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1 Introduction

In this paper we want to analyze the supersymmetric extension of Weyl transformations in

various types of supergravities, the minimal, 20+20 and 16+16 nonminimal N=1 SUGRA in

4D, and study the general structure of trace anomalies. To this end, rather than considering

specific cases we carry out a cohomological analysis, whose validity is not limited to one-

loop calculations.

The motivation for this research is twofold. On the one hand it has been pointed out

recently that ‘old’ minimal supergravity in 4D (with 12+12 dofs) might be inconsistent due

to the presence of an inherent global conserved current, [1]. It has also been suggested that

a different type of SUGRA, referred to henceforth as 16+16 nonminimal, characterized
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by 16+16 dofs, may be exempt from this risk. This model has been identified with the

supergravities studied in [2] and [3]. The study of conformal anomalies in these and other

models is interesting not only in itself, but also because it allows us to identify what the

‘superWeyl group’ is, as will be seen below.

Another motivation arises from the proposal of [4] that a source of CP violation in a

4D theory coupled to gravity could come from the trace anomaly. The trace anomaly may

contain, in principle, beside the Weyl density (square of the Weyl tensor)

RnmklR
nmkl − 2RnmR

nm +
1

3
R
2 (1.1)

and the Gauss-Bonnet (or Euler) one

RnmklR
nmkl − 4RnmR

nm + R
2, (1.2)

another nontrivial piece, the Pontryagin density

ǫnmlk
RnmpqRlk

pq (1.3)

Each of these terms appears in the trace of the e.m. tensor with its own coefficient. The

first two are denoted c and a, respectively. They are known at one-loop for any type of

(Gaussian) matter [5, 6], and a is the protagonist of recent important developments, [7].

The coefficient of (1.3) is not sufficiently studied. The original purpose of this paper was

to analyse whether the appearance of such a term in the trace anomaly is compatible with

supersymmetry. Since it is hard to supersymmetrize these three pieces and relate them to

one another in a supersymmetric context, the best course is to proceed in another way,

that is to consider a conformal theory in 4D coupled to (external) supergravity formulated

in terms of superfields and find all the potential superconformal anomalies. This will allow

us to see whether (1.3) can be accommodated in an anomaly supermultiplet as a trace

anomaly member.

This type of analysis was carried out long ago for minimal supergravity, see [8] and

also [10]. Our purpose here is to extend it to other types of 4D supergravities,1 in par-

ticular to the nonminimal SUGRA mentioned above, [2] and [3]. Unfortunately there is

no unique choice of the torsion constraints for these theories and no unique superfield for-

malism, (see [11, 12] and [13, 14] for earlier ‘new minimal’ formulations and [15] for their

equivalence; see [16, 17] for earlier non-minimal formulations; see moreover [19–21] and the

textbooks [18, 22]). Thus we have chosen to follow the formalism of [23], further expanded

in [2, 24–26]. Our original aim, the analysis of trace anomalies, has turned out to be any-

thing but standard, contrary to the case of minimal supergravity. The reason is that in the

latter case the cohomological analysis can be done on a differential space formed by polyno-

mials of the superfields. In the other abovementioned versions of supergravities one has to

admit in the differential space also nonpolynomial expressions of the superfields, due to the

essential role of dimensionless prepotentials in these models. To solve in a satisfactory way

1A general cohomological treatment of anomalies in 4D supergravities, which has some overlap with the

present paper, is contained in [9].
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the cohomology problem one has to start from minimal supergravity and map its cocycles

to the other models with the superfield mappings of ref. [22, 24]. Once this is clarified the

possible superconformal anomalies are rather easily identified. Based also on the analysis

carried out long ago in [8], one can conclude that there are, not unexpectedly, two indepen-

dent anomalies corresponding to the square Weyl and Gauss-Bonnet densities, much like

in minimal supergravity. The anomaly corresponding to the Gauss-Bonnet density has a

particularly complicated form in non-minimal supergravities, and could be identified only

via the abovementioned mapping method.

The conclusion concerning the Pontryagin density (1.3) is negative: in all types of

supergravities the Pontryagin density does not show up in the trace anomaly, but it appears

in the chiral (Delbourgo-Salam) anomaly, which, as expected, belongs, together with the

trace anomaly, to a unique supermultiplet.

The paper is organized as follows. In the next section we review the minimal super-

gravity case. This section does not contain new results, it has mainly pedagogical and

reference purposes: the analysis is far clearer if we keep in mind the minimal case as a

guide. In section 3 we introduce the (20+20) non minimal supergravity and the relevant

superconformal transformations. We also easily identify a non-trivial cocycle correspond-

ing to the square Weyl density. In section 4 we do the same for the 16+16 nonminimal

supergravity. In section 5 we study the reduction to component form of the latter cocy-

cle. In section 6 we briefly introduce the mapping method from one supergravity model

to another and introduce the relevant formulas. In section 7 we move on to compute the

remaining superWeyl cocycles. Section 8 is devoted to the conclusions.

2 N=1 minimal supergravity in D=4 and its superfields

For the notation we follow [23]. The superspace of N = 1 supergravity is spanned by the

supercoordinates ZM = (xm, θµ, θ̄µ̇). The minimal N = 1 supergravity in D = 4 can be

formulated in terms of the superfields: R(z), Ga(z) and Wαβγ(z). R and Wαβγ are chiral

while Ga is real. We will also need the antichiral superfields R+(z) and W̄α̇β̇γ̇(z), conjugate

to R and Wαβγ , respectively. Wαβγ is completely symmetric in the spinor indices α, β, . . ..

These superfields are subject to the constraints:

∇αGαβ̇ = ∇̄β̇R
+, ∇̄β̇Gαβ̇ = ∇αR

∇αWαβγ +
i

2
(∇ββ̇Gδ

β̇ +∇β δ̇Gβ̇
β̇) = 0

∇̄α̇Wα̇β̇γ̇ +
i

2
(∇ββ̇G

β
δ̇ +∇β

δ̇Gβ
β̇) = 0 (2.1)

The latter are found by solving the (super)Bianchi identities for the supertorsion and the

supercurvature

TA = dEA + EBφB
A =

1

2
ECEBTBC

A =
1

2
dzMdzNTNM

A (2.2)

RA
B =

1

2
ECEDRDCA

B = dzMdzN∂NφMA
B + dzMφMA

CdzNφNC
B

– 3 –
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where φMA
B is the superconnection and EA = dzMEM

A the supervierbein

EM
AEA

N = δM
N , EA

MEM
B = δA

B,

after imposing by hand the restrictions

Tαβ
γ = 0, Tαβ

c = Tα̇β̇
c = 0

Tαβ̇
c = Tβ̇α

c = 2iσαβ̇
c

Tαb
c = Tbα

c = 0, Tab
c = 0 (2.3)

where α denotes both α and α̇. The superdeterminant of the vierbein EM
A will be denoted

by E.

The Bianchi identities are

DDEA = EBRB
A, ∇TA = EBRB

A (2.4)

where D = dzM∇M and ∇A = EA
M∇M . Imposing (2.4) one gets all the components of

TA and RA
B in terms of R,Ga,W

αβγ and their conjugates. The other Bianchi identity

(DR)AB = 0 (2.5)

is automatically satisfied.

2.1 Superconformal symmetry and (super)anomalies

Superconformal transformations are defined by means of the chiral superfield parameter

σ = σ(z) and its conjugate σ̄.

