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RIEMANN-ROCH THEOREMS AND ELLIPTIC GENUS
FOR VIRTUALLY SMOOTH SCHEMES

BARBARA FANTECHI AND LOTHAR GOTTSCHE

ABSTRACT. For a proper scheme X with a fixed 1-perfect obstruction theory E®, we
define virtual versions of holomorphic Euler characteristic, x_,-genus, and elliptic genus;
they are deformation invariant, and extend the usual definition in the smooth case. We
prove virtual versions of the Grothendieck-Riemann-Roch and Hirzebruch-Riemann-Roch
theorems. We show that the virtual x_,-genus is a polynomial, and use this to define a
virtual topological Euler characteristic. We prove that the virtual elliptic genus satisfies
a Jacobi modularity property; we state and prove a localization theorem in the toric
equivariant case. We show how some of our results apply to moduli spaces of stable

sheaves.
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1. INTRODUCTION

Let X be a scheme which admits a global embedding in a smooth scheme, and E*® a
1-perfect obstruction theory for X. One can view the pair (X, E®) as being a virtually
smooth scheme of expected (or virtual) dimension d := rk E*; indeed, many definitions
for smooth schemes have been extended to this case, in particular, the pair has a virtual
fundamental class [X]"" € A4(X) and a virtual structure sheaf O%" € Ky(X), which
behave well under deformations of the pair.

In this paper we want to extend to complete virtually smooth schemes other impor-
tant notions: in particular, we define and study virtual versions of the holomorphic Euler
characteristic for elements V' € K°(X), and of the x_, genus and the elliptic genus. As
a consequence, we can also define a virtual version of the topological Euler characteristic
and of the signature. The virtual holomorphic Euler characteristic was already considered
in [Lee], although it is not given this name. In this paper we will see that these invari-
ants behave in a very similar way to their non-virtual counterparts for smooth complete
schemes. All of these invariants reduce to the usual ones if X is smooth and E*® is the
cotangent bundle, and they are deformation invariant.

The main results of the paper are a virtual version of the Theorems of Hirzebruch-
Riemann-Roch and of Grothendieck-Riemann-Roch (in the latter, the target is supposed
to be smooth, and not just virtually smooth). We also prove that the virtual x_,-genus
is actually a polynomial of degree d, and show that the virtual Euler number (defined as
X-1(X)) can be expressed as the degree of the virtual top Chern class. We show that as in
the case of smooth varieties, the virtual elliptic genus of a virtual Calabi-Yau manifold is a
weak Jacobi form. Finally, as an easy consequence of the virtual Riemann-Roch Theorem
and the virtual localization of [GP] we establish a localization formula for the virtual
holomorphic Euler characteristic, in case everything is equivariant under the action of a
torus.
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In the particular case where X has lci singularities and E®* = L% the cotangent complex,
we prove that the virtual topological Euler characteristic coincides with Fulton’s Chern
class and deduce that this is invariant under deformations for proper lci schemes.

This paper deals mostly with virtually smooth schemes and not with stacks, although
it should be possible to generalize to the case of Deligne-Mumford stacks. We finish the
paper by a partial generalization to the case of gerbes, which allows to apply the results to
moduli spaces of sheaves on surfaces and on threefolds with effective anticanonical bundle.

The original motivation for this work comes mostly from moduli spaces of coherent
sheaves on surfaces. In [GNY], K-theoretic Donaldson invariants are introduced as the
holomorphic Euler characteristics of determinant bundles on moduli spaces of stable co-
herent sheaves on an algebraic surface S, and for surfaces with p, = 0 their wallcrossing
behaviour is studied in the rank 2 case, under assumptions that ensure that the moduli
spaces are well-behaved. Using the virtual Riemann-Roch theorem these assumptions
can be removed, and many other results of [M1] that a priori only apply to the usual
Donaldson invariants can be extended to the K-theoretic Donaldson invariants. In the
forthcoming paper [GNMY] this program is carried out. In particular is is easy to cal-
culate the wallcrossing for the virtual Euler characteristic, and show that it is given by
the same formula as in the case of so-called good walls (see [Gd]). In [DM] a physical
derivation of a wallcrossing formula for Euler numbers of moduli spaces of sheaves is given
in a very general context, which in particular implies that the wallcrossing formula is the
same in the virtual and in the non-virtual case.

The Euler numbers of moduli spaces of stable coherent sheaves on surfaces have been
studied by many authors. In [VW], Vafa and Witten made predictions about their gen-
erating functions, in particular, they are supposed to be given by modular forms. This
has been checked in a number of cases. In general when these moduli spaces are very
singular, there is to our knowledge no mathematical interpretation for the Euler numbers
that figure in the predictions of [VW]. We hope that our definition of the virtual Euler
number will provide such an interpretation.

The x_,-genus and the elliptic genus are natural refinements of the Euler number.
Thus it is natural to refine the virtual Euler characteristic to the virtual x_,-genus and
the virtual elliptic genus, and hope for their generating functions to have modularity
properties. If the moduli spaces are smooth of the expected dimension, this has in many
cases been shown.

The results in this paper are closely related to those obtained for [0, 1]-manifolds by
Ciocan-Fontanine and Kapranov in [CFK3|; there they prove the Hirzebruch-Riemann-
Roch theorem and a localization formula in K-theory. As explained to us by Ciocan-
Fontanine, from their results the Grothendieck-Riemann-Roch theorem for morphisms of
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0, 1]-manifolds easily follows under the same assumptions as in our paper. They also
construct a cobordism class associated to a [0, 1]-manifold, which implies the possibility
of introducing and studying genera for [0, 1]-manifolds, such as the elliptic genus.

The language of [0, 1]-manifolds and virtually smooth schemes are closely related as fol-
lows. If X is a [0, 1]-manifold, then (mo(X), (2%, ) is a virtually smooth scheme by
[CFK3l Prop. 3.2.4]; on the other hand, it is expected that all virtually smooth moduli
spaces arise in this way. This was proven by Ciocan-Fontanine and Kapranov in the fol-
lowing cases: for the Quot scheme and (in outline) the moduli stack of stable sheaves in
[CEK1], and for the Hilbert scheme and the moduli stack of stable maps in [CFK2].

We thank I. Ciocan-Fontanine and M. Kapranov for showing us a preliminary version of
the paper in June 2006 with the above mentioned material, except for the cobordism. One
of the steps in our proof of the virtual Riemann-Roch-Theorem is an adaptation of the
corresponding argument in [CFK3]. Differently from Ciocan-Fontanine and Kapranov,
our motivation for studying this problem, came from the study of K-theoretic Donaldson
invariants, and we also consider to some extent the stack version of the virtual Riemann-
Roch theorem, as well as modular properties of the virtual elliptic genus.

In the papers [J1],[J2] Joshua deals in great generality with the relation of the virtual
fundamental class and the virtual structure sheaf for Deligne-Mumford stacks with a
perfect obstruction theory. Mochizuki informed us that he independently proved the
virtual Hirzebruch-Riemann-Roch theorem, with applications to K-theoretic Donaldson
invariants |[M2].

1.1. Acknowledgements. This work was partially supported by European Science Foun-
dation Programme “Methods of Integrable Systems, Geometry, Applied Mathematics”
(MISGAM) Marie Curie RTN “European Network in Geometry, Mathematical Physics
and Applications” (ENIGMA) and by the Italian research grant PRIN 2006 “Geometria
delle varieta proiettive”.

Part of this work was done while the authors were participating in the special year
“Moduli Spaces” at the Mittag-Leffler Institut, Djursholm, Sweden.

We want to thank Paolo Aluffi for useful discussions about Fulton’s Chern class, Tonut
Ciocan-Fontanine for explanations about dg-manifolds and [0, n]-manifolds, and George
Thompson for useful discussions about the x_,-genus.

2. BACKGROUND MATERIAL

2.1. Conventions. A scheme will be a separated scheme of finite type over an alge-
braically closed field of characteristic zero. We assume that all schemes under considera-
tion admit a global embedding in a smooth scheme.

If S is a scheme, we denote by A,(S) the Chow group of S with rational coefficients, and
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by A*(S) the Chow cohomology of S (as defined in [Ful Def. 17.3]), also with rational
coefficients.

We often omit 7, from the notation when i : S — S’ is a closed embedding of schemes
and i, is either the induced map A,(S) — A.(S") or Ko(S) — Ko(5').

