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Abstract—The processes of heating a body in a high-enthalpy spatial flow with allowance for body rotation
around its longitudinal axis and ablation of the thermal protection material are studied by means of mathema-
tical simulation. The obtained solution of the problem in conjugate formulation allowed us to take into account
the effect of nonisothermic characteristics of the shell on the heat and mass transfer in the boundary layer.
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INTRODUCTION
Aircrafts moving at hypersonic speeds are exposed

to the strong thermal action of the atmosphere, which
can change their shape and influence their aerody-
namic characteristics. Unlike the processes that occur
upon axisymmetric heating [1, 2], when a body is
exposed to the air f low at an angle of attack, the diffe-
rence between the heat f luxes on the leeward and
windward sides can be significant, inducing a nonuni-
form heat distribution [3]. To mitigate this effect,
hypersonic aircrafts are imparted rotation around
their longitudinal axis [4, 5].

Gas f low is described by boundary-layer equations
with allowance for laminar and turbulent f lows. The
system of equations of conservation for a porous
medium describes the thermal state of the body. A
variety of destruction processes involving the conical
section of the body surface and filtration of a coolant
gas from pores of the spherical blunting are consi-
dered. The development of processes implies the need
to solve the problem of aerodynamics in conjugate for-
mulation [6], since it provides an opportunity to
improve considerably the accuracy of definition of
aerodynamic and thermal characteristics, as com-
pared with separate estimations of aerodynamics,
thermochemical destruction, and parameters of
motion of the body.

FORMULATION OF THE PROBLEM
Some estimations of relaxation times for gas and

condensed phases are presented in [7, 8]. The charac-
teristics of the conjugate heat and mass transfer are
obtained on the basis of these results via the solution of

the quasi-stationary equations of spatial boundary
layer at various f low regimes. The thermal state of the
spherical blunting is found by the solution of the non-
stationary equation of energy conservation for porous
spherical blunting and the quasi-stationary equation
for the rate of coolant gas filtering though the pores
within the single-temperature model.

Applying the model of chemically equilibrium air
and using the hypotheses of “passivity” and the Lewis
numbers being unity for all components, we can write
a system of equations for the spatial boundary layer in
natural coordinate system bound to the external sur-
face of the shell of the body exposed to the f low in the
following form [9, 10] (see Fig. 1):
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Fig. 1. Schematic image of a f low around the body:
(1) porous spherical blunting, (2) solid conic section of the
body.
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For the porous spherical shell ( ), assum-
ing the process of injected gas filtration along the nor-
mal to the surface in the considered coordinate system
bound to the body symmetry axis to be one-dimen-
sional, we obtain [2, 3, 7]:
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For the conical part of the body ( ), equa-
tions of energy and mass conservation in the moving
coordinates are written according to the mathematical
models given in [11–13]:
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Additionally, the following assumption is made:
the typical linear rotation rate of the body is much less
than the velocity of the incident f low

(13)

The initial conditions are

(14)

The boundary conditions in the gas phase are writ-
ten as follows: on the exterior boundary of the bound-
ary layer at 

(15)

where  are found by solving the system of
Euler equations [14]; on the surface of the body
exposed to the f low at 
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In the case of body rotation, , where ω is
the angular rate of rotation from expression (13). For
the case without rotation, 

On the external surface of the shell ( ),
conditions [6] take place at :
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On the internal surface of the hemisphere and co-
nical part, the following relations can be written [3, 12]:
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(20)

The ideal contact conditions are assumed on the
sphere–cone transition ring , and the adiabatic
condition is used at 

(21)

On the external and internal surfaces of the spheri-
cal blunting region, the condition of pressure balance
inside the pores and in the external environment is
applied

(22)

In the absence of the f low symmetry plane, the fol-
lowing periodicity conditions are valid:

(23)