δEM
a = (σ + σ̄)EM

a (2.6)

δEM
α = (2σ̄ − σ)EM

α +
i

2
EM

aσ̄α̇αa ∇α̇σ̄

δEM
α̇ = (2σ − σ̄)EM

α̇ +
i

2
EM

aσ̄α̇αa ∇ασ

δφMαβ = EMα∇βσ + EMβ ∇ασ + (σab)αβEMa∇b(σ + σ̄)

where

φMα
β =

1

2
φMab(σ

ab)α
β , φM

α̇
β̇
=

1

2
φMab(σ̄

ab)α̇β

The transformations (2.6) entail

δE = 2(σ + σ̄)E (2.7)

δR = (2σ̄ − 4σ)R− 1

4
∇α̇∇α̇σ̄

δR+ = (2σ − 4σ̄)R+ − 1

4
∇α∇ασ

δGa = −(σ + σ̄)Ga + i∇a(σ̄ − σ)

δWαβγ = −3σWαβγ

– 4 –
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If we promote the superfield σ to a superghost superfield, by inverting the spin-statistics

connection, so that it becomes an anticommuting parameter, it is easy to prove that the

above transformations are nilpotent.

Let us define the functional operator that implements these transformations, i.e.

Σ =

∫

xθ

δχi
δ

δχi

where χi represent the various superfields in the game and xθ denotes integration d4xd4θ.

This operator is nilpotent: Σ2 = 0. As a consequence it defines a cohomology problem.

The cochains are integrated local expressions of the superfields and their superderivatives,

invariant under superdiffeomorphism and local superLorentz transformations. Candidates

for superconformal anomalies are nontrivial cocycles of Σ which are not coboundaries, i.e.

integrated local functionals ∆σ, linear in σ, such that

Σ∆σ = 0, and ∆σ 6= Σ C (2.8)

for any integrated local functional C (not containing σ).

The complete analysis of all the possible nontrivial cocycles of the operator Σ was

carried out long ago in [8]. It was shown there that the latter can be cast into the form

∆σ =

∫

xθ

[

E(z)

−8R(z)
σ(z) S(z) + h.c.

]

(2.9)

where S(z) is a suitable chiral superfield. In [8] all the possibilities for S were classified.

For pure supergravity (without matter) the only nontrivial possibilities turn out to be:

S1(z) =WαβγWαβγ and S2(z) = (∇̄α̇∇̄α̇ − 8R)(GaG
a + 2RR+) (2.10)

(the operator (∇̄α̇∇̄α̇ − 8R) maps a real superfield into a chiral one).

It is well-known that the (2.9) cocycles contain not only the trace anomaly, but a full

supermultiplet of anomalies. The local expressions of the latter are obtained by stripping

off the corresponding parameters from the integrals in (2.9). Let us recall also that the

conversion of σ to an anticommuting parameter is not strictly necessary: eq. (2.8) simply

corresponds to the Wess-Zumino consistency conditions, i.e. to the invariance under revers-

ing the order of two successive (Abelian) gauge transformations. But an anticommuting σ

allows us to use the incomparably simpler formalism of cohomology.

2.2 Meaning of superconformal transformations

Eqs. (2.10) are rather implicit and it is opportune to see the corresponding expressions

in component fields, at least as far as the dependence on the metric alone is concerned.

This reduction has been done in [27]. We repeat it here for pedagogical reasons, but also

because the formalism we use is different from the one of [27]. The method below will be

used throughout the paper. In general the expressions of the above cocycles in components

are extremely complicated and really unmanageable because of the presence of auxiliary

fields. We are interested in recognizing the two cocycles (2.10) when only the metric is

– 5 –
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taken into account while all the other fields are ignored, so that we can compare them with

the usual Weyl cocycles (the squared Weyl tensor, the Gauss-Bonnet and the Pontryagin

densities). Our task in the sequel is to extract such expressions from (2.10). We will refer

to them as the ordinary parts of the cocycles.

We first introduce the relevant components fields and clarify the meaning of the com-

ponents in the parameters superfield σ(z). To start with let us define the lowest component

fields of the supervierbein as in [23]

EM
A(z)

∣

∣

θ=θ̄=0
=







em
a(x) 1

2ψm
α(x) 1

2 ψ̄mα̇(x)

0 δµ
α 0

0 0 δµ̇α̇






(2.11)

and

EA
M (z)

∣

∣

θ=θ̄=0
=







ea
m(x) −1

2ψa
µ(x) −1

2 ψ̄aµ̇(x)

0 δα
µ 0

0 0 δα̇µ̇






(2.12)

where em
a are the usual 4D vierbein and ψm

α(x), ψ̄mα̇(x) the gravitino field components.

We have in addition

R(z)
∣

∣

θ=θ̄=0
= −1

6
M(x), Ga(z)

∣

∣

θ=θ̄=0
= −1

3
ba(x) (2.13)

where M is a complex scalar field and ba is a real vector field. As for the superconnection

we have

φmA
B
∣

∣

θ=θ̄=0
= ωmA

B(x), φµA
B
∣

∣

θ=θ̄=0
= 0, φµ̇A

B
∣

∣

θ=θ̄=0
= 0, (2.14)

and ωmA
B(x) is of course of the Lorentz type. Its independent components turn out to be

ωnml ≡ em
aelbωna

b = (2.15)

=
1

2

[

ena(∂mel
a − ∂lem

a)− ela(∂nem
a − ∂men

a)− ema(∂len
a − ∂nel

a)
]

+
i

4

[

ena
(

ψlσ
aψ̄m − ψmσ

aψ̄l

)

−ela
(

ψmσ
aψ̄n−ψnσ

aψ̄m

)

−ema

(

ψnσ
aψ̄l−ψlσ

aψ̄n

)

]

This has the same symmetry properties in the indices as the usual spin connection and

reduces to it when the gravitino field is set to 0.

It is then easy to prove, using (2.3), that

Rnma
b
∣

∣

θ=θ̄=0
= ∂nωma

b − ∂mωna
b + ωma

cωnc
b − ωna

cωmc
b ≡ Rnma

b (2.16)

This relation will be used later on. In conclusion the independent component fields are the

vierbein, the gravitino and the two auxiliary fields M and ba.

Let us come now to the interpretation of the superconformal transformations (2.6). To

this end we expand the chiral superfield σ(z) in the following way:

σ(z) = ω(x) + iα(x) +
√
2Θαχα(x) + ΘαΘα(F (x) + iG(x)) (2.17)

– 6 –
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where we have introduced new anticommuting variables Θα, which, unlike θµ, carry Lorentz

indices. This is always possible, see [23]: the first term on the r.h.s. corresponds to σ
∣

∣

θ=θ̄=0
,

χα to ∇ασ
∣

∣

θ=θ̄=0
, and F (x) + iG(x) to ∇α∇ασ

∣

∣

θ=θ̄=0
. Comparing now with the first

equation in (2.6), and taking into account (2.11), (2.12), we see that ω(x) is the parameter

of the ordinary Weyl transformation, while comparing with the second and third equation

in (2.6) one can see that ψα and ψ̄α̇ transform with opposite signs with respect to the

parameter α(x). Thus α(x) is the parameter of an ordinary chiral transformation.

Therefore when (2.10) is inserted in (2.9) the term linear in ω(x) will represent a

conformal anomaly, while the term linear in α(x) will represent a chiral (Delbourgo-Salam)

anomaly. Similarly the term linear in χα is the supercurrent anomaly. For the meaning

of the cocycles linear in F (x) and G(x) see for instance [27]. Not surprisingly all these

anomalies form an N = 1 supermultiplet.

The next step is to derive the conformal and chiral anomalies in components.

2.3 Anomalies in components

To derive the anomalies in components we have to integrate out the anticommuting vari-

ables. To this end it is convenient to use, instead of the superdeterminant E, the chiral

density E (see [23]). The latter is defined by

E(z) = a(x) +
√
2Θρ(x) + ΘΘf(x) (2.18)

where a(x) = 1
2e(x) ≡

1
2 det em

a. The ρ and f components contain, beside e the gravitino

and/or the auxiliary field M , and they vanish when the latter are set to 0. We can rewrite

our two integrated cocycles as follows

∆(i)
σ =

∫

d4x

(∫

d2ΘE(z)σ(z) Si(z) + h.c.

