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interacting non-Lagrangian matter: their matter charges are weights of Fg, E7 and Ejg
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Spin(8) triality for the Eg, E7, Es root lattices?

In this paper we answer the question. The action on the matter charges of (a finite
central extension of) PSL(2,Z) factorizes trough the action of the exceptional Shephard-
Todd groups G4 and Gg which should be seen as complex analogs of the usual triality group
S3 ~ Weyl(Az). Our analysis is based on the identification of S-duality for SU(2) gauge
SCFTs with the group of automorphisms of the cluster category of weighted projective
lines of tubular type.
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1 Introduction and summary

We have a complete classification of the 4d N' = 2 gauge theories where SU(2) SYM is
coupled to vector-less matter (possibly non-Lagrangian) [1]. By vector-less matter we mean
N =2 QFTs whose BPS spectra, in all chambers, consist only of hypermultiplets: the ones
having a gaugeable SU(2) symmetry are precisely the Argyres-Douglas (AD) theories of
type D, (p > 2) [1, 2] quark doublets being the case p = 2. From the classification we
learn that the SCFTs in this class are in one-to-one correspondence with the orbifolds of
an elliptic curve £ i.e.

E/Z, wherep=1,2,3,4,6. (1.1)



For p > 2 the curve £ should have complex multiplication by the appropriate quadratic field
namely! Q(w) for p = 3,6 and Q(4) for p = 4. This observation plays a crucial role below.

We have five SCFTs in this class of SU(2) gauge theories. The SCFT is a Lagrangian
model iff the modulus 7 of £ is a free parameter, i.e. for p = 1,2 which correspond,
respectively, to N' = 2* and SQCD with Ny = 4. p = 3,4,6 yield three additional
non-Lagrangian (= intrinsically strongly coupled) SCFTs. From the viewpoint of [1] it is
more natural to state this classification as a one-to-one correspondence between this class
of SCFTs and the star graphs (possibly with multiple edges?) which are affine Dynkin
diagrams. There are five such affine stars

o = A DIV B B B, 12

which correspond to the five orbifolds (1.1). In the first two models, the Lagrangian
ones, g1 is also the affinization of the flavor symmetry algebra g which is, respectively,
su(2) and s0(8): thus in the Lagrangian models the flavor charges are weights of g. In
the non-Lagrangian theories the matter consists of strongly interacting systems with their
own conserved electric and magnetic charges in addition to the flavor ones. Although the
Dirac pairing between the internal charges of the matter is no longer trivial, yet it remains
true that the matter charges® take value in the weight lattice of the corresponding finite-
dimensional Lie algebra g which, for the non-Lagrangian models, is Fg, E7, or Eg (see
section 2.1).

These theories, already described in [1, 3, 4], recently have been constructed also as
toroidal compactifications of certain 6d (1,0) SCFTs [5]. From the internal torus, all five
(mass deformed) 4d SCFTs inherit a PSL(2,Z) group of S-dualities. In the p = 2 case
Seiberg and Witten [6] have shown that PSL(2,Z) acts on the flavor charges by SO(8)
triality; the triality group &3 being identified with the modular quotient PSL(2,7Z)/I'(2).
By the same token, for p = 3,4,6 we have a non-trivial action of S-duality, hence of the
modular group PSL(2,Z), on the lattice of the matter charges, i.e. on the weight lattices
of Eg, 7, Eg. This action should be thought of as a generalization of the triality action on
the weights of SO(8) to the weights of the exceptional Lie groups Fg, E7, Es.

At first sight this statement seems rather odd: from Lie algebra theory we do not
expect any higher rank analog of SO(8) triality. Yet physics predicts its existence.

The full duality group S is actually an extension of the modular group

1—-% —S—PSL(2,Z) — 1, (1.3)

where # is the ‘obvious’ group of physical symmetries acting on the lattice of conserved
charges. For the Lagrangian models # is simply the Weyl group of the flavor symmetry.
In the general case #  is a well-understood finite group of symmetries of the matter system
(seen as decoupled from the Yang-Mills sector) which fixes the charge to be gauged. # is

Lw is a primitive third root of unity, i.e. a solution to the cyclotomic equation w? 4+ w + 1 = 0.

2Non simply-laced star graphs corresponds to matter in SU(2) representations of isospin > 1/2.

3Throughout this paper, by matter charges we mean all conserved charges of the N’ = 2 QFT but the
SU(2) electric and magnetic ones.



also the kernel of the action of S on the Yang-Mills electric/magnetic charges, on which
only the quotient group PSL(2,7Z) acts effectively. The quotient group of S which acts
effectively on the matter charges, Spatter, is the finite group

1= # — Smamter = PSL(2,Z/pZ) 1,  p=1,2,3,4,6, (1.4)

whose action on the root lattice of g preserves the Cartan inner product as well as the
Dirac skew-symmetric pairing. For p = 1,2 eq. (1.4) was obtained by Seiberg and Wit-
ten [6]. Its extension to the non-Lagrangian cases looks rather natural, a simple ‘analytic
continuation in p’.

Since the action of # on the matter charges is obvious, to understand the ‘higher
versions of triality’ it is enough to understand the action of the quotient group

PSL(2,Z/pZ) ~ PSL(2,Z) /T (p) for p = 2,3,4,6, (1.5)

where T'(p) C PSL(2,7Z) is the principal congruence subgroup of level p [7]. p = 6 is
special since?

PSL(2,7/6Z) = PSL(2,7/27Z) x PSL(2,7/37Z). (1.6)

However, it is preferable to study the action of a subgroup Guatter C Smatter Which is a
central extension of PSL(2,Z/pZ) by a finite Abelian group of the form (Z/2Z)*. Studying
the central extension Gpatter, rather than PSL(2,Z/pZ) itself, allows to discuss all five
models in an unified way wvia the theory of reflection groups.

Let us explain. Weyl groups should be thought of as reflection groups defined over
the rationals Q, and Coxeter groups as real reflection groups. For Ny =4 SQCD (p = 2)
the action of PSL(2,Z/2Z) is through SO(8) triality which is a rational reflection group:
indeed, in concrete terms, the triality group is the quotient

Smatter/ Weyl(SO(8)) = Weyl(Fy) / Weyl(SO(8)). (1.7)

In passing from p = 2 to p = 3,4,6 what we have to do is to replace reflection groups
defined over Q with reflection groups defined over the appropriate complex multiplication
fields Q(w) or Q(7). Roughly speaking, the abstract form of S-duality is the same for p > 2
as for the SQCD p = 2 model (where it is given by SO(8) triality) but structures that in
the p = 2 case are defined over the ground field Q get replaced by structures defined over
the complex quadratic fields Q(w) and Q(7).

Reflection groups defined over such quadratic fields are special instances of complex re-
flection groups. The finite complex reflection groups have been fully classified by Shephard
and Todd [9]. From their classification we read the complete list of the “higher triality”
groups Gmatter Which act on the matter charges of the p = 3,4, 6 models, i.e. on the weight
lattices I'f’ of Eg, E7 and Eg. The classification also yields the decomposition of the vector
space FEV ® C in irreducible representations of Guatter, and thus completely specifies how
PSL(2,Z/pZ), and hence the full modular group PSL(2,7Z), acts on the matter charges.

4There is a much stronger reason why p = 6 is different. As Klein proved in 1884 [8] the group
PSL(2,Z)/N(6) has infinite order, while for p = 1,2,3,4, PSL(2,Z)/N(p) = PSL(2,Z/pZ) (see sec-
tion 4.2.1).
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Q | Weyl(42) S PSL(2,Z/2Z) | (2)—(2) piV
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Qi) Gs | 2/22x( oy ) | 2/22 xSL(2, 2/47) | D——() | B

“Usually the 2’s in the nodes of the Ay Dynkin graph are omitted.
® More precisely: the McKay graph of the SU(2) subgroup which has the same image in PSU(2).

Table 1. The relevant complex reflection groups.

The relevant reflection groups for the three complex multiplication fields Q, Q(w) and
Q(i) are listed in table 1. In the second column we write the group, seen as a concrete
reflection group acting on a two-dimensional space, in the Shephard-Todd notation. In
the third column we write the standard name of the corresponding abstract group. In the
fourth column we describe the same group seen as a quotient of a central extension of the
modular group PSL(2,Z); this column specifies how the action of S-duality group S on Ty
factorizes through a representation of the reflection group Guatter- In the fifth column we
draw the graph of the reflection group [10]: we stress that, in all three cases, it is the Ay
Dynkin graph but with order p at the nodes. The uniformity of the graph expresses our
rough idea that the structure of S-duality is independent of p up to a change of the ground
field. In particular, all three groups are realized as a concrete group of reflections by faithful
two—dimensional unitary representations which we denote as W, R and F', respectively (see
section 4.2.1 for full details). In the last column of the table we recall the affine Dynkin
graph which is related to the given reflection group by the McKay correspondence [11];
more precisely, the affine graph shown in the table is the one associated to the finite SU(2)
subgroup which has the same image in PSU(2) as the reflection group Guagter viewed as a

subgroup of U(2) via its defining two-dimensional representation. Note that to the Eél’l)

and Eél’l) SCFTs there correspond, respectively, the McKay graphs Eél) and Eél).

Summarizing, the reflection groups Gatter acting on the matter charges, which take
values in the weight lattices I'Y', are (see section 4.2.1 for the definition of the groups
Gy, Gs)

Gmatter =

p=2
G4 P 3
p=4
63 X G4 p 6
For p = 2 the symmetric group &3 acts on the weights of D4 by triality. In this paper we

describe the corresponding action of Guatter for p = 3,4,6. We do so in two ways. First
we list the irreducible representations of the matter group in eq. (1.8) acting on the root



vector space I'g, ® C

p=3 g, ®C~1®1®R®R (1.9)
p=4 I'p, 9C~1eWaFaF (1.10)
p=6 lp,@C~xadxae (W,1)® (1,R) & (1,R), (1.11)

where: 1 is the trivial representation; W, R and F are the defining 2-dimensional repre-
sentations of &3, G4 and Gg, respectively; R, F are their conjugates (W is real); x is a
one-dimensional representation, namely a primitive character of the Abelian quotient®

Z/6ZEZ/QZXZ/3Z263/Q[3XQ[4/V4 (1.12)

In eq. (1.10) by W we mean the 2-dimensional representation of Z/2Zx SL(2, Z/47) defined
by the degree 2 representation W of &3 wvia the canonical mod 2 surjection

7.)27. x SL(2,7,/4Z) — PSL(2,Z,/27) L GL(W). (1.13)

The action of Gatter 00 I'g, @ C preserves the lattice I'g,, the inner product in root space
given by the Cartan matrix, and the Dirac electro-magnetic pairing. For concreteness, in
appendix A we also give a very explicit realization of the action of S-duality on the charges
in terms of integral (r(g)+2) x (r(g) +2) matrices acting on the full charge lattice I (which
includes the matter charges as well as the Yang-Mills electric and magnetic ones).

