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ABSTRACT: After the successful determination of the reactor neutrino mixing angle
f13 =2 0.16 # 0, a new feature suggested by the current neutrino oscillation data is a size-
able deviation of the atmospheric neutrino mixing angle 6,3 from 7 /4. Using the fact that
the neutrino mixing matrix U = Ul U,, where U, and U, result from the diagonalisation of
the charged lepton and neutrino mass matrices, and assuming that U, has a i) bimaximal
(BM), ii) tri-bimaximal (TBM) form, or else iii) corresponds to the conservation of the
lepton charge L' = L. — L, — L, (LC), we investigate quantitatively what are the mini-
mal forms of U, in terms of angles and phases it contains, that can provide the requisite
corrections to U, so that 63, 023 and the solar neutrino mixing angle 615 have values com-
patible with the current data. Two possible orderings of the 12 and the 23 rotations in Uk,
“standard” and “inverse”, are considered. The results we obtain depend strongly on the
type of ordering. In the case of “standard” ordering, in particular, the Dirac CP violation
phase 4, present in U, is predicted to have a value in a narrow interval around i) § & 7
in the BM (or LC) case, ii) § = 37/2 or 7/2 in the TBM case, the CP conserving values
0 = 0,7, 27 being excluded in the TBM case at more than 4c.
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1 Introduction

Understanding the origin of the patterns of neutrino masses and mixing, emerging from
the neutrino oscillation, 3H (-decay, etc. data is one of the most challenging problems in
neutrino physics. It is part of the more general fundamental problem in particle physics of
understanding the origins of flavour, i.e., of the patterns of the quark, charged lepton and
neutrino masses and of the quark and lepton mixing.

At present we have compelling evidence for the existence of mixing of three light
massive neutrinos v;, i = 1,2,3, in the weak charged lepton current (see, e.g., [1]). The
< 1leV,

~

masses m; of the three light neutrinos v; do not exceed approximately 1eV, m;
i.e., they are much smaller than the masses of the charged leptons and quarks. The three
light neutrino mixing we will concentrate on in the present article, is described (to a good
approximation) by the Pontecorvo, Maki, Nakagawa, Sakata (PMNS) 3 x 3 unitary mixing
matrix, Upyns. In the widely used standard parametrisation [1], Upmngs is expressed
in terms of the solar, atmospheric and reactor neutrino mixing angles 012, 623 and 6;3,

respectively, and one Dirac — §, and two Majorana [2] — a9; and ag;, CP violation
(CPV) phases:
Upmns = U = V (012, 023,613, 0) Qaz1, az1), (1.1)
where
1 0 0 C13 0 8136_ics c12 S12 0
V= 0 C23 S23 0 1 0 —S812 C12 0 y (1.2)
0 —S8923 €23 *Slgei(s 0 C13 0 01
Q = diag(1, elo21/2 ew‘?’l/g) , (1.3)



Parameter Best fit lo range 20 range 30 range
sin 013 0.155  0.147-0.163 0.139-0.170 0.130-0.177
sin? 015 0.307  0.291-0.325 0.275-0.342 0.259-0.359
sin?fo3 (NH) | 0.386  0.365-0.410 0.348-0.448 0.331-0.637
sin? 03 (TH) 0.392  0.370-0.431 0.353-0.484 & 0.543-0.641 0.335-0.663
5 (NH) 3.39 2.42-4.27 — —

d (IH) 3.42 2.61-4.62 — —

Table 1. Summary of the results of the global fit of the PMNS mixing angles taken from [13] and
used in our analysis. The results on the atmospheric neutrino angle f35 and on the Dirac CPV
phase § depend on the type of neutrino mass hierarchy. The values of sin? fo3 and ¢ obtained in
both the cases of normal hierarchy (NH) and inverted hierarchy (IH) are shown.

and we have used the standard notation ¢;; = cosb;;, s;; = sinf;; with 0 < 6;; < 7/2,
0 < 6 < 27 and, in the case of interest for our analysis, 0 < aj1 < 27, j = 2,3 (see,
however, [3]). If CP invariance holds, we have § = 0,7, and [4-6] ag;(31) = 0, .

The neutrino oscillation data, accumulated over many years, allowed to determine the
parameters which drive the solar and atmospheric neutrino oscillations, Am32;, 612 and
|Am3,| 22 |Am3,|, 623, with a high precision.®

Furthermore, there were spectacular developments in the last 1.5 years in what con-
cerns the angle 613 (see, e.g., [1]). They culminated in a high precision determination of

sin? 2013 in the Daya Bay experiment with reactor 7, [7, 8]:
sin2 2015 = 0.089 £ 0.010 £ 0.005 . (1.4)

Similarly the RENO, Double Chooz, and T2K experiments reported, respectively, 4.90,
2.90 and 3.20 evidences for a non-zero value of 613 [9-12], compatible with the Daya Bay
result. The high precision measurement on 613 described above and the fact that 63
turned out to have a relatively large value, have far reaching implications for the program
of research in neutrino physics (see, e.g., [1]). After the successful measurement of 63,
the determination of the absolute neutrino mass scale, of the type of the neutrino mass
spectrum, of the nature — Dirac or Majorana, of massive neutrinos, as well as getting
information about the status of CP violation in the lepton sector, are the most pressing
and challenging problems and the highest priority goals of the research in the field of
neutrino physics.

A global analysis of the latest neutrino oscillation data presented at the Neutrino
2012 International Conference, was performed in [13]. The results on sin? 619, sin fo3 and
sin? 13 obtained in [13], which play important role in our further discussion, are given in
table 1. An inspection of table 1 shows that, in addition to the nonzero value of 6;3, the
new feature which seems to be suggested by the current global neutrino oscillation data is

'The most recent data on the neutrino masses, mixing and neutrino oscillations were reviewed recently
in several presentations at Neutrino 2012, the XXV International Conference on Neutrino Physics and
Astrophysics (June 4-10, 2012, Kyoto, Japan), available at the web-site http://neu2012.kek.jp.


http://neu2012.kek.jp

a sizeable deviation of the angle 23 from the value /4. This trend is confirmed by the
results of the subsequent analysis of the global neutrino oscillation data performed in [14].