)

, i = 1, 2 (2.19)

This means that, given the interpretation of the lowest components of σ(z) as the param-

eters of the conformal and chiral transformations, and due to (2.18), the ordinary part of

the conformal and chiral anomaly terms (i.e. the terms linear in ω and α) will depend on

∇∇Si ≡ ∇α∇αSi, because this corresponds to the coefficient of ΘΘ in the expansion of Si.

So finally we can write

∆(i)
σ ≈ 4

∫

d4x

(

1

2
e (ω + iα)∇∇Si

∣

∣

θ=θ̄=0
+ h.c.

)

, i = 1, 2 (2.20)

where ≈ means ‘up to terms that vanish when all the fields except the metric are set

to 0’. The anomalous trace of the energy-momentum tensor and the divergence of the

chiral current are obtained from the integral on the r.h.s. of (2.20) by stripping off it the

parameters ω and α, respectively.

2.3.1 The square Weyl cocycle

Let us start from S1. The relevant terms to be considered are ∇α∇αWβγδW
βγδ and

∇αW βγδ∇αWβγδ at θ = θ̄ = 0. The term Wβγδ

∣

∣

θ=θ̄=0
is linear in the gravitino field

– 7 –



J
H
E
P
0
8
(
2
0
1
3
)
1
1
6

and in the field ba. As a consequence this term does not affect the ordinary part of the

anomaly. On the contrary the square derivative of W does affect the ordinary part of

the anomaly. It is therefore necessary to compute it explicitly. The symmetric part of

∇αWβγδ

∣

∣

θ=θ̄=0
can be computed as follows. Let us consider the identity

Rnma
b = En

cEm
dRcda

b + En
γEm

dRγda
b + En

cEm
δRcδa

b − En
γEm

δRγδa
b (2.21)

and evaluate it at θ = θ̄ = 0. We know the l.h.s. due to (2.16). The r.h.s. contains various

expressions, and in particular the totally symmetrized derivative ∇(αWβγδ). It is possible

to project it out and get

∇(αWβγδ)

∣

∣

θ=θ̄=0
= − 1

16
(σaσ̄bǫ)(αβ(σ

cσ̄dǫ)γδ)Rabcd (2.22)

and similarly

∇(α̇Wβ̇γ̇δ̇)

∣

∣

θ=θ̄=0
= − 1

16
(ǫσ̄aσb)(α̇β̇(ǫσ̄

cσd)γ̇δ̇)Rabcd (2.23)

where Rabcd = ea
neb

m
Rnmcd.

Using the second equation in (2.1) one can easily obtain

∇αWβγδ = ∇(αWβγδ) (2.24)

+
i

4

(

ǫαβ(σ
abǫ)γδ + ǫαγ(σ

abǫ)βδ + ǫαδ(σ
abǫ)βγ

)

(∇aGb −∇bGa)

and a similar equation for the conjugate derivative. Now let us see, as an example of

arguments that will be repeatedly used in the sequel, that ∇aGb − ∇bGa evaluated at

θ = θ̄ = 0 does not contribute to the ordinary part of the anomaly. In fact ∇aGb cannot

contribute to it, for we have

∇aGb = Ea
M∂MGb + Ea

MφMb
cGc

The last term, when evaluated at θ = θ̄ = 0 is linear in the field bc. The second term in

the r.h.s. can be written

Ea
M∂MGb

∣

∣

θ=θ̄=0
= −1

3
ea

m∂mba −
1

2
ea

mψm
α∇αGb

∣

∣− 1

2
ea

mψ̄mα̇∇α̇Gb

∣

∣

where the vertical bar stands for
∣

∣

θ=θ̄=0
. Since both ∇αGb

∣

∣ and ∇α̇Gb

∣

∣ vanish when the

gravitino and the auxiliary fields are set to 0, it follows that also ∇aGb vanishes in the

same circumstances. Therefore for our purposes only the completely symmetrized spinor

derivative of W matters in (2.24). We will write

∇αWβγδ ≈ ∇(αWβγδ), ∇α̇Wβ̇γ̇δ̇ ≈ ∇(α̇Wβ̇γ̇δ̇) (2.25)

to signify that the l.h.s. is equal to the r.h.s. up to terms that vanish when the gravitino

and the auxiliary fields are set to 0.

Now it is a lengthy but standard exercise to verify that

∇αW βγδ∇αWβγδ

∣

∣ ≈ 1

8

(

RnmklR
nmkl − 2RnmR

nm +
1

3
R
2 +

i

2
ǫnmlk

RnmcdRlk
cd
)

(2.26)

– 8 –
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where Rnmkl = en
aem

bek
cel

d
Rabcd, Rnm = ek

aekbRanbm and R = en
aencem

bemd
Rabcd. The

first three terms in brackets in the r.h.s. are easily recognized to correspond to the ordinary

Weyl density, while the fourth term is the Pontryagin density. We thus have

∆(1)
σ ≈ 4

∫

d4x e
[

(ω + iα)∇αW βγδ ∇αWβγδ

∣

∣+ h.c.
]

≈ 1

2

∫

d4x e
[

(ω + iα)
(

RnmklR
nmkl − 2RnmR

nm +
1

3
R
2 +

i

2
ǫnmlk

RnmcdRlk
cd
)

+ h.c.
]

=

∫

d4x e
{

ω

(

RnmklR
nmkl − 2RnmR

nm +
1

3
R
2

)

− 1

2
α ǫnmlk

RnmpqRlk
pq
}

(2.27)

In the last line one recognizes the conformal Weyl anomaly linear in ω and the Delbourgo-

Salam anomaly linear in α.

2.3.2 The Gauss-Bonnet cocycle

The second cocycle is determined by ∇∇S2

∣

∣

θ=θ̄=0
and its hermitean conjugate. Since

Ga, R,R
+ and their first order spinorial derivative evaluated at θ = θ̄ = 0 all vanish when

the gravitino and auxiliary fields are set to 0, the ordinary part of the cocycle will be

determined by

∇∇S2
∣

∣ ≈ −4∇β∇̄α̇Ga∇β∇̄α̇Ga
∣

∣+ 2∇α∇αR ∇̄α̇∇̄α̇R+
∣

∣ (2.28)

The second term is well known, see [23]. We have ∇∇R
∣

∣ ≈ −1
3R, so

∇α∇αR ∇̄α̇∇̄α̇R+
∣

∣ ≈ 1

9
R
2 (2.29)

It remains for us to compute ∇β∇̄α̇Ga

∣

∣. From (2.21) we can derive ∇̄α̇∇βGa

∣

∣. On the

other hand we have

(∇β∇̄α̇ + ∇̄α̇∇β)Ga = Rα̇βa
bGb − Tα̇β

B∇BGa = −2Gaσ
b
βα̇Gb − 2iσbβα̇∇bGa ≈ 0

Therefore

∇β∇̄α̇Ga ≈ −∇̄α̇∇βGa (2.30)

Next, using the notation ∇̄α̇∇αGββ̇ = σaββ̇∇̄α̇∇αGa, we introduce the following decom-

position

∇̄α̇∇αGββ̇ = A(αβ)(α̇β̇) + ǫαβ Bα̇β̇ + ǫα̇β̇ C(αβ) + ǫαβ ǫα̇β̇ D (2.31)

Now we remark that (2.21) contains the part of ∇̄α̇∇αGββ̇ which is symmetric both in the

couple α, β and α̇, β̇. After some lengthy but straightforward calculation one can extract

it and get

A(αβ)(α̇β̇) = −1

2
Rabcd (σ

abǫ)αβ (ǫσ̄
cd)γ̇δ̇ (2.32)
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Next, contracting the decomposition (2.31) with ǫβα and using the first equation in (2.1)

we get

ǫβα∇̄α̇∇αGββ̇ = 2Bα̇β̇ + 2ǫα̇β̇ D = ∇α̇∇β̇R
+ ≈ −1

2
ǫα̇β̇ ∇̄∇̄R+ (2.33)