The following kinetic development of nonequilib-
rium chemical reactions (  K) was consi-
dered on the boundary surface at  [6, 12]:
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The molar and mass rates of development of these
chemical reactions (24) are detailed in [15], and the
ablation rate can be expressed in the following form
[12, 15]
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In Eqs. (24) and (25), the order number of the com-
ponents corresponds to the following order of their enu-
meration: . Here, C desig-
nates solid-phase carbon of the thermal protection coat-
ing. In the boundary layer, there are four components:

, which participate in two equilibrium
chemical reactions: , . There are
four components at the condensed gas phase interface:

; they are generated in six heterogeneous
combustion and sublimation reactions from (24), where
two reactions of catalytic recombination of 
components are also considered.

Let us write balance relations for the component mass
concentrations  using Fick’s law of diffusion and the
similar law of thermal and mass transfer [7, 13]:

where  and  are heat transfer and mass transfer
factors, respectively. It is assumed that the products of
destruction poorly dilute the air mixture in the bound-
ary layer. This allows the use of the aforementioned
formulation for the equations for the boundary layer.

Hereinafter,  are the components of mean
mass rate vector in natural coordinate system ( );
Г is the alternation factor; H, m are total enthalpy and
molecular mass;  is the spherical blunting radius;

 are Lamé coefficients; h and 
are the enthalpy and the rate of coolant gas outflow
from the surface of spherical blunting;  is the
total mass ablation from the carbon surface of the body
conical part from the first equation of formula (12); ϕ
is the porosity of the spherical blunting;  is the shell
thickness; θ is the cone angle; β is the angle of attack;

 is the normal to the surface directed inside the shell;
ψ is the linear velocity of displacement of the surface
of destruction;  are the mass velocities of emer-
gence (disappearance) of the components [15] as a
result of heterogenic reactions (24);  is the inter-
face between the gas and condensed phases (the depth
of elimination);  is the mass concentration of the i-
th component; , i =1, …, 4 are the activation
energy and preexponent of the i-th heterogeneous
reaction of the shell of the conical part of the body; ,

 and  are the preexponent, activation energy and
heat effect of a pyrolytic reaction.
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Indices e, eo, and w correspond to the values at the
exterior boundary of the boundary layer, at the point
of deceleration at the exterior boundary, and on the
surface of the body exposed to the f low; subscripts 1
and 2 designate the frame and gas characteristics on
the sphere; g presents the gas phase on the conical part
of the surface; ∞ corresponds to the parameters of
incident gas f low at the infinity; T, 0 designate para-
meters of turbulent transport and initial conditions; L
corresponds to the internal shell of the spherical part
of the body;  marks the peripheral section of the
shell; superscripts 1 and 2 correspond to the parame-
ters of the coolant f low rate on the porous hemisphere
and surface chemical reactions on the conical part of
the body; the overbar relates to the dimensionless
parameters, z is associated with the time of termina-
tion of the heat impact; ef denotes the effective value,
st designates steel, tu marks tungsten, and с refers to
carbon-fiber reinforced plastic.

METHOD OF CALCULATION
AND INPUT DATA

The system of equations (1)–(4), (6)–(8), (10),
and (11) subject to initial and boundary conditions
(14)–(23) is solved numerically. The system of equa-
tions for a spatial boundary layer is solved in the
Dorodnitsyn variables with allowance for laminar,
transitional, and turbulent f lows. The two-layer of tur-
bulent boundary layer model is applied to describe the
turbulent f low [16, 17]. The considered three-layer
algebraic turbulence model allows for a laminar vis-
cous sublayer, a turbulent internal core described by
the Van-Driest-Cebeci formula [17], and an exterior
space where the Spalding formula [16] is used. The
transition point is chosen proceeding from the suppo-
sition that at the given pressure and enthalpy of drag
action the maximum heat f lux is located near the
sound line of the spherical blunting. The alternation
coefficient and the laminar–turbulent transition are
described by the Dhawan–Narasimha formula [18].
At numerical integration, Pr = 0.72, . The iter-
ation and interpolation method [19] is applied to the
boundary layer equations to obtain combined differ-
ence schemes aimed at merging of the sought charac-
teristics at the interface between the laminar sublayer
and the turbulent core and considering  behavior
across the boundary layer. Tests of this boundary layer
model by comparing with the experimental results of
[20, 21] show its good applicability.

