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Abstract. Th is p ap er d eals w ith a fi nite source retrial q ueueing system
of typ e M / M / 1/ / N w ith collision of th e customers. Th is means th at th e
system h as one server and N sources. A nalysis of th e sojourn time in
th e system is p resented . Th e analysis is p erformed und er an asymp totic
cond ition of infi nitely increasing numb er of sources. Th e ap p rox imation
of th e d istrib ution of th e total sojourn time in th e system is d erived .

Keywords: F inite source q ueueing system · Retrial q ueue · C ollision ·
A symp totic analysis · Sojourn time

1 Introd uction

R e trial q u e u e [1– 3 ] is a q u e u ing syste m characterized b y the follow ing b asic
assu m p tion: a cu stom er w ho cannot g et se rvice g oe s to the orb it and, after
som e random p eriod of tim e , re tu rns to the syste m and trie s to g et se rvice
ag ain. It is assu m ed that the orb it is infi nite ly larg e and every call re p eats his
atte m p ts u ntil he is satisfi ed. R e trial q u e u e ing syste m s are im p ortant to stu dy
com p u ter and te le p hone syste m s, dig ital com m u nication netw ork s w ith random
acce ss p rotocols, eng ine ering ce llu lar m ob ile radio netw ork s, com p u ter netw ork s
and other technical syste m s. F or a com p rehensive revie w of retrial q u e u e s and a
su m m ary of m any re su lts and literatu re , the reader is directed to the w ork s b y
F alin and T e m p le ton [4], Artale jo and G om ez-C orral [5 ], and re fe rence s there in.

In m any p ractical situ ations, it is im p ortant to tak e into consideration the
fact that the rate of g eneration of a p rim ary calls de g rease s as the nu m b e r of
cu stom ers in the syste m increase s. T his can b e done w ith the he lp of fi nite sou rce
m ode ls w here each sou rce g enerate s its ow n fl ow of a p rim ary cu stom ers.

F inite sou rce retrial m ode l can b e ap p lied for re searching m ag netic disk m e m -
ory syste m s, local area netw ork s w ith C S M A/ C D p rotocols w ith star top olog y,
ets. T he se m inal p ap ers of this area are [6 – 9 ]. D rag ieva V . in [10] considered
a sing le se rver u nre liab le fi nite sou rce retrial m ode l in w hich b reak dow ns occu r
only w hen the server is b u sy and after b reak dow n the server is im m ediate ly sent
for re p air. A variou s typ e s of u nre liab le syste m w ith fi nite nu m b e rs of sou rce s
are investig ated b y Alm ási B ., S ztrick J ., R oszik J ., for e x am p le , in [11,12]. In
this w ork s au thors u sed the softw are tool M O S E L (M ode ling , S p ecifi cation, and
E valu ation L ang u ag e) to form u late the m ode l and to calcu late and disp lay the
m ain p erform ance m easu re s.
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In p re sent p ap er w e consider the M / M / 1/ / N retrial q u e u e w ith collision.
In the m ain m ode l it is assu m ed that if an arriving cu stom er fi nds the server
b u sy, then the arriving cu stom er collide s w ith a cu stom er in service and they
b oth g oe s to the orb it and the server b ecom e s idle im m ediate ly. C hoi et al. [13 ]
considered retrial q u e u e s w ith collision arising from the sp ecifi c com m u nication
p rotocol C S M A/ C D . In the p ap ers Nazarov A., L yu b ina T . are considered the
variou s op en retrial q u e u ing syste m s w ith collision of cu stom ers [14,15 ].

In ou r p reviou s p ap er [16 ] w e considered a closed retrial q u e u e ing syste m
M / M / 1/ / N w ith collision. U sing m e thod of asym p totic analysis u nder conditions
of infi nite ly increasing nu m b e r of sou rce s, w e ob tained a distrib u tion of the
nu m b e r of sou rce s in “ w aiting ” state .

In this p ap er w e p rop ose m e thod of asym p totic analysis u nder conditions
of infi nite ly increasing nu m b e r of sou rce s to re search the sojou rn tim e in fi nite
sou rce M ark ov retrial q u e u e ing syste m w ith collision.

