Available online at www.sciencedirect.com

ScienceDirect NUCLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 887 (2014) 216245
www.elsevier.com/locate/nuclphysb

Energy—pressure relation for low-dimensional gases

,b,x

Francesco Mancarella ***, Giuseppe Mussardo ¢, Andrea Trombettoni “

& Nordic Institute for Theoretical Physics (NORDITA), Roslagstullsbacken 23, SE-106 91 Stockholm, Sweden
b Department of Theoretical Physics, KTH Royal Institute of Technology, SE-106 91 Stockholm, Sweden
¢ SISSA and INFN, Sezione di Trieste, via Bonomea 265, 1-34136 Trieste, Italy
4 International Centre for Theoretical Physics (ICTP), Strada Costiera 11, I-34151 Trieste, Italy
€ CNR-IOM DEMOCRITOS Simulation Center; Via Bonomea 265, 1-34136 Trieste, Italy

Received 22 July 2014; accepted 14 August 2014
Available online 19 August 2014
Editor: Hubert Saleur

Abstract

A particularly simple relation of proportionality between internal energy and pressure holds for scale-
invariant thermodynamic systems (with Hamiltonians homogeneous functions of the coordinates), including
classical and quantum — Bose and Fermi — ideal gases. One can quantify the deviation from such a relation
by introducing the internal energy shift as the difference between the internal energy of the system and the
corresponding value for scale-invariant (including ideal) gases. After discussing some general thermody-
namic properties associated with the scale-invariance, we provide criteria for which the internal energy shift
density of an imperfect (classical or quantum) gas is a bounded function of temperature. We then study the
internal energy shift and deviations from the energy—pressure proportionality in low-dimensional models of
gases interpolating between the ideal Bose and the ideal Fermi gases, focusing on the Lieb—Liniger model in
1d and on the anyonic gas in 2d. In 1d the internal energy shift is determined from the thermodynamic Bethe
ansatz integral equations and an explicit relation for it is given at high temperature. Our results show that the
internal energy shift is positive, it vanishes in the two limits of zero and infinite coupling (respectively the
ideal Bose and the Tonks—Girardeau gas) and it has a maximum at a finite, temperature-depending, value
of the coupling. Remarkably, at fixed coupling the energy shift density saturates to a finite value for infinite
temperature. In 2d we consider systems of Abelian anyons and non-Abelian Chern—Simons particles: as it
can be seen also directly from a study of the virial coefficients, in the usually considered hard-core limit the
internal energy shift vanishes and the energy is just proportional to the pressure, with the proportionality
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constant being simply the area of the system. Soft-core boundary conditions at coincident points for the
two-body wavefunction introduce a length scale, and induce a non-vanishing internal energy shift: the soft-
core thermodynamics is considered in the dilute regime for both the families of anyonic models and in that
limit we can show that the energy—pressure ratio does not match the area of the system, opposed to what
happens for hard-core (and in particular 2d Bose and Fermi) ideal anyonic gases.

© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

At thermodynamic equilibrium, pure homogeneous fluids (found in regions of the phase dia-
gram hosting a single phase) are characterized by an equation of state f(V, P, T) = O relating
pressure, volume and temperature. In general, an equation of state can be solved with respect to
any of the three quantities V, P, or T, thus providing different ways to characterize the equilib-
rium properties of the system: for example, the partial derivatives of the form V = V (T, P) have
the physical meaning of thermal expansion coefficient oy = (1/V)(0V /0T )p and isothermal
compressibility fr = —(1/V)(@V /aP)r [1-4].

The equations of state for classical and quantum ideal gases are the starting point for un-
derstanding the thermodynamics of interacting gases [1-4]: in particular, the equation of state
for the classical ideal gas is approximately valid for the low-density region of any real gas. In
general, the internal energy of an interacting gas is a function of both temperature and pressure
as a result of forces between the molecules. If such forces did not exist, no energy would be re-
quired to alter the average intermolecular distance, i.e. no energy would be required to implement
volume and pressure changes in a gas at constant temperature. It follows that in the absence of
molecular interactions, the internal energy of a gas would depend on its temperature only. These
considerations lead to the definition of an ideal gas as the one whose macroscopic behaviour is
characterized by the two equations: PV = NkpT and E = E(T), where E is the internal energy.

The determination of the deviation of thermodynamic properties of non-ideal gases from the
ideal behaviour is in general a long-standing problem: a commonly used approach to quantify
such a deviation is to define the shift of thermodynamic quantities as the difference with respect to
the corresponding value of the same quantities in the ideal case. Historically, several techniques
have been developed in order to encode deviations from the ideal gas law. Equations of states
which are cubic in the volume feature a simple formulation together with the ability to represent
for instance both liquid and vapor behaviour. The first cubic equation of states was the Van der
Waals equation [5]

P=kgT/( —b) —a/v?

(v denotes the volume per particle), accounting for attractive intermolecular (or Van der Waals)
forces and a finite excluded volume through its positive constants a and b respectively. In the
high-temperature regime, the deviations from the ideal equation of state can be expressed in a
more general way, called virial expansion, and obtained by expressing the pressure as a power
series in the density p in the form

P = pkpT[1 + Bo(T)p + B3(T)p* +---], 1

where B, (T) is the n-th virial coefficient [1-4]. Many other similar functional forms have been
proposed in various contexts for the equation of state of interacting gases, with the virial equa-
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tions among the first to receive a firm theoretical foundation. In fact, virial expansions can be
derived from first principles of statistical mechanics and such a derivation has also the merit
to enlighten the physical significance of the various coefficients: the second virial term above
written arises on account of interactions between pairs of molecules and, more generally, the
n-th term depends upon the interactions among k-bodies, k ranging from 2 to n. In this pa-
per we focus on the study of the energy—pressure relation in low-dimensional systems: for
ideal gases, the internal energy is simply proportional to the product PV of pressure and vol-
ume, with the proportionality constant depending on the dimensionality d of the system. As
we discuss in Section 2 this simple relation between energy and pressure holds for any scale-
invariant thermodynamic systems, i.e. for systems having a N-body Hamiltonian Hy that scales
as Hy — A"“Hy under a dilatation of A-linear scaling factor, and boundary conditions at
coincident points on the wave-function ¥y (x1,...,xy) which are true also for any rescaled
wave-function &N(xl, ..., xN) = YN (Axg, ..., Axy). The first condition means that Hy is an
homogeneous function of the coordinates: ideal classical and quantum gases are particular cases
of this class of systems, since their Hamiltonian is scale-invariant with o = 2.

To quantify deviations from the ideal energy—pressure relation, in the following we introduce
the internal energy shift as the difference between the internal energy of the system and the
corresponding value of the scale-invariant (including ideal) gases. Low-dimensional quantum
systems provide a natural playground for the study of the internal energy shift, since in 1d and 2d
systems it is possible to naturally interpolate from the thermodynamic properties of an ideal Bose
gas to those of an ideal Fermi gas, and determine how deviations from the ideal gas behaviour
affect thermodynamic quantities. We will consider the Lieb—Liniger (LL) model in 1d and the
anyonic gas in 2d. For these two systems the physical nature of the interpolation between the
Bose and Fermi statistics seems to be formally different:

e in the LL model (a 1d model of interacting bosons), the interpolation between ideal bosonic
and fermionic behaviour is driven by the increase of the repulsive interaction among the
particles.

e in 2d anionic gases, one can instead explicitly interpolate between the two canonical bosonic
and fermionic statistics by tuning the statistical parameter.

However, the anyonic statistics incorporates the effects of interaction in microscopic bosonic or
fermionic systems (statistical transmutation) and, from this point of view, it is again the variation
of the underlying microscopic interactions that induces the interpolation between Bose and Fermi
ideal gas.

So, our first paradigmatic example of interpolating behaviour between ideal Bose and Fermi
gases will be the LL model of one-dimensional bosons interacting via a pairwise §-potential:
the equilibrium properties of this model can be exactly solved via Bethe ansatz both at zero [6]
and finite temperature [7]. In the exact solution of this model, a crucial role is played by the
coupling y, which turns out to be proportional to the strength of the two-body §-potential: the
limit of vanishing y corresponds to an ideal 1d Bose gas; on the other side, the limit of infinite
y corresponds to the Tonks—Girardeau (TG) gas [8—10], having (local) expectation values and
thermodynamic quantities of a 1d ideal Fermi gas [11-14]. Two features makes the LL model
attractive for the purposes of studying the internal energy: first, its integrability [15,16], crucial
for getting non-perturbative exact results all along the crossover from weak to strong coupling
regimes; second, its experimental realization by means of ultracold atom set-ups [11-14,17],
where bosons are confined within 1d atom waveguides which freeze almost all transverse degrees



F. Mancarella et al. / Nuclear Physics B 887 (2014) 216-245 219

of freedom [18-20]. The coupling strength of the LL system can be tuned through the Feshbach
resonance mechanism [21].

