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1 Introduction

In this paper we want to analyze the supersymmetric extension of Weyl transformations in
various types of supergravities, the minimal, 20420 and 16+16 nonminimal N=1 SUGRA in
4D, and study the general structure of trace anomalies. To this end, rather than considering
specific cases we carry out a cohomological analysis, whose validity is not limited to one-
loop calculations.

The motivation for this research is twofold. On the one hand it has been pointed out
recently that ‘old” minimal supergravity in 4D (with 12+12 dofs) might be inconsistent due
to the presence of an inherent global conserved current, [1]. It has also been suggested that
a different type of SUGRA, referred to henceforth as 16+16 nonminimal, characterized



by 16416 dofs, may be exempt from this risk. This model has been identified with the
supergravities studied in [2] and [3]. The study of conformal anomalies in these and other
models is interesting not only in itself, but also because it allows us to identify what the
‘superWeyl group’ is, as will be seen below.

Another motivation arises from the proposal of [4] that a source of CP violation in a
4D theory coupled to gravity could come from the trace anomaly. The trace anomaly may
contain, in principle, beside the Weyl density (square of the Weyl tensor)

Ryt RV — 2R, R %922 (1.1)
and the Gauss-Bonnet (or Euler) one
Ryt R — AR,y R R2, (1.2)
another nontrivial piece, the Pontryagin density
"R mpg RiP? (1.3)

Each of these terms appears in the trace of the e.m. tensor with its own coefficient. The
first two are denoted ¢ and a, respectively. They are known at one-loop for any type of
(Gaussian) matter [5, 6], and a is the protagonist of recent important developments, [7].
The coefficient of (1.3) is not sufficiently studied. The original purpose of this paper was
to analyse whether the appearance of such a term in the trace anomaly is compatible with
supersymmetry. Since it is hard to supersymmetrize these three pieces and relate them to
one another in a supersymmetric context, the best course is to proceed in another way,
that is to consider a conformal theory in 4D coupled to (external) supergravity formulated
in terms of superfields and find all the potential superconformal anomalies. This will allow
us to see whether (1.3) can be accommodated in an anomaly supermultiplet as a trace
anomaly member.

This type of analysis was carried out long ago for minimal supergravity, see [8] and
also [10]. Our purpose here is to extend it to other types of 4D supergravities,! in par-
ticular to the nonminimal SUGRA mentioned above, [2] and [3]. Unfortunately there is
no unique choice of the torsion constraints for these theories and no unique superfield for-
malism, (see [11, 12] and [13, 14] for earlier ‘new minimal’ formulations and [15] for their
equivalence; see [16, 17] for earlier non-minimal formulations; see moreover [19-21] and the
textbooks [18, 22]). Thus we have chosen to follow the formalism of [23], further expanded
in [2, 24-26]. Our original aim, the analysis of trace anomalies, has turned out to be any-
thing but standard, contrary to the case of minimal supergravity. The reason is that in the
latter case the cohomological analysis can be done on a differential space formed by polyno-
mials of the superfields. In the other abovementioned versions of supergravities one has to
admit in the differential space also nonpolynomial expressions of the superfields, due to the
essential role of dimensionless prepotentials in these models. To solve in a satisfactory way

LA general cohomological treatment of anomalies in 4D supergravities, which has some overlap with the
present paper, is contained in [9].



the cohomology problem one has to start from minimal supergravity and map its cocycles
to the other models with the superfield mappings of ref. [22, 24]. Once this is clarified the
possible superconformal anomalies are rather easily identified. Based also on the analysis
carried out long ago in [8], one can conclude that there are, not unexpectedly, two indepen-
dent anomalies corresponding to the square Weyl and Gauss-Bonnet densities, much like
in minimal supergravity. The anomaly corresponding to the Gauss-Bonnet density has a
particularly complicated form in non-minimal supergravities, and could be identified only
via the abovementioned mapping method.

The conclusion concerning the Pontryagin density (1.3) is negative: in all types of
supergravities the Pontryagin density does not show up in the trace anomaly, but it appears
in the chiral (Delbourgo-Salam) anomaly, which, as expected, belongs, together with the
trace anomaly, to a unique supermultiplet.

The paper is organized as follows. In the next section we review the minimal super-
gravity case. This section does not contain new results, it has mainly pedagogical and
reference purposes: the analysis is far clearer if we keep in mind the minimal case as a
guide. In section 3 we introduce the (20+20) non minimal supergravity and the relevant
superconformal transformations. We also easily identify a non-trivial cocycle correspond-
ing to the square Weyl density. In section 4 we do the same for the 16+16 nonminimal
supergravity. In section 5 we study the reduction to component form of the latter cocy-
cle. In section 6 we briefly introduce the mapping method from one supergravity model
to another and introduce the relevant formulas. In section 7 we move on to compute the
remaining superWeyl cocycles. Section 8 is devoted to the conclusions.

2 N=1 minimal supergravity in D=4 and its superfields

For the notation we follow [23]. The superspace of N = 1 supergravity is spanned by the
supercoordinates ZM = (2™, 60",0;). The minimal N = 1 supergravity in D = 4 can be
formulated in terms of the superfields: R(z),Gq(2) and Wys,(2). R and W,g, are chiral
while G, is real. We will also need the antichiral superfields R"(z) and W 45(2), conjugate
to R and W,g., respectively. Wz, is completely symmetric in the spinor indices a, 3, .. ..
These superfields are subject to the constraints:

an . —.Rt o8 . —
VoGap = VoR", VIG, ;= VaR

i ; . .
VoW, + §(V65G55 + V350G 57) =0

. i i
VaWdB,-y + §(V65G55 + Vg Gﬁﬁ) =0 (2.1)
The latter are found by solving the (super)Bianchi identities for the supertorsion and the
supercurvature
1 1
T4 = dB" + EP¢p" = SECEPTpc" = Sd2 =" Ty ” (2.2)

1
RAZ = 5ECEDRDCAB =dzMdNOnpra® + deM prra®d2N oy



where ¢pra? is the superconnection and E4 = dzM Ej 4 the supervierbein
Ex*EsN = 6", EAMENT =647,

after imposing by hand the restrictions

Tgél =0, Top’ = Td[;jc =0
TQBC = TBac = 22'0&5-0
Top® = Tra“ =0, T =0 (2.3)

where a denotes both a and ¢. The superdeterminant of the vierbein Ey? will be denoted
by E.
The Bianchi identities are

DDEA = EPRp?,  vT4 = EPRpA (2.4)

where D = dz™ Vs and V4 = E4MV ;. Imposing (2.4) one gets all the components of
T4 and RAZ in terms of R, Gy, W7 and their conjugates. The other Bianchi identity

(DR)A® =0 (2.5)
is automatically satisfied.

