View metadata, citation and similar papers at core.ac.uk brought to you by X{'CORE

provided by Sissa Digital Library

SISSA - ISAS
INTERNATIONAL SCHOOL FOR ADVANCED STUDIES

Area of Mathematics

Some models of crack growth
in brittle materials

Ph.D. Thesis

Supervisor
Pror. GiANNI DAL MASO

Candidate
SIMONE RAcCcCA

ACADEMIC YEAR 2012/2013


https://core.ac.uk/display/287417792?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




Il presente lavoro costituisce la tesi presentata da Simone Racca, sotto la direzione del
Prof. Gianni Dal Maso, al fine di ottenere I'attestato di ricerca post-universitaria di Doctor
Philosophice presso la SISSA, Curriculum in Matematica Applicata, Area di Matematica. Ai
sensi dell’art.1, comma 4, dello Statuto della Sissa pubblicato sulla G.U. no. 36 del 13.02.2012,
il predetto attestato é equipollente al titolo di Dottore di Ricerca in Matematica.

Trieste, Anno Accademico 2012-2013.






Contents

Introduction

Chapter 1. Preliminaries
1.1. Mechanical and physical assumptions
1.2. Quasi-static evolutions
1.3. Griffith’s theory
1.4. Variational evolutions
1.5. Energy release rate
1.6. Existence of quasi-static evolutions by time-discretization
1.7. Technical results
1.8. Notation

Chapter 2. A viscosity-driven crack evolution
2.1. The geometrical setting
2.2. The incremental problem
2.3. Griffith’s conditions for (s7,u")
2.4. The irreversible viscoelastic evolution
2.5. A comment on the role of 7
2.6. The rate-independent evolution
2.7.  One-dimensional analysis

Chapter 3. A variational model for the quasi-static growth
of fractional dimensional brittle fractures
3.1. Admissible cracks and displacements
3.2. TIrreversible quasi-static evolution
3.3. Properties of sets in C, and lower semicontinuity of £
3.4. Proof of the main result
3.5. Fractional dimensional crack evolution as limit of one-dimensional ones
3.6. The linearized and nonlinear cases
3.7. The von Koch curve

Chapter 4. A model for crack growth with branching and kinking
4.1. Geometrical setting and admissible cracks
4.2. The incremental problem
4.3. The continuous-time evolution
4.4. Properties of the continuous-time evolution

Bibliography

vii

U =

18
21
24

25
26
27
33
36
41
43
48

61
61
63
64
70
74
78
82

85
86
97
102
113

123






Introduction

This work is devoted to the study of models of fractures growth in brittle elastic materials;
it collects the results obtained during my Ph.D., that are contained in [77, 76, 78]. We consider
quasi-static rate-independent models, as well as rate-dependent ones and the case in which the
first ones are limits of the second ones when certain physical parameters vanish. The term quasi-
static means that, at each instant, the system is assumed to be in equilibrium with respect to its
time-dependent data; this setting is typical of systems whose internal time scale is much smaller
than that of the loadings. By rate-independent system we mean that, if the time-dependent data
are rescaled by a strictly monotone increasing function, then the system reacts by rescaling the
solutions in the same manner.

We mainly settle our discussion in the framework of the celebrated Griffith’s theory [50],
developed almost a century ago. The fundamental idea is that the crack growth is the result of the
competition between the elastic energy released in the process of crack opening and the energy
dissipated to create new portions of crack. The involved energy functional can be written as

W(u, I') + K(u, '), (1)

where W(u, I') and K(u, ') represent the bulk elastic energy and the dissipated surface energy,
respectively, associated to an elastic deformation v and a crack I'. In an isotropic homogeneous
material, the latter energy is usually proportional to the fracture surface, thus accounting for
the number of broken atomic bonds along the crack, and the proportionality constant is the
so-called fracture toughness, which depends on the material.

At the core of Griffith’s criterion is the notion of energy release rate, corresponding to the
derivative of the bulk energy with respect to the variation in length of the fracture. More
precisely, let Q C R? be a bounded open domain, corresponding to an uncracked elastic body,
and let v : [0, L] — Q be a curve parametrized by arc-length. Consider the family I'(l) of cracks
of the form I'(l) = v([0,1]). Given a boundary loading w, at equilibrium the elastic bulk energy
of the unfractured part Q\ I'({) of the material is

) = min {(W(u, I'(1)) : uw=w on dN}.
Then, for [ € (0, L), the energy release rate is (formally) defined as

_ded
g = TR (2)

Assume the crack energy K(u,I'(l)) to be proportional to the length of the fracture, i.e.
K(u, I'(l)) = kl, and the boundary datum w to be time-dependent. Consequently the bulk
energy and the energy release rate are dependent both on [ and t, that is, £ (l,t) and G(I,t).
The aim is to predict the law of the fracture growth, that in this framework corresponds to
describe the time evolution of the crack length I(¢). Then in Griffith’s theory the following
conditions need to be satisfied by [(t):

(g1) irreversibility: i(t) > 0;

(82) stability: G(I(t),t) < k;

(83) activation law: (—G(I(t),t) + n)l(t) =0,
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where the dot denotes the derivative with respect to the time variable.

A more recent approach has been developed by Francfort & Marigo [48], who introduced
a new formulation of the quasi-static problem, based on the notion of quasi-static variational
evolution and on two principal assumptions (in addition to the irreversibility of the fracture
process):

(GS) global stability: at each instant, the system minimizes the energy (1) among all other
admissible configurations at that instant;
(E) energy-dissipation balance: the increment of internal energy plus the dissipated energy
equals the work of the external forces acting on the body.

The main difference between the two formulations is the following: while in Griffith’s ap-
proach the system satisfies a first order minimality condition, in Francfort & Marigo theory
it is requested to fulfill a global minimality condition. As already noticed in the seminal pa-
per [48], (GS) is not justified by any known thermodynamical argument and induces unnatural
time discontinuities in the crack growth process. However, on the other hand, the point of view
of Francfort & Marigo allows to overcome some restrictions of Griffith’s theory, mainly of being
a two-dimensional model and of requiring the crack path to be known in advance. The current
research is trying to conjugate the positive aspects of both approaches; in the discussion below
and in following chapters, as long as the models are treated more in detail, we will provide a
deeper description and a list of references (which is not meant to be complete, it is mainly a
selection based on the author personal interests and knowledge).

The model presented in Chapter 2 fits in the Griffith’s framework, the one in Chapter 3 in
the variational formulation of Francfort & Marigo, while the one in Chapter 4 can be seen as “in
between” the two formulations.