2.2. Grothendieck groups. Let S be a scheme. We let K°(S) be the Grothendieck
group generated by locally free sheaves, and K(S) the Grothendieck group generated by
coherent sheaves; we recall that K°(S) is naturally an algebra, contravariant under arbi-
trary morphisms, and Ky(S) is a module over K°(.S), covariant under proper morphisms.
Moreover, the natural homorphism K°(S) — Ky(S) (induced by the inclusion of locally
free sheaves inside coherent sheaves) is an isomorphism if S is smooth.

2.3. Grothendieck groups and perfect complexes. The fact that a scheme X can be
embedded as a closed subscheme in a smooth separated scheme implies that every coherent
sheaf is a quotient of a locally free sheaf (it would be enough to assume irreducible, reduced
and locally factorial instead of smooth: see |[Hal, exercise I11.6.8]). In other words, all
schemes we consider have enough locally frees.

A complex E* € D°(X) on an arbitrary scheme X is called perfect if it is locally isomor-
phic to a finite complex of locally free sheaves. We write D?_(X) for the full subcategory
whose objects are the perfect complexes.

Since we assume that X has enough locally frees, any perfect complex has a global reso-
lution, i.e. a quasi-isomorphic complex which is globally a finite complex of locally frees.
One can therefore define for every object E* in D’ (X) an element [E*] € K°(X) defined
to be equal to Y (—1)'[F'] for F™ — ... — F™ a global locally free resolution of E*;
it is easy to show that the map E*® — [E*] is well-defined and behaves well with respect
to quasi-isomorphisms and distinguished triangles.

In case one wants to extend the results of this paper to a more general situation, e.g. X
an arbitary scheme or an algebraic stack, care will have to be taken to assume that the

relevant objects admit a global resolution.

2.4. Todd and Chern classes. Let E be a rank r vector bundle on a scheme S, and
denote by z1,...,, its Chern roots. The Chern character ch(F) and the Todd class
td(FE) are defined by

T

ch(V) := ie” and td(V) := H i

1—e @
i=1

These extend naturally to a ring homomorphism ch : K°(S) — A*(S) and a group
homomorphism td : (K°(S),+) — (A*(S)*,-) to the multiplicative group of units in the
ring A*(S).
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The morphism det associating to a rank r vector bundle E on S its determinant det £/ :=
A\"E € Pic X extends naturally to a group homomorphism det : K°(X) — Pic(X).
The homomorphisms ch, td and det commute with pullback via arbitrary morphisms.

2.5. Perfect morphisms. A morphism f : X — Y of schemes is perfect [Fu, Example
15.1.8] if and only if it factors as a closed embedding i : X — S such that i,(Oz) € D(S)
is perfect and admits a global resolution, and a smooth morphism p : S — Y. In particular
every lci morphism of schemes admitting a closed embedding in smooth, separated schemes
is perfect. In this case one can define a Gysin homomorphism

' Ko(X) = Ko(Y), f*(IF]) = Y (=1)"Torf (.07, p" F).
Note in particular that the closed embedding of the zero locus of a regular section of a
vector bundle is perfect, since we can always use the Koszul resolution.

2.6. Riemann Roch for arbitrary schemes. We will use the notations of [Fu, Chapter
18]. In particular we use [Fu, Theorem 18.2, Theorem 18.3]. For every scheme S let
Ts : Ko(S) — A.(S) be the group homomorphism defined in [Fu, Theorem 18.3]. We recall
in particular the following properties, which are taken almost verbatim from Theorem 18.3:

(1) module homomorphism: for any V € K°(S) and any F € Ky(S) one has 75(V ®
F) = ch(V) N 7s(F);

(2) Todd: if S is smooth, 75(Og) = td(Ts) N [S]; hence for every V € K°(S) one has
T7s(V ® Og) = ch(V) - td(Ts) N [S];

(3) covariance: for every proper morphism f : S — S’ one has f, o7¢ = 75 0 f, :
Ko(S) — A.(S");

(4) local complete intersection: if f : X — Y is an lci morphism, and a € Ky(Y),
then f*(ry(a) = (tdTy) ™ A 7x(fa).

2.7. Fulton’s Chern class. Let X be a scheme and ¢ : X — M a closed embedding in
a smooth scheme. Fulton’s Chern class of X (we take the name from [A]) is defined in
[Fu, Example 4.2.6] to be cp(X) = c(Th|x) Ns(X, M) € A.(X); it is shown there that
cr(X) is independent of the choice of the embedding. In [A] cp(X) for hypersurfaces
is related to the Schwarz-MacPherson Chern class ¢,(X), which has the property that
deg(c (X)) = e(X). It is easy to see (JFu, Example 4.2.6]), that for plane curves C,
deg(cr(C)) = e(C”) where C" is a smooth plane curve of the same degree. Note that C' is
Ici and C” is a smoothening of C'. We will generalize this statement to arbitrary proper
lci schemes in Theorem



RIEMANN-ROCH FOR VIRTUALLY SMOOTH SCHEMES 7
3. VIRTUAL RIEMANN-ROCH THEOREMS

In this section we prove a virtual version of the Grothendieck-Riemann-Roch theorem
for a proper morphism from a virtually smooth scheme to a smooth scheme. It would
be interesting to have a more general version for proper morphisms of virtually smooth
schemes, but at the moment we do not have that.

3.1. Setup and notation. This setup will be fixed throughout the paper. We will fix
a scheme X with a 1-perfect obstruction theory E°; whenever needed, we also choose an
explicit global resolution of E* as a complex of vector bundles [E~! — EY], which exists
by

We denote by [Ey — E;] the dual complex and by d the expected dimension d :=
tk B* = rk E° — tk E~!. Recall that all schemes are assumed to be separated, of finite
type over an algebraically closed field of characteristic 0, and admitting a closed embedding
in a smooth scheme.
Let TY" € K°(X) be the class [Ey] — [E1]. Note that (as explained in 2.3) T¥" only
depends on X and E°, and not on the particular resolution chosen.

3.2. Virtual fundamental class and structure sheaf. We recall from [BE], Section 5]
the definition of virtual fundamental class. Let €x be the intrinsic normal cone of X; it is
naturally a closed substack of My := h'/h%((7>_1L%)"), the intrinsic normal sheaf. The
map ¢ induces a closed embedding Mx — € := h!/h°(EY), and € = [E,/FEy]. Let C(E)
be inverse image of €x in F; via the natural projection £} — €&; it is a cone over X of
pure dimension equal to the rank of Fy. Let sy : X — FE; be the zero section; s is a closed
regular embedding, hence following [Ful, Def. 3.3] we can denote by s : A.(E1) — A(X)
the natural, degree —rk(F;) pullback map (or Gysin homomorphism). Then the virtual
fundamental class [X]""" is by definition equal to s;([C(F)]) € Aq(X).

We denote by O € Ko(X) the virtual structure sheaf of X, whose definition we now
briefly recall.

The virtual structure sheaf O is equal to

[e.9]

> (=1)'Torf (Ox, Oc).

=0
Note that the sum is indeed finite; in fact, since X is the zero locus of the tautological
section s of the bundle 7* E; (where 7 : E; — X is the natural projection), we can give an
explicit finite locally free resolution of sp.Ox on E; by the Koszul complex (A*(7*EY), sV).
In other words, sg: X — Ej is a perfect morphism in the sense of and

Ox" = 55([0c)).
See [BE, Rem. 5.4] for more details.
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3.3. A fundamental identity. Let [F"~' — F°] be a global resolution of 7>_1(Lx), i.e.
a complex of coherent sheaves on X with F° locally free of rank 7, with an isomorphism
Y Fy — 7>_1L%. Notice that such a global resolution is uniquely determined by a
morphism A : F® — 7>_;(Lx) such that h°(\) : F° — Qx is surjective.

We can use it to identify the intrinsic normal sheaf of X with [F}/Fp|, and hence we
get an induced cone C(F') C Fy of pure dimension r, the inverse image of the intrinsic
normal cone inside [F}/Fp]. If i : X — M is a closed embedding in a smooth scheme, we
can choose F'* to be [[/I* — Qu|x]; we call it the resolution induced by ¢ : X — M.
If ¢ : E* — 7>_;Lx is an obstruction theory, then we can choose F° = E° and F'~! =
E~'/ker h='¢, with the induced map; we call it the resolution induced by the obstruction
theory. We denote by pr : C(F) — X the natural projection.

Proposition 3.1. Let F* be a presentation of 7>_1(Lx). Let p : C(F) — X be the
projection. Then

7o) (Ocr)) = prp(td Fo) N [C(F)] € A(C(F)).