2.1 Superconformal symmetry and (super)anomalies

Superconformal transformations are defined by means of the chiral superfield parameter
o = o(z) and its conjugate a.

SEM® = (0 +0)En* (2.6)
SEN® = (26 — 0)En® + %EM%;'WV@&
SEyM® = (20 — 0)En® + %EMa5gavaa
5brap = ErtaVs0 + Erp Vao + (0")asErra Vi(o + 7)
where
dra” = %¢Mab(0“b)a57 ¢Mg = %cﬁMab(&ab)dﬁ
The transformations (2.6) entail
SE =2(c+0)E (2.7)
6R = (26 — 40)R — %vdvda
SRT = (20 —40)RT — ivavaa

0Gy = —(0+ )Gy +iV4(0 — 0)
IWapy = —30Wapsy



If we promote the superfield o to a superghost superfield, by inverting the spin-statistics
connection, so that it becomes an anticommuting parameter, it is easy to prove that the
above transformations are nilpotent.

Let us define the functional operator that implements these transformations, i.e.

0
Y= / 5Xi
z6 6X2

where y; represent the various superfields in the game and ;9 denotes integration d*zd*6.

This operator is nilpotent: ¥2 = 0. As a consequence it defines a cohomology problem.
The cochains are integrated local expressions of the superfields and their superderivatives,
invariant under superdiffeomorphism and local superLorentz transformations. Candidates
for superconformal anomalies are nontrivial cocycles of 3 which are not coboundaries, i.e.
integrated local functionals A, linear in o, such that

SA, =0, and A, #£XC (2.8)

for any integrated local functional C (not containing o).
The complete analysis of all the possible nontrivial cocycles of the operator ¥ was
carried out long ago in [8]. It was shown there that the latter can be cast into the form

= MO’Z z C
AJ_/M {_SR(Z) (2)8(2) + hc. (2.9)

where 8(z) is a suitable chiral superfield. In [8] all the possibilities for 8 were classified.
For pure supergravity (without matter) the only nontrivial possibilities turn out to be:

81(2) = W W,p5,  and  83(2) = (VaV® — 8R)(G,G* +2RR")  (2.10)

(the operator (V4 V% — 8R) maps a real superfield into a chiral one).

It is well-known that the (2.9) cocycles contain not only the trace anomaly, but a full
supermultiplet of anomalies. The local expressions of the latter are obtained by stripping
off the corresponding parameters from the integrals in (2.9). Let us recall also that the
conversion of ¢ to an anticommuting parameter is not strictly necessary: eq. (2.8) simply
corresponds to the Wess-Zumino consistency conditions, i.e. to the invariance under revers-
ing the order of two successive (Abelian) gauge transformations. But an anticommuting o
allows us to use the incomparably simpler formalism of cohomology.

2.2 Meaning of superconformal transformations

Egs. (2.10) are rather implicit and it is opportune to see the corresponding expressions
in component fields, at least as far as the dependence on the metric alone is concerned.
This reduction has been done in [27]. We repeat it here for pedagogical reasons, but also
because the formalism we use is different from the one of [27]. The method below will be
used throughout the paper. In general the expressions of the above cocycles in components
are extremely complicated and really unmanageable because of the presence of auxiliary
fields. We are interested in recognizing the two cocycles (2.10) when only the metric is



taken into account while all the other fields are ignored, so that we can compare them with
the usual Weyl cocycles (the squared Weyl tensor, the Gauss-Bonnet and the Pontryagin
densities). Our task in the sequel is to extract such expressions from (2.10). We will refer
to them as the ordinary parts of the cocycles.

We first introduce the relevant components fields and clarify the meaning of the com-
ponents in the parameters superfield o(z). To start with let us define the lowest component
fields of the supervierbein as in [23]

Ex?(2)|y_go=| 0 5,0 0 (2.11)
and
EaM ()|, gy = 0 ot 0 (2.12)

where e,,% are the usual 4D vierbein and v,,%(z), ¥ma(x) the gravitino field components.
We have in addition

1 1
R(Z)‘Gzézo = _EM(x)’ Ga(z)‘gzgzo = —gba(ﬂf) (2.13)
where M is a complex scalar field and b, is a real vector field. As for the superconnection
we have
¢mAB’9=9'=o - wmAB(x)’ %AB’ezézo =0, ¢ﬂAB‘a=é=0 =0, (2.14)

and w4 P () is of course of the Lorentz type. Its independent components turn out to be

Wnml = emaelbwnab - (215)
1

= 5 [ena(amela - alema) - ela(anema - 8mena) - ema(alena - anela)}

+ i [ena (wlgad_}m - wmaa&l) —€la (wmaa&n_wnaalgm) —€ma (wnUalzl—wan@n)}

This has the same symmetry properties in the indices as the usual spin connection and
reduces to it when the gravitino field is set to 0.
It is then easy to prove, using (2.3), that

b b b b b b
Ryma ’9:9‘:0 = OnWma — am(“e}na +wmacwnc _Wnacwmc = :ana (216)

This relation will be used later on. In conclusion the independent component fields are the
vierbein, the gravitino and the two auxiliary fields M and b,.

Let us come now to the interpretation of the superconformal transformations (2.6). To
this end we expand the chiral superfield o(z) in the following way:

0(2) = w(x) + io(z) + V20%xo () + OO (F(x) 4 iG(x)) (2.17)



where we have introduced new anticommuting variables ©%, which, unlike 6#, carry Lorentz
indices. This is always possible, see [23]: the first term on the r.h.s. corresponds to a} 9—F—0’
Xa to vaa‘@:é:ov and F(z) + iG(x) to V“Vaa|0:§:0.
equation in (2.6), and taking into account (2.11), (2.12), we see that w(z) is the parameter

Comparing now with the first

of the ordinary Weyl transformation, while comparing with the second and third equation
in (2.6) one can see that v, and ¥* transform with opposite signs with respect to the
parameter «(z). Thus a(z) is the parameter of an ordinary chiral transformation.