Although 63 # 0, 093 # 7/4 and 612 # 7/4, the deviations from these values are small,
in fact we have sinfj3 =2 0.16 < 1, m/4 — 623 = 0.11 and 7/4 — 012 = 0.20, where we have
used the relevant best fit values in table 1. The value of #13 and the magnitude of deviations
of 033 and 015 from 7 /4 suggest that the observed values of 613, 023 and 612 might originate
from certain “symmetry” values which undergo relatively small (perturbative) corrections
as a result of the corresponding symmetry breaking. This idea was and continues to be
widely explored in attempts to understand the pattern of mixing in the lepton sector (see,
e.g., [15-37]). Given the fact that the PMNS matrix is a product of two unitary matrices,

U=UlU,, (1.5)

where U, and U, result respectively from the diagonalisation of the charged lepton and
neutrino mass matrices, it is usually assumed that U, has a specific form dictated by a
symmetry which fixes the values of the three mixing angles in U, that would differ, in
general, by perturbative corrections from those measured in the PMNS matrix, while U,
(and symmetry breaking effects that we assume to be subleading) provide the requisite
corrections. A variety symmetry forms of U, have been explored in the literature on the
subject (see, e.g., [38]). In the present study we will consider three widely used forms.

i) Tribimaximal Mixing (TBM) [39-43]:

2 L

\/g \/g ; (1.6)

Ursm = | —

=

D=

ii) Bimaximal Mixing (BM) [44-48]:

1 1 9
B
Usm=| -3 3 5 | (1.7)
1 1 1
2 T2 3

iii) the form of U, resulting from the conservation of the lepton charge L' = L. — L, — L,
of the neutrino Majorana mass matrix [49] (LC):

1 1L
V22
C C
Ue=| % % s | (18)
Sh3  _ i3 c
Ve oo V2

where 55 = cos 0y and sh; = sin 055.

We will define the assumptions we make on U, and U, in full generality in section 2.
Those assumptions allow us to cover, in particular, the case of corrections from U, to the
three widely used forms of U, indicated above. We would like to notice here that if U, = 1,
1 being the unity 3 x 3 matrix, we have:



i) 613 = 0 in all three cases of interest of U,;

ii) 093 = m/4, if U, coincides with Uty or Upym, while 623 can have an arbitrary value
if U, is given by ULc;

iii) 610 = 7/4, for U, = Upn or Urc, while 615 = sin~!(1//3) if U, = Urpm.
Thus, the matrix U, has to generate corrections
i) leading to #1353 # 0 compatible with the observations in all three cases of U,, considered;
ii) leading to the observed deviation of 012 from 7 /4 in the cases of U, = Uy or Upc.

iii) leading to the sizeable deviation of 63 from 7/4 for U, = Urpm or Upw, if it is
confirmed by further data that sin? a3 = 0.40.

In the present article we investigate quantitatively what are the “minimal” forms of
the matrix U, in terms of the number of angles and phases it contains, that can provide
the requisite corrections to Urgm, Uy and U so that the angles in the resulting PMNS
matrix have values which are compatible with those derived from the current global neu-
trino oscillation data, table 1. Our work is a natural continuation of the study some of us
have done in [22] and earlier in [18-21].

The paper is organised as follows. In section 2 we describe the general setup and we
introduce the two types of “minimal” charged lepton “rotation” matrix U, we will consider:
with “standard” and “inverse” ordering. The two differ by the order in which the 12 and 23
rotations appear in U,. In the same section we derive analytic expressions for the mixing
angles and the Dirac phase § of the PMNS matrix in terms of the parameters of the charged
lepton matrix U, both for the tri-bimaximal and bimaximal (or LC) forms of the neutrino
“rotation” matrix U,. In sections 3 and 4 we perform a numerical analysis and derive,
in particular, the intervals of allowed values at a given C.L. of the neutrino mixing angle
parameters sin® 0o, sin®fa3 and sin® 6,3, the Dirac phase § and the rephasing invariant
Jop associated with §, in the cases of the standard and inverse ordering of the charged
lepton corrections. A summary and conclusions are presented in section 5. Further details
are reported in two appendices. In appendix A we illustrate in detail the parametrisation
we use for the standard ordering setup. Finally, in appendix B we describe the statistical
analysis used to obtain the numerical results.

2 General setup

While neutrino masses and mixings may or may not look anarchical, the hierarchy of
charged lepton masses suggests an ordered origin of lepton flavour. Given the wide spec-
trum of specific theoretical models, which essentially allows to account for any pattern
of lepton masses and mixings, we would like to consider here the consequence for lepton
mixing of simple, general assumptions on its origin. As we have indicated in the Introduc-
tion, we are interested in the possibility that the 613 mixing angle originates because of the
contribution of the charged lepton sector to lepton mixing [15-30]. The latter assumption



needs a precise definition. In order to give it, let us recall that the PMNS mixing matrix
is given by

o diagyrt
. mpg — U*cm U
U=UlU,, with U, U, defined by e e (2.1)

__ 7, diagrrt

m, = U,m,*®U) ,
where mg and m,, are respectively the charged lepton and neutrino Majorana mass matrices
(in a basis assumed to be defined by the unknown physics accounting for their structure)
diag diag . . o .
and my - and m, - are diagonal with positive eigenvalues.

We will assume that the neutrino contribution U, to the PMNS matrix U has U{; = 0,
so that the PMNS angle 613 vanishes in the limit in which the charged lepton contribution
U, can be neglected, U, = 1. This is a prediction of a number of theoretical models. As a

consequence, U, can be parameterized as
Uy = Wy Ry3(033) R12(672) Pu (2:2)

where R;;(6) is a rotation by an angle 6 in the ij block and ¥,, ®, are diagonal matrices
of phases. We will in particular consider specific values of 67, and, in certain cases, of 05,
representing the predictions of well known models.

The above assumption on the structure of U, is not enough to draw conclusions on
lepton mixing: any form of U can still be obtained by combining U, with an appropriate
charged lepton contribution U, = U,UT. However, the hierarchical structure of the charged
lepton mass matrix allows to motivate a form of U, similar to that of U,, with U3 = 0, so
that we can write:?

Ue = \I’€R§31(9§3)Rf21(9‘f2)<1>e. (2.3)

In fact, the diagonalisation of the charged lepton mass matrix gives rise to a value of
Ut that is small enough to be negligible for our purposes, unless the hierarchy of masses is
a consequence of correlations among the entries of the charged lepton mass matrix or the
value of the element (mpg)s;, contrary to the common lore, happens to be sizable. In such
a scheme, with no 13 rotation neither in the neutrino nor in the charged lepton sector, the
PMNS angle 613 is generated purely by the interplay of the 23 and 12 rotations in egs. (2.2)
and (2.3).

While the assumption that Uy, is small, leading to eq. (2.3), is well motivated, textures
leading to a sizeable U3 are not excluded. In such cases, it is possible to obtain an “inverse
ordering” of the Ris and Rog rotations in Us:

Ue = ‘I’eRf21(efz)R2_31(9§3)q)e- (2.4)
In the following, we will also consider such a possibility.

