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1 Introduction

It is often stated that it was Leonardo da Vinci [1]

who made the first significant contribution to the

physics of friction by formulating the main “laws of
dry friction”: (a) Friction is proportional to weight,

(b) friction does not depend on the contact area, and

(c) the ratio of friction to weight is approximately

1/4. However, these conclusions were written in his

personal notebooks and do not seem to have had any

impact on the science and engineering of that time.

The first study of friction which was broadly publicly

discussed seems to be the memoir of Amontons of

1699 [2] (Figs. 1(a) and 1(b)).

Right at the beginning of his memoir, Amontons
formulates the following four “laws of friction”
(Fig. 1(b)):

— First, the resistance caused by friction increases/
decreases in proportion to the pressure.

— Secondly, the resistance caused by friction is the same
for iron, copper, lead and wood as long as they are
lubricated with a grease.

— Thirdly, this resistance is roughly equal to one-third
of pressure.

— Fourth, this resistance does not depend on velocity
and other conditions.
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(a) 206 MEMOIRES DE L’AcADEMIE ROYALE
les Roués A I'horizon. Mais la premicre n'ani frottement
ni perte d'eau, &ainfi A tout prendre elle eft la meilleure.
On peut avec les deux tirer jufqua s000. muids d'eau par
heure. '

DE L4 RESIST ANCE
CAUSEE DANS. LES MACHINES,

Tant par les frottemens des parties qui les compofent ,
que par la voidenr des cordes qu'on y employe , & la
maniere de calculer l'un ¢ Uantre.

Par M. AMONTONS.

19. Decem.

fr o E grand ufage que tous les Arts font obligés de faire

des machines, eft une preuve convaincante de leur
abfolué néceffité ; ainfi fans perdre tems A érablir autre-
ment cette verité, on fe contentera de dire icy, que fi le
nom de Machine eft quelquefois pris en mauvaife part, &
s’il devient quelquefois méprifable, ce neft en partie qu'a
caafe que le peu de régles que nous avons dans les Mé-
caniques ne fuffifent pas tolijours pour prévoir certaines
ment l'effet ane les Machinec an’'on nraierre doivent nroe

(b) Primd, Que la véfiftance canfée par le frottement waug-
mente & ne diminué qw's proportion des preffions plus ow mains
grandes fuivant que les parties qui frostent ont plus on moins d'é=
sendué.

Secundo , Que la réfiftance caufee par les frottemens eft & pes
prés laméme dans le fers dans le cwivre, dans le plomb , dans

PDES SCYENCES, 209
Ie bois , en quelgue maniere.qw'on les warie o lov[que ces maticres fone
enduites de vieux-oinge. ... .

Tertid , Que ceree réfiflance eft @ pew pres égale au tiers de
la preffion : A ces remarques il-convient encore ajofiter
cette quatriéme , que ces réfiflances font entre elles en vaifon com-
pofees des poids ou preffions des parties qui froteent , des rems o des.

vitefJes de lewr mowvement.

Fig. 1 Excerpts from the memoir of Amontons “De la resistance
cause’e dans les machines” of 1699: (a) title page, and (b) formulation
of the “laws of friction”.
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This is the classical formulation of the law of dry friction
as it can be found in most contemporarily school books
on physics. The work of Amontons became widely
known and had a great impact on the engineering
praxis. The proportionality of the force of friction to
the normal force is deservedly called “Amontons’ law”.
The great merit of Amontons was the simplification
of the very complex phenomenon of dry friction. His
law of friction was of “rude empirical nature”, because
at that time there were no adequate ideas which
could lead to a proper “derivation” or theoretical
understanding of this law. Even today, very emotional
discussions about the physical nature of the law of
Amontons arise periodically (see, e.g., Refs. [3] and
[4]). At the same time, one should not forget that the
generality of “Amontons’ law” is owed to its extreme
“roughness”: It is a zeroth-order approximation
which describes reality only qualitatively, but becomes
incorrect as soon as more detailed information about
friction is needed. A much better understanding of
the friction phenomenon in its entire complexity is
due to the works of Charles Augustin Coulomb, the
analysis of whose works forms the central theme of
this paper.

2 Coulomb’s works on friction: A short
historical overview

In addition to the original works of Coulomb, the most
complete historical essay on his life and work can
be found in the book of Gillmor [5]. In the present
historical review we follow these two sources.

