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Abstract The “exact” or “functional” renormalization
group equation describes the renormalization group flow of
the effective average action I'y. The ordinary effective action
I'p can be obtained by integrating the flow equation from an
ultravioletscale k = A downtok = 0. We give several exam-
ples of such calculations at one-loop, both in renormalizable
and in effective field theories. We reproduce the four-point
scattering amplitude in the case of a real scalar field the-
ory with quartic potential and in the case of the pion chiral
Lagrangian. In the case of gauge theories, we reproduce the
vacuum polarization of QED and of Yang—Mills theory. We
also compute the two-point functions for scalars and gravi-
tons in the effective field theory of scalar fields minimally
coupled to gravity.
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1 Introduction

The functional renormalization group (FRG) is a way of
studying the flow of infinitely many couplings as functions of

2 e-mail: rachwal @fudan.edu.cn

an externally imposed cutoff. The idea originates from Wil-
son’s understanding of the renormalization group (RG) as
the change in the action that is necessary to obtain the same
partition function when the ultraviolet (UV) cutoff is lowered
[1,2]. Early implementations of this idea were based on dis-
crete RG transformations, but soon there appeared equations
describing the change of the action under continuous shifts of
the cutoff. The first such equation was the Wegner—Houghton
equation [3], which has been widely used to study statistical
models and, in a particle physics context, to put bounds on the
Higgs mass [4]. Another related equation that has been used
originally to gain new insights in the renormalizability of ¢*
theory is the Polchinski equation [5]. In particle physics one
is usually more interested in the effective action (EA) than in
the partition function, so one may anticipate that an equation
describing the flow of the generator of 1PI Green functions
may be of even greater use. For this purpose, the convenient
functional to use is the effective average action (EAA) I'y. It
is defined in the same way as the ordinary effective action,
with the following modifications. First, one adds to the bare
action S[¢] a cutoff term characterized by a cutoff scale k,
of the form

1
ASilgl = - / d’q ¢(=9) Re(q®) ¢ (@). M
Thus, the partition function becomes

BT /(d@efsw]ﬂsk[mffdxj¢>‘ 2)

Second, after performing the Legendre transform one sub-
tracts the same term: I'x[¢] = —Wi[j]+ f dxj ¢ — ASk[e],
where ¢ = (¢). For general reviews see e.g. [6-9]. The effect
of this term is to suppress the propagation of low momen-
tum modes leaving the vertices unchanged. The cutoff ker-
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nel Ry (z) is required to go to zero fast when its argument
z (which in flat spacetime applications can be thought of as
momentum squared) is greater than the cutoff scale k2. In
typical application this decay could be a polynomial of suf-
ficiently high degree or an exponential. The cutoff kernel is
also required to tend to zero (for all z) when k& — 0. This
implies that when k& — 0 the EAA reduces to the ordinary
effective action.

The k-dependence of the EAA is described by the Wet-
terich equation [10-12]

1 52T, !
3Ty = —STr +R) &R, 3)
2 by

where t = log(k/ko), ko is an arbitrary reference scale and
the supertrace in the r.h.s. stands (in flat spacetime) for an
integration over coordinate and momentum space and a trace
over any representation of internal and spacetime symmetries
that the fields may carry. Due to the fast fall-off of the cutoff
kernel, also the function d; Ry, which appears inside the trace
in the r.h.s. of (3), decays fast for large z. This makes the
trace in the r.h.s. of (3) convergent.

The functional renormalization group equation (FRGE)
has been widely used in studies of the infrared (IR) proper-
ties of statistical and particle physics models, in particular
of phase transitions and critical phenomena. It has also been
used to study the ultraviolet behaviour of gravity, in particu-
lar to establish the existence of a non-trivial fixed point which
may be used to define a continuum limit [13—-15]. Here we
would like to discuss some examples taken mostly from par-
ticle physics where the Wetterich equation is used instead as
a tool to compute the effective action.

The basic idea is as follows. Assume that I'; is the most
general functional of the given fields which is invariant under
the assumed symmetries of the system. In many applications
it is justified to assume that it is a semi-local functional [19,
20], meaning that it admits an expansion into infinitely many
local terms constructed with the fields and their derivatives
of arbitrary degree. We call “theory space” the space of these
functionals. Equation (3) defines a vector field on this space
whose integral lines are the RG trajectories. We can now fix
an arbitrary initial point in theory space and identify it as the
“bare” action of the theory at some UV scale A. Typically one
will choose this bare action to be local and simple, but this is
not essential. One can integrate the RG flow in the direction
of decreasing ¢ and the IR endpoint of the flow fort — —oo
represents the effective action. The couplings in the effective
action can be interpreted as renormalized couplings, and the
integral of their beta functions from k = 0 to k = A is the
relation between bare and renormalized couplings.

One can also ask what would happen if we tried to take
the limit A — oo. This is equivalent to solving the FRGE in
the direction of increasing ¢ with the same initial condition.

@ Springer

(Since the initial condition at the original value of A is kept
fixed, also the effective action will remain fixed, so this is very
similar to the Wilsonian procedure of changing the action at
the UV cutoff “keeping the physics fixed”.) There is a variety
of possible behaviours. If some coupling blows up at finite
t (a Landau pole), the RG flow stops there and one has to
interpret the theory as an effective field theory with an upper
limit to its validity. On the other hand if the trajectory ends
at a fixed point, one may expect all physical observables to
be well behaved. In this case the theory is UV complete. The
main point is that by integrating the flow towards the UV one
can study the UV divergences of the theory and argue about
its UV completeness.

Below we will calculate the r.h.s. of the Wetterich equa-
tion for several theories, and then we integrate the flow
down to k = 0 to obtain the effective action. Of course,
given that the effective action of any non-trivial theory is
infinitely complicated, we can only obtain partial informa-
tion as regards such a theory, and then only in certain approx-
imations. Here we will exploit the great flexibility of the
FRGE with regards to approximation schemes. In typical
previous applications of the FRGE, for example in the study
of the Wilson—Fisher fixed point, it is often enough to retain
only the zero-momentum part of the effective action, but it
is important to retain the full field dependence. In particle
physics one usually considers the scattering of a few parti-
cles at a time and the full field dependence is not needed.
On the other hand, there one is interested in the full momen-
tum dependence. Clearly, a different type of approximation
is needed.

In the following, unless otherwise stated, we will calculate
the r.h.s. of the flow equation keeping 'y fixed at its ultra-
violet form I'5." In perturbation theory this is equivalent to
working at one-loop. The one-loop EAA is given by

2
s . Rk> @)

1

(1)

r = S[p] + =Trl
Pl [¢] zrog(&p&p

and satisfies the equation

or™ = Iy i
kT 27 \Spse

—1
+ Rk) 9 Ry. ©)

We will use known results on the non-local heat kernel to
compute the trace on the r.h.s. and in this way obtain the flow
of the non-local part of the EAA. A similar calculation in the
full flow equation is beyond currently available techniques.
Integrating the flow we will derive the non-local, finite parts
of the effective action containing up to two powers of the

1 Notice that the action S that is used in the functional integral to define
the theory actually differs from I" . We refer to [16—18] for a discussion
of the “reconstruction problem” which gives the exact relation between
r A and S.
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field strength. (By “field strength” we mean here in general
the curvature of the metric or of the Yang—Mills fields or the
values of the scalar condensates.) Such terms can be used to
describe several physical phenomena, such as self-energies
and, in some cases, scattering amplitudes. In each of the cases
that we shall consider one can find some justification for the
approximations made, as we shall discuss below.

We now give a brief overview of the main results and of
the content of the subsequent sections. In Sect.2 we review
the mathematical results for the non-local heat kernel expan-
sion of a function of a Laplace-type operator of Eq. (6). The
operator will generally depend on background fields such as
metric, Yang—Mills field (if it acts on fields carrying non-zero
charges of the gauge group) or scalar condensates. The trace
of the heat kernel of the operator admits a well-known asymp-
totic expansion whose coefficients are integrals of powers of
the field strengths. The non-local heat kernel expansion is a
sum of infinitely many such terms, containing a fixed num-
ber of field strengths but arbitrary powers of derivatives. It
can thus be viewed as a vertex expansion of the heat kernel.
One can expand the trace of any operator, and hence also
the trace on the r.h.s. of Eq. (3), as a sum of these non-local
expressions, with coefficients that depend on the particular
function that is under the trace. There are certain ambiguities
in these calculations: one may choose to regard the r.h.s. as
a function of different operators, and one has the freedom of
choosing different cutoff functions Rx. We shall see, how-
ever, that physical results are independent of these choices.

As a warmup in Sect.3 we will begin by using this tech-
nique to calculate the EA of a scalar field. We will see that the
integration of the FRGE yields the familiar relations between
the bare and renormalized couplings and that in the limit
A — oo there are only three divergences. Integration of the
flow equation down to k = 0 yields an EA that encodes the
familiar formula for the one-loop scattering amplitude.

In Sect. 4 we compute the EA for photons in QED which is
obtained by integrating out the fermion fields. We reproduce
the known vacuum polarization effects, and, within an expan-
sion in inverse powers of the electron mass, the four-photon
interactions described by the Euler—Heisenberg Lagrangian.
In Sect.5 we calculate the vacuum polarization effects in
Yang-Mills theory. In this case, unlike all other cases con-
sidered in this paper, due to IR divergences it is not possible
to integrate the flow equation down to k = 0. We thus have to
restrict our attention to a finite range of momenta for which
the theory remains in a neighbourhood of its asymptotically
free UV fixed point.

The remaining two sections are devoted to examples of
effective field theories (EFTs). In Sect. 6 we consider the chi-
ral nonlinear sigma model, which describes the low energy
interactions of pions (and also, in a different interpretation,
the low energy scattering of longitudinal W bosons). As
expected, in this case we find divergences that are not of

the same form as in the original action. The effective action
is organized as an expansion in powers of p/F,, where p is
momentum and F is the pion decay constant. We compute
in the one-loop approximation the four-point function and
we show that it reproduces the well-known result of Gasser
and Leutwyler [45].

Finally in Sect.7 we consider the theory of a scalar field
coupled to dynamical gravity. We compute the FRGE keep-
ing terms with two field strengths but all powers of momen-
tum. This calculation is justified by an expansion in powers
of p/Mplanck- In this case we obtain for the first time unam-
biguous covariant formulae for the logarithmic terms in the
EA.