2.1 Standard ordering

Consider first the standard ordering in eq. (2.3). We can then combine U, and U, in
egs. (2.2) and (2.3) to obtain the PMNS matrix. When doing that, the two 23 rotations, by

2The use of the inverse in egs. (2.3) and (2.4) is only a matter of convention. This choice allows us to
lighten the notation in the subsequent expressions.



the 655 and 055 angles, can be combined into a single 23 rotation by an angle f3. The latter
angle is not necessarily simply given by the sum é23 = 053 + 055 because of the possible
effect of the phases in ¥,, U, (see further, eq. (A.3)). Nevertheless, the combination
Ro3(053)WiW, Ra3(055) entering the PMNS matrix is surely a unitary matrix acting on the
23 block and, as such, it can be written as Q,,Rgg(égg)@e, where €2, . are diagonal matrices
of phases and 3 € [0,7/2]. Moreover, we can write €, Ro3(023)Q, = Q, ®Ry3(ha3)<Y.,
where ® = diag(1, ¢, 1) and Q,, . are diagonal matrices of phases that commute with the
12 transformations and either are unphysical or can be reabsorbed in other phases. The
PMNS matrix can therefore be written as [22]

U = PRua(655)® Ros(fa3) R12(67,)Q (2.5)

where the angle 923 can have any value, P is a diagonal matrix of unphysical phases, @
contains the two Majorana CPV phases, and ® = diag(1,e’?,1) contains the only Dirac
CPV phase. The explicit relation between the physical parameters é23, ¢ and the original
parameters of the model (055, 655, and the two phases in ¥ = WiV, ) can be useful to
connect our results to the predictions of specific theoretical models. We provide it in
appendix A.

The observable angles in the standard PMNS parametrisation are given by

sin 013 = |Ues| = sin 67, sin 03,

2 2 pe
. 20 - ’UM?" . Qé COSs 912
Sin 23—71 2—8111 23 NCYY s
— |Ues 1 — sin” 65, sin” O3 (2.6)
sin? Bs — [Uea>  |sin 6, cos 65, + €' cos 67, cos B3 sin 912]
12 = =
1 — |Uesl? 1 — sin? 65, sin? O

The rephasing invariant related to the Dirac CPV phase, which determines the magnitude
of CP violation effects in neutrino oscillations [50], has the following well known form in
the standard parametrisation:

1
Jop = Im { MgUegUI_A} =3 sin 0 sin 2643 sin 26053 sin 26015 cos 013 . (2.7)
At the same time, in the parametrisation given in eq. (2.5), we get:
1 . . P T S v
Jop = —gsin ¢ sin 207, sin 2603 sin O3 sin 2607, . (2.8)

The relation between the phases ¢ and 0 present in the two parametrisations is obtained
by equating eq. (2.7) and eq. (2.8) and taking also into account the corresponding formulae
for the real part of U} U;3U63U u1. To leading order in sin 63, one finds the approximate
relation § ~ —¢ (see further egs. (2.19), (2.20) and egs. (2.24) and (2.25) for the exact
relations).

In this work we aim to go beyond the simplest cases considered already, e.g., in [22],
where the charged lepton corrections to neutrino mixing are dominated only by the angle
075 and 023 is fixed at the maximal value 923 = 7/4, and consider the case in which 023 is



5 sin 63

Figure 1. The thick red line corresponds to the relation in eq. (2.9). The black and green lines
show the 1o, 20,30 contours (solid, dashed and dotted lines, respectively) for sin 613 and sin? o3,
as obtained in [13] (see table 1).

essentially free. A deviation of f3 from 7/4 can occur in models in which 6%, = 7/4 (BM,
TBM) because of the charged lepton contribution to fa3, or in models in which 0y, itself
is not maximal (LC). This choice allows to account for a sizeable deviation of #a3 from
the value 7/4, which appears to be suggested by the data [13]. If we keep the assumption
fg3 = T /4, the atmospheric mixing angle would be given by

11—2sin%615 1

~

1
s 2 i 2 : : e
sin“ fo3 = — = 1 —sin“6 s where sin 013 = sin 09, . 2.9
23 2 1 si 2 013 9 ( 13) 13 \/§ 12 ( )

This in turn would imply that the deviation from maximal atmospheric neutrino mixing
corresponding to the observed value of 013 is relatively small, as shown in figure 1. As for
the neutrino angle 67,, we will consider two cases:

e bimaximal mixing (BM): 07, = % (as also predicted by models with approximate
conservation of L' = L, — L, — L, );

L
V3

Since in the approach we are following the four parameters of the PMNS matrix (the three

o tri-bimazimal mixing (TBM): 67, = sin

measured angles 19, 623, 613 and the CPV Dirac phase §) will be expressed in terms of
only three parameters (the two angles 65,, 0y and the phase ¢), the values of 612, 023, 613
and § will be correlated. More specifically, d can be expressed as a function of the three
angles, § = 0(012, 623, 013), and its value will be determined by the values of the angles. As
a consequence, the Jop factor also will be a function of 615, 023 and 613, which will allow us
to obtain predictions for the magnitude of the CP violation effects in neutrino oscillations
using the current data on sin? 614, sin® fa3 and sin 0;3.

We note first that using eq. (2.6) we can express sin fa3 in terms of sin? 053 and sin? O;3:

. 9 B sin® fog — sin® ;3 9 B cos? fg
S184 923 = D) s COS 023 =
1 —sin (913

e R 2.10
1 —sin? 63 (2.10)



It follows from these equations that O3 differs little from fg3 (it is somewhat larger).
Further, using eqs. (2.6) and (2.10), we can express sin® f12 in terms of 0%,, 623, 613 and ¢

sin? 015 = (1 — cos? O3 cos? 013) 71 | sin? 6%, sin? Ba3 + cos? B, cos? Bz sin? 13
Lo :
+ 5 sin 2075 sin 2653 sin 013 cos P | . (2.11)

As we have already indicated, we will use in the analysis which follows two specific values
of 0%, = /4 (BM or LC); sin*(1/v/3) (TBM). Equation (2.11) will lead in each of the
two cases to a new type of “sum rules”, i.e., to a correlation between the value of 615 and
the values of 023, 13 and ¢. In the case of bimaximal and tri-bimaximal 67, the sum rules
have the form:

BM: sin20 = % % ilrffjs;;jji;ozi (2.12)
o~ % + cot 653 sin 013 cos qS(l — cot? Oy3sin® O35 + (9((30‘54 093 sin* 913)) ,
(2.13)
TBM : sin?6s = ;)(2 + V2 din f 9232;%;3(5539_13@2 623) (2.14)
o % [1 + 2v/2 cot B3 sin H13 cos ¢ (1-— cot? fy3 sin? 013)
+ cot? fy3 sin? 013 + (’)(cot4 053 sin’ 913)] . (2.15)

The expressions for sin?6f1o in eqs. (2.12) and (2.14) are exact, while those given in
egs. (2.13) and (2.15) are obtained as expansions in the small parameter cot? fa3 sin? 6;3.
The latter satisfies cot? fa3sin? 613 < 0.063 if sin? a3 and sin? 613 are varied in the 30 in-
tervals quoted in table 1. To leading order in sin #13 the sum rule in eq. (2.13) was derived
in [19].