Proof. First step: it is enough to prove the proposition for one particular presentation.
Indeed, given two presentations F'® and G°®, we can compare either of them with the
presentation K* induced by K° := F*® G — 7~_;Lx. As in [BF] Proposition 5.3], the
inclusion F* — K induces a surjection p : K; — Fy, and C(K) = p~*(C(F)). We let
p: C(K) — C(F) be the restriction of p; the map p is part of a natural exact sequence
of cones (in the sense of [Fu, Example 4.1.6]) on X

0— Gy — C(K)— C(F)—0.

In particular p is an affine bundle (in the sense of [Fu, Section 1.9]) with T, = p} Go.
Since it is an affine bundle, p* induces an isomorphism on Chow rings. So the statement
holds for F* if and only if

p* (e (Ocr))) = p*(pp(td Fo) N [C(F)]) € Au(C(K)).

Since px = pr o p, and p*([C(F)] = (C[K]), the right hand side is equal to pj (td Fy) N
[C(K)]. By applied to the smooth (hence Ici) morphism p, the left hand side is equal
to td(7,) " N 7o) (Oc(x))- So the equality holds for F' iff the equality

td(T,) ™" N 7o) (Ocwey) = Pl (td Fy) N [C(K))

holds in A,(C(K)). Applying on both sides the invertible element td(7),) = pj (td Go)
yields the equivalent formulation

Tox)(Oc(xy) = (Pk (td Go)pi (td Fy)) N [C(G)]
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which is just the statement for K, since Ky = Fy @ G and hence td Ky = td Fp - td(Gp).
Second step: it is therefore enough to prove this in the case of the resolution induced by
a closed embedding i : X — M in a smooth scheme (which exists by assumption). This
is proven in in [CFK3, Lemma (4.3.2)] under the additional assumption that X and M
be quasiprojective, and we use a variation of their argument. Let 7 : M — Al be the
degeneration to the normal cone, such that 77(0) = Cx/yr and M := 7~ (A}) = M x A}
(where we write A} for A'\ {0}); let ¢ : M — M be the natural morphism, composition of
the blowup map M — M x A' and the projection to the first factor. Let f : Cx/n — M
be the natural closed embedding; f is regular, hence an lci morphism, and 7y is —[Oc¢,, y vl
hence td(T7) = 1. Let 8 := 737(O37 — ¢" td(Tar)) N N[M] € A,(M). By 28 applied to the
regular embedding f with a = O, it is enough to prove that f*3 =0 in A, (CX/M) since
p=gqof. Let j: My — M be the (open) inclusion. Then j*3 = 0 since M, is smooth
and td(T5;) = ¢*td(Tar) - 7°td(Ths) = ¢" td(Thr). But the argument in [Ful Section
10.1] (paragraph starting “if 7" is a curve”) show that from j*5 = 0 we can deduce that
f*6 =0, thus completing the argument. O

In fact, assuming that we can extend Chapter 18 of [Fu] to Artin stacks, the Proposition
takes the appealing form 7¢(O¢) = [€] where € is the intrinsic normal cone.

3.4. Main theorems.

Definition 3.2. The wvirtual Todd genus of (X, E®) is defined to be td(T¥). If X is
proper, then for any V € K°(X), the virtual holomorphic Euler characteristic is defined
as

XX V) = (X V @ 0X).

Theorem 3.3 (virtual Grothendieck-Riemann-Roch). Let Y be a smooth scheme and let
f: X —Y be a proper morphism. Let V € K°(X). Then the following equality holds in
A (Y):

ch(£.(V ® OF")) - td(Ty) N [Y] = fu(ch(V) - td(TX") N [X™]).

Proof. The theorem follows by combining Lemma [3.7 with Lemma 3.9 below. O

Corollary 3.4 (virtual Hirzebruch-Riemann-Roch). If X is proper, and V € K°(X),
then

VXL V) = / (V) td(T).
[x]vin

Proof. This follows immediately by applying virtual Grothendieck-Riemann-Roch to the
projection of X to a point. O

We want to reduce in two steps Theorem to a simpler statement.
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Lemma 3.5. To prove Theorem|[3.3 it is enough to show that
(3.6) 7x(OX") = td(Tx") N [X]™.
Proof. On the one hand by the module property of [Fu, Thm. 18.3] we have
7x(V ® OX) = ch(V) N 7x (OX) = ch(V) - td(Tx") N [X]™,

and thus

Fulrx (V@ OX") = ful(ch(V) - td(TX") N [X]™).
On the other hand the covariance property of [Ful, Thm. 18.3] gives

Fo(rx (V@ OF)) = 7v (f(V ® OX"),
and because Y is smooth we have
v (f(V @ OF)) = ch(f.(V © OF)) - td(Ty) N [Y].

and Theorem follows. O

The formula (30) is stated in [BF, Rem. 5.4], however without proof. It is proven in
a different context in [J1, Thm 1.5]. We prefer to give a direct proof here since it is not
clear to us how to relate Joshua’s results to what we need, and also since a direct proof
is very elementary.

Lemma 3.7. To prove Theorem[3.3 it is enough to show that
s0(7,(Oc)) = td(Ep) N [X]™.
Proof. Since sqg : X — FEj is a regular embedding, it is a local complete intersection

morphism, with virtual tangent bundle T, = [-E}].
By [Ful Thm. 18.3(4)], we get

7x(50(Oc)) = td(Ts,) - 56(78, (Oc))-
In other words
x(0Y) = td(=E1) - s5(7, (Oc)).

If s (75, (0¢)) = td(Tg,) N [X]"", then we get by the above 7x (O¥) = td(—E}) - td(Ep) N
[X]") and we are done since

td(TYV") = td([Eo] — [E1]) = td(Ep) - td(—E})
because td maps sums to products. O

Lemma 3.8. Let p: C' — X be the projection. Then
7c(Oc) = p*(td Ey) N [C] € A.(C).
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Proof. This is a special case of Proposition B.I, when the resolution is induced by an
obstruction theory. O

By Lemma [B.7] we can finish our proof of Theorem by showing the following
Lemma 3.9. With the notation established so far,
5o(7e,(Oc)) = td(Ep) N [X]™.

Proof. Let j : C — FE; be the embedding, 7 : F; — X the projection, so that p = m o j.
By the covariance property [Fu, Thm. 18.3(1)], the previous lemma and the projection

formula we have

7, (Oc) = j«(10(Oc)) = J.(p" (td(Ep)) N [C])
= 7.7 (td(Ep)) N [C]) = 7" (td(Ep)) N 4. [C].

Hence
50(7, (Oc)) = s5(m* (td(Eo)) N . [CT)
= td(Ey) N s5(5:([C])) = td(Eo) N [X]™.
U
Corollary 3.10. If X is proper and d = 0, then X" (X, V) = rk(V) deg([X]*"). O
Corollary 3.11. If X is proper, then x*"(X, O¥) = f[X]V“ td(T"). O

We finish this section by proving a weak virtual version of Serre duality.

Definition 3.12. The virtual canonical (line) bundle of X is KY{* := det(E°)@det(E")Y
Pic(X). Note that Kx := det(T¥")" only depends on the obstruction theory and not on
the particular resolution chosen. The wvirtual canonical class is ¢;(KY') € AY(X). If
c1(KY) = 0, we say that X is a virtual Calabi- Yau manifold).

In this paper the condition that X is a virtual Calabi-Yau manifold can always be
replaced by the condition that ¢; (KY) N [X]™" =0 in Az (X).

Proposition 3.13 (weak virtual Serre duality). If X is proper and V € K°(X), then
XX, V) = (=1)WNH(X, VY @ K. In particular if X is a virtual Calabi-Yau, then
v1r(X V) ( )d Vlr(X VV)

Proof. Let n = rk(Ep), m = tk(Ey), d = n — m and let xq,...,x, be the Chern roots of
FEy, uq,...,u, the Chern roots of ;. We can assume that V' is a vector bundle on X.
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Let vy, ...v, be its Chern roots. Then the virtual Riemann-Roch Theorem gives

v =[S

(X ™5 i=1

m

i ; - N1 T I—e v [ e ™
vir X, v\/ KVII‘ — ( —v]> 7 7%—1 .
X ( ® X ) / Z € H 1 — e T ]};[1 U, Hk:l e~ Uk

(X 55 i=1

By the identity 22— = =% in Q[z], we see that the integrand for x""(X, VY @ K¥) is
obtained from that for x¥"(X, V') by replacing all vj, z;, ux, by —v;, —x;, —uy, respectively.
This multiplies the part of degree d by (—1)¢. The result follows because [X]'* € A4(X).