2 The non-local heat kernel expansion

The r.h.s. of Eq. (3) is the trace of a function of an operator A.
In the simplest cases this operator is a second-order Laplace-
type operator. In the presence of general background fields
(gravity, Yang—Mills fields) this operator will be a covariant
Laplacian, related to the inverse propagator of the theory in
question. In general it will have the form

A=-D*1+1, (6)

where D is a covariant derivative with respect to all the back-
ground fields and U is a non-derivative part that is a matrix
in the appropriate representations of all the symmetry groups
that are carried by the fields (it thus carries both internal and
spacetime indices).

Before discussing any physical application, we outline
here the heat kernel method we employ in the calculation
of the trace. The typical expression that we need to trace is

9 Ri(A)

h(A,0) = ——.
KA, @) A+ o+ Ri(A)

(N
Sometimes one has an additional term —nR;(A) in the
numerator, where 7 is called ‘anomalous dimension’. This
term can be neglected in one-loop calculations. The typical
form of the Wetterich equation is then
1

0Tk = zTrhk(A, ). ®)
Let us introduce the Laplace transform 7 (s, @) by

hie(A, @) = / ds hy (s, w)e 2. 9)
0

If we insert Eq. (9) in the r.h.s. of Eq. (8), by linearity the
trace goes through the integral and we remain with

1 [ .
a,rkzzf ds hy (s, 0)Tre 2. (10)
0

@ Springer
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One can now use the asymptotic expansion for the trace of
the heat kernel

1 d
— W/d X\/gtr
x[bo(A) 4+ ba(A)s + ba(A)s>
+oo o ba(A)s ! 4, (an

Tre 4

whose first three coefficients are
bo(A) =1

R
by(A) = g1 —-U

b(A)—le—i—lDzU—i— Lo, o Ry
A} 6 127 6
1

m(Lr  — g2 L g
180 #vef 180 MV T 72 30
(12)

where the spacetime curvatures are constructed using the
Levi-Civita connection and ,, = [Dy, D,] is the field
strength tensor. The first d /2 terms in Eq. (11) come with an
overall negative power of s, while all subsequent terms have
positive powers. When we insert this expansion in Eq. (10)
we can write

1o p
=§W/dx\/§tr

x{bo(A)Qalhic] +b2(A)Qu _[hi]
+b4(A)Qa [l + -+ ba(A) Qolhi] + -}
(13)

8[ Fk

where the “Q-functionals” are defined by

Oulfl= /0 dss™" £ (s). (14)

For n a positive integer one can use the definition of the
Gamma function to rewrite (14) as a Mellin transform

_ 1 * n—1
Onlfl= %/0 dww"™" f(w), (15)

while for m a positive integer or m = 0

O_wlf1=(=1)" £™(0). (16)

This expansion is useful to study the UV divergences,
which are always given by local expressions. In particular,
one finds that the first d terms in the expansion (13) give rise
to divergences in the effective action.

In order to calculate non-local, finite parts of the effective
action we need a more sophisticated version of the heat kernel
expansion which includes an infinite number of heat kernel
coefficients. This expansion has been developed in [21-24]
and retains the infinite number of heat kernel coefficients in
the form of non-local “structure functions” or “form factors”.

@ Springer

For an alternative derivation see [25]. Keeping terms up to
second order in the fields strengths, the non-local heat kernel
expansion reads as follows:

Tre 2
1 d
el R
R
x {1 —sU 515+ 52 [IRWfRiC(—sDZ)R“”

+1R fr(=sD*R + R fru(—sD*)U
+Ufu(=sDHU+ R fo(—sDH |+ .
(17)

The structure functions in Eq. (17) are given by
1 1
JRic(x) = ) [f(x)—1]
1 1 7 1
Jr(x) = 3—2f(x) + gf(x) T8 32 [f(x)—1]
1 1
Jfru(x) = _Zf(x) % [f(x)—1]
1
fox)=2fx)

1
fox) ==~ 1f(x) =11, (18)
X

where the basic heat kernel structure function f (x) is defined
in terms of the parametric integral

1
fx) = /O dg e 615, (19)

Using in Eq. (18) the Taylor expansion of the basic struc-
ture function f(x) = 1 — %“ + % + O(x*), we obtain the
following “short time” expansion for the structure functions:

P S . SRS, S )
Riett) =60 ~ 840 " 15120 x
f()_l x+11x2+0(4)
RY=120 7 336 " 30240 x
1 x x? 4

U S S 20)
fru(x) 6+30 280+ (x™)

1 X x?2

——— 1 _1tox*
Sfux) > 12+120+ x™)
fa = L= 24 L ouh
e =12 7120 T 1680 T U

If we insert Eq. (20) in Eq. (17), the first term repro-
duces the coefficients of the local heat kernel expansion
discussed previously. If we compare with Eq. (11) we see
that not all coefficients match exactly. This is because the
local heat kernel expansion is derived by calculating the un-
integrated coefficients while the non-local heat kernel expan-
sion is derived by calculating the integrated ones. So the coef-
ficients derived by expanding the structure functions Eq. (18)
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may differ from the local ones Eq. (12) by a total derivative
or a boundary term. For example, only two of the three possi-
ble curvature square invariants present in Eq. (11) appear in
Eq. (17), the third one has been eliminated using Bianchi’s
identities and discarding a boundary term. For this reason
also the total derivative terms in the coefficient B4(A) are
not present in the non-local expansion. Thus, in general, a
straightforward series expansion of the non-local heat kernel
structure functions will not reproduce exactly the same heat
kernel coefficients of the local expansion. See [22] for more
details on this point.
Inserting Eq. (17) in Eq. (10) we obtain

_ L d
= 2(471)‘1/2/d x/gtr

X {1 [/00 ds hy (s, w)sd/2j|
0

o ~
-U I:f ds hy (s, a))sd/ZH]
0
R © L
+—1 |:/ ds hy (s, a))s_d/z'H]
6 LJo
© ~
+1R,, [ f ds I s, w)s—d/”zfmc(sz)] R
0
00 ~
+1R [ / ds hy (s, w)S_d/HQfR(SZ)} R
0
oo ~
+R |:/ ds hy (s, w)sd/2+2fRU(sz):| U
0
o ~
+U U ds hi(s, a))s_d/2+2fu(sz):| U
0
S ~
+Qu0 |:/ ds hy (s, w)s_d/2+2fg(sz)] Qv
0

+0(R3)}

I 1
= 3 | v gt

R v
+0a_y[hltr gl—U + Ry gricRMV trl

4+ RgrRtrl1 4+ R gpy trU + tr (Ugy U)
+tr (Q;w 8Q QMU) +} (21)

Here and in the following z = — D?. The first three terms
are local and have been rewritten in terms of Q-functionals
as in the first terms of Eq. (13). In the remaining ones we
have defined

o0
0n = gn 0, k) = / ds (s, )5 P2 fa(s2), (22)
0

for A = {Ric, R, RU, U, Q}. From the definition of the
Laplace transform we see that shifting the argument of Ay
by a is the same as multiplying the Laplace transform by
e %% Then:

/ dss™"e ™ hi(s, @) = Qulh{,, (23)
0

where

hy (@) = hi(z + a, 0); hy o (2) = hi(z, ©). (24)

We can use this to write the functions g4 in terms of Q-
functionals of shifted arguments:

il 0.0 = 20y [hol = 5Ol
1
+y [ de 0qmiFl )
7 1
402 0,0) =~ 0y [hol + 55 Oglhol
1
3,

1! 1—
e vt

1
d Q4 _,lh,

e 2£(1-6)
—gfo d§ Qqlhy, ~'1
= h Ly (o)
8@ 0.0 = 50y ol = 5 | 48 Qg I
1 1
£(1-6)
e R
1! -
quz 0, k) = 5/0 d& Qy_,lhify )

1
gQ(Za w, k) = ZQ%_I[hk,w]

1
§(1-9)
2 ) 9 Qg T (25)

These formulae can be made more explicit by choosing
a specific cutoff kernel. We will use the piecewise linear or
“optimized” cutoff [26]

Re(x) = (K> —20(k* —2) =K1 —20(1 —3),  (26)

where Z = z/k>. It has the virtue that the Q-functionals
can be evaluated in closed form. In d = 4 we will need the
functionals Qj, Q1 and Qg for both unshifted and shifted
argument. The unshifted Q-functionals are

2k 1

SR YRR

forn=0,1,2... 27

where @ = w/k>. The parametric integrals of the shifted
functionals can be calculated using

1 2
2k
d& QolhF" ) = ——
/() § Qol k ] 2

4k2 5
x| 1= J1—=6(z — 4k%
Z

(28)

@ Springer
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1
/O dg 01 [hF ]

3
2k4 4 4 4\ 2 5
L I P00 R Y
2+ 6k2+6k2< z) (=29

(29)

! £(1-£) k® 4 2?
d /ALl [ R [ I
/O §Qalhi™ 1=, [ 32 1 3008

5
2 2\ 2
Z 4k 2 )
——— {1 ——) 0(z—4k
30k4< b4 ) (c )
(30)
Plugging these expressions into Eq. (25) we see that (in
d = 4) the functions g4 depend only on z and @. In this

case it is convenient to define g4 (Z, ®) = ga(z, w, k). These
functions are explicitly given by

o 1 1 4\"?
gRic(Z,w)=%l+—&) 1—(1—E> 0z—-4) 3D

G.5) = 1 1 1 1 41/29(~ 5
SR @I = 075160~ 16 z ?

24
1 4N
T340 (1—§> 0(z—4) (32)
. 1 1 1 /1 40~ A 1
8RU(Z,CO)—1+—J) —g—i‘z _E(Z_ )—g
N
X(l—:> 0z -4 (33)
Z

o 1 AN
8U(Z,0))=1+—d) 1—<1—§> 0(z—4) (34)

11 4\?
gQ(Z’w)ng—_&) 1—(1—E> 0z—4) . (35)

With these relations we can now compute the functional
traces on the rhs of the FRGE.

3 Real scalar

We begin considering Euclidean scalar theories defined by
the following bare action:

@ Springer

Slp] = T'alep]

2
Y
/dd {EA—i- ~B,09"p + 2A 2+4‘,\<p4

(36)

The field-independent term has been put in for later con-
venience but it is unimportant as long as gravity can be
neglected. The restriction to a quartic potential is not dic-
tated by arguments of renormalizability and to deal with arbi-
trary potential is not problematic in the context of the FRGE.
In general, all the higher dimensional operators—which are
generated by the quartic interaction—have an effect on the
running of the quartic coupling itself. We ignore these terms
because we are interested in reproducing the standard result
for the one-loop four-point amplitude.