A similar result one gets by contracting (2.31) with ǫα̇β . We conclude that

B(α̇β̇)

∣

∣ ≈ 0, C(αβ)

∣

∣ ≈ 0

D
∣

∣ ≈ −1

4
∇∇R

∣

∣ ≈ −1

4
∇̄∇̄R+

∣

∣ ≈ 1

12
R (2.34)

The remaining computation is straightforward. We get

∇∇S2

∣

∣ ≈ −4∇β∇̄α̇Ga∇β∇̄α̇Ga
∣

∣+ 2∇α∇αR ∇̄α̇∇̄α̇R+
∣

∣ (2.35)

≈ 4

9
R
2 − 2RnmR

nm +
2

9
R
2 =

2

3
R
2 − 2RnmR

nm

that is

∆(2)
σ = 4

∫

d4x eω
(2

3
R
2 − 2RnmR

nm
)

(2.36)

This is not the Gauss-Bonnet density, as one could have expected. But it is easy to recover

it by means of a linear combination of ∆
(1)
σ and ∆

(2)
σ :

∆(1)
σ +

1

2
∆(2)

σ ≈
∫

d4x e
{

ω
(

RnmklR
nmkl−4RnmR

nm+R
2
)

− 1

2
α ǫnmlk

RnmpqRlk
pq
}

(2.37)

which contains precisely the Gauss-Bonnet density.2

In conclusion ∆
(1)
σ corresponds to a multiplet of anomalies, whose first component is

the Weyl density multiplied by ω, accompanied by the Pontryagin density (the Delbourgo-

Salam anomaly) multiplied by α. On the other hand ∆
(2)
σ does not contain the Pontryagin

density and the part linear in ω is a combination of the Weyl and Gauss-Bonnet density.

3 Non minimal supergravity

In supergravity there is a freedom in imposing the torsion constraints. A convenient choice

is in terms of the so-called ‘natural constraints’

Tab
c = 0, Tαβ

a = Tα̇β̇
a = 0, Tαβ̇

a = 2iσa
αβ̇
,

Tγ
β̇
α̇ = (n− 1)δβ̇α̇ Tγ , T γ̇

β
α = (n− 1)δαβ T̄

γ̇ (3.1)

Tγβ
α = (n+ 1)(δαγ Tβ + δαβ Tγ), T γ̇β̇

α̇ = (n+ 1)(δγ̇α̇ T̄
β̇ + δ

β̇
α̇ T̄

γ̇)

Tγb
a = 2n δab Tγ , T γ̇

b
a = 2n δab T̄

γ̇

where n is a numerical parameter and Tα, T̄α̇ are new (conjugate) superfields in addition to

those of minimal supergravity. The latter is obtained by setting Tα = 0. Tα, T̄α̇ are U(1)

2For an early appearance of the Gauss-Bonnet and Weyl density anomalies in supergravity see [30, 31].
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connections. The U(1)×U(1) gauge symmetry was added with the purpose of enlarging the

minimal supergravity model. The solution for the Bianchi identities can be found in [24].

There are many significant changes with respect to the minimal model. For instance Wαβγ

and R are not chiral anymore, but

(D̄α̇ + (3n+ 1)T̄α̇)Wαβγ = 0 (3.2)

(D̄α̇ + 2(n+ 1)T̄α̇)R = 0 (3.3)

where D replaces ∇ as covariant derivative.3

A distinguished superfield is S (and its conjugate S̄), defined by

S = D
αTα − (n+ 1)TαTα, (3.4)

which satisfies

DαS = 8TαR
+ (3.5)

The combination

Y = 8R+ 2(n+ 1)S̄ (3.6)

is chiral, D̄α̇Y = 0. The operator

∆ = D
α
Dα − 3(n+ 1)Tα

Dα − Y (3.7)

projects a superfield without Lorentz indices to an antichiral superfield and ∆
Y

is a chiral

projector.

The non minimal model for supergravity is obtained by further imposing the constraint

R = R+ = 0 (3.8)

with nonvanishing Tα and T̄α̇.

The non minimal supergravity has 20+20 degrees of freedom. The bosonic dofs are

those of the minimal model, excluding R and R+, plus 10 additional ones which can be

identified with the lowest components of the superfields S, S̄, D̄α̇Tα = cαα̇ + idαα̇ and

D̄αTα̇ = −cαα̇ + idαα̇. The additional fermionic dofs can be identified with the lowest

components of Tα, T̄α̇ and DαS̄, D̄α̇S. We will refer to this model as 20+20 nonminimal,

or nonminimal supergravity for short.

3.1 Superconformal transformations in the non minimal model

In the non minimal model there are transformations compatible with the constraints that

correspond to local vierbein rescalings. We will refer to them generically as superconformal

transformations. They are good candidates for superWeyl transformations (i.e, for super-

symmetric extensions of the ordinary Weyl transformations) but, as we shall see, do not

3In principle there is no reason to use two different symbols for the covariant derivative, they denote

the same covariant derivative in different settings. The use of two different symbols, however, will be

instrumental in section 7.
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automatically correspond to them. They are expressed in terms of an arbitrary (complex)

superfield Σ

δEα
M = −(2Σ̄− Σ)Eα

M

δEα̇
M = −(2Σ− Σ̄)Eα̇

M

δEa
M = −(Σ + Σ̄)Ea

M +
i

2
σ̄β̇βa D̄β̇

(

Σ̄− 3n− 1

3n+ 1
Σ

)

Eβ
M

+
i

2
σ̄ββ̇a Dβ

(

Σ− 3n− 1

3n+ 1
Σ̄

)

Eβ̇
M

δTα = −(2Σ̄− Σ)Tα +
3

3n+ 1
DαΣ̄ (3.9)

δWαβγ = −3ΣWαβγ

δGa = −(Σ + Σ̄)Ga + iDa(Σ̄− Σ) +
1

3
σ̄α̇αa

(

TαD̄α̇Σ̄− T̄α̇DαΣ
)

− 3n− 1

3(3n+ 1)
σ̄α̇αa

(

TαD̄α̇Σ− T̄α̇DαΣ̄
)

δR+ = −2(2Σ̄− Σ)R+

+
1

4(3n+ 1)
(Dα

Dα + (n+ 1)Tα
Dα)

[

3n(Σ̄− Σ)− (Σ̄ + Σ)
]

From (3.8) and (3.9) we see that the superfield Σ is constrained by the linear condition

(Dα
Dα + (n+ 1)Tα

Dα)
[

3n(Σ̄− Σ)− (Σ̄ + Σ)
]

= 0 (3.10)

3.2 Cocycles in non minimal SUGRA

It the non minimal model it is easy to construct an invariant (0-cocycle)

I(1)n.m. =

∫

x,θ

EWαβγWαβγ
T̄α̇T̄

α̇

S̄2
+ h.c. (3.11)

and a 1-cocycle

∆(1)
n.m. =

∫

x,θ

E ΣWαβγWαβγ
T̄α̇T̄

α̇

S̄2
+ h.c. (3.12)

It is easy to prove that δI
(1)
n.m. = 0 = δ∆

(1)
n.m. for any n. To this end the condition (3.10) is

inessential. If R 6= 0 this is not true anymore.

The construction of a second cocycle corresponding to ∆
(2)
σ above, is not as straightfor-

ward and will be postponed to section 7, after the technique of mapping between different

supergravity models has been introduced.

4 The 16+16 nonminimal model

One way to define the 16+16 nonminimal model is to introduce a 2-superform BAB and

impose natural constraints on its supercurvature. In this way we obtain a 16+16 model.
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The independent bosonic dofs are the vierbein, the lowest component of S, S̄, cαα̇ and

Gαα̇ (the components of dαα̇ are not independent in this model). The fermionic degrees

of freedom are, beside the gravitino field, the lowest components of Tα, T̄α̇ and DαS̄,Dα̇S.