The rest of the paper is organized as follows. In section 2 we collect the basic tools
of the homological approach to S-duality. In section 3 we reconsider N = 2 SQCD with
two colors and four flavors as a warm-up; here we recover the Seiberg-Witten result in two
ways: first in a rather naive but very concrete approach, and then from a more intrinsic
group-theoretical perspective. In section 4 we describe the Eél’l), Eél’l) and Eél’l) cases.
In appendix A we write explicit (r(g) +2) x (r(g) + 2) matrices which represent the action
of S-duality on the conserved charges of the theory, and list some of the beautiful identities
they satisfy. In appendix B we show how the present approach is related to the one in [1, 26]
by cluster-tilting.

2 Homological approach to S-duality

In this section we review S-duality for the four (mass-deformed) SCFTs Dil’l), Eél’l),
E&l’l) and Eél’l) following the mathematical literature [12-17] (see also [18]).

Remark. For definiteness, here we use the 4d definition of the relevant SCF'Ts, see
refs. [1, 3]. Alternatively, one could have adopted the 6d viewpoint of ref. [5], and in
particular their mirror Landau-Ginzburg description of the £/7Z, orbifolds. By a theorem
of Orlov ([19] Theorem 2.5.(iii), see also the discussion in [20]), the category of B-branes
for the relevant Landau-Ginzburg models is equivalent to the derived category of coherent
sheaves on the corresponding weighted projective lines of tubular type, which is the central

SFrom table 1 one has Gy ~ Z/27 x Uy. Vi ~ 7./27 x 7./27 is the Klein Vierergruppe [8], the unique
non-trivial normal subgroup of the alternating group 24.



object of our analysis, see section 2.2. Then all our considerations apply directly to the
Landau-Ginzburg set up. Needless to say, the equivalence of the two categories is an
instance of the 2d/4d correspondence advocated in [21].

2.1 Overview

The relation between eqs. (1.1), (1.2) and the mass-deformed SCFTs is as follows.® The
BPS particles of the QFT are given by the (quantization of) continuous families of stable
objects in a certain orbifold category C(£/Z,) of the derived category of coherent sheaves
on the orbifold £/Z, or, equivalently [22], on the orbifold P!/T", where I'), C SU(2) is the
finite subgroup associated to the affine Lie algebra g(!) by the McKay correspondence” [11]

C(£/Z,) = D’(coh &/Z,) /€ ~ D’(coh P! /T,) /€. (2.1)

Here ¢ is an infinite cyclic subgroup of Aut(D®coh £/7Z,) to be described later. C(€/Z,) is
the cluster category [17, 36] of the orbifold £/Z, whose relevance for the physics of the BPS
sector stems from the Kontsevich-Soibelman wall-crossing formula [23], see refs. [21, 24]. In
the present context, stable means that the lift of the object in D”coh £/ Zy, is stable in the
sense of ref. [25]; the stability condition on D’ coh £/7Z,, is defined by the mass deformation
we consider and the chosen point in the Coulomb branch. Since all five QFTs are complete
in the sense of [1], we have only zero— and one-dimensional families of stable objects which
yield, respectively, hypermultiplets and vector multiplets of N/ = 2 susy.

Charge lattices. The lattice of conserved QFT charges, I', may then be identified with

the Grothendieck group of the associated additive categories®

T = Ko(D’ coh £/Z,) ~ Ko(coh £/Z,). (2.2)

Given an object X € D’coh&/Z,, we write [X] € T for its Grothendieck class; if X is
stable, [X] is the charge vector of a corresponding BPS state. In all chambers the charges
of BPS particles generate I'. On I' we have a bilinear form, the Euler pairing

(X),[YD)e = _(—1)* dim Hom* (X, Y [K)), (2.3)
keZ
where Y — Y[1] denotes the shift equivalence in the triangle category D’coh &/Z,. The
Dirac pairing in I' is just the anti-symmetric part of the FEuler one
((X], [YDpirac = ([X], YD e — (Y], [X])E- (2.4)
The Tits form is the integral quadratic form on I'
q([X]) = ([X], [X])e- (25)

The symmetric bilinear form associated to the Tits quadratic form will be written (-, -)sym-

SFor the justification of these assertions, see footnote 15. More technical details in appendix B.

"We write coh X/G as a shorthand for the category of G-equivariant coherent sheaves on X.

8The fact that the Grothendieck group is a finite-rank lattice follows from the fact that the Abelian
category coh £/Z, admits a tilting object [12-14].



For X stable one has [26, 27]
q([X]) = 2(1 — MaxSpin([X])), (2.6)

where MaxSpin([X]) is the largest possible spin for a BPS particle of charge [X]. Since
for a complete N' = 2 theory [1, 27|, the spin of the BPS particles is bounded by 1, the
quadratic form ¢([X]) is positive semi-definite; its radical

radq = {[X] €T | g([X)) :o} cr, (2.7)

is a sublattice of rank 2 which may be identified with the lattice of electric/magnetic Yang-
Mills SU(2) charges; in particular, the restriction to rad q of the Dirac pairing has the form®

» (_01 ;) . (2.8)

We define the matter charges lattice as I' modulo the sublattice of Yang-Mills charges
T inatter F/rad q. (2.9)

The above categorical identification of the charges is not the conventional one in physics
(but it coincides for Lagrangian QFTs). For the three non-Lagrangian models, our SU(2)
electric charge is a linear combination of the physical electric charge and matter ones;
the present conventions make the group actions more transparent (in facts, they are the
obvious generalization of the factor 2 difference of normalizations for the p =1 and p = 2
models pointed out in section 16 of the original Seiberg-Witten paper [6]).

By general theory of integral quadratic forms [28] (reviewed in the present context
in [27]) the Tits form ¢ induces an integral quadratic form g on T’ / rad g which is positive-
definite, hence Z-equivalent to the Tits form gy on the root lattice I'y of a Lie algebra g of
ADE type

1
qg(x;) = iCij:ci:cj, C;; the Cartan matrix of g. (2.10)
For our five categories D’(coh £/7Z,) with p = 1,2, 3,4, 6 one finds (see section 2.2)
G ~ gy hence I'yatter @ Iy where g = Ay, Dy, Eg, E7, Eg respectively. (2.11)

In the language of refs. [1, 27] the two statements rankrad ¢ = 2 and § ~ g4 are summarized
in the fact that the mutation class of quivers with superpotentials (@, W) which describe
the BPS sector of our five theories is given by the elliptic Dynkin graphs g of respective
type g = A1, D4, Eg, E7, Eg (with all triangles oriented). The elliptic (or toroidal [29]) Lie
algebra g(1'1) of type g is obtained by affinization of the affine Lie algebra g(*) of the same
type; see [27] for more details.

As a basis of the matter charges we take the simple roots «, of g. Then the matter
charges of the BPS particle corresponding to the stable object X € D’coh &/ Z,, are

fo(X) = ([X], @a)sym € Z, a=1,2,...,7(g). (2.12)

In the Lagrangian case, p = 2, the overall coefficient 2 is interpreted as the Cartan matrix of SU(2).



In particular, for p = 1,2 we get back that the flavor charges take values in the weight
lattice of Sp(1) and SO(8), respectively. The same statement holds, in the present sense,
for p = 3,4,6.

Serre duality and Coxeter transformation. The Abelian category coh £/7Z,, satisfies

Serre duality in the form®'°

Ext!(X,Y)=DHom(Y,7X), 71X=w® X, (2.13)

where w is the dualizing sheaf. 7 is an auto-equivalence of coh £/Z,, and hence of the
derived category D?coh&/Z,; T also plays the role of Auslander-Reiten translation [30].
Given that 7 is an auto-equivalence, coh £/Z, has no non-zero injectives or projectives and
the Abelian category coh £/Z,, is hereditary (global dimension 1).

Since wP ~ O, one has 77 = Id. The Coxeter transformation ®: I' — I' is defined by

[rX] = & - [X]. (2.14)

In particular, for all [X],[Y] € T" we have

(@ [X], @ [Y]))p = (X],[Y]) &, 2.15)
(X, @ -Y)e=—Y],[XDE, (2.16)

which implies
[X]eradg << @-[X]|=[X], (2.17)

i.e. the Yang-Mills magnetic/electric charges are the (41)-eigenvectors of ®. Likewise, the
flavor charges are the (—1)-eigenvectors of ®. The eigenvectors associated to eigenvalues
A # £1 correspond to internal electric/magnetic charges of the matter AD systems. Note
that ®” =1, in fact (for p > 1)

[l (7 — 1)
(z—1)5-2 "~

where s is the number of branches of the associated star graph and p; are the number of

det[z — ®] = (2.18)

nodes in the i-th branch (counting the vertex node), while p = L.c.m.{p;}.
Auto-equivalences of the derived category. Suppose
K:D’coh&/Z, — D’ coh £/7Z, (2.19)

is an auto-equivalence (of triangulated categories). K induces an automorphism K of the
Grothendieck group I

K:T 5T, givenby [KX]=K-[X]. (2.20)

Choosing a Z-basis in I', ® and K may be seen as rank[' x rank " matrices with inte-
gral entries. For all auto-equivalences K we have 7K = K7 (since the Auslander-Reiten
translation is unique). Then ® and K, as matrices, commute

K& = ®K, (2.21)

Here D stands for the usual duality over the ground field C, i.e. D(—) = Hom(—, C).



and, in particular, K preserves the radical sublattice rad ¢ C I'; this already follows from
the fact that all auto-equivalences are isometries of the Euler form

(K- [X], K- [Y])p = (X],[Y])e- (2.22)

Comparing with (2.9), we see that all auto-equivalence K of the derived category
D’ coh £/Z, induces a reduced additive map

K: I'matter = 'matter (2'23)

which commutes with the reduced Coxeter element ® and is an isometry of the reduced
Tits form q(+)

q(f : f) = Q(f)a \V/ f S I‘matter- (224)

It follows that the image of the automorphism group of the derived category,
Aut(D°coh €/Z,),

under the homomorphism p: K + K is a subgroup of the finite group O(I'y) of the Z-
isometries of the positive-definite Tits form gy. More precisely, the image is a subgroup of
the centralizer of the reduced Coxeter element &

o(Aut(D’ coh £/Z,)) € Z(®) C O(Ty) = Weyl(g) x Aut(Dy), (2.25)
where Dy is the Dynkin graph of g.