Therefore when (2.10) is inserted in (2.9) the term linear in w(z) will represent a
conformal anomaly, while the term linear in «(z) will represent a chiral (Delbourgo-Salam)
anomaly. Similarly the term linear in y, is the supercurrent anomaly. For the meaning
of the cocycles linear in F'(z) and G(x) see for instance [27]. Not surprisingly all these
anomalies form an N = 1 supermultiplet.

The next step is to derive the conformal and chiral anomalies in components.

2.3 Anomalies in components

To derive the anomalies in components we have to integrate out the anticommuting vari-
ables. To this end it is convenient to use, instead of the superdeterminant F, the chiral
density € (see [23]). The latter is defined by

&(2) = a(z) + V20p(z) + OO f(x) (2.18)

where a(z) = e(z) = 3 dete,,® The p and f components contain, beside e the gravitino

and/or the auxiliary field M, and they vanish when the latter are set to 0. We can rewrite
our two integrated cocycles as follows

AW = /d% (/ d?0 &(2) 0(2) 8i(2) + h.c.> . i=1,2 (2.19)

This means that, given the interpretation of the lowest components of o(z) as the param-
eters of the conformal and chiral transformations, and due to (2.18), the ordinary part of
the conformal and chiral anomaly terms (i.e. the terms linear in w and «)) will depend on
VVS; = V¥V, 38;, because this corresponds to the coefficient of ©0 in the expansion of §;.
So finally we can write

AD ~ 4/d4x (;e (w+ i) Vvsi‘ezézo + h.c.) ; i=1,2 (2.20)

where ~ means ‘up to terms that vanish when all the fields except the metric are set
to 0’. The anomalous trace of the energy-momentum tensor and the divergence of the
chiral current are obtained from the integral on the r.h.s. of (2.20) by stripping off it the
parameters w and «, respectively.

2.3.1 The square Weyl cocycle

Let us start from S7. The relevant terms to be considered are V“VQWM(SWBV‘S and
VO‘W’BV‘SVQWM(; at @ = 0 = 0. The term W575‘9:§:0 is linear in the gravitino field



and in the field b,. As a consequence this term does not affect the ordinary part of the
anomaly. On the contrary the square derivative of W does affect the ordinary part of
the anomaly. It is therefore necessary to compute it explicitly. The symmetric part of
VaWﬁV‘;‘@:é:o can be computed as follows. Let us consider the identity

anab = EncEdecdab + EnlEdezdab + EncEméRCQCLb - EnlEméRjéab (221)

and evaluate it at § = § = 0. We know the Lh.s. due to (2.16). The r.h.s. contains various
expressions, and in particular the totally symmetrized derivative V(,Wg.s). It is possible
to project it out and get

1 a— c—
V(aWﬂvé)|9:§:O = _E(U O’be)(aﬁ(‘f Ude)ws)fRabcd (2.22)
and similarly
1 ~a b —c d
V(dWBf‘yé){e:é:o = —E(GU 07)(6,5(€0°0%) 15y Raved (2.23)

where Roped = €a e Rpmed-
Using the second equation in (2.1) one can easily obtain

VaWsys = ViaWpye) (2.24)

i
—1—1 <6a5(0ab6)75 + eay(aabe)gg + ea(;(aabe)gv) (VoGy — VpGy)

and a similar equation for the conjugate derivative. Now let us see, as an example of
arguments that will be repeatedly used in the sequel, that V,Gp — VG, evaluated at
6 = 0 = 0 does not contribute to the ordinary part of the anomaly. In fact V,Gj cannot
contribute to it, for we have

VG = E,M0y Gy 4+ B oanGe

The last term, when evaluated at § = 6 = 0 is linear in the field b.. The second term in
the r.h.s. can be written
1 1 1 - .
EaMaMGb}‘g:gzo = _geamamba - §€amwmavaGb‘ - ieamlpmdvaGb‘

where the vertical bar stands for ‘9:(;:0. Since both VaGb| and V‘j‘Gb‘ vanish when the
gravitino and the auxiliary fields are set to 0, it follows that also V,G} vanishes in the
same circumstances. Therefore for our purposes only the completely symmetrized spinor
derivative of W matters in (2.24). We will write

VaWsys # VaWgs),  VaWgs = Vi W; (2.25)

B4)
to signify that the Lh.s. is equal to the r.h.s. up to terms that vanish when the gravitino
and the auxiliary fields are set to 0.

Now it is a lengthy but standard exercise to verify that

1 1 '
Vawﬂ’yévaWﬁ'yé‘ ~ g (ankﬂznmkl - Qanan + §:R2 + %Enmlkanmcdﬁlkai) (2'26)



where Rymit = en®emlerei®Rapeds Rum = £ Ranpm and R = e,%€"e,,2e™ IR peq. The
first three terms in brackets in the r.h.s. are easily recognized to correspond to the ordinary
Weyl density, while the fourth term is the Pontryagin density. We thus have

%

AL ~ 4 / d4me[(w+m) VWPV Wss| + h.c.}

1 1 :
= / dze [(w +ia) (:ankl:)z"m“ — 2R R+ <R + %e”mlkiancdelde) + h.c.]