We note next that since 612, 623 and 63 are known, eq. (2.11) allows us to express cos ¢
as a function of #19, f23 and 613 and to obtain the range of possible values of ¢. Indeed, it
follows from eqgs. (2.12) and (2.14) that

cos 2012 (1 — cos? fa3 cos? 0;3)

BM: cos ¢ = , (2.16)

sin 2923 sin 913
(3 sin® 01 — 2) (1 — cos? 023 cos? 913) + sin? 023
\/i sin 2(923 sin (913 .

TBM : cos ¢ = (2.17)

Taking for simplicity for the best fit values of the three angles in the PMNS matrix sin? 615 =
0.31, sin” fp3 = 0.39 and sin f13 = 0.16 (see table 1), we get:

cos ¢ = —0.99 (BM); cos ¢ = —0.20 (TBM). (2.18)

Equating the imaginary and real parts of UZ U/ j3UesUy1 in the standard parametrisa-
tion and in the parametrisation under discussion one can obtain a relation between the



CPV phases § and ¢. We find for the BM case (67, = 7/4):

sin ¢
ind =— 2.19
St sin 2012 ’ ( )
2 sin? §
cosg= 80 (2sinifs ) (2.20)
sin 2612 \ sin® fa3 cos? 613 + sin” 613
Since, as can be easily shown,
1
t2 093 sin” 0 26\?
§in 201y = (1 — 4 23 0L 718 708 AN (2.21)
(1+C0t2 fo3 sin 913)2

we indeed have to leading order in sin #;3, sin§ = —sin ¢ and cos § = cos ¢.

The expressions for sind and cosd in egs. (2.19) and (2.20) are exact. It is not difficult
to check that we have sin?¢6 4 cos?d = 1. Using the result for cos ¢, eq. (2.16), we can
get expressions for sind and cosd in terms of 615, #o3 and #13. We give below the result
for cos é:

cosd = — cot 2612 tan fag (1 — cot? fa3 sin’ 013) . (2.22)

2sin 913

Numerically we find for sin? 619 = 0.31, sin” fa3 = 0.39 and sin 015 = 0.16:
siné = £0.170, cosd = —0.985. (2.23)

Therefore, we have § ~ 7. For fixed sin? 612 and sin 63, | cosd| increases with the in-
creasing of sin? fa3. However, sin® fl3 cannot increase arbitrarily since eq. (2.12) and the
measured values of sin® 6o and sin®#6;3 imply that the scheme with bimaximal mixing
under discussion can be self-consistent only for values of sin? 53, which do not exceed a
certain maximal value. The latter is determined taking into account the uncertainties in
the values of sin? 615 and sin f;3 in section 3, where we perform a statistical analysis using
the data on sin? a3, sin? fy2, sinfy3 and § as given in [13].
In a similar way we obtain for the TBM case (6%, = sin~!(1/+/3)):

2v2 sing
ind = ——— 2.24
St 3 sin 2012 ’ ( )
2v/2 2sin? 6
cosézicosgﬁ -1+ — S 723 —5
3sin 2019 sin® fa3 cos? 013 + sin® 013
1 sin 2923 sin 913 (2‘25)

3sin 2012 sin? 093 cos? O3 + sin? 013 )

The results for sind and cosd we have derived are again exact and, as can be shown,
satisfy sin? § +cos? § = 1. Using the above expressions and the expression for sin? ;5 given
in eq. (2.14) and neglecting the corrections due to sin#;3, we obtain sind ~ —sin ¢ and
cos 0 ~ cos ¢. With the help of eq. (2.17) we can express sind and cos¢ in terms of 012, a3
and 613. The result for cosd reads:

tan O3

cosd = [1+ (3sin® 012 — 2) (1 — cot® oy sin® f13)] . (2.26)

3sin 2912 sin 913



For the best fit values of sin® #15 = 0.31, sin® 693 = 0.39 and sin 63 = 0.16, we find:
sind = £+0.999, cosd = —0.0490. (2.27)

Thus, in this case 6 ~ 7/2 or 37 /2. For sin? A3 = 0.50 and the same values of sin® #;2 and
sin? 013 we get cosd =2 —0.096 and sin § = 40.995.

The fact that the value of the Dirac CPV phase ¢ is determined (up to an ambiguity
of the sign of sind) by the values of the three mixing angles 612, 623 and 63 of the PMNS
matrix, egs. (2.22) and (2.26), are the most striking predictions of the scheme considered
with standard ordering and bimaximal and tri-bimaximal mixing in the neutrino sector.
For the best fit values of 612, 023 and 013 we get 6 = 7 and 6 = 7/2 or 37 /2 in the cases
of bimaximal and tri-bimaximal mixing, respectively. These results imply also that in
the scheme with standard ordering under discussion, the Jcp factor which determines the
magnitude of CP violation in neutrino oscillations is also a function of the three angles 612,
023 and 613 of the PMNS matrix:

Jop = Jep (012, 023, 013, 6(012, 023, 013)) = Jop (012, 023, 013) - (2.28)

This allows to obtain predictions for the range of possible values of Jop using the current
data on sin®#, sin?f@3 and sinf3. We present these predictions in section 3. The
predictions we derive for § and Jcp will be tested in the experiments searching for CP
violation in neutrino oscillations, which will provide information on the value of the Dirac
phase 6.

We would like to note that the sum rules we obtain in the BM (LC) and TBM cases,
egs. (2.22) and (2.26), differ from the sum rules derived in [51, 52] using van Dyck and
Klein type discrete symmetries (Ss, A4, As, etc.), and in [53] on the basis of SU(5) GUT
and Sy, Ay and A(96) symmetries. More specifically, for the values of sin? 69, sin? 63
and sin? f13, compatible with current global neutrino oscillation data, for instance, the
predictions for the value of the CPV phase § obtained in the present study differ from
those found in [51-53]. The same comment is valid also for the possible ranges of values of
sin? 015 and sin? fa3 found by us and in [51, 52]. Our predictions for § agree with the ones
reviewed in [53] in the context of charged lepton corrections, once we take the particular
case é23 = 055.