Remark. The triality of so(8) is a group of outer automorphisms; from the point
of view of eq. (2.25) this means that its image is not contained in Weyl(so0(8)). For, say,
g = Es, Aut(Dy) is trivial and the image of Aut(D’coh&/Z,) is a subgroup of the Weyl
group. The reader then may wonder in which sense the S-duality action is a generalization
of triality which is an outer action. The point is that the duality action is outer with
respect to the natural group of ‘inner’ automorphisms which is # (see eq. (2.101)). For
SQCD Ny =4 % is the full Weyl group but it is a small subgroup for Fg, 7, Fx.

2.2 Coherent sheaves on weighted projective lines

With the exclusion!! of A/ = 2%, the complete N/ = 2 gauge theories with gauge group
SU(2) are in one-to-one correspondence with the weighted projective lines having non-
negative Euler characteristic x > 0 [1, 3]. SU(2) SYM coupled to a set of AD matter
systems of types D), (i =1,..,s) corresponds to the weighted projective line with weights
(p) = (p1,p2,.-.,ps). The superconformal theories in this class are precisely the ones
associated with the y = 0 weighted projective lines;'? there are four such lines with weights

(p) =1(2,2,2,2), (3,3,3), (2,4,4), (2,3,6), (2.26)

HThe case of N = 2%, i.e. p = 1, is rather similar. Indeed, the theory of coherent sheaves on the weighted
projective lines of tubular type was constructed by Geigle and Lenzing in [12] using as a model the Atiyah
description of coh £ [31]. The main technical difference is that for p = 1 the canonical sheaf is trivial, while
for p > 1 is a p-torsion sheaf. Then for p = 1 there is no tilting object.

2Tndeed, the coefficient of the S-function of the Yang-Mills coupling, gy, is —2x, see [1, 3, 4].



the i-th weight p; being equal to the number of nodes in the i-th branch of the corresponding
affine star graph (counting the vertex). The y = 0 weighted projective lines will be written
X, (where p =l.c.m.(p;) = 2,3,4,6) or simply X. We have [12, 22, 32]

X, = &/Z,, (2.27)

and passing from elliptic orbifolds £/7Z,, to weighted projective lines X,, is just a convenient
shift in language.

Weighted projective lines [12-16, 33, 34]. Given a set of positive integral weights!3
p = (p1,p2,...,ps) we define L(p) to be the Abelian group over the generators 71, Za, . . ., Ts
subjected to the relations

C=p1T1 = pa¥y = - -+ = psTs. (2.28)

C is called the canonical element of L(p), while the dual element is

&= (s—2)c—- ) &€ L(p) (2.29)
i=1

Given the weights p and s distinct points (); : j1;) € P! we define a ring graded by L(p)

S(p) = €P Sa=C[X1, Xy, - ,Xs,u,v]/(Xfl—)\lu—,ulv, o XP - Au—psv) (2.30)
acL(p)

where the degree of X; is #; and the degree of u,v is & The weighted projective line X(p)
is defined to be the projective scheme Proj S(p). Its Euler characteristic is

S

x(p)=2-> (1-1/p). (2.31)
i=1
The Picard group of X(p) (i.e. the group of its invertible coherent sheaves = line bundles)
is isomorphic to the group L(p)

PicX(p) = {0(a@) | @ € L(p)}, (2.32)

i.e. all line bundles are obtained from the structure sheaf O = O(0) by shifting its degree
in L(p). The dualizing sheaf is O(J). Hence

r0@) = 0@+ ). (2.33)

One has

Hom(O(d), O(b)) ~ Sy .. Ext'(0(@),0(b)) ~DS,, (2.34)

G—b"
Any non-zero morphism between line bundles is a monomorphism [13, 14]. In particular,
for all line bundles L, End L = C. Hence, if (X : ) € P! is not one of the special s points
(N\i @ i), we have the exact sequence

0= 0 2% 0(&) = Sy — 0 (2.35)

13For definiteness we write the p;’s in a non-decreasing order. Without loss we may assume p; > 2.
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which defines a coherent sheaf Sy.,) concentrated at (A : ) € P!. It is a simple object in
the category coh X(p) (the ‘skyscraper’). At the special points (); : y1;) € P! the skyscraper
is not a simple object but rather it is an indecomposable of length p;. The simple sheaves
localized at the i-th special point (\; : ;) are the S;; (where j € Z/p;Z) defined by the
exact sequences

Applying 7 to these sequences we get
TS0 = St 78 = Sij-1- (2.37)
In conclusion we havel® [13, 14]
cohX(p) = Hy V Ho, (2.38)

where Hg is the full Abelian subcategory of finite length objects (which is a uniserial
category) and H, is the subcategory of bundles. Any non-zero morphism from a line
bundle L to a bundle E' is a monomorphism. For all bundles £ we have a filtration [13, 14]

O=FyCFE CE,C---CE/=F, (239)

with E;y1/FE; line bundles. Then we have an additive function rank: Ky(coh X(p)) — Z,
the rank, which is 7-invariant, zero on Hy and positive on Hy. rank E is the length ¢ of
the filtration (2.39); line bundles have rank 1.
In physical terms [3] Ho is the ‘light category’ which encodes the zero Yang-Mills
coupling limit gyn — 0; hence H is well understood in terms of ‘perturbative’ physics [3].
We define the additive function degree, deg: Ko(coh X(p)) — %27 by

degO(Zi n:z) -\ (2.40)

i pz"

deg satisfies the four properties: (i) the degree is 7 stable; (ii) deg O = 0; (i) if S is a
simple of 7-period ¢ one has deg S = 1/gq; (iv) deg X > 0 for all non-zero objects in H.

Physically, rank is the Yang-Mills magnetic charge while deg is (a linear combination
of) the Yang-Mills electric charge (and matter charges) normalized so that the W boson
has charge +1. For the four weighted projective lines X, with x(p) = 0, eq. (2.26), the
Riemann-Roch theorem reduces to the equality [12-14]

152,
72<[TJX},[Y]>E:rankXdng—dengankY. (2.41)
7=0

Y The notation in the ruS [13, 14, 28] stands for two properties: (4) all object X of coh X(p) has the form
X1 @ Xo with X4+ € Hy, Xo € Ho, and (i1) Hom(Ho, H+) = 0.
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Explicit formulae in the canonical basis. To write explicit expressions, it is conve-
nient to choose a set of homological generators of coh X(p); their classes then give a Z-basis
of the Grothendieck group Ky(cohX(p)). It is convenient to choose the generators to be
the direct summands of a tilting object of cohX(p) [12-14]. We choose the canonical'®
such tilting object whose endomorphism algebra is the Ringel canonical algebra A(p) of
type (p) [12-14]. The canonical generating set consists of the following n =, (p; — 1) +2

line bundles
O, O(z;) (withi=1,...,s, £=1,...,p; — 1), O(0). (2.42)

By definition of tilting object, Ext! vanishes between any pair of sheaves in eq. (2.42),
while the only non-zero Hom spaces are

where, for all i, O(0Z;) = O and O(p;Z;) = O(0).

We write (¢1,...,¢,) for the elements of the basis of Ky(cohX(p)) given by the
Grothendieck classes of the n line bundles in eq. (2.42) ordered so that the ¢; = [O],
én = [O(&)] while the {¢,}"Z; are the [O(ji;)] listed in the (4, j) lexicographic order. The
YM magnetic and electric charges of the generating sheaves (2.42) are

(rank ¢1,...,ranké,) = (1,1,...,1,1) = M* (2.44)
p(deg ¢17 s ’deg Qf)n) = (0> 411,912y -+ -5 qlp1—1s -+ - y4s,154s,2y - - - 7qs,p57lap) = Qt'
(2.45)

Specializing to the x(p) = 0 case. For the x(p) = 0 weighted projective lines,
eq. (2.26), the electric charges
Qi1 s Qip,—1,P (2.46)
of the sheaves (2.42) are just the Coxeter labels on the i-th branch of the associated affine
star Dynkin graph g(*) numbered in increasing order from the most peripheral node to the
vertex of the star (which has label p). Explicitly,

p .
Gij=—17J. 2.47
i< (2.47)

7

The Euler form between the elements of the basis Ey, = (¢4, ¢p) g is given by the unipotent
(upper triangular) block matrix

t t
L T N Y
01Tpi -] 0 |1p,

E=i )i (2.48)
0[ 0 |--|Tp,
00 |---|0]1

5Tn view of [3] the existence of this tilting object justifies our claim that the BPS particles of the relevant
QFT correspond to stable objects of the derived category D’cohX(p) = D’mod A(p). A more detailed
analysis is presented in appendix B.
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where 1, stands for the column (p — 1)-vector with 1’s in all entries, and 7T}, is the (p—1) x
(p — 1) triangular matrix with 1’s along the main diagonal and everywhere above it.

In the canonical basis the Coxeter element is represented by the matrix ®,; such that
Tha = Pop dp; comparing with egs. (2.15), (2.16) we get

& =—E(EY) L (2.49)
The radical of the Tits form ¢ is generated by the two vectors

Ry =E~'M = (-1,0,---,0,1), (2.50)
Ry =E~'Q. (2.51)

In particular, we note that the last two entries of the radical vector E~'(pM — Q) are
(-+-,1,0)%. Tt follows that in this basis we may identify the matter charge lattice I'matter =
I'/rad ¢ with the sublattice T'yatter C I' of vectors of the form

T = (x*7xl,17 s Tpy =1y yLs 1y axs,p72,070) cz"~T. (252)

Since F is upper triangular and unimodular, it maps a basis of the sublattice fmatter into
a Z-equivalent basis. Then we write the vectors (2.52) in the form

z=FE"'y,  y¢€mattor (2.53)

Let E (resp. E) be the principal submatrix of E obtained by omitting the last (resp. the
last two) row(s) and column(s). Essentially by definition,

B+ 57 = G = | e e st o) 25
B (B = oy — [the' Cartan n‘latrix of the (2.55)
finite-type Lie algebra g.
Then the restricted Tits form q on I'patter = fmatter is
() = q4(y), (2.56)

where ¢4(y) = %th’gy is the Tits form of the finite-dimensional Lie algebra g. The
integers (y) = (yx, i ;) are attached to the vertices of the Dynkin graph g as in figure 1.
In particular, g and ¢y are Z-equivalent; the isometry between the two Tits forms is just
multiplication by £~!. Under this isometry

fmatter = Fg- (257)

Remark. Here we defined the matter charges as equivalence classes in I'/radq. Of
course, the physical matter charges are specific representatives of these classes. In sec-
tion 3.1 we shall use the physical definition. However, the action of the S-duality group
is independent of the choice of representatives, and often a different choice simplifies the
computations.
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Y1,1

Y34 Y33 Y32 Y31 Yx Y2.1 Y22

Figure 1. The assignments of integral variables (y) to the nodes of the Eg graph. For Dy, Fgs, E7
just restrict to the corresponding Dynkin subgraph.

Structure of the derived category D? coh X(p). The Abelian category H = coh X(p)
is hereditary. The derived category D*H of a hereditary Abelian category H coincides with
its repetitive category rep M [13, 14].