2 Mod el D escrip tion

W e consider a fi nite sou rce retrial q u e u ing syste m of typ e M / M / 1/ / N in Kendals
notation w ith collision of the cu stom ers. T his m ean that the syste m has one
server and N sou rce s. E ach one of the m g enerate s a p rim ary cu stom ers according
to a P oisson fl ow w ith rate λ/N . W e assu m e that sou rce s can b e in tw o state s:
g enerating a p rim ary cu stom ers and w aiting for the end of su cce ssfu l se rvice .
S ou rce w hich send the cu stom er for service , m ove s into the “ w aiting ” state and
stays in this state till the end of the service of this cu stom er. If a p rim ary
cu stom er fi nds server idle , he enters into service im m ediate ly, du ring service
tim e , w hich distrib u ted e x p onentially w ith p aram eter µ. O therw ise , if se rver is
b u sy, arriving cu stom er involve s into collision w ith servicing cu stom er and they
b oth m oves into the orb it. R e trial cu stom er re p eat his de m and for service w ith
an ex p onential distrib u tion w ith rate σ/N . W e assu m e that p rim ary cu stom ers,
re trial cu stom ers and service tim e are m u tu ally indep endent.

L e ts se lect a random cu stom er from the syste m and shall call him the
ob se rved cu stom er. L e t u s fi rst consider the tim e b e tw e en the m om ent, w hen
a p rim ary cu stom er enters se rvice for the fi rst tim e and the tim e p oint on w hich
this cu stom er su cce ssfu lly ends his se rvice . T his tim e p e riod is called the sojou rn
tim e . In the syste m occu r of a situ ation of the confl ict (collision of the cu stom ers)
is p ossib le , this featu re is nece ssary to consider in the stu dy of the sojou rn tim e in
the syste m . T here fore , the sojou rn tim e consist of the total tim e , w hich cu stom er
sp end on the orb it and the total tim e of the service . T otal se rvice tim e inclu de s
all p e riod of tim e in w hich the ob served cu stom er tried to g et se rvice , b u t it
w as interru p ted b y arriving cu stom er and the service tim e in w hich ob served
cu stom er su cce ssfu lly fi nished his se rvice .

At tim e t le t i(t) b e the nu m b e r of sou rce s locating in “ w aiting ” state and
k(t) determ ine s the server state

k(t) =







0, if the se rver is fre e ,
1, if the se rver is b u sy (not b y ob served cu stom er),
2, if the se rver is b u sy b y ob served cu stom er.
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Introdu ce T (t) - the re sidu al sojou rn tim e of the ob se rved cu stom er in the syste m
at tim e t.

Assu m ing that the ob se rved cu stom er locate s in the orb it, le ts denote b y
Gk(u, i, t) = M{ejuT (t)|k(t) = k, i(t) = i} the joint conditional characteristic
fu nction.

F or the fu nctions Gk(u, i, t), w e can w rite the syste m of the fi nite -diff e rence
e q u ation:

G0(u , i, t − ∆ t) =

(

1 − λ
N − i

N
∆ t

)(

1 − σ
i

N
∆ t

)

e
ju∆t

G0(u , i, t)

+ λ
N − i

N
∆ tG1(u , i + 1, t) + σ

i − 1

N
∆ tG1(u , i, t)

+
σ

N
∆ tG2(u , i, t) + o(∆ t),

G1(u , i, t − ∆ t) =

(

1 − λ
N − i

N
∆ t

)(

1 − σ
i − 1

N
∆ t

)

(1 − µ∆ t) e
ju∆t

G1(u , i, t)

+ λ
N − i

N
∆ tG0(u , i + 1, t) + σ

i − 1

N
∆ tG0(u , i, t)

+ µ∆ tG0(u , i − 1, t) + o(∆ t),

G2(u , i, t − ∆ t) =

(

1 − λ
N − i

N
∆ t

)(

1 − σ
i − 1

N
∆ t

)

(1 − µ∆ t) e
ju∆t

G2(u , i, t)

+λ
N − i

N
∆ tG0(u , i + 1, t) + σ

i − 1

N
∆ tG0(u , i, t) + µ∆ t + o(∆ t).