Q

1 1
- / dix e{w <anklfR”m“ — 2R R 4 398> - 5a enmlkaznmpqazlkm} (2.27)

In the last line one recognizes the conformal Weyl anomaly linear in w and the Delbourgo-
Salam anomaly linear in a.
2.3.2 The Gauss-Bonnet cocycle

The second cocycle is determined by VV8&, and its hermitean conjugate. Since

=0=0 “
Ga, R, R and their first order spinorial derivative evaluated at § = § = 0 all vanish when

the gravitino and auxiliary fields are set to 0, the ordinary part of the cocycle will be
determined by

VV S| & —4VPV4G, Vs VEGY| + 2V VRV VERT| (2.28)

The second term is well known, see [23]. We have VVR‘ ~ —%TR, SO
. 1
VOVoRVaVORY| ~ §JQ2 (2.29)

It remains for us to compute Vg?aGa’. From (2.21) we can derive @QVBGCL!. On the
other hand we have

(VVa + VaVp)Ga = Rapa’Gy — TagPVpGa = —2G 034Gy — 2i0°54 VG ~ 0
Therefore
ngdGa ~ —?dV5Ga (2.30)

Next, using the notation V4 VoG 85 = o BB@dVQGa, we introduce the following decom-
position

?QVQGBB = A(aﬁ)(o‘zB) + €as BaB + €ap C(aﬁ) + €ap €ap D (2.31)

Now we remark that (2.21) contains the part of vdvaGﬁB which is symmetric both in the

couple «, B and ¢, 3. After some lengthy but straightforward calculation one can extract
it and get

1

(@) (&) = — 5 Rabed (7€) (7°) 55 (2.32)

A



Next, contracting the decomposition (2.31) with €*® and using the first equation in (2.1)
we get

_ 1 _
— — + ~ . +
eﬂanVQGﬁﬁ =2B,;5+26,;D=VsVR" & —5€48 VVR (2.33)
A similar result one gets by contracting (2.31) with €*®. We conclude that

Bapl =0, Clap|=0

1 lee ot 1
D|~ - VVR|~ - VVR|~ 5R (2.34)
The remaining computation is straightforward. We get
VVS8y| & —4V V4G, VaVIG?| + 2VOV, RV VERT| (2.35)

4 2 2

that is
AP =4 / dz ew(§932 — 2R, R (2.36)

This is not the Gauss-Bonnet density, as one could have expected. But it is easy to recover
it by means of a linear combination of A((,—l) and A((,Z):

AD 4 %AS,?) ~ / dia e{w(mnmklﬂznmkl — AR R+ R2) — % a enmlkmnmpqﬂzlkpq} (2.37)

which contains precisely the Gauss-Bonnet density.?

In conclusion Af}) corresponds to a multiplet of anomalies, whose first component is
the Weyl density multiplied by w, accompanied by the Pontryagin density (the Delbourgo-
Salam anomaly) multiplied by o. On the other hand ASE) does not contain the Pontryagin

density and the part linear in w is a combination of the Weyl and Gauss-Bonnet density.

3 Non minimal supergravity

In supergravity there is a freedom in imposing the torsion constraints. A convenient choice
is in terms of the so-called ‘natural constraints’

T, =0, Talga = Tdﬁ'a =0, TaBa = 2i0§37

T4 = (n—1)03 T, TY5% = (n—1)65 T7 (3.1)
T = (n+ D)@ Ts +63T,), T = (n+ 1)(6] TP + 55T

T'yba =2n 51? T’Y’ Tﬁba =2n 5g v

where n is a numerical parameter and T, T; are new (conjugate) superfields in addition to
those of minimal supergravity. The latter is obtained by setting T, = 0. Ty, Ty are U(1)

*For an early appearance of the Gauss-Bonnet and Weyl density anomalies in supergravity see [30, 31].
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connections. The U(1) x U(1) gauge symmetry was added with the purpose of enlarging the
minimal supergravity model. The solution for the Bianchi identities can be found in [24].
There are many significant changes with respect to the minimal model. For instance W3-
and R are not chiral anymore, but

(®d¢ + (3n+ 1)TQ)WQ57 =0 (3.2)
(D +2(n+1)T4)R=0 (3.3)

where D replaces V as covariant derivative.?
A distinguished superfield is S (and its conjugate S), defined by

S =D, — (n+ 1)TTy,, (3.4)
which satisfies
DoS = 8T, R" (3.5)
The combination
Y =8R+2(n+1)S (3.6)

is chiral, D*Y = 0. The operator
A=DD, —3(n+1)T*D, - Y (3.7)

projects a superfield without Lorentz indices to an antichiral superfield and % is a chiral
projector.
The non minimal model for supergravity is obtained by further imposing the constraint

R=R"=0 (3.8)

with nonvanishing 7}, and Tj.

The non minimal supergravity has 20420 degrees of freedom. The bosonic dofs are
those of the minimal model, excluding R and R, plus 10 additional ones which can be
identified with the lowest components of the superfields S, S, DT = Caa + idas and
DTy = —Cag + idag. The additional fermionic dofs can be identified with the lowest
components of Ty, Ty, and DS, Dy S. We will refer to this model as 20420 nonminimal,
or nonminimal supergravity for short.

3.1 Superconformal transformations in the non minimal model

In the non minimal model there are transformations compatible with the constraints that
correspond to local vierbein rescalings. We will refer to them generically as superconformal
transformations. They are good candidates for superWeyl transformations (i.e, for super-
symmetric extensions of the ordinary Weyl transformations) but, as we shall see, do not

3In principle there is no reason to use two different symbols for the covariant derivative, they denote
the same covariant derivative in different settings. The use of two different symbols, however, will be
instrumental in section 7.

— 11 —



automatically correspond to them. They are expressed in terms of an arbitrary (complex)
superfield X

SEM = (25 - 2)E M
SEM = — (2% — %) EM

3n+1

i g 3n—12\ .
+ 505%5 (2 — 2) Ej;

_  ss~ [« 3n-—1
SEM = (S + %) EM 4 %&55 Dy (2— n 2) EgM

3n+1
_ 3 —
0To = =(28 =) To+ 3= DaS (3.9)
5Waﬂv = —3X Wagy
_ _ 1 _
0Ga = (£ + £) Ga +iDa(5 ~ %) + 57 (TaDe% — Ty DoY)
_ =l e (1,048 - TaD,E)
3(3n+1)
dRT = —2(28 - X)R"
1 o o 3 S
4 6T D (D*Dq + (n+ 1)T*Dy) [3n(E — ) — (£ + 3]

From (3.8) and (3.9) we see that the superfield ¥ is constrained by the linear condition
(DD + (n+1)TDy) Bn(E - %) = (E+X)] =0 (3.10)

3.2 Cocycles in non minimal SUGRA

It the non minimal model it is easy to construct an invariant (0-cocycle)

1), = EWP " Wapy—g5— + h.c. (3.11)
x,0 S
and a 1-cocycle
T
AL / ESWOS Wag, =S + e, (3.12)
x,0

)

It is easy to prove that (5[,(32”. =0= 5A§3.7)n. for any n. To this end the condition (3.10) is
inessential. If R # 0 this is not true anymore.

