a simply connected Lie group

whose Lie algebra of left-invariant vector fields g admits a nilpotent stratification of step 2:
g=01®g2, 01,027 {0},

with dimgo = 1 and

91, 91] = g2, and (g1, 92] = [92, g2] = {0}.
We define a scalar product on g; by declaring a set f1,..., fx € g1 to be a global orthonormal
frame. In particular, D|, = g1]., for all z € G. The group exponential map,
expg ' g — G,

associates with v € g the element (1), where v : [0,1] — G is the unique integral line of the
vector field v such that v(0) = 0. Since G is simply connected and g is nilpotent, exp. is a
smooth diffeomorphism. Thus we can identify G ~ R™ with a polynomial product law.

Definition 16. A contact Carnot group is a corank 1 Carnot group that admits a contact
structure with D = g;.

The only non-trivial request is the non-degeneracy of the contact form. In fact, let G be a
contact Carnot group, fi,..., fon € g1 be a global orthonormal frame of left-invariant vector
fields, and fy € g2 a generator for the second layer. Indeed:

[fiafj]:Aiija Viaj:]-a"'72na
for some constant matrix A € s0(2n). Observe that there exists a unique never-vanishing
left invariant one-form « (up to constant scaling) such that D = kera. Using the identity
do(X,Y)=XaY) - Ya(X) — a([X,Y]) we obtain:

do(fi, f;) = —a([fi, f]) = Ajilfo)-

Since a(fy) # 0 the matrix A is non-degenerate.
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2.3. Normal form of contact Carnot groups. By acting on g; with an orthogonal transfor-
mation, it is always possible to put A in its canonical form. Such a transformation can be trivially
extended to an automorphism of g, and thus lifts to a group automorphism of G that preserves
the scalar product. Therefore, up to isometries, contact Carnot groups are parametrised by the
possible singular values of non-degenerate matrices A € so(2n). In the following we describe the
possible normal forms of contact Carnot groups. Consider the triple (k, 7, &), where:
(i) ke N, with 1 <k <n,

(ii) @ = (n1,...,n) is a partition of n, namely n; € N and 2?21 n; =mn,

(iii) &= (aq,...,08) with0 < a3 < ... < .
For a fixed choice of (k,7, &), let:

1,, O

In other words, A has k distinct singular values 0 < a7 < --+ < ag, with multiplicities nq, ..., ng
(half the dimension of the corresponding invariant subspaces). This gives the normal form of the
(2n,2n + 1) graded Lie algebra with parameters (k, 7, @). As an abstract algebra is given by:

g =01 g, g1 :Span{fla"'af?n}a 92:Span{f0}7

(5) A = diag(a1Jn,, .-, agdn,) € 50(2n), with I = <_0 ﬂm) .

with:

[fuf]]:A’L]f07 27]:1752’”‘
Let GG be the unique connected, simply connected Lie group such that g is its Lie algebra. Define
a scalar product on gy such that fi,..., fo,, is an orthonormal frame. Any contact Carnot group
is isomorphic to one of these structures, for a choice of (k, @, 7). Notice that the normal form is
determined only up to global rescaling of the eigenvalues @ (see [4, Remark 1]).

2.4. Exponential coordinates. The orthonormal basis f1, ..., fo, and fy realize the splitting
g=901"® - DgT* ©go,
with respect to the generalized eigenspaces of A. Accordingly, we identify:
G~R™ g... R OR,
through the group exponential map expy : g — G, in such a way that p € G has exponential

coordinates (z1,...,zx, z) with z; € R fori=1,... k and z € R.

2.5. An explicit representation. An explicit representation of the contact Carnot group with
parameters (k, @, ) is given by the sub-Riemannian structure induced by the following vector
fields on R?"*+1  with coordinates (z,z) € R?" x R:

0 1 B B
= _ = Az i—, =, ':17...,2,
! ox; 22 ijaz fo 0z ! "

where A is the matrix of Eq. (5) with k singular values & and multiplicities 7. For the Heisenberg
groups Hy, 41 (see Example 3) A is the standard symplectic matrix.

Lemma 17. The coordinates (x, z) are the exponential coordinates induced by f1,..., fan, fo.

Proof. Assume that p = (z, z) has exponential coordinates (6, p). This means that (z,z) = (1),
where v(t) = (x(t), z(t)) is the solution of the Cauchy problem
2n
. . 1
i (t) = s, Zt)=p+ 5 Z z;A;j0;, 7(0) = (0,0),

1,j=1
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By the skew-symmetry of A, the solution is x(t) = 0t and z(t) = pt. Then (x,z) = (0, p). O

3. THE FIBERS OF THE EXPONENTIAL MAP FOR CONTACT CARNOT GROUPS

Let E : T;G — G be the exponential map for the contact Carnot group whose (nonzero)
structure constants for its Lie algebra are given by equation (5). In the following, we write
p € G in exponential coordinates as p = (x1,..., 2k, 2), with z; € R?"% and analogously, for
n € Tg G, we write n = (u1,...,ug, A), with u; € R*%. Thus:

E(ul,...,uk,)\):(Jcl,...,xk,z) with acj,quRQ”j, j=1,... k.
When convenient, we write p = (z,2) and n = (u, \), with z,u € R?" and n = Zle n;.

Proposition 18. With the above notation we have for every j =1,... k:

~_ (sin(Ay) cos(Aaj) —1 ‘ _ k Aaj —sin(Aay) )\aj) 2
6) =z = ( A 1+ N J ) uj and —; N, [lujl®.

IfAX=0, thenxzj=u; for j=1,...,k and z =0, i.e. E(u,O): (u,0).

Proof. We recall that the sub-Riemannian exponential map is given explicitly by [1]:

1 1 /1 t
(u, \) — (/ e Mtudt, ——/ <e_’\Atu,A/ e_”\Asuds> dt) i
0 2 Jo 0

We start by considering the horizontal components (we omit the subscript for J = J,;):

1
_ —AaJt,
x; 7/0 e 7y dt.

If A =0, then e7*%7/t = 1 and x; = u;; otherwise the expression for x; follows immediately
from writing the integrand matrix as:

(7) e 7t = cos(Aa;t)1 — sin(Aa;t).J.

In fact using (7) we can also evaluate the matrix integral:

t .
o Jt sin(Aa;t) cos(Aa;t) — 1
g = 1 = 1 ;
(8) /Oe = T 4 S alt)1 4 ()

For the z component, we notice that it can be rewritten as z = u*Su, where S is the matrix:

1ot
S = f—/ / Mt Ae M3 dsdt,
2Jo Jo

and since A is assumed to be block-diagonal, we obtain:

k 1 t
1
z= E ujSju; with Sj:fi/o e)‘aj‘”ajJ/O e 73 dsdt,
—

Notice that if A = 0 then S = f%A and, being skew-symmetric, z = u*Su = 0. If XA # 0 the
integrand matrix in S; equals, using (7):

9) e’\‘”‘]tosz/t e 275 ds = (o cos(Aat)J — ajsin(Aa;t)1) (a(t)1 + b(t)J) =
= (e(®)L + d(t)J) (a(t)1 4+ b(t)J) = (ac — bd)(t)1 + (ad + be)(t)J,
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where ¢(t) = o cos(Aa;t) and d(t) = —a; sin(Aa;t). Since [(ad + be)J is skew-symmetric:

1 1
ujSju; = uil <%/ (ac— bd)(t)dt) u= fHu]HQ%/ (ac — bd)(t)dt.
0 0

Using the explicit expression of a,b,c,d (given by (8) and (9)), we obtain (ac — bd)(t) =

M, whose integral equals:

/1 cos(Aa;t) — ldt _ sin(Aeyj) — )\aj
0

A A2a;
Substituting this into the above formula for u}Su; concludes the proof. O
For all j =1,...,k, we define the 2n; X 2n; matrix:
Iay) = sin(Aa;) L4 cos(Aaj) — 1[]7
)\Oéj )\Oéj

where I(0) = 1. I this way, equation (6) reads z; = I(a;\)u;.