T he Kolm og orov b ack w ard diff erential e q u ations are

−

∂ G0(u , i, t)

∂ t
=

[

j u − λ
N − i

N
− σ

i

N

]

G0(u , i, t) + λ
N − i

N
G1(u , i + 1, t)

+ σ
i − 1

N
G1(u , i, t) +

σ

N
G2(u , i, t),

−

∂ G1(u , i, t)

∂ t
=

[

j u − λ
N − i

N
− σ

i − 1

N
− µ

]

G1(u , i, t) + λ
N − i

N
G0(u , i + 1, t)

+ σ
i − 1

N
G0(u , i, t) + µG0(u , i − 1, t),

−

∂ G2(u , i, t)

∂ t
=

[

j u − λ
N − i

N
− σ

i − 1

N
− µ

]

G2(u , i, t) + λ
N − i

N
G0(u , i + 1, t)

+ σ
i − 1

N
G0(u , i, t) + µ.

Note this syste m in steady state
[

j u− λ
N − i

N
− σ

i

N

]

G0(u, i) + λ
N − i

N
G1(u, i + 1)

+ σ
i− 1

N
G1(u, i) +

σ

N
G2(u, i) = 0,

[

j u− λ
N − i

N
− σ

i− 1

N
− µ

]

G1(u, i) + λ
N − i

N
G0(u, i + 1)

+ σ
i− 1

N
G0(u, i) + µG0(u, i− 1) = 0,

[

j u− λ
N − i

N
− σ

i− 1

N
− µ

]

G2(u, i) + λ
N − i

N
G0(u, i + 1)

+ σ
i− 1

N
G0(u, i) + µ = 0.

(1)
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In order to solve this syste m , w e u se m e thod of asym p totic analysis [17 ] u nder
conditions of infi nite ly increasing nu m b e r of sou rce s (N → ∞ ).

3 Method of Asymp totic Analysis

L e t u s denote
1

N
= ε .

Introdu cing follow ing su b stitu te

iε = x, u = εw, Gk(u, i) = Fk(w, x, ε), (2)

w e can transform syste m (1) to the form :

[j εw − λ (1− x)− σx] F0(w, x, ε) + λ (1− x) F1(w, x + ε, ε)

+ σ (x− ε) F1(w, x, ε) + σεF2(w, x, ε) = 0,

[j εw − λ (1− x)− σ (x− ε)− µ] F1(w, x, ε) + λ (1− x) F0(w, x + ε, ε)

+ σ (x− ε) F0(w, x, ε) + µF0(w, x− ε, ε) = 0,

[j εw − λ (1− x)− σ (x− ε)− µ] F2(w, x, ε) + λ (1− x) F0(w, x + ε, ε)

+ σ (x− ε) F0(w, x, ε) + µ = 0.

(3 )

Theorem 1. The limiting value F0(w, x), F1(w, x), F2(w, x) of function
F0(w, x, ε), F1(w, x, ε), F2(w, x, ε)(the solutions of the system (3)), can be rep-
resented in the following form

F0(w, x) = F1(w, x) = F (w, x) =
d

d− jw
,

F2(w, x) =
µ + a(κ1)F (w, x)

b(κ1)
,

where
d =

σµ

2a(κ1) + µ
,

a(κ1) = λ(1− κ1) + σκ1,

b(κ1) = λ(1− κ1) + σκ1 + µ,

κ1 =
2µR2

1

σ(1− 2R1)
,

R1 =
σ(2λ + µ)−

√

σ2(2λ− µ)2 + 8σµλ2

4µ(σ − λ)
.
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P roof. T here are tw o stag e s of p roving .
S ta g e 1. U sing the follow ing denotation lim

ε→0
Fk(w, x, ε) = Fk(w, x) as ε → 0,

the syste m (3 ) has the form

− [λ (1− x) + σx] F0(w, x) + [λ (1− x) + σx] F1(w, x) = 0 ,

− [λ (1− x) + σx + µ] F1(w, x) + [λ (1− x) + σx + µ] F0(w, x) = 0 ,

− [λ (1− x) + σx + µ] F2(w, x) + [λ (1− x) + σx] F0(w, x) + µ = 0 .

(4)

F rom syste m (4) w e ob tain that the fu nctions F0(w, x) and F1(w, x) is e q u al
and fu nction F2(w, x) can b e re p re sented as

F0(w, x) = F1(w, x)
.
= F (w, x),

F2(w, x) =
[λ(1− x) + σx] F (w, x) + µ

λ(1− x) + σx + µ
.