Using Eq. (36), the first step is to compute the Hessian
entering in the one-loop RG flow of Eq. (5)

58
——D+mA+7 %

Spdp
In order to properly account for threshold effects, it is

convenient to choose the argument of the cutoff R (A) to be

the operator A = —[ + A2

(37)

2092 Thus we have U = % ¢2.

this way the function to be traced in the flow equation assumes
the standard form of Eq. (7) discussed in the previous section.
Equation (10) reads

1
3 Tklp] = ETrhk( +7<p mi)
1 % . oML 2
=§f ds fig (s, m2) Tre s(-0+ ). (38)
0

We evaluate the trace in Eq. (38) using the non-local heat
kernel expansion. Setting U = %(pz in the general result of
Eq. (21) gives

11 o ~
0 L'rle] = EW/ddx/(‘) dshk(s,m%)s /2

A A2
x {1 — Tsz + TAszwsz (s2) wz} , (39)

where z = —[J. Using Egs. (14) and (25) we obtain the
following form for the beta functional:

11 /dd
- X
2 (4m)d/?

A
{Qg[hk] — 504, le?

0 Tkle] =

)»2
+5’ /0 dg Qg ,lh """ %} (40)

At this point we make the following ansatz for the EAA
entering in the Lh.s. of Eq. (38), bearing in mind that we are
interested in terms up to fourth order in the scalar fields:
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Z
Tilg] = f d?x [Ek + Tkau(Paﬂﬁl)

2
M2y L e p oy @1)
2 41

with Fj(0) = ii. Plugging the ansatz for I'y[¢] in Eq. (40)
we read off the beta functions

1

0 Zy =0,

3tmk = _EWQ%_I [k ] (42)

and the flow of the structure function

30
0 Fi(2) = EW/ dé Q772 I:hZS(l 5)] (43)

Taking z — O in the last equation we obtain the beta
function for the self-interaction coupling constant

3%
Orhi = 2 Gn )d/zQLQ [7k] . (44)

From now on we restrict ourselves to d = 4, using Eq. (27)
to evaluate the Q-functionals, we see that the beta functions
for m,% and Ay are

am? K (45)
m;, =———5-——5,
TR @2 k2 md
33 K
ke = ——= (46)

(47)2 k2 + m?

One can now perform the RG improvement and make the
substitutions ma — my, Apn — A in the r.h.s. of the beta
functions and show, for example, that the theory (36) in triv-
ial. We will not repeat this discussion here, since we are
interested to show how to compute the four-point amplitude
in the context of the FRGE. Introducing the dimensionless
mass ﬁz,% = k‘zm,% and expanding for small rh,% we get the
standard perturbative and scheme independent result:

1 A
o = —2ms — ——
Tk A Gm)2 1+ w2
)\.A ,_,2 )\.A
=2+ —" +..,
( (4n>2) TAT a2
3 22 312
dhk = A=A

G2 1+m3 (4

We compute now the finite part of the EAA by integrating
the flow of the structure function Eq. (43). Using Eq. (27)
and (34) to compute the beta functional of Eq. (40) we get

8 C4fo] 11/d4 K N K4 )
= — X —_
T S ) Ramd M ymt?
2
K o
4k2+m3\

| ak?
x[1— 1——0@—4k* |¢*}. (47)
Z

The one-loop effective action I'g[¢] is recovered by inte-
grating Eq. (47) from k = A downtok =0

1 1
Tolg] =T - = a*
olp] = Talg] 4(4n)2/ .
1 A%+
(—A4— mA+mAlog—mA)
2 m2
2
_I_
i ( i tog '") e
my
_%\ A? +mA 4
2 2 )¢
A
A 2 4m 1 2
——=p% |1+ ArcTanh— . (48)

2
2
’ Vi

If we try to take the limit A — oo this expression contains
quartic, quadratic and logarithmic divergences. The renor-
malized action is of the form (41), with finite “renormal-
ized” couplings Eg, mg, Lo. The relation between these and
the “bare” couplings Ep, ma, Aa is contained in renormal-
ization conditions, which in the present context amount to a
choice of initial condition I" 5 . The finite part of the renormal-
ized couplings is arbitrary and has to be determined by fit-
ting the theory to experimental observations. Here we choose
renormalization conditions that simply remove all the local
terms contained in the integral in (48):

L1 (1, 5, A% +m}
Ep = Eg+ — —— [ = A*=A2m% +m% log ———2 ),
A 0Ty (@m)? (2 m3+m’ log m’,

I A% +m?
2 2 A 2 2 A
my =my— — A° —m% log——= |,
A0 4(471)2( AETT 2

123 A2+ m?
AA + = 1 +log ——2 . 49

2o 8 (4t )2< g mZ (49)

At this point the EA T’y contains a local part of the same
form of (36) except for the replacement of the subscripts A
by subscripts 0, plus a non-local part that is given by the last
line of (48). In this part, using the perturbative logic, the bare
couplings can also be replaced by renormalized ones, up to
terms of higher order. It is clear that this step only makes
mathematical sense if A is bounded (the bound depending
on the smallness of the coupling). In any case the EA then
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takes the form

1 1
Folg] = f a*x § Bo+ 5m3e? + kgt

4!
A2 / 4m?
0 2 0
1 + — ArcTanh
+8(4n)2(p + s rcTan
1 2
X | —=—= % (50)
14 %

Z
The scattering amplitude for the process ¢ — @@ is
obtained by taking four functional derivatives of the effec-
tive action with respect to ¢ after performing the analytic
continuation to Minkowski space. Evaluating the expression
in Fourier space, we get

As. t Y=o+ Y 2 [1 4 4 6 Tanh
s, t, U mo) = — 2 ArcTan
’ ’ w=s,t,u (47[)2 —w

1
1422

—w

where s = (p1 + p2)%. 1 = (p1 + p3)* and u = (p1 + pa)?
and all momenta are taken to be incoming.

Notice that the expression entering in the r.h.s. of Eq. (51)
can be written in terms of the following Feynman integral,
which results from the computation of one-loop bubble dia-
grams:

‘/1+4m%A Tanh
— Arclann ———
Z 4m?
Vit =t
1 1 1—
=/ dx{—log 1+M 1t (52)
0 2 my

For an FRGE computation beyond the one-loop approxima-
tion see for example [27].

4 Quantum electrodynamics

We now consider Euclidean Quantum Electrodynamics
(QED) in d = 4, which is a perturbatively renormalizable
theory characterized by the following bare action:

S[A, ¥, ¥]1=TulA, ¥, ¥]
~ [at [%F,WF“” D+ mewf} NS
4eA

where ey is the bare electric charge, m, = m, 4 is the bare
electron mass, I} = y"*D,, is the Dirac operator, D, =
0, + i A, is the covariant derivative and F},, is the photon
field strength tensor

Qv = [Dus D] = i Fuy = i (0, Ay — 3,A,). (54)

@ Springer

To quantize the theory we have to introduce a gauge-fixing
term which can be taken to be

1
SerlAl = / d*x (8,A")%, (55)

A
where « is the gauge-fixing parameter. Notice that the
Faddeev—Popov determinant can be safely discarded because
on a flat spacetime the ghost term decouples. The one-loop
effective action is given by

LA, ¥, ¥]
- 1
= S[A,I/f,llf]JrzTr

1 _
x 10g|:—82g“v+ (1—;> M=yt mewa}
—Trlog( + m,). (56)
It is useful to rewrite the fermionic trace as
Trlog (lD + me) = % log
x [det (I + m,) det (=D + m,)]
_ %Trlog(A +md), (57)
where

—Fu (58)

and oMV = % [y“, y"], We will work in the gauge o = 1
where the one-loop EAA for QED can be obtained introduc-
ing the cutoff kernels directly into Eq. (56):

- - 1
CelA, ¥, ] = S[A ¢, ] + ETrlog

1
D +m,

x [—82g’” — gyt ks

+Rk<—az>*‘“}
1T1 A 2 L Rie(A 59
—Trlog[A+ml+ R (59

Notice that in Eq. (59) we choose the argument of the
gauge cutoff function to be the flat-space Laplacian —d2,
while for the fermion cutoff we take the covariant operator
A.

The one-loop flow equation is obtained by differentiat-
ing Eq. (59) with respect to the RG parameter ¢. Here we
are interested only in the fermion contribution to the photon
effective action I',[A] = I'k[A, 0, 0], we have

1 3 R (—3%)m
0 'k [A] = =Tr
2 —32ghY + Rp(—aH)my
1T 3 Rr(A)

——Tr—. 60
2 A+ m2 + Re(D) ©0
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The flow equation for I'[A] is now of the form of Eq. (8).
The first trace in Eq. (60) does not depend on the photon field
and thus will not generate any A, contribution to 9;'x[A].
This reflects the fact that QED is an abelian gauge theory
with no photon self-interactions. Thus to one-loop order, all
the contributions to the running of the gauge part of the EAA
stem from the fermionic trace. From now on we will discard
the gauge trace.