The construction of a second cocycle corresponding to A((f) above, is not as straightfor-
ward and will be postponed to section 7, after the technique of mapping between different

supergravity models has been introduced.

4 The 16416 nonminimal model

One way to define the 16416 nonminimal model is to introduce a 2-superform Bsp and
impose natural constraints on its supercurvature. In this way we obtain a 16416 model.
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The independent bosonic dofs are the vierbein, the lowest component of S, S, caq and
Gos (the components of d,g are not independent in this model). The fermionic degrees
of freedom are, beside the gravitino field, the lowest components of T,,, Ty and D, S, D4 S.
The new dofs (with respect to the minimal model) are linked to the mode contained in
Bgp- In 16416 nonminimal supergravity the range of the parameter n is limited to n > 0

and n < —%.
In practice this means that
To = D, T = D) (4.1)
where v is a (dimensionless) real superfield. The transformations corresponding to (3.9)
on 1 are
3 o % 3 3
0 = YX-A)= Y-A)= 4.2
v 3n+1( ) 3n+1( ) 3n+1 (42)

where A(A) is an arbitrary chiral (antichiral) superfield, and L is a real (vector) super-
field. As a consequence the transformations (3.9), compatible with the constraints, for the
surviving superfields take the form:
SEM = —(L+2A - A) EM
SEM = —(L +2A — A) EM
3

L4+2N—MNTy+—-D,L 4.3
(428 - )T+ (43)

Wapy = =3(L + A) Was,

8Gas = —(2L+ A+ A)Gog +iDas(A — A) — % (ToDaA — TaDoA)

23n—1) , . - _
———— (TWDsL — TyD, L
3(3n+1) ( )
_ 21
55 = —2(L + 28 — N)S + AD(L + A)Ty — " FDpapqp 3 _poq
n—+1 3n+1
and (3.10) becomes
(DDy + (n+1)TD,) (2L + (3n+1)A) =0 (4.4)
4.1 Cocycles in 16416 nonminimal SUGRA
As in nonminimal SUGRA it is easy to construct an invariant
T T
I = / HEWWWQM o the (4.5)
and a 1-cocycle
T T
AL / E(L+ A)W“/BVWQM = (4.6)
It is easy to prove that 517(1621, =0= 6A£Z€)w. Once again we don’t need (4.4) to prove

this. On the other hand it is not easy to construct a cocycle similar to A, i.e. quadratic
in the superfield G,, which, after translation to component form, leads to the Gauss-
Bonnet density.
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5 Reduction to component form

In the following analysis the reduction of the cocycles to ordinary form will play a major
role. Thus the purpose of this section is to outline the procedure to derive the component
form of the cocycles in nonminimal and 16+16 nonminimal supergravities, as we have done
in section 2 for the minimal supergravity anomalies. The operator, [24],

A =DsDY —3(n+ 1)T3D* —2(n +1)8 (5.1)

projects a generic superfield to a chiral superfield. Let U be a superfield without Lorentz
indices. It is not hard to see that (see [24])

1 _ 5 U
EU = — EA[e = 2
/xﬁ v 4n/x,9 <e S) (5:2)
T

where Q = 2(3n + 1)~ Therefore, introducing the appropriate chiral density £, [25], we

fi 4 2 A Q
/MEU_M/dx/d @5A(Ue ) (5.3)

For instance, when ¥ is a chiral superfield the anomaly (3.12) can be written

can write

1 - T T
A(Zl) _ 4n/d4x/d2@5A[E WaBA/Wa,BV%,T] + h.c. (5.4)

When ¥ is not chiral there is in the r.h.s. an additional term which, however, is irrelevant
for the following considerations and so will be dropped. In a similar way we can deal
with (4.6). After some algebra we have in particular

) T, D0
A = _M/d%/d?@g (2 W Wy + 2 W Wogy = ) +he. (5.5)

)

Therefore, proceeding as in section 5, A(El in components becomes (we disregard a multi-

plicative factor)

AY ~ / d'z e [N D WP DG Wys| + huc] (5.6)

Now (2.22), (2.23) remain valid in the non minimal SUGRA, but (2.24) is replaced by a far
more complicated equation, so that (2.25) has to be re-demonstrated. This is not trivial,
but can be done (see appendix A). Thus we can conclude that, up to a multiplicative factor,

1 1 1
AD ~ i / d*ze {w<9znmkl92nm’“ — 2R R 3912) -3 ae"mlkfanqulepq} (5.7)

where w + i« is the lowest component of the superfield ¥. In this case too w corresponds
to the ordinary Weyl rescaling, while « is the parameter of a chiral transformation.

The same reduction to ordinary form holds also for (4.6). In this case w + i« is the
first component of L + A.
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At this point it is worth making a comment on the (apparent) singularity of expressions
such as (3.11), (3.12), (4.5), (4.6). For instance, the cocycle (3.12), written in terms of
superfields has a nonlocal or singular aspect due to the presence of an inverse power of S (.9).
It must be stressed that, in the spirit of this paper, gravity is an external (super)field source,
all superfield configurations are generic (and regular) and, in particular, not constrained
on shell. Therefore such a singularity problem simply does not exist. On a different level,
however, one may need to evaluate these cocycles on particular superfield configurations, so
the singularity problem may become relevant. Since (3.12), for instance, is nothing but the
supersymmetrization of (5.7), which is local, we would naively expect that also (3.12), when
expressed in terms of components fields be nonsingular (although it may be non-polynomial
if dimensionless prepotentials have to be introduced). It would be nice if non-singularity
were made manifest at the superfield level. In [25] it was noted that in some cases this
is indeed possible by means of opportune field redefinitions. However when the cocycle is
evaluated on particular field configurations there may arise the problems pointed out in
ref. [28]. So the question in general remains open.

The scheme outlined in this section is general and will be applied to all the cocycles

we will come across.