O

3.5. Deformation invariance.

Definition 3.14. A family of proper virtually smooth schemes is the datum of a proper
morphism 7 : X — B of schemes with B smooth, together with a 1-perfect relative
obstruction theory E*® for X over B.

For every b € B a closed point, we will denote by X, the fiber 77!(b) and by E? the
induced obstruction theory for Xj.

For every V € K°(X), we let Vj, := V|x, € K°(X,;). Write 4, : X;, — X for the natural
inclusion. In particular, we define T}i]’B € K°(X) as the class associated to the complex
(E*)Y; clearly i; Ty, = T%Y.

Recall from [BE| Prop. 7.2] the following

Lemma 3.15. Let 7 : X — B be a family of proper virtually smooth schemes. Let
b: Spec K — B be the morphism defined by the point b. Then

b! [X]vir — [Xb]vir. 0

We recall that the principle of conservation of number [Ful, Proposition 10.2] states that
for any o € Agim (&), the degree of the cycle ay := ij(a) is locally constant in b. The
principle is in fact valid for arbitrary cycles in A,(X) if we use the convention that deg
is defined on the i-th Chow group A; to be zero if ¢ # 0. By using this principle, we
immediately deduce the following Corollary.

Corollary 3.16. Let 7w : X — B be a proper family of virtually smooth schemes. For any
v € A*(X), the number
/ WY
[Xb]ui'r

1s locally constant in b.
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Proof. By definition,
[ . 2Z7 = deg (ZZ'Y N [Xb]Vir) — deg (szy N Z;)[X]Vlr) — deg Z;,(’}/ N [X]Vir).
Xb VLT

Note that this number is zero if v € A°(X) and e # d, where d is the virtual dimension
of X, b- Ol

Definition 3.17. For any numerical object (e.g., a number or a function) which is defined
in terms of a proper virtual smooth scheme X and possibly of an element V in K°(X), we
say that it is deformation invariant if, for every family of proper virtually smooth schemes
X and every object V € K°(X), the invariant associated to the virtually smooth scheme
X, and the element Vj, is locally constant in b.

Theorem 3.18. Let V € K°(X), and assume that 7 is proper. Then
X" (X, Vi)

1s locally constant in b. In other words, the virtual holomorphic Fuler characteristic is

deformation invariant.

Proof. This is an immediate consequence of Corollary [3.16 and of virtual Hirzebruch-
Riemann-Roch. 0

4. VIRTUAL X-y-GENUS, EULER CHARACTERISTICS AND SIGNATURE

In this section we introduce the virtual p-forms Q%™ on X and define the virtual
X —y-genus XV_iZ(X ). A priori XV_iZ(X ) is just a formal power series in y. However we will
prove that it is a polynomial of degree d in y satisfying XV_iZ(X ) = y*x_1/y(X). The virtual
Euler number is then defined as e"*(X) := x" (V) and the virtual signature as oV (X) :=
X7 (X). We show a virtual version of the Hopf index theorem: e"™(X) = [y ca(TX").
If X is a proper local complete intersection scheme with its natural obstruction theory,

then e""(X) is the degree of Fulton’s Chern class cp(X).

Definition 4.1. If E' is a vector bundle on X of rank r and t a variable, we put

ME =) [NE[t € KOX)[t], S(E):=> [S'E}t' € K°(X)[t].
i=0 i>0

If0 - F— G — H — 0is a short exact sequence of vector bundles on X, it easy to see
that A,G = Ay F x AyH. Furthermore it is standard that 1/A(F) = S_E in K°(X)[¢].
Thus A; can be extended to a homomorphism A; : K°(X) — K°(X)[t] by A:([E]—[F]) =
A(E)S_y(F). For n € Z>y and V € K°(X), we define A"V := Coeff;n A,V € K°(X).

We define Q¥ := (T¥")V. The bundle of virtual n-forms on X is Q%™ = A"(Q¥r) €
K°(X).
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Definition 4.2. Let X be a proper scheme with a perfect obstruction theory and expected
dimension d. The virtual x_,-genus of X is defined by
X\EZ(X) — XVir(Xa A_yﬂgér) _ Z(_y)vair(X’ QgéVir)-

p=>0

Let V € K°(X). The virtual x_,-genus with coefficients in V of X is defined by

X (X, V) = XXV @ AL QF) = Y (—y)P (X, V @ F™).
p=0
By definition V' ® A_,(Q¥") € K°(X)[y], and thus x*%(X,V) € Z[y].

We will show below that XV_i;(X ,V)) € Z[y|]. Assuming this result for the moment, the
virtual Euler characteristic of X is defined as e""(X) := x%(X), and the virtual signature
of X as oVT(X) := \ V" (X).

Finally, for any partition I of d, where I = (iy,...,i,) and >, _, k+iy = d, we define the
I-th virtual Chern number of X to be ¢;(X) := f[X]V“ [Ti_, 5 (T"). The virtual Chern
numbers are deformation invariant by Lemma B.16

Let n = rk(Ey), m = rk(Ey), d = n — m. Let xq,...,z, be the Chern roots of Ej,
u1, ..., u, the Chern roots of E;. We write A~4(X) :=%",_, A/(X). Let A be the quotient
of A*(X) by A>4(X). We will denote classes in A by the same letters as the corresponding
classes in A*(X). By definition we have

ch(A_, Q%) = H{ﬁ — ‘ZZ:U)) € Aly],

where the right hand side is considered as element in A[y] by the development

Let

(43) X,(X) = ch(h,0) - wacry) = [P0 [Tt gy

By the virtual Riemann-Roch theorem we have
(4.4) XB(X) = [ X, (X), XX, V)= | X (X)-ch(V).
X]v [x]vi
Theorem 4.5. (1) We have XV_i;(X, V) € Zly|, and its degree in y is at most d.

(2) X—l(X? V) = rk(V) _f[X}vir Cd(T)\?r)'
(3) In fact, we have X_,(X) € Aly|, and its degree in y is at most d. Furthermore we
can write X_,(X) = 30 (1 — )X where X' = ¢;(TY") + by with b € A”H(X).
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Proof. We start by observing that it is enough to prove (3). Assume we know (3). Then
([EZ) implies that X (X, V) = [y Xy (X) - ch(V) € Q[y] is a polynomial of degree at
most d. By definition x*% (X, V') € Z[y], thus (1) follows. (3) also gives
LX) = [ A (V) = tk(V) / ca(T).
[X]vi [X]vi

which gives (2). Thus we only have to show (3). Let

Zd H:’Lzl (xi% + %)

H;n:1 (“Jlie—jug + %)
The right hand side of (4.6)) is seen to be an element of A[z] as follows: for a variable ¢
write %5 = 1+ 3, axt® € Q[t], which is obviously invertible in Q[¢]. Putting this

l1—e—t

into (.4)), we get that

(4.6) V. = € Alz].

de 1(1+Zk>0ak$ +ml)
H] 1(1+Zk>0aku + )

Denote )' the coefficient of 2%~! of ),. Then we see immediately from (@) that Ve
AZYX) for all I > 0. In particular Y' is zero in A for d — [ < 0, and thus Y, € A[z]. We
also see that ), has at most degree d in z. Furthermore (A7) also implies that the part

of Y in AY(X) is the part in A'(X) of % i.e. ¢(Ty"). Thus in order to finish the

proof we only have to see that };_, = X_y(X) in Afy]. In Afy] we have

Viy = (1—y)" [T (rismm + 1) =+ (- y)5)
-y = m =y — = <
Hj_l (UJ 1— efjuj + 1ij) H] 1 Z; (1 -+ (1 y) 1_efjuj)

pEO e e

T Lo i s (1 —ye)

(4.7) V. = e AN(X)(=71).

O

Corollary 4.8 (Hopf index theorem). The wvirtual Euler characteristic equals the top
virtual Chern number

e (X) = cg(X).
Proof. This is a special case of Theorem [L5](2). O
Corollary 4.9. Let X be proper of expected dimension d, and V € K°(X).
(1) X5 (X, V) = yix , (X, V).

(2) Forallp > 0 we have x*" (X, V@QR'™) = (=1)I""(X, VV@QL Y™, in particular
XX,V @ Q) =0 forp > d.
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Proof. (1) Let again n := rk(Ey), m = rk(E;), d = n — m. It is well known that
AF @ det(F)Y ~ A""FFV for F a vector bundle of rank r. Equivalently

(4.10) (A_yF) - [det(F)] = (~y)" Ay, FY, in KO(X)[y).