The new dofs (with respect to the minimal model) are linked to the mode contained in

Bab. In 16+16 nonminimal supergravity the range of the parameter n is limited to n > 0

and n < −1
3 .

In practice this means that

Tα = Dαψ, Tα̇ = Dα̇ψ (4.1)

where ψ is a (dimensionless) real superfield. The transformations corresponding to (3.9)

on ψ are

δψ =
3

3n+ 1
(Σ̄− Λ̄) =

3

3n+ 1
(Σ− Λ) ≡ 3

3n+ 1
L (4.2)

where Λ(Λ̄) is an arbitrary chiral (antichiral) superfield, and L is a real (vector) super-

field. As a consequence the transformations (3.9), compatible with the constraints, for the

surviving superfields take the form:

δEα
M = −(L+ 2Λ̄− Λ)Eα

M

δEα̇
M = −(L+ 2Λ− Λ̄)Eα̇

M

δTα = −(L+ 2Λ̄− Λ)Tα +
3

3n+ 1
DαL (4.3)

δWαβγ = −3(L+ Λ)Wαβγ

δGαα̇ = −(2L+ Λ+ Λ̄)Gαα̇ + iDαα̇(Λ̄− Λ)− 2

3

(

TαD̄α̇Λ̄− T̄α̇DαΛ
)

+
2(3n− 1)

3(3n+ 1)

(

TαD̄α̇L− T̄α̇DαL
)

δS = −2(L+ 2Λ̄− Λ)S + 4Dα(L+ Λ)Tα − 21n+ 5

3n+ 1
D

αLTα +
3

3n+ 1
D

α
DαL

and (3.10) becomes

(Dα
Dα + (n+ 1)Tα

Dα) (2L+ (3n+ 1)Λ) = 0 (4.4)

4.1 Cocycles in 16+16 nonminimal SUGRA

As in nonminimal SUGRA it is easy to construct an invariant

I(1)new =

∫

x,θ

EWαβγWαβγ
T̄α̇T̄

α̇

S̄2
+ h.c. (4.5)

and a 1-cocycle

∆(1)
new =

∫

x,θ

E (L+ Λ)WαβγWαβγ
T̄α̇T̄

α̇

S̄2
+ h.c. (4.6)

It is easy to prove that δI
(1)
new = 0 = δ∆

(1)
new. Once again we don’t need (4.4) to prove

this. On the other hand it is not easy to construct a cocycle similar to ∆(2), i.e. quadratic

in the superfield Ga, which, after translation to component form, leads to the Gauss-

Bonnet density.
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5 Reduction to component form

In the following analysis the reduction of the cocycles to ordinary form will play a major

role. Thus the purpose of this section is to outline the procedure to derive the component

form of the cocycles in nonminimal and 16+16 nonminimal supergravities, as we have done

in section 2 for the minimal supergravity anomalies. The operator, [24],

∆̄ = D̄α̇D̄
α̇ − 3(n+ 1)T̄α̇D̄

α̇ − 2(n+ 1)S̄ (5.1)

projects a generic superfield to a chiral superfield. Let U be a superfield without Lorentz

indices. It is not hard to see that (see [24])

∫

x,θ

E U =
1

4n

∫

x,θ

E ∆̄

(

e−Ω̄ U

S̄

)

(5.2)

where Ω̄ = 2(3n+ 1) T̄ T̄
S̄
. Therefore, introducing the appropriate chiral density E , [25], we

can write
∫

x,θ

E U =
1

4n

∫

d4x

∫

d2Θ E ∆̄
(

U eΩ̄
)

(5.3)

For instance, when Σ is a chiral superfield the anomaly (3.12) can be written

∆
(1)
Σ =

1

4n

∫

d4x

∫

d2Θ E ∆̄
[

ΣWαβγWαβγ
T̄α̇T̄

α̇

S̄2

]

+ h.c. (5.4)

When Σ is not chiral there is in the r.h.s. an additional term which, however, is irrelevant

for the following considerations and so will be dropped. In a similar way we can deal

with (4.6). After some algebra we have in particular

∆
(1)
Σ = − 1

4n

∫

d4x

∫

d2Θ E
(

ΣWαβγWαβγ + 2WαβγWαβγ
T̄α̇D

α̇Σ

S̄

)

+ h.c. (5.5)

Therefore, proceeding as in section 5, ∆
(1)
Σ in components becomes (we disregard a multi-

plicative factor)

∆
(1)
Σ ≈

∫

d4x e
[

ΣD
αW βγδ

DαWβγδ

∣

∣+ h.c.
]

(5.6)

Now (2.22), (2.23) remain valid in the non minimal SUGRA, but (2.24) is replaced by a far

more complicated equation, so that (2.25) has to be re-demonstrated. This is not trivial,

but can be done (see appendix A). Thus we can conclude that, up to a multiplicative factor,

∆
(1)
Σ ≈ 1

4

∫

d4x e

{

ω

(

RnmklR
nmkl − 2RnmR

nm +
1

3
R
2

)

− 1

2
α ǫnmlk

RnmpqRlk
pq

}

(5.7)

where ω + iα is the lowest component of the superfield Σ. In this case too ω corresponds

to the ordinary Weyl rescaling, while α is the parameter of a chiral transformation.

The same reduction to ordinary form holds also for (4.6). In this case ω + iα is the

first component of L+ Λ.
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At this point it is worth making a comment on the (apparent) singularity of expressions

such as (3.11), (3.12), (4.5), (4.6). For instance, the cocycle (3.12), written in terms of

superfields has a nonlocal or singular aspect due to the presence of an inverse power of S (S̄).

It must be stressed that, in the spirit of this paper, gravity is an external (super)field source,

all superfield configurations are generic (and regular) and, in particular, not constrained

on shell. Therefore such a singularity problem simply does not exist. On a different level,

however, one may need to evaluate these cocycles on particular superfield configurations, so

the singularity problem may become relevant. Since (3.12), for instance, is nothing but the

supersymmetrization of (5.7), which is local, we would naively expect that also (3.12), when

expressed in terms of components fields be nonsingular (although it may be non-polynomial

if dimensionless prepotentials have to be introduced). It would be nice if non-singularity

were made manifest at the superfield level. In [25] it was noted that in some cases this

is indeed possible by means of opportune field redefinitions. However when the cocycle is

evaluated on particular field configurations there may arise the problems pointed out in

ref. [28]. So the question in general remains open.

The scheme outlined in this section is general and will be applied to all the cocycles

we will come across.

6 Mapping formulas between different supergravity models

A cocycle similar to ∆
(2)
σ (i.e. quadratic in Ga) is hard to construct with ordinary means

(i.e. with a polynomial cohomological analysis). For this we have to resort to a mapping

between different supergravity models. This mapping was outlined in [2, 25] and brought

to a more explicit form in [22]. The latter reference is based on different torsion constraints

with respect to (3.1). Therefore we have to rederive new appropriate mapping formulas.

Various different models of supergravity are defined by making a definite choice of the

torsion constraints and, after such a choice, by identifying the dynamical degrees of freedom.

This is the way minimal, nonminimal and 16+16 nonminimal models were introduced.