In general, we consider the two-dimensional antiplane shear case in the framework of linear
elasticity (in Chapters 3 and 4 we extend the results to other settings, like the two-dimensional
linearized or nonlinear planar elasticity). The elastic body is represented by a cylinder, whose
cross section is a bounded connected open set 2 C R?. It undergoes a deformation of the form

(x,2) = (z,2 + u(z)) xr€eQ, z2eR,

where u : © — R is the out-of-plane displacement. The crack section on €2 corresponds to

a one-dimensional set I' C ). For a brittle isotropic solid the linear elastic energy and the
dissipated energy are of the form

W(u,F)Z;/Q\qude and IC(u,F):/Ffi(ac)d?-ll(x), 3)

respectively, where H' is the one-dimensional Hausdorff measure and & > 0.

The system is driven by a time-dependent boundary displacement ¢ — w(t), with w(t) :
0pQ — R defined on a subset dpQ of the boundary 9€2. That is, we look for an evolution
(u(t), I'(t)) of the displacement and of the crack such that, in addition to some energetic condi-
tions, at each instant it satisfies the constraint u(¢) = w(t) on OpQ\I'(t). We do not address the
issue about crack initiation, which is a critical aspect of Griffith’s theory (see, for example, the
discussions in [48, 28]), and we always suppose I'(0) # . We also assume that neither body
nor surface forces act on the elastic body. Then the quasi-static stability condition corresponds
to the fact that the following problem is satisfied at any instant:

Au(t)=0 inQ\I'(t)

u(t) =w(t) on dpQ\ I'(t) (4)
2ult) on I'(t) UdN\ dpQ
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where v is the normal vector to 9 and I'(t).

Each model is characterized by the aforementioned energetic conditions that the evolution
has to fulfill. Hence we need to analyze one by one the cases described in this thesis, since
they present very different features. However they share the strategy for proving the existence
of an evolution ¢ — (u(t), I'(t)), based on a time discretization approach: the continuous-time
evolution is approximated by discrete-time evolutions obtained by solving incremental minimum
problems (see the general strategy described in Section 1.6).

The first part of this work is related to the perplexities that the assumption (GS) in the
variational formulation raises from the physical point of view, as already observed by the authors
in [48]. Without concerns about this issue, the first result about existence of a quasi-static
variational evolution in the spirit of Francfort & Marigo has been obtained by Dal Maso &
Toader [38]; in a second paper [37] the same authors suggest to replace (GS) with a sort of local
stability condition, physically more appropriate. The mathematical idea in order to obtain it is
to introduce a penalizing term at the level of the discrete-time incremental problems, in order
to penalize large variations of the elastic and/or fracture energy.

In [22, 37] a penalizing term on the elastic energy, related to wviscosity, is added. In [58,

, 63] a dissipation on the crack tip is considered. In both approaches first the authors prove
the existence of a rate-dependent evolution, depending also on the viscosity or dissipation. Then
a quasi-static variational evolution is obtained as limit of rate-dependent evolutions when the
effect of the viscosity or of the dissipation vanishes. The limit evolution is shown to be different
by the one obtained in [38] with the (GS) assumption, and to satisfy an energy balance and
a sort of local stability condition, defined in terms of the energy release rate. Thus Griffith’s
criterion appears again.

In Chapter 2, we investigate the interaction between the dissipation in the fracture energy
and the viscoelastic term in the elastic energy, when they coexist in the rate-dependent evolution.
We assume the crack path to be prescribed a priori, with an injective arc-length parametrization
v :[0,L] = Q of class C*! (the regularity of v is related to the existence of the energy release
rate G, as explained in Section 1.5); the cracks are of the form I'(l) := ~([0,]). In accordance
with (3), for each [ € [0, L] the elastic energy is given by

a

W, T(1)) = 2/9\% Vul? dz, (5)

where a > 0 is the Young modulus, while the fracture energy is assumed to be proportional to
the crack length

K(u, T(1)) = k1Y (1) = k1.

Let us fix the coefficient of viscosity, b > 0, and the dissipation constant at the crack tip, 0 > 0.
As in the previously cited papers, given a boundary loading ¢ — w(¢) by means of a time-
discretization approach we first prove the existence of a continuous-time rate-dependent evolution
t > (1°2(t),u"?(t)) satisfying (in a weak sense) the problem

aAub? () + bAGCR(H) =0 in Q\ ['(I%°(t)

aOuPR(t)  bAIL(1)
v v
u®?(t) = w(t) on dpQ\ I'(1°°(t))

=0 on I'(I°%(t)) UON\ dpQ
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under proper initial conditions [*?(0) = Iy and u®?(0) = wug, and the Griffith-type stability
condition, expressed in terms of the energy release rate G,

*?(t) >0
— G(I°2(t), aw(t) + buir(t)) + kI*2(t) +21°°(t) > 0
[—g(zm(t), aw(t) + bir(t)) + r1°(t) + Dl'[”b(t)} o) =0.

Here G(I,g) is the energy release rate relative to the crack I'(l) and to a boundary datum g.

The next step consists in describing the limit behaviour of the sequence of evolutions
(1°?, 4*?) when b and 9 vanish. It converges (in proper functional spaces) to a rate-independent
evolution (I,u), called vanishing viscosity evolution, which satisfies the stability condition (4)
and the Griffith’s criterion (g1)-(g2)-(g3). We remark that an evolution fulfilling these conditions
is not necessarily unique.

At this point our first interest lies in understanding the effect of the mutual interaction
between the parameters b and 0 during the limiting process. We are able to give a complete
answer assuming sufficient regularity for the energy release rate G. It turns out unexpectedly
that the leading actor in the selection of the evolution (I,w) is the dissipation at the crack tip;
the viscosity coefficient b does not influence the limit. Indeed the function °° satisfies a Cauchy
problem

[°2(t) = Vg(b,0,¢,15%(1))
1°°(0) = lo,

with the field Vg defined in terms of G. For regular G, the perturbation induced by b does not
affect too much neither the field Vg nor the solution.

The second interesting fact is shown by means of an example. Under the same smoothness
assumptions on G as above, exploiting a discussion in [82] we prove that the vanishing viscosity
evolution (I(t),u(t)) does not satisfy the global stability condition (GS), but it really evolves
according to a local stability principle.