By the weak virtual Serre duality we have

(4.11) XX, V) = x"(X, Vo A0 = (D)X, VY @ Kx @ A_,TY").
By (@I0) we have in A*(X)[y] the identity

det(E(])V (029 A_yE(]
det(E,)Y @ A_,

ch(Ky ® A_,T¥") = ch (

(_y)nA— EO vir
=ch <(_y)mA_11//ny—1 = (—y)’ch (A—l/yQX )

Thus (£.II)) and the virtual Riemann-Roch theorem give

XX, V) = (-1) / Cch (VY@ Kx @ A, TYY) - td(Tx")
(4.12) e

=y /[ . ch (VY @ Ay, Q%) - td(TH") = y'x,, (X, VY).
X vir

(412) holds a priori in Q[y], but by Theorem .5l both sides are in in Z[y]. Thus ([AI12)
holds in Z[y]. This proves (1). (2) is just a reformulation of (1). O

Remark 4.13. Thus we see that the virtual y_,-genus, Euler number and signature have
properties very similar to their non-virtual counterparts on smooth projective varieties:

(1) X (X, V) is.a polynomi@l of degree d in y with " (X, V) = ydxv_ii/y(X, V), in
particular x (X) = y"x™} , (X).

(2) () = \(X) = [y calTR).

(3) If d is odd, then ¢"*(X) = 0.

(4) By definition x¥*(X,V) = x""(X, V) and in particular x§"(X) = x""(X, Ox).

Proposition 4.14. Let X be a proper, virtually smooth scheme, and V € K°(X). Then
the virtual x_, genus XV_i;(X , V) is deformation invariant. Hence, also the virtual Euler
characteristic '™ (X) and the virtual signature o¥"(X) are deformation invariant.

Proof. This follows immediately from the definition and from Proposition B.I8 For the
virtual Chern numbers a different proof can be given by combining Corollary with the
deformation invariance of the Chern numbers. O
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4.1. The local complete intersection case. We will say that the scheme X has local
complete intersection singularities, or just is lci (see [Fu, Appendix B.7]) if it admits a
closed regular embedding 7 : X — M in a smooth scheme. In this case 7>_; L% = L% is a
perfect complex, and thus a natural obstruction theory for X. Hence every lci scheme is
naturally a virtually smooth scheme. The corresponding virtual fundamental class is just
[X] and the virtual structure sheaf is Ox.

A family of proper lci schemes is an lci morphism 7 : X — B with B smooth; again,
the relative cotangent complex is also a relative obstruction theory, and hence 7 : X — B
is also a family of proper virtually smooth schemes.

If X is a proper lci scheme and X is a proper smooth scheme, we say that X is a
smoothening of X if there exists a family of proper lci schemes 7 : X — B and closed
points b, by € B such that X} is isomorphic to X and Xj, is isomorphic to by.

Theorem 4.15. Let X be a proper lci scheme with its natural obstruction theory: then
e"T(X) = deg(cr(X)). Therefore deg(cp(X)) is invariant under lci deformations of X ; if
X admits a smoothing Xy, then e""(X) = e(Xj).

Proof. 1t is of course enough to prove the first statement. By [Fu, Ex. 4.2.6] we have
cr(X) = ¢(TX") N [X], thus if d = dim(X), then deg(cr(X)) = [y ca(TY") = e™(X). O

This is easy to see in case X is the zero scheme of a regular section of a vector bundle
on a smooth proper variety M. We thank P. Aluffi for pointing this out to us.

Remark 4.16. More generally, all the virtual Chern numbers of a proper lci scheme are de-
formation invariants and coincide with the corresponding Chern numbers of a smoothing,

when one exists.

5. VIRTUAL ELLIPTIC GENUS

Now we want to define and study a virtual version of the Krichever-Hohn elliptic genus
[Ki],[HG]. The definition is completely analogous to the standard definition, we only
replace at all instances Tx by T3" and the holomorphic Euler characteristic by x**. Then
we show that it has similar properties to the elliptic genus of smooth projective varieties.
In particular, if X is a virtual Calabi-Yau, i.e. the virtual canonical class of X vanishes,
then the elliptic genus is a meromorphic Jacobi form.

Definition 5.1. As in the previous section let A be the quotient of A*(X) by A~4(X)
and denote by the same letter classes in A*(X) and in A.
For a vector bundle F' on X, we put

EF) =R Ay FY @ A_y1nF @ Spn(F ® FY)) € 1+ ¢ K*(X)[y, 5~ "][g].

n>1
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Note that £ defines a homomorphism from the additive group K°(X) to the multiplicative
group 1+ q - K°(X)[y,y"][q]. For any vector bundle F' on X we also put

EL(Fiy,q) =y ch(A, F) - ch(E(F)) - d(F) € A"(X)ly ™2,y )],

then the map F' +— EL(F) extends to a homomorphism from the additive group of K°(X)
to the multiplicative group of A*(X)(y'/?)[q]. The virtual elliptic genus of X is defined
by

(5.2) EU™(X;y,q) =y~ N0 (X, E(TXY)) € Qy"*)lal-
For V e K°X) we also put Ell"™(X,V;y,q) = y~ ™" (X, E(T¥") @ V). By our

definitions and the virtual Riemann-Roch theorem we have
BII(Xy.q) = /[ LELTR ), BN X Vi g) = [ | ELTR".0) (V)
X vir X vir
and we see (in the notations of (£3)) that

EL(TX":y,q) =y~ *X_,(X) ch(E(TX)),

in particular, by Theorem we see that EL(TY ;y,q) € AyY?,y~Y?]|[q]. Finally

for every k € Zsy, a € A¥(X), we put Ell'*((X,a);y,q) = f[X i SL(TVir;y q)-a €

Qly"/?, y=/[q]. From the definitions it is clear that ElI (X;y, q)|q=0 = y~ X2 (X).
ForzEC,TGH::{TEC}ST >O} we write

5L(F7 Z,T) = EL( 27r2z7 27rm-) Ellvlr(X > 7_) = EllVlI‘(X 27r2z7 627ri7-)7
B (X, Vs 2,7) i= BU™(X,V; ™2, ™) Bl ((X, a); 2,7) := EU™((X, a); €™, *™7).
Let

[e.9]

1 _ — TIT Tz
0(27) =g =" =y ) [JA =)A= g1 =d'y™),  g=eT, y=e"
=1

be the Jacobi theta function [Ch, Chap. V]. Let fi,..., f, be the Chern roots of F. Then
it is shown e.g. in [BL Prop. 3.1], that

(5.3) L(F;z,7):= Hf 2_7(”_j_)7)

Let B be the subring of A® C generated by the Chern classes of T}* and a given element
fk
6(27\'1 )
defines a holomorphic map from H to the group of invertible elements B> of B. Similarly

h=1l—, (27TZ z,7) defines a holomorphic map from H x C to B. Write I' := Z + Zr.
Then we see that the part of h in A°(X) is given by 6(—z,7), which is nonzero on
(C\T) x H. Tt follows that EL(TY"; z,7) is a holomorphic map (C\T) x H — B, and
thus Fll((X,a);z,7) and Ell(X; z,7) are meromorphic functions from C x H to C.

a € A*(X). This is a finite dimensional C-vector space. It is easy to see that [];_,




RIEMANN-ROCH FOR VIRTUALLY SMOOTH SCHEMES 19

Now we want to see that that the virtual elliptic genus is a weak Jacobi form with
character (see [EZl, p. 104], for the definition in the case without character), as in the
case of the usual elliptic genus of compact complex manifolds (see [Hd], [BL]). We do not
know whether (1) of Theorem [5.4] below was already known before in the case of compact

complex manifolds.

Theorem 5.4. (1) Fiz k € Zso, and let a € A¥(X) with c;(K¥) -a N [X]"" = 0 in
Ag_p-1(X). Then EI’((X,a); z,T) is a weak Jacobi form of weight —k and index
d/2 with character. Furthermore if k > 0, then EII""((X,a);0,7) = 0.
(2) In particular if X is a virtual Calabi-Yau manifold of expected dimension d, then
ElIY™(X;z,7) is a weak Jacobi form of weight 0 and index d/2 with character.
Furthermore EI™(X;0,7) = "7(X).