Proposition 19. Assume Ao ¢ 20Z\ {0}. Then I(Aay;) is invertible with inverse:

Iaj) ™t = % cot ()\—;J) 1+ %J,

(if Aaj = 0 we have I(0)~' = 1). In particular if x; = I(Aa;)u;, then:

Ao — sin(Aayj) |2 = aj Aaj — sin(Aay)
T T | = LY

[
2)\204] 8 sin (L;J)

Moreover if Aa; € 2nZ \ {0}, then z; = 0.

Proof. The determinant if I(Ae;) is:

1 — cos( Ao
J

and is nonzero if and only 1f ~% ¢ 7\ 0; in this case the matrix I(Aa;) ™" is well defined.
L = ¢114cyJ, where ¢; = )‘gj (A%)

. Then, u; = c12; + coJx; and since z; and Jx; are orthogonal we obtain:

For the second part of the statement we write (o)~

Ao
and ¢y = J

s = eflloj 1 + 3l T 1* = (e + &) |51

Computing ¢? + 3 = (/\g m) and setting y = Aa; we finally obtain:

. . 2
ol =t (Ser) 1o = F B
2y%/a; 7 2y%/a; \ 2sin(y/2) J 8 (sin%)?2

The last statement follows immediately by Eq. (6). O
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|
|
|

2k BE Mg 2(k + 1)

FIGURE 5. Detail of the function g(A) in the interval I, = (2km, 2kw + 27).

3.1. A relevant function. We introduce the function g : R — R U {co} defined by:
1A —sinA
g(\) = 8 a2’
(Sln 5)
Each pole of g is of order two and lies on 27Z \ {0} (see Fig. 2 in Sec. 1 and Fig. 5). The proof
of the following proposition is left to the reader.

Proposition 20. Let k € Z and I, = (2kw, 2kw + 2m). Then:

1. g(A) = —g(=A) and g(A) >0 if A > 0;
2. |g| is strictly convex on each interval Ij;
3

. if py is the point of minimum of |g| on Iy, we have g(ux) = & < (%';1)77 ;
4. g(|A]) > % — g for every A.
3.2. Decomposition of the fiber. We introduce the notation:
T(p) = E_l(x, z), p=(z,2).
Since p # po, then T'(p) consists of all geodesics ending at p. Given ayq, ..., a) we define:

A; = {poles of A = g(Aa;)}, A= UAj and Iy ={j|z; =0}.

j=1
Prop. 19 implies that, if (u, ) € T'(p), then:
(10) LO) = {j| A€ Aj} C Io.
Proposition 21 (Characterization of the fiber). Let p = (x,z) € G, p # (0,0). The set I'(p)
consists of the points (u, \) such that x; = I(Aay)u; for every j =1,...,k and:
(11) 2= ajg(hay)z;)* + Z 2.
Ji¢lo j€lp

Proof. The condition on the x;’s is given by Prop. 18 and it remains to understand the equation
for z in (6). Now we can decompose the summation in the terms defining z as:

Aa; — sin(Aa 5 Aa; — sin(Aa;) 5
(12) s = (—) s + ( ; ; ) o .
Z 2)\2Oéj ] Z 2)\2 J

ngO j€lp
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If j ¢ Iy then j ¢ L(\) by (10) and Prop. 19 allows to write:
<)\aj — sin()\aj)> |2 = %)\aj sin(Aa;) e ”2
2)\20éj J 8 sin (/\‘;J> i

On the other hand the sum ., (MJ%I;(MJ)) luj||? can be split as:
J

Aaj — sin()\aj)) 5 Aaj — sin(Aa;) 5
Yo (T )l Y (T ) Il
20 2. J
FEIONL(N) ( 2X%0; JEIONL(N\)e 2X%0y

The second summation is zero, because for a j ¢ L(\) the matrix I(Aa;) is invertible and
uj = I(Aaj)z; = 0. By (10), the index set for the first summation equals L(\) itself. Moreover,
for each term j € L(\) we have Aa; € 2nZ \ {0} and, for some k; € Z \ {0}:

Aoy — sin()\aj) 2rk; —sin(27k;) 1
202 2X\(27k;) N
Substituting what we got into (12) we finally obtain:

2=y ajg(hay)|;]? + Z [y m

Jj¢1o JEI()

We decompose T'(p) into two closed disjoint subsets, reflecting its “discrete” and “continuous”
part. We set indeed I'(p) = I'g(p) U T'oo (p) where:

Lo(p) = { (w,A) €T

Slul?=0p  and  Tu(p) = To(p)“.

j€lo
The next theorem clarifies the subscripts and the terminology “discrete” and “continuous” part.

Theorem 22. If p # po, the set To(p) is finite and T (p) is a closed set homeomorphic to:
Twlp) = [J 82V N) = Y ny,
AEA, JEL(N)

where:

(13) A, = )\GA‘ 2= Y ajghay)llzl® | A>0
Jj¢lo
Moreover the energy function J is constant on each component of T'(p).

Remark 4. By definition, I's(p) # 0 implies Iy # 0. Thus, a necessary condition for occurrence
of families of geodesics ending at p = (x, z) is that some of the components z; must vanish.

Proof. We start noticing that if (v, A\) € To(p) then all the u;’s are determined. In fact if j ¢ Iy
then, by (10), j ¢ L(X), I(a;]) is invertible and u; = I(a;\) " tx;; if j € Iy, then the condition
> jer llujll? = 0 implies u; = 0.
Consider now the projection g onto the \-axis:
q:T5G = R, (uy, A) —= A

By the above discussion q|p,(,) is one-to-one onto its image ¢(I'o(p)) and it is enough to show
that this last set is discrete. To this end we notice that by Prop. 21 if (u, A) € T'o(p) then:

(14) 2= ajg(ogN)|al.
J¢Io
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The set of solutions in A of this equation coincides with ¢(T'o(p)) and is discrete: (z, z) is fixed,
the function g is strictly convex (by Prop. 20) and a linear combination of strictly convex
functions is still strictly convex (on the domains of definition). Since the set of solutions of (14)
has no accumulation points, q¢(T'g(p)) is closed and T'o(p) = ¢ 1 (q(To(p))) is closed as well.

We prove that T'g(p) is finite. If  # 0 the cardinality of T'g(p) is bounded by Thm. 23
below; if # = 0 then equation (11) reduces to z = 5; diel luj]|? and since I'g is defined by
Zjelo lu;]|> = 0, it implies z = 0 as well, contradicting the assumption p # po.

Now we turn to I's(p). For each fixed A € ¢(I'c(p)) consider the fiber of the projection (the
set of pairs (u,\) € I'no(p)). We show that A € A, and that the fiber is a sphere. By Prop. 21,
this is the set of u € R?" such that z; = I(Aa;)u; for every j =1,...,k and:

1
(15) 2 o llul? =2 =Y aighay)lll.
j€lo J¢lo
Now, if j ¢ L()), then u; is fixed by the value of z; (since I(c;A) is invertible). For the remaining
ones the only constraint comes from Eq. (15). Consider the summation in the Lh.s. Notice that
L(\) C Iy, but if j € Iy N L(A)° then u; = 0. Therefore:

Do luilP= 7 lugl®

j€lo JEL(N)

In particular, since (u,A) € T'o(p) this implies that L(A\) must be non-empty, namely A € A.
Moreover Eq. (15) reduces to:

1
(16) 2 Dol =2=> ajg(hay)a; |

jEL(N) Jj¢lo

The r.h.s. of the above equation has the same sign of \. Thus A € A, and ¢~!(}) is a sphere of
dimension 2N (\) — 1.
Finally ¢ is surjective over A,. In fact, for any A € A, we choose for j € L(\), u; that satis-
fies (16), and for j ¢ L(\) we set u; = I(a;A)"'z;. The point (u,\) € I's(p) by construction.
The image ¢(I'sc(p)) is discrete, as it is contained into A (and has no accumulation points,
since A itself has no accumulation points). Thus ¢(T's(p)) is closed and ' (p) is closed as well.
Since the energy of a geodesic (u, \) is given by ||u||?/2, it is constant on each component. [

4. UPPER BOUNDS

Let us introduce the following “counting” functions ﬁ,B :G = RU{oo}:

o(p) = #L(p)  and  B(p) =b(T(p),
where b(X) denotes the sum of the Betti numbers of X (which might as well be infinite a priori).