Definition. Let A be an Abelian category. Its repetitive category rep A is

rep A= \/ Aln], (2.58)

neL

whose objects are of the form

A=P Anln) (2.59)

nel

with A, € A and only finitely many A,,’s non-zero; the morphisms are
Hom(A[m], B[n]) = Ext""™(A, B) (2.60)

with Yoneda compositions. The notation in eq. (2.58) stands for eq. (2.59) together with
the fact that Hom(A[m], B[n]|) = 0 for m > n. The translation functor is A[m] — A[m+1].
Thus, to describe DPH, it is enough to study the Abelian category H.
The slope (E) of a coherent sheaf E is the ratio of its degree and rank!®

u(E) = deg E/rank E. (2.61)

A coherent sheaf F is semi-stable (vesp. stable!”) if for all non-zero subsheaf F one has
u(F) < p(E) (respectively pu(F) < p(E)).

The x(p) = 0 case. We restrict ourselves to the four weighted projective lines with
x = 0, ie. to X, with p = 2,3,4,6. In this case all indecomposable coherent sheaf is
semi-stable [12, 13]. Let #(@ be the full (hereditary) Abelian subcategory of semi-stable
objects of slope ¢ € QUoo. For all g one has H(? ~ H, the full subcategory of finite-length
objects. Then

H= "\ H? (2.62)

qeQUoo

6By convention, the zero object has all slopes.

" This notion of stability is related but distinct from the one relevant for the existence of BPS states we
mentioned at the beginning of this section. That notion is based on a stability function (the A" = 2 central
charge Z) which depends on the couplings, masses and Coulomb branch point.
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and hence

D=1\ \/ H9n]| (2.63)

n€eZ geQuUoo

where the notation implies that Homy (%9, (@) = 0 for ¢ > ¢/. Ho (and then H® for
all ¢) is a P1-family of stable tubes all of which are homogenous but the ones over the three
(or four) special points (A; : p;) which have periods p; > 1.

In conclusion, all indecomposable object X of the derived category D? coh X, belongs
to a H@[n] for some ¢ € Q and n € Z; all these subcategories H(?[n] are equivalent to the
‘perturbative’ category Ho and hence physically well understood [3].

2.3 Telescopic functors and B; braid group action on D’ coh X,

If our NV = 2 theory has S-duality, the duality should be, in particular, a property of
its BPS sector. Hence the duality should act by automorphisms of the relevant derived
category or, more precisely, of its orbit category (2.1). For the five SU(2) SCFTs we expect
the S-duality group S to contain a PSL(2,Z) from the internal torus of its 6d construction.
Before entering in the technical details, let us see why this fact is rather natural in view
of the peculiar form of the derived category as described in eq. (2.63). We may identify
Q = QU oo with the projective line over the field Q. The group PSL(2,Z) naturally acts
on P1(Q). Then the structure in the RHS of (2.63) suggests the existence of an action
of PSL(2,Z) on D’ cohX, which sends an object X of slope ¢ € P(Q) into an object of
slope ¢ = v-q € P1(Q) for v € PSL(2,7Z). Since the slope is essentially the ratio of the
Yang-Mills electric and magnetic charges, such a natural PSL(2,7Z) action will have the
physical interpretation of the electro-magnetic S-duality.

In order to implement this idea, we first need to normalize correctly the Yang-Mills
charges so that they are integral, while the degree is quantized in units of 1/p. So, for all
object X of the derived category, we set

pdeg X
YM(X) = (rankX> €72, (2.64)

and call the integral 2-vector YM (X)) the Yang-Mills charges of X. Then we have to
construct auto-equivalences of the derived category D’ coh X, which induce on the Yang-
Mills charges YM (-) an action of SL(2,Z). To be concrete, consider the two matrices

11 10
() () oo

T and L generate SL(2,Z). Indeed, the braid group on three strands, Bs, is generated by
two elements T, L subject to the single relation

TLT = LTL, (2.66)

while we have
1 — Z(Bs) — B3 — PSL(2,Z) — 1, (2.67)
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where the center of the braid group, Z(Bs), is the infinite cyclic group generated by (LT)3.
The two 2 x 2 matrices in eq. (2.65) satisfy the braid relation (2.66) as well as (LT)? = —1,
and hence generate the full SL(2, Z).

To prove that the electro-magnetic duality group SL(2,Z) is part of Aut(D® cohX,) we
need to construct two functors 7" and L, which are auto-equivalences of the triangulated
category D coh X, and have the property that

YM(T(X))=TYM(X), YM(L(X))=LYM(X), (2.68)

so that the subgroup of Aut(DP coh X,) generated by the two functors 7', L will induce an
SL(2,Z) action on the Yang-Mills charges YM (). Such auto-equivalences T', L do exist:
they are called telescopic functors [15, 16, 33].

T is simply the functor which shifts the L(p) degree of the sheaf by 3 [14, 16, 33]

X s X(&3) = T(X), (2.69)

where we ordered the weights so that ps = p is the largest one. One can see the map
X +—— T(X) as the completion of a canonical map to a triangle of D® coh X, [15, 16, 33]

p—1
P Hom® (77850, X) @ /839 ——+ X — T(X), (2.70)
=0

so that 7" induces the following action on the Grothendieck group I' [33]

|
—

[T(X)] = [X] = > (S35, X)E [S3,4]- (2.71)

<.
I
o

Explicitly, the action on the generating set O, S; ; is given by
T(0) =0(73), T(Ss;) =Ssj+1, T(Siy) =S fori#3. (2.72)
Thus T preserves the rank, while increases the degree by 1/p times the rank; therefore
YM(T(X))=TYM(X), (2.73)

as required. The definition of the second functor L is similar; one introduces the triangle

p—1
@ Hom* (-0, X) @ 170 =25 X — L(X), (2.74)
j=0

and proves that X —— L(X) is an auto-equivalence of the derived category, see [15, 16].
The action of L on the Grothendieck group is then

|
—

LX) =[X]- ) (O, X)g [77O]. (2.75)

.
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This formula shows that deg L(X) = deg X while
p—1
rank L(X) = rank X — Z<TjO,X>E = rank X — pdeg X, (2.76)
j=0
where we used the Riemann-Roch theorem (2.41). Thus we get the desired property
YM(L(X)) =LYM(X). (2.77)

The explicit action on the generating set O, S; ; (7 =0,1,...,p; — 1) is

LO) =170 = O(-d), (2.78)
p/pi

L(Si) = ker| D (’)((kpi 1 j)o?’) e s, (2.79)
k=1

which, in the particular case p; = p, reduces to
L(Sij) =0(—=@+ (p—1—j)@)[1]. (2.80)

The B3 braid group relation. It is easy to see that [15, 16]

LTL =TLT. (2.81)

As an illustration (and to establish a few useful equalities), we check that the two sides of
the equality act in the same way on the structure sheaf O and on the simple sheaves Sz ;
(assuming ps = p). By PROPOSITION 5.3.4 of [16] this suffices to conclude that the two
automorphisms of D? coh X are at least isomorphic. Since 7 commutes with T, L,

LTL(O) = LT(t7'0) = 7' L(O(#3)), (2.82)
while the triangle
L(S3,0)[-1] = L(O) — L(O(#3)) (2.83)
gives
L(O(fg)) = 83’0 — LTL(O) = 5371. (2.84)
On the other hand,
By (2.80) we have
TLT(S3;) = U+tDO[1]. (2.86)

Eq. (2.80) gives the triangle
Tj+1L(83,j)[—1] -0 = 83717_1

o | (2.87)
= 7L(S30)[1] = 772 LTL(Ss5)[~1] = S3p-1-
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Since 7L(S3,0)[—1]

O(—73) (cf. (2.80)), the above triangle yields
LTL(Ss;) = U0 (2.88)

in agreement with eqs. (2.81), (2.86).
Eq. (2.81) says that the two functors L, T generate a subgroup of Aut(D? coh X) which
is isomorphic to the braid group Bs. Note that the functor TLT acts on YM(X) by the

matrix S
01
S:=TLT = ( ) . (2.89)
—-10

Arguing as in ref. [3] one concludes that the functor LT has the physical effect of inter-
changing weak and strong Yang-Mills coupling gym +— 1/gym-

The center Z(B3) of the braid group. In view of eq. (2.67), we have PSL(2,Z) =
B3/Z(B3). The center Z(B3) of Bs is the infinite cyclic group generated by (T'L)? which
acts on the Yang-Mills charges as the non-trivial element of the center of SL(2,7)

(TL)?: YM(X) — —YM(X). (2.90)
Using eqgs. (2.85), (2.86), we get

(TL)*(O) =TLT - LTL(O) = TLT(S3,1) = 7 20[1], (2.91)
(TL)*(S3,) = TLT - LTL(S3;) = 7~ UTATLT(O)[1] = 77 U+2834[1] = 773834[1]. (2.92)

So (again by PROPOSITION 5.3.4 of [16]) we have the isomorphism of triangle functors
(TL)? ~173%, (2.93)

where 3 stands for the shift functor, ¥(X) = X[1]. Hence (TL)? induces an automorphism
(T'L)? of the Grothendieck lattice I' of order 2,2,4,2 for p = 2,3, 4,6, respectively.

Consider the automorphism 73(TL)3%71: (i) it fixes the structure sheaf and the sim-
ples Sz, (ii) it preserves the slope p(X) = deg(X)/rank(X), and (i) its action on T’
has order dividing 2, 2,4, 2, respectively. The group of slope preserving automorphisms
of DY coh X which fix O is precisely Aut(X) i.e. (essentially) the permutations of equal
weight special points in P'. Thus 73(TL)?Y~! is a permutation of the special points
which respects their weights and leaves the third one fixed (by convention ps = p). Hence
(TL)3% "1 =1 for p = 4,6. For p =2, 73(TL)3X~! is either the identity or an order 2
permutation of three objects (x1, z2,x4) which treats the three objects on the same footing;
hence 73(TL)3% 7! = 1. For p=3

(TL3s~ = (TL)3s !, (2.94)

is either the identity or the permutation w1 of the first two special points. From their
explicit action on the Grothendieck group, see section A.1, we conclude for the second
possibility. Hence

-3y 3
(T =T P (2.95)
Ti2X p =3,
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where 719 is the automorphism which interchanges the first two special points i.e., in terms
of the canonical generating set (2.42), O(¢Z}) <> O(¢Z2) for £ =1, 2.

We note that (T'L)? acts as —1 on the Yang-Mills charges and as +1 on the flavor
charges.