Proof. First we want to show the transformation properties. By definition ElIY"(X; z,7) =
ElV™((X,1); z,7), thus it suffices to prove them for EIIV*((X, a); z,7) for a € A¥(X). The
proof is a modification of that of [BL, Thm. 3.2]. We have to show the equations

(5.5) EIF™ (X, a); 2,7 + 1) = EU((X, a); 2,7),

(5.6) Bl ((X,a);z+1,7) = (=1)*ElI" (X, a); 2, 7),

(5.7) Bl ((X,a);z+7,7) = (— l)de_“d(”zz)EllVir((X, a);z,T),
(5.8) EllVH( - —_) — ke BI (X, a); 2, 7).

We have TY" = [Ey — Ey], thus EL(TY") = EL(Ey)/EL(E;). From (5.3) and the standard
identities (cf.[Chl V(1.4), V(1.5)])

(5.9) 0(z+1,7)=—-0(2,7), O(z+T,7)= —6_2”2_“”9(2,7), O(z,7+1)=0(z71),

we see that (5.5), (5.6), (5.7) are satisfied for any vector bundle F, if we replace Bl ((X, a); z,T)
by EL(F; z,7) and d by tk(F'). Astk(Ey)—rk(E;) = d, they also hold if we instead only re-
place EII""((X, a); z,7) by EL(TY; z,7). Thus they are also true for EllV"((X,a); 2,7) =
f x| EL(TY™; 2,7) - a.

For a ring R, and a € A*(X) ® R denote by [a],, the part in A™(X) ® R, and for
G € K°(X), write

EL.(G;z,7): ZT_m EL(G;2,71)],,

m>0
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For F' a vector bundle on X of rank r with Chern roots fi,..., f., (53) gives

_z i 1
gL ( ) H-fl 9 +2m'r’1) 7')

2m'r ’ T

miz2
! —2fy 67‘9( z+ o

o 5070 T)
=7 H(effl 9(i7') )

=1 2

_ zcy (F) TFZTZ
=7"e 1 e EL(F;z,T).
Here the first and third line are obvious from the definitions, and the second line follows
from the transformation properties of ¢ by a two line computation (cf. [BL, eq. (9)]).
Thus

w2 1\ EL(Bo 2,—1) e e o
€L, (TX 7;7—;) ~cL (B2 1) =7% e EL(IN"27).

By the definition of L, (TY"; z,7), we thus have
. 1 ridz? zeq ( v1r)
{EL (T)V(“,E,——)] =7 ke { e — EL(F;z 7')]
v T)
As an [X]T € Ay 1(X), we thus get

. 1 T 22 ZCI(KV“)
Bl ((X, a); E,——) — k™ / [ EL(F;z 7‘)} -a
[X]vir d—k

T T

d—k

—k midz?

:T_kemiz / EL(F;z,7)], . -a=T T EllVir((X, a);z,T),
[X}Vir

where in the second line we have used that Ky - a N [X]"" = 0. This shows that
Ell((X,a); z,7) has the transformation properties of a Jacobi form of weight —k and
index d/2 with character.

Finally we show that Ell((X,a);z,7) is regular on C x H and at infinity and compute
Ell((X,a);0,7), El(X;0,7). Before the statement of Theorem [5.4] we saw that

B (X, a): y, q) = . X,(X) - ch(E(TY) - a € Qy*2, y~][q],
XVIY

i.e. FlI"™((X,a);z, 7) is holomorphic at infinity. By Theorem L5, we have X, (X) € A[y]
and X _1(X) = ¢g(TY¥") € A. By definition

ch(E(F))|y=1 = [[ ch (A (F & FY)) ch(Syn(F & FY)) = 1

n>1
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for all F € K°(X). Thus we get for a € A*(X) that Ell"*((X,a); z,7) is holomorphic at
z =0 and

. : 0 k>0,
(5.10) Ell"™((X,a);0,7) = / cg(TY") -a = .
X (X)) a=1.
Finally we can see that ElIY"((X, a); z,7) is holomorphic on C x H: We had seen before
that it is holomorphic on (C\ I') x H, and just saw that it is holomorphic at z = 0. Then
(58) and (&) show that it is holomorphic at all z € T. O

Proposition 5.11. Let X be proper and a € A*(X). Then the virtual elliptic genus
El'"((X,a);y,q) is deformation invariant. In particular if X is a smoothable lci scheme
with the natural osbtruction theory, then the virtual ellipitic genus EIIY™(X;y, q) coincides
with the elliptic genus of a smoothening.

Proof. This is a direct consequence of the definition and of Lemma [3.106l O

6. VIRTUAL LOCALIZATION

In this section let X be a proper scheme over C with a C*-action and an equivariant
1-perfect obstruction theory. We also assume that X admits an equivariant embedding
into a nonsingular variety. We denote by K2.(X), the Grothendieck group of equivariant
vector bundles on X. We combine the virtual Riemann-Roch formula with the virtual
localization of [GP] to obtain a localization formula expressing x**(X, V), in terms of the
equivariant virtual holomorphic Euler characteristics on fixpoint schemes.

Let Z be a scheme on which C* acts trivially. Let ¢ be a variable. Let B be a vector
bundle on Z with a C*-action. Then B decomposes as a finite direct sum
(6.1) B=pB"

keZ
of C*-eigenbundles B* on which t € C* acts by t*. We identify B with >k BFeks ¢
K°(X)[e]. This identifies K2.(X) with a subring of K(X)[e]. Now let again B be a
C*-equivariant vector bundle on Z with decomposition (6.I]) into eigenspaces. We denote

Bﬁx = BO, Bmov = ®k¢0Bk

We put A1B = >, (=1)'A’B. If B = B™, then A_;B is invertible in K°(Z)((e)).
Thus if C € K2.(Z) is of the foom C = A — B, with A = A™, B = B™V, then
A_,C:=A_1A/A B is an invertible element in K°(Z)((c)).

Now assume that Z is proper and has a 1-perfect obstruction theory. Let Oy be the
corresponding virtual structure sheaf. Let p¥* := K°(Z)((e)) — Q((¢)) be the Q((¢))-linear
extension of YV*(Z,e) : K°(X) — Z.
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We also recall some basic facts about equivariant Chow groups. Let Af.(Z) be the
equivariant Chow ring, this can be canonically identified with A*(Z)[e]. We extend the
Chern character ch : K%(Z) — A*(Z), by Q((¢))-linearity to ch : K°(Z)((e)) — A*(Z)((g)).
With our identification of K2.(Z) with a subring of K°(Z)[e], the restriction to K2.(Z) is
the equivariant Chern character. For V € Kg.(Z) let Eu(V) € A%.(Z) be the equivariant
Euler class, and td(V') the equivariant Todd genus. By definition, we have ch(A_,V") =
Eu(V)/td(V). Let p. : AY(Z) = A.(Z)[¢e] — Q[e] be the equivariant pushforward to
a point; it is Q[e|-linear and we denote by the same letter its Q((¢))-linear extension.
As the action of C* on Z is trivial, td(73") and [Z]'" are C*-invariant. Thus « +—
p(td(T")-an[Z]"") is Q((e))-linear. As [, .. ch(V)td(TF) = x"™(Z, V) for V € K°(Z),
it follows that

(6.2) P (V) = pu(ch(V) td(T57) N [2]™),  for V € K*(Z) ().

We briefly recall the setup of [GP]. We assume that X admits an equivariant global
embedding into a nonsingular scheme Y with C* action. Let I the ideal sheaf of X in Y,
assume that ¢ : E* — [I/I? — Qy] is a map of complexes. Assume that the action of C*
lifts to E* and ¢ is equivariant. Then [GP] define an equivariant fundamental class [ X"
in the equivariant Chow group AS (X). Let X7 be the maximal C*-fixed closed subscheme
of X. For nonsingular Y, Y/ is the nonsingular set-theoretic fixpoint locus, and X/ is the
scheme-theoretic intersection X/ = X NY}. Let Y/ :=J,_4 Y; be the decomposition into
irreducible components and X; = X NY;. The X; are possibly reducible. [GP] define a
canonical obstruction theory on X;. Let [X;]""" be the corresponding virtual fundamental
class and OY" the corresponding virtual structure sheaf. The virtual normal bundle Ny

ey,

of X; is defined by Ny := (TY"|x,

Proposition 6.3 (weak K-theoretic localization). Let V € K¢(X) and let V € K2(X)
be an equivariant lift of V.. Denote by V; the restriction of V to X; and p; : X; — pt the
projection. Put

v1r X V 8 valr V/A NVII‘) ))

Then x\"*(X,V,e) € Q[e] and x**(X,V) = x**(X,V,0).