Our second paradigmatic example will be the 2d ideal anyonic gases in which we will study
the energy—pressure relation in the interpolation between 2d Bose and Fermi gases induced by
the pure statistical Aharonov—Bohm interactions. We will consider Abelian and non-Abelian
Chern—Simons particle systems, and both models admit a soft-core generalization that can be
understood as the result of an additional contact interaction besides the pure statistical one. As it
is well known, quantum two-dimensional systems of indistinguishable particles have the pecu-
liarity of admitting generalized braiding statistics, because of the non-trivial topological structure
of braiding transformations defined over the space—time ambient manifold. Ordinary bosonic
and fermionic quantum statistics in 2d admit the generalization represented by Abelian anyons,
where an elementary braiding operation is encoded in terms of a multiplicative phase factor act-
ing on the multi-anyonic scalar wavefunction [22-26]. A different generalization of the standard
quantum statistics is represented by non-Abelian anyons, described by a multi-component many-
body wavefunction and corresponding to higher-dimensional representations of the braid group:
non-Abelian anyons generalize the parastatistics, exactly in the same manner in which Abelian
anyons generalize Bose and Fermi statistics.

Thermodynamic properties of ideal Abelian anyonic gas (assuming hard-core boundary con-
ditions for the wavefunction at coincident points) were studied in the low-density regime [27]:
the exact expression therein obtained for the second virial coefficient is periodic and non-analytic
as a function of the statistical parameter. Different approaches have been subsequently used in
order to approximate the values of a few higher virial coefficients, including the semiclassical
approximation [28] and Monte Carlo computations [29] (for more references see [25,30]). The
thermodynamics of a system of free non-Abelian anyons appears as a harder task and, so far,
only results about the second virial coefficient are available [31-34]. In Section 6 we also study
the shift of the internal energy of soft-core anyonic gases: a family of models for “colliding”
anyons (featuring generalized soft-core boundary conditions) can be introduced as the set of
well-defined self-adjoint extensions of the Schrddinger anyonic Hamiltonian. The mathematical
arguments underlying the possibility of such a generalization were discussed in [35], and the
second virial coefficient of soft-core Abelian anyons was studied in [36—38]. The corresponding
self-adjoint extensions for the non-Abelian anyonic theory have been as well discussed [39-42].
The model of soft-core anyons is here considered as an explicit example of scaling symmetry
breaking due to the presence of an intrinsic length scale.

Among all thermodynamic properties of ideal classical and quantum gases, the linear relation
between internal energy and pressure is particularly simple, and in this paper we study how it
is affected by the various interactions represented by the low-dimensional models above men-
tioned. For extensive computer simulations of energy—pressure relation in 3d classical systems
of interacting particles, see [43—48] (and [49] for the definition of “Roskilde systems”).

The paper is organized as follows: in Section 2 we show that a simple relation of propor-
tionality between internal energy and pressure holds for scale-invariant thermodynamic systems,
including classical and quantum (Bose and Fermi) ideal gases, and we discuss some simple
consequences of scale-invariance in generic dimensionality, including some useful properties of
isoentropic transformations. In Section 3 we set criteria under which the internal energy shift per
particle of an imperfect gas at fixed density saturates towards a finite value as the temperature
becomes very large. These criteria are expressed in terms of the second virial coefficient and by
distinguishing the different dimensionalities. Section 4 is devoted to define the models we are
going to study in next sections: the LL models and the different anyonic models. The internal
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energy shift of the LL. model is studied in Section 5 by using thermodynamic Bethe ansatz inte-
gral equations: the comparison with the 1d hard-core bosons is also discussed. Section 6 deals
with the internal energy shift of anyonic gases, and we present results for both the hard- and the
soft-core anyonic gases. Our conclusions are drawn in Section 7, while more technical material
is presented in Appendices A—C.

2. Scale-invariant systems

A proportionality between internal energy E and pressure P holds for any scale-invariant
thermodynamic system. Indeed, let us consider a (classical or quantum) system of N particles in
a volume V with Hamiltonian Hy (V). It is intended that in this section and the next, we denote
by V the length L in 1d and the area A in 2d. We define a classical system to be scale-invariant
when the Hamiltonian transforms as

Hy — A Hy )

under a dilatation of a A-linear scaling factor such that the coordinate x of the particles trans-
forms as x — Ax (the momentum p transforms correspondingly as p — A~ p): therefore the
Hamiltonian is an homogeneous function of its spatial coordinates. For quantum systems, we
define them to be scale-invariant if they fulfill condition (2) and respect at the same time scale-
invariant boundary conditions for the N-body wave-function v at contact points, i.e. condi-
tions on the wave-function ¥y (x1, ..., xy) which are true also for any rescaled wave-function
&N(xl, .oy XN)) = ¥Un(Axy, ..., Axy), where A # 0 is a real constant. A typical example of
scale-invariant boundary conditions for the N-body wave-function at contact points is given by
the hard-core condition.
In the canonical ensemble the pressure P and the internal energy E are defined as

19
P=——1ogZ(N,V,p),
5oV 0g Z( B)

d
E=——10gZ(N,V, ), 3
op g Z( B) 3)
where as usual 8 = 1/kpT and Z is the partition function:
Z(N,V,B)=Tre PN, 4)
For any d-dimensional scale-invariant system of volume V, the map

(v, B) — (A1v,2%B) (5)

leaves log Z invariant in the thermodynamic limit (since SHy — BHy). With the notation
A—1=€« 1, weare led to

d 0
0= (8log 2)|(sv,5p)=(caV.cap) =€\ Vd—logZ +af—logZ ), (©)
oV p
whence relations (3) imply
d
E=—PV. (7
o

Notice that Eq. (7) is valid both for classical and quantum scale-invariant systems, and follows
from the invariance of the partition function under map (5): therefore the scale-invariance of
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boundary conditions at contact points is required in the quantum case. So, for instance, in Sec-
tion 6, we will show that, for the 2d ideal anyonic gas, Eq. (7) only holds in the case of hard-core
boundary conditions while it is violated in the soft-core case. From Section 4 onwards, we study
some low-dimensional quantum systems, since we are primarily interested in interpolating be-
tween the two ordinary quantum statistics.

From the considerations above, it follows that any quadratic scale-invariant Hamiltonian
fulfills the scaling property Hy — A~2Hy under a dilatation of a A-linear scaling factor and
therefore enjoys the property

E—dPV ®)
=5PV.

Few examples of systems for which property (8) is known are the following:

(i) d-dimensional ideal classical and quantum (Bose and Fermi) gas have quadratic dispersion
relations, and they all obey the well known relation E = (d/2) PV, as it can be also deduced
from the virial theorem [50];

(i1) as reviewed in Section 6, the 1d LL Bose gas has total internal energy E = PL/2 (since
d =1 and @ = 2) for any temperature in both its scale-invariant limit regimes: the non-
interacting limit (y — 0) and the fermion-like Tonks—Girardeau limit (y — o0), which
correspond respectively to the zero and infinite coupling associated with the §-like contact
interactions;

(iii) for the 3d Fermi gas at the unitary limit the relation £ = (3/2) PV holds as well [51] (see
the discussion in [52]).

As discussed in Section 6, also 2d hard-core ideal anyonic gases obey Eq. (7) for general values
of the statistics parameters.