6 Mapping formulas between different supergravity models

A cocycle similar to A((,z) (i.e. quadratic in G) is hard to construct with ordinary means

(i.e. with a polynomial cohomological analysis). For this we have to resort to a mapping
between different supergravity models. This mapping was outlined in [2, 25] and brought
to a more explicit form in [22]. The latter reference is based on different torsion constraints
with respect to (3.1). Therefore we have to rederive new appropriate mapping formulas.

Various different models of supergravity are defined by making a definite choice of the
torsion constraints and, after such a choice, by identifying the dynamical degrees of freedom.
This is the way minimal, nonminimal and 16416 nonminimal models were introduced.
However it is possible to transform the choices of constraints into one another by means of
suitable linear transformation of the supervierbein and the superconnection, [22, 24]:

E'yA = EyP X4, EAM = x4 BEM, ' \aP = pa”® + xua®  (6.1)

For instance, if we want to pass from a set of unprimed constraints to primed ones the
required transformations are as follows

E,=UE,  E“=UE% FE =U7?U%E (6.2)
_ UU Un+1 UTL+1
Ely =UUEq +i E Moy In | = E,+E Moyl E, .
e =UU +Z3n+1 ( O n(Un_l) + o n(U”—1> ) (6.3)
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where U is a suitable expression of the superfields. Moreover

/ / 72774
Ty = UTo — oy Do In (0°U) (6.4)
! = Uy — (e Dly + ¢ @’)m(qn_l) (6.5)
oy R ETIIEE C aN
oy = UUWag, (6.6)

SR +2(n+1)8 = — (@;@’d —3(n+1)TuD'® —8R—2(n + 1)5) gz (6.7)

where D’ denotes the covariant derivative in the primed system, together with the conjugate
relations. The analogous transformation for the GG, superfield is more complicated:

, _ 1/ , U 1 -, U’n+1 , U?’L+1
.= wg — =D . In = Dyln =——=D, 1
Gaa vu (G 3 aq U + (371 4 1)2 o Unfl ol Un 1
1, untt U 1 grtl _ U
Dln ——D. = D1 D’
T3Bar D) T e T 3Bar ) o Ul eg
9 Un+1 B 9 Un+1
D1 Ty D1 T, 6.8
T3@ar ) o Mgt 3Bnr1) o g ) (68)

These formulas can be inverted. To this end we have to replace U with U~! everywhere,
replace the primed quantities with unprimed ones in the 1.h.s., and the unprimed with the
primed ones in r.h.s.; in this case the covariant derivatives on the r.h.s. are the primed ones.?
For instance, if we want to pass from the minimal to the nonminimal constraints we

have to choose
U =exp [2(312 +1) (1(? — ?)} (6.9)

1 is a ‘prepotential’ such that T, = Da1p and Ty = Dgp. Of course if we wish to pass
from the nonminimal to the minimal constraints we have simply to use the same formulas
with inverted U.

One can verify that

(VaVE —8R)U? = —2(n+1)S (6.10)
We recall that V denotes specifically the covariant derivative in minimal supergravity.
Let us consider next the superconformal transformations. We wish to compare the

transformations (2.6), (2.7) with (3.9). Given the transformation of T, and T, = Dy, we
can assume that 1,1 transform as follows

(= —0), (6.11)

where o is an arbitrary chiral superfield. Taking the variation of both sides of (6.2) and
applying (6.11) we can easily see that we can identify the o superfield in (6.11) with the

“For more details on these transformations, see [29).
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o in (2.6). The same is easily done also for (6.6). The transformation of (6.7) is more
complicated. We first derive, using (6.5),

4 - 15mn —1
VoV, = U2 <DD<I> - g(3n +1)D*TD,® + on T"‘Da<1>> (6.12)
for any scalar superfield ®. Inverting (6.7) we can write
—8R"T = (DD, — 3(n + 1)TD,, — 2(n +1)S) U2 (6.13)

The Lh.s. represents R in the minimal model, while the r.h.s. refers to the nonminimal one.
Taking the variation of both sides and using (6.11), (6.12), one can show that

SRT = —2(26 —o)RT — ivw (6.14)

This is identical to the transformation of Rt in the minimal model, (2.7).
We can do the same with G,. Taking the variation of 1.h.s. and r.h.s. of the inverted
eq. (6.8), and using

iVos(0—0) = U171 (iDas(6—0)— ——Daln L Dot — Dy Lo D
3n+1 Ur—1 3n+1 Un-1

one finds
0Gaa = —(O’ + 5)Gao} + ’ivad(ﬁ — U) (6.15)

as expected.

Therefore (6.11) connects the superconformal transformations of the minimal and non-
minimal models. It is however useful to consider this passage in two steps. Let us split U
in (6.9) as follows:

|
w|D
Nfell

U=UU,, U= U,=¢ (6.16)

where

o Qi

X:%(3n—|—1)zﬁ+, X:%(3n+1)¢+% (6.17)

Recall that Q = 2(3n + 1)% and T,, = Dy, ete. It follows that X is a chiral and X
an antichiral superfield. Moreover U.U2 = e 3% is chiral and U.U? = e 3% is antichiral.
Operating on the superfields according to (6.2), (6.4), (6.6) we see that, for instance T, = 0
is mapped to T, = 0 by the transformation induced by U,, i.e. after such transformation
the model is still minimal supergravity.

For later use we remark that (see also [25])

_ 3 _ /O
60 =Ty — 6% Iy = — A= 1
x = 6%, = 3n+ 1 <S> (6.18)

where A is the chiral projector. By repeating the previous verifications one can see that I's;
is an intermediate step between ¢ and . The important property of I's; is that it is chiral,
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but expressed in terms of the nonminimal superfields. Moreover it is consistent with the
nonminimal transformation properties and, in particular, 6I'y, = 0. In parallel with (6.18)
we have of course the conjugate formulas.

Analogous things hold if we replace the non minimal with the 16+16 nonminimal
model. In this case of course we have to set ) = ¢ and the appropriate transformations
are (4.2), (4.3). It is easy to see that the above superfield redefinitions connect the minimal
supergravity transformations with (4.3). Also in this case we have an intermediate step
which will turn out instrumental later on. In this case we have

3 A (Q(L +A)
3n+1 S

5Q:FL+A—6(L+A), Ippn=— ) =17 +6A (6.19)
where I'y, is chiral.