2.4 The groups Aut(D’cohX) and S = AutC(X)

The subgroup Bs generated by L, T is not the full automorphism group Aut(D’coh X).
We have a surjection of the automorphism group on Bs whose kernel is the group of the
automorphisms of the Abelian category coh X which fix degree and rank. This is the group
Pic(X)? x Aut(X), where Pic(X)? is the group of degree zero line bundles and Aut(X) is
the group of geometric automorphisms of X, essentially'® the group of permutations of the
special points having the same weight p;. Thus, for a weighted projective line X having
zero Euler characteristic, x(X) = 0, we have [15, 16]

1 — Pic(X)? x Aut(X) — Aut(D’cohX) — Bz — 1. (2.96)
In particular, the derived auto-equivalence

O(-20)®— p#3

ic(X)° x Au ‘
T20@)®— p=3 € Pic(X)” x Aut(X), (2.97)

(TLP ()" = {

belongs to the kernel of Aut(D’coh X) — Bs.
The cluster category of the weighted projective line X is defined to be the orbit category
of D? coh X with respect to the cyclic subgroup generated by 7713

C(X) =D’cohX/(r7'%). (2.98)

Then comparing egs. (2.96), (2.67), and (2.97) we get:

Let X be a weighted projective line with x(X) = 0 and C(X) = Db(cohXy)/(r71%) its
cluster category. Then (cf. Proposition 7.4 of [17])

1 — Pic(X)? x Aut(X) — Aut(C(X)) — PSL(2,Z) — 1. (2.99)
We call the group Aut C(X) the full S-duality group written S
S = (Pic(X)" x Aut(X)) x PSL(2,Z). (2.100)

S is the S-duality group of the four SCFT Dil’l), Eél’l), Eél’l) and Eél’l). Its quotient
group acting effectively on the Yang-Mills charges (modulo the Weyl action of the gauge
group) is PSL(2,7Z). The physical interpretation of the kernel subgroup

W = Pic(X)? x Aut(X) (2.101)

will be discussed in section 3.

8For D" the situation is slightly subtler [15, 16]. We shall ignore this aspect.
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2.5 Some useful formulae

Note that both our generating functors L, T' € Aut(DP coh X) are of the form X +— Ly (X)
where, for a fixed object Y, the functor Ly is defined by the triangle

p—1
P Hom* (Y, X) @ ¥y 5 X — £y(X). (2.102)
k=0
Indeed one has
L="Lp, T= ‘653,0' (2.103)

A basic theorem (see THEOREM 5.1.3 of [16]) states that, for a weighted projective line
with x(X) = 0, a functor X — Ly (X) is an auto-equivalence of the derived category iff
(i) p is length of the T-orbit of the object Y, and (i) the object Y is quasi-simple. These
two conditions imply, in particular,'®

(7Y, 78Y) p = dim Hom(r7Y, 7°Y) — dim Hom(r"Y, 791y) = 6%) — 6®)_  (2.104)
from which we get
15 .
’ exp[2mi(j — k)s/p| (77Y, Y)p=1- exp[ — 2mis/p). (2.105)
j,k=0

We shall see in section 4.2 that this last equation guarantees that the induced action in
the Grothendieck group

p—1
[X] — [Ly, X) = [X] = ) _([7*Y],[X]), [7"Y], (2.106)
p=0
is an isometry of the Euler form i.e.
(LyX,LyZ), =(X,Z),, (2.107)

which is (obviously) a necessary condition in order Ly to be an auto-equivalence.

3 Warm-up: SU(2) SQCD with Ny = 4 again

As a warm-up, we consider again N' = 2 SQCD with Ggauge = SU(2) and four flavors of
quarks (the Dil’l) model). The eight quark states with electric charge +1 transform in
the vector representation of SO(8). Seen as coherent sheaves on the weighted projective
line Xy of weights (2,2,2,2) these quark states correspond to the eight exceptional simple
sheaves

Sij i1=1,2,3,4, j=0,1. (3.1)
In the Xy case 72 = Id, so ®* = 1. The Yang-Mills charges correspond to the (41)-
eigenvectors of ® and the flavor charges to the (—1)-eigenvectors.

To make everything very transparent, in the next subsection we illustrate how flavor
Spin(8) triality arise in concrete terms i.e. writing down explicit expressions in the basis
of I'matter Which is standard in physics. Then in section 3.2 we present a more elegant
abstract viewpoint. The reader may prefer to skip section 3.1.

9Here 6;%2 is the mod p Kronecker delta, i.e. 6§fj) = 11if j = k mod p and zero otherwise.
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3.1 Flavor charges and flavor weigths

The four linear independent flavor charges are

oy = [O(%3)] — [O(Z4)] = [S3,0] — [Sa,0] (3:2)
az = [0(72)] — [O(@3)] = [S2,0] — [S3,0] (3.3)
az = [0] +[0(6)] — [O(z1)] — [O(Z2)] = [S11] — [S2,0] (3.4)
ag = [0(71)] — [O(@2)] = [S1,0] — [S2,0] (3.5)

i.e. the Grothendieck classes which have zero rank and zero degree. Note that in the
Grothendieck group we have the relation [S; 0] — [Si+1,0] = [Sit1,1] — [Si1] for all i. The
Euler pairing restricted to the sublattice gayor C ' generated by the charges {a,}2_; is

aq

(g, ) B = o Eq, = the Cartan matrix of the Dy graph (3.6)

a3 (€5) o7}

Ifavor is thus identified with the root lattice of Spin(8). An object X of D’ coh Xy then
carries a weight (w1 (X), w2(X), ws(X),ws(X)) of the flavor Spin(8). Explicitly,

we(X) = (a, [X]) p = ([X], 0a) - (3.7)

(Note that the Euler form is symmetric if one of its arguments is a flavor charge).

Using (3.7) we easily compute the flavor weights of (i) the exceptional simples (3.1),
(ii) the degree zero line bundles (which correspond to monopoles with magnetic charge
+1 and zero electric charge), and (iii) the degree 1 line bundles (dyons with unit electric
and magnetic charges), see table 2. We see that the quarks have the weights of the vector
representation v of Spin(8), the monopoles of the spinorial representation s, and the dyons
of the spinorial representation ¢. Of course, this is the physically correct result [6].

PSL(2,Z) and triality. Let us check how the two derived auto-equivalences 7' and L
of section 2.3 act on the Yang-Mills and flavor charges. T acts on the generating set O,

Sij as?0
T(0) = O(#1),
T(S1,0) = S1,1, T(S1,1) = S10, (3-8)
T(S:;) = S, i=2.34 j=01

which is consistent with the expected action on the Yang-Mills charges?!

2degT(X)) [(11) [2degX (3.9)
rank7(X) ] \01) \rankX )’ '
*0Tn this subsection we change our conventions from T: X — X (#3) to T: X — X(&1) to facilitate

comparison with standard conventions in SO(8) representation theory.
2INote that the factor 2 in the upper entry of the Yang-Mills charge vector for Ny = 4 as compared to

N = 2" precisely corresponds to the discussion in section 16 of [6]. In the general case 2 gets replaced by p.
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’ sheaf ‘ (w1, wa, w3, wy) H sheaf ‘ (w1, wa, w3, wy) ‘
S1,0 (0,0,—1,1) Si1 (0,0,1,-1)
52,0 (0,1,—1,—1) 52,1 (0,—1,1,1)
S3.0 (1,-1,0,0) S3.1 (—1,1,0,0)
S10 (—=1,0,0,0) Su (1,0,0,0)

Spin(8) weights of exceptional simple sheaves

’ sheaf ‘ (w1, wa, w3, wy) H sheaf ‘ (w1, wa, w3, wy) ‘
@) (0, 0,1,0) O(—w) (0,0,—1,0)
O(%1 + T2 — ©) (0,1,-1,0) O(Z3 + @4 — ©) (0,—-1,1,0)
O(%1 + 73 — ©) (1,-1, 0 1) O(Z2+ T4 — ©) (=1,1,0,-1)
O(Z + @4 — ©) (-=1,0,0,1) O(Z2 + 73 — ©) (1,0,0,-1)
)

Spin(8) weights of degree zero line bundles

‘ sheaf ‘ (w1, we, w3, wy) H sheaf ‘ (w1, we, w3, wy) ‘
O(Zy) (0,0,0,1) 7O(%1) (0,0,0,—1)
O(;) | (0,1,0,-1) | 7O(F) | (0,-1,0,1)
O(7s) (1,— 1,1,0) 7O(%3) | (-1,1,-1,0)
O(Z4) (—1,0,1,0) TO(Zy) (1,0,—1,0)

Spin(8) weights of degree 1 line bundles

Table 2. Spin(8) weight of coherent sheaves on Xs.

while the induced transformation on the Grothendieck group T': I' — I" acts on the flavor
charges a, as (cf. egs. (3.2)-(3.5))

T(()q) = 1, T(Oég) = (9, T(O(3) = Oy, T(Oé4) = 3, (3.10)

in other words by the automorphism ag <— a4 of the Dynkin graph (3.6). This is precisely
the non-trivial element of the Spin(8) triality group &3 which maps the weights of v into
themselves, consistently with the fact that the T-duality makes sense at weak coupling
where the quark fields keep their identity.

The functor L acts as

(3.11)

Thus
2deg L(X)\ [ 1 0) [2degX
(rankL(X)) - (-1 1) (rankX> ’ (312)
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and (cf. eq. (2.75))
L[S;;] = (-1)7'O(z;)] modradg,  j=0,1, (3.13)

so that the Spin(8) weights of the eight objects L(S;;) are equal to those of the eight
sheaves {O(&;), 7O(Z;)}}_, which are the weights of the spinorial representation c. Thus
L maps the Spin(8) vector representation v into the spinorial representation e¢. However,
the action of L on the weights is not simply the automorphism «a; +— a4 of the Dynkin
graph (3.6) but rather the composition of this graph automorphism with a Spin(8) Weyl
transformation. In order to see this, we need to look at the full automorphism group
Aut(D? coh Xy).

From eq. (2.96) we know that, besides the braid group generated by by T, L we have
the automorphism group Pic(X2)? x Aut(Xz). Now

Pic(X2)? = (Z/2Z2)" /(Z/2Z) ding (3.14)

while, neglecting the subtlety already mentioned,?? we may effectively take Aut(Xp) ~ Gy,
the permutation of the four special points in P'. Then

Pic(X2)? & Aut(Xs) ~ (Z/22)* /(Z,/2Z)ging % G4 ~ Weyl(Spin(8)). (3.15)

Let IT be the autoequivalence of the derived category associated with the permutation
7 = (14)(23) of the four special points in P'. We define a new auto-equivalence of D? coh X,

L =TIL. (3.16)

L has the same action on the Yang-Mills charges as L. It follows from eq. (3.13) that the
Spin(8) weights of L(S;1) are equal to those of O(%,(;)); comparing with table 2 we see
that the effect of L on the flavor weights is simply

(w1 (LX), wa(L(X)), ws(L(X)), wa(L(X))) = (wa(X), wa(X), ws(X),wi (X)), (3.17)
i.e. L induces the graph automorphism «a; <> a4 which interchanges the Spin(8) spinorial
representations v <+ ¢. However, L is less convenient than L since LT L # TLT.