We calculate the fermion trace in r.h.s. of Eq. (60) using
the non-local heat kernel expansion in Eq. (17). From Eq.
(58) we see that A is the generalized Laplacian operator of
Eq. (6) with U = —c "V F};,, /2. The function to be traced is

9 Ri(A)

he(dom?) = — R
k(A me) A+ m?Z + R (A)

(61)

We can now specialize Eq. (21) to the QED case:

11 4 oo —27 2
o,k [A] = _5(471)2 /d X trl/(; ds s “hi(s, my)

+ Fpuy [/ ds i (s, m?) fr2 (sz)j| FW},
0

(62)
where z = —D?. The structure function f F2(x) is given by 2
2
frr(x) =2fu(x) —4falx) = f(x)+ T [f(x)—1]
1
= 4/ dg £(1 — &) e85, (63)
0

Plugging Eq. (63) into Eq. (62) and using Eq. (23) we get
1 1

- 4
_2(471)2/”

X {4 Oolhi] +4 Fyy

0 Ik[A] =

1
x/ dssu—s)Qo[hf“‘sﬁFW}. (64)
0

The first constant piece is the renormalization of the vac-
uum energy and we will drop it here. To proceed we need to
specify the form of the ansatz for I';[A], to be inserted in the
Lh.s. of Eq. (62). We choose

T [A] = /d4x
Z 1
x [%’]‘FMF“” + ZFWZA,knk(—DZ)FW} ,
(65)

where Zj4  is the photon wave-function renormalization
which is related to the electric charge via the following iden-
tification:

2 Weused trU =0, tr U? = 2F,, F* and tr Q,,, Q" = —4F,, F*".

Zak = . (66)

Q
»Nl _

The quantity IT; (—D?) is the running photon polarization
which is a function of the gauge-covariant Laplacian. The #-
derivative of Eq. (65) gives

1
3 Tk[A] = atzA,kad“x Fup FH

4

Comparing Eq. (64) with Eq. (67) finally gives the flow equa-
tion
W Zak+ 0 [ZaxTi(2)]
1! _
=——— | &1 —&) QolhiT 7. (68)
272 0

Since I (0) = 0, the beta function for the wave-function
renormalization of the photon field is obtained by evaluating
Eq. (68) at z = 0:

+l / d*x F,,9, [ZA,ka (—Dz)] FI.(67)

1
WZak = 22 ), d& £(1 — &) Qolh]

1 K
=, 69
672 k? + m2 ©9)
where in the last step we have used Eq. (27). Using the rela-
tion in Eq. (66) we can derive from Eq. (69) the beta function
for the electric charge

4 2
e k
8[62 k

=k~ 70
k7 6n2 k2 4+ m?2 (70)

The anomalous dimension of the photon field is given by

WZak e K
Zak _6n2k2+m3'

Notice that in the limit m, < k the fraction in Eq. (70)
becomes equal to one and we recover the standard beta func-
tion found in perturbation theory with a mass independent
regularization scheme [28]. On the other hand, for k < m,
the denominator becomes large and the beta function goes
to zero. This threshold behaviour is the manifestation of the
decoupling of the electron at low energy.

If we integrate the beta function for the electric charge in
Eq. (70) from an UV scale A down to an IR scale k, we find

NAk=— (71)

2
e} = éA . (72)

o 14A2/m2
1+ log 1+k2//nl:i2,

2
°A
1272

Equation (72) is interesting for several reasons. First, it
shows the screening effect of the vacuum: electron—positron
pairs polarize the vacuum around an electric charge so that the
effective electric charge ey, at the scale k, is smaller than the
electric charge e, at the higher scale A. Second, for k — 0,
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it gives the relation between the bare electric charge e, and
the renormalized electric charge ey:

)
ef = A : (73)
[N A2
1 + —127_[2 ]Og (1 =+ m—g)

Third, it shows that QED, as defined by the bare action in
Eq. (53), is a trivial quantum field theory: if we take the limit
A — oo in Eq. (73), at fixed finite e5, we get a zero renor-
malized electric charge eg. Conversely, if we solve Eq. (73)
for the bare charge e%\ and we set the renormalized charge
e(z) to some fixed value, then the bare coupling will diverge at
the finite “Landau pole” scale

A =m? (e~ 1), (74)

These are the two faces of QED’s triviality. So, even if
the theory is perturbatively renormalizable, it cannot be a
fundamental theory valid at arbitrarily high energy scales.
To find an explanation for the success of QED, we have to
take the effective field theory point of view.

We now come back to consider the full momentum struc-
ture of the r.h.s. of Eq. (68). Using Egs. (66) and (69) we can
read off the running of the photon polarization function

_ e,% k2
M) = e
e

2

1
<+ [ aesa-6 00 [ P]. 03)

We can find the one-loop renormalized polarization func-
tion ITg(x) integrating Eq. (75) from the UV scale A down
to k = 0 after having set the coupling e to its bare value e, .
Notice that the term proportional to [T (z) in the r.h.s. of Eq.
(75) is at least of order e* and we will discard it in perform-
ing the integration since we are interested in reproducing the
one-loop result. As we did in the section for the real scalar,
we use the optimized cutoff of Eq. (26) to evaluate the Q-
functional entering in Eq. (75). Performing the integral we
obtain

2 1
MA@ — Mo = 325 | dge( -8 10
x [1 re(l - s)%} . (76)

Notice that Eq. (76) does not contain divergent pieces,
which are local.

Setting the initial condition ITx (z) = 0, we see that the
renormalized photon vacuum polarization function is given
by

2

ex ! z
Mo(2) =—ﬁf dss(l—s)log[ws(l—s)—z]
T 0 my
77
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Inserting Eq. (77) in Eq. (65) and redefining A, —
A/ Zi‘/ % we obtain the following one-loop photon effective
action:

1
Io[A] = Z/d4x Fy F*

—% d*x Fu
1 —_D?
x (/ d& &(1 —&)log [1+$(1 —&)— D
0 m,
x F' 4+ O(FY. (78)

Equation (78) is the full QED one-loop effective action for
the photon which is quadratic in the field strength. Although
the polarization function in Eq. (78) is a function of —D?,
in an abelian theory like QED it boils down to a function of
just the flat Laplacian —3? and thus does not give a non-zero
contribution to higher vertices of the effective action.

With similar methods one can calculate the local terms in
the EAA which are of quartic order in the field strength (and
in the derivatives):

2
ral |, =a / d*x (F F™)
by / d'x Fuy FY@ Fog FPI, (79)

where a; and by are the Euler—Heisenberg coefficients
with negative quartic mass dimension. We can compute the
fermionic trace in Eq. (60) using the local heat kernel expan-
sion of Eq. (11). Contributions of order F* are given by the
coefficient bg(A) of the expansion, which, for constant field
strength, has the following form [29]:

1 1
bg(—D?) = ﬁU“ — 8U2 Q2

1 1
+ [—(QWQ“”V + —QWQWQWSQW} _

288 360
(80)
Using
4 1 va B 1 1vy2

trU = —gFuwF " FopF +§(F;wF )*  and

tr 2, Q" Qup QP = F, FY Fop FPH (81)
we get

1 et 1
dar = ——2D— — 0 _s[hil,
e > @) 18Q 2[7k]

1 e} 7
b = ———D—— 0 5[] 82
i D 2(471)245Q 2[hk] (82)

The Euler—Heisenberg coefficients ag and by entering in the
one-loop effective action are obtained by integrating Eq. (82)
from k = oo down to k = 0. If we use the mass cutoff shape
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function for evaluating the Q-functionals, we obtain

1 ef  [®dk 4K 11 e
9= 36 (4m)2 /0 (e +m2) = 36 (4n)2 mt’
e
S S o S N
90 (4m)? Jy Kk (kz + m§)3 90 (47m)2 m4’
(83)
where we imposed the initial condition a0 = by = O.

These values coincide with the well-known result for the
Euler—Heisenberg coefficients.

By plugging these values back into Eq. (79) and combining
them with the O (8*%) term of Eq. (78) we obtain

TolA] ! /d“ L e
= x —_———
OV 5 ™ )2 15m2 "
1 6‘}\ 7 e‘}\
+— A (Fu F™)" —— 2 F, F* Fg FPH|.
36md VY 90 m4 """ “

(84)

which is the p* part of the photon effective action [28]. The
first term in Eq. (84) is responsible of the Uehling effect
[30], while the other two describe the low energy scattering
of photons mediated by virtual electrons [31]. For a non-
perturbative use of the FRGE in QED see for example [32].

5 Yang-Mills

The situation for the non-abelian case is quite similar to the
abelian one, except for the fact that the gauge bosons are now
interacting. We begin by considering the Euclidean Yang—
Mills action for the gauge fields AL in dimension d:

1 . .
Syml[A] = Z/ddx Fl FM (85)

In Eq. (85) the quantity F ;iw is the gauge field strength
tensor defined by

Fl, =0, Al —0,Al +igf' jxAl AL, (86)

where f! jk are the structure constants of the gauge symmetry
group and g is the coupling constant. The EAA is constructed
using the background field method [33,34]. The gauge field
is split as follows:

Ap = A, +ay, (87)

where a, parametrizes the gauge fluctuations around the
background field /{,L. In the following we will remove the
bar and we will denote the background field simply by A,,.
In order to properly quantize the theory we choose as a gauge-
fixing condition x' = D,a™, where D is the covariant

derivative constructed with the background connection act-
ing on fields in the adjoint representation. The gauge-fixing
action then reads

1 . .
Serla; Al = %fddeﬂa“’Dua”’, (88)

where « is the gauge-fixing parameter. The background ghost
action reads

Senla, ¢, c; Al = /ddxbﬂa" DHc!, (89)

where ¢ and c¢ are the ghost fields and D is the covariant
derivative constructed with the full field. The total action is
then obtained by summing the three contributions

Sla, ¢, c; Al=SymlA +al+Sgrla; Al + Sgula, ¢, c; Al
(90)

The background effective action I'k[a, ¢, ¢; A] which is
constructed using the background field method is a func-
tional of the background field (A ) and of the classical fields
conjugated to the currents coupled to the quantum fluctua-
tions, which we denote again by (a,, ¢, ¢). The background
EA is invariant under the simultaneous gauge transformation
of both. One can define the gauge invariant EAA by setting
the classical fields to zero I'y[A] = T'k[0, 0, 0; A]. In the
following we will study the RG flow of I';[A]. (Note that in
this case D can be replaced by D in the ghost action.)

The exact RG equation for I'y[A] can be found in [35].
Using Eq. (90) we obtain

1 9, Ry (D 1 9, Ry (—D?
T tk( T) T tk( )

T2 CDI 4 R(-D2)

oAl = 2 rDT + Ry(D7) 2
91)

where the gauge-covariant Laplacian is (D7)/* =
(=D*)UngHv + UV H | with UV #Y = 2 £, F'*V. The com-
mutator of covariant derivatives is [Dy, D,]1/ = Q)l, =
—fi FL o

We can now use the non-local heat kernel expansion of Eq.
(21) to compute the r.h.s. of Eq. (91). For the gauge group
SU(N), we get

= L dx Fi
F2 (47.[)0.’/2 v

o
X [/ ds hy (s, 0) s2~4/2 fpz(—sDz)] Firv,
0

0 'k[A]

92)
where the structure function fr2(x) is given by
1
fr2(x) = 5[4fu(X) —dfa(x)]
d—2
+falx) = f(x) + e Lf(x) —1]. 93)
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We need now to make an ansatz for the lLh.s. of the flow
equation. Retaining terms up to second order in the field
strength, but with arbitrary momentum dependence, the EAA
has the form

z
MifAl = =2= f ddx Fo, Famy

ZAk

dx Ff, T (=D** FP + 0 (F7),
(94)

where Zsx =1/ glz and Ik (z) is the running vacuum polar-
ization function.