2.2 Inverse ordering

As anticipated, we also study for completeness the case where the diagonalisation of the
charged lepton mass matrix gives rise to the inverse ordering in eq. (2.4). The PMNS
matrix, in this case, can be written as [18]

U = Ros(053) R12(05,) ¥ Ros(05) R12(67,)Q (2.29)

where unphysical phases have been eliminated, Q contains the two Majorana phases, and
¥ = diag(1, e, e™). Unlike in the case of standard ordering, it is not possible to combine
the 23 rotation in the neutrino and charged lepton sector and describe them with a single
parameter, fo3. After fixing 055 and 07,, we therefore have, in addition to the Majorana
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phases, four independent physical parameters, two angles and two phases, one more with
respect to the case of standard ordering. In particular, it is not possible anymore to write
the mixing matrix in terms of one physical Dirac CPV phase only. Thus, in this case
the four parameters of the PMNS matrix (the three angles 612, f23 and 613 and the Dirac
CPV phase §) will be expressed in terms of the four parameters of the inverse ordering
parametrisation of the PMNS matrix, eq. (2.29). We have for sin 3, sin f23 and sin 0;5:

sin 013 = 575553 ,
|(t43) 1555 + €1V, 54|

1 — (85y55,)2 ’ (2.30)
y 18y + € (ty) 7155,k

sin 912 = S19
e oV \2
1 — (599853)

Given that the expressions for 693 and 613 do not depend on the value of 675, they will be

sin 923 = 812/3

the same for bimaximal and tri-bimaximal mixing (in both cases 043 = 7):

sin 6¢
sin 013 = 12 (2.31)
V2

11+sin 2055+/c0s 2013 cos ' — 2sin? 03 cos? 05,

.2
foa = 2.32
S =g cos? 013 (2.32)
1 . -
=3 (14 sin2655 cosw’ — cos 2055 sin® 613 + O(sin 613)) , (2.33)

where the phase w’ = ¢ — w. The expression (2.33) for sin? 3 is approximate, the correc-
tions being of the order of sin® #;3 or smaller.

For each value of the phase v, any value of 613 and 653 in the experimentally allowed
range at a given C.L., can be reproduced for an appropriate choice of w’, 6, and 655. This
is not always the case for the solar neutrino mixing angle 615, as we will see in section 4.
Using eqs. (2.31), sin? §12 can be expressed in terms of #13 and ¢ as follows:

e bimazimal mixing (BMjo), 0%y = %:
sin? 015 = Yook s (1 + 2sin 0151/ cos 2013 cos Y — sin? 613) (2.34)
1
>3 + sin 613 cos ) + O(sin® 613) ; (2.35)

e tri-bimazimal mixing (TBMjg), 0¥, = sin™* %:

sin? 0y = 3 eosZ0ms (1 + 2v/2 sin 613/ cos 2613 cos w) (2.36)
1 2v2
~ g (1 + sin? 913) + \f sin 013 cos Y + O(Sil’l4 0913) . (237)

The expressions for sin? f5 in eqs. (2.34) and (2.36) are exact, while those given in (2.35)
and (2.37) are obtained as expansions in sin?f;3 in which the terms up to O(sin*#;3)
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and O(sin3 013), respectively, were kept. Note that the corrections to the approximate
expressions for sin? 615 are negligibly small, being O(sin® 613). This together with eq. (2.35)
and the 3¢ ranges of allowed values of sin? 15 and sin 613 quoted in table 1 suggests that
the bimaximal mixing scheme considered by us can be compatible with the current (3c)
data on sin® 015 and sin 6,3 only for a very limited interval of negative values of cos? close
to (—1).

It follows from egs. (2.34) and (2.36) that the value of cos ) is determined by the values
of the PMNS angles #12 and 6;3. At the same time, sin® 623 depends on two parameters:
W' and 65;. This implies that the values of w’ and 655 are correlated, but cannot be fixed
individually using the data on sin? f3.

It is not difficult to derive also the expressions for the Jgop factor in terms of the inverse
ordering parameters in the two cases of values of 07, of interest:

0 ) )
BM: Jep~-— 51n4 13 (sin cos 2055 + sinw’ cos ¢ sin 2053) + O(sin® b13),  (2.38)

sin 913

3v2

We have not discussed here the LC case (conservation of the lepton charge L' =

TBM: Jcp (sin 1) cos 205, + sinw’ cos ¥ sin 25263) +O(sin®013).  (2.39)

L. — L, — L;) as it involves five parameters (653, 075, 055, and two CPV phases). At the
same time, the “minimal” LC case with 65, = 0 is equivalent to the standard ordering case
with BM mixing (i.e., with 6}, = w/4) analised in detail in the previous subsection.

As in the case of the standard ordering, to obtain the CPV phase § of the standard
parametrisation of the PMNS matrix from the variables of these models, that is the function
0 =6(¢Y,w, 553, 013), we equate the imaginary and real parts of U, U 3UesUyn in the two

parametrisations.

3 Results with standard ordering

In the numerical analysis presented here, we use the data on the neutrino mixing parameters

obtained in the global fit of [13] to constrain the mixing parameters of the setup described

in section 2. Our goal is first of all to derive the allowed ranges for the Dirac phase 4,

the Jop factor and the atmospheric neutrino mixing angle parameter sin® 3. We will also

obtain the allowed values of sin? 615 and sin® f;3. We start in this section by considering

the standard ordering setup, and in particular the two different choices for the angle 67,:
v, =m/4 (BM and LC), 6%, = sin~*(1/v/3) (TBM).

We construct the likelihood function and the y? for both schemes of bimaximal and tri-
bimaximal mixing as described in appendix B, using as parameters for this model sin 613,
sin? @53 and 6, and exploiting the constraints on sin? 614, sin 63, sin® 13 and on § obtained
in [13].

In figure 2 we show the contours of N, = \/)? in the (sin? 63, §) plane, where the value
of sin f13 has been marginalized. The blue dashed lines represent the contours of constant
Jop (in units of 1072). In figures 3 and 4, starting from the same likelihood function,
we show the bounds on the neutrino mixing parameters and Jcp in each scheme, both
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Figure 2. Contour plots for N, = \/P in the standard ordering setup and normal hierarchy of
neutrino masses. The value of the reactor angle 613 has been marginalized. The solid, dashed and
dotted thick lines represent respectively the 1o,20 and 30 contours. The dashed blue lines are
contours of constant |Jcp| in units of 1072,

for normal and inverted neutrino mass hierarchy. These bounds are obtained minimizing
the x? in the parameter space of the model, keeping as a constraint the value of the
corresponding parameter. To make a direct comparison of the bounds obtained in the
scheme considered by us with the general bounds obtained in the global fit in [13], we show
the results from [13] with thin dashed lines. Thus, the thin dashed lines in figure 4 are the
bounds on Jcp obtained using directly the results of the global fit [13] and eq. (2.7), and
represent the present status of our knowledge on this observable assuming the standard
3-neutrino mixing setup.? The thick solid lines represent the results obtained in the scheme
with standard ordering considered. The blue and red color lines correspond respectively to
the cases of normal and inverted neutrino mass hierarchy; in the case when the two bounds
are essentially identical we used purple color lines.