In the effort of widening the range of application of the energetic theory suggested by Grif-
fith for fracture evolutions, and then renewed by Francfort & Marigo with the definition of
variational evolutions, in Chapter 3 we describe a crack growth process taking place in brittle
materials with extremely fragile parts, which allow the fracture to grow along highly irregular
paths. As it happens in many situations, the reason for investigating this particular setting
comes from experimental observations. Different materials, like ceramics, present highly irreg-
ular crack surfaces, as reported in several experimental papers, see, e.g., [13, 75]; the fracture
shows roughness characteristics suggesting that the appropriate model for it might be given by
a fractional Hausdorff dimensional set, rather than by a “smooth” surface. Furthermore in the
analysis of real cracks different scales seem to play a role, and patterns of various dimension
emerge [15]. Theoretical aspects of fracture mechanics in this framework have been developed,
for example, by [12, 14, 23, 84], among many others.

In order to understand our contribution, we briefly recall some existing results in the con-
text of variational evolutions. As already said, the first complete mathematical analysis of a
continuous-time formulation of a variational model in the case of two-dimensional antiplane lin-
ear elasticity was given in [38] under the assumption that the cracks are compact connected
one-dimensional sets of finite length, then extended to plane elasticity by Chambolle [24]. The
general case of variational evolutions in R™ is treated by means of the theory of SBV functions,
first in [47], then in [36, 34] for the case of finite elasticity; in the last cited paper, a suitable
notion of convergence of sets, called oP-convergence, is introduced. An important feature of all
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these models is that the path followed by the crack during its evolution is not prescribed, it is
instead the result of the energy minimization.

We emphasize that the key tools for [38, 24] are Blaschke Compactness Theorem 1.7.1 and
Gotab Lower Semicontinuity Theorem 1.7.2. For the other cited papers, the main tools are
the SBV compactness and lower semicontinuity theorems by Ambrosio [3, 4] and variants of
them (see [34] for the oP-convergence). However these results are not available in the setting we
consider in Chapter 3, as we will see in few lines, so that we are led to introduce some constraints
on the admissible cracks.

We study a model in the framework of quasi-static evolutions, so that we can neglect any
inertial and viscous effect, and of Griffith’s theory, in the sense that the crack advance is con-
trolled by the competition between the elastic energy released due to the crack opening and the
energy dissipated by the new crack. The novelty consists in the fact that, instead of a surface
dissipation as the one in (3), we consider

K(u, T) = /F R(x) dH () | ()

where #? is the d-dimensional Hausdorff measure, with d > 1, and % > 0. We assume that
the set

I :={reQ: k(r) < +oo}
is a pre-assigned curve with 0 < H%(I'*) < +o0o (and some further property). For instance, I'*
might be the well-known von Koch curve (see Section 3.7), for which d =log4/log3.

The admissible cracks are compact sets I' C I'* with an a priori bounded number of
connected components.

It is worth to notice that, in agreement with Griffith’s principle, the dissipated energy
Iz(u, I') is still proportional to the number of molecular bonds which are broken to get the
fracture.

Under these assumptions, in the energetic framework for rate-independent processes intro-
duced by Mielke (see, e.g., [66]) the main result of the chapter (Theorem 3.2.3) states the
existence of a quasi-static evolution in this class of fractures with fractional dimension; more
precisely, given a time-dependent boundary loading t — w(t), we show that there exists an
irreversible crack evolution satisfying proper initial data, the global stability condition (GS): at
each instant ¢

W(u(t), I'(t)) + K(u(t), ['(t)) < W, ')+ K, I

for every I' O I'(t), I’ C I'*, v = w(t) on 0N\ I', and the energy balance condition (E): for
every 0<s<t<T

W(u(t), T(t)) + K(u(t), I'(£) = W(u(s), I'(s)) + K(u(s), I'(s)) +/ (0sW (Vu(r)), Vio(7))dr,

where the last summand represents the power of the force exerted on the boundary to obtain
the displacement w(t) on 0\ I'(t) (see Remark 1.4.2), W being the energy density for W.
Actually we prove the result in a more general setting. We consider a finite number of curves
I'Y,...,I'y; which do not need to have the same Hausdorff dimension, and may also intersect
each other, provided that the dimension of the intersection is strictly smaller than the dimension
of any of the involved curves. The admissible cracks are compact sets I' C I7U...UI'y; with an a
priori bounded number of connected components (see Subsection 3.1.1 for the precise definition
of the class C of admissible cracks). We are then able to recover a lower semicontinuity result
for the crack energy K with respect to the Hausdorff convergence of sets in the class C, and to
extend to our case, after a careful topological study of the admissible cracks of the class C, a
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continuity result (Theorem 3.4.1) for the convergence of gradients of solutions to elliptic problems
in varying domains.

We remark that the appearance of d-dimensional Hausdorff measures with d > 1 has two
main consequences. From the point of view of the mathematical setting of the problem, it
suggests that the SBV approach is not omnicomprehensive, since jump sets of SBV or GSBV
functions defined in domains of R? are always 1-rectifiable. The second issue is related to the
lower semicontinuity of the Hausdorff measures H¢: as is known, Gotab Lower Semicontinuity
Theorem is not valid when d > 1; furthermore, as just said, we also cannot use any lower
semicontinuity result related to SBV functions.

With an euristic discussion, let us explain the ideas in the background of the above model.
So far Griffith’s theory has mainly been studied assuming the material toughness « in (3) to be
bounded both from above and from below:

0< B <k(z) <Py <400 (7)

at every point x of the body. By (7), K(u,I') in (3) amounts to consider as admissible cracks
only sets of finite one-dimensional Hausdorff measure. In [38] the admissible cracks are compact
sets having an a priori bounded number of connected components and finite length, and the
displacements are Sobolev functions out of the crack, while in [47, 34, 36] the displacements
belong to suitable spaces of SBV -type and the cracks are rectifiable sets related to the jump
sets of the displacements.

In order to validate Griffith’s model in a wider range of possibilities, one should be able to
treat cases in which (7) is violated. In the context of homogenization, the extremal case when
the material toughness is infinite in some parts of the material was investigated, e.g., in [39, 10].
These authors consider materials with a periodic structure, with purely brittle parts separated by
unbreakable fibers (where, ideally, x(z) = +0c0), and they show that the homogenized material
exhibits different behaviours (elastic, cohesive or brittle), depending on the ratio between the
width of the brittle parts and of the fibers. In our work, instead, we are interested in the case
when the material has extremely fragile parts, represented by the fact that the bound from below
in (7) is not guaranteed anymore. Ideally, the crack tends to develop in the most fragile zone,
where & is “small”; since it is energetically convenient. The low toughness coefficient allows the
crack to grow quite a lot in length, without paying so much in terms of dissipated energy; the
consequence is a very irregular crack, concentrated in the fragile zone.