Notice that the background wave-function renormaliza-
tion constant, and so the gauge coupling, enters the flow of
[T (x) only as an overall factor.

Comparing the expression of Eq. (94) with Eq. (92) and
using Eq. (25), we get the flow equation for the running vac-
uum polarization function:

% Zak+ 0 [ZaxTTk(2)]
1
— 2£(1-§)
= o (4] € 00
d=2 (! -
+— (/0 ds Qg 1" S)]—le[hk]>},

(95)

where z stands for the covariant Laplacian —D?. Evaluating
the Q-functionals for the optimized cutoff (26) in dimension
d = 4 gives

WZak+ 0 [ZaxTi(2)] = N
s , (471’)2
22 22 8k? 4K2
Z (=) 1- 0@ -4> |, 96)
3 3 3z Z

Since I (0) = 0 we can rewrite the above equation as

0t Z Ak 22 N ,
__ulAk L N 97
NA k Zax 3 @n)? gk Ch)
and
giN
0k (z) = na ki (2) + ——58p2 (2) . (98)
(4r)

The function g2 (2) is

5 22 8 / 4
ng(Z)=—(—+—~> 1-=-6(z—-4). (99)
3 3z Z

Notice that the k dependence in Eq. (98) enters only via the
combination Z = z/k? and we used the relation g,% = Z;lk.

From the anomalous dimension in Eq. (97) we find imme-
diately the beta function for the gauge coupling:

1 N 1IN ,

dgk = = i R — 100
18k 277A,kgk @2 3 8k (100)
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which is the standard one-loop result. Integrating the one-
loop beta function for the gauge coupling from the UV scale
A to the IR scale k we find

2
8h = 8} ];2N A (101)
I+ G ™7 log g
A mass scale M can be defined by the relation
g 22Nk
= —— log —, (102)
4m)? 3 M
if we insert Eq. (102) in Eq. (101) we can write
2
ap = , (103)
A %N log %

where we defined ap = %. This is the standard result found
in perturbation theory.

‘We now go back to the running of the vacuum polarization
in Eq. (98). The term na ;I (z) is at least of order g,‘: and
we will discard it here since we are interested in reproducing
the one-loop result. Moreover, we set the running coupling
to its bare value g5 . We can now integrate the flow of ITx(z)
in Eq. (98) from an UV scale A down to an IR scale k. We
get

gAN /Ukz du

HA(z) = i (z) = 2617 e — 8r ).

(104)

The integral in Eq. (104) is finite in the limit A — o0
and no renormalization is needed. The function g2 has no
constant term so for every z and k big enough the flow of
[Tk (z) is zero and no divergences can develop. In this limit,
the vacuum polarization function goes to its boundary value,
i.e. [To(z) = 0. Using the general integrals of Eqgs. (28)-
(30), the vacuum polarization function at the scale k is finally
found to be

i (z) = —

(4m)? 312 °k2 2
64 N 8Kk2 4k2 (105)
9 9z Z

for z/k* > 4 and TI;(z) = O for z/k* < 4. From Eq.
(105) we see that we cannot send k — 0, since the first
logarithm diverges in this limit. For k> < z, Eq. (105) gives
the following contribution to the gauge invariant EAA:
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2 2\yab
gxN 4 i |11 (=D%) 64 .1 i
647{2 /d X F/fw |:? lOg k—2 — gaa FHHY, (106)

We can interpret the obstruction to taking the limitk — 0
inEq. (105) as asignal of the breakdown of the approximation
used in its derivation, where we considered the flow of TT; (z)
as driven only by the operator % [F 2 In order to be able to
continue the flow of the EAA in the deep IR, we need the
full non-perturbative power of the exact RG flow equation
that becomes available if we insert the complete ansatz (94)
in the r.h.s. side of it [36—44].

6 The chiral model

In the previous sections we have considered perturbatively
renormalizable theories. In the remaining two we shall con-
sider non-renormalizable ones. The standard way of treating
non-renormalizable theories is the method of effective field
theories [28]. We shall see here how to recover some well-
known results of the EFT approach using the FRGE. Previ-
ous application of the FRGE to the nonlinear sigma models
have been discussed in [46-51]. The dynamics of Goldstone
bosons is described by the nonlinear sigma model, a the-
ory of scalar fields with values in a homogeneous space. In
particular in QCD with N massless quark flavours the Gold-
stone bosons of spontaneously broken SUL (N) x SUg(N)
symmetry correspond to the meson multiplet. These theories
are known as the chiral models. They have derivative cou-
plings and their perturbative expansion is ill-defined in the
UV. A related and phenomenologically even more pressing
issue is the high energy behaviour of the tree level scatter-
ing amplitude, which grows like s/ Fﬁ, where s is the c.m.
energy squared and F, (the “pion decay constant”) is the
inverse of the perturbative coupling. This leads to viola-
tion of unitarity at energies of the order ~4m Fy, which is
usually taken as the first sign of the breakdown of the the-
ory.

The chiral NLSM that we consider here is a theory of
three scalar fields 7% (x), called the “pions”, parametrizing
(in a neighbourhood of the identity) the group SU (2). Geo-
metrically, they can be regarded as normal coordinates on
the group. We call U the fundamental representation of the
group element corresponding to the field 7%: U = exp(fn),
o= Ty Ty = Lou, T = —Ty, tr (T, Tp) = —38up.
a = 1,2, 3. The coupling f is related to the pion decay con-
stantas F; = 2/f.Thestandard SU (2); x SU (2) g-invariant
action for the chiral model is’

1 4 -1 -1
S[JT]Z—F/d xttU™ 9, UU d*U. (107)
A

3 Since U™! = UT we have tr U138, U U™'3*U = —tr 9, U 3*U".

This is the term with the lowest number of derivatives. Terms
with more derivatives will be discussed later. Introducing the
above formulae and keeping terms up to six powers of 7 we
get
S[r] = 1 / d*x {(a %)% — if2

2 " 1274

x [n“‘na(aﬂnﬂ)z - (ﬂaauﬂa)z]

i
+3e5 /4 [(n“no[)z(a,mﬂ)2 - nana(nﬁaunﬁ)z]
+0(n8)} ) (108)

If we define the dimensionless fields ¢* = fx* and the
metric

1
haﬂ(fAT[) = 5&/‘5 - Ef2 X (770770805/3 - 770177/3)

1
355/ 1077 70) 0u
—7° Mo apl + O (%), (109)
we can rewrite Eq. (108) as a non-linear sigma model:
! 4 aap p
Slel = 72 d"x hap(9)9,9™ 0 " (110)

Note that the pion fields 7% are canonically normalized
and the metric is dimensionless, whereas the fields ¢* are
dimensionless.

Following [52-55] we use the background field method
and expand a field ¢ around a background ¢ using the expo-
nential map: ¢(x) = expg,) &(x) where the quantum field
& is geometrically a vector field along ¢. The EAA will be,
in general, a function of the background field and the Legen-
dre transform of sources coupled linearly to &, which we will
denote by the same symbol hoping that this will cause no con-
fusion. We also omit the bar over the background field so that
we can write the EAA as I'k[£; ¢]. For our purposes it will be
sufficient to compute this EAA at £ = 0: T'k[¢] = Tk[0; ¢].
The RG flow for T't[¢] is driven by the Hessian I'\[¢]. In
the one-loop approximation that we shall use, this is equal
to

SPlplap = % (—Oap + Usp) (111)
where [0 = V, V¥, V, is the covariant derivative with
respect to the Riemannian connection of hgg, Uy =
—Reanpd,@©0%@". We have expressed the second varia-
tion in terms of the dimensionless background fields g%,
which produces the overall factor 1/f2. In the one-loop
approximation the running of couplings in the r.h.s. of the
FRGE is neglected and f has to be kept fixed along the
flow.

Since geometrically SU (2) is a three-sphere with radius
two [47], the Riemann tensor can be written in the form
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Ropys = % (hayhgs—hashgy ). The appearance of the covari-
ant Laplacian suggests the choice of A = —[] 4 U as argu-
ment of the cutoff kernel function. In this way the cutoff
combines with the quadratic action to produce the function
hi (A, w) given in Eq. (7), with o = 0.

Evaluation of the trace follows the steps outlined in Sect. 2
and one arrives at the beta functional:

X (E)Mnaa"nanﬁnﬂ — Bunaal‘nﬁnanﬁ)

0[] =

1
e £ [0 g0 (—0/ 0,70 g
0,0 gU(—D/kz)avnﬂa"na]

1
+o (0777 8,10 g (~0/K)0,7%0 g
- aﬂnaaunﬂ gQ(—D/kZ)BMJT“B"nﬁ]

+0(n6)}, (112)
where we have used Q2,48 = 0,90 0,9 Rogey and Eqgs.
(34)=(35). The form factors gy (—/k?) and gq(—0/k?)
correspondto gy (—0J, 0, k) and g (—0J, 0, k) in the notation
of Sect. 2. It is important to stress that in the derivation of this
result no regularization was needed: the integrals we had to
perform were IR and UV finite. This is a general property of
the beta functional o,T".

Another important fact to note is that the first two terms
appear in the same ratio as in the original action of Eq. (108).
This is just a consequence of the fact that the cutoff preserves
the SU(2) x SUR(2) invariance of the theory. As a result,
in the RG flow the metric h45(¢) gets only rescaled by an
overall factor when expressed in terms of the dimensionless
field ¢.

We see that in addition to terms of the same type of the
original action, quantum fluctuations generate new terms
with four derivatives of the fields. To this order one can write
an ansatz for the EAA that contains generic four-derivative
terms:

Tilr] = /d4x {%aﬂaa“n“ — isz
X (8Mna8“n“nﬂnﬁ — Bﬂnaﬁunﬁ
+ 8,3 7 fyu k(D) dympd" P
+ 8,797 vy p (D)8, a8 s
— 790" 7P flyq (D)8, 7 dys
+ 07?9 7 filya (D)8, dup

JTO[TL"B)

+O(n6)}. (113)

Here the coupling fi and the dimensionless form factors
yu.k and yq i are functions of the scale k. The local parts of
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the form factors yy x(0) and yq «(0) can be combined as

Ti[r] = /d4x { — 3t — —fk
x (8,mo 8" nmpn? — 8,73 7P momp)
£
”‘fk 3,70y 0" g0 P

¢
2"fk 3o D gd 5+0(n6)}

(114)
where
L1k
- = yux(0) + v r(0)  and
b4
25 = 7040 — a0 (115)

Up to this point we have interpreted an infinitesimal RG trans-
formation as the result of an integration over an infinitesimal
shell of momenta ak < p < k, witha =1 — e and € > 0.
In the literature on the Wilsonian RG, however, this is com-
plemented by two additional transformations: a rescaling of
all momenta by a factor a and a rescaling of all fields so
that they remain canonically normalized. The rescaling of
the momenta is effectively taken into account by the rescal-
ing of the couplings fk = kfy, etc. We will now explicitly
implement the rescaling of the fields:

Sn% = L VREAT:
2 (4m)?