(5 )

S ta g e 2 . L e ts consider the syste m (3 ). U sing the e x p ansion into a T aylor
serie s of the fi rst order of sm allne ss ab ou t a p oint x, w e g e t

[j εw − λ (1− x)− σx] F0(w, x, ε) + [λ (1− x) + σ (x− ε)] F1(w, x, ε)

+ σεF2(w, x, ε) + λ (1− x) ε
∂ F1(w, x, ε)

∂ x
= 0 ,

[j εw − λ (1− x)− σ (x− ε)− µ] F1(w, x, ε) + [λ (1− x) + σ (x− ε)

+ µ] F0(w, x, ε) + [λ (1− x)− µ] ε
∂ F0(w, x, ε)

∂ x
= 0 ,

[j εw − λ (1− x)− σ (x− ε)− µ] F2(w, x, ε) + [λ (1− x) + σ (x− ε)]

· F0(w, x, ε) + λ (1− x) ε
∂ F0(w, x, ε)

∂ x
+ µ = 0 .

(6 )

D enote the solu tion of the syste m (6 ) as follow s

Fk(w, x, ε) = Fk(w, x) + εfk(w, x) + o(ε), k = 0, 1, 2. (7 )

S u b stitu ting (7 ) to the syste m (6 ) w e ob tain

ε

{

jwF0(w, x)− σF1(w, x) + σF2(w, x) + λ (1− x)
∂ F1(w, x)

∂ x

+
[

λ (1− x) + σx
]

·
(

f1(w, x)− f0(w, x)
)

}

+
[

λ (1− x) + σx
](

F1(w, x)− F0(w, x)
)

= O(ε2),
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ε

{

(

jw + σ
)

F1(w, x)− σF0(w, x) +
[

λ (1− x)− µ
] ∂ F0(w, x)

∂ x

+
[

λ (1− x) + σx + µ
]

·
(

f0(w, x)− f1(w, x)
)

}

+
[

λ (1− x) + σx + µ
](

F0(w, x)− F1(w, x)
)

= O(ε2),

ε

{

(

jw + σ
)

F2(w, x)− σF0(w, x) + λ (1− x)
∂ F0(w, x)

∂ x

+
[

λ (1− x) + σx
]

·
(

f0(w, x)− f2(w, x)
)

− µf2(w, x)

}

+
[

λ (1− x) + σx
]

F0(w, x)−
[

λ (1− x) + σx + µ
]

F2(w, x) + µ = O(ε2).

C onsidering e x p re ssions (5 ) for the fu nctions F0(w, x), F1(w, x) and F2(w, x)
the syste m re w rite as

ε

{

(

jw − σ
)

F (w, x) + σF2(w, x) + λ (1− x)
∂ F (w, x)

∂ x

+
[

λ (1− x) + σx
]

·
(

f1(w, x)− f0(w, x)
)

}

= O(ε2),

ε

{

jwF (w, x) +
[

λ (1− x)− µ
] ∂ F (w, x)

∂ x

+
[

λ (1− x) + σx + µ
]

·
(

f0(w, x)− f1(w, x)
)

}

= O(ε2),

ε

{

(

jw + σ
)

F2(w, x)− σF (w, x) + λ (1− x)
∂ F (w, x)

∂ x
+

+
[

λ (1− x) + σx
]

·
(

f0(w, x)− f2(w, x)
)

− µf2(w, x)

}

= O(ε2).

(8 )

D ividing each p art of the e q u ation of the syste m (8 ) and ex ecu ting an asym p -
totic transition as ε → 0, w e ob tain the follow ing syste m

[

λ (1− x) + σx
]

·
(

f0(w, x)− f1(w, x)
)

=
(

jw − σ
)

F (w, x)

+ σF2(w, x) + λ (1− x)
∂ F (w, x)

∂ x
,

−
[

λ (1− x) + σx + µ
]

·
(

f0(w, x)− f1(w, x)
)

= jwF (w, x)

+
[

λ (1− x)− µ
] ∂ F (w, x)

∂ x
,

[

λ (1− x) + σx
]

·
(

f2(w, x)− f0(w, x)
)

+ µf2(w, x) =

(

jw + σ
)

F2(w, x)− σF (w, x) + λ (1− x)
∂ F (w, x)

∂ x
.