By means of a I'-convergence approach, we rigorously justify our model with crack energy (6)
instead of (3) as a natural extension of the Griffith’s setting, in case of a single preassigned crack
path I'* as above. Indeed our energy functional can be obtained as I'-limit of energies involving
small toughness coefficients and the H'-measure restricted to polygonal approximations I, of
the cracks I' C I'* with fractional Hausdorff dimension:

Ko(u, ) = / e () dH (2)
I’
with k.(z) — 0 for  belonging to I'., as ¢ vanishes.

The model described above, that for simplicity is discussed in the two-dimensional antiplane
shear case in the framework of linear elasticity, is valid even in the planar linearized and nonlinear
elasticity cases, while the finite elasticity setting is still difficult to tackle. To our knowledge,
the present work is the first attempt to extend the variational approach to fracture evolution in
order to encompass fractional dimensional cracks.

The final chapter of the thesis addresses a critical aspect of the mathematical modelling of
fractures: branching and kinking of cracks. In case of plane elasticity, as analyzed in [26, 27] and
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the references therein, the debate concerns two different criteria: the principle of local symmetry
and the principle of maximal energy release rate. However, already in the simpler situation of
antiplane shears, Griffith’s theory finds a mathematical obstacle in absence of sufficient regularity
of the cracks. Indeed, so far the existence of the energy release rate (2) has been proved in case
of CY! curves by Toader & Lazzaroni [62], and for piecewise-C1! curves by Negri [71]. The
last result is already in the direction of considering models of crack evolutions with kinking
phenomena. By a I'-convergence approach, the energy release rate is showed to depend on the
kinking angle in an implicit way. Despite the importance of the result, the implicit description
is difficult to handle even in simple situations.

In Chapter 4 we address the issue about branching and kinking from a different perspective.
The idea is to introduce some general assumptions on the structure of the admissible cracks
which allow us to extend Griffith’s theory to the case where branching and kinking are admitted
and, at the same time, to define the front of the fracture and its velocity. For the definition of
the last two concepts we have been inspired by [61], where they are introduced by means of a
distributional approach and appear in an energy dissipation term.

The class S of admissible cracks (Definition 4.1.6) contains sets which are finite unions
of C%! curves, with some topological restrictions in order to satisfy good compactness and
length continuity properties, and to control the phenomena of branching and kinking during
the evolution of the system. In particular we require that branching and kinking points do not
accumulate, and that at most a (a priori bounded) finite number of branches springs out of each
branching point.

The model we study is rate-dependent and contains a dissipative term penalizing the velocity
of crack growth at its front. The fracture path is not preassigned, but cracks are only required
to belong to the class S of admissible cracks; we can view this idea as “in between” the standard
Griffith’s theory, where the crack path is completely pre-assigned, and the variational formulation
of Francfort & Marigo, where it is free.

As a standard procedure, given a time-dependent boundary loading w(t) the existence of an
evolution (u(t),I'(t)), t € [0,T], is achieved by a time-discretization approach. The evolution
satisfies an energy inequality of the form

W(u(b), (b)) + H (I / > vl t)?
@ :vEF (t) (8)

< W(u(a), I'(a)) + H'( / /Q\F(t) ) - V(t) dz dt,

for any two instants 0 < a < b < T, where F(t) and v(z,t) represent the front of the fracture
at time ¢ and its velocity at « € F'(t), respectively.

Inequality (8) is not sufficient to fully characterize the evolution (u(¢),I'(t)). Furthermore,
the presence of the dissipative term

prevents the possibility of achieving an energy balance (E) and even a unilateral minimality
condition (GS) in the spirit of Francfort & Marigo. We then look for a first order stability
condition in the framework of Griffith’s theory, in terms of the energy release rate.

So far, the discussion of the model is valid in any elastic regime: linear, linearized, or
nonlinear two-dimensional elasticity. However, in order to state the mentioned stability condition
we need an explicit formula for the energy release rate, which is available only in the antiplane
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shear case of linear elasticity (see the very brief survey in Section 1.5); therefore we restrict the
discussion to a bulk energy of the form (3).

Differently than in the models discussed earlier, now the cracks might have several front
points. Hence the energy release rate is a functional G(w, I',z) dependent on the boundary
datum w, on the crack I' and on the point x of the front of I'. The Griffith stability criterion
for the continuous-time evolution (u(t),I'(t)) is achieved, locally in space and time, as long as
the crack grows at one point of its front. More precisely, if v(xg,t9) > 0 at an instant ¢y € (0,T")
and for a tip xo € F(ty), then there exist € > 0 and r > 0 such that for every ¢ € (o — e, to] it
is F(t) N By(xg) = {z(t)}, and for a.e. t € (tg — e,tp) the following conditions hold

v(z(t),t) >0
G(w(t), I'(t), z(t)) < 1+ v(x(t),?)
(=G (w(t), I'(t), z(t)) + 1+ v(z(t),t)] v(z(t),t) = 0.

Unfortunately we are not able to characterize the evolution in the entire time interval [0, T]
and in correspondence of static front tips. The main sources of difficulty are the presence of
several branches of the fracture and the approximation procedure by the discrete-time evolutions.
Indeed, a careful control of the behaviour of each point of the front is necessary in order to avoid
interactions among them that are not physically justified. It is not a simple task to introduce
further restrictions on our class of admissible cracks, without considering geometrical settings
already discussed in the literature; on the other hand, some work is still necessary in order to
remove some of our mathematical constraints not due to mechanics. Anyway, to our knowledge
this represents a first attempt to describe a model encompassing branching and kinking, without
assuming the crack path to be known a priori.



CHAPTER 1

Preliminaries

In this chapter we discuss the mechanical and physical assumptions for the models that we
study in this thesis. We briefly review the fundamental contributions to the mathematical theory
of fracture in elastic materials: Griffith’s theory [50], introduced in the '20s of the past century,
and the variational formulation of the problem, proposed by Francfort & Marigo [48] in the "90s.
They represent two cornerstones for the subsequent mathematical results on this topics.

The remaining of the chapter deals with other important, and more technical, issues: the
existence, in different physical settings, of the functional called energy release rate, which plays
an important role in the description of fracture growth processes in the framework of Griffith’s
theory; the general technique to prove the existence of evolutions of cracks in brittle elastic
materials, as it will be applied in the following chapters.

Finally we prove some technical results and introduce the main notation used in the thesis.