All this means one important thing: the possibility to construct invariants and cocycles
of any supergravity model starting from the invariants and cocycles of a fixed one, for
instance the minimal supergravity (such an idea is present in [9]).

7 Cocycles from minimal supergravity

We are now ready to construct the cocycles from those of minimal supergravity. The idea is
very simple. We start from the cocycles of minimal supergravity and replace the superfields
of the latter with the formulas of the previous subsection expressing them in terms of the
superfields of other models. Since all the symmetry operations are coherent, the resulting
expressions must also be cocycles. The invariants are a subcase of the discussion for
1-cocycles, thus in the sequel we explicitly deal only with the latter. We will consider first
the 16416 nonminimal case.

7.1 From minimal to nonminimal cocycles

Let us start from AS,”. All the superfields therein must be expressed in terms of the new

superfields. It is convenient to proceed in two steps, as just outlined. In the first step it is
mapped to

E Ww'
— WW+h..:/ ETs — : __ 4 he 7.1
/w SR’ “T L TTVVE —sr)u 2 ¢ (7.1)

where WW is a compact notation for Waﬂ'ywam and primes denote the superfields in
the new representation (which still corresponds to minimal supergravity). We recall that
vgv’d — 8RR’ projects to a chiral superfield. Therefore we can write

E E/ .. / 177—2
2% ww = / s (V,V'% — 8R) ( WWU ) (7.2)

w0 —SR 9 —SR/ (V. V'é — 8R)U
E/
-/, sl W (7.3)
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Now we complete the passage to the nonminimal model by performing the U, transforma-
tion. This means

El W//w//
/FE W/W/ = / E”I‘E ﬁ (74)

x,0 —8R x,0 UTLA”UTL
where A” = D"D"—3(n+1)T""D” —2(n+1)S" is the antichiral projector in the nonminimal
model (endpoint of the overall transformation). For simplicity, from now on, we drop

primes, understanding that we are operating in the nonminimal model.
Next we use the identity, demonstrated in [24] by partial integration,

4n/ EfU = /E (7.5)

where U is any superfield expression without Lorentz indices and ® = AU. Applying this
identity with U = ¢ WW U2 o oot

AU2
ET = =T .
/ ZU?AU 2 4n/x ze WW (7.6)
Applying (7.5) again with U = e~ QWSW so that ® = —2(n + 1)I'se" YW W, we obtain
1 FE 5 1 E
— | Z=Tyeww = —/ I's WW 7.7
an JJ,GS e 2(n+ ) x@S v ( )

Replacing now the explicit expression of I'y;, (6.18), and integrating by parts, we find that
A,(,l) is mapped to

Sn+l [ E
3 :jl /9 G TaT W Wop, + huc. (7.8)
X

which is proportional to the already obtained cocycle AS_B,Z_, (3.12). The second cocycle is

readily constructed in the same way:

A = /QE/(FE + Do) U202 (Go(G, T, U)GHG', T, U) + 2R(S", T',U) R*(S',T',U))
—c | EFE+9GEE +..) (7.9)
x,0
after repeated partial integrations. G,(G’,T’,U) is given by the inverted (6.8), while
R (S,T,U) is given by (6.13). ¢ is a suitable number. By construction Ag) satisfies the
(2)

consistency conditions with generic . Its ordinary form is the same as Ay’ in section 2.

7.2 From minimal to 16416 nonminimal cocycles

a1

Let us start again with As ), Proceeding as above with the relevant new formulas outlined

at the end of the previous section we get
E
= he.
hS » _SRUWW + h.c
!/ !/
:/ O N E— MiVE/ —
2.0 U2 (DD —3(n+1)TLD —2(n+1)5") U2

+he =AM (710)
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where primed superfields refers to 16416 nonminimal supergravity. From now on we drop
primes, understanding that all the superfields are in the 16416 nonminimal supergravity.
Working out the derivatives in (7.10) we get

- 3 E 2 TsT®

This is not (4.6) yet, as we would have expected. However, using (5.2) and integrating by
parts the spinor derivatives contained in I'; 5, as we have done above for the nonminimal
case, one easily finds that A(Llj_ A is proportional to (4.6).

Let us come now to the second cocycle. As above we start from the minimal cocycle

AP and transform the superfields according to (6.13) and (6.8). We get

AR = / E(o +5)(GaG® + 2RRY)
z,0

1 4 Y
= / E'Tpin+he) | —= Gy + ~ToTs ) | G+ =TT
0 2 9 9

1 1 _
+2 <65 - g(?m + 1)TaTa> (65 ——(3n+ 1)TdTa)>) =A%, (7.12)

n
3
where superfields and covariant derivatives in the r.h.s. are 16+16 nonminimal superfields.
Of course since nothing has changed concerning the metric, the ordinary form of Af) is

@

the same as the ordinary form of As’, computed in section 2.

8 Conclusions

In this paper we have determined the possible trace anomalies in the 164+16 nonminimal
supergravity as well as in the non minimal one. There are in all cases two independent
nontrivial cocycles whose densities are given by the square Weyl tensor and by the Gauss-
Bonnet density, respectively.

Concerning the Pontryagin density, it appears in the anomaly supermultiplets only
in the form of chiral anomaly (Delbourgo-Salam anomaly), but never in the form of
trace anomaly.