The numerical solution of three-dimensional
equations (7) and (10) was performed by the decom-
position method [22]. An implicit, absolutely stable,
monotone difference scheme with the aggregate
approximation error О(τ +  + ), was used,
where , ,  were spatial steps along coordinates

, s, and η, respectively; τ was the time step. To esti-
mate the numerical error of the results in the porous

k

Pr 1T =
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2 2
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body, the sequence of grids condensed in space was
used:   =  m,  = 0.925 ×  (on the

sphere),  =  (on the cone),  = 0.087.
The following parameters were taken: ,

, , , i = 1–4. The tem-
perature of the frame was fixed along the body thick-
ness at various times. In all cases, the problem is solved
with a variable time step subject to the condition of
accuracy, which is set the same for all spatial steps.
The difference between the values of the relative tem-
perature error decreased and by time t =  was  =
11.2%,  = 6.3%, and  = 3.1%. The results pre-
sented below were obtained for spatial steps

, i = 1–4.
The results of theoretical [23] and generalized

experimental researches [24] were used to test the
interaction of high-enthalpy airf lows with graphite
surfaces.

The quasi-stationary continuity equation (6)
 = −  (minus is stipulated by the

normal coordinate  directed inward the body (see
Fig. 1) with the coolant flowing in the opposite direction)
together with the first expression (9), nonlinear Darcy’s
law (8) and boundary conditions (22) can be integrated to
find the gas flow rate and pressure in area 1 [3]:

(26)

where  = 

The pressure on the internal “cold” surface of
blunting  is given in the form of

(27)
where k is a certain constant. This ensures the neces-
sary f low rate of the coolant (in particular, the melting
point of the frame made of foamed metals was not
reached [13, 25]) within the section of thermal action
from t = 0 to t = .

Calculations of the chemically balanced airf low
around the spherically blunted cone with half the apex
angle θ = 10° at angle of attack β = 5° were carried out
in conditions [14], corresponding to parameters:  =
7000 m/s,  = 0.2 m,  = 0.02 m. Kinetic constants
(25) of heterogeneous reactions (24) are taken from
[7], and graphite enthalpy  is calculated by formula
given in [26]. The effective adiabat  in the first for-
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Fig. 2. Surface temperature distribution over the contour of
section η = 0–π for foamed steel–carbon-fiber reinforced
plastic composite material at times t: (1) 0, (2) 1, (3) 5, (4) .
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Fig. 3. Surface temperature distribution over the contour of
section at η = 0–π for permeable steel–graphite V-1 compos-
ite material. The denotations are the same as in Fig. 2.
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mula (5) is obtained according to [14]. Thermal and
physical data for carbon material of the conical shell
are presented in [12], data for foamed steel are given in
[27], and those for tungsten are in [28]. For graphite of
the conical part, eq. (10) is solved at  = 0, and G = 0.

The results given below are obtained at  = 2.47 ×
 J/kg,  = 0.34,  = 300 K, ,

М = 29 kg/kmol, σ = 5.67 ×  W/( ), ,

 =  N/ ,  = 1400 kg/ ,  = 1300 kg/ ,
 = 19300 kg/ ,  = 3.15 ×  ,  = 8.38 ×
 J/mol,  = 1.26 ×  J/kg,  = 40 s. The thermal

and physical characteristics of the porous blunting
correspond to foamed steel ,  = 2.92 + 4.5 ×

 W/(m K),  = (1252 + 0.544 ) ×  J/(K )

[27], A = 2.3 ×  L/ , B = 5.7 ×  L/m and per-
meable tungsten , A = 3.03 ×  L/ , B =
6.1 ×  L/m [29]. The thermal and physical charac-
teristics of the conical part of the body correspond to
carbon-fiber reinforced plastic [12] or solid graphite
V-1 [30].