Remark 5. The Betti numbers b;(X) of a topological space X are the ranks of H;(X,Z) (the
homology groups of X) and they measure the number of “holes” of X, see [9]. For example for a
point or a line all b; are zeroes except by = 1; for a sphere S* they are all zero except by, by = 1
(here k£ > 1). The sum of the Betti numbers b(X) is sometimes called the homological complezity
and measure how complicated X is from the topological viewpoint; for example b(S*) = 2.

If E*I(p) is finite, then o(p) = B(p); on the other hand if a point p has infinitely many
geodesics arriving on it #(p) = oo and it could either be that they are “genuinely” infinite, i.e.
also 3(p) = oo, or they arrange in finitely many families with controlled topology, i.e. 3(p) < co.
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Theorem 23. Let G be a contact Carnot group. Then there exists a constant Ry such that, for
every point p = (x, z), with p # po:

5 8k ar\ |z|
i< (o) pop e

T ol
Ry is homogeneous of degree 0 in the singular values oy < -+ < ay of A. In particular, if
x = (x1,...,2x) has all components different from zero, then I'(p) = To(p) and:

. 8k oy |Z|
< .
“m—<W%)mw+&

Remark 6. Thus, whenever at least one z; is not zero, the topology of I'(p) is finite; if z # 0
and x = 0, then the above formulas are meaningful in the sense that loil = 00.

Proof. The decomposition of Thm. 22 implies:

b(T'(p)) = b(To(p)) +b(lec(p)) -
Let us start with b(T'o(p)). Since I'g(p) consists of points, then b(T'o(p)) = #o(p) and:
(17) #To(p) = # A 2= Y ajg(hay)|a;)?
i¢lo
We recall that Iy = {j|z; = 0} and distinguish two cases.
1. If Iy = {1,...,k} (i.e.  =0), then I'y(p) is empty: in fact from (17) we obtain that also

z = 0, contradicting the assumption p # py.
2. If Iy € {1,...,k} (at least one x; # 0), then property 4 of Prop. 20 implies:

Al T
|z| = Z ajg()\ozj)|\xj||2 > 3 Z Q?H%‘HQ ) Z aj||$j||2’

J¢lo J¢Io J¢Io

or, equivalently:

(18) VP U 071 | . L T
Yen Gzl Yger, Allal? T izl of ’

where in the last inequality we have used the fact that ||z||? = il |lz;]|>. The number of
solutions of (17) is the number of intersections of the horizontal line w = z with the graph of:

) = agg(hay) ),
Ji¢lo

in the (A, w)-plane, with the restriction |A| < p we found in (18). The function Gy is itself
strictly convex, and the number of points of intersections of w = z with its graph is:

b(To(p)) < 2#{poles of Gy on the interval (0,p)} + 1.
Since the function Gy has poles exactly on the sets Aj = {\ # 0| Aa; € 27Z, j ¢ Iy}, we obtain:

P day 2| e
) <2 § L J 1<2 § 1<
" LTQQWHQ 207 s

8 ak =l

of [l

(19)

< (k- #Io) + 70,
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where r( is a bounded remainder (homogeneous of degree 0 in the singular values) given by:
2
@
ro = (k — #1o)—5 + 1.
a3

Let us consider now b(T'oo(p)). By Thm. 22, T'(p) is a disjoint union of spheres, one sphere for
each point A € A,, where:

Ay ={Ne€A|(z— Go(\)A > 0}.

Since the total Betti number of sphere is 2 (independently on the dimension), we have:

(20) bToo(p) =b | [ 8PNV =2#4,.
A,

We assume z > 0 for simplicity. This implies A > 0. Moreover, if A € A, C A, then A must
belong to the complement of the set of poles of the function G, namely

Aedo=J A= ?Z\{O}QA.

j€lo jely Y

Thus we finally rewrite:

Ay ={AeAo | A>0, z>Go(N)}

It only remains to estimate the cardinality of A,. We distinguish again two cases.

1. In={1,...,k} (i.e. x =0). By our assumption p # po it follows that z > 0. Moreover, in
this case Go(A\) = 0 and Ag = A. Therefore A, = A is infinite and I'so(p) consists of infinitely
many spheres, thus b(I's(p)) = co.

2. In € {1,...,k}. In this case we have to count the A > 0, such that:

(21) 2> Y ajg(hay)|asl?,  with X € Ao.
J¢lo
Arguing exactly as in (18) we obtain that:

3 < 8|z| Ty
affz* o} -
Thus the number of A satisfying (21) is bounded by the (finite) number of elements A € A in
the interval (0, p) (arguing as in (19)):

. 2
5 |2 < prdos bl #hoat
1

) 2
= 27 mad ||z o

Combining this with (20) we get:

8 ay ||

b(Too(p)) < #lo——7—5 + Too)
™o ||z||?

where 7, is a bounded remainder (homogeneous of degree 0 in the singular values) given by:

O52

k
Too — #IO—2
51
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NIRRT .
A

I

{lul? = ¢}

FIGURE 6. Qualitative picture of the exponential map for Hsz. The critical
points are the A-axes A, the set R (in red) and the set B (in blue). The broken
curve is the section in the (z, z)-plane of the image of the cylinder {||u||? = c}.
The number of geodesics to p is constant on each shaded region (the white one
is where P(p) = 1). When ¢ varies the blue dots on the right figure (the images
of BN {|Jul|?> = ¢}) “span” all the paraboloids |z| = g(\g)||z||?.

Finally, since the union I'g(p) U s (p) is disjoint and closed, we obtain:
b(T'(p)) =b(To(p)) +b(Tx(p)) <

8 ay |7]
< (k- #IO);a_%W + #Io

8ak> |z
=|k=—— +R2a
< mai) ||z

where R is a bounded remainder (homogeneous of degree 0 in the singular values) given by:

8 ay |2]
- +7r0+ 10 =

(22) m af [alf?

a2
Ro =19+ 7 Zk'—];
aj

Notice that if all z; # 0, then Iy = () and I'(p) = T'o(p), which is finite. O
Remark 7. Eq. (22) splits clearly the contribution to the topology into two pieces:

8 ay |2]

Bay |z 8oy |2|
maf ||z?

b(To(p)) < (k—#1o)

where we interpret the r.h.s. with the convention of Remark 6.

+ 7o and b(Foo(p)) §#10 +Too;

maf [l

Ezample 6 (Heisenberg, conclusion). The Jacobian of the exponential map in Hs can be com-
puted explicitly using (6) (for the general contact case, see [1, Lemma 38]):

- lul|?(Asin A + 2 cos A — 2)
det (d(%)\)E) = - X .

Setting to zero the previous equation we find critical points of E:
crit(E) = {|Ju)|> =0} U{\ = 2km, k # 0} U{\ | 3 =tan 3, A #0}.

A R B

The critical values are the images of these sets. For convenience of notations we label Ag, with
k € Z\ {0}, the non-zero solutions of 4 = tan 3: these numbers, in the case of the Heisenberg
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group, coincide with the minima of the function g and are of the form A\, = (2k + 1)7 + &x. The
critical values of E' decompose into the union of the three sets:

E(A) = origin, E(R) = z-axis, E(B)={z=|lz|%9(\) | k € Z\ {0}}.

In particular, £ (B) is a union of paraboloids, and has the following characterization: for x # 0,
we have:

D(p) = #{A | 2 = g(W)z]*}.
By the properties of g, and assuming z > 0 (resp. z < 0), two new contributions to 7(p) appear
(or disappear) every time the ratio |z|/||z||? crosses the values g(\), for & > 0 (resp. k < 0).
Thus the function 7(p) “jumps” by two every time p crosses F(B) transversely (see Fig. 6).

5. LOWER BOUNDS
According to the decomposition of Sec. 3, for p # py we have the following splitting:

['(p) =To(p) UTw(p),

where I'g(p) is a finite set and I's(p) is homeomorphic to a disjoint union of spheres. According
to Remark 4, if p = (z, z) is a point with all components x; # 0, then I'ns(p) = @ (in particular
this is the case for a generic point p). In this setting we prove the next theorem.