Proof. This follows by combining the virtual Riemann-Roch theorem with the virtual
localization. We will show:

(6.4) po(ch(V) - td(T¥") N [X]") = X" (X, V. ).
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This implies the Corollary: ch(V) - td(T¥") N[X]"" € A,(X)[e] and thus by (6.4) we have
X"(X,V,¢e) € Q[e]. Furthermore the virtual Riemann-Roch theorem gives

XX V) = /[ | ]Ch(V) (TR = pa(ch(V) - td(T") N [X]7)]ezp = X (X, V,0).
X Vir

By the localization formula of [GP| we have

D (Ch(V) td(Tvlr v1r Zpl* Ch td Tvlr‘X )/ Eu(Nvlr) [Xi]vir>
= Zpi* td T)\?@r) ch (‘/Z/ Ch( (NVIr) V1r prr V/A Nv1r) )

where we have used td(TY"|x,) = td(T%") td(N;™), and td(N;™) = Eu(N;™)/ ch(A_1 (N;™)Y),
and finally (6.2)). O

Conjecture 6.5 (K-theoretic virtual localization). Let ¢ : |JX; — X be the inclusion.
Then O =37 | 1. (O /A_1(N;y™)Y), in localized equivariant K-theory.

In the context of DG-schemes Conjecture has already been proven in [CFK3|
Thm. 5.3.1] and it should be possible to adapt their proof.

Corollary 6.6. Under the assumptions of Theorem[6.3 we have
(1) For any V € K°(X) we have (writing V; := V|x, for V an equivariant lift of V):

XY (war (X0 V2 ALy (V) A (V7)) oo

(2) Let n; := rk(Ny™). Then
E”wr(X 2, 7_ (Zy nz/2Ellv1r (XZ,E(NVIr)A_y(NVIr)/A (Nwr) ) >‘€:0'
(3) e™(X) = >, e"™(X;), where € (X;) is defined using the obstruction theory in-

duced from X. In particular, if all the X; are smooth and the obstruction theory
induced from X on each X; is the cotangent bundle, then " (X) = e(X).

Proof. (1) By definition and Proposition [6.3 we get

XX, V) = XXV @ A () me (Vi ® Ay (0 [x,) /A1 (V™)) |e=o.

As TY" =TY" + N/ € K°(X;), and A_, is a homomorphism we get

P (Vi® Ay (O

x)AA(NT)Y) = pif (Vi @ A Q% @ Ay (N /A (N;™))
=X (X, Vi @ Ay (NY™)Y /AL (NF)Y)
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(2) Putting y = €™, ¢ = >, we have by definition and applying (1)
BIV™ (X, 2,7) = y 20 (X, £(T5))

_ ( 3 (X E(TY) @ Ay (NF)Y /A (NF)Y) )|€:o
=y (X (X E(TE) @ EN) © Ay (V™) /A (V7)) ) eco
= (D y B (X, E(NYA (N /A ()Y, 2,7) oo

(3) By the definition of ¢""(X) and by (1) we have

evir(X) v1r valr X@,A Nvlr) /A_1<Ni‘/ir>\/) ‘520
_ZXVH : :Zewr X

If all the X; are smooth with trivial obstruction theory, then e'*(X;) = e(X;), thus
e"(X) =3, e(X;). Put Y := X \ U, X;. Then the C* acts freely on Y, thus e(Y) = 0.
Furthermore Y is open in X. Thus e(X) =e(X \Y) +e(Y) = >, e(X)). O

7. VIRTUALLY SMOOTH DM STACKS

Obstruction theories arise naturally as deformation-theoretic dimensional estimates on
moduli spaces, e.g. of stable maps or stable sheaves. Such moduli spaces are often not
schemes but DM stacks. In this section we will extend this paper’s definition to the stack
case, and discuss which results are still valid. A significant case where the theory works
are moduli spaces of stable sheaves: in the forthcoming paper [GNMY], this will be used
together with the results of [M1] to study the invariants of moduli spaces of sheaves on

surfaces.

7.1. Notation and conventions. A DM stack will be a separated algebraic stack in
the sense of Deligne-Mumford of finite type over the ground field of characteristic 0.
All DM stacks will be assumed to be quasiprojective in the sense of Kresch, i.e. they
admit locally closed embeddings into a smooth DM stack which is proper over the base
field and has projective coarse moduli space. Furthermore we assume that they have the
resolution property; in characteristic 0 this last condition is implied by quasiprojectivity
[Krel, Thm. 5.3].

A DM stack X will be called wvirtually smooth of dimension d if we have chosen a perfect
obstruction theory ¢ : £* — 75_1L%.
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The definitions for schemes are valid also in this case, yielding a virtual fundamental
class [X]"" € A4(X), a virtual structure sheaf O% € Ko(X) and a virtual tangent bundle
Ty e KO(X).

If X is proper and V € K°(X) we can define

XX, V) = x(X,V @ 0.

Following Definition .2, we put Q%" := (T¥")", and define the virtual x_,-genus of X’ by
X (X) = XX, A QYY) and, for V e K°(X), put x75 (X, V) == x"™(X,V @ A_,Q¥).
If x* (X) is a polynomial, we define the virtual Euler characteristic of X' by e™(X) :=
XI(X). Following (5.2) we put EllV"(X,y,q) = y‘dﬂxv_i;(?(, E(TYM)).

7.2. Morphisms of virtually smooth DM stacks. A morphism between virtually
smooth DM stacks (X, Ey) and (), Ey) is a pair (f, %) where f : X — ) is a morphism,
and v : f*Ey — Ey is a morphism in D°(X) such that

[foyotb =15 1Ljoox: f'Ey > 7> 1Ly
and such that the mapping cone C(v) is perfect in [—1,0].
Note that every fibre of a morphism of virtually smooth stacks is itself virtually smooth
A morphism (f,%) of virtually smooth DM stacks is called étale if f is étale and 1) is
an isomorphism.

Lemma 7.1. Let f: X — Y be an étale morphism of virtually smooth DM stacks.
(1) Ty = (130
(2) [X] = f )
(3) OF = *(05").

Proof. (1) follows directly from the definitions.

The isomorphism f*Ly — Ly induces an isomorphism of abelian cone stacks 9y — Iy,
and, by the consequence of [BE, Cor. 3.9], an isomorphism €y — f*€y,. Choose a global
resolution [E~! — E°] of Ey and let [FF~! — FY] be its pullback to X. The cartesian
diagram

Cy — [F/Fy] —

induces a cartesian diagram
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where Cy (resp. Cy) is the inverse image of €y (resp. €y). Let sg (resp. Sp) denote
the zero section of Fy (resp. Ey). Since [Y]'" = 3[Cy] and f [Cy] = [Cx], (1) becomes
sbf [Cy] = f*35[Cy], which is [Fu, Thm. 6.2]. On the other hand

Tor, " (Ocy, Ox) = Tor, " (F Oy, T Oy) = f*(Tor, ™ (O, O)),

since f is flat and hence commutes with Tor; this proves (2).
0J

7.3. The gerbe case. Let X be a scheme, and € : X — X a gerbe over X banded by a
finite abelian group G; note that € is always an étale proper morphism. Write |G| for the
order of G.

For all W € K°(X) we have e,e*(W) = W. The morphism &* : A*(X) — A*(X) is a
ring isomorphism and e,e* : A,(X) — A.(X) is multiplication by ﬁ In particular for
any class o € A*(X) we have [y @ = |G| [y ().

Let F be a coherent sheaf on X’; then for every point x : SpecC — A the fiber
F(zx) := x*F is naturally a representation of GG, and hence decomposes as a direct sum
over the group GV of characters of G. The fiberwise direct sum decompositions induce a
global decomposition E := ) E, where the sum runs over x € GV, and any morphism
f: E7' — EY of coherent sheaves respects the characters.

We write xo for the trivial character. For £ a coherent sheaf on X, one has ¢, E = E, ;
hence E is a pullback from X if and only if £ = E,, that is E, = 0 for every x # Xo.

Let ¢ : E* — 7>_1 Ly be a 1-perfect obstruction theory for X'. The morphism ¢ is étale,
hence the natural map €*Lx — Ly is an isomorphism.

Remark 7.2. The following are equivalent:

(1) there is a (unique up to isomorphism) obstruction theory F* on X such that ¢
induces an étale morphism of virtually smooth stacks;

(2) for every point x : SpecC — X the G-representations h'((z*E*®)Y) are trivial, for
i=0,1.