RESULTS OF NUMERICAL SOLUTION 
AND THEIR ANALYSIS

In Figs. 2–4, the temperature of the body surface
along the contour is presented as a function of longitu-
dinal coordinate  in cross sections of azimuthal coor-
dinate η = 0 – π for composite materials: foamed
steel–carbon-fiber reinforced plastic (Fig. 2), perme-
able steel–graphite V-1 (Fig. 3), foamed tungsten–
graphite V-1 (Fig. 4).

Curves 1–4 in Figs. 2–4 refer to times t: 0 (1), 1 (2),
5 (3),  (4) (  = 40 s corresponds to the stationary
regime of the body heating). Solid curves in Figs. 2–4
are plotted for cases without rotation, and dashed
curves are for Ω = 0.00027 (ω = 8.827 rad/s). The
results in Figs. 5–9 are shown for .

The curves in Fig. 2 show the coolant gas f low rate
 from (26), curve 1 in Fig. 5 at H = 2.5 ×  m,

 = 18.93 ×  N/ ,  = 8005 K and k = 1.1 from
formula (27). Surface temperature curves (Fig. 3)
show  for number 2 in Fig. 5 obtained at H = 2.2 ×

 m,  = 30.44 ×  N/ ,  = 8205 K and k = 1.1.
Value of  for number 3 in Fig. 5 obtained at H =
1.8 ×  m,  = 57.35 ×  N/ ,  = 8535 К and
k = 20 refers to tungsten (Fig. 4).

In these cases, the distribution of the required pres-
sure  in the chamber for spherical bluntings made of
foamed metals can be selected such that the tempera-
ture of blunting over the entire section of heating
remains lower than the melting point until  = 40 s.
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As Figs. 2–4 show, at ω ≠ 0 (dashed curves), the
observed drop of the surface temperature on the wind-
ward side and its increase on the leeward side is caused
by a heat overflow induced by the body rotation. Note
that, when the data for tungsten from [28] is used,
much greater pressure drops between the chamber and
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Fig. 4. Surface temperature distribution over the contour
of section η = 0–π for foamed tungsten–graphite V-1. The
denotations are the same as in Fig. 2.
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Fig. 5. Distribution of the coolant gas mass f low rate over
the contour of the spherical blunting at t = : (1) foamed
steel–carbon-fiber reinforced plastic, (2) permeable
steel–graphite V-1, (3) foamed tungsten–graphite V-1.
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Fig. 6. Distribution of the surface temperature over the
body conic section (carbon-fiber reinforced plastic) along
the azimuthal coordinate in the section of longitudinal
coordinate  = 9.08, rotation rates: (1) 0°/s, (2) 25,
(3) 100, (4) 250, and (5) 500.
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Fig. 7. Distribution of the surface temperature over the
body conic section (graphite V-1) along the azimuthal
coordinate in section  = 9.08. The denotations are the
same as in Fig. 6.
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the spherical blunting contour are required to prevent
melting. For the steady-state temperature regime, the
effect of heat overflow is manifested both in the body
conical section bordering upon the spherical blunting
and in its spherical part. With increasing intensity of
injection into the region of spherical blunting (see
curve 3 in Fig. 5) the equilibrium temperature
decreases and initiates the regime of heat sink from the
body conical section to its spherical part if the used
materials possess high thermal conductivity (see
curves 4 in Fig. 4 for tungsten). Additionally, heat
absorption occurs when gas is filtered through the
pores of spherical blunting.