Theorem 24 (The “infinitesimal” lower bound). Given a contact Carnot group G, there exist
constants C1, Ry such that if p = (z,z) € G has all components x; different from zero, then:

||
]2

In particular, denoting by a1 and oy, the smallest and the largest singular values of A:

C + R1 < 0(p).

-1

C —§ﬂsin 5—7T ’ with 6 = iﬁ Y
1_7ro<i 2 B prrieZ K0

Moreover, Ry (resp. Cy) is homogeneous of degree O (resp. —1) in the singular values aq, .. ., .

Proof. When all the z; # 0, then I'(p) = T'g(p). According to Prop. 21, and recalling that
Iy = 0, the number of geodesics ending at p = (z, z) is computed by:

k
v(p) =#{A[2=GN} GO = Z ajg (o N[l

The idea of the proof is to build a sequence of values 5\n, growing linearly with n, such that

G(An) < en + d for some constants ¢ and d. By the strict convexity of G()), we have at least
one contribution to (p) for any point A, of the sequence such that G(j\n) < z.
Without loss of generality, we assume z > 0 and then A > 0. For fixed 0 < § < 1 and every
j =1,...,k define the intervals:
|:27’L7T 2(n + 1)7T:| - 2nm om 2(n+ 1) o
InJ e e = —|— _—

and I = |—

)
Qj aj aj Qj aj Qj

Each interval fn,j is contained in I,, ; and the lengths of these two intervals are (see Fig. 7):
2w

(njl=—=ta;  and I, = a;(1—6).
J
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a; aj o

FI1GURE 7. The intervals fn,j C ;.

The singular values 0 < a; < --- < oy, are ordered, then the intervals I,, 1, for n € N are the
largest. We also define y,, := (2n — §)m. Notice that ya—jl is the maximum of the interval fn,ja
and will play an important role in the proof.

Each function A — g(a;A) is unbounded in the intervals I,, ; (it has poles at the extrema),
but it is controlled on all the smaller intervals fn,j, as stated by the next lemma.

Lemma 25. There exist constants c1(0), d1(d) such that, for j =1,... k:
g(\) < e1(O)n+di(6), YA€ I, ;.
Proof. By Prop. 20, for all j = 1,...,k the functions A — g(a;\) are strictly convex on the

intervals In 4 C I, ;. Each function is clearly unbounded on I,, ; but, when restricted on In g it
achieves its maximum value at the point yajl (i.e. the maximum of the interval In, ;). Therefore,
by explicit evaluation, for all A € I,, ; we have:

27 27 — o + sin(ém)
8sin(on/22" T 8sin(on/2)2

9(a;A) < g(Yn41) = = c1(0)n + d1(9). O

The next lemma implies that, for each n > 0, the large interval I,,; contains at least one
point that belongs to all the smaller intervals I, 1, ..., Im, &, for some mq,..., my.

Lemma 26. Let fj = Um>0 myj forall j=1,... k. If0<é <1 is small enough then:

k
VTLZO In,lﬂﬂfj#@.
j=1
Proof. We argue by contradiction. Assume there exists n > 0 such that for all A € I,, ; we can
find j € {1,...,k} with A ¢ I,. This implies:

(23) Sn ;:/I #{juefj}dzg(kq)al

n,1

On the other hand the above integral equals:

k k
N 2(571' o 271' o
= E . > E I > _ _ § -7
‘ |IJ n In,1| > kay — o \‘OQJ > (k? 1)@1 +la -6 o \‘OQJ
j=1 j=1 7 j=1 7
Recalling that a; = i—’:, if we choose

(24) 0<d< ii—ﬂ—J :

Jj=1
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we obtain s, > (k — 1)ay, contradicting (23). O
The next lemma builds a sequence ), where the behaviour of G()) is controlled.

Lemma 27. There exists an unbounded, increasing sequence {5\n € I, }nen and constants ci(9),
di(0) such that:

k
> 9(Anay) < cx(S)n + di(0).

Jj=1

Proof. By Lemma (26), for all n > 0 there is a point A € IninN IAmhl N IAm2’2 N---N fmk,k, for

some my, ..., mg. This sequence is unbounded and increasing. By construction, m; = n and
1 .
m; < {MJ <Ok 9% ok
a1 a1 a1
By the estimates of Lemma 25, we have
k k o o

> g(ney) <D (e(@)m; +di(0)) < [cl(é)k’a—k] n+ [2c1(6)(k - 1)a—k + kdy (5)] . O

, ; 1 1

Jj=1 Jj=1

ck(9) di (9)

We are now ready for the computation of the lower bound for o(p). Indeed

k
(25) pp)=#{A2=GN)} GO =) ajg0hay) o).
j=1

By Prop. 20, each function A — g(a;A) is strictly convex in the intervals I,, ;, for n € N, and
has poles at the extrema of I, ; (excluding A = 0), i.e. the discrete set A;. Then also G(}) is a
strictly convex function in each interval in which it is defined, with poles at A = U;?:lAj.

Consider the sequence An of Lemma 27. There are at least 2 solutions contributing to Eq. (25)
for any value An such that G (5\n) < z. This follows by strict convexity of G in the interval between
two successive poles containing M. The only exception to this rule is when An belongs to Iy x:
in this case there is only 1 solution (there is no pole at A = 0). We have:

k
G < arllz]* Y glazhn) < )l [ex(8)n + di(8)]

j=1

Thus, Mo gives a contribution of 1 to ¥(p), while each point S\n, with n > 1 of the sequence, such
that G(A\,) < z, give a contribution of 2 to #(p). Taking in account all the contributions:

5 Lzl d(9) 2zl de(9)
(p)zﬂck(é)aknxw ck<6>J“2akck<6>|xn2 2 0)

Plugging in the constants obtained above, we obtain:

— 1.

2|

+ R(9),

with:

1*k+ﬂ5ﬂfsin(5ﬁ)*2ﬂ
(677 s

— 1.
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Both C(d) and R(d) are non-decreasing functions of 4, for 0 < § < 1, thus the best estimate is
given by the values at the largest 6. According to (24) this value is:

k
a1 | O
Op = E — |
M a; \;O‘IJ

j=1

-1

Notice that C; := C(dpr) is homogeneous of degree —1 w.r.t. the singular values aq, ..., ax,
while Ry := R(dar) is homogeneous of degree 0. O

The previous theorem holds if all the x; are different from zero. When some of the z; = 0,
continuous families might appear, but the topology of these families is controlled.

Theorem 28 (The “infinitesimal” lower bound for the topology). Let G be a contact Carnot
group. There ezist constants R}, C} such that for every p = (x,z) € G with p # po:

|| 5
1W + Ry < B(p).

In particular, denoting by a1 and oy, the smallest and the largest singular values of A:

-1
8 5 \? :
C) = —a—; sin <_7r> with & = Z g {&J
Ty 2 — qj | Q1
J¢lo

Moreover, R} (resp. C1) is homogeneous of degree O (resp. —1) in the singular values aq, ..., .

Proof. Recall that Iy = {j | z; = 0}. If Iy = ), then the statement reduces to Thm. 28 since

['(p) = To(p) is finite and #(p) = #I'(p) = b(I'(p)) = B(p). Then assume I # 0. By Thm. 21,
I'(p) =To(p) UT o (p) and:

C

B(p) =b(I'(p)) = b(T'o(p)) = #T'o(p)-
In particular I'g(p) is in one-to-one correspondence with its projection on the A\ component, since
all the u; are uniquely determined by the point p = (z, z) once A is known. Therefore

#To(p) = #{N [ 2=Go(N)},  Go(N) = > ajgla\)l|z;].

i¢lo
Now we only have to bound from below the number of solutions of z = Gy(A). The proof is
analogous to the one of Thm. 24, where only the indices j ¢ Iy appear. (I

6. ISOMETRIES AND FAMILIES OF GEODESICS

6.1. Isometries of the Heisenberg group. Isometries are distance-preserving transforma-
tions and, in Carnot groups, are smooth (see [7]). The set of all sub-Riemannian isometries
ISO(G) of a Carnot group is a Lie group, and any isometry is the composition of a group au-
tomorphism and a group translation (see [8, 11]). Here we consider the subgroup ISOy(G) of
isometries that fix the identity and we denote this subgroup simply ISO(G).
Lemma 29. The isometry group of Hay41 is:
ISO(Hapy1) = {(M,0) |0 = £1, MM* = 1s,, MJM* = 0.J},
with the action of ISO(Hap41) on Hapt1 given by:
(M,0) - (z,2z) = (Muz,0z).
Moreover:
ISO(H2n+1) ~ 0(271) n Sp(Zn) X Zg ~ U(n) Dal ZQ.
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Proof. A diffeomorphism is an isometry of Carnot groups fixing the identity if and only if is a Lie
group isomorphism. In particular, it is induced by Lie algebra isomorphisms ¢ : han+1 — hont1
that are orthogonal transformations on the first layer. Since ¢ is a Lie algebra isomorphism, it
preserves the stratification. Then we can write ¢ = (M, 0) € O(2n) x R, such that

2n
S(f:) =D Mjfs,  d(fo) =06fo.
j=1

The isomorphism condition [¢(f;), #(f;)] = Jij(fo) implies:
MJM* =6J.
It follows that #? = 1. Then:
ISO(Hgp41) = {(M,0) | 0 =£1, MM* = 1y, MJM* =0J}.