1.1. Mechanical and physical assumptions

In the thesis, we consider models of growth of fractures in elastic materials. A body is said
elastic if it deforms when subject to an external loading, and it goes back to the original con-
figuration when unloaded. If Q is the space domain occupied by the body at rest (unloaded),
usually called the reference configuration, the new static equilibrium in the loaded state is de-
scribed by a map ¢ : Q — R3, the deformation, and the deformed configuration is given by
©(Q). In general, the map ¢ is supposed to satisfy some regular and physical assumptions, in
order to properly define the mathematical setting and to describe a physically acceptable model.
For example, ¢ has to be orientation preserving and, since interpenetration of matter should be
avoided, injective.

We briefly recall few basics from the classical theory of elasticity, adopting the notation
used in [30]. Assume that the body in the deformed configuration occupies the domain ()
and is subject to a boundary loading and to a body force with densities ¢¥ : I'¥ — R3 and
% 0(Q) — R3, respectively, where I'? C (). The key axiom of continuum mechanics is
the following, as stated in [30].

Axiom 1.1.1 (Cauchy axiom). There ezists a vector field
59 p(Q) x §% — R,
where S? = {v € R®: |v| = 1}, such that

(1) for any subdomain A C ¢(Q) and any x € I'? NOA where the unit inner normal v to
'Y NOA exists, it holds
s%(z,v) = g% (x),

(2) aziom of force balance: for any subdomain A C p(Q)

/f‘/’(ac)dw—l—/ s?(xz,v)do =0,
A aA
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(8) aziom of momentum balance: for any subdomain A C p(Q2)

/Ox/\f“’(x)dx—I—/ 0x A s?(z,v)do =0
A

OA
where Ox is the vector connecting the origin 0 to the point © € A.

The vector field s¥ is called Cauchy stress vector and, for any subdomain A C ¢(Q), it
respresents the force per unit deformed area caused by ¢(£2) \ A acting on A. Indeed Cauchy
axiom expresses the idea that along the boundaries of any subsdomain A C ¢(Q) there exist
surface forces s¥(z,v)do, such that at static equilibrium they counterbalance the effects of the
given boundary force g% (z)do and body force f#(z)dx.

From Cauchy axiom we deduce the equations that the (unknown) deformation ¢ must satisfy
when the body is at static equilibrium with respect to the applied forces f¥ and g¥. It is more
convenient to describe the equations with respect to the reference configuration 2, rather than
to the unknown deformed one. For this, we introduce the first Piola-Kirchhoff stress tensor
T:Q — M3*3, where M3*3 is the set of 3 x 3 real matrices. The tensor field T measures the
force per unit undeformed area and is related to the Cauchy stress vector s¥ by

T(z)v = (det V(z)) 5% (¢(2), (Vo(z)) " v) for every v € S%,x € Q.

Then, under proper regularity assumptions, the equilibrium equations over {2 are

—divT(x) = f(z) for x € Q
Vo(x)T(z)t = T(z)Ve(z)t for z € (1.1)
T(x)v = g(x) for z € 092,

where v € S? is the unit outer normal to 99, g : 9Q — R3 is the density of the surface force
per unit area, while f : Q@ — R? is the density of body forces per unit volume, both related to
g? and f¥ through a change of variables.

Notice that the system (1.1) is undetermined since it contains nine unknown functions (three
components of the deformatin ¢ and the components of the first Piola-Kirchhoff stress tensor,
which are six due to symmetry reasons, by the second equation in (1.1)), but only three equations.
In order to reduce the indeterminacy it is necessary to introduce some constitutive relations,
dependent on the material under consideration (gas, solid, liquid, elastic, plastic...). In case of
elastic materials, they are given by

T(x) = T(z, V()

for some tensor field 7' : Q x M3*3 — M3*3 (M3*3 is the set of 3 x 3 matrices with pos-
itive determinant). This provides the six missing equations in order to be able to solve the
system (1.1). The boundary value problem for the 3-dimensional elasticity is then the following;:
given a domain Q C R?, with 9Q = I'y U I'}, a tensor field T:Qx Mf’_xg — M3*3, the loads
f:Q—=R3and g: It — R3, and a boundary deformation ¢q : Iy — R?, find a deformation
¢ : Q — R? orientation preserving and injective, such that it solves the problem
—divT(2, V) = f inQ
T(x,Vo)vp, =g on Iy (1.2)
¢ = %o on I,
where vp, is the outer normal to I7.
The problem can be formulated in a variational setting. Here we describe the so-called

hyperelastic materials, i.e. materials for which there exists an elastic energy density W : Q) x
MiXB — R such that the first Piola-Kirchhoff stress tensor is given by

f(x,f) =0:W(x,§) for every z € Q,& € Mix‘o’.
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In general W is requested to satisfy assumptions that describe physical properties, as frame-
indifference, material properties, as homogeneity or isotropy (see [30, 53, 9, 64]), and also
proper regularity and boundedness conditions.

For hyperelastic materials the system (1.2) takes the form

—divo:W(z,Vp)=f inQ
OW(x,Vo)vp, =g on I (1.3)
¥ =%o on Iy

and it formally corresponds to the Euler-Lagrange equations for the following minimum problem

min {/W(m7Vgp)dx—/f~godx—/ g'godo},
p=¢o on I'g Q Q I

with ¢ also orientation preserving and injective.

In this thesis, we will consider two particular settings of the 3-dimensional elasticity theory
described above:

o Antiplane elasticity: the body is ideally assumed to be an infinite 3-dimensional cylin-
der © x R, where the cross section 2 is a bounded connected open subset of R?. In
this case we consider deformations ¢ : Q x R — R? of the form

(21,72, 3) = (21, T2, ¥3 + u(1,72))

for (z1,z2,23) € Q x R. The problem of finding the deformation ¢ when external
loads are applied is reduced to determine the out-of-plane displacement u : Q — R.
Therefore we are led to consider a 2-dimensional scalar problem.

e Plane elasticity, both in the nonlinear and linearized case. In this situation, the elastic
body is represented by a 2-dimensional bounded connected open set 2 C R?, and it
undergoes a deformation ¢ : Q — R2.

Remark 1.1.2. In the antiplane case the incompenetration of matter is automatically satisfied,
being the deformations orthogonal to the domain €.

In order to introduce the fracture problem, we assume that the possible defects of the
elastic body are concentrated in a crack I' C Q0 (notice that, in the antiplane case, the actual
crack is I' x R). The set Q\ I' represents the unfractured part of the body, in the reference
configuration, which still behaves elastically. The crack I' can also be seen as the discontinuity
set of the deformation .