The first scientific work of Coulomb was his memoir
of 1773 “On an application of the rules of maximum
and minimum to some statical problems, relevant to
architecture” [6] (for English translation see Ref. [7]).
In the first sentence of his memoir, Coulomb writes:
“The object of this paper is to determine, so far as a
mixture of calculation and physical principles will
allow, the effect of friction and of cohesion in some
problems of statics”. In this work, Coulomb considered
only static friction. He writes: “Friction and cohesion
are not active forces like gravity, which always exerts
its full effect, but only passive forces; theses two forces
can be measured by the limits of their strength -
I will assume here that strength due to friction is

proportional to compressive force, as was found by
Amontons, although for large bodies friction does not
follow exactly this law. According to this assumption,
it is found that friction for bricks is three quarters of
the compressive force - ([6], Section IV)).

However, the focus of this first memoir of Coulomb
was not on friction but on the mechanics and strength
of materials. These studies Coulomb carried out on
Martinique, where he was in charge of building the
new Fort Bourbon [5]. From the viewpoint of the form
of presentation and the mathematical means used,
this first note of Coulomb is very similar to modern
text books on the mechanics of materials. For example,
when treating the strength of columns, he first considers
differently oriented sections of the column under the
assumption of cohesion that does not depend on the
compressive force. He finds the section with the
maximum tangential stress by setting the derivative of
the stress with respect to the angle to zero and comes
to the conclusion that the columns will be destroyed
due to shear along faces oriented at 45° to the axis
of the column. He then generalizes his treatment by
introducing a shear strength that has a cohesive and
frictional components, the latter being proportional to
the compressive force. In contemporary notation we
would write his assumption as

T=7,+ U0y 1)

Here, 7 is the tangential stress, 7, is tangential strength

at zero normal stress, o, the normal stress in the

N
given section, and x is the “internal coefficient of
friction”, which can be determined from independent
experiments and was estimated by Coulomb to be
4~ 3[4 for the bricks which he used in Martinique.
Equation (1) is very widely used in the mechanics of
granular media and soils (see, e.g., Ref. [8], Chapter 20)
and is historically correctly called Coulomb fracture
criterion. It is interesting to note that this “two-
component” law of strength/friction was also exploited
by Coulomb in his later works. Thus, he considered
“strength” and “static friction” from the same point of
view. The difference was only in the relative importance
of cohesive and frictional contributions.

In 1779 Coulomb was transferred to Rochefort to
participate in the construction of a fort made entirely
from wood near Ile d’Aix, where he had the possibility
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to use a laboratory for his investigations. During this
period Coulomb carried out a series of experiments
devoted to the study of friction, the results of which
were presented in the memoir “The theory of simple
machines”—the seminal work in the study of friction.
In 1781 Coulomb received a prize of the Parisian
Academy of Sciences for this work. This was already
the second Academy prize won by Coulomb. In the
following, we will analyze some of results of this work
following the later edition of 1821 [9].

In later years, Coulomb returned many times to
frictional studies. Thus, in July 1789 he presented his
study on friction in tip pivots and rolling friction [10].
In 1780 he also studied friction in fluids [11]. He found,
correctly, that the force of friction in fluids is propor-
tional to the velocity at very small velocities and to
the square of velocity at larger velocities, and does
not depend on the roughness of the solids that are in
contact with the fluid. In the case of fluids he also
suggested that there is some “cohesive” part of friction
which does not depend on velocity. However, he could
not determine it experimentally. It is interesting to
note, that this intuition proved to be partially correct,
since, in some “fluids”, one really can identify both
static and viscous friction parts (e.g., in soft elastomers
or grease lubrication).

We do not consider here the works of Coulomb
about the torsion of wires, his famous torsional balance
and the works on electricity and magnetism, which
earned him his undying glory.

@  THEORIE

DES

MACHINES SIMPLES,

EN AYANT EGARD AU FROTTEMENT DE LEURS PARTIES
ET A LA ROIDEUR DES CORDAGES;

Par C. A. COULOMB,

Chevalier de Saint-Louis, Capitaine du Génie, de IInstitut de France,
Menibre de la Légion-d’Honneur, etc.

NOUVELLE EDITION,

A laquelle on a ajouté les Mémoires du méme auteur, 1° sur le frottement de
la pointe des pivots; 2° sur la force de torsion et sur I'dlasticité des fils de
métal ; 3°. sur la force des hommes, ou les quantités d'action qu'ils peuvent fournir ;
4°. sur V'effer des moulins 4 vent et la figure de leurs ailes; 5°. sur les murs de
revétemens et I'équilibre des voiites.