This Lie algebra isomorphism generates a Lie group isomorphism that, in exponential coordi-
nates, reads (M, 0)- (z,z) = (Mz,0z). Let ISO(Hap41)+ <ISO(Hap41) be the normal subgroup:

ISO(Hapt1)+ :={(M,1) | MM* =1, MJM* = J} ~ O(2n) N Sp(2n).
Moreover, let K be any matrix such that KJK* = —J. Then, let :
H:={(1,1),(K,-1)} ~ Zy

be another subgroup of ISO(Hs,,+1). Any element of ISO(Hsa,+1) can be written uniquely as
the product mh of an element of m € ISO(Ha,+1)+ and an element of h € H. Thus the map
mh +— (m, h) is a group isomorphism:

ISO(H2n+1) = ISO(H2n+1)+ X H,

where H acts on ISO(Hay,4+1)+ with the adjoint action. As we observed ISO(Hg,41)+ ~ O(2n)N
Sp(2n) and H ~ Zs, thus

ISO(Hgp+1) =~ O(2n) N Sp(2n) X Z,.
Remark 8. With this identification, the action of ¢ : Zg — Aut(O(2n) N Sp(2n)) is:
oM =M,  ¢(-1)M = KMK*,
the product on O(2n) N Sp(2n) x Zg reads:
(M, 6)(M',6") = (Mp(6)M',06"),
and the action of O(2n) N Sp(2n) x Zy on Hapyq is:

(Mz,z) =1,

(M,G) . (LL‘,Z) = {(MKI,—Z) 0 =—1.

Finally, to see that O(2n) N Sp(2n) ~ U(n), write M € GL(2n,R) as M = (4 B). Then
M € O(2n) N Sp(2n) if and only if:

A B * * * *
M<_B A>, AA* + BB* =1,, AB*— BA* =0.

Thus the map M — A +iB is the group isomorphism O(2n) N Sp(2n) ~ U(n). O
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6.1.1. Stabilizers of points. Let p € Ha,41. We restrict our attention to the connected component
ISO(Hgp+1)+ that contains the identity. As in the proof of Lemma 29, we identify:

ISO(H2n+1)+ = U(’I’L)

With this identification, the action p : U(n) x Hapy1 — Hapqq is

p(A+iB, (z,2) = (M, 2), M:(AB ﬁ).

What is the stabilizer subgroup ISO,(Hay41) C ISO(Hgy41)+ that fixes p € Haptq?

Lemma 30. Let p = (z,2) € Hapy1. Then

U(n) x =0,

ISOp(H2n+1) = {U(Tl _ ]_) x 7é 0.

Proof. Let A+ iB € U(n). Let p = (x,z) € Hapy1, with 2 # 0 and write z = (v, w) with
v,w € R™. Then

p(A+iB,p)=p<= Mz =2 < (A+iB)(v —iw) = v — fw.

This means that A + iB must be a unitary matrix with a prescribed eigenvector v — iw with
eigenvalue 1. This identifies a copy of U(n— 1) C U(n) that fixes p. On the other hand, if z = 0,
the point p = (0, 2) is fixed for any element of ISO(Ha,11)+- O

6.1.2. Stabilizers of geodesics. Let v(t) be the geodesic with initial covector (u, \) € T Hap41.
What is the subgroup ISO (Hap+1) C ISO(Hszp41)+ that fixes the whole geodesic? Recall that

t 1/t -
~(t) = </ e MTudr, ——/ (e”“”u,]/ e)“lsuds>d7') .
0 2Jo 0

Lemma 31. Let (u,\) € TjHa,11 be the initial covector of the geodesic y. Then

U(n) u =0,

IS0, (Hap 1) ~ {U(n ~1) w0

Proof. To stabilize v is equivalent to stabilize its “horizontal” component. Indeed, let A+ iB €
U(n) be an isometry and v(¢) = (z(t), 2(¢)). Then p(A + iB, (z(t), 2(t))) = (z(t), 2(t)) if and
only if Mxz(t) = z(¢t) for all t. For u # 0, take one derivative w.r.t. ¢ at ¢ = 0; we obtain Mu = u,
as in the proof of Lemma 30. This identifies a subgroup U(n — 1) C U(n). This condition also
implies also Mz(t) = z(t). In fact:

t t
Mz(t) = M/ e My = / e ™M Mu = x(t),
0 0

where we used the fact that, being an isometry, MJ = JM. Thus, in this case, ISO,(Hzp11) =
U(n —1). When u = 0 the geodesic is the trivial one, and is stabilized by the whole U(n). O

Remark 9. Notice that in this case u = 0 if and only the geodesic is trivial v(t) = 0. When u # 0
two possibilities can occur: 1) z # 0, in which case ISO. (Hay,41) = ISO,(Hapt1) ~ U(n —1); 2)
x = 0 and the subgroup ISO- (Hz,+1) ~ U(n — 1) is properly contained in ISO, (Ha,41) =~ U(n).
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6.1.3. Isometrically equivalent geodesics.

Definition 32. Let 1,72 be geodesics with the same endpoints. We say that v, is isometrically
equivalent to 2 if there exists g € ISO(G) such that y1 = g7a.

Let p € Hapy1, and v be a normal geodesic such that v(0) = 0 and (1) = p. By acting
with ISO,(Ha,+1) we obtain families of isometrically equivalent by construction. Still, since
ISO,(Han+1) € ISOp(Han41), we may obtain in this way non-distinct geodesics. To avoid
duplicates, we have to take the quotient w.r.t. the subgroup ISO, (Hsap41).

Let X, be the set of geodesics isometrically equivalent to a given one . This is a homogeneous
space w.r.t. the action of ISO,(Hzy,41). From Lemma 30 and 31 we obtain the structure of X,.

Proposition 33. Let v be a geodesic such that v(0) = 0 and (1) = p, with initial covector
(u,\) € TqHapy1. Then:

S2-1 £ 0,) € 272\ {0},

Xy =180, (Han+1)/ 15O, (Han41) ~ :
1 otherwise.

Proof. If u = 0, then ~(t) = 0 is the trivial geodesic. In this case X is just a point (the trivial
geodesic). Then we may assume u # 0. Let p = (0, z). An explicit computation leads to

1
O=/ e ™My = \=2mnr, mecZ)\{0}.
0

Then, when A = 2mz (and u # 0), according to Lemma 30 and 31 we have:
1SO, (Hap+1)/ IS0, (Hayy 1) = U(n)/U(n — 1) = §27 1,

If A # 2mm, then p = (x, z) with « # 0. According to Lemma 30 and 31 (see also Remark 9) we
have ISO, (Hay+1) = ISO, (Hz,41) = U(n — 1). Thus their quotient is the trivial group. O

Remark 10. In fact, in terms of the endpoint, the only possibility for having a family of iso-
metrically equivalent geodesics ending at p is that = 0 zero. In fact, A = 2mm and u # 0 if
and only if p = (0, 2z) with z # 0. This means that for non-vertical points p, all the geodesics
connecting p with the origin are not isometrically equivalent, while if p = (0, z) is vertical, for
any geodesic 7 connecting p with the origin, we have a family of distinct geodesics (all with the
same energy) diffeomorphic to S?"~1.