(116)

Defining X by
sn¢ 8
8t Sma’

! a |12
(4n)2/d x{24k /

X (8Mna8“n“nﬂn’3 - B#naa"nﬁnanlg)

+f4 [W“a“na (%gm—m/kz)—zjamk(m))

5128[+

we obtain

dTiln] =

avnﬂa”nﬁ
+0, 7% 0" g 3]2gU(—D/k2)—2f2VU,k(D)>
3, P9y
+0 7P o,y (116gQ(—D/kz)—z.fZVQ,k(D))
Ao’ m
— 9" B (116gg(—D/k%—zfzm,k(D))

aMn“a”nﬁ] +0(n6)} . (117)
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Comparing the #-derivative of Eq. (113) with Eq. (117) we
see that, by construction, the kinetic term does not change
along the RG flow while for the second term we find instead

R k2f4

afl=— ) 118
tfk 167'[2 ( )

For the non-local form factors, one obtains

Sy (@) = —— = gy (=0,
YU k 6232 8V

A 1 1

B) O 0/k%). 119
e = 17 1e 8L/ (119)

In order to recover the standard perturbative result for the
effective action we integrate Eq. (117) from some initial UV
scale k = A, which we can view as the “UV cutoff”, down to
k = 0, keeping the Goldstone coupling f fixed at the value
it has in the bare action (fA) and neglecting corrections of
order O(f* f2) to the flow of the form factors. In fact, from
the integration of Eq. (1 18) we will see that the coupling f2

changes by a factor 1 +3 =4~ which is a number close to one
in the domain of vahdlty of the effective field theory (even if
A ~ f~1, f changes only by a few percent). Thus we have

A dk 4
Fa=To —/ Iatrk[ﬂ]

dk
/ / d*x {——a,
(8Mna8“7r nﬁnﬁ -9 no‘aﬂnﬂnarrﬁ)

4 r [aun“a“naatyy,k(m)avnﬁa 5

40, 0" 750,y 1 ()3, P 9V 1

+0" 7P 8, 7100y ()8, %9 g

—a“naaunﬁé,m,k(D)aMn“avnﬁ] +0(n6)} .
(120)

The effective action is then obtained by integrating Eqs. (118)
and (119). We get

AdkA 1 fd
ﬁ—ﬁzﬁ S = =5 ema A (121)
and
yu,a() — yu,0)
A dk .
=f — 0 yu k()
0 k
1 1 1 -
=R\l 28T ) (122)

va,A ) — ye.o(0)

A dk A
=/ e
0

1 1 2 1 1 -
_1_6167(6_5 OgF>'
In this effective field theory approach the need to renor-
malize does not arise so much from having to eliminate diver-
gences, since A corresponds to some finite physical scale and
all integrals are finite anyway. Instead, it is dictated by the
desire to eliminate all dependence on high energy couplings,
which are unknown or only poorly known, and to express
everything in terms of quantities that are measurable in the

low energy theory.* So, in order to eliminate the quadratic
dependence on A, we define the renormalized coupling to be

fA

(123)

fo=fi+

SA%, (124)

To get rid of the logarithmic dependence on A we define the
renormalized values of £ and ¢;, introduced in Eq. (115), to
be

4 fA ,U~2
lio=1¢ 1 ,
AT 350 8 A2

oo = lopt 2 A pog 12 (125)
20 = bat 355 loe

Here the couplings with subscripts A can be interpreted
as the “bare” couplings and the ones with subscripts 0 can
be interpreted as the “renormalized” ones. Notice that, once
subtracted, the quadratic dependence completely disappears,
but due to the need to compensate for the dimension of the
Laplacian in the logarithms, one has to define the renormal-
ized £ and ¢, at some (infrared) scale x and therefore there
unavoidably remains a residual scale dependence.

After this renormalization procedure, the effective action
can be written, in perturbation theory, as a function of the
renormalized coupling:

1 1
4 2
F()[T[] = /d X {Eaunaal‘n“ — ﬁf

x (8,mq 0" mpr? — 8,7 3" 7P momp)
£

+ ?lf“ 0,7 0, I 0" P
) 4 wo o v_pB

+?f Oumq 'm0, mgd"m

1
32 1672

1 -0
X <1 — Elog 7) 31)7'['38‘)7'[/3

4 Ultimately, this produces the same effect, for when the high energy
parameters have been eliminated one may as well send A to infinity.

i Y Lok ol
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1
321672
1 f
16 1672

2 1 - o v
X §—Elog7 0”0 mg

1 -
Aot g (1—5 log 7) 3,7P"r,

MxPa,m,

X 9,10 s + 0(n6)} , (126)
where we have eliminated the subscripts from the couplings.
The renormalized couplings f, £1 and £, have to be measured
experimentally, but the non-local terms are then completely
determined and constitute therefore low energy predictions
of the theory.

These non-local terms enter in the computation of the
Goldstone boson scattering amplitude A(momg — 757p) =
A(s, t, u)dapdop+A(t, s, u)8ua8pp+A(U, 1, 5)54p08s, Which
is obtained by taking four functional derivatives of the effec-
tive action in Eq. (126) with respect to 7% after performing
the analytic continuation to Minkowski space and evaluating
the expression at the particles external momenta. We get

2
A(s, t,u; ) = fTs + Z?1]‘402 +u?) + b fs?

1
3512n2

<2s2 log ;—; +1t(t —u)log

—t —u
— +u(u—1)log —2) (127)
0 0

where s = (p1 + p2)*, t = (p1 + p3)* and u = (p1 + pa)?
and all momenta are taken to be incoming. This result is well
known in the literature on chiral models [45].

7 Gravity with scalar field

In this section we will consider another example of effec-
tive action for an effective field theory, namely a scalar cou-
pled minimally to gravity. As first argued in [56,57] and
confirmed by explicit calculations [58,59] low energy grav-
itational scattering amplitudes can be calculated unambigu-
ously in this effective field theory, in spite of its perturbative
non-renormalizability. The reason is that low energy effects
correspond to non-local terms in the effective action that are
non-analytic in momentum. Such terms are not affected by
the divergences, which manifest themselves as terms ana-
lytic in momentum. Here we shall follow the logic of pre-
vious chapters and derive the terms in the effective action
containing up to two powers of curvature, by integrating the
flow equation. There have been several calculations of diver-
gences for a scalar coupled to gravity, including also a generic
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potential [60—63]. As we shall see, some of these terms are
related to the low energy ones by simple properties, so that
the two calculations partly overlap. From a different point
of view, the flow of scalar couplings due to gravity has also
been discussed in [64], and with the aim of establishing the
existence of an UV fixed point, in [65,66]. Previous appli-
cation of the FRGE to the calculation of some terms in the
gravitational EA have been given in [67-71].

Action All calculations will be done in the Euclidean field
theory. We will study the flow of the EAA driven by an action
of the form

Tklh,C,C; gl = Sulg +hl+ Sulg + h, 1+ Serlh; gl
+Sgnlh, C, C; gl, (128)

where hy, is the metric fluctuation, CH* and C , are anti-
commuting vector ghosts for diffeomorphisms, g, is the
background metric. The term

Sulg +h) = —% d?x/det(g + h)R(g + h), (129)

with k = 1671 G, is the Hilbert action,
Salg +h. 91 = [ dla /il + )
X B(g + "3, 0,¢ + V(d))] (130)
is the matter action and
Serlh; gl = %/ddx\/g)(ﬂx“ , with

1
X = Vhu = 5Vuh (131)
is the Feynman—de Donder-type gauge-fixing term (the gauge
parameter « is set to one). We will only need the ghost action

for h = 0, in which case it has the form
SenlO, C, C; gl = fddxﬁéﬂ (—D(Sff — RC‘) c'. (132)

The covariant derivative V and the curvature R are con-
structed with the background metric and we denote [] =
Vv, VH

Using Eq. (5), this action generates all possible
diffeomorphism-invariant terms. We retain only those that
are quadratic in “curvatures”’, where we include among cur-
vatures the Riemann tensor and its contractions, terms with
two derivatives acting on one or two scalar fields the poten-
tial and its derivatives.> Within this class of EAA’s we can
calculate the RG flow and integrate it analytically to obtain
an EA, which consists of both local and non-local terms. In

> To some extent this parallels the treatment of mass terms in chiral
perturbation theory.
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a more accurate treatment these new terms would all con-
tribute to the r.h.s. of the flow equation, but such calculations
would be far more involved.