We derive now some scaling properties for scale-invariant d-dimensional systems undergoing
adiabatic reversible thermodynamic processes (as above, the argument is carried out in the quan-
tum case for the sake of generality). Let us consider the scale-invariant thermodynamic system
confined in a region subjected to a quasi-static scaling transformation of the volume and the tem-
perature (V,T) — A2V, A~%T), under which the ratios E;/kgT are left invariant (same proof
of (67)), as long as the N-particle Hamiltonian Hy gains a A~ factor under a A-factor scaling of
its spatial coordinates. The total entropy S of the system remains invariant under such a process:
indeed the energy

Y e EilksT

E= Zi e*Ei/kBT

©))
scales proportionally to A™% (because of the transformation (7, {E;}) — (AT, {LA"%E;}) of
temperature and energy levels), exactly as required for any isoentropic process fulfilling re-
lation (7). This last statement results from E = %PV and P = —dyE(N, S, V), which give
(a/d)Eisoentr/ V= _(dEisoemr/dV) and therefore:

EV*? = const, (10)

i.e. E oc A™%, along the series of equilibrium state of a given isoentropic process. We conclude
that adiabatic reversible expansions and compressions (as well as arbitrary isoentropic processes
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followed by thermal relaxation) of scale-invariant systems are characterized by the following
transformations for internal energy and temperature:

E o V4, T Vo, (11)

It is worth to point out three immediate consequences of (11):

e As ideal gases, scale-invariant systems undergoing an isoentropic process comply with the
invariance of PV?, where y = 1 + «/d.

e Isoentropic transformations of scale-invariant systems let the dilution parameter x = pk‘% in-
variant, by taking into account a generalized definition of the thermal wavelength depending
on the dispersion relation and the dimensionality [53].

e The internal energy associated with equilibrium states of an isoentropic process is propor-
tional to the temperature:

E =y x NkgT, (12)

where y remains constant along the isoentropic curve. Notice that the factor y would depend
solely on the dilution parameter x = ,o)\‘% for a given system if Eq. (12) is considered over
the entire phase diagram.

It is worth to point out that for scale-invariant Hamiltonian systems, the dependence of virial
coefficients upon the temperature is very simple, i.e.

Bi(T) o T =D (13)

in fact, the parameters of an homogeneous Hamiltonian (2) define only a set of independent
scales {a,} having dimensions energy X (length)*. By definition (1), the corresponding virial
coefficients By (T) have dimensionality d(k — 1), therefore their temperature-dependence has to
be of the form (13). Furthermore, for several scale-invariant quantum systems (such as Fermi
and Bose gas, unitary Fermi gases and a large variety of systems definable in terms of vector
interactions, e.g. Abelian anyons and various kind of non-Abelian anyons) the thermal length
At =h/«/2rmkpT is the only inherent length scale defined in terms of their parameters, and as
a consequence Eq. (13) takes for them the special form By (T) « )f;(k_l). As it will be discussed
in Section 6, the fact that the By (T') respect Eq. (13) implies the validity of the relation (7) at all
orders of the virial expansion (within its radius of convergence).

We conclude this section by showing that it is also possible to deduce a property of the internal
pressure for scale-invariant systems. The internal pressure nrr is defined in general as the volume
derivative of the internal energy in isothermal processes [54]:

U
- ();

the internal pressure is a measure of attractiveness for molecular interactions and is related to the
(thermodynamic) pressure P by the expression

_T<£) _p (15)
nr = aT y .

Eq. (15) is usually referred to as the thermodynamic equation of state, because it expresses the
internal pressure just in terms of fundamental thermodynamic parameters P, V, T. For general
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scale-invariant systems, plugging (7) and (13) into the definition (14) [or equivalently Eq. (13)
into Eq. (15)] leads to the following result in the dilute regime:

d
ar ~——8P, 6P =P — Pieal, (16)
o

where Pjgeq is the pressure of the ideal Boltzmann gas having the same V, T.

Relation (16) does not hold, in general, if scale-invariance is violated. For scale-invariant
systems with dimensionality equal to the dispersion-relation exponent (such as 2d Bose, 2d Fermi
and hard-core Abelian and non-Abelian anyonic gases for quadratic dispersion), Eq. (16) reads
i ~ —& P. In such systems the positive(/negative) internal pressure (14) can be exactly regarded
in the dilute limit as the interaction contribution acting in favor to(/against) the external pressure
P and counterbalancing the thermal contribution Pgojizmann-

3. Energy—pressure relation for imperfect gases at high temperature

Hereafter we denote by p the number density, by E, the internal energy shift and by
eres(p, T) the internal energy shift density (per particle) of a generic classical or quantum imper-
fect gas, defined as

d d
E=%PV+Eps=<PV + Nep,. an
o o

The internal energy shift represents a measure of the deviation from the relation (7) derived
in Section 2 for scale-invariant systems whose Hamiltonians are homogeneous functions of the
coordinates.

In many textbooks, deviations from ideal gas behaviour are quantified by introducing the so-
called departure functions (or residual thermodynamic quantities) (see, for instance, [55]). Such
departure functions are obtained by taking the difference between the considered quantity and
the corresponding value for the ideal gas, when two among the P, V and T parameters are kept
fixed, typically P and T [55]. The quantity defined in (17) is a departure internal energy, but with
V and P fixed: however, the departure (or residual) internal energy conventionally defined fixing
P and T [i.e. defined as E — (d/2) NkpT] is not zero for general scale-invariant systems, while
with our definition (17) of the internal energy shift, the latter vanishes for all scale-invariant sys-
tems. (It can be immediately checked that the only scale-invariant system whose conventionally
defined departure internal energy vanishes is the ideal gas.) An example of a system which is
scale-invariant but with non-vanishing (conventionally defined) departure internal energy is the
hard-core anyonic gas, as discussed in Section 6: on the contrary, the one defined in (17) can be
considered as the correct residual quantity measuring deviations from scale-invariance. To avoid
possible misunderstandings, we decided to refer to E,.s [defined in (17)] as the internal energy
shift rather than departure internal energy.

In the low-density regime, the thermodynamic quantities can be associated with the virial
coefficients { B, (T)} of the equation of state P = P(p, T). Following statistical mechanics text-
books [1-4], in the d-dimensional case the following virial expansions for the pressure P, the
Helmholtz free energy Ap, the Gibbs free energy G, the entropy S, the internal energy E and
the enthalpy H are obtained:

1+ Y B
k>1

PV
NkpT

Pressure:
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AH zdLal
Helmholtz free energy: - — - ;
& NksT 2 Nkg +k§ Byl

. G d Sideal k+1
Gibbs fi : —+1- E B ;
ibbs free energy Nk T=2 + Nkp +k>1 k+1,0

S Sideal il k
Ent T — = — -—(TB ;
ntropy: = = ;k o7 (T Bei)p

E d 19B
Internal energy: ——=—-—-T Z 1 0D0k+1 k;

NkgT 2 >1k aT
H d 1, 0Brs1\ &
Enthalpy: ———=—-+1 B - T — . 18
nthalpy: 5T >t +k2>;< k1~ e T—o ) (18)

Below we state the necessary conditions (proven in Appendix A) under which the energy shift of
a (classical or quantum) gas remains bounded in the limit of high temperatures, i.e.

lim |eres(p, T)| < o0. (19)
T—o0

For simplicity, hereafter, we limit ourselves to the case of quadratic dispersion relation o = 2,
for which such conditions are (with ¢ and c; real coefficients):

e Ford=1:

B(B) = cl\/B+ c2B +o(B), andin this case Tlim eres(p, T) = %zp. (20)
—> 00

In Section 5 the explicit expression of B, for the LL model as a function of the coupling
constant y [56] is reported: for finite y, it is in general ¢; # 0, so that e, is bounded.
e Ford=2:

By(B) =c3BlogB +o(BlogB), and in this case Tlim eres(p, T) =c3p. 21
— 00

In Section 6 the 2d anyonic gas is studied, and shown to have vanishing internal energy
shift in the high-temperature limit. This is in agreement with (21) because, referring as « to
the statistical parameter, Bé"”'(a, B) =ci(@)B [27], By (a, B) = cj(@)B + cr(a)pltlel 4
o(B 1+|O“) 34,38], where cq, c’l, ¢y are suitable functions, hence both are subleading w.r.t.
Blog B in the B — O limit.

e Ford > 2:

d
By(B) =caB +0(B), andinthiscase lim eps(p, T) = (1 — —)czp. (22)
T—o0 2
4. The models

In this section we recall the main properties of the LL. and anyonic models studied in the
next sections: in Subsection 4.1 we introduce the 1d Lieb—Liniger model, in Subsection 4.2 we
outline the main thermodynamic properties of an ideal gas of Abelian anyons (and its soft-core
generalization), while in Subsection 4.3 we briefly introduce the system of Non-Abelian Chern
Simons (NACS) particles, i.e. a model of non-Abelian anyons.
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4.1. Lieb-Liniger model

The LL Bose gas is described by an Hamiltonian for N non-relativistic bosons of mass m in
one dimension interacting via a pairwise §-potential [6] having the form

W & 92
H:—%‘ Q—I—HZS()@-—)@-), (23)
i=1 l i<j
where A is the strength of the §-like repulsion (we consider here only positive or vanishing values
of A: A > 0). The effective coupling constant of the LL model is given by the dimensionless

quantity

_ 2m 24)
y - th ’
where p = N/L is the density of the gas. We also use the notation
2mA
c= h—z’ (25)

so that y = ¢/p. The limit y < 1 corresponds to the weak coupling limit: in this regime the
Bogoliubov approximation gives a good estimate of the ground-state energy of the system [6].
For large y one approaches instead the Tonks—Girardeau limit [9].