3 Main findings of Coulomb concerning
dry friction

Coulomb starts his main memoir on friction with this
introductory statement: “Amontons seems to be the
first author who tried to evaluate the friction and
stiffness of the strings for computing machines. He
believed that he had found through his experiments,
that the extent of the surfaces does not influence
friction, which thus depends only on the pressure of
the contacting parts: He concludes that in all cases, the
friction is proportional to the pressure.” [9] (Fig. 2(b)).
Following this, he concludes that other investigations
show Amontons’ law to be inexact and that a detailed
investigation is of importance. Coulomb investigated
the force of friction as function of many factors, which
Gillmor [5] summarizes in the following list:

. materials constituting the reacting bodies;

. surface conditions (polished, rough);

. lubricants (oil, tallow, tar, axle grease, water);

. weight (normal force);

. surface area of contact;

N Ul b W DN -

. deformation or cohesion effects due to time of
repose;

7. geometric orientation of interacting surfaces (parallel
or perpendicular to wood grain, etc.);

8. velocity of surface motion;

9. deformation due to geometry of surfaces (shape of
interacting surfaces — planar, pointed, curved);

10. temperature and humidity;

(b)

.. M. AwmonTons, dans les Mémoires de PAcadémie des
Sciences pour 1699, parait étre le premier auteur qui ait cher-
ché & évaluer le frottement et la roideur des cordes dans le
calcul des machines. Il crut trouver, par ses expériences, que
Pétendue des surfaces n’entrait pour rien dans les frottemens,
dont la mesure dépendait uniquement de la pression des par-
ties en contact : il en conclut que, dans tous les cas, le frot-
tement est proportionnel aux pressions.

Fig. 2 The main work of Coulomb devoted to friction: “Théorie des machines simples”, Parisian edition of 1821: (a) title page, (b) the

beginning of the memoir.
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11. state of motion (uniform or impulsive);
12. air pressure.

We would like to stress that the investigation by
Coulomb is an example of excellent experimental
work, which apparently was not guided by any purely
theoretical ideas or simple rules. He “honestly” studied
the force of friction under various conditions and
tried to present the results in a form that can be used
by physicists and engineers.

3.1 Dependence of the static force of friction on the
contact time

Let us start with his studies of static friction. Coulomb
knew that the static force of friction does depend on
the time elapsed from the first moment of contact.
He therefore never gives the value of the static force
of friction but three or four values: e.g. after 1/2 s, 2 s,
“10s and 1h” (see Fig. 3). The last statement means
that the force of friction reaches its stationary level
after 10 s and does not change further.

3.2 Dependence of the sliding force of friction on
the normal force

Coulomb also studied dependence of the sliding
coefficient of friction on the normal force. Note that
Coulomb himself never used the notion “coefficient
of friction” but he often presents the relation of the
normal force to the force of friction, the “inverse
coefficient of friction” (see, e.g., Fig. 4). We can see
that by increasing the normal force by a factor of 35,
Coulomb observes a decrease of the coefficient of
friction almost by a factor of two. In other examples, he
observed even stronger dependency on normal force.

VII* EXPERIENCE.
Le traineau chargé, son poids compris, de 50 liv.

Aprés 1" de repos, le frottement a été trouvé de 25 liv.,
Aprés 2" de repos. . . ... .. SRR 3o
Apreés 10" et uneheure. . . . . . SR R G 36
VI1* EXPERIENCE.

Le traineau chargé, son poids compris, de 450 liv.
Aprés;"derepos. . . . .. 000 0i o .. o 256]iv.
Aprésao”derepos. . . . ... oo, 286
Aprés une minute et une heure. . . . . . ... 284

Fig.3 Typical presentation of data about the force of friction
in the “Théorie des machine simples”. The values for each normal
force are given for different waiting times up to the time of
saturation [9].

Frottement d’une surface d’un pied carré, chargé des
pressiors suivantes.

2 " Pression
I'* EXPERIENCE. [i¢ ES;AL Pression. 95 liv. e tement 27
IVE EXP.ooveerraonsasnsansennanes 18  iiivieenenn 9,4.
I EXPiocosnvaanasotasccssossses 891  sieveeneenns 9,5.
Ml EXPuvssiraranasassnnsnsnsnnas 836 ....... vesse 9,4
Ve EXPocivisrsranscsonsasacasaes 1788 Leiieivanans 9,3.
VI EXPociaaasnan i @i ismnasan 6588 ............ 10,4

Fig. 4 Dependence of the inverse coefficient of friction on the
normal force. “Friction of a surface of a square foot, and the following
loads” [9].