However it is possible to transform the choices of constraints into one another by means of

suitable linear transformation of the supervierbein and the superconnection, [22, 24]:

E′
M

A = EM
BXB

A, E′
A
M = X−1

A
BEB

M , Φ′
MA

B = ΦMA
B + χMA

B (6.1)

For instance, if we want to pass from a set of unprimed constraints to primed ones the

required transformations are as follows

E′
α = U Eα, E

′α̇ = Ū Eα̇, E′ = U−2Ū−2E (6.2)

E′
αα̇ = UŪ Eαα̇ + i

UŪ

3n+ 1

(

Eα̇
M∂M ln

(

Un+1

Ūn−1

)

Eα + Eα
M∂M ln

(

Ūn+1

Un−1

)

Eα̇

)

(6.3)
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where U is a suitable expression of the superfields. Moreover

T ′
α = UTα − 1

6n+ 2
D

′
α ln

(

Ū2U4
)

(6.4)

Φ′
αβγ = U Φαβγ −

1

3n+ 1

(

ǫαγD
′
β + ǫαβD

′
γ

)

ln

(

Un−1

Ūn+1

)

(6.5)

W ′
αβγ = U Ū2Wαβγ (6.6)

8R′ + 2(n+ 1)S̄′ = −
(

D̄
′
α̇D̄

′α̇ − 3(n+ 1)T̄α̇D̄
′α̇ − 8R− 2(n+ 1)S̄

)

Ū2 (6.7)

whereD′ denotes the covariant derivative in the primed system, together with the conjugate

relations. The analogous transformation for the Ga superfield is more complicated:

G′
αα̇ = UŪ

(

Gαα̇ − i

3
D

′
αα̇ ln

U

Ū
+

1

(3n+ 1)2
D̄

′
α̇ ln

Un+1

Ūn−1
D

′
α ln

Ūn+1

Un−1

+
1

3(3n+ 1)
D̄

′
α̇ ln

Un+1

Ūn−1
D

′
α

U

Ū
+

1

3(3n+ 1)
D

′
α ln

Ūn+1

Un−1
D̄

′
α̇

U

Ū

+
2

3(3n+ 1)
D

′
α ln

Ūn+1

Un−1
T̄α̇ − 2

3(3n+ 1)
D̄

′
α̇ ln

Un+1

Ūn−1
Tα

)

(6.8)

These formulas can be inverted. To this end we have to replace U with U−1 everywhere,

replace the primed quantities with unprimed ones in the l.h.s. , and the unprimed with the

primed ones in r.h.s.; in this case the covariant derivatives on the r.h.s. are the primed ones.4

For instance, if we want to pass from the minimal to the nonminimal constraints we

have to choose

U = exp

[

2(3n+ 1)

(

ψ̄

6
− ψ

3

)]

(6.9)

ψ is a ‘prepotential’ such that Tα = Dαψ and T̄α̇ = D̄α̇ψ̄. Of course if we wish to pass

from the nonminimal to the minimal constraints we have simply to use the same formulas

with inverted U .

One can verify that

(∇̄α̇∇̄α̇ − 8R)Ū2 = −2(n+ 1)S̄ (6.10)

We recall that ∇ denotes specifically the covariant derivative in minimal supergravity.

Let us consider next the superconformal transformations. We wish to compare the

transformations (2.6), (2.7) with (3.9). Given the transformation of Tα and Tα = Dαψ, we

can assume that ψ, ψ̄ transform as follows

δψ =
3

3n+ 1
(Σ̄− σ̄), δψ̄ =

3

3n+ 1
(Σ− σ), (6.11)

where σ is an arbitrary chiral superfield. Taking the variation of both sides of (6.2) and

applying (6.11) we can easily see that we can identify the σ superfield in (6.11) with the

4For more details on these transformations, see [29].
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σ in (2.6). The same is easily done also for (6.6). The transformation of (6.7) is more

complicated. We first derive, using (6.5),

∇α∇αΦ = U−2

(

DDΦ− 4

3
(3n+ 1)DαT̄DαΦ+

15n− 1

3
Tα

DαΦ

)

(6.12)

for any scalar superfield Φ. Inverting (6.7) we can write

− 8R+ = (Dα
Dα − 3(n+ 1)Tα

Dα − 2(n+ 1)S)U−2 (6.13)

The l.h.s. represents R in the minimal model, while the r.h.s. refers to the nonminimal one.

Taking the variation of both sides and using (6.11), (6.12), one can show that

δR+ = −2(2σ̄ − σ)R+ − 1

4
∇∇σ (6.14)

This is identical to the transformation of R+ in the minimal model, (2.7).

We can do the same with Ga. Taking the variation of l.h.s. and r.h.s. of the inverted

eq. (6.8), and using

i∇αα̇(σ̄−σ) = U−1Ū−1

(

iDαα̇(σ̄−σ)−
1

3n+1
D̄α̇ ln

Un+1

Ūn−1
Dασ+

1

3n+1
Dα ln

Ūn+1

Un−1
D̄α̇σ̄

)

one finds

δGαα̇ = −(σ + σ̄)Gαα̇ + i∇αα̇(σ̄ − σ) (6.15)

as expected.

Therefore (6.11) connects the superconformal transformations of the minimal and non-

minimal models. It is however useful to consider this passage in two steps. Let us split U

in (6.9) as follows:

U = UcUn, Uc = eX−2X̄ , Un = e
Ω
3
− Ω̄

6 (6.16)

where

X =
1

3
(3n+ 1)ψ̄ +

Ω̄

6
, X̄ =

1

3
(3n+ 1)ψ +

Ω

6
(6.17)

Recall that Ω = 2(3n + 1)T
αTα

S
and Tα = Dαψ, etc. It follows that X is a chiral and X̄

an antichiral superfield. Moreover UcŪ
2
c = e−3X is chiral and ŪcU

2
c = e−3X̄ is antichiral.

Operating on the superfields according to (6.2), (6.4), (6.6) we see that, for instance Tα = 0

is mapped to Tα = 0 by the transformation induced by Uc, i.e. after such transformation

the model is still minimal supergravity.

For later use we remark that (see also [25])

δΩ̄ = ΓΣ − 6Σ, ΓΣ = − 3

3n+ 1
∆̄

(

Ω̄Σ

S̄

)

(6.18)

where ∆̄ is the chiral projector. By repeating the previous verifications one can see that ΓΣ

is an intermediate step between σ and Σ. The important property of ΓΣ is that it is chiral,
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but expressed in terms of the nonminimal superfields. Moreover it is consistent with the

nonminimal transformation properties and, in particular, δΓΣ = 0. In parallel with (6.18)

we have of course the conjugate formulas.

Analogous things hold if we replace the non minimal with the 16+16 nonminimal

model. In this case of course we have to set ψ = ψ̄ and the appropriate transformations

are (4.2), (4.3). It is easy to see that the above superfield redefinitions connect the minimal

supergravity transformations with (4.3). Also in this case we have an intermediate step

which will turn out instrumental later on. In this case we have

δΩ̄ = ΓL+Λ − 6(L+ Λ), ΓL+Λ = − 3

3n+ 1
∆̄

(

Ω̄(L+ Λ)

S̄

)

= ΓL + 6Λ (6.19)

where ΓL is chiral.

All this means one important thing: the possibility to construct invariants and cocycles

of any supergravity model starting from the invariants and cocycles of a fixed one, for

instance the minimal supergravity (such an idea is present in [9]).

7 Cocycles from minimal supergravity

We are now ready to construct the cocycles from those of minimal supergravity. The idea is

very simple. We start from the cocycles of minimal supergravity and replace the superfields

of the latter with the formulas of the previous subsection expressing them in terms of the

superfields of other models. Since all the symmetry operations are coherent, the resulting

expressions must also be cocycles. The invariants are a subcase of the discussion for

1-cocycles, thus in the sequel we explicitly deal only with the latter. We will consider first

the 16+16 nonminimal case.