In the LL model temperatures are usually expressed in units of the quantum degeneracy tem-
perature Tp as

T
T=—),
Tp
where
h2,02
kgTp = ——. (26)
2m

The thermodynamic Bethe ansatz integral equations relate at temperature 7 the pseudo-
energies &(k) to density f(k) of the occupied levels [7,15,16]. One has the following set of
coupled equations

o
h2k? c/m /
K)=—ji+— —kpT | ——L——log(1 + e c®V/k8T) g1, 27
()=~ o~k /(k_k/)zﬂz og(1+e ) 27a)
—00
oo
o= / fk)dk, (27b)
—0o0
1 r /
k)/kgT o/
f(k)(1+es( )/ ks )=E+ / mf(k’)dk/, (27¢)
—00

where [t is the chemical potential. At T = 0 the energy level density gets a compact support, so
that Eq. (27¢) becomes
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K
fk)= % + / U{_Z{ﬁf(k’) dk’, (28)
K
where the boundary value K has to be determined from the condition
K
o= [ rwa. 29)
—K

If one measures energies in units of kpTp and wave-vectors in units of p, by defining the
scaled wave-vector IC = k/p, the scaled pseudo-energies E(K) = e(k)/kpTp and the scaled
potential = i/ kpTp, Eqs. (27) read

__ 2 _ [ I L. —E(K)/Ty gk
ERK)=—p+K -1 KK 57 log(1+e )dK, (30a)
1= / f(K)dK, (30b)
EGO)/ry _ 1 YT ey
FOO(1+e )=5-+ (K_K/)2+y2f(lc)dlc. (30¢)

One sees that scaled quantities depends only on y and 7.

Once the TBA integral equations (30) are solved, thermodynamic quantities as the free energy
can be computed. In Section 5 we report both the expressions of internal energy and pressure,
and we study the internal energy shift.

4.2. Abelian anyons

The dynamics of a systems of N identical Abelian anyons is expressed by [25]

N
1 N .
Hy = ;(p,- —ad;)?, (1)
1=
where
a=hy Vb,
JFi

with 6;; the relative angle between the particles i and j. The study of the thermodynamics for
a system of identical Abelian anyons has been developed starting with [27], in which the exact
quantum expression for the second virial coefficient has been derived:

i 1 1
B} (Q2j48,T) = —ZAZT + 18123 — 552)\%. (32)
Eq. (32) holds provided that hard-core wavefunction boundary conditions are assumed, i.e.
limxl._mj Yn(xg,...,xy)=0forany 1 <i < j < N, being ¥ the N-body wavefunction in

the bosonic gauge [25].
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In (32) « =2j + &, where o represents the statistical parameter of anyons [25], j is an in-
teger and |§| < 1. We remind that « = 1 and o = 0 correspond respectively to free 2d spin-less
fermions and bosons, and that A7 is the thermal wavelength defined as

27 h?
AT = . 33
T =4 MksT (33)

The virial expansion is expressed in powers of the number density p; in the dilute regime, the
second virial coefficient gives the leading contribution to the deviation of the energy—pressure
relation from the non-interacting case, as a result of rewriting the grand canonical partition func-
tion as a cluster expansion [1,3]. About the higher virial coefficients of the ideal anyonic gas,
only numerical approximations of the first few ones are available so far [25], and they are limited
to the hard-core case.

The relative two-body Hamiltonian for a free system of anyons with statistical parameter «,
written in the bosonic description, is of the form [25]

1 . N
Hrer =~ (5 = aA)?, (34)

where A = (A!, A%) and A’ = he;# (i =1,2 and € is the completely antisymmetric tensor).
Without any loss of generality, the statistical parameter o can be chosen as & € [—1, 1] [25]. By
relaxing the regularity condition on the wavefunctions at contact points, it is possible to obtain
the one-parameter family of soft-core boundary conditions (35), according to the method of
self-adjoint extensions [57]. The s-wave solutions of the radial Schrédinger equation correspond
to a one-parameter family of boundary conditions [36,38]:

o I'l+lal) d
K2l (1 — Ja]) d(r2lel)

lin}){r"‘lRo(r) - [ Ry ()] } (35)

and correspondingly read as

2
Ro(r) =const - |:J|a|(kr) +o (g) J|0,|(kr)i|, (36)

where o = £1 and « is a momentum scale introduced by the boundary condition.
We refer to

i’
e=— 37
i (37
as the hard-core parameter of the gas. If o = —1, in addition to the solution (36), there is a bound
state with energy Ep = —ekpT = —«?/M and wavefunction
Ro(r) = const - K\o|(kT). (38)

The second virial coefficient for Abelian anyons in this general case has been computed through
different approaches in [37,38,58], and is given by

)
BS c (T) Bh c (T) 2)\‘2 59( ) + oo / d[ e—é‘lt|0t|—l (39)
o = o — e —0 —SInnTo .
2 2 T i 1 + 20 coswartlel 4 ¢2ll

0
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where 6(x) is the Heaviside step function and Bé"c' is the hard-core result (32). For o = +1,
& — oo one retrieves the hard-core case (1 (0) = 0). The hard-core limit corresponds to scale-
invariance [35,59-61], while for any other boundary condition (i.e., self-adjoint extension of the
Hamiltonian) the characteristic scale can be put in relation with the hard-core parameter defined
in (37).

4.3. Non-Abelian anyons

The SU(2) non-Abelian Chern—Simons (NACS) spin-less particles are point-like sources mu-
tually interacting via a topological non-Abelian Aharonov—Bohm effect [62]. These particles
carry non-Abelian charges and non-Abelian magnetic fluxes, so that they acquire fractional spins
and obey braid statistics as non-Abelian anyons.

Details on NACS statistical mechanics [39,63—-66] are given in Appendix B for general soft-
core boundary conditions [40,41]. For non-Abelian anyons, the independence on the statistics of
the virial coefficients in a strong magnetic field has been established in [67] while the theory of
non-relativistic matter with non-Abelian Chern—Simons gauge interaction in (2 4+ 1) dimensions
was studied in [68]. The N-body Hamiltonian for ideal non-Abelian Chern—Simons quantum
particles can be written as [39]

N
Hy=-)" - Ve Var + V2, Vi), (40)

a=1"¢

where M, is the mass of the «-th particles, Vz, = % and
o

Vo= Y080
aza 2K fra
In Eq. (40) o =1, ..., N labels the particles, (x4, Vo) = (2o + Zo» —i (2o — Zo))/2 are their spa-
tial coordinates, and Q%’s are the isovector operators in a representation of isospin /. From a
field-theoretical viewpoint, the quantum number [ labels the irreducible representations of the
group of the rotations induced by the coupling of the NACS particle matter field with the non-
Abelian gauge field: as a consequence, the values of [ are of course quantized and vary over all
the non-negative integer and half-integer numbers; [ = 0 corresponds to a system of ideal bosons.
As usual, a basis of isospin eigenstates can be labeled by / and the magnetic quantum number
m=—l,—l+1,...,1—1,L
The thermodynamics depends in general on the value of the isospin quantum number /, the
Chern—Simons coupling «, and the temperature 7. In order to enforce the gauge covariance of
the theory, the parameter « in (40) has to fulfill the condition 47k = integer [69]. Therefore we
adopt the notation:

Ak =k. (42)

Similarly to the Abelian anyons case, the s-wave general solution of the radial Schrédinger equa-
tion (B.12), derived from the projection of (40) over a generic two-particle isospin channel (j, j.),
belongs to a one-parameter family accounting for the range of possible boundary conditions, and
reads

(41)
Pra—zp

R{%*(r) = const - |:J|wj(kr) + U( ) J—wj(kr)l’ (43)
Kj.jz

where 0 = +1, and «; j, is a momentum scale introduced by the boundary condition.
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We refer to the (21 + 1)2 quantities

Bi. ).
€j.jz M
as the hard-core parameters of the system [34], with the hard-core limit corresponding to o = +1,
€j,j, — oo forall j, j,.
We conclude this section by observing that, according to the regularization used in [27,70],
the second virial coefficient is defined as

2

@+ 1)2

(44)

Bo(k,1,T) — By (I, T) = [Z3(c,1,T) — 2, (1, )], 45)
where Bé"‘i') (I, T) is the second virial coefficient for the system with particle isospin / and with-
out statistical interaction (k — 00). In Appendix C, Bén'l')(l ,T) is expressed in terms of the
virial coefficients BZB (T), Bf (T) of the free Bose and Fermi systems with the considered general

wavefunction boundary conditions, and [Zé(/(, [,T)— Z;("‘i') (I, T)] is the (convergent) variation
of the divergent partition function for the two-body relative Hamiltonian, between the interacting
case in exam and the non-interacting limit (k — 00).