At this point we must clarify the question of whether the cocycles we have found in
nonminimal and 16+16 nonminimal supergravities are the only ones. In this paper we have
not done a systematic search of such nontrivial cocycles in the nonminimal and 16416 non-
minimal case, the reason being that when a dimensionless field like 1) and 1) are present in
a theory a polynomial analysis is not sufficient (and a non-polynomial one is of course very
complicated). But we can argue as follows: consider a nontrivial cocycle in nonminimal or
16416 nonminimal supergravity; it can be mapped to a minimal cocycle which either van-
ishes or coincides with the ones classified in [8]. There is no other possibility because in min-
imal supergravity there are no dimensionless superfields (apart from the vielbein) and the
polynomial analysis carried out in [8] is sufficient to identify all cocycles. We conclude that
the nonminimal and 16+16 nonminimal nontrivial cocycles, which reduce in the ordinary
form to a nonvanishing expression, correspond to Af,l) and A((,Q) in minimal supergravity.
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Finally we would like to make a comment on an aspect of our results that could raise at
first sight some perplexity. Although one cannot claim the previous results to be a theorem,
they nevertheless point in the direction of the non-existence of a supersymmetric anomaly
multiplet that has, as its e.m. tensor trace component, the Pontryagin density. On the other
hand we know systems with chiral fermions that at first sight can be supersymmetrized and
coupled to supergravity. In such system we expect the trace of the e.m. tensor at one loop
to contain the Pontryagin density, [33]; thus why couldn’t we have an anomaly multiplet
that contains as trace component the Pontryagin density? The point is that in such a chiral
case there can exist an obstruction to that, as we try to explain next. Suppose that the e.m.
tensor of a system like the one just mentioned, has, at one loop, an integrated nonvanishing
trace AE,P), containing a term given by w multiplied by the Pontryagin density. We cannot
expect, in general this term to be supersymmetric. On the contrary, denoting by e the
supersymmetric local parameter we expect there to exist a partner cocycle AEP) such that

5,00 =0, 5AP 16,07 =0, 54D =0 (8.1)

The cocycle AEP)

to our best knowledge has not yet been computed in supergravity. So we
have to rely on plausibility arguments. There are two possibilities: it might happen that
AP s trivial, ie. AY) = 5.0P), so that (8.1) implies that 6. (A — 5,)) = 0. The
end result would be a supersymmetric Weyl cocycle. This is, for instance, what happens
for the chiral ABJ anomaly in rigid supersymmetry, where the supersymmetric partner of
the usual chiral anomaly must be trivial, [32], and, precisely as above, the chiral anomaly
can be cast in supersymmetric form, see [34-36].

The second possibility is that no such counterterm C*") exists, in which case the co-
cycle AEP) is nontrivial and there is no possibility to supersymmetrize AEUP). This seems
to be the case for the chiral ABJ anomaly in the presence of local supersymmetry, [37].
And this may be the case also for ASJP), which would explain the origin of our inability to
find a Weyl cocycle containing the Pontryagin form in the first position (trace anomaly) in
terms of superfield.® In both cases the origin of the obstruction is the same, i.e. the non-
trivial breaking of local supersymmetry. In turn this would explain why a supersymmetry
preserving regularization has never been found in such types of systems. Such converging

arguments seem to nicely fit together and close the circle.
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A Reduction formulae

In this appendix we collect from ([24]) the formulas that are needed to reduce superfield
expressions to component form. The equations below are not complete, they contain only
the terms essential to recover the ordinary parts of the expressions (that is only the parts
that survive once all the fields except the metric are disregarded). The complete form can
be found in ([24]), or in [23] for the minimal model. The first formula when evaluated at
6 = 6 = 0, connects the Riemann curvature to specific superfield components and it is
basic for reducing cocycles to ordinary form

Uaaagﬁawad& Recdba (A1)
~ des 50 (@ Wisat DiWas +DWoss+DalWsg)
€ . Z T €
_722 ’yﬁZ[D DGEQ—I— 'D D ( _aned>+2(n_1)DSDedT
'yé B

1
+n Dssdeﬁgﬂescea} F(eqaegstesap) A

. . 1 1
675 e D {% Dﬂv( bt 3%5 mn das) +D4Dg (Gaﬁ 3%5) + 3@71’75%5}

af 75

1 1 - 1 1~

2 “{5650‘22 ZD,W(G(;Q—F?)C(;&—an(;a)—i-DﬁDW G6d+§c6d —i-g@ﬁ-,@,yc(;d
aB Y6

1
+ae55€44 [ - 1(DWW@B(X+D(5W5a'y+'D/3Wofy§+DaW,y5ﬁ>

3 szwz [@6@ Gaity @596 <3Cae zndae> 2(n — 1)DsDes T

7§ Ba da

T .
+n Dsed o+ 6955'02} +(€ya €85 €50 €8) A

where
A~ ?14 (DQDQR + @did}ﬁ) + 4—18 (Da@d — @dDa) Gaa

h s _ N
+ 7( ~ L pap,, - %nﬂazvadm - %(n - 1)2)6“@&@1““)

24 12
1 Qo i NP g . 3 . TG Neal _ﬁ g .
+ﬂ( DD aq — 31 DD Uag + 5(n — 1)D DT ) ED%dag  (A2)

Other relations come from constraints among the various superfields
DDy R — D DR ~ —2i DG o, (A.3)
1 _ . ; _ ; .
+ (ﬁpawcad + %nDaDadad + %(n - 1)@0‘@@@)

1 NGy i N . i 1] e ale e RYee]
+ (ED D?caq — 7 nDIDdas + £(n — 1) D DagT )+ZD Cad
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together with

_ i o o
DaDall g (n+1) DaDgds” — (=1 D5 T" (A.4)
L . 5 _  _ i B .
DaDaR ~ DaDG 5 — —n DD 4+ i DD, — =1 DaDsT%  (AD)
1 . . . .
@’VWQM ~ E (DQ®VGB:Y + @5@7@‘0@) — é (@aﬂ’yqﬁ + Dﬁ@vcaﬂy) (AG)
+ % ('Dafbﬁdﬁy + Dg@ﬁda;y)
with the respective conjugate relations.
The last equation above, together with
1
DaWays = D(aWpns) + 7 (€asD Wasc + €ay D Wipc + €as D Wis), (A7)
allows us to conclude that
DaWﬁ'yé ~ D(QWM(S) (AS)

Finally we quote in its exact form a constraint equation

1
n— -
3

I .
1 > DD Ty — *(’I?, + 1)(37’L — 1)TaDdTa

w

DGos — DaR = % <n—|— ;) DDT,, — ! (

1 . 1 1 -
— (3= 5)T*Goa — 6(6n2 + 30+ DT DaTy + o (n— 1)TDT

1 i .
g = DITT - %(n 1) Do T4 (A.9)

which, together with its conjugate, is needed for the cohomological analysis of cocycles.
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