(9 )
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U sing the follow ing denotation

a(x) = λ(1− x) + σx,
b(x) = λ(1− x) + σx + µ, (10)

le ts m u ltip ly the fi rst e q u ation of (9 ) b y b(x), the second eq u ation b y a(x) and
add the re su lting e q u ation tog ether:

−

{

λ (1− x) b(x) +
[

λ (1− x)− µ
]

a(x)

}

∂ F (w, x)

∂ x
=

[

(

jw − σ
)

b(x) + jwa(x)
]

F (w, x) + σb(x)F2(w, x).
(11)

T ak ing into accou nt the entered denotation (10), e x p re ssion (5 ) can b e re w rit-
ten as

b(x)F2(w, x) = a(x)F (w, x) + µ.

S u b stitu ting this e x p re ssion to the E q . (11) w e ob tain

−

{

λ (1− x) b(x) +
[

λ (1− x)− µ
]

a(x)

}

∂ F (w, x)

∂ x
=

[

(

jw − σ
)

b(x) +
(

jw + σ
)

a(x)
]

F (w, x) + σµ.
(12)

In ou r p reviou s p ap er [16 ] w e investig ated the closed M / M / 1/ / N retrial q u e u e ing
syste m w ith collision. In this article it w as show n that the nu m b e r of sou rce s in
“ w aiting ” state i(t)ε asym p toticaly converg e to the determ inistic q u antity κ1.
T here fore , tak ing into accou nt the denotation (2) x = iε, w e ob tain that x = κ1.

P u tting x = κ1 in the E q . (12), the m u ltip lie r b e fore p artial derivative
∂ F (w, x)

∂ x
b ecom e s e q u al to zero and E q . (12) can b e re w ritten as

[

(

jw − σ
)

b(κ1) +
(

jw + σ
)

a(κ1)
]

F (w, κ1) + σµ = 0.

P e rform ing this e q u ation and entering denotation d =
σµ

2 · a(κ1) + µ
, w e ob tain

the follow ing e x p re ssion for the fu nction F (w, κ1)

F (w, κ1) =
d

d− jw

Note, that fu nction F (w, κ1) does not dep end on arg u m ent x. T ak ing into
accou nt this fact and (5 ), w e can w rite

F (w) =
d

d− jw
,

F2(w) =
µ

b(κ1)
+

a(κ1)

b(κ1)
F (w).

T he theore m is p roved. ut
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W e ob tain the characteristic fu nctions of the distrib u tion of the re sidu al sojou rn
tim e . U sing the form u la of total p rob ab ility, w e can w rite the follow ing e x p re ssion
for the characteristic fu nctions of the distrib u tion of the total sojou rn tim e :

H(w) = R0F2(w) + (1−R0)F (w) =
µ

b(κ1)
R0 +

(

1−
µ

b(κ1)
R0

) d

d− jw
, (13 )

w here R0 w as p reviou sly ob tained in [16 ].
L e ts p e rform the inverse su b stitu tions (2) in the form u la (13 ):

H(u) ≈
µ

b(κ1)
R0 +

(

1−
µ

b(κ1)
R0

) d/N

d/N − j u
.

U sing denotation q =
µ

b(κ1)
R0, w e can w rite the follow ing e x p re ssion for the

ap p rox im ation h(u) of the characteristic fu nction H(u):

h(u) = q +
(

1− q
) d/N

d/N − j u
.

Know ing h(u), it is easy to show that the ap p rox im ation of distrib u tion of the
total sojou rn tim e can b e w ritten as

A(x) = 1− (1− q)e−
d

N
x.

4 Conclusion

In this p ap er, w e have considered a fi nite sou rce retrial q u e u ing syste m
M / M / 1/ / N w ith collision of the cu stom ers. W e ob tain the e q u ations for con-
ditional characteristic fu nction of the distrib u tion of the re sidu al sojou rn tim e .
T his e q u ation w as solved u nder an asym p totic condition of infi nite ly increasing
nu m b e r of sou rce s. As the re su lt, w e ob tain the ap p rox im ation of the distrib u tion
of the total sojou rn tim e in the syste m .

Ack n owledg m en ts. Th e w ork is sup p orted b y Tomsk State University C omp etitive-
ness Imp rovement P rog ram.
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