5. Internal energy shift for the Lieb—Liniger Bose gas

Before studying the energy shift of the Lieb—Liniger model, we consider by comparison the
1d hard-core bosons model described by the Hamiltonian:

h2 al 32
Hyc = —>— + ) Vie(xi —x)), (46)
i<j
where
__Joo, forlx|<a
Vie(x) = { 0, for|x|>a. @7)

The thermodynamics of the 1d hard-core Bose gas has been determined and studied by Thermo-
dynamics Bethe Ansatz [71,72]: the relation between pressure and internal energy is a Bernoulli
equation [73]

2F
-t (48)
L(1—ap)
from which it follows that
PL
Eres = — Tap~ (49)

In this case the internal energy shift is negative, due to the fact that the pressure increases for the
effect of the excluded volume. Furthermore E,.g vanishes for a — 0, as it should. With regard
to the low-dimensional models considered in Sections 4, 5, 6, the reader will notice that in 2d
the hard-core condition results in a vanishing internal energy shift, while it does not do likewise
in 1d (46)-(49); however, non-hard-core boundary conditions either in 1d (23) and 2d (36), (43)
result in a positive energy shift. Furthermore, unlike the non-hard-core case, the dependence (49)
of the internal energy shift on the temperature is given only by T-dependence of the pressure.
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Let us now address the internal energy shift of the LL model: using the results of Section 4.1,
the pressure and the energy are given by

o0
kgT /
P==2= [ tog(1 + e ® k8T ) gk’
o (50)
h2k2
E=L / —~ f(k)dk.
2m

—00
At T =0 the energy per particle is given by
E(T=0) &> ,
——=—p"E(y), 51
N 7P EW) 61V

where £(y) is given by
1

Ey)= /0 / g(n)dt,
—1

while the function g(¢) is solution of the linear integral equation

1
1 l g(t)dt
= 4| ==
) 21w / 2+ (y—1)?
—1
with £ = ¢/K determined from the condition ¢ = y f_ll g(t)dt. 1t is well known that £ — 0 for
y — 0 and & — 72/3 for y — oo; furthermore £ &~ y for y <« 1 and € &~ (7%/3)(1 — 4y) for
y > 1[16].
At T =0 the pressure P = —(0E/0L)y is then
p_2E h2p® yE'(y)

L m 2
from which it follows
E P yE'()
— = — +kgT, ,
N 2p +kBIp )

and therefore
Ees  vE'(y)
NkpgTp 2

It is immediately seen that the shift is positive and that it vanishes for y = 0 (1d ideal Bose gas)
and for y — oo (TG gas, having the equation of state of the 1d ideal Fermi gas). Furthermore

(52)

L fory«k1
Cres ) 2, v (53)
kgTp B fory >1

and a maximum of the shift appears at a finite value of y (at y =~ 4.7). The plot of e,s(T =0) in
units of kg Tp is the black lowest curve in Fig. 1.
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Fig. 1. Internal energy shift density in units of kg Tp as a function of the coupling y for different scaled temperatures t:
from bottom to top T =0, 0.1, 0.5, 1, 2.

At finite temperature one gets

o o0
Ees _ 2 _L —EK)/t
NkaTn / K2 F(K)dK o / log(1+e )dK. (54)
—00 —00

A plot of Eq. (54) as a function of the coupling y for different scaled temperatures is again in
Fig. 1. Even though the shift depends (rather weakly) on the temperature, the same structure
occurring at zero temperature is seen: a maximum appears at a finite value of y, i.e. between the
two ideal bosonic and fermionic limits.

The high-temperature limit can be explicitly studied: indeed the second virial coefficient [16,
56] written in scaled units is

Vy?/2t

1 2 2 2 1
By=1— vize =2 / Vdy — — | AT, 55
2 {2ﬁ+e [‘/n J e y ﬁ]} T (55)

where Ay = /27h%/mkpT is the thermal De Broglie wavelength (33). Using the virial expan-
sion (18) (valid for T 3> 47) one gets at the first non-trivial order (i.e., B):

Eres BBZ BZ
~ (1222 22, 56
NkgT ( aT 2 )p (56)

Using the relation pAr = 24/7 /7, from (55)—(56) one gets then

Eres T 9 y2/2t y2
~y+ | L et L= ) =1, 57
NkpTp Y T2 WV 2r 57)

where we have introduced the error function Erf(x) = \/%7 f(;c dy e’ [74]. Using the asymptotic

expansion

2 1
(1 — Erf ~l—-—
Jxe [ r(x)] 7.2
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Fig. 2. Internal energy shift density in units of kg3 Tp as a function of the scaled temperature t for different values y from
Eq. (57): from top to bottom it is y = 10, 3, 1,0.3, 0.1 (the dashed line is the asymptotic value y).

valid for large x, one gets

Ejes { y, for )/2 L2t

NkzTp 7 for y2 > 2t.

One explicitly sees that e;,; — 0 in the two ideal limits y — 0 and y — oo and that there is maxi-
mum between them (roughly ¥uax ~ +/T ). From (58) we also see that if one fixes a finite coupling
y and increases the temperature (i.e., ), then the internal energy shift density approaches the
value kpTpy. Remarkably, the internal energy shift is finite also for infinite temperature: this is
shown in Fig. 2 where e,.s/ kpTp is plotted as a function of the scaled temperature 7 for different
values y, showing that the asymptotic value y is reached for large temperatures.

(58)

6. Energy—pressure relation for anyonic models

In this Section we study the Abelian and non-Abelian anyonic gases introduced in Section 2
and we discuss their internal energy shift: we show that in the hard-core case the energy—pressure
obey (7), therefore in this case the gases have vanishing internal energy shift. The soft-core
condition introduces instead a scale and this gives raise to a positive internal energy shift.

In the first part of this section we treat together the Abelian and non-Abelian gases: the
Hamiltonians for Abelian/non-Abelian anyons are defined respectively in (31) and (40): they
are homogeneous with respect to the particles coordinates and they scale as

1
HN(An,k‘Hn)=:X5HN(n,p0- (59)

The hard-core condition at coincident points (in both Abelian and the non-Abelian models) is
a particular case of a scale-invariant boundary condition, because all finite-A-scalings of the
N-body eigenfunctions

V) =y G, A#0 (60)
are hard-core eigenfunctions too, and vanishing whenever any coordinate sits on the boundary of
the rescaled volume. Denoting by A the area of the system, in the hard-core case the coordinate
scaling results in a dilatation of the energy spectrum:

Sp™<[Hy (3*A)] =277 x Sp"“[Hn (4)], (61)
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then the map (A, 8) — (\2A, kzﬁ) let (log Z) invariant. As a consequence of (3) and (6) we
obtain the exact identity:

E = PA, (62)

in agreement with the more general relation (7). Equivalently, hard-core anyonic gases fulfill of
course:

H=2E. (63)

The validity of (62) for the particular cases represented by 2d Bose and 2d (spin-less) Fermi
ideal gases is remarked in [25]. Thermodynamic relations (62)—(63) are not fulfilled by general
soft-core NACS ideal gases.

We show now that the fulfillment of Eq. (62) is related to suitable conditions on the virial
coefficients. To show it explicitly, let us consider now the harmonic regularization of the scale-
invariant Hamiltonian for N anyons

Hy., = Hy + o Hy, (64)

where H) = (M /2) ZlNz 1 rl.z, and Hy, Hj transform according to

1
Hy — EHN, H; — A\*H, (65)

under the canonical scaling transformation (r;, p;) — (Arj, %pi); as a consequence, the fol-
lowing relation holds for the regularized Hamiltonian, expressed in terms of scaling for the
regularizing frequency and the spatial coordinates:

HN,W(%IU, ﬁpi) — Y Hy.o@p), Yy £0. (66)
Notice that the harmonic regularization breaks the scale-invariance, which is retrieved in the
w — 0 limit.