For the rest of this subsection we assume that the conditions of Remark [7.2] are fulfilled.
As before let £y — FE; be the dual complex to £'* and F;y — F} the dual complex to F'*, and
let TY" := Fy— Ey and T := Fy — Fy. Let [X]'" € A4(X), (resp. [X]'" € A%(X)) be the
virtual fundamental classes defined via E® (resp. F'*). Denote O € K(X), (resp. O €
K°(X)) the virtual structure sheaves on X (resp. X) defined via E® (resp. F'*). As before
for any V € K°(X) and any W € K°(X) let

XX, V) = x(X, Ve 0y, WX, W) :=x(X,WeOy).

Corollary 7.3. (1) For any V € K°(X) we have X" (X, V) = x""(X, e.(V)).
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(2) For any W € K°(X), we have x""(X,e*(W)) = x"" (X, W).
Proof. (1) By the projection formula
XX, V) = x(X,V @ 0F)) = x(X,e.(V) ® OF) = x"(X, (V).
(2) By (1) x"(X,&*(W)) = X" (X, e(e"(W))) = X" (X, W). O
Corollary 7.4. (1) Let V € K°(X), then
XX, V) = \G|/[ . ch(e*e, (V) td(Ty").
X vir
(2) Let W € K°(X), then
W) = 6] [ e )T
X vir
Proof. (1) By Corollary and virtual Riemann-Roch we get

XX, V) = XX (V) = /[X]m h(E V)T = 1G] [ < (ehle (V) (T,

and the claim follows because ch commutes with pullback. (2) Again Corollary [7.3] and
virtual Riemann-Roch give

XVir<X,€*W) — XVir<X, W) — /

[X]vir

ch(W) td(TY") = |G| /mm ch(e*(W)) td(TEr).
O

Corollary 7.5. (1) X (X) = X" (X), e"(X) = e™(X).
(2) More generally forV € K°(X) and W € K°(X), we have " (X, V) = X" (X, e.(V))
and X" (X, W) = X" (X, W).
(3) EIM(X,y,q) = EIV™(X,y,q).
(4) €™(X) =G| [y ca(TX")-

Proof. (1), (2), (3) follow immediately from the definitions and Corollary [[.3 (4) follows
from Corollary [4.8] O

7.4. Moduli stacks of stable sheaves. Let V' be a projective variety of dimension d,
H an ample line bundle on V, r > 0 an integer and (for i = 1,...,r) ¢; € H*(X,Z)
cohomology classes. We denote by X the moduli stack of H—stable bundles of rank r and
Chern classes ¢; on V. We denote as usual by Pic V' the Picard group of V', and by PicV
the Picard stack of V, i.e. the moduli stack of line bundles on V. The determinant defines
a natural morphism det : X — PBic V', and there is a natural map PicV — Pic V' which
identifies Pic V' with the coarse moduli space of PicV.
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Both X and PicV are algebraic stacks in the sense of Artin, and they have a natural
structure of gerbes banded by G,,, over their coarse moduli spaces, since all stable bundles
and all line bundles are simple, i.e. their automorphism group is given by nonzero scalar
multiples of the identity. It is a well known fact that the gerbe PicV — PicV is trivial,
and we choose a trivialization i.e., a Poincaré line bundle on V' x Pic V| that is a section of
the structure morphism Pic X — Pic X. We denote by X" the fiber product X x ;. Pic V;
if L € PicV is a line bundle, we denote by X the fiber of X over L. Both X and X, are
DM stacks, and are naturally gerbes banded by u, over their coarse moduli spaces, which
we denote by X and X respectively. Both X and X are quasiprojective schemes; they
are projective if there are no strictly semistable sheaves with the given rank and Chern
classes (and determinant, in the case of X).

Let F be an H-stable sheaf of rank r, with Chern classes ¢; and determinant L, and
denote by f the corresponding morphism from SpecC to either X or X. The stack X’ and
Xr have natural obstruction theories F* and E$ with the property that h'(f*(E$)Y) =
Exts™(F, F), 1 (f*(E*)Y) = Extg(F, F), O(f*(E3)Y) = Ext'(F, F).

Lemma 7.6. Let ¢ € C be a nonzero scalar. Then the automorphism induced on Ext'(F, F)
and Ext),(F, F) by acting simultaneously on both copies of F with the scalar c is the iden-
tity.

Proof. Since Ext is contravariant in the first variable and covariant in the second, the

1

scalar automorphism ¢ applied to the first variable acts as ¢, and applied to the second

variable it acts as c. The vector space Ext{(F, F) carries the induced action. O

Proposition 7.7. The complex E® (respectively EY ) is the pullback of a unique obstruction
theory on X (resp. on Xp).

Proof. This follows immediately by Remark [7.2] O

APPENDIX — A DETAILED PROOF OF THEOREM

Fix formal variables z; for 7 = 1,...,n and y; for j = 1,...,m and let A be the
formal power series ring A := Q[x;,y;]. Let d = n —m which we assume nonegative,
m4 the maximal ideal in A, and let A be the quotient ring A/m‘iﬁl (formal power series
developments up to order d).

Let ¢ indicate one of the variables ;s or y;’s. Let

f(ty) = (1—ye™) e Alyl.

1—et



RIEMANN-ROCH FOR VIRTUALLY SMOOTH SCHEMES 29

Since t/(1 — e™") is invertible in A, f is invertible in A[y]; its inverse is the power series

1—et .,
fult,y) = ——0_v'e") € Alyl.
r>0
We now consider the variable change y = 1 — 1/u, i.e. uw = 1/(1 — y). Note that
g(t,u) == uf(t,1 — 1/u) € Alu,1/u] is actually a degree one polynomial, which can be

written as
—t

1—et
with £ € m,4. Note that ¢ is invertible and its inverse is

get,u) =D (=1)"(€ + tu)".

r>0

g(t,u) = ut + =1+0+tu

Let £ = &aub € Afu] be a power series. We say that £ is good if £, € mk for every k;
in that case, we denote by é the power series » ékuk where ék is the homogeneous part of
degree k in &,. Good power series are closed under sum, product, and infinite sum when
this makes sense, and the map & — 5 commutes with all these operations.

Claim 1. The power series g.(t,u) is good, and g.(t,u) = (1 + tu)~t.

Proof. Let € := ¢ + tu. Then £ is good and é = tu. Hence g, is good, and g, :=
Zrzo(_l)rfr = Zrzo(_l)r(tu)r = (1+ t“)_l- O

We denote by f the image of f in A[u], and similarly for f,,g,g.. Note that by the
claim g, is actually a polynomial in u of degree at most d.
Since ¢ is a polynomial, we can consider g(¢,1/(1 —y)) € Afy]; it is easy to check that

9(t.1/(1—y)) = (1 —y)~'f(t.y). In particular g(t,1/(1 —y)) = (1L —y) "' f(t,y).
Since g, is a polynomial in u, it makes sense to consider g.(¢,1/(1 —y)) € A[y].

Claim 2. In the ring Afy] one has the equality

Proof. From the equations gg, = 1 in AJu] and ff, = 1 in Afy] it follows that ff, =1
and g(t,1/(1—y))g.(t,1/(1—y)) = 1 in AJy]. We can multiply both sides of the claim by
g(t,1/(1—y)) and f(t,y) since these are invertible elements. The result to prove becomes

1 -

mf(ta y) =gt 1/(1-y))

which immediately follows from the corresponding equality in A[y]. 0J
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The claim above would not make sense in A[y] since we cannot substitute in the power
series ¢, the power series (1 —y)~! which has a nonzero constant term.
Let

m

X, (X):= Hf(xz, ) [ Flwiw) € Alyl.

Jj=1

Claim 3. (1) In the ring Aly] one has the equality

m

X—y(X)I(l—y)dH g(xi, 1/(1—y) H (5, 1/(1 = y))

(2) X_,(X) is a polynomial of degree at most d.
(3) Write X_(X) = >y X' (1 —y)'. Then X' — ¢(T¥") € m'}'.

Proof. (1) We can apply the previous claim since (1 —y)? = (1 —y)"*/(1 —y)™
(2) The power series

h(u) = H (i, u) - H 9:(yj,u) € Alu]

is good since each of its factors is good, and therefore h(u) is a polynomial of degree at

most d.
(3) Tt is enough to prove that h(u) = [/, (1 +z;u) [T72, (1 4+y;u)~", and this follows from
the definition and the first claim. O
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