Hessian Arranging the fluctuation fields 4, 8¢ inad(d +
1)/2 + 1-dimensional column vector §®, the total quadratic
part can be written as

1
— [ d?x/gsd HsD
ZK/ e
1 [ 4 HeAr H -\ (h
:Z/d INALY, 8¢)<H'w i )(5’5;)
(133)

where the dot refers to the components in the space spanned
by 6¢. The Hessian H has the form
H = K(-0) +2V®v;s + U. (134)

The coefficient of the second-derivative term is a quadratic
form in field space,

af v
K = (K 0) (135)
0 «
where
Kaﬁ/w — % (yxﬂ,;w _ %gaﬂguv>
1
= ("8 + "¢ — g"g") (136)

is the DeWitt metric. (We denote by ,5"" the identity in the
space of symmetric tensors.) Furthermore,

5 0 —k K7V, ¢
V= (KKW,SW) . , (137)
U= yesy kg’ V'(9)
2KV, Vs + kg V(9) kV(9) )
(138)

with
Uaﬁp.v — Kaﬂ;wR + %(g”'VRaﬂ + R;wgaﬁ)
_i (gauRﬂv —i—gm}Rﬂ“ + gﬂuRav + g,BUROl/A)
1 1
_E(R(Wﬁv + RaVﬂu) +x |:_§Kﬂtﬂuv(v¢)2
1 af v Vo B
—Z(g VEGVp + g VIPVI )

1
+5 (8 VFV g+ g VI Vg
+gPHVEPVp + gV VIG) — KUV,
(139)

It is convenient to extract an overall factor of K and write the
Hessian as H = KA where

A =1(-0) 4+ 2Y°Vs + W (140)

is a linear operator in field space and therefore has the index
structure

v .
A= (A“ﬁ Aup ) (141)

AR A
The coefficients in the operator A are related to those of the
Hessian by Y = K~V W = K~'U, where

_ 2
Ko =28, — ———g,,8° . (142)

d—2
Note W need not to be symmetric, in fact the question is
not even well posed because of the different position of the
indices. Explicit calculation leads to the following expres-
sions:

0 —k8a87°V, ¢
Y = R > : 143
(Kﬂwsvy(p 0 (143)
W = Waﬂlw _ﬁ’(gc{ﬂ V/(¢)
2KMOV, Vs + 38MVI(@) V(@) ’
(144)
where
d—4
Weph’ =2 Ugg"” — 7_2 8up
RO~ SR — S (Vhgvie - g (V)
2 2 2
K
—58apg"" V. (145)

Completing the square In order to use the standard heat ker-
nel formulae for minimal Laplace-type operators, we have to
eliminate the first-order terms Y - V. This can be achieved by
absorbing them in a redefinition of the covariant derivative:

Vu =V, I —Y,. Then A in (141) can be rewritten as

A=-V,VF+W
W =W -V, Y +Y,Y*

(146)
(147)

To compute W we need the following intermediate results:

0 —k VoV
(- aVp
Vit = (Kﬂvyévaqus 0 )

—k 8oV KM€V, V., 0
YMY“=< KOup 0 8 V¢ P _K(V¢)2> (148)

and
d
K, = % Sup? K" €5V, Ve

1 1
= _Eaggvﬁ)qsv”)qﬁ + 78" VahVp9. (149)
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Collecting, we find

- v
W — (Aaﬁ Baﬁ) (150)

c* D
with

1 1
A"’ = Woph" — zxaggvmv% + k8" Vad Vpo

2
Byp = _d — 2Kga/3v/(¢) + Ve Vpd

CH” = K" PV Vg + gngw
D = —k(Vg)* + V" ().

The curvature of covariant derivatives, 2 w = [@M, @U], is
related to the curvature of the original covariant derivative,
Q =[V,, V,]by

Qu =Qu = VY, + VY, +Y,Y, =Y, Y,. (151)
To compute €,;, we need
0 —2K5aﬁ”‘sg[xwa|vx]vy¢>
2V Y, = )
b <2K“ 72813151 Vi1 Vy @ 0
(152)
and
—2k8 zZI" V7oV 0
DY Yy = OBl PV°P : (153)
0 0
Then we find
A (Qkk)aﬂuv (Qkk)aﬂ'
Qex = ~ 154
KA < (QK)L),MV O ’ ( )
where

(Qe)ap™ = (n)ap™” — 268ap y1c) Kepp)* VY 9V,
(Qu)ap = 268087° 81215 ViK1 Vy
Q) M = —2K" 78115V Vy .

Heat kernel coefficients We compute first the local heat ker-
nel coefficients of the operator A, using (12). The first two
are

trbo(A) = 11,

25 2\2 "
rby(A) = = =R +2((V9)")? = V" + 106V (155)

For the calculation of by we need a few preliminary results.
Using trI = 11 and defining P = W — %]I, the heat kernel

coefficient (12) can be rewritten, in four dimensions, in the
more compact form

11 1 1 -
trbs(A) = ﬁ(Riem2 — Ric?) + ztrIE”z + Etrﬂz. (156)
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In the evaluation of the last two terms we use the following
traces:

trP? = tr W? — lRtrWJr ER2 ,
3 36

oW =A,,""+D,

A =6R — k(Vp)? — 10« V

tr W2 = A,,%P Agp"’ + 2BopC*F + D?,

AP Agg™ = 3R,0ps R¥P7 — 6R, R™Y + 5R?

3
—EKR(Vd))Z — 12V R
7
+ 12 (V0D + 2V (V) + 1062V2,
BupC® =k V'V — 2cV"?
1 1
+§Kvﬂvu¢v“w¢ - Zx(vqu)z,
1 3 119
—trP? = ZRiem® — 3Ric?> + — R?
2 2 72

11
+§K2va¢va¢vﬂ¢vﬂ¢

1 1
—ZKV2¢V2¢ + EKVﬂVaqbVﬁV“q)

5
+x (KV(¢) R~ V”(¢)> Vap Ve

/ 2 2y/2 13
V(@) VI + 56PVE@) — SRRV (@)
V//(¢)2

S

For the last term in (156) we need

R
—26cV'(¢)* — V@~

tr quﬁuu = (Q/Av)aﬁys(fz#v)yéaﬂ
F2(Qpun)ap ()P, (157)
where
(qu)aﬂya(fzuv)yéaﬂ = _6Ruvp0RMva
+KR(V))? + 2k R, VE OV ¢
3
—5K<(V¢>2)2
x2(Qy)ap ()P
= k((V29)? — 4V, V,p VIV ).

‘We thus arrive at
191 . 5 551, 5
trbs(A) = —R - R —R
rba(A) = ggRiem” — g Ric™ + =3
5 1
+ZK2“W’)2)2 - gKquﬁVzaﬁ
1 poa, | orof
+ 2K VgV VIVG + <k Rup VY o

1
+i <KV<4>) —3R- V”<¢>) (Vo)?

+1c V() V39
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+5k2V2(p) — 26V (¢)? — 13—3/<R V()
R B V//(¢)2
_gV (¢) + >

Using the relations

1 1 1
cRupVIgVIG — ZV2PV2P 4+ - VpVedVIVIH =0,

(158)
—V()(VP)> + V() Vp = —2V"($)(Vh)?,  (159)
Ryvps R¥P7 = 4R, R" — R?, (160)

which hold under an integral modulo surface terms, one can
rewrite

71 71
trbs(A) = @RICZ + EOR2

1 , 13 |
—3KR(VE)? = KRV (@) — ZRV"(9)
+§K2<(V¢>2)2
+12V (@) (V) — 2V () (Vp)?
+5k2V2 () — 2k V' (¢)?

V//(¢)2

+ 7

The non-local heat kernel can be computed from Eq. (17).
Using again the traces given above, the coefficient of s2 is
found to be

(161)

Ryv(11 fric + 6 fu — 24 fQ) R
+R(1fR+6fRry +2fu +6fQ)R

3
+KkR <—2fRU —5fu+ fQ) (V§)? + 2 R™ fQV ¢ Vigp
+Rfru V" +kR(=10fgy — 12fy)V
1
FeVu Vb (f — 4fQ) VIV + 1 V2 <—§fu + fQ) V2

+2%V2pfy V' = 2k(V) fy V"
+ 22V (V) — 4V fy V! + V" fy v

+ <%fy - %fg) k2 ((v¢)2)2 + 102V Sy V. (162)
Using the expansion (20) one can check that the local part of
this expression agrees with (161).

One can compute in a similar way the heat kernel of the
ghost operator (Agp), = —V28/‘i — R),. We find, in four
dimensions, the local heat kernel coefficients

1
trbO(Agh) = 4, trbz(Agh) = —§R’

7 17
trbs(Agn) = — R R™ + —R?,

163
30 60 (163)

where we used again (160). The coefficient of s2 in (17) is

Ruw@fric + fu —4f)R" + R4 fr — fru + fo)R.
(164)

We are now ready to write the flow equation.

Flow equations We write the one-loop flow equation for the
“single metric” bEAA T'x[g] = I['k[0, 0, 0; g]. It consists of
two terms:

x atRk(Agh)
Agh + Rk(Agh) .

BF[]—ITr 0 Ri(A)
GRS = S A T R

(165)

The first comes from the graviton and scalar fluctuations,
the second from the ghosts. Using Eq. (21) and the heat kernel
discussed in the previous section, the flow equation for the
bEAA is

1
9 Tele] = —— [ d* [3k4 K2
t k[g] 327_[2 x\/g +
29 2 Vi
X —?R + 4 (V)™ —2V" +20cV
+ R, 81(2) R* + Rg2 (DR
+ K Rg3(2)(V)? + Kk R™ g4(D)V,pVy b
+ Rgs)V”
+KkRge(2)V
+ .V, Vi g7(D)VHVY§ + k V2P g3(2) V3¢
+ k2 (V)2 g9 (3)(V)?
+ V2P g10(D)V — k(V$)g10()V”
+k2(Vp) g0V
y 1 ;
—2V'g10Q)V' + EV//gIO(Z)VN
+5K2V810(Z)V}, (166)
where the functions g,, a = 1, ..., 10, are linear combi-

nations of the functions gric, gr, U, &RU, & given in the
second column of the following table:

Q
.S
Q
o]
S
a
::

8a

S
[N}
N
3

SO OO OO O QU |
wilco

3gric +48u — 16gq
3gr +2gu +8grU + 480
—2grU — 38U + 82
2gq
8RU
—10gry — 12gu
gu —4ga
—%gu + 8o
Tlgu - %gsz
0 2gvy

o8
|
|

SI—S
IR

§

| wi= | 1
| Wil | e |
SN

gt
iy

= 0 0 3N N AW =
—

N | wi— |
W —
S | v |
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Note that only the first two receive contributions from the
ghosts. Next we recall that using the optimized cutoff, the
functions gric, ..., go are given by Eqgs.(31)—(35). In the
present case there is no dependence on w, so dropping this
argument the functions g,(z) = g,(z, k) can all be written

in the form
B C,
+(—Aa+7“+zz>,/1——9(z 4), (167)

where the coefficients A,, B, and C, are given in the remain-
ing columns of the table above.

8a(2) = Aq

Integration of the flow We have found that the classical
action (128) generates the flow (166). The flow is finite but
integrating over k up to some scale A and taking the limit
A — oo it generates divergences in the effective action. The
first line is proportional to terms that are already present in
the action and, upon integration over k, correspond to quartic
and quadratic divergences. The remaining terms were not
originally present in the action. Equation (167) allows us to
split these terms into local parts (the first term) and non-local
parts (the rest). The local parts correspond to logarithmic
UV divergences. The non-local parts vanish for k> > z/4,
signalling its infrared character.