Now we apply the hard-core condition. For any eigenfunction ¥, (r;) of Hy (r;, p;) fulfilling
the hard-core boundary condition, we correspondingly get v, (r;) = ¥, (/vri) (also fulfilling
the hard-core boundary condition) as eigenfunction of Hy ,(r;, p;), so that, denoting the hard-
core condition by the superscript “A.c.”, the frequency acts barely as a dilatation for the energy
spectrum:

Sp[HNS ) =7 x Sp[HNS], (67)

whence the N-body partition function
7 (B, w) = Tre PHNG (68)
fulfills Vx e R

Zhe (B, w) = ZhC (B/x, xw). (69)
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Assuming valid the existence of the virial expansion, one has that the thermodynamic relations

(9]
L= Z ZNZN,
N=0
kT
P = B—lnL’,
A

(70)

oo
P =pkpT ) By+1(T)p",
N=0

a0 (1
=z—|—InL
p Z3z<An )

imply that the coefficients By 41 (T)AEZN of the pressure expansion in powers of the dilution
parameter pAZT can be expressed as a rational combination fy({Z; (8, w)}) of the first partition
functions up to Zy1. The assumed existence of virial expansion, together with scaling (69),
enforces

By (D™ = lim fi({Zi(B.@)}) = lim fu({Zi('.0=0)}). (71)

AT

so that By 41 (T))L;ZN has to be independent of temperature, thus hard-core ideal anyonic gases
fulfill

Biy1(T) o« T, (72)
From this relation follows that for these systems the last three identities of (18) take the form
S k—1
Entropy: —— =2 —log(pA} ~——— Biy195;
ntropy Nks Og(,o T) + ]; A k+1P

E k
Internal energy: VT 1+ Z Bit+10"; (hard-core case) (73)
k>1

H
Enthalpy: WBT =242 Z Brt1 ok.
k>1

We point out that the corresponding entropy and heat capacity at constant volume are unaf-
fected by the statistical interaction at the lowest order of virial expansion (being independent
of B»). Using formula (C.2) for B>, one can obtain the leading deviation of the various thermo-
dynamic quantities from their ideal gas value.

An important consequence of (72) is that from (18) and (73) one gets again Eq. (62) at all
orders of the virial expansion for hard-core Abelian and non-Abelian anyonic gases (within the
convergence radii of these expansion) [75], in agreement with the general relation (7).

The scaling properties for isoentropic processes derived in Section 2 apply in particular to
Abelian and non-Abelian anyonic gases with hard-core conditions. Isoentropic processes be-
tween initial and final states at equilibrium of hard-core anyonic gases are characterized by the
following relation between internal energy and temperature:

Ex Al ToxA™! (74)

As a consequence, for hard-core anyonic gases subjected to an isotropic transformation one gets
Pox A2 in agreements with (62) and (74), and the dilution parameter x = pA2T remains invari-
ant along isoentropic curves. Furthermore, according to (12), the internal energy associated with



F. Mancarella et al. / Nuclear Physics B 887 (2014) 216-245 235

equilibrium states of an isoentropic process takes the form E =y x NkgT, where y remains
constant along the isoentropic curve, while it depends solely on the dilution parameter x = pAZT
over the entire phase diagram. Since we are in two dimensions, y is just the compressibility
factor.

Remarkably, Eq. (12) traces the study of free anyonic thermodynamics back to the determi-
nation of how the compressibility factor y(x) depends on the dilution parameter x, and this is a
genuine consequence of the scaling symmetry, valid therefore also beyond the radius of conver-
gence of the virial expansion.

For the family of systems represented by Abelian anyons gases, where o will denote hence-
forth the statistical parameter as in Subsection 4.2, the factor y can be parametrized as y =
y(x, ). The cases y(x,0) (2d Bose gas) and y(x, 1) (2d Fermi gas) can be traced back to the
analysis in Chapter 4 of Ref. [25]; as the dilution parameter x is swept from O to oo the gas
moves from ideality to an increasingly dense regime, and y(x, 0) monotonically decreases from
1 to 0, while y(x, 1) monotonically increases from 1 to oo; low/high density limit behaviors
immediately follow from [25]:

o]

X
0)~1—= , 1
y(x,0) 4+1—1 (Zl—i—l)' By, x<k
72 _
y(x,O)NFx , x> 1

2l

o0
X X
y(x,l)~l+—+§ — By, k1
4 — Q2L+ 1! , (75)

X
y(x,l)’vz, x> 1

where B, denote here the Bernoulli numbers [74]. As expected, the general behaviour at inter-
mediate « is non-trivial, while the basic qualitative statements about y(x, «) are that y(0, ) =1
for any « (limit of ideal gas) and

1
y(x,a)~1—1(1—4a+2a2)x, x <1, (76)

since the dominance of the second virial coefficient in a very dilute regime. This approximate
behaviour interpolates the curves y(x, 0) and y(x, 1), and the sign of its slope at x = O switches
at @ = 1 — 4/1/2, i.e., within the dilute regime approximation the statistical energy is negative
for0 <a <1 —4/1/2, positive for 1 — \/1/2 <a < 1.

A remarkable perturbative result is argued in Eq. (22) of [76] about the ground state energy
for Abelian anyons, which, by assuming the continuity of E(N, A, T) at T =0, reads here

y(x,oe)’v%x, x> landa < 1. (77)

Let us pause here for a comment about the classical limit of the hard-core anyonic system. In
the picture of anyons as charge-flux composites written for instance in the bosonic bases, one is
free to consider arbitrarily large magnetic fluxes @ = ah/q, g = being the charge of the particles.
The kinetic terms alone would yield the Bose statistics for the quantum case, and the Boltzmann
statistics for its classical limit. The quadratic terms in o should be regarded as self-energies of
the vortices (in both cases). Finally, the momentum-flux terms correspond to the magnetic inter-
particle interaction, and they are responsible for the non-trivial anyonic thermodynamics, which
is periodic in the flux variable @« = g®/h. Correspondingly, in the classical limit the magnetic
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vector potential does not affect the motion of particles at all, or, in other words, the Aharonov—
Bohm effect disappears for classical charges, and the gas would approach the classical ideal gas
law, no matter how large the fluxes attached to the particles are. Anyonic thermodynamics is
intrinsically a quantum one, ruled solely by the dilution parameter x = pAZT because no addi-
tional length scale (besides the thermal length) is set by the flux parameter. The vanishing of the
dilution parameter in the classical limit leads again (from a different point of view) to a trivial
thermodynamics regardless of the size of fluxes. Finally, from the viewpoint of density of states,
we may think about the effect of the statistical interaction in terms of what happens, e.g., to
the 2-anyon spectrum in an harmonic trap (1/ 2)mw(2)r2. This interaction acts [25] as a uniform
upward spectral shift whose «-dependence is periodic with finite period A« = 2, therefore this
shift becomes irrelevant (to the density of states) for any values of the flux in the classical limit
kT > hwy.