Mathematical models for fracture associate a dissipation energy EY(I',¢) to the set I'. It
represents the energy spent to break the atomic bonds of the elastic body €2 in order to create
the crack I". The expression for E? also depends on the material properties of the body; a quite
general classification divides materials in ductile ones and brittle ones:

e ductile materials undergo large strains and yielding before failure. Hence they can
absorb quite a lot of energy and they exhibit extensive plastic deformations ahead of
the crack. Examples of ductile materials are steel and aluminium;

e brittle materials fail at lower strains than ductile ones. They absorb little strain energy
and show almost no plastic deformation prior to fracture by the catastrophic propaga-
tion of a crack. Example are given by glass, ceramics, cast iron.

Note that the physical response of materials can change if surrounding conditions do: for exam-
ple, steel, usually behaving as a ductile material, may have a brittle response at low temperatures.
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Moreover, it is important to point out that not all materials can be easily classified in the above
categories.

We will only consider models for brittle materials, and the expression for E? is described
more in detail in the following sections and chapters.

1.2. Quasi-static evolutions

Consider a body which in the reference configuration occupies a domain Q in R3. We
assume that the material defects correspond to a crack set I' C €, while the complementary
part Q\ I' behaves as an elastic body.

Let 09 = 0pQ U InQY and suppose that the body is subject to a boundary loading process,
that is, a continuous map ¢ — ¢o(t) from a time interval [0,7] into a functional space X
containing ¢o(t), with ¢o(t) : dpQ — R3 for every t. At any instant the uncracked body
Q\ I' undergoes a boundary displacement, ¢g(t) : dp2 — R?. Usually, we will consider X =
HY(Q;R3) and the map t — po(t) will belong to H'(0,T; H*(;R?)), in particular it will be
continuous as a function of time. We will also assume that neither body nor surface forces act
on the material, i.e. f+0 and g =0 in (1.2) and (1.3).

Under these conditions, a deformation process or evolution is a map t — (p(t), I'(t)), where
I'(t) C Q represents the crack set in the reference configuration, while p(t) : Q\ I'(t) — R3
is an elastic deformation consistent with the imposed boundary loading process at time t, i.e.
@(t) = o(t) on OpQ\ I'(t).

Notice that in the above definition we did not take into account any equilibrium or stability
condition. Any map t — (¢(t), I'(t)) satisfying the above requests is addressed to as a deforma-
tion process. The concept of equilibrium and stability are crucial assumptions for the models of
crack growth we discuss in the sequel.

Assumption 1.2.1. We will always suppose the loading process t — ©o(t) to be sufficiently
slow so that rate effects, such as inertia and viscous dissipations, can be neglected.

Under Assumption 1.2.1, when at each instant ¢ the configuration ((t), I'(t)) is at static
(stable) elastic equilibrium with respect to the load ¢o(t), é.e. it solves the system (1.3) in
Q\ I'(t) instead of Q,

—divoeW(z, Vo(t)) =0 in Q\ I'(t)

OcW(z,Vo(t))vp, =0  on OnQ U I'(¢)

@(t) = po(l) on dpQ\ I'(t),
we speak of equilibrium process or, as it is usually called, quasi-static evolution. This can often
be seen as a minimality condition of the total energy of the system with respect to all other
kinematically admissible configurations for the load ¢o(t) (see Condition 1.4.1.(ii) in Section 1.4).

Finally, a system is said rate independent if it has not an intrinsic time scale: if the time-

dependent data are reparametrized by a strictly monotone function, then the system reacts
by reparametrizing its solutions in exactly the same way (see [66, Definition 1.1] for a precise
definition).

We conclude with some remarks.

Remark 1.2.2. The scope of the study of fracture mechanics is to predict the evolution of the
crack I'(t) and of the deformation ¢(t) of an elastic body €, when it is subject to a given
time-dependent boundary loading process t — ¢ (t).

Remark 1.2.3. The parameter ¢ need not be identified with the physical time: it is a real
ordered positive parameter. Nevertheless, we will always refer to it as time.
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Remark 1.2.4. Often we will describe the evolution in terms of the displacement u(t) : Q@ — R3,
defined by

o(t,x) =z + u(t, x)
for every x € Q).

Remark 1.2.5. The models we present in Chapter 2 and Chapter 3 describe quasi-static evolu-
tions, while in the one discussed in Chapter 4 a viscous dissipation is present. In any case, inertial
effects are always neglected; an investigation of the dynamical problem in fracture mechanics is
carried out in [35].

1.3. Griffith’s theory

Failure of materials is of great importance for material science and for engineering reasons,
as for example the problems suffered by the Liberty Ships in the 1940s show. The theories
at the beginning of the 20*" century were not capable to give a satisfactory solution of the
intricacies of materials failure. The light came back with the celebrated work by Griffith [50],
which completely changed the point of view about materials failure, introducing a criterion based
on the energies exchanged during a crack growth process.

It is fair to say immediately that Griffith’s theory is not omnicomprehensive and is plagued
with some important issues, as we will discuss later. Anyway, it provides a first interesting
description of quasi-static evolutions of fractures in brittle materials with a pre-existing crack.
Moreover, taking off from this new theory, subsequent important contributions have improved
the understanding of the topic.

We describe Griffith’s model in a 2-dimensional setting. The elastic body in the reference
configuration is given by a bounded connected open set 2 C R?, whose boundary 95 is divided
in the Dirichlet part dpQ and in the Neumann part OyQ := 9Q \ Ip. A loading process
t — @o(t) is imposed on Ip€2.

We assume the crack path to be known a priori, consisting of a pre-assigned 1-dimensional
simple curve I' C Q, with arc-length parametrization « : [0, L] — Q C R?. In addition, we
suppose that the crack is a closed connected subset of I' containing +(0), i.e. it is of the
form I'(¢) := ~([0,4]) for some ¢ € (0, L]. Notice that under these assumptions the fracture is
completely determined by the arc-length value £ of its tip.