From figures 2 and 3 we see that both the tribimaximal and bimaximal cases are well
compatible with data. The 1o difference between the minimum of N, in the two cases is
due to the fact that the bound on § obtained in [13] favours values of § ~ 7 (see table 1),

3More refined bounds on Jcp in the standard parametrisation of the PMNS matrix could be obtained
by the authors of [13], using the full likelihood function.
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Figure 3. N, as a function of each mixing angle for the TBM and BM models in the standard
ordering setup. The dashed lines represent the results of the global fit reported in [13] while the
thick ones represent the results we obtain in our setup. Blue lines are for normal hierarchy while
the red ones are for inverted hierarchy (we used purple when the two bounds are approximately
identical). These bounds are obtained minimizing the value of N, in the parameter space for fixed

value of the showed mixing angle.

which is indeed the value needed in the bimaximal mixing (or LC) scheme to lower the
value of 012 from 60}, = 7/4, while the tri-bimaximal mixing scheme prefers |cosd| < 1
(see subsection 2.1).

The results we obtain for sin®#;9, sin® 3 and sin? 63 (i.e., the best fit values and
the 30 ranges) in the case of tri-bimaximal mixing are similar to those given in [13]. In
contrast, our results for the Dirac phase § and, correspondingly, for the Jcp factor, are
drastically different. For the best fit values and the 30 allowed ranges* of § and Jcp we

“These ranges are obtained imposing: /Ax2? = /N2 — (N@in)2 = 3.
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Figure 4. N, as a function of § and Jcep for the TBM and BM models in the standard ordering
setup. The dashed lines represent the results of the global fit reported in [13] while the thick ones
represent the results we obtain in our setup. Blue lines are for normal hierarchy while the red ones

are for inverted hierarchy. These bounds are obtained minimizing the value of N, in the parameter
space for a fixed value of ¢ (left plots) or Jep (right plots).

find (see also table 2):

NH : 6’34.6423%, 1.38 <0 S 1.97,0r

429 <6 <491,
IH : 64642 T, 1.39 < 6 < 2.17, or

4.04 <6 <4.93,
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Best fit 30 range

Jcp (NH) —0.034 | —0.039 = —0.028 © 0.028 + 0.039

Jcp (TH) —0.034 | —0.039 + —0.026 @© 0.027 = 0.039

§ (NH) 4.64 1.38 = 1.97 & 4.29 + 4.91
TBM § (IH) 4.64 1.39 =+ 2.17 ® 4.04 + 4.93

sin @3 0.16 0.13 +0.18

sin?fa3 (NH) | 0.39 0.33 + 0.64

sin? 03 (IH) 0.39 0.34 + 0.66

sin? 012 0.31 0.25 + 0.36

Jcp 0.00 —0.027 + 0.026

§ (NH) 3.20 2.35 +3.95

§ (IH) 3.27 2.37 + 3.94
BM  sinfi3 0.16 0.13 +0.18

sin?fy3 (NH) | 0.38 0.33 +0.47

sin? 03 (IH) 0.39 0.34 -+ 0.50

sin? 012 0.31 0.28 -+ 0.36

Table 2. Best fit and 30 ranges in the standard ordering setup. When not explicitly indicated
otherwise, the result applies both for normal hierarchy and inverted hierarchy of neutrino masses.

NH : Jop =2 —0.034, 0.028 < Jep < 0.039, or (3.5)

—0.039 < Jep < —0.028, (3.6)

IH : Jop 2 —0.034, 0.027 < Jep < 0.039, or (3.7)

—0.039 S Jep < —0.026. (3.8)

The 30 intervals of allowed values of ¢ (Jop) in egs. (3.1) and (3.3) (egs. (3.5) and (3.7))

are associated with the local minimum at 6 = 7/2 (Jep = 0.034) in figure 4 upper left
(right) panel, while those given in egs. (3.2) and (3.4) (egs. (3.6) and (3.8)) are related to
the absolute minimum at § = 37/2 (Jep = —0.034).

The results we have obtained, reported in figures 2 and 4, and in egs. (3.1)—(3.8), are
quasi-degenerate with respect to Jop — —Jcop, or 6 — (27 — §). This stems from the fact
that the phase ¢ enters into the expressions for the mixing angles only via its cosine, see
egs. (2.12) and (2.14). This symmetry is slightly broken only by the explicit bound on §
given in [13], which is graphically represented in figure 4 by the asymmetry of the dashed
lines showing that negative values of Jcop are slightly favored.

As figures 2 and 4 show, in the case of tri-bimaximal mixing, the CP conserving values
of 6 = 0;m; 27 is excluded with respect to the best fit CP violating values § = 7/2;37/2 at
more than 4o. Correspondingly, Jop = 0 is also excluded with respect to the best-fit values
Jop ~ (—0.034) and Jcp ~ 0.034 at more than 40. It follows from egs. (3.1)—(3.8) (see
also table 2) that the 30 allowed ranges of values of both § and Jcp form rather narrow
intervals. These are the most striking predictions of the scheme with standard ordering
and tri-bimaximal mixing under investigation.
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We obtain different results assuming bimaximal mixing in the neutrino sector. Al-
though in this case the best fit values of sin? 012, sin? 0-3, sin® 015 and & practically coincide
with those found in [13], the 30 allowed intervals of values of sin?#;5 and especially of
sin? fa3 and § differ significantly from those given in [13].

For the best fit values and the 3o intervals of sin? 615 and sin?fa3 we get (see also
table 2):

sin? 01, 2 0.31, 0.28 < sin? 015 < 0.36; (3.9)
NH : sin? fa3 =2 0.38, 0.33 < sin? 093 < 0.47; (3.10)
IH : sin? Aoz £ 0.39, 0.34 < sin” a3 < 0.50. (3.11)

As in [13], we find for the best fit value of § and Jep: 6 = 7 and Jcp = 0. However, the
3o range of § and, correspondingly, of Jcp, we obtain differ from those derived in [13]:

NH:  235<6<395;  —0.027 < Jop < 0.026. (3.12)
IH: 237<6<394;  —0.027 < Jep < 0.026. (3.13)

We see, in particular, that also in this case the Dirac CPV phase § is constrained to lie in
a narrow interval around the value 6 ~ 7. This and the constraint sin® fy3 < 1/2 are the
most important predictions of the scheme with standard ordering and bimaximal neutrino
mixing.

4 Results with the inverse ordering

The case of inverse ordering is qualitatively and quantitatively different from the case of
standard ordering. For given values of 07,, 055, the number of parameters is the same as
in the PMNS matrix. Still, not all values of U can be obtained, as we shall see.