6.1. Soft-core anyons

The scale-invariance in force for hard-core anyons does not apply in presence of soft-core
boundary conditions, in which case we will compare internal energy and pressure within the
dilute regime (up to the first order in the dilution parameter pAZT). Let us define the relative
internal energy shift density e,; as the dimensionless quantity

E—-PA d 2
=———=—p(BS“+T-=B5 0((pr%)7). 78
= ot =B T8 )+ 0((033)) 8
For Abelian anyons, Eqgs. (39)—(78) give
d 2
et =237 T f(T) + O((p2A7)"), (79)
where
. ao T dreMrlai-t 2
T = 0(— —si , T)= . 80
f)=e (=o)+ T Smna,/1+2Ucosnat|"“+t2|°“ e(T) MkgT (80)
0
The resulting shift is
® d et ¢|o|
_ ) oo, te 't
erel(a, T, &) = 2,0)LT8|:—e59(_0) + —~ smna/ 1T 20 cosmar™ & t2|“|:|
0
2
+0((023)?), Q)

whose leading term in pA is illustrated in Fig. 3. The plot of the shift e,o(e, T, &,0 = 1) ex-
hibits a smooth behaviour in the bosonic points and a cusp in the fermionic ones, as soon as the
hard-core condition is relaxed. We observe that the restriction of e,.;(c, T, €) over the interval
a € [0, 1] is not a monotonic function of « for any ¢. The proportionality E = P A remains valid
at the bosonic points also in the soft-core case [i.e. e,;(a =2n, T, &) = 0], and the monotonicity
of the shift e,,; as a function of « occurs for any ¢ € [e_, e4], e— ~ 0.13, ¢ ~ 3.0, and in par-
ticular the relative shift is maximal at the fermionic points for any ¢ € [e_, e ], while outside of
this interval the shift due to the soft-core boundary conditions reaches its maximum at an inter-
nal point a4y (¢), featuring the properties o, () — 1~ for e — (e4)T, and ypar(e) — 01 for
e —>0ore— oo.
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Fig. 3. Leading term of the relative energy shift e,,;(«, &, T) in units of pAZT as a function of the statistical parameter o, for
different values of the hard-core parameter for Abelian anyons. The 5 curves are obtained for o = 1: from top to bottom,
& =1 (green), 2 (blue), 0.1 (magenta), 10 (red), co = hard-core or 0 (orange). The relative energy shift is non-negative,
vanishing at the bosonic point o = 0, and reaches its minimum at ¢ = 0o, 0 (where e,,; vanishes for any «). e, (o, &, T)
is periodic in o with period 2, and is symmetric with respect to all the integer value of «; for soft-core cases (¢ > 0), e,,;
has in general cusps in « at the fermionic points. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 4. Relative energy shift e,,;(0 = 1/2,0,¢, T) for semions (@ = integer + 1/2) in units of psz as a function of
the hard-core parameter in logarithmic scale; o = 41, —1 in the left/right panel. Left: the relative shift e,,;(a¢ = 1/2) is
positive for o = 1, vanishing in the scale-invariant limits ¢ = 0, 0o, and reaches its maximum ~ 0.14 about ¢ of the order
of unity. Right: there is a bound state in the energy spectrum for o = —1, and the corresponding relative energy shift is
negative and rapidly tending to —oo as ¢ increases.

As a particular case, the following expressions, plotted in Fig. 4 for o = =£1, hold for the
semion case (o = integer + 1/2):
- p)\g(\/g — ee® erfe(y/)) + 0((pA3)?)

e =1/2,T,e,0 =+1) NpﬁT\/g, £ 0 (82)

~ o2 1
p)‘Tzﬁ’ & —> 00

and

= pid (eelerfe(E) = 21— \[£) + 0((p23)?)
ee(a=1/2,T, e,0 =—1) N_p,\zr\/% e—0 (83)

~ —ZpAZTeeE, &£ — 00
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Fig. 5. In black, e,o;(k =3,1=1/2,¢,0 =+1, T) in units of pAZT as a function of the hard-core parameter ¢ in log—log
scale, for k =3 and [ = 1/2, in the completely isotropic case for non-Abelian gas (g9,0 = &1, = ¢, form =1,0, —1).In
green and blue, small-¢ and large-¢ asymptotic behaviors (respectively ~ 0. 126915 and ~ 0.1¢=0-13)_ (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Similar expressions can be worked out for the non-Abelian case: for simplicity, we only con-
sider the completely isotropic case €;;, = &, whose relative energy shift defined above, by virtue
of (C.6)—(C.7)—(78)—(81), is

2l
1
erilic 1, T,6.0) = 53 > Qj+ e, T,e,0),
j=0
1 —1)/+2
VjE(Cz)j——i_(f))mOdz—]. (84)

Note that, in a soft-core dilute NACS gas, the internal energy has always a finite relative
shift from its ideal-gas value E = PA; in particular, the shift (84) has the same sign of
the parameter o = +1, due to the positivity of the denominator (1 + 20 cosmar!®! 4 21l
in (81); indeed, the 2/ 4+ 1 distinct j-channels give contributions of equal sign to (84). The
dependence of the relative energy shift on ¢;;, = ¢ is illustrated in Fig. 5 for the case
dnk =k =3, 1 =1/2, 0 = +1. The figure clearly shows a power-law decay to zero of
erel/ (pAZT), as the hard-core parameter ¢ approaches very small/large values (in agreement
with the scale-invariance of these two limit cases): e,;(k =3,/ = 1/2, ¢, T)/(,ok%) ~0.12¢%15
for & < 1, while ek = 3,1 =1/2,¢,T)/(pr3) ~ 0.1e7%15 for & > 1. The vanishing of
€rel/ (psz) in the scale-invariant limit cases is asymptotically approached, although for very
large/small ¢: for ¢ = 1053, etk =3,1 =1/2,¢, T)/(psz) still deviates from its asymp-
totic value zero by & 2 x 1072 in both cases. Therefore even a tiny deviation from scale-
invariance may still have an impact on the thermodynamics of this family of non-Abelian
anyons.

This feature can be contrasted with the decay of e,;j(@ = +1,¢,T), as loge — o0, for
Abelian anyons in the fermionic limit: in this case, the energy shift is a power law in ¢ (and
precisely linear) for ¢ < 1, while instead it decays exponentially in & for ¢ 3> 1, as seen in
Fig. 6. The shift e,;(0¢ = £1, ¢, T) reaches its maximum 2/e ~ 0.74 (in units of (p)\zT)) at
e=1.

7. Conclusions

In this paper we have shown that a particularly simple relation of proportionality between in-
ternal energy and pressure holds for scale-invariant thermodynamic systems (with Hamiltonian
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Fig. 6. e,j(0 = £1,&,0 =+1, T) in units of pk%- as a function of the hard-core parameter ¢ in logarithmic scale.

homogeneous function of the coordinates), including classical and quantum — Bose and Fermi —
ideal gases. To quantify the deviation from such a relation we have introduced and studied the
internal energy shift as the difference between the internal energy of the system and the corre-
sponding value E = (d/a) P A of the internal energy for scale-invariant systems. This internal
energy shift is a kind of “departure” internal energy, where in general a departure function mea-
sures deviations from the ideal gas behaviour. The internal energy shift defined in (7) measures
a deviation from the ideal gas by keeping V and P fixed: this has to be compared with the con-
ventionally defined departure (or residual) internal energy (defined for fixed P and 7). The latter
is not zero for general scale-invariant systems (and in particular it is not vanishing for hard-core
ideal anyons): one can indeed see that if a system is scale-invariant and the conventionally de-
fined departure internal energy is zero, then it has to be an ideal gas. At variance, our definition
(17) of the internal energy shift is vanishing for all scale-invariant systems, including hard-core
anyons for which we show that £ = PA. An example of system which is scale-invariant, but
having non-vanishing conventionally-defined departure internal energy is the hard-core anyonic
gas, as discussed in Section 6: summarizing, the quantity (17) can be regarded as a good measure
of the deviation from scale-invariance for non-ideal gases.

In particular, we have provided criteria for which the internal energy shift density of an im-
perfect (classical or quantum) gas is a bounded function of temperature. We have also shown that
for general scale-invariant systems the dependence of virial coefficients upon the temperature is
very simple, and is expressed by Eq. (13).

We have considered deviations from the energy—pressure proportionality in low-dimensional
models of gases which interpolate between the ideal Bose and the ideal Fermi gases, focusing
the attention on the Lieb—Liniger model in 1d and on the anyonic gas in 2d. In 1d the internal en-
ergy shift is determined from the thermodynamic Bethe ansatz integral equations and an explicit
relation for it is provided at high temperature: the internal energy shift is positive, it vanishes in
the two limits of zero and infinite coupling (respectively the ideal Bose and the Tonks—Girardeau
gas) and it has a maximum at a finite, temperature-depending, value of the coupling. Remark-
ably, at fixed coupling the internal energy shift density saturates to a finite value for infinite
temperature.

In 2d we have considered systems of Abelian anyons and non-Abelian Chern—Simons par-
ticles and we have showed that the relation between the internal energy and the pressure of
anyonic gas is exactly the same found for 2d Bose and Fermi ideal gases as long as the hard-
core case is considered. Soft-core boundary conditions introduce a length scale and determine a
non-vanishing internal energy shift: we have provided details about this shift in the dilute limit.
Asymptotic expressions with respect to the hard-core parameter ¢ are derived for both Abelian
and non-Abelian soft-core anyonic gases.
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Appendix A. Proof of conditions on the boundedness of internal energy shift

We use Eqgs. (18) in order to write the internal energy shift in the dilute limit for quadratic
dispersion relation of the particles

E—%PV_I( E %PV>=<8f(x)_if(x))p

Cres = == -
N B\ NkgT  NkgT 0x 2 x

where f(x) denotes the second virial coefficient as a function of its unique variable x = 1/(kpT).
We are interested in the boundedness of e,.s as the high-temperature limit x — 0 is approached,
ie.