7.1 From minimal to nonminimal cocycles

Let us start from ∆
(1)
σ . All the superfields therein must be expressed in terms of the new

superfields. It is convenient to proceed in two steps, as just outlined. In the first step it is

mapped to

∫

x,θ

E

−8R
σWW + h.c. =

∫

x,θ

E′ΓΣ
W ′W ′

Ū2
c (∇′

α̇∇
′α̇ − 8R′)Ū−2

c

+ h.c. (7.1)

where WW is a compact notation for WαβγWαβγ and primes denote the superfields in

the new representation (which still corresponds to minimal supergravity). We recall that

∇′
α̇∇

′α̇ − 8R′ projects to a chiral superfield. Therefore we can write

∫

x,θ

E σ

−8R
WW =

∫

x,θ

E′

−8R′
ΓΣ(∇′

α̇∇
′α̇ − 8R′)

(

W ′W ′Ū−2
c

(∇′
α̇∇

′α̇ − 8R′)Ū−2
c

)

(7.2)

=

∫

x,θ

E′

−8R′
ΓΣW

′W ′ (7.3)
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Now we complete the passage to the nonminimal model by performing the Un transforma-

tion. This means
∫

x,θ

E′

−8R′
ΓΣW

′W ′ =

∫

x,θ

E′′ΓΣ
W ′′W ′′

Ū2
n∆̄

′′Ū−2
n

(7.4)

where ∆′′ = D
′′
D

′′−3(n+1)T ′′α
D

′′
α−2(n+1)S′′ is the antichiral projector in the nonminimal

model (endpoint of the overall transformation). For simplicity, from now on, we drop

primes, understanding that we are operating in the nonminimal model.

Next we use the identity, demonstrated in [24] by partial integration,

4n

∫

x,θ

E eΩ̄U =

∫

x,θ

E
Φ

S̄
(7.5)

where U is any superfield expression without Lorentz indices and Φ = ∆̄U . Applying this

identity with U = Σ e−Ω̄WW Ū−2

∆̄Ū−2 we get
∫

x,θ

E ΓΣ
WW

Ū2 ∆̄Ū−2
=

1

4n

∫

x,θ

E

S̄
ΓΣ e

−Ω̄WW (7.6)

Applying (7.5) again with U = Σe−Ω̄WW
S̄

, so that Φ = −2(n+ 1)ΓΣe
−Ω̄WW , we obtain

1

4n

∫

x,θ

E

S̄
ΓΣ e

−Ω̄WW = − 1

2(n+ 1)

∫

x,θ

E

S̄
ΓΣWW (7.7)

Replacing now the explicit expression of ΓΣ, (6.18), and integrating by parts, we find that

∆
(1)
σ is mapped to

3
5n+ 1

n+ 1

∫

x,θ

E

S̄2
Σ T̄α̇T̄

αWαβγWαβγ + h.c. (7.8)

which is proportional to the already obtained cocycle ∆
(1)
n.m., (3.12). The second cocycle is

readily constructed in the same way:

∆
(2)
Σ =

∫

x,θ

E′(ΓΣ + Γ̄Σ)U
2Ū2

(

Ga(G
′, T ′, U)Ga(G′, T ′, U) + 2R(S̄′, T̄ ′, U)R+(S′, T ′, U)

)

= c

∫

x,θ

E′(Σ + Σ̄)(G′
aG

′a + . . .) (7.9)

after repeated partial integrations. Ga(G
′, T ′, U) is given by the inverted (6.8), while

R+(S, T, U) is given by (6.13). c is a suitable number. By construction ∆
(2)
Σ satisfies the

consistency conditions with generic Σ. Its ordinary form is the same as ∆
(2)
σ in section 2.

7.2 From minimal to 16+16 nonminimal cocycles

Let us start again with ∆
(1)
σ . Proceeding as above with the relevant new formulas outlined

at the end of the previous section we get

∆(1)
σ =

∫

x,θ

E

−8R
σWW + h.c.

=

∫

x,θ

E′ΓL+Λ
W ′W ′

Ū2
(

D̄D̄− 3(n+ 1)T̄ ′
α̇D̄− 2(n+ 1)S̄′

)

Ū−2
+ h.c. ≡ ∆̃

(1)
L+Λ (7.10)
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where primed superfields refers to 16+16 nonminimal supergravity. From now on we drop

primes, understanding that all the superfields are in the 16+16 nonminimal supergravity.

Working out the derivatives in (7.10) we get

∆̃
(1)
L+Λ = −3

4

∫

x,θ

E

S̄
ΓL+ΛWW

(

1− 2

3
(3n+ 1)

T̄α̇T̄
α̇

S̄

)

+ h.c. (7.11)

This is not (4.6) yet, as we would have expected. However, using (5.2) and integrating by

parts the spinor derivatives contained in ΓL+Λ, as we have done above for the nonminimal

case, one easily finds that ∆̃
(1)
L+Λ is proportional to (4.6).

Let us come now to the second cocycle. As above we start from the minimal cocycle

∆
(2)
σ and transform the superfields according to (6.13) and (6.8). We get

∆(2)
σ =

∫

x,θ

E(σ + σ̄)(GaG
a + 2RR+)

=

∫

x,θ

E′(ΓL+Λ + h.c.)

(

−1

2

(

G′
αα̇ +

4

9
TαT̄α̇

)(

G
′αα̇ +

4

9
TαT̄ α̇

)

+ 2

(

1

6
S − n

3
(3n+ 1)TαTα

)(

1

6
S̄ − n

3
(3n+ 1)T̄α̇T̄

α̇)

))

≡ ∆
(2)
L+Λ (7.12)

where superfields and covariant derivatives in the r.h.s. are 16+16 nonminimal superfields.

Of course since nothing has changed concerning the metric, the ordinary form of ∆
(2)
Λ is

the same as the ordinary form of ∆
(2)
σ , computed in section 2.

8 Conclusions

In this paper we have determined the possible trace anomalies in the 16+16 nonminimal

supergravity as well as in the non minimal one. There are in all cases two independent

nontrivial cocycles whose densities are given by the square Weyl tensor and by the Gauss-

Bonnet density, respectively.

Concerning the Pontryagin density, it appears in the anomaly supermultiplets only

in the form of chiral anomaly (Delbourgo-Salam anomaly), but never in the form of

trace anomaly.

At this point we must clarify the question of whether the cocycles we have found in

nonminimal and 16+16 nonminimal supergravities are the only ones. In this paper we have

not done a systematic search of such nontrivial cocycles in the nonminimal and 16+16 non-

minimal case, the reason being that when a dimensionless field like ψ and ψ̄ are present in

a theory a polynomial analysis is not sufficient (and a non-polynomial one is of course very

complicated). But we can argue as follows: consider a nontrivial cocycle in nonminimal or

16+16 nonminimal supergravity; it can be mapped to a minimal cocycle which either van-

ishes or coincides with the ones classified in [8]. There is no other possibility because in min-

imal supergravity there are no dimensionless superfields (apart from the vielbein) and the

polynomial analysis carried out in [8] is sufficient to identify all cocycles. We conclude that

the nonminimal and 16+16 nonminimal nontrivial cocycles, which reduce in the ordinary

form to a nonvanishing expression, correspond to ∆
(1)
σ and ∆

(2)
σ in minimal supergravity.
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Finally we would like to make a comment on an aspect of our results that could raise at

first sight some perplexity. Although one cannot claim the previous results to be a theorem,

they nevertheless point in the direction of the non-existence of a supersymmetric anomaly

multiplet that has, as its e.m. tensor trace component, the Pontryagin density. On the other

hand we know systems with chiral fermions that at first sight can be supersymmetrized and

coupled to supergravity. In such system we expect the trace of the e.m. tensor at one loop

to contain the Pontryagin density, [33]; thus why couldn’t we have an anomaly multiplet

that contains as trace component the Pontryagin density? The point is that in such a chiral

case there can exist an obstruction to that, as we try to explain next. Suppose that the e.m.

tensor of a system like the one just mentioned, has, at one loop, an integrated nonvanishing

trace ∆
(P )
ω , containing a term given by ω multiplied by the Pontryagin density. We cannot

expect, in general this term to be supersymmetric. On the contrary, denoting by ǫ the

supersymmetric local parameter we expect there to exist a partner cocycle ∆
(P )
ǫ such that

δω∆
(P )
ω = 0, δǫ∆

(P )
ω + δω∆

(P )
ǫ = 0, δǫ∆

(P )
ǫ = 0 (8.1)

The cocycle ∆
(P )
ǫ to our best knowledge has not yet been computed in supergravity. So we

have to rely on plausibility arguments. There are two possibilities: it might happen that

∆
(P )
ǫ is trivial, i.e. ∆

(P )
ǫ = δǫC(P ), so that (8.1) implies that δǫ(∆

(P )
ω − δωC(P )) = 0. The

end result would be a supersymmetric Weyl cocycle. This is, for instance, what happens

for the chiral ABJ anomaly in rigid supersymmetry, where the supersymmetric partner of

the usual chiral anomaly must be trivial, [32], and, precisely as above, the chiral anomaly

can be cast in supersymmetric form, see [34–36].