The constraints on the reactor and atmospheric neutrino mixing angles are the same
for bimaximal and tri-bimaximal mixing and can be derived directly from eq. (2.31). For
any given value of the phase v, any values of 13 and 623 in the ranges

1
0 S sin913 S —

;{)320 (4.1)
13 ~ 14+ (’)(sin2 913) ,

0 < sin?fy3 <
- 3= Cost 013

can be obtained by an appropriate choice of w’, 6, and 655. Clearly, the range of values
allowed for #1353 and 693 covers the full experimentally allowed range. The solar neutrino
mixing angle can now be expressed in terms of #13 and 1 as in eq. (2.31). Any value of 619
in the interval

BMIQ .
11— 2sinf3+/cos 2015 — sin® O3 . 9 11+ 2sinf3v/cos 2015 — sin® ;3
- S S11 912 S - s (42)
2 cos? 013 2 cos? 013
TBMio :
11— 2v/2sin 013+/cos 2013 . 9 11+ 2v/2sin 013+/cos 20;3
— <sin® 19 < = , (4.3)
3 cos? 013 3 cos? 013
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can then be obtained for an appropriate choice of . At leading order in sinf;3 these
bounds become

1 1
BMjo : — —sin 43 S sin® 012 5 — +sin 43,
1 22\/5 ? 2 (44)
TBMg : g — 3 sin 013 S Sin2 012 ,S g + sin 013 .

Given the experimental bounds on the PMNS angles found in the global fit [13], see table 1,
one can immediately notice that while the tri-bimaximal case is perfectly compatible with
the data, the bimaximal case has a ~ 20 tension in the prediction of the solar neutrino
mixing angle parameter sin? 6.

As was done for the standard ordering case, we construct the likelihood function and
the x2 for both models as described in appendix B, exploiting the constraints on sin? 612,
sin? fa3, sin?#3 and on & obtained in [13], and using in this case as parameters sin 3,
sin 055 and the phases 1) and w. We show in figures 5 and 6 the bounds on the neutrino
mixing angles and the Jcop factor both in the cases of bimaximal and tri-bimaximal mixing
in the neutrino sector, and for normal and inverted neutrino mass hierarchy.

From figure 5, we see that in the case of tribimaximal mixing (upper row), the intervals
of allowed values of the PMNS mixing angles obtained in the model under discussion and
in the global fit performed in [13] coincide. This is a consequence of the fact that the
4D parameter space of the model considered completely overlaps with the experimentally
allowed parameter space in the PMNS parametrisation and therefore it does not give any
additional constraint. It is consistent with the analytic bounds reported above as well.

In the case of bimaximal mixing instead (figure 5 lower row), only a portion of the
relevant PMNS parameter space is reachable, a fact that is reflected in the bounds on
sin? f15 given in eq. (4.4). Values of #5 in the upper part of its present experimental range
are favoured in this case.

In both cases of tri-bimaximal and bimaximal mixing from the neutrino sector, the
bounds on sin? 6,3 and sin? 619 corresponding to the normal and inverted neutrino mass
hierarchy are approximately identical, while they differ for the atmospheric neutrino mixing
angle and for the Jop factor.

Considering the expressions for Jcp in egs. (2.38) and (2.39) and figure 6, we see that
within ~ 1o from the best-fit point, every value in the ranges

o ptlo
) < s

: +1o
~004, |gaEN) < SR0GC

3v2

is allowed, where we have used the 1o upper bound on sinfy3 from table 1. As a conse-

~0.038 (4.5)

quence, we cannot make more specific predictions about the CP violation due to the Dirac
phases ¢ in this case. This is an important difference with respect to the standard ordering
scheme where, in the tri-bimaximal mixing case, relatively large values of the |Jop| factor
lying in a narrow interval are predicted at 3¢ and, in the bimaximal mixing case, ¢ is
predicted to lie at 30 in a narrow interval around the value of § ~ .
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Figure 5. N, as a function of each mixing angle for the TBM and BM models with the inverse
ordering setup. The dashed lines represent the results of the global fit reported in [13] while the
thick ones represent the results we obtain in our setup. Blue lines are for normal hierarchy while
the red ones are for inverted hierarchy (we use purple when the two bounds are approximately
identical). These bounds are obtained minimizing the value of N, in the parameter space for fixed
value of the showed mixing angle.

5 Summary and conclusions

In this paper we considered the possibility that the neutrino mixing angle 613 arises from the
interplay of 12 and 23 rotations in the neutrino (U, ) and charged lepton (U.) contributions
to the PMNS neutrino mixing matrix (U = UJU,). We generalized previous work [22] in
two directions. First, we considered two possible orderings of 12 and 23 rotations in Uk,
the “standard”, U, ~ R53R{,, and the “inverse”, U, ~ R{, 55, while keeping the standard
ordering in the neutrino sector, U, ~ Ry3RY,. Second, in order to be able to accommodate
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Figure 6. N, as a function of Jop for the TBM and BM models in the inverse ordering setup. The
dashed lines represent the results of the global fit reported in [13] while the thick ones represent the
results we obtain in our setup. Blue lines are for normal neutrino mass hierarchy while the red ones
are for inverted hierarchy. These bounds are obtained minimizing the value of N, in the parameter
space for a fixed value of Jcp.

a possible deviation of the atmospheric neutrino mixing angle 693 from 7/4, we allowed
the charged lepton 23 rotation angle (and possibly the neutrino one, in the standard case)
to assume arbitrary values. We considered the cases in which U, is in the bimaximal or
tri-bimaximal form, or in the form resulting from the conservation of the lepton charge
L. — L, — L; (LC). We took, of course, all relevant physical CP violation (CPV) phases
into account.

The case of normal ordering turns out to be particularly interesting. The PMNS matrix
can be parameterized in terms of the charged lepton and neutrino 12 rotation angles, 6{,
and 07,, an effective 23 rotation angle, fa3 ~ 03, and a CPV phase ¢. Once 07, is fixed
to the bimaximal (LC) or tri-bimaximal value, the number of parameters reduces to three,
and the Dirac phase § in the PMNS matrix can be predicted in terms of the PMNS solar,
atmospheric and reactor neutrino mixing angles 612, #23 and 613. Moreover, the range of
possible values of the PMNS angles turns out to be constrained.