6.2. Isometries of contact Carnot groups.
Lemma 34. The isometry group of the contact Carnot group G with parameters (k, 7, &) is:
ISO(G) = {(My,...,My,0) | 0 = £1, M; M} = 1s,,, M;J,, M =0J,,},
with the action of ISO(G) on G given by:
(My,...,My,0)- (x1,...,25,2) = (Mi21,..., Myx), 02).
Moreover this group is isomorphic to:

ISO(G) ~ O(2TL1) n Sp(2n1) X X 0(27’%) n Sp(2nk) X Zg
~ U(Tll) X e X U(’Ilk) X ZQ.

Proof. The proof is analogous to the one of Lemma 29, after splitting the equations in the real
eigenspaces associated with the eigenvalues of A. (I
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Remark 11. As above, we restrict to the connected component ISO(G). We identify:
ISO(G)+ = U(ny) x -+ x U(ny).
With this identification, the action p : ISO(G)4+ x G — G is
p(A1 +iBy, ..., A +iBg, (x1,..., 2, 2)) = (Mi21,. .., Mg, 2),
where A; +iB; € Ulny) for all j =1,k and M; = (/3 7).
6.2.1. Stabilizers of points. For p € G, let ISO,(G) C ISO(G)+ its stabilizer.
Lemma 35. Let p = (z1,...,%,2) € G. Then:

U(Tll) 1’1:0 VIR {U(le) l’k:O

180,(6) = {U(m —-1) x1#0 Ulng —1) 2, #0°

Proof. By Remark 11, the isometry (A; +iBy, ..., Ax+iBy) € ISO(G) 4 fixes p = (z1, ..., 2k, 2)
if and only if (A; +iB;)x; = x; for all j = 1,..., k. This means that A; 4-iB; € ISO(Ha,, 1)+
fixes the point p; := (z;,2) € Hap;41, forall j =1,..., k. Then :

ISOP(G) = Isopl (H2n1+1) X X ISOPk (HanJrl)v

and the result follows from Lemma 30. O

6.2.2. Stabilizers of geodesics. Let (u,\) € TyG. Let v be the associated geodesic, such that
~v(0) = 0 and p = v(1). What is the stabilizer subgroup of the geodesic ISO,(G) C ISO,(G)?
As usual, we write u = (ug,...,ux), with u; € R?". Accordingly v(t) = (z1(t),...,zx(t), 2(t)),
with z;(t) € R*". In particular:

t
xi(t):/ e~ ATy dr,
0

k t -
1
z(t):—§E /0<67”‘0""]ui,ai<]/0 e~ iy, ds)dr,
i=1

where we suppressed the explicit mention of the dimension of the matrices J,,. Notice that
u = 0 if and only if the geodesic is the trivial one (¢) = 0.

Lemma 36. Let (u1,...,ur, \) € TG the initial covector of the geodesic . Then:

U(n) ulox...x{U(n) ug =0

180,(C) = {U(n—l) up #0 Umn—1) ur#0°

Proof. Let (A1 +iBy,..., A +iBy) € ISO(G)4. According to Remark 11, this isometry fixes
the geodesic (z1(t),...,xk(t), 2(t)) if and only if

Mjx;(t) = x;(t), M; = (_Aéj ij) , Vi=1,..., k.

This implies that A; +iB; € ISO(Hzp; 1)+ fixes the geodesic v; of Hyp; 41 associated with the
initial covector (u;, ;A). Then:

180, (G) = ISO,, (Han, 1) X - - x 180, (Hlany 1),

and the result follows from Lemma 31. O



HOW MANY GEODESICS JOIN TWO POINTS ON A CONTACT SUB-RIEMANNIAN MANIFOLD? 29

6.2.3. Isometrically equivalent geodesics. Let v be a geodesic connecting the origin with a point
p € G. Let (uq,...,ug,A) be the initial covector of the geodesic, and let p = (z1,..., 2k, 2) its
endpoint. Let X, be the set of geodesic isometrically equivalent to the given one. This is an
homogeneous space w.r.t. the action of ISO,(G).

Proposition 37. Let G a contact Carnot group with parameters (k,7,a). Let v be a geodesic
1)=p

in G with initial covector (u1,...,ug, A), such that v(0) =0 and ~( . Then:
(26) X, =1S0,(G)/1S0,(G) ~ X, x -+ x X,
where:

2n;—1 . N\ = 2m.;
. {S u; #0, oA =2mym, m; € 7\ {0},

1 otherwise,

Proof. By the proofs of Lemma 36 and 35 we have
ISOP(G) = Isopl (H2n1+1) X X ISOPk (HanJrl)v

S0, (G) = ISO,, (Han, 1) X - - x 180, (Hlany 1),

where p; = (24,2) € Hapn,41 and ~; is the normal geodesic in Hay,, 1 with initial covector
(us, i A) € TyHap, 41, for all 4 = 1,..., k. Since each factor ISO,, (Ha,,+1) is a subgroup of
the corresponding ISO,, (Hay,+1), the quotient of the direct product of Lie groups factors in the
direct product of the quotients:

k k k
X ISOp, (Han,+1)/ X SO, (Han,+1) = X ISOp, (Han, 1)/ 18O, (Han, +1)-
Then:
k
Xy = 'X1 Xy Xy = ISOp, (Han,+1)/ 18O, (Han,+1).

1=
Recall that the geodesic 7; of Ha,,, 1 is associated with initial covector (u;, a;A) by construction.
Thus for each factor X, we proceed as in the proof of Prop. 33 and we obtain the result. O

Ezample 7. Prop. 37 implies that the for generic geodesic (i.e. with generic initial covector), the
manifold X, of distinct isometrically equivalent geodesics is trivial.

Ezxample 8. Consider the generic Carnot group G, associated with the generic choice of A €
$0(2n). In this case n = k, ny = --- = ni = 1 and all the «; are not commensurable. The only
geodesics v admitting a non-trivial manifold X, of distinct isometrically equivalent geodesics
are those with initial covector (u, ), such that A = 2mn/«; for a unique ¢ € {1,...,n} and
m € Z\ {0}. In this case: X, ~ S'. In fact ajA # 2m 7 for all j # i otherwise some «;
would be commensurable with «;. Then there is only one factor in Eq. (26). Notice that these
geodesics have endpoint (z, z), with z # 0, z; = 0.

6.3. Families of isometrically non-equivalent geodesics. We ended the previous section
discussing families X, of isometrically equivalent geodesics connecting two points. These families
arose as homogeneous space w.r.t. the stabilizer ISO,(G) of the final point p = (1) of a fixed
geodesic . In this section we adopt a different point of view, and we investigate how many
isometrically non-equivalent geodesics join two points in G.

It may well be that some of the families of Thm. 22 contain geodesics that are isometrically
equivalent, as in Def. 32. This is the case in the Heisenberg groups Hs,, 1, where all the families
are S! of equivalent geodesics. Is this the correct picture for any contact Carnot group? In
other words, are the spheres appearing in I'o(p) families of isometrically equivalent geodesics?
In general the answer is no, and the picture is more complicated as shown in the next theorem.
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Theorem 38. Let G be a contact Carnot group. The set T'oo(p) of equivalence classes of iso-
metrically equivalent geodesics ending at p # pg is homeomorphic to the disjoint union:

Too(p) = | S5071 0\ = #L(),

AEA,

where S%, = 5" N R’;‘gl is the intersection of the n-sphere with the positive quadrant in R™1
and A, is defined in (13).

Remark 12. When all the a4, ..., i are pair-wise non-commensurable, then #L(\) = 1 for all
A€ A, CAand N(A) =1. Thus all the “continuous” families in I'» (p) are topologically S! of
isometrically equivalent geodesics. Nevertheless, for resonant structures (i.e. when some of the
a; are commensurable) there exist continuous families of non-isometrically equivalent geodesics.