The second possibility is that no such counterterm C(P ) exists, in which case the co-

cycle ∆
(P )
ǫ is nontrivial and there is no possibility to supersymmetrize ∆

(P )
ω . This seems

to be the case for the chiral ABJ anomaly in the presence of local supersymmetry, [37].

And this may be the case also for ∆
(P )
ω , which would explain the origin of our inability to

find a Weyl cocycle containing the Pontryagin form in the first position (trace anomaly) in

terms of superfield.5 In both cases the origin of the obstruction is the same, i.e. the non-

trivial breaking of local supersymmetry. In turn this would explain why a supersymmetry

preserving regularization has never been found in such types of systems. Such converging

arguments seem to nicely fit together and close the circle.
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A Reduction formulae

In this appendix we collect from ([24]) the formulas that are needed to reduce superfield

expressions to component form. The equations below are not complete, they contain only

the terms essential to recover the ordinary parts of the expressions (that is only the parts

that survive once all the fields except the metric are disregarded). The complete form can

be found in ([24]), or in [23] for the minimal model. The first formula when evaluated at

θ = θ̄ = 0, connects the Riemann curvature to specific superfield components and it is

basic for reducing cocycles to ordinary form

σaαα̇σ
b
ββ̇
σcγγ̇σ

d
δδ̇
Rcdba (A.1)

≈ 4ǫγδǫβα

[

1

4

(

D̄γ̇W̄δ̇β̇α̇+D̄δ̇W̄β̇α̇γ̇+D̄β̇W̄α̇γ̇δ̇+D̄α̇W̄γ̇δ̇β̇

)

− 1

8

∑

γ̇δ̇

∑

β̇α̇

ǫγ̇β̇

∑

δ̇α̇

[

D̄δ̇D
ǫGǫα̇+

1

4
D̄δ̇D

ǫ

(

1

3
cǫα̇ − i n dǫα̇

)

+
i

2
(n− 1)D̄δ̇Dǫα̇T

ǫ

+nDǫδ̇d
ǫ
α̇+

1

6
Dǫδ̇c

ǫ
α̇

]

+(ǫγ̇α̇ǫβ̇δ̇+ǫδ̇α̇ǫβ̇γ̇)Λ

]

− 1

2
ǫγδ ǫβ̇α̇

∑

αβ

∑

γ̇δ̇

[

iDβγ̇

(

Gαδ̇+
1

3
cαδ̇ − i n dαδ̇

)

+D̄γ̇Dβ

(

Gαδ̇+
1

3
cαδ̇

)

+
1

3
D̄γ̇Dβcαδ̇

]

− 1

2
ǫγ̇δ̇ ǫβα

∑

α̇β̇

∑

γδ

[

iDγβ̇

(

Gδα̇+
1

3
cδα̇ − i n dδα̇

)

+D̄β̇Dγ

(

Gδα̇+
1

3
cδα̇

)

+
1

3
D̄β̇Dγcδα̇

]

+4ǫγ̇δ̇ǫβ̇α̇

[

− 1

4

(

DγWδβα+DδWβαγ+DβWαγδ+DαWγδβ

)

+
1

8

∑

γδ

∑

βα

ǫγβ
∑

δα

[

DδD̄
ǫ̇Gαǫ̇+

1

4
DδD

ǫ̇

(

1

3
cαǫ̇ − i n dαǫ̇

)

+
i

2
(n− 1)DδDǫ̇α̇T̄

ǫ̇

+nDδǫ̇d
ǫ̇
α+

1

6
Dδǫ̇c

ǫ̇
α

]

+(ǫγα ǫβδ+ǫδα ǫβγ)Λ

]

where

Λ ≈ 1

24

(

D
α
DαR+ D̄α̇D̄

α̇R+
)

+
1

48

(

D
α
D̄

α̇ − D̄
α̇
D

α
)

Gαα̇

+
1

24

(

− 1

12
D

α
D̄

α̇cαα̇ − i

4
nDα

D̄
α̇dαα̇ − i

2
(n− 1)Dα

Dαα̇T̄
α̇
)

+
1

24

( 1

12
D̄

α̇
D

αcαα̇ − i

4
n D̄α̇

D
αdαα̇ +

i

2
(n− 1)D̄α̇

Dαα̇T
α
)

− n

16
D

αα̇dαα̇ (A.2)

Other relations come from constraints among the various superfields

D
α
DαR− D̄α̇D̄

α̇R+ ≈ −2iDαα̇Gαα̇ (A.3)

+
( 1

12
D

α
D̄

α̇cαα̇ +
i

4
nDα

D̄
α̇dαα̇ +

i

2
(n− 1)Dα

Dαα̇T̄
α̇
)

+
( 1

12
D̄

α̇
D

αcαα̇ − i

4
n D̄α̇

D
αdαα̇ +

i

2
(n− 1)D̄α̇

Dαα̇T
α
)

+iDαα̇cαα̇
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together with

DαD̄α̇R ≈ i

8
(n+ 1) D̄α̇D̄β̇dα

β̇ − i

4
(n− 1) D̄α̇Dαβ̇T̄

β̇ (A.4)

D̄α̇DαR ≈ D̄α̇D̄
β̇Gαβ̇ − i

8
n D̄α̇D̄

β̇dαβ̇ +
5

24
D̄α̇D̄

β̇cαβ̇ − i

4
(n− 1) D̄α̇Dαβ̇T̄

β̇ (A.5)

D
γWαβγ ≈ 1

16

(

DαD̄
γ̇Gβγ̇ +DβD̄

γ̇Gαγ̇

)

− 7

144

(

DαD̄
γ̇cβγ̇ +DβD̄

γ̇cαγ̇
)

(A.6)

+
in

48

(

DαD̄
γ̇dβγ̇ +DβD̄

γ̇dαγ̇
)

with the respective conjugate relations.

The last equation above, together with

DαWβγδ = D(αWβγδ) +
1

4
(ǫαβD

ζWγδζ + ǫαγD
ζWδβζ + ǫαδD

ζWβγζ), (A.7)

allows us to conclude that

DαWβγδ ≈ D(αWβγδ) (A.8)

Finally we quote in its exact form a constraint equation

D̄
αGαα̇ −DαR =

1

4

(

n+
1

3

)

D̄D̄Tα − 1

4

(

n− 1

3

)

D̄
α̇
DαT̄α̇ − 1

3
(n+ 1)(3n− 1)T̄ α̇

Dα̇Tα

− 1

4
(3n− 5)T̄ α̇Gαα̇ − 1

6
(6n2 + 3n+ 1)T̄ α̇

DαT̄α̇ +
1

6
(n− 1)TαD̄T̄

− 1

3
(n− 1)TαT̄ T̄ − i

2
(n+ 1)Dαα̇T̄

α̇ (A.9)

which, together with its conjugate, is needed for the cohomological analysis of cocycles.
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