Quoting Griffith [50], the energy dissipated by the crack creation represents the “work [that]
must be done against the cohesive forces of the molecules on either side of the crack”. It is
then an increasing function of the fracture length; in particular it is supposed to have a linear
dependence of the form

EYI(0) = nHNT(0) = kL,

where k, called material toughness, is a constant dependent on the material. Note that the
width of the deformation discontinuity between the two lips of the crack is not considered: in
Griffith’s theory the cohesive forces across the crack, which could be expressed as a function of
the jump discontinuity of the deformation field ¢ across I'(¢), are neglected; only the measure
of the discontinuity set of the deformation is relevant. This assumption, which is certainly not
omnicomprehensive, is reasonable for certain conditions and materials, like the brittle ones. Sub-
sequent works by Barenblatt [11], Dugdale [42], and many other authors, introduce a cohesive
type of surface energy on the crack, dependent on the deformation discontinuity between the
lips of I'(¢).
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The elastic strain energy of a deformation ¢ : Q\ I'(¢) — R? of the unfractured part Q\ I'(¢)
of the material is given by

Bt ) = / W (2, V) de
Q\I'(0)

where W : Q x R?*2 — R is the stored-energy density. Given a boundary loading process
t e ©o(t), ¢o(t): OpQ — R?, the bulk energy of the body Q\ I'(¢) at equilibrium is given by

E°Y(t,£) := min {E(,p): 0:Q\I'(l) 5 R? ¢ =¢o(t) on dpQ\I'(0)} . (1.4)

Under proper assumptions on the domain Q\I" and on the bulk energy density W, the minimum
problem (1.4) admits a solution ¢(¢,¢). In accord to the assumption of quasi-static growth, at
any instant ¢ the deformation ¢(t,f) is in static equilibrium with respect to the load q(t).
Note that the minimizer o(t,¢) of E€(t, /) is a solution (in some weak sense) of the system

—div 0:W(x,Vp(t,£)) =0 in Q\ I'(¢)
o(t,£) = ¢o(t) on dpQ\ I'(£) (1.5)
OeW (z,Vp(t,0))v=0 on QN I'(¢) and nQ

where v is the normal vector to Iy or I'. Since ¢(¢,¢) may be discontinuous along the
crack, in the second equation it makes no sense to prescribe the boundary deformation also on
OpQN I'(¢). The third equation states that the faces of the crack I'({) are traction free, being
the material brittle.

The total energy of the system is given by

E(t,0) := E°t,0) + EYT(1)). (1.6)
It is not difficult to see that

o for fixed ¢, the elastic energy E° is monotonic decreasing in ¢;
e the dissipative term E? is monotonic increasing in £.

Hence the two summands in (1.6) have an opposite behaviour when we minimize £ with respect
to £: while E¢ favors crack growth, the dissipative term E? penalizes it.

In order to give meaning to the predictive model, we need to determine the actual crack
length ¢(t). Griffith’s principle steps in as a selection rule among all possible evolution maps
t+ 0(t). Tt consists of three conditions:

(G1) the irreversibility of the fracture process;
(G2) a stability condition;
(G3) an activation principle for the crack growth.

The irreversibility reflects the physical idea that a fractured brittle material will never heal.
Mathematically, this is a requirement about monotonicity of the function t — £(t) describing
the time evolution of the crack tip.

We highlight an important implicit consequence: roughly speaking, at each instant the
system keeps “memory” of the whole preceding process. We mean the following: let o (¢, £(t)) ™ (x)
and ¢(t, £(t))~ (x) be the traces of the elastic deformation ¢(t,£(t)) on the two sides of the crack
I'(6(t)) at € I'(£(t)). At a fixed instant ¢, it might happen that, even though the material
is fractured along I'(I(t)), the deformation (¢, £(t)) is not necessarily discontinuous along all
of it, that is, @(¢,0(t))T(z) = p(t,£(t))” (z) for some = € I'({(t)). Under the irreversibility
assumption, the crack should always be seen as

rew) =J{ze o) (@) # el (r) (2)} .

T<t
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i.e. it is the union of all past discontinuity sets of the elastic deformation (-, £(-)).

The stability criterion can be introduced quoting Griffith again [50, p. 166]: “a general
theorem which may be stated thus: In an elastic solid body deformed by specified forces applied
at its surface, the sum of the potential energy of the applied forces and the strain energy of the
body is diminished or unaltered by the introduction of a crack whose surfaces are traction-free.
[...] the total decrease in potential energy due to the formation of a crack is equal to the increase
in strain energy less the increase in surface energy. The theorem proved above shows that the
former quantity must be positive.”

To formally express this sentence, the key ingredient is the energy release rate. It represents
the amount of elastic energy (called strain energy in Griffith’s words) dissipated by an infinites-
imal crack increase. The energy release rate for the crack I'(¢) and the boundary loading o (t)
is formally defined as

. . Bt 0+ h)— EL,0)
G(t,0) = — hli}&r Y . (1.7)
Of course the definition does not garantee that this functional is well defined, or even exists. Some
regularity assumptions on the a priori given crack path I' have to be introduced in order to give
mathematical meaning to the formal limit (1.7). In Section 1.5 we summarize the known results
on the existence and properties of the energy release rate; they will be useful for the analysis of
the models considered in the following chapters. Note that, being E€! (¢, + h) < E¢(t,f) for
h >0, then G(¢,¢) > 0.
The quoted Griffith’s sentence then translates as

G(t,0) — K <0, (1.8)

d
being k = w the surface energy rate. This inequality states the stationarity of the crack,

introducing an upper bound for the release of elastic energy during a crack growth process.

Finally, the activation principle couples with (1.8) in order to describe the conditions that
allow the fracture to grow. Assuming sufficient regularity of the function ¢ — £(t), it reads as

() >0 = Gt L1t)—r>0.
That is, the crack growth is possible only if the released elastic energy is larger than the surface
energy dissipated due to the new crack.

Griffith’s principle is therefore summarized by the following Kuhn-Tucker conditions:

i(t) >0
gt lt) <r (1.9)
(G(t,L(t) — k) £(t) =0,

where the dot denotes the derivative with respect to the time variable.
At this point, a number of comments of different kind is due.

Remark 1.3.1. (i) The system (1.9) provides a first order optimality condition for the couple
(cp(t,ﬁ(t)),é(t)) and the energy £(¢,-), in some proper topology. In Section 1.4 we describe a
global minimization approach to the fracture problem, introduced by Francfort & Marigo [48],
and some local variants, in order to tackle some difficulties and “defects” in Griffith’s theory.

(i) In (1.9) it is implicitly assumed that ¢ is differentiable everywhere and that the three
conditions hold at any instant ¢. Unfortunately this is not always the case, and in the literature
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some weaker forms of (1.9) are present. We report here, and will use in Chapter 2, the definition
of solution introduced in [72]:

Definition 1.3.2. A non-decreasing function ¢ : [0,T] — [fo, L] is a weak solution of (1.9) if
£(0) = £y, and if it satisfies

Gt 0(t) <k

and the following weak activation criterion:
Lt+71)—L({t—7)>0forallsmall >0 = G(¢t1)>rktforallle[l(t—),L(t+)]\{L}.