Proof. Fix A € A,. Without loss of generality, we can assume that L(\) = {1,...,¢} for
¢ =+#L(\). This implies 1 = --- = zy = 0 by Prop. 19. From Lemma 35:

ISO,(G) = U(n1) x --- x U(ng) X U(nggr — 1) x - x U(ng — 1),
and the action p : ISO,(G) x G — G is:
p(A1 +iBy, ..., Ay +iBy, (z1,. .., 2k, 2)) = (Mix1,. .., Myag, 2),

with M; = (3 %),

In particular ISO,(G) is the subgroup that fixes all the components zy1, ...,z (with no
other restriction on the other components). It is easy to check that the action on the initial
covector (u1,. .., uk, A) is exactly the same. In particular, ISO,(G) is the subgroup that fixes all
the components wugy1, ..., ur with no other restriction on the other components.

Consider one connected component of T'o.(p), given by T'oo(p) N {\ = A}. As in the proof

of Thm. 22, specifically equation (16), and assuming without loss of generality that L(\) =
{1,...,£}, we have that

Poo(p) VA= A} = (ur,. . ou) €R¥ | DT |2 = e(A) p = SNV
JEL(N)
where c(A) > 0, £ = £(A\) = #L()\), and N(\) = 2 jen M-

The action of ISO,(G) on S§2N(N)=1 g the action of U(ny) x - - - x U(ng), namely each copy of

U(n;) acts on each component u; with j € L(A). Thus consider the map:
£ S L(un, . we) = (ualls - fuel))
This map indeed descends to a continuous map on the quotient.
€: 82NN U(ny) x -+ x Ulng) — S5

It is bijective (recall that u; € R?" and the action of U(n;) on R?" is the classical action of
U(n;) on C™, which is transitive on spheres with the same radius). Being a continuous map from
a compact space to a Hausdorff space, £ is closed, then is open, thus it is an homemorphism. [J

7. CONTACT SUB-RIEMANNIAN MANIFOLDS

7.1. The nilpotent approximation. Let M be a contact sub-Riemannian manifold and let
po € M. All our considerations being local, up to restriction to a coordinate neighbourhood U
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of po, we assume that M = R**! and that the sub-Riemannian structure (D, (-|-)) on M is
defined by a set fi,..., fan of global orthonormal vector fields. Namely

D =span{fi,..., fon}, and (filfi) = dij-
The vector fields f are assumed to be bounded with all derivatives as well. This will certainly

be true if they are the coordinate representation of local orthonormal fields on a neighbourhood
U of pg of a larger sub-Riemannian manifold.

Definition 39. Coordinates (x,z) € R?" x R are adapted at pg if they are centred at pg and

0 0
Dy, = — ey .
Po span { 81'1 ’ 9 81’2” }

Example 9. Darbouz’s coordinates on a contact manifolds are local coordinates (x,z) € R?" x R
such that the contact form has the following form:

1 & 0o 1
- _ - E e n
a=—dz+ > Jijxida;, where J = <_]ln 0 > .

i,j=1
In particular, in these coordinates da = ZKJ- Jijdx; N dxj. The classical Darboux’s theorem
states that Darboux’s coordinates always exist in a neighbourhood of any point py. Since D, =
ker a|p, = span{9y,, ..., Os,, }, Darboux’s coordinates are indeed adapted at py.

In these coordinates we define “non-homogeneous dilations” 6. : M — M by:
5c (2, 2) = (ex,e%2), g >0,
and the following family of vector fields:
ffi=edufi=fi+eW;, e>0.

The fields f; represent the “blowup” of the original structure in a neighbourhood of py through
the dilations J.. The nilpotent approximation is the “principal part” of the original structure
w.r.t. this non-homogeneous blowup.

Definition 40. For all ¢ > 0, the e-blowup is the sub-Riemannian structure (M, f€) on M
defined by declaring ff,..., f5, a set of global orthonormal fields. Likewise, the nilpotent ap-
prozimation (at po) is the sub-Riemannian structure (M, f ) on M defined by declaring fi,-o fon
a set of global orthonormal fields.

We call D¢ (resp. D) the distribution of the e-blowup (resp. of the nilpotent structure).

Proposition 41. The nilpotent approzimation (M, f) at po of a contact manifold is a contact
Carnot group, with contact form given by

. N
&= ilg(l) ?‘550"
Let fo be a vector field transversal to D (in the original structure), and let
fo = lim 5251*‘]“0.
e—0 €

Then the Lie algebra g = g1 @ g2 of the contact Carnot group G = (M, f) is
g1 :Span{fla"'ann}7 g2 :Span{f0}7

with structural constants given by A € so(2n) such that:

fis £ = Aij fo, Aij=— % :
Po
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Proof. We first prove that the nilpotent structure is contact. For £ > 0 let a® := 5%5:04. Indeed
D¢ =kera®. Let (z, z) be the set of adapted coordinates that define the dilation .. Then

2n

o= Zgidxi + wdz,

i=1

for some smooth functions &, w : R*"*1 — R, bounded with all their derivatives. Since D, =

ker a|p, = span{dy,, ..., Os,, } in adapted coordinates we have the following Taylor expansions
2n

(27) gz(maz) :Zaijmj+bz+Ri(maz)a w(:c,z) :U}O+R0(IL’,Z)~
j=1

where the remainder terms R;(x,z) (resp. Ro(z,z)) are actually bounded by polynomials of
degree > 2 (resp. > 1) in (z,z). Moreover a;; is non-degenerate since da|p is non-degenerate
and wo # 0. A straightforward calculation using the definition of §} gives
2n 1
af = z; g«fi(gx, e22)dx; +w(ex,e22)dz.
1=

In particular, using Eq. (27), we notice that a® converges uniformly to a:

2n
a= lir% o = g ai;ridr; + wodz.
E—r
ij=1

Indeed a A (da)™ = wp det(a) # 0, which implies non-degeneracy of the contact form. Moreover,
ker & = span{ f1,..., fan}. In fact, for all i = 1,...,2n, we have

A F 1 1 * = 1 ) —
a(fz) - 615% 5—25504(8(5%*f1) - gg% ga(fz) =0.

Now we show that the nilpotent approximation (M, f ) is a Carnot group. Counsider the fields
fi,..., fon defining the original structure, and any field fy transversal to D. Then

2n
(28) (i fil = elifu+sfo, Vij=1,....2n,
k=1

for some family of smooth functions cgj and ci-“j. Now consider the blowup of Eq. (28), namely
we act on both sides with 5251/5*, and we take the limit for € — 0. The first term on the r.h.s.
vanishes in the limit (due to the factor £2), and we obtain

[fia f]] = Aijfo-
where A;; := c?j (po) is a constant skew-symmetric matrix. Analogously, one can check that
[fiafO]:[f07f0]:0a VZ:].,,277J
Thus the fields fl, ceey fgn and fo define a graded, nilpotent Lie algebra g = g; & go with
g1 :=span{fi,.... fan}, g2 = span{fo}.

Since M = R?"*! is simply connected and the Lie algebra of vector fields g is nilpotent, there
exists a unique group structure on M such that g is its Lie algebra of left-invariant vector fields.
The definition of the product law can be written explicitly in exponential coordinates on G
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adapted coordinates dilations ¢ nilpotent approximation exponential coordinates
(z,2) €ER?™ xR 3 (z,2) = (ex,€22) f=limedy, f 0,p) € R?" x R

t |

change of coordinates (z,z) = (B0, 0*S6 + cp)

FIGURE 8. Adapted coordinates on M define the dilation map J. that, in turn,
defines the nilpotent approximation (M, f).

induced by the fields fl, o Jon, fo through the Backer-Campbell-Hausdorff formula and is left
to the reader. Thus G := ( , f) has the structure of a contact Carnot group. Finally,

da(fi, f;) = file(f) = fi(a(f) — alfi, f;]) = —ca(fo).