3.3 Dependence of the force of friction on the contact
size

Coulomb finds that in most cases the force of friction is
not very sensitive to the contact area, as already found
by Amontons. However, in some cases, he found a
pronounced dependence, as one can see in Fig. 5.

3.4 Dependence of other parameters

As already mentioned above, Coulomb also studied
the influence of many other factors and tried to
summarize them in a form which can be used by
engineers. In most cases he managed to formulate
simple “two-term” laws of the same type as Eq. (1)
where the first term described the main constant
contribution and the second one a relatively weak
dependence on the variable in question (time, normal
force, velocity, size of the contact and so on).

From today’s point of view, it is interesting to note
that the main findings of Coulomb about the depen-
dence of the force of friction on the normal force and

,

E’- I'* EXPERIENCE. li¢ ESSAI. A—F= 1 liv. d'od F:;::}:gt— %—g = 5,7
H

Ej% M8 BXP w5505 5 sennaios i st i 18 idesisansses %7;—‘ 9,50.
é HIFEXP. oovvtiennueninnenieaes 17  sceeccsncns 2—;%‘ 9,77-
g Flve EXPoocssscossessssennronne 4 erieiiiennien —45'—7 . 94
gg VEEXP. .ooninnemonmesnse evese §  seesaveavese . %Z 9,1.
Eg VICEXP. oo cunnisoivs Ve e 13 ' ...v..........-'.GT?...'xo,S.
§ (vm EXP.coscusssnssnsasianaos 2 ceeeseeannges 1‘-71-' 10,4.
£ 3

§=§ VII® EXP.cococcsrossssasccance B cerieicirenas % 13,4.
é IXE BXPoiuinannisininsanmuiin 10 sasenane sesei Bs;ig 14,6.

Fig.5 Dependence of the inverse coefficient of friction on the
contact area, an example of Coulomb’s data [9].
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the apparent contact size can be summarized as follows:
The coefficient of friction for the given frictional pair
becomes larger, if the indentation depth of the roughness
of two bodies becomes smaller (smaller forces, larger
contact area). This correlates with the conclusion
made in the Ref.[12] about the indentation depth
as the main governing parameter of the process of
friction.

However, Coulomb himself made only very general
empirical generalizations ([9], Chapter II, p. 99):

“1. When sliding wood on wood without lubrication,
after a fairly long duration of contact, friction force is
directly proportional to normal pressure; this force
increases only in the first moments of contact, after a
few minutes it reaches a maximum.

2. When sliding wood on wood without lubricant at
a certain speed, the friction force is also proportional
to the normal pressure, but, even at its largest, is much
less than that required to break the bond between the
surfaces after some time of contact. For example, it
is established that the force necessary to disrupt
the contact between two surfaces of oak, after a few
minutes of contact, refers to the force required to
overcome friction when the surface moves with a
certain velocity as 35:22.

3. When metal slides on metal without lubrication,
the frictional force is proportional to the pressure, but
its value is the same, regardless of whether they want
to disturb the relationship between the surfaces after
a contact time, or want to maintain a certain constant
speed.

4. Results for sliding of dissimilar surfaces such as
wood on metal, without lubricant, differ considerably
from the previous ones, since the intensity of friction,
depending on the duration of contact, slowly increases
and reaches its peak after 4-5 days, and sometimes
more, while for metals it achieves the stationary value
in an instant and for wood in a few minutes; this
growth is so slow that the frictional resistance at very
low speeds is almost the same as in contact failure
by shaking or separation after 3 or 4s of contact.
Furthermore, for wood sliding on wood without
lubricant, and for metal sliding on metal, speed does
affect the friction only very weakly: In this case the
friction increases as the speed increases; while the
velocity increases exponentially friction increases in
an arithmetic progression.”