3.2 Relation with the Fj root system

Let us look to the action of B3 on the flavor charges from a more conceptual standpoint.
We start from the formulae proven in section 2.5 which we specialize to Ny = 4 SQCD.
In this case both O and 83 have 7-period p = 2. For p = 2 the action of Ly on the
Grothendieck group, eq. (2.106), reduces to

£y[X] = [X] ~ (Y], (XD V] - (Y], (XD (Y] = (3.18)
iy /1] o/ ¥]= Y] o
- - (L ) @1+ - (F55 ) @1-1v)

22The points is as follows: a permutation of the four special points does not give back the same X, but

rather a new one with a different cross-ratio of the four special points. Since this cross-ratio does not enter
anywhere in the BPS sector, as far as we are interested to BPS physics, we may identify all X5 and consider
G4 to be a symmetry of the physics. For a generic configuration of the four points the actual Aut(Xz) is the
Klein group. Hence the operation II defined in the text is an actual automorphism of the derived category.
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with Y = O, S35 (S1,0) respectively. Since [7Y] = ® - [Y], the charges [Y] £ [rY] are £1
eigenvectors of ® i.e. they are a Yang Mills and a matter charge, respectively. Hence, the
induced action on the matter lattice is I'yatter = I'/rad ¢ is simply

LX) = [X] - (V] - [V} (X)) (V] - 7)) (319)
sym
where (-, -)sym is the inner product on I'master =~ I'p, given by the Cartan matrix. The
action of an automorphism is an isometry of the positive definite symmetric pairing; this
requires
Y] = Y| = (Y] - 7Y, [Y] - [rY]), =4 (3.20)

which is automatic in view of eq. (2.105). From egs. (2.96), (3.15) we conclude that

Aut(Db coh Xs) acts®® on the flavor root lattice U'so(8) as the group of reflections gener-
ated by its elements of square-length 2 and 4. This group is isomorphic to Weyl(Fy) [35].
One has

1 — Weyl(SO(8)) — Weyl(Fy) — &3 — 1. (3.21)

The triality group is simply Weyl(Fy)/Weyl(SO(8)).

3.3 The cluster category

Around eq. (2.1) we claimed that the triangulated category which describes the physics of
the BPS sector is not D’ coh X itself but rather an orbit category of the form D coh X/
where € is a certain subgroup of Aut(D’cohX). The subgroup % is determined by non-
perturbative physical considerations, in particular by the study of the quantum monodromy
M(q) and its fractional powers [21, 24]. In the case of a Lagrangian field theory, however,
the group % should also have an elementary interpretation in terms of conventional weak-
coupling physics. Then we use Ny =4 SU(2) SQCD as a convenient example to shed light
on the physical meaning of the cluster category.

We claim that passing from D? coh X3 to C(Xz) in this example corresponds to imple-
menting the Gauss’ law on the physical states. Indeed, the center Z(Bs) of the braid group
B3 is the infinite cyclic group generated by (T'L)? = (LT)3. For p = 2 one has the equality

(TL? =732 =771% (3.22)

and hence (T'L)? acts on the Yang-Mills charges YM (X) as multiplication by —1, while
fixing all flavor charges. Thus (T'L)? acts on I" as the Weyl group of the gauge group SU(2),
which is a gauge transformation belonging to the connected component of the identity
which leaves invariant all physical states satisfying the Gauss’ law. Hence (TL)? = 7713
should act trivially on the physical states, i.e. two objects in the same 7~ !Y-orbit should
be considered the same ‘physical’ object. Then the natural triangulated category which is
associated to the physical BPS states is

C(X2) = D’(coh Xy) /(771%), (3.23)

ZNeglecting the subtlety in footnote 22.
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which is precisely the definition of the cluster category for the coherent sheaves on the
weighted projective line of type (2,2,2,2) (equivalently of the canonical algebra of the
same type) [17, 36].

It is convenient to see the orbit category Co = D?(cohX3)/(771%) as a (triangulated)
category with the same objects as the triangulated category D’(cohXs) and morphism
spaces

Home,(X,Y) = P Homps(conx,) (X, gY), (3.24)

ge(r—1%)

see appendix B for further details. Then the isoclasses of Co objects are the orbits of
isoclasses of objects of the derived category, and the physical BPS states — satisfying
Gauss’ law — are in one-to-one correspondence with the isoclasses of stable Ca objects.
The physical meaning of equation (3.24) is that defining the “physical” morphism space to
be the direct sum of morphisms in the original category from X to gY for all g, makes the
morphism to account correctly for all the possible “relative gauge orientations” of the two
objects when they form a BPS bound state.

4 S-duality for the E("Y models

4.1 Generalities

We have seen in section 2.1 that the matter charges of the five gq(«l’l) models (g =

A1, Dy, Eg, Bz, Ex) take values in the weight lattice 'y’ of g. By this we mean that they are
valued on a lattice endowed with the Cartan (integral) symmetric form (-, )sym which is
preserved by all symmetries and dualities of the quantum field theory. On the root lattice
I'y there is, in addition, an integral skew-symmetric form (-, -)pirac Which is also preserved
by all dualities. Indeed, the reduced Coxeter element @ centralizes the action of all duali-
ties on I'y, cf. eq. (2.25). However there are two major differences between the Lagrangian

models Agl’l), Dfll’l) and the non-Lagrangian ones Eél’l), Eél’l), Eél’l):
A) In the Lagrangian case the skew-symmetric form (-, -)pirac is identically zero on T'y,
i.e. the matter charges are pure flavor (= the matter system are free hypermultiplets);

B) in the Lagrangian case the Lie group exp(g) is a symmetry of the theory. This is not
true in the non-Lagrangian case.

Indeed, in section 3 we saw that, in the two Lagrangian models, the class of coherent
sheaves X with a fixed Yang-Mills charge YM (X) = (pdeg X, rank X)! have the correct g
weights to form a complete representation of g. This is certainly not true for p = 3,4, 6.
For instance, the number of zero-degree line bundles is equal to the order of the restricted
Picard groups

Pic(X3)? = Z/3Z x Z/3Z, Pic(X4)? = Z/27Z x ZJAZ, Pic(Xe)? = Z/27 x Z./3Z, (4.1)

and no non-trivial representation of Fg, F7 and Eg have dimension 9, 8, and 6. Alterna-
tively we may note that Weyl(F,) is not a triangle auto-equivalence for Eq(nl’l) models. The
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subgroups of Aut(C(X,)) which fix the rank and the degree are listed in the second column
of the following table:
p=3((Z/3Z x Z/3Z) x &3|SU(3)
p=4((Z)2Z x 7/AZ) x S2|Sp(2) (4.2)
p==6| Z/2Z x Z/3Z Sp(1)
They certainly do not contain the Weyl group of any Lie group but those listed in the third
column and their subgroups. The lattice of flavor charges

Fﬁ:{xGF’@-x:ffv}, (4.3)
has rank 0, 3,2 for p = 3,4,6. For p = 4 I'g is generated by the three classes

a1 = [Sa0] + [S2,2] — [S1.1],

) )

az = [S30] + [S3.2] — [S1,0]s (4.4)

)

asz = [S1,0] — [S2,0] — [S2,2]

The symmetric form on I'g
3 —-1-1
(ag,ap)p=1-1 3 —1 (4.5)
-1 -1 3

is not related in any obvious way to a Cartan matrix, which is consistent with the fact
that (contrary to the p = 2 case studied in section 3) physically we do not expect any non-
Abelian enhancement of the flavor symmetry for the p = 4 model. Aut(Xy) just permutes
the two identical matter AD subsystems of type Dy, and acts on the flavor charges as

a1 < a1 + o + Qg, a9 < —Q3. (4.6)
The two generators of Pic(X4)? act as®*

O(_’Q — fg): (011, a9, 013) g (Otg, -] — (xg — a3, 011) (47)

O(&; — i’bg): (a1, a9, a3) = (s, a1 + ag + ag, ai).
For p = 6 the generators of I'g are
a1 = [S11] = [S30] = [S32] = [S34], a2 = —[S10] + [Ss,0] + [S3,2] + [S3.4] (4.9)
with

(g, ) = (42 _42> =2Ca,. (4.10)

Tensoring with O(#; —3Z3) changes the sign of both flavor charges, while the flavor charges
are inert under O(¥y — 273).

24 A perhaps more transparent description of the action of the Picard group on the flavor charges is the
following: O(Z#2 —¥3) inverst the signs of the flavor charges of the two D4 matter systems, while O(#1 —2%2)
invert the sign of the flavor charge of the D2 hypermultiplet.

— 26 —



4.2 Emergence of Shephard-Todd complex reflection groups

From section 2.5 we know that the action of the two functors L and T on the Grothendieck
group I is given by

[LX] = [X] =) (®"-[0],[X]), - [O] (4.11)
k=0
[TX]=[X] =) (®"-([0@)] - [0((p — 1)), [X]), ®" - ([0(@)] — [O((p — 1)&5]) (4.12)
k=0
where we used
[S3.p—1] = [S()] — [O((p — 1)&3)]. (4.13)

Writing [X] = )", [X]a¢a, where {¢}n—; is the canonical basis of I" (cf. section 2.2)
and [X], € Z, we have?

p—1

[(Xp Loa = [LX]a = 605 [X]p — > (@) 10 (®%)1.E0[X]s (4.14)
k=0
p—1

[X]bTba = [TX]a - 5ab [X]b - <(<I)k)7‘a - ((I)k)r—la> <(<I)k)7‘c - (ék)r—lc>Ec [X]b

k=0

(4.15)

Since ® = —F(E') ™!, the matrices T and L are expressed in terms of the Euler matrix £

only; plugging in the explicit matrix E in eq. (2.48), we get integral n x n matrices T' and
L giving the concrete action of T'; L on the lattice I". See appendix A.

For p = 3,4,6, the matrices T and L give a (reducible) n = 8,9,10 dimensional
representation of B3 on the vector space V =I'® C. Indeed they satisfy the braid relation

TLT = LTL. (4.16)

T and L commute with ® and, for p = 3, also with the permutation 79 in eq. (2.95). We
decompose V' in eigenspaces of the semisimple linear map P®,

V=@V, ®| = 2SIy, (4.17)

From eqs. (4.14), (4.15) the restrictions of the braid generators T', L to each ®-eigenspace,

L, TV, —V, (4.18)

25The matrices T and L are defined to act on the left of the basis elements Ga i Loy ¢v, T op Pp, and
hence they act on the right of the coefficients [X],.
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are

1 p—1 p—1
_ - < e —2miks/p @k’l}) W E <Z e—27riés/p (I:.f) (419)
p
k=0 =0
1 p—1 p—1
_ - < e —2miks/p @k > ( e—27ri€s/p @é) (420)
p
k=0 =0
where ,0)!, w=(0,---,0,—1,1)". (4.21)

Egs. (4.19), (4.20) together with eq. (2.105) imply that the minimal equations satisfied by
the restricted generators T's, L are

(4.22)

(Ls —1)(Ly — e 2™5/P) = (T'y — 1)(Ts — e~ 2™3/P) =0 if dimV; > 1
L, — e 2mis/p = T, — ¢=2mis/p — () if dimV, = 1.