(A1)

lim |:8xf(x) — gm] = const. (A.2)
x—0 2 x

By setting g(x) = f(x)/x%/2, the above condition requires g(x) = ¢+ c/le_(dm +o(x1=d/2))
forany d # 2, and g(x) = ¢| + ¢} logx +o(log x) for d = 2, with ¢! arbitrary constants, therefore

{ Fx)=cix¥? +crx+o(x), ford+#2

f(x)=crxlogx +o(xlogx), ford=2, (A-3)

from which criteria (20)—(22)—(21) follow.
Appendix B. NACS quantum statistical mechanics

The interaction terms in Hy in the NACS model can be removed by a similarity transforma-
tion:
A
Hv — UH U—lefreez_ il
Uy — UWy =Wy (B.1)
where U (z1, ..., zy) satisfies the Knizhnik—Zamolodchikov (KZ) equation [77]:

o1 U
<8za 2K Z Qa Op
pra

Za — 2 B
and Yy (z1,...,zn) stands for the wavefunction of the N-body system of the NACS particles
in the holomorphic gauge. W4(z1, ..., zn) obeys the braid statistics [65] due to the transforma-
tion function U (zy, ..., zn), while Yy (z1, ..., zy) satisfies ordinary statistics: W4 (z1, ..., 2ZN)
is commonly referred to as the NACS particle wavefunction in the anyon gauge.
The statistical mechanics of the NACS particles can be studied in the low-density regime in
terms of the cluster expansion of the grand partition function =

820{ aZa

>U(z1, o zN) =0, (B.2)

o0
E=Y vV Tre PhN, (B.3)
N=0
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The virial expansion (with the pressure expressed in powers of the density p = %) is given as

P = pkgT[1+ B2(T)p + B3(T)p* +---], (B.4)
where B, (T) is the n-th virial coefficient, which can be expressed in terms of the first cluster
coefficients by, ..., b,. The second virial coefficient B, (T') turns out to be [3]

by 1 Zy
B(T=——=Alz——= |, B.5
2(T) 5 <2 le> (B.5)

where A is the area and Zy = Tre #HN the N-particle partition function. We assume that the
NACS particles have equal masses and belong to the same isospin multiplet {|/, m)} with m =
—1,...,1. The quantity Z; = Tre~#H1 is then given by

Z1= QL+ 1)A/AL. (B.6)
The computation of Z, =Tr e~ PM2 ig discussed in [32-34]. It is convenient to separate the
center-of-mass and relative coordinates: defining Z = (z1 + z2)/2 and z = 71 — z» one can write
1 1
H2=Hcm+Hrel=—_3zaz - —=(V;Vz +V:Vy), B.7)
2p M
where = M /2 is the two-body reduced mass, V; = d; and
2
V,=0,+ —.
z

£2 is a block-diagonal matrix given by

21
2=0105/Qr)=) w;®I],

j=0
withw; = ﬁ[j(j + 1) —2I(l + 1)]. Z> can be then written as
Z> =2A);Z), (B.8)
where Z) = Tiyel e P!, The similarity transformation G (z, Z) = exp{— % In(zZ)}, acting as
Hit — H)y =G~ HyelG,
V(2,2 — ¥'(2,2) =G'¥(,7), (B.9)

gives rise to an Hamiltonian H[, manifestly Hermitian and leaves invariant Z/. The explicit

expression for H/, is
1
Hg == (V:Vz + V2V2). (B.10)
where V, = 9, + §2/2z and V. = 9; — £2/2z.
By rewriting H/,| in polar coordinates and projecting it onto the subspace of total isospin j,

its correspondence with the Hamiltonian for (Abelian) anyons in the Coulomb gauge, having
statistical parameter given by a; = w;, becomes evident:

. 1792 10 1/8 . \°
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The same analysis discussed in Section 4.2 shows that the radial factor of the j, j.-component of
the relative (2/ + 1)2-vector wavefunction ¥ = ¢" R, (r) obeys the Bessel equation

1 1d d (n+a)j)2 JiJz Jjz k2 jj

— |+ \RI*(ry=ER!*(r)= —R}/* B.12

M|: - dr dr+ 2 w(r) n(r) My (r), ( )
whose general solution is

R,ﬁ’jz (r)= Al J\n+wj\(kr) + Bz J—\n+wj\(kr)- (B.13)

Appendix C. Second virial coefficient: general soft-core case

If one removes the hard-core boundary condition for the relative (2/ + 1)?>-component two-
anyon wavefunction, and fixes an arbitrary external potential in order to regularize the spectrum,
then the spectrum of each projected Hamiltonian operator H J/ can be represented as the union of
the spectra of (2j + 1) scalar Schrodinger operators, one for each j,-component, endowed with
its respective hard-core parameter ¢; ;.. As discussed in Section 4.3, one then ends up with a set
of (21 4 1)? (in principle independent) parameters & j,j.» which are needed to fix the boundary
behavior:

£0,0 1,1 €22t £241.20+1

&1,—1 £1,0 &1 €214+1,21

£,-2 &,-1 &0 - a . (C.1)
E2U41,-20—1 €241,-20 0t EAFL0

For the general soft-core NACS gas, one has the following expression for the second virial coef-
ficient [34]:

" J 1+ (- 1)j+2[
B3 (k,1,T) = (2l+1)22 Z [ B} (@j.T.¢j}.)

_ (_1)]+2[
+fBZF(wj,T, €j.i) |, (C.2)

where B2 (wj, T, ¢ ;) is the soft-core expression entering Eq. (39):

B¥(wj, T, ej ;) = By(8;,T) — 2)% {eafvfze(—o)

(C.3)

o0
Sio dre %iizt¢18j1=1
+ ]—(sinmﬁj)/ ¢
T
0

1 +20(cosn5j)t|5j| + 72181

with 8; = (w; + 1) mod 2 — 1, and B (w;, T, ¢ ;) is the previous expression evaluated for
wj—> wj+ 1

Bf (wj,T,ej ) =By (I';,T) —2)% [effw.fze(—a)

dt _Ej’jz[tlp'lil
¢ ' (C4)

o0
+ 5% Ginwr )/
—(SInmi1;
m ) 1420 (cosm il 4 42171
0

with Fan)j mod 2 — 1.
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To perform explicit computations, we may consider the simple case in which an isotropy for
the hard-core parameter is assumed within each shell with assigned isospin quantum number /.
In other words, ¢;, ;, = ¢; and the matrix (C.1) then reads

€0 €] s 82141

_ €1 &1 s 82141
=\ . . ] (C.5)

E241  E2141 0 E2]41

When all of the elements of the matrix (C.5) are equal, we will use the notation ¢; ;. = ¢. In such
a completely isotropic case, Eq. (C.2) takes the simplified form

21
.C. 1 . B
By (i, 1, T) = mg(zj +1)B2(v;, T, ), (C.6)
where
1 -1 Jj+21
vjz(wj—%> mod 2 — 1. (C.7)

For/ =1/2, i.e. the lowest possible value for non-Abelian anyons, the assumption of isotropy
(g0,0 =¢0 and €1, = &1 withm =1, 0, —1) yields:

1 3 1
By (x, I=3, T) =B @1, T,e0) + 7By (w0, T, e0). (C8)
As an example, let us consider the case [ = 1/2, 4wk = 3:
ce 1 3 5 1 1 _r 1
B;C <k=3,l= E, T> = ZBZ (Ol = 8, T,S]) + ZBz <O{ = —E, T,E()). (C9)

If the four parameters of the whole matrix are taken to be identical g9 = &1 = ¢ [“complete
isotropy” of the parameter matrix (C.1)], the virial coefficient reduces to

AZ. 4 T o (66712 t—3/6
=——11+4+— [ dte” . C.10
24 +n/ ‘ <1+r +1+\/§t1/6+t1/3> (10

0

The depletion of B, in Eq. (C.10), with respect to its hard-core value _21_4)“27’ arises from the
anyonic collisions allowed by the soft-core conditions.
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