The temperatures of the interior wall of the spheri-
cal blunting, which is  = 300 K for permeable steel
and  = 341 K for foamed tungsten at  = 40 s, is of
practical interest. As for carbon-fiber reinforced plastic,
by , the temperature of the internal wall of the body
conical section made of it did not exceed  = 310 K.

In Figs. 6–7, the surface temperature distributions
along the azimuthal coordinate in the longitudinal coor-
dinate section  = 9.08 (conic part of the body) are pre-
sented at H = 2.2 ×  m,  = 30.44 ×  N/ ,

stT
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Fig. 8. Surface temperature of the body conic section as a
function of rotation rate in section  = 9.08.
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Fig. 9. Shift of maximum temperature of the surface rela-
tive to coordinate η = π as a function of rotation rate. The
dashed curve is carbon-fiber reinforced plastic, and the
solid curve is graphite V-1.
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= 8205 K, and k = 1.1, for the following materials:
foamed steel–carbon-fiber reinforced plastic (Fig. 6),
permeable steel–graphite V-1 (Fig. 7). Curves 1–5
show rotation rates of 0, 25, 100, 250 and 500°/s. It is
shown that the maximum temperature of the body
decreases and its minimum increases with the increase in
rotation rate; i.e., the temperature gradient declines. The
temperature peaks are shifted along the direction of
body rotation.

The rotation influence on the drop of the body sur-
face temperature at input data from Fig. 6 in the longitu-
dinal coordinate section  = 9.08 is shown in Fig. 8. The
data for graphite V-1 are mapped by solid curves, and
those for carbon-fiber reinforced plastic are shown by
dashed curves. Curves 1–1 ' show the maximum sur-
face temperature, and curves 2–2 ' correspond to the
minimum surface temperature. It is shown that, with
an increase in rotation rate, the temperature drop
decreases. The influence of the rotation rate variations
on the surface temperature drop is different for graph-
ite and carbon-fiber reinforced plastic: at the rate
increase from 0 to 25°/s (0.436 rad/s) the temperature
drop reduces from 947 to 379 K for graphite, and from
742 to 635 K for carbon-fiber reinforced plastic. The
latter effect is apparently related to the fact that ther-
mal conductivity of graphite which is much higher
than that of carbon-fiber reinforced plastic [12, 30].
With the increase in the rotation rate, its effect on the
body surface temperature decreases. At ω = 250°/s,
the temperature drop for graphite and carbon-fiber
reinforced plastic is 162 and 368 K, and at ω = 500°/s,
it is 113 and 229 K, respectively. This indicates that the
greatest effect is produced by rotation at low ω. At the
same time, thermal protection materials with low
thermal conductivity need higher rotation rates to
reach the temperature gradients typical for heat-con-
ducting materials.

In Fig. 9, the maximum surface temperature dis-
placement relative to the azimuthal coordinate η = π

0eT

s
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(winward side) is presented as a function of the rotary
speed. This displacement determined with the accu-
racy of a mesh point along the azimuthal coordinate η
reveals the asymmetry of the thermal field on the ther-
mal protection surface, which induces the asymmetry
of the f low around the body rotating relative to the
plane of the angle of attack. Consequently, the emerg-
ing negative roll moment decelerates the body rota-
tion, and the lateral force deflects the body from the
set trajectory. This should be taken into consideration
when a suitable rotation rate is chosen. It is shown that
at ω > 250°/s (4.36 rad/s) the displacement for car-
bon-fiber reinforced plastic (dotted curve) grows
faster than for graphite (solid curve).

CONCLUSIONS
The conjugate formulation of the problem allows

consideration of the influence of nonisothermic cha-
racteristics of the shell walls on the heat and mass
transfer in the boundary layer.

The influence of body rotation on heat overflow in
the thermal protection shell was evaluated. It was
shown that, by the selection of thermal protection
material and the rate of rotation around its longitudi-
nal axis, we can manage the modes of heat and mass
transfer in a body moving at a supersonic velocity.
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