Using the relation A4;; = c?j (po), it is sufficient to evaluate the above formula at pg to obtain

o dalfi )
W T TN .
a(fo) |,
Indeed A is not degenerate, as a consequence of the non-degeneracy assumption on da|p. O

7.2. Adapted vs exponential coordinates. Recall that, at the beginning of this section
we put adapted coordinates (z,z) € R?™ x R on M. This choice defined the family of non-
homogeneous dilations . that, in turn defined the nilpotent approximation (M, f ) as the “limit”
of the e-blowup structures. Any choice of a global orthonormal frame f; and f; transverse to D
for the original structure induces a global orthonormal frame fZ and fo (transverse to D) for the
nilpotent approximation, where

ﬁ:limsél*fi, f0:11m525;*f0.
e—0 € e—=0 e

Since G = (M, f) is a contact Carnot group, the fields fl, ey an and fo induce exponential
coordinates (6, p) € R?™ x R. Namely a point has coordinates (6, p) if and only if

2n
(z,2) = expg <Z 0:fi +Pfo> .
i=1

The next lemma clarifies the relation between adapted coordinates (z, z) and exponential coor-
dinates (6, p) on the same base space M = R?*"*1,

Lemma 42. Let (z,2) € R?" x R be adapted coordinates for the contact structure (R®"+1, f),
and let (0, p) € R?™ x R be exponential coordinates for the Carnot structure (R*"*1, f), induced
by some choice of fi, fo (and consequently f;, fo). Then the two sets of coordinates are related
by

x = B0, 2 =050+ cp,
where B € GL(2n), c € R\ {0} and S € Mat(2n).

Proof. Fori=1,...,2n we have, in adapted coordinates:
0 0
ZBﬂxz —l—b(ac z)&, ZC z,2) - + ¢(z, z)&,

for some smooth functions B;j,b;, C;, c: R27+1 5 R that satisfy:
(29) b;(0,0) =0, det B;;(0,0) # 0, ¢(0,0) # 0.
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By explicit computation we obtain

2n on
r 0 651 0 ;o 1o
fi—;Bji(0,0)a—xj +;a—%(o,o)x1&, fo=e(0,0)5.

By definition of exponential coordinates (see the proof of Lemma 17) we obtain that
x = B0, and z =650 + cp,

where B is the matrix with components B;;(0,0), ¢ = ¢(0,0) and the matrix S has components

2n
1 b;
Sij = = a—(O,O)BZJ(O,O), B e GL(2n) by (29) O
2 =t 0xy

The following proposition compares the geometry of the original structure with the e-blowup
and is left to the reader.

Proposition 43. The composition v +— . = d17y gives a homeomorphism between the set of
admissible curves for (M, f) and admissible curves for (M, f%). If v(0) = 0,v(1) =p and v is a
geodesic for (M, f), then e is a geodesic for (M, f€) with v:(0) = 0,7:(1) = 01 (p); the energies
of these curves are related by J.(v:) = e~ 2J (7).

7.3. Semicontinuity of the counting function. Let E., E': T); M — M be, respectively, the
sub-Riemannian exponential maps for (M, f¢) and (M, f ). We define now the counting functions
Ve,V : M — (0, 00] as:

ve(p) =#E-'(p)  and  0(p) = #E7'(p).
In other words, ve(p) counts the number of geodesics between 0 and p for the e-blowup and

v(p) for the limit Carnot group. Setting v = 14 (the counting function for the original structure
(M, f)), we notice that Prop. 43 implies indeed:

ve(p) = v(0:(p))-

In fact given a geodesic v : I — M for (M, f) between 0 and d.(p), then J1v is a geodesic for
(M, f¢) with final point 61 (7(1)) = §1(d:(p)) = p (and vice-versa). The next theorem compares
the asymptotics of v(d.(p)) with the one of I(p).

Theorem 44 (Counting in the limit). Let M be a contact sub-Riemannian manifold. For the
generic p € M sufficiently close to pg:

P(p) < lim inf v(3(p)).

where 0. is the non-homogeneous dilation defined in some set of adapted coordinates in a neigh-
bourhood of pg.

Proof. If p is a regular value of E, then the fiber if E~1(p) is discrete, hence #(p) is finite by
Thm. 22. Consider an open bounded set U C T M, where bounded means that it is contained
in a compact set K, such that:

E7'(p) cUCK.

We claim that there exists ex > 0 such that p is a regular value of E.|y for every ¢ < ek.
If this was not true, then we can find a sequence {e,}nen converging to zero and a sequence
{An}nen C K such that E. (\,) = p and rank(dy, E.,) < dim(M). Then, by compactness
of K, up to subsequences we can assume A, — A with E(j\) = p, by uniform convergence of
E., |k to E|K with all derivatives (see [3, Prop. 5.15]). Moreover, by the same argument,
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TsM

K &

Ficure 9. Picture of J..; EZ'(p) € I x T§M. Even if ek is small, some

geodesics can still “escape” out of K. The shaded region denotes [0,ex] x K.

dx, E., — d;\E and since the set of points where the rank of dE is not maximal is closed, we
also have rank(d S\E) < dim (M), which contradicts the fact that p was a regular value of E.

Consider now the function F : U — M (where U = U x [0,ek]) given by (u,e) — E(u)
(where we have set Fy = E), the uniform convergence of E. with all derivatives on compact sets
implies E is smooth (in fact C! is enough for us). By the above observation X = E~!(p) is a
smooth submanifold of U and its dimension is one. In fact:

_ oOF _
(d(u,e)E)(aa 5) = (duEE)u + E(ua E)éa (U,E) € T(u,a)U-

Since p is a regular value of E. for all € € [0, ex], the image of d,, E. is enough to generate T}, M.
On the other hand, we claim that zero is a regular value for the the projection 7 : X — [0,ek]
on the second factor. To prove this, observe that tangent space to X at (u,0) is:

o o . OE _
T(u,O)X = {(’U,, E) | (duE)U, + E(’U,, O)E = O} ,

and since E a submersion at p:
T(%O)X' Nkerdr ~ TuE_l(p) = {0}.

Thus T(u,O)X must contain some vector (4,¢) with & # 0, i.e. zero is not critical for 7, proving
the claim. Then ¢ > 0 small enough also is noncritical for 7; in particular, by Ehresmann’s
theorem, 7T|7r71[0’5/] is a fibration (U is contained in a compact set) and:

Ve<e: Edly'(p) = Elp'(p)-
Since ve(p) > #E.|;' (p) the conclusion follows (see Fig. 9). O

Theorem 45. Let M be a contact manifold and (x, z) be Darbouz’s coordinates on a neighbour-
hood U of ¢ € M. There exist constants C(q), R(q) such that, for the generic p = (x,z) € U:
timinf (3. (p)) > Clg) 2 + Rlg).

e=0 ]2
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Proof. We consider on U the original structure (U, f) and the nilpotent structure (U, f ) defined
in adapted (e.g. Darboux’s) coordinates (see Fig. 8). The classical Sard theorem implies that
the generic p € U is a regular value for E : TyU — U. Then, by Thm. 44,

lim inf /(6 (p)) > #(p).

Now choose some orthogonal local frame fi,..., fo, and fy transversal to D for the original
structure. This induces exponential coordinates (6, p) on U (see Sec. 7.2). By Prop. 41, the
nilpotent structure (U, f) is a contact Carnot group such that

w ; do(fj, f)

. i1 = Aii fo, A = —= L)

[fz f]] zij J Oé(fo) .

The generic point p has exponential coordinates (6, p) with all §; # 0. Then, by Thm. 24 we
have

el

1612
where C1 = C1(q) and R; = R;(q) are computed in the proof of Thm. 24 in terms of the singular
values of A. Indeed they depend on the point ¢ at which we consider the nilpotentization.
Darboux’s (adapted) coordinates (z,z) and exponential coordinates (8, p) are related by the
transformation of Lemma 42 and we obtain the result. (I

9@)201 +R15

Theorem 46. Let M be a contact sub-Riemannian manifold and ¢ € M. Then there exists a
sequence {Gm }men in M such that:

lim ¢, =q and lim v(g¢m) = oo.
m—roo m—0o0
Proof. In Darboux’s coordinates in a neighbourhood U of ¢, for every m € N pick a point

[2m |

Pm = (Tm, 2zm) such that: 1) p,, is a regular value of E and 2) T > m. The existence of
such p,, is guaranteed by Sard’s Lemma. Consider now 6. (py,).

If p., is regular value for E, then ©(p.,) is finite. Hence one can choose a fixed U,, in the
proof of Thm. 45 containing all geodesics arriving at p,,, and thus there exists ¢, such that

#E (pm) = #E:|g" <v(0-(pm)), Ve < em.

Notice that we can assume lim,, 4o £ = 0. Setting ¢, = 0¢,, (pm) yields the statement. O
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