In particular, acting on Vj — which corresponds to the Yang-Mills charges YM(-) — T
and Lg are 2 x 2 irreducible unipotent matrices in agreement with egs. (2.68), (2.65). For
peven, T, 5 and L, 5 acting on V, 5 — i.e. on the flavor charges — are involutions, in fact
reflections on square-length 2p lattice vectors
1 2
yr—>y — ;(u,y)sym u, for some u e, ||ul|® = 2p, (4.23)

(1,1)

just as found in section 3.2 for the D, model.

The minimal polynomial for the n x n matrices T', L which give the action of the
telescopic functors T', L on the Grothendieck group I' is then

(T-1)(T" —1) = (L -1)(LP — 1) = 0. (4.24)

Indeed, more generally, the following identities are true for all analytic function f(z)

(1) = s@ ) (T-1) = (1) - s@ 1) (L-1) =0, (4.25)

eq. (4.24) being the special case f(z) = zP. In addition, the following identities hold (see
appendix A)
(T =1+RioM (L')’'=1+R®Q", (4.26)

where M, Q, R1, Ry are the magnetic/electric charge and radical vectors defined in
egs. (2.44), (2.45), (2.50) and (2.51).

B3 action on the matter charges. The braid group action on the matter vector space

Vmatter = @ Vs = Fmatter ®C (4‘27)
s#0

preserves the positive-definite Hermitian product induced by the Euler form as well as the
lattice I'natter € Vinatter- Hence the quotient of B3 which acts effectively on Vijatter is a
finite group Guatter- This group is generated by the restriction of the matrices T' and L
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to the (n — 2)-dimensional space Vipatter- By abuse of notation, we denote these ‘matter’
restrictions by the same symbols T, L. Then the finite group Guatter 1S generated by the
two elements T', L subjected at least to the obvious relations

LP=TP =1, TLT =LTL. (4.28)

Each eigenspace V; with s # 0 carries a unitary representation of Gatter (With respect to
the Hermitian product induced by the Euler form). From egs. (4.19), (4.20) we see that

The multiplicity of e~ 2™*/? as an eigenvalue of Ts and Lg in Vy is (4.20)
precisely one. Their other eigenvalues are all equal 1 (cf. eq. (4.22)). '

Given the underling real structure on the complex vector space Vipatter induced by the

lattice I'patter we know that the Gnatter-modules Vi and V,_g are conjugate
Vp_S:VS, p=3,4,6, s=1,2,...,p—1. (4.30)

The case V; is one-dimensional. If dim V; = 1 the action of both generators T'y, L
is just multiplication by e~27/? and the quotient group of Gmatter Which acts effectively
on Vj is the cyclic group

p
Z/mz. (4.31)

In this case the action of the generator of Z(B3) on Vj is

(TsLs)B _ o 12mis/p — 1 for p = 3,6 (4.32)
(—=1)* for p=4.
From section 2.3 we know that
—T e

rrp =" " (4.33)

—-® p=2,4,6.

Thus for p # 3 we have

(TL)?|,, = —e~omis/r, (4.34)

which is consistent with eq. (4.32) only for p = 6, s = 1,3,5 and p = 4, s = 2. In particular,

in all one-dimensional representations of Guatter: (TSLS)?’ =1 (4.35)
Vs of dimension larger than 1. If dimV; > 1, both T', L are complex reflections i.e.
unitary matrices with all but one eigenvalues equal 1 [9], cf. eq. (4.29). A group generated

by complex reflections is called a complex reflection group. We conclude that the quotient
group G of Gatter Which acts effectively on Vi is a finite complex reflection group.
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4.2.1 Finite complex reflection groups

Finite complex reflection groups have been classified by Shephard and Todd [9]: there
are three infinite families and 34 exceptional groups denoted Gy, --- ,G3s7. Real reflec-
tion groups (Coxeter groups) and rational reflection groups (Weyl groups) are encoded in
Dynkin graphs; complex reflection groups are also encoded in certain graphs of a more
general kind [10]. We look for Shephard-Todd groups generated by two elements T', L
satisfying relations which imply (4.28) with p = 3,4,6. A part for the Weyl group of SU(2)
(which corresponds to the already discussed Dil’l) model), there are two other candidates
in the classification list, namely the exceptional Shephard-Todd groups G4 and G&g, see the
following table:

G4 is a subgroup of U(2) which as an abstract group (i.e. forgetting its realization as
a complex reflection group) is

G4 ~ binary tetrahedral group T ~ SL(2,Z/3Z). (4.36)

Consider the standard Coxeter presentation of T (which is the subgroup of SU(2) corre-

sponding to the affine graph Eél) in the McKay correspondence)

T=(AB|A*=B’=(-AB)’ = -1) (4.37)

The identification
T = -8, L =AB, (4.38)

maps (4.37) into the standard presentation of G4. However its explicit realization as a
subgroup of SU(2) does not realize it as a complex reflection group. To get a complex
reflection group we must twist the standard quaternionic degree 2 Klein realization Q of T
by the character y of one of its two non-trivial one-dimensional representations (the two
choices producing equivalent results?®). Thus, G4 is the subgroup of U(2) generated by the
two matrices

T = —x(B) Bg, L = x(AB) AgBg (4.39)

1 €€’ 1 €3 €
T=—— L=— 4.40
\/§w<6 67> ’ \/§w<67 e5> (4.40)

where w, € are primitive roots of unity of order, respectively, 3 and 8. The irreducible

or, explicitly,

representations of G4 may be then read directly from the character table of the binary
tetrahedral group 7.

In the same fashion, Gy is a subgroup of U(2) which is a central extension by Z/27Z of
the binary octahedral group O, i.e. of the subgroup of SU(2) associated to the affine graph

EWY . Explicitly [9]
1 1 -1 e 0
T—__—_¢ L=¢ 4.41
\/§€<1 1)’ €<0€5) (441)

26The two choices are related by interchanging the defining representation and its conjugate R <> R.
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with € as before. Again we may obtain the irreducible representations of Gg by twisting
the character table of O. We claim that Gy is a central extension by Z(Gg) = Z/47Z of the
group PSL(2,Z/4Z)

1 — ZJA7 — G —— PSL(2,Z/4Z) — 1. (4.42)

To show our claim, the only thing we have to prove is that the quotient of Gg by its center
Z(Gsg) is the group PSL(2,7Z/47Z). Now

Gs/Z(Gs) ={T,L | TLT = LTL, (TL)? =T" = L* =1} = PSL(2,Z)/N(4), (4.43)

where N(n) (for n € N) stands for the normal closure?” of T" in PSL(2,Z) i.e. the inter-
section of all normal subgroups of PSL(2,7Z) containing T"™. Comparing presentations, for
all n € N, one has

PSL(2,Z)/N(n) = the (2,3,n) triangle group =

4.44
E<a,b,c|a2:bgzcnzabc:1>. (4.44)

Klein proved that N(n) = I'(n) for n <5 [8] s0%®

<T,L € PSL(2,Z) T”:L”:1> = PSL(2,Z)/N(n) =

dihedral DS n =2
tetrahedral Eél) n=3 (4.45)
octahedral Eél) n=4
icosahedral Eél) n =>5.

= PSL(2,Z/nZ) =

The affine diagrams g*) in the second column are the McKay graphs of the double cover of
the PSL(2,Z/nZ) group which is a finite subgroup of SU(2). It is amusing that the three
Lie algebras ES1 , E71) and Eél appear again in the game, now as quotients of the modular
group by principal congruence subgroups I'(n). As abstract groups, the dihedral group of
order 6 is isomorphic to &3, while the tetrahedral one is isomorphic to 24.

In view of eq. (4.43), the case n = 4 in (4.45) proves our claim (4.42).

4.2.2 The E"Y model

Let us look case by case. For p = 3 we have dimV; = dim Vs = 3. Comparing the
presentation of G4 in table 3 with eq. (4.28) we conclude that V7, V5 carry a representation
of Gy ~ SL(2,Z/3Z). We decompose Vs (s = 1,2) into irreducible representations of

27T is the 2 x 2 matrix defined in (2.65). In eq. (4.43) we use that L™* is conjugate to T in PSL(2,Z).

2The case n = 5 in eq. (4.45) is never used in our present analysis: we listed it merely to give the
complete statement of Klein’s fundamental result. The case n = 6 is radically different, since the triangle
group (2,3,6) yields a tessellation of the Euclidean plane, and hence is an infinite group, while all groups
of interest here must be finite by the argument around eq. (2.25). We have already pointed out that the
case of the Eél’m model, corresponding to p = 6, is slightly different from the other ones: using the Chinese
remainder theorem, PSL(2,Z/67Z) is written as the product of two triangle groups instead of a single triangle
group as for p = 2,3, 4, cf. eq. (1.6).
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name graph order defining relations center Z | order of Z

Gy

O—®
G 96 | L*=T*=1,TLT = LTL | (LT)* 4

24 | L*=T3=1,TLT = LTL | (LT)* 2

Table 3. Shephard-Todd groups G4 and Gg: graphs, orders, presentations and centers.

(4. First we rule out that Vs decomposes into the direct sum of three one-dimensional
representations since, in that case we would get (T'L)? = 1 (by eq. (4.35)), while we know
that (T'L)? is the non-trivial involution —my2; its action on Vy has eigenvalues (—1,—1,1).
We also rule out the irreducible three dimensional representation of G4 — which coincides
with the 3-dimensional irrepresentation of 7' — which, being real, cannot be a complex
reflection subgroup of U(3). We remain with the defining two-dimensional representation
R in eq. (4.40) and its conjugate R. For the defining representation R (with the standard
27ri/3)

choice w = ¢ we have

eigenvalues of T, L in R = (e~ 2™/3 1), (4.46)

and we conclude that
Vi=RD1, Vo=R®1, (4.47)

where 1 stands for the trivial representation. As a further check, note that in the repre-
sentation R, (TL)? = —1 so that the eigenvalues of (T'L)? acting on Vy are (-1, —1,+1)
as they should.