4 Coulomb and modern engineering laws
of friction

The main contribution of Coulomb to frictional studies
was that, based on a wealth of experimental data, he
confirmed Amontons’ law, but at the same time showed
its limited nature. He studied in detail the weak
dependencies of the coefficient of friction on various
parameters such as normal force, sliding velocity, size
of the contact as well as atmospheric conditions and
showed that the friction phenomenon is too compli-
cated to be described by one single equation. However,
in some limited ranges of external parameters he
managed to describe friction with two-term-equations,
of which the first term was a constant and the second
described a relatively weak (often logarithmic, as in
the case of velocity) dependence on the parameter in
question. Schematically, his approximations can be
roughly reformulated in the form

u=py+alnF, +blnv+clnL+-- 2)

where L is characteristic size of the system, v is
the sliding velocity, and Fy is the normal force. The
existence of such a dependence means that the
stationary coefficient of friction (in a limited region
of the parameter space) can be written as

p=pty +In(Fo'L) ©)

thus depending only on one single variable of the
form F/v'L . Subsequent investigations in the following
centuries have shown the correctness of these general
ideas in tribological systems of various physical nature.
For example, in lubricated systems, in the region of
hydrodynamic lubrication, the coefficient of friction
is known to be u~2,[nvL/F, [8], where 7 is the
viscosity of the lubricant and D the characteristic size
of the system. In this case, according to Eq. (3), we
have a=-1/2, b=1/2 and c=1/2. Dependencies
with only one “master variable” have also been
found recently for elastomer friction in the frame
of the Greenwood-Tabor-Grosch paradigm, i.e., the
rheological nature of elastomer friction [13, 14]. It
was shown [15, 16] that both for macroscopically flat
and macroscopically curved bodies, the coefficient of
friction in a limited parameter region can be described
as function of a parameter combination of the form



188

Friction 3(2): 183-190 (2015)

F{v"L’, while the constants 4, b and ¢ may depend on
the particular rheology and the form of the body.

It is important to stress that dependencies of the
Eq. (2) can be used for constructing generalized laws
of friction on a purely empirical basis, without any
theoretical background. Indeed, as long as the weak
dependences of the Eq. (2) are additive, the master curve
procedure can be applied. For example, the dependence
on v has the same form for different normal forces
and different sizes of the system and is only shifted
along the logv-axis. This leads to a simple procedure
for constructing dependencies on all variables, which
is already widely used in elastomer science to determine
the rheological or frictional properties of elastomers
as a function of velocity and temperature [14]. The
effectiveness of this procedure in application to the
velocity and normal force dependence of friction was
shown experimentally in Ref. [16]. Note that similar
power-law equations have also been suggested and
experimentally verified for wear of materials [17].

What Coulomb did not manage to do, is a unification
of static and kinetic friction. He discovered the time
dependence of the static force of friction and the
velocity dependence of the sliding force of friction but
did not consider these dependencies to be manifes-
tations of the same physics. This was done much later,
in 1970s in the works of Dieterich [18, 19] and Rice
and Ruina [20]. Dieterich and Ruina showed that the
unification of static and kinetic friction can only be
achieved by introduction of an additional internal
state variable. The equations of Dieterich-Ruina look
very similar to Eq.(2) but include an additional
differential equation, which allows describing the
processes going on in the frictional contact even without
relative movement. This theoretical scheme has a very
simple and robust theoretical background [21]. The
concept of Dieterich and Ruina proved very successful
and was confirmed for different materials in a very
wide range of velocities [22].

5 Conclusion

First of all, we would like to stress that the simple
formulation of “Coulomb’s law of friction” which can
be found in most textbooks—the force of friction is
proportional to the normal force and does not depend

on the contact area and velocity—has little to do with
the real work of Coulomb. On the contrary, Coulomb
found that Amontons’ law, as well as the independence
of the coefficient of friction on velocity, normal force,
contact area and roughness are only a first, very rough
approximation. He differentiated between material
couples (e.g., metal-metal), where Amontons’ law is
a good approximation, and other (wood on metal or
wood on wood), where there are significant deviations
from Amontons’ law. In all cases, however, the depen-
dencies are relatively weak. In contemporary language
we would say they are of logarithmic character: The
geometric and loading parameters have to be changed
by several orders of magnitude to achieve a change in
the coefficient of friction by a factor of two. Coulomb
also gives simple two-term relations, which empirically
summarize these experimental findings.

Some of dependencies studied by Coulomb have also
been studied in detail in subsequent years, particularly
the velocity dependence of the coefficient of friction.
The reason for this may be in the importance of the
velocity dependence for dynamic stability of frictional
systems. The explicit dependence on time (kinetics of
friction) was studied since the works of Dieterich. The
dependence of the coefficient of friction on the normal
force is an area which only begins to develop [23, 24].
The dependence of the dry force of friction on the size
of the system has not been studied systematically yet.

It could be said that Coulomb has left us a work
program that the tribological community still has not
yet finished. Formulating effective theoretical and
empirical procedures for constructing “generalized
laws of friction”, including the dependencies on the
normal force and the shape, remain hot topics in
modern tribology.
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