The new terms in the flow equation force us to consider
a more general class of EAA’s that, in addition to the terms
that were originally present in (128) also contains for each
24(2) = gu(z,k),a=1,...,10, in (166), a corresponding
form factor f, x(z). In principle all the terms in the last two
lines of (166) could appear with different couplings, but in
the present truncation they all renormalize in the same way.
The functions g, are the beta functions of the form factors

Ja:

O fax(z) = (168)

1
307 2ga(Z)

Even though our main interest is in infrared physics, it is
useful to consider first the divergent part of the action. For a
fixed z and for k> > z/4, the step function in (167) vanishes.
In this case the integration of the flow only gives power and
logarithmic terms. We find for large A

Talgl = N H3A4

322

29
+ (—?R +4k(Vp)> —2V" + 20xv) A?

1 2
—R>— §/<R(V¢)2

43
—R RN«V
+ ( R +

30

26

1
—?KR Vi) — RV”(¢)

+5x2(<V¢>) )2+ 262V (9) (V)?
—4ic V" (9)(V)?
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2
F1062V2(¢) — 4V ()2 + v”(¢)2) log <%>

~+finite terms] , (169)

where we have introduced an arbitrary renormalization scale
(. The last three lines agree with the results of [63], spe-
cialized to a single component field. The finite terms have
the same structure as the ones that are written but with
A-independent, finite, coefficients. These correspond to the
arbitrariness in the choice of the initial conditions for the
flow.

We now integrate the flow equations from the UV scale
A down to zero. The first line in (166), which depends on
powers of the cutoff scale k, produces simply the terms in
the first line of (169).

Next we discuss the logarithmic terms. For each form fac-
tor the integration is to be performed keeping z fixed. For a
generic IR scale £ we have

1 Adr z
3272 J, 7‘5’“<k_/2)

1 L
=Gt L S0

where in the second step we changed variables of integration
to u = z/k%. Now we insert the explicit form (167). We
assume that z/A% < 4 and z/k*> > 4. The integration can
be done explicitly and in the limit k — O one finds

A2
Fun(2) = == log (?)

Ay z 1 B, C,
Aagog (L) - (A + 22 .
Tean? % <M2) 3272 < T 120)

(171)

fa,A(Z) fa k(2) =

(170)

Ja0(@) =

Note the following fact: if we had just integrated the local
part of the form factor, namely the first term in (167), from
k to A, we would have obtained 32 A log(A?/k?), which is
both UV and IR divergent. When we integrate the full form
factor, for k — 01in (167) Z becomes large, the theta function
is one and the square root tends to one, so that the A-terms
cancel. Thus, by integrating the full non-local form factor,
we obtain a result that is UV divergent but IR finite.

While the non-local terms are finite and entirely unam-
biguous, the local terms in the effective action I'g are not
fixed and have to be determined by matching the form of the
EA with experimental data. This is achieved by means of
renormalization conditions. In the present formalism, these
correspond to the choice of Iy .

The initial conditions for the form factors can be chosen
to eliminate the A-dependence in the EA. This requires

AZ
10g < ) + Va,

fan(@) = (172)
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where y, are arbitrary constants, corresponding to the finite
terms in (169). Then the form factors in the EA are

z
fu 0(z) = l 0og < )
1 B, C,
—— 1A — , 173
+Va 3072 ( at B + 120) ( )
and the EA has the form
-0 1
Colgl = 3072 \/_ p,v 10g 2 R
+—R log (

2 R1
—=kRlo
3 g

)( Vo)?
—dJ
2

1
+§/<wa log < AN

1Rlo D %
3 g

2
——KRlog< >

1
+3KV qulog( )V“V”qﬁ

1
—gKV¢log< >V¢

+§K2(v¢)210g ( ) (Vo)?

+26 V3¢ log < D) 14

2 < D) "
—2k (Vo) log |4
+2k*(V¢)? log < >

+10« Vlog( ) Vv
u?

- -
—4i V' 10g< > V' +V"lo g( ) %4
u2 2

+local terms) . (174)

The local terms are operators of the form appearing in
(169), with arbitrary finite coefficients. These coefficients
are related to the “bare” couplings by renormalization con-
ditions. To discuss them it is more transparent to specify the
form of the potential, e.g.

V@) = E + img? + g

- 2 247
Recalling that all the couplings in the EAA are k-dependent,
we denote by subscripts A and O the “bare” and “renormal-
ized” couplings, respectively. Then we find that the terms that
are already present in the action are renormalized as follows:

_ 4 2\ A2
Eo=Exn+ 35 2[31\ + QOKE —2m>)A
A2
+(10c?E? + m*) log <—2>] (175)
"
1 2 1 2 2 2 2 2
Emo = EmA + o2 [(IOm Kk — M)A+ (10k“Em
A2
—4iem® +m*2) log <—2>} (176)
"
1 1 1 [20 5
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24707 2™ T 2 [24 * +<2K "
+5/\ 25— Zoem? + 52 )1 A%Y] (177)
—AK“E — —Akm - ogl—= 11,
6 9 4" )R )|
Zo=1
0=1%30
A%\
x |:4;<A2 4 (2K2E - 4Km2) log (—2> (178)
w*)
The renormalization of Newton’s constant is given by
11
Ko - KA
1 29A2+ 26 . 1 9\, A?
——=kKkE — = 0 .
T 32 FE—3m |log 12
(179)

In addition the following terms, not initially present in the
action, are generated:

E20°R + £40*R + T1(V$)’R + w(Ve)*

+ aR* 4+ BRR™, (180)
with effective couplings
1 13, 1 A?
& = W(—?Km —6k> log <F>, (181)
1 13 A?
&y = a2 %K)Llog <ﬁ> , (182)
1 2 A?
= —mgklog <ﬁ> (183)
Lo «? log (A—Z) (184)
~ 3722 u?)’
_ ! i1og (A—Z) (185)
327220 u?)’
B = Lﬁlog (A—z) . (186)
3272 30 u?

Thelast termin (181) is due entirely to scalar loops and would
also be present if gravity was treated as an external field. In
this context this term has been discussed several times in the
literature; for example, see [72,73].

We note that all the renormalized couplings depend on
the reference scale p. This dependence encodes a different

@ Springer
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notion of renormalization group. For the cosmological con-
stant and Newton’s constant this has been discussed e.g. in
[74-77].

Finally let us comment on the finite local terms in (174).

ﬁ (Aa + % + 1%6) has the effect that
all the local terms vanish. The choice y, = 0 leaves a resid-
ual finite term that can easily be calculated from (173) and
the table. For example the first term in the last line of (166)
would leave in this case Sjlr—zlcm“d)z. We see that the grav-
itational correction to the scalar mass is suppressed by the
ratio (m/ Mplanck)z, as one would naturally guess from the
weakness of gravity at low energy. In any case the constants
Ya cannot be calculated but have to be fixed by comparison
to experiment.

From the point of view of the effective field theory
approach, the action (174) contains part of the terms needed
to reconstruct the scalar—graviton vertex in a perturbative
expansion about flat space. More precisely, it contains the
terms with two generalized curvatures, which correspond
to Feynman diagrams with a three-graviton and two-scalar—
two-graviton vertices. Other contributions corresponding to
triangle diagrams are encoded in terms with three generalized
curvatures, which we have not evaluated.

The choice y, =

8 Conclusions

We have presented several calculations of one-loop effective
actions in quantum field theories of increasing complexity:
from a simple linear scalar field to gauge theories (QED and
non-abelian Yang—Mills theory), to chiral sigma models and
finally to gravity coupled to a scalar. In each case we have
derived the first few terms in an expansion of the action in
powers of generalized “field strengths”, meaning either the
potential or curvatures.

Instead of calculating directly a functional integral, we
have obtained the effective action following Wilson’s idea of
integrating out field modes one momentum shell at a time.
The FRGE gives us a formula for the “beta functional” of
the theory, i.e. the derivative of the EAA T’y with respect
to the cutoff k. The ordinary effective action is recovered
by integrating the flow from some initial condition I'p at a
UV scale k = A down to &k = 0. The choice of I"'p cor-
responds to the choice of renormalization conditions. The
main conceptual advantage of the method used here is that
one never encounters divergent quantities. The r.h.s. of the
flow equation (3) is both ultraviolet- and infrared-finite, due
to the fall-off properties of the cutoff term (1). To be sure, the
divergences of the QFT are still present: they appear if one
tries to send A — oo, which corresponds to integrating the
flow equation towards the UV. However, they appear only in
this final stage of the integration and they do not arise as an

@ Springer

obstacle in the calculation of the effective action. By post-
poning the integration over the momentum cutoff A to the
last step, the structure of the QFT is conceptually clearer, not
being marred by the issue of the divergences.

Ideally, in this program, one would like to use the exact
FRGE (3). In practice, one has to make some approximation.
Here we have restricted ourselves to the one-loop approxi-
mation, which amounts to keeping I'y = I', in the r.h.s. of
the FRGE. This approximation is dictated by the current sta-
tus of the techniques for calculating functional traces, which
allow us to compute the trace of a function of a Laplace-type
operator. This is the case when 'y is a local functional of
the fields containing up to two derivatives. Integration of the
FRGE immediately generates all sorts of operators, includ-
ing non-local terms, which would lead outside the domain of
applicability of current heat kernel techniques.

Another limitation of the work presented here is that we
studied mainly terms up to quadratic in field strengths in
the effective action; however, we got their exact one-loop
momentum dependence. This was motivated by our main
interest in models of particle physics, where only few parti-
cles scatter at a time. Of course, we admit that general one-
loop effective action (in any interacting QFT) possesses the
structure with operators up to infinitely many derivatives as
well as infinitely many curvatures. Again due to the com-
putational techniques used we restricted ourselves to the
simplest case of terms up to quadratic in curvatures. How-
ever, within this approximation, we were able to find some
scattering amplitudes, like a four-point one in scalar field
theory.

Still, within the one-loop approximation, we have been
able to derive the flow equations for the non-local structure
functions, which upon integration give non-trivial finite parts
of the effective action. The origin of these non-local terms
from the IR part of the momentum integration, and their inde-
pendence of UV physics, is particularly transparent. Another
application of such an alternative method of computation
leading to EA is that the one-loop approximation can be taken
as a first step towards a reformulation of the QFT, where non-
perturbative effects are taken into account. As an example of
such computations, in [27] the running of the couplings in
the r.h.s. of the flow equation for three-dimensional scalar
theory has been taken into account, improving the calcula-
tion of Sect.3. This leads to a different expression for the
four-point amplitude that is automatically finite also in the
limit A — oo, curing both the UV and the IR divergences. It
would be very interesting to perform this type of calculation
also for the other models considered here.
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