4.2.3 The Eél’l) model

By comparing presentations, we see that for p = 4 the space V5 (s = 1,2,3) carry a
representation of the Shephard-Todd group Gs. We have

dimV; = dim Vs =2, dimVs =3 (4.48)

and (T'L)? acts on V; as 7-3%, i.e. as multiplication by —e~37/2, From eq. (4.35) it follows
that Vp, V3 are irreducible representations of Gg of degree 2. There are four such repre-
sentations F, which are obtained by twisting the defining representation F' in eq. (4.41)
by one of the four one-dimensional characters y of Gg (with x* = 1). One has (choosing
€ = 671'2'/4)

eigenvalues of T', L in F\ = (x ™2 ) (4.49)

so the only realizations as complex reflection groups in C? are F' and its conjugate F. On
F the central element (T'L)? acts as —e™/2. Comparing with eq. (4.34) we see that, as
representations of Gg,

Vi =F, Vs =F. (4.50)

Next we consider the space V5 which is spanned over C by the three strict-sense flavor
charges of the QFT model. The eigenvalues of T, L in V5 are (+1,+1,—1) so Gatter acts
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on Vs as a real reflection group, i.e. a Coxeter group. The central element (T'L)? acts as
1. Since L? and T? act trivially, the group which acts effectively on V5 is

PSL(2,7)/N(2) = PSL(2,7)/T'(2) = PSL(2,7/2Z) ~ &s. (4.51)

We have two possibilities: either V5 is two copies of the trivial representation of the sym-
metric group &3 plus the sign one-dimensional representation o, or it is the trivial repre-
sentation plus the irreducible degree 2 representation of &3, W. To distinguish the two
possibilities, note that in the first case T'L acts as the identity, and then (in particular)

3
Vo=101Go = Z(—1)k{[TLT(T*’fO)] - [T(T*’“O)]} ~0. (4.52)
k=0

Using eq. (2.85), the above sum becomes

]

(_1)k{[83,k+1] — (O - kw)]} -

i

0
. - (4.53)

3
Z(_l)k{[&s,kﬂ] - 2[53,4] - Z [Si,g]} mod rad g
= 0

k=0 (=0 1=1

[aary

~

collecting the terms proportional to the classes localized, say, at the first special point,
[S1,¢] we see that the sum does not vanish mod rad q. We conclude that

Vo=Wal, (4.54)

that is: (in a suitable basis) the 3 flavor charges of the Eél’l) theory are permuted by the
action of the S-duality group which acts through its &3 = PSL(2,7Z/27) factor group, cf.
eq. (1.13). This fact was already noted in refs. [39, 40].

4.2.4 The Eél’l) model

For p = 6 we have
dimVi =dimV5 =1, dimV,=dimV3=dimV, = 2. (4.55)

The central element (T'L)? acts as multiplication by —e™* on V.
On the one-dimensional representations Vi, Vi, the generators L, T act as multiplica-

—7i/3 /3

tion by e and e™/° respectively. We denote these two characters by y and .

The two conjugate representation Vo and Vj are irreducible by criterion (4.35). Acting
on these representations we have

T2 =L3=1, TLT = LTL, (4.56)
and hence the group acting effectively on Vo, Vj is G4. Acting on V5

eigenvalues of T', L = (e~2™/3 1), (4.57)
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Comparing with eq. (4.46) we get
Vo = R, Vi=R. (4.58)

We remain with the flavor charge sublattice V3 of dimension 2. The group acting
effectively on this flavor lattice has a presentation

T? = L? =1, TLT = LTL, (4.59)

and hence it is identified with the Weyl group
Weyl(Ag) ~ PSL(2,Z/27Z) ~ 3. (4.60)
Again, we have two possibilities: either (i) V3 is the direct sum of the trivial and the sign
representations, V3 = 1@ o, or (i) V3 is the irreducible two-dimensional representation W
of &3. Again, the first possibility implies TL = 1. We repeat the diagnostics in eq. (4.52)
Vi=leo = Z { TLT(r*0)] - [T(T*’CO)]} ~0. (4.61)

Explicitly the sum has the form

WE

(*1)’“{[33,“1] — [O(&5 — k;w)]} -

k=0
5 k 2 k-1 (4‘62)
= Z { [S3k41] — 2[53 o — Z [Si,é]} mod rad g
=0 £=0 i=1 £=0
while the last sum does not vanish mod rad q. Again, we conclude that
Vs =W. (4.63)

This completes the proof of egs. (1.9)—(1.11).
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A Explicit matrices in the canonical basis and additional identities

In this appendix, we write the explicit matrices which give the action of T" and L on the
canonical basis i.e.

[TLa] = Tab P, [LLa] = Lap ¢, (A1)

where {L£,}!'_, are the line bundles in eq. (2.42) such that ¢, = [£,]. From section 4
we have

p—1 p—1
L=1-) E(®)Yveu®", T=1-> E'(®) weuw'd", (A.2)
k=0 k=0
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where E is the upper triangular matrix in eq. (2.48), ® = —E(E")~! and
v=(1,0,...,0), w=(0,...,0,—1,1)% (A.3)

For many purposes it is more natural to use the transpose matrices T and L' giving the
action on the coefficient vectors ([X],), where, for all X € D®cohX we set [X] = [X],dq-

The matrices T' and L have quite remarkable properties, some of which were already
discussed in section 4.

A.l Eél’l) model

With respect to the canonical basis (2.42), one has

0 0000100 -11 01010 -1
—11000100 -11 00000 O
-10100100 -100 0-10-1 2
-1 101 -1 1
T — 0010100 I_ 00 000 O (A1)
-10001100 -10-10 0 0-1 2
00000010 -10 00010 O
0 0000001 -10-10-10 0 2
—-10000101 -20-10-10-1 3
It is easy to check that
(T-1)(T°-1)=(L-1)(L’-1)=0, TLT =LTL, (A.5)
specT =specL = (1,1,...,1, e /3, 672“/3). (A.6)
Using the explicit matrices (A.4), we confirm that the central element is
(TL)? = —m, (A7)
proving the claim in eq. (2.95). Moreover
(T —1=R @ M' (A.8)

where M is the vector of magnetic charges of the ¢,’s, eq. (2.44), and Ry = E~'M is the
first generator of rad ¢, eq. (2.50), and . Likewise

(L')? -1=Ry® Q" (A.9)
where @ is the vector of electric charges of the ¢,’s, eq. (2.45), and Ry = E~'Q is the

second generator of rad g. Note the similarity of the last two equations with the equation
satisfied by the Coxeter element of an Euclidean algebra.
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A2 EMY model

For the E$1’1) model the matrices are

000001000
-110001000
-101001000
-100101000

T=|-100011000 L=

000000100

000000010

0 00000001
-100001001

It is easy to check that they satisfy the identities:

(T - 1)(T* 1) = (L - (L~ 1) =0,

specT =specL = (1,1,...,1,4,
(TL)? = -&~°
(TH* —1 =R, @ M,
A.3 Eél’l) model

For the Eél’l) model the matrices are

0000100000 -11 1 010 0 0 0 —1
-1100100000 -1-10 -100 -1 0 -1 3
-1010100000 -10 0 000 0 —-10 1
-1001100000 -1-1-1-10-10 —-1-1 4

p_| 0000010000 r_|-10o0010 0000
] 0000001000 |l -10 0 -100 0 0 0 1
0000000100 -1-10 -10-10 0 0 2
0000000010 -1-1-1-10-1-10 0 3
0000000001 -1-2-1-20-1-1-10 5
-1000100001 -2-2-1-20-1-1-1-16
which satisfy the identities:
(T —1)(T° 1) = (L—1)(L° - 1) =0,
specT =specL = (1,1,...,1, e™i/3 g2mif3 omi pAmi/3 65”/3)
(TL)? = —®73, TLT = LTL,

(TH® —1 =R, ® M,

B Cluster-tilting

110 010 0 -1
000 —-100 -1 2
-1 010 000 0 O
000 O0O0-10 1
-1-10-1 0 0-1-1 3
000 O01O0 0 O
-1 00-1000 0 1
-1-10-1-10-1 0 3
—-2-10-1-10-1-1 4
TLT = LTL,

(LY —1 =Ry Q.

(LY —1=Ry®Q".

(A.10)

(A.15)

In this appendix we give some more details on the relation between the present approach
to the BPS spectra of the four SCFT Dil’l), Eél’l), Egl’l), Eél’l) — which is based on the
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Abelian category coh X, — and the standard quiver approach [1, 26] which is based on the
module category of the Jacobian algebra CQ/(0W) of the quiver @) with superpotential W.
We write T for the direct sum of all sheaves of the canonical basis (2.42)

T=o@ c={0¢é @ 1<6<p -1} (B.1)
aeC
We already know that the canonical algebra A, having the same weight type (p1,--- ,ps)
as the line X,, is given by (here H, = coh X))

Ay = Endyy (T). (B.2)

However, A, does not coincide with the Jacobian algebra CQ/(0W) for any choice of
(Q,V) in its mutation class. What is true [3] is that there exists a @ in the class which
is the completion of the quiver Qcan of Ap: @ contains (s — 2) extra arrows going from
the sink of Qcan to its source and () is endowed with a superpotential linear in the new
arrows 1), so that the Jacobian relations OW/0n, give back the original relations of A,.

For instance, for E,(LI) we add just one new arrow 7 and the superpotential becomes

W = (X" + X5 + X5%). (B.3)

The modules of A, are then identified with the class of modules of the Jacobian algebra
with 7 = 0. One may wonder whether our treatment ‘forgets’ the modules with n # 0.
The answer is that these modules are already properly taken into account thanks to the
properties of the cluster-category C,.

The category C, has the same objects as Db H, and morphism spaces

Cp(X,Y) = @D Hompe 4, (X, (77'2)"Y). (B.4)
neL

and hence it is equivalent [17] to the category 7-lp having the same objects as H, and
Zo-graded morphism spaces

Homy (X,Y) = Homy, (X,Y) @ Exty, (X, 77'Y), (B.5)

with the appropriate composition law [17]. The tilting object T' € H,, in eq. (B.1) is also
a cluster-tilting object [37] for Cp, (for a review see [38]). With respect to H,, the category
H, has additional (odd) morphisms; for instance the new morphisms O(¢) — O are

Homy, (0(&), 0) = Ext}, (0(&), O(~@)) ~ D S¢.23. (B.6)

which precisely correspond to the new (s—2) arrows of the completed quiver ) with respect
to old Qcan. More generally, one shows [17, 37]

CQR/(OW) = Endcp(T)"p. (B.7)
Then we have a functor

Home, (T',-): C, — mod CQ/(OW), (B.8)
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which is full and dense; it gives an equivalence of categories
Cp/add 7T ~ mod CQ/(OW). (B.9)

In particular, the indecomposable objects of the category H, = coh X, are the indecompos-
able modules of the Jacobian algebra together with the n = r(g) + 2 line bundles O(d + &)
with @ € C (cf. eq. (B.1)).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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