In the tri-bimaximal case, the Dirac CPV phase ¢ is predicted to have a value 6 ~ 7/2
or § ~ 37/2, implying nearly maximal CP violation in neutrino oscillations, while in the
bimaximal (and LC) case we find 6 ~ 7 and, consequently, the CP violation effects in
neutrino oscillations are predicted to be small. The present data have a mild preference
for the latter option (see table 1 and, e.g., figure 4). Moreover, 63 is predicted to be below
7/4 in the bimaximal case, which is also in agreement with the indications from the current
global neutrino oscillations data. In the set-up considered by us, the 623 > 7/4 solution of
the global fit analysis in [13] is disfavored.
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The case of inverse ordering is qualitatively and quantitatively very different. Fixing U,
to the bimaximal or tri-bimaximal form is not sufficient to obtain a prediction: the number
of free physical parameters in this case is four — two angles and two CPV phases. Still,
not all values of the four physical parameters in the PMNS matrix, 612, 023, 613 and J, can
be reached in this parameterization. In the tri-bimaximal case, the ranges of parameters
that can be reached overlaps with the experimental ranges, so that no predictions can be
made. In the bimaximal case, however, this is not the case. One obtains, in fact, the
approximate relation sin? f15 > 1/2 —sin 3, which is barely compatible with the data. As
a consequence, i) there is a tension in the above relation that worsen the quality of the fit,
and ii) values of 12 in the upper part of its present experimental range are preferred. In
both cases, no predictions for the Dirac CPV phase é can be made. We did not consider
here the LC case as it involves, in general, five parameters, while its “minimal” version,
corresponding to setting 65, = 0, is equivalent to the standard ordering case with BM
mixing (i.e., with 07, = 7/4).

The fact that the value of the Dirac CPV phase 0 is determined (up to an ambiguity
of the sign of sind) by the values of the three PMNS mixing angles, 612, f23 and 613,
egs. (2.22) and (2.26), are the most striking predictions of the scheme considered with
standard ordering and bimaximal (LC) and tri-bimaximal mixing in the neutrino sector.
As we have already indicated, for the best fit values of 619, 023 and 013 we get 6 = =
and 6 = 7/2 or 3w/2 in the cases of bimaximal and tri-bimaximal mixing, respectively.
These results imply also that in the scheme with standard ordering we have discussed,
the Jcp factor which determines the magnitude of CP violation in neutrino oscillations,
is also a function of the three mixing angles: Jop = Jop(012, 693, 613, (012,023,013)) =
Jop (012,023, 013). This allowed us to obtain predictions for the range of possible values of
Jop using the current data on sin® 612, sin® 6a3 and sin 613, which are given in egs. (3.1)—
(3.7) and egs. (3.12)—(3.13).

The predictions for sin? fa3, and for § and Jop we have obtained in the scheme with
standard ordering and bimaximal (or LC) or tri-bimaximal form of U, will be tested by the
neutrino oscillation experiments able to determine whether sin? 63 < 0.5 or sin? 63 > 0.5,
and in the experiments searching for CP violation in neutrino oscillations.
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A Parametrisation of the PMNS matrix

In the present appendix we show how the parametrisation of eq. (2.5) follows from the ones
in egs. (2.2) and (2.3). We start by writing explicitly the PMNS matrix as

U = O Ri2(015) Ro3(033) W B3 (03) R12(672) Py (A1)
where ¥ = diag(1, e, e), without loss of generality. Any 2 x 2 unitary matrix V' can be
recast in the form V = PR(0)Q, where P = diag(e1, e!??), Q = diag(1,e™2) and R(f) is
a 2 x 2 rotation. We use this to write

Ro3(655) W Rog(655) = ®' Ro3(623)Q, (A.2)
where Rgs(fa3) is an orthogonal rotation in the 23 block with

sin g = ’ cos 055 sin 0y + €@~ sin 055 cos 0] , (A.3)

P’ = diag(e’®1, €2, €1%3), and Q = diag(1, ™2, ™). An explicit solution for the angles in
terms of the original parameters is

=0, =+ 0+ —w, =0,
¢1 P2 Y —w ¢3 (A4)
wo = —0s + W, w3 = —0. +w,
where
85 = Arg (cos 034 sin s + '@ =% sin 9, cos 053) (A5)
dc = Arg (cos 055 cos O — ') gin 05, sin 053) - '
Considering now also the R12(07,) rotation, we obtain
Ro3(623)2R12(612) = @ Ros(f23) Ri2(61,) Q" (A.6)

with ®” = diag(1, e™?,e™2) and Q" = diag(1, 1, ' “s=«2)). The phases in Q" add to the
ones in )’ and are Majorana phases. The ones in ®”, instead, add to the ones in ®’:

D" = 91 diag (1, (P2-01Hw2) (ilda—drtwn)). (A7)

The phase in the 33 position commutes with Rj2(6f,). Together with the overall phase ¢1,
it will describe the unphysical phase matrix P in eq. (2.5):

P = ¢t diag (1, 1, ei(¢3_¢1+“’2)) . (A.8)

We see that the only physical Dirac CP violating phase in this parametrisation is contained
in the matrix ® = diag(1, e?, 1), with

¢=d2— 1 +wr=1+ 0. (A.9)
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Figure 7. 10,20, 30 contours (respectively solid, dashed and dotted lines) of our global likelihood
function in the (sin? fa3,sin” f13) plane (left) and (sin?#;3, ) plane (right), using the data for NH.
These plots can be compared with figure 1 and figure 2 of [13] for NH. Undisplayed variables have
been marginalized.

B Statistical analysis

In this appendix we describe the simplified statistical analysis performed to obtain the
results. Our aim is to use the results of the global fit performed in [13] to assess how well
each of the models introduced in the previous section can fit the data. In particular, we
use the constraints on the PMNS angles 613,012,023 and on the phase ¢ for the normal
hierarchy (NH) and inverted hierarchy (IH) cases, as derived in [13]. There, the results are
reported by plotting the value of N, = /Ax? (with Ax? = x? — x2,;,) as a function of
each observable, with the remaining ones marginalized away. We construct an approximate
global likelihood from these functions as

Ax2 (o n
Lia) =ew (- 295™). na)= L[ B.1)

where & = {sin2 013, sin? O3, sin” 019, 0} are the observables relevant for our analysis, and
we define
x2(@) = —2log L(A) (B.2)

and N, (@) = /x?(@). In using this procedure we loose any information about possible
correlations between different observables. The effect of this loss of information is however
negligible, as one can check comparing our 1o, 20 and 30 contours in the (sin? fa3, sin? 6;3)
and (sin? 013, d) planes shown in figure 7 with the ones in figure 1 and figure 2 of [13].
Each model introduced in the previous section (which we dub with an index m) depends
on a set of parameters x™ = {z!"}, which are related to the observables via expressions
a; = o' (x™), obtained from egs. (2.6), (2.30). We then construct the likelihood function

J
in the space of the parameters x™ as

L™(x™) = L(a™(x™)) . (B.3)
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We define y2(x™) = —2log L™(x™) and N, (x™) = /x2(x™). The last one is the function
we use to produce the plots shown in figures 2—6. Finally, to obtain the best-fit point we

use the maximum likelihood method.
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