The weak activation criterion states that, if the crack performs an instantaneous elongation,
then the system must pass through unstable states, i.e. G(t,1) > k.
Note that if a weak solution ¢t — £(¢) is regular enough then it satisfies (1.9).

(ili) Uniqueness of the evolution (p(t,£(t)),€(t)) satisfying (1.9) is not guaranteed. Indeed,
as we will see, the strategy of proof of existence of an evolution makes use of compactness
arguments; generally it is not even possible to recover uniqueness a posteriorsi.

(iv) Griffith’s theory is affected by some defects. First of all, the crack path has to be pre-
assigned: otherwise we would have too many degrees of freedom for a possible crack path and
only one equation to determine it.

A second problematic issue is that, in some conditions, crack initiation is impossible, that
is, according to Griffith’s principle an unfractured material would never crack, whatever the
boundary loading (see [46]). In this thesis we do not address the issue about crack initiation (an
investigation is carried out in [28]); we always assume the body to be cracked at the beginning,
i.e. £(0) = £y for some ¢y € (0,L).

In the next section we describe a new formulation of the fracture problem, proposed by
Francfort & Marigo [48], which removes some of the defects just mentioned.

1.4. Variational evolutions

The variational model of quasi-static crack growth is relatively recent, proposed by Francfort
& Marigo [48] in 1998. It represents a variant to Griffith’s model, more than an equivalent
formulation. Making use of modern mathematical theories, it allows to solve some issues in
Griffith’s model, like nucleation of cracks and a priori knowledge of the fracture path, and it can
be generalized to any dimension (as we will do in this brief description). The price to pay for
this is to introduce a selection criterion for the evolution based on global minimization, rather
than on local minimization (remember that, as pointed out in Remark 1.3.1.(i), Griffith’s model
provides a first order optimality condition).

Let Q be a bounded open set in RY, N > 2, with Lipschitz boundary 9Q = dpQ U OnQ;
Q represents an unfractured elastic body. The crack can be any (HN~! N — 1)-rectifiable set
I' contained in Q, with HY~1(I') < +oo0.

Since the crack path is not pre-assigned, the deformation u is defined almost everywhere
in  with values in RY | and might be discontinuous along an (N — 1)-dimensional set. In the
literature, the deformations u belong to suitable spaces X of SBV -type, for which good notions
of jump (or discontinuity) set J(u) and of gradient Vu are defined.

Given a boundary loading w : dpQ — R | the set AC(w) of admissible configurations is

AC(w) :={(u, I') : T rectifiable,u € X with u =w on OpQ\ I" and J(u) C I'} . (1.10)
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The total energy associated to an admissible configuration (u,I") is given by the sum of the
elastic bulk energy and of the dissipated energy

E(u,T) = E%u,I') + EYI). (1.11)
The first summand is of the form

E%(u, I) = W (z, Vu) dx (1.12)

Q\r
with the energy density W (z,&) : @ x RN — R satisfying suitable regularity assumptions and
growth conditions, depending on the model. Instead, the surface crack energy is the functional

d = klx, vz N_lx
E(F)_/F\aw (2, v(x)) dHY " (z)

where, similarly to the Griffith case, k is the fracture toughness and v is the unit normal to I".
For a boundary loading process ¢ — w(t), the selection criterion for a variational evolution
is based on two postulates, as indicated in [48]: irreversibility and global energy minimization.

Definition 1.4.1. Given a boundary loading process t — w(t), a couple deformation-crack
(u(t), I'(t)) is an irreversible variational evolution if (u(t), I'(t)) € AC(w(t)) and the following
conditions are satisfied:
(i) irreversibility: I'(t1) C I'(t2) for every 0 <3 < to;
(ii) one-sided minimality: at any instant ¢ and for every (v,I") € AC(w(t)) such that
' > I(t),itis
E(u(t), I'(t) <E(v, I);
(iii) non-dissipativity: the function ¢t — E(u(t), I'(t)) is absolutely continuous and satisfies

d .
aé‘(u(t)7 @)= /Q\F(t) OcW (x,Vu(t)) : Vu(t) do .

Remark 1.4.2. In Condition 1.4.1.(iii) the right-hand side represents the power of the force
exerted on the boundary to obtain the displacement w(t) on dp§2\ I'(t). This fact can be seen
by integrating by parts the right-hand side in Condition 1.4.1.(iii), when 9p€ is sufficiently
smooth.

Moreover Condition 1.4.1.(iii) is equivalent to the following integral form: for every 0 < s < ¢

E(u(t), I(¢)) :S(u(s),F(s))+/ (/Q\F( )85W($,VU(T)) L Vair(7) dm) dr . (1.13)

Remark 1.4.3. Condition 1.4.1.(iii) states the continuity of the map ¢ — £(u(t), I'(t)); however
the function ¢ +— E (u(t), ['(t)) and t + E%(u(t), ['(t)) may be discontinuous. It seems that
numerical simulations confirm this fact (see, for example, [16] and references therein).

As announced, the variational formulation solves some of the criticalities in Griffith’s model.
First of all, the crack path has not to be pre-assigned. Moreover crack initiation is automatically
triggered in finite time, thanks to the global minimality postulate 1.4.1.(ii) in Definition 1.4.1;
an example is discussed in [48] in case of monotonically increasing boundary loadings, and see
also [16, Proposition 4.1].

The first existence result for a variational evolution was proved by Dal Maso & Toader in [38]
for the 2-dimensional antiplane case, assuming the crack to have an a priori bounded number
of connected components. Chambolle [24] then extended it to the plane case, while Francfort
& Larsen [47] obtained the result in the generalized antiplane setting, without restricting the
number of connected components of the crack, by proving the important result known as jump
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transfer theorem [47, Theorem 2.1]. Concerning the vectorial case, the first existence proof is
given in [34], considering a quasi-convex energy density W. The list is not complete at all,
since many other contributions then followed, also taking into account the non-interpenetration
condition (e.g. [36, 45]).

The drawback of the variational formulation is related to mechanics: due to global mini-
mization, jump discontinuities in the functions t — E¢(u(t), I'(t)) and t — E%(u(t), I'(t)) (see
Remark 1.4.2) tend to happen earlier than expected. The euristic idea is the following. Consider
a non-convex energy with several minimum wells, that can be distinguished in global and local
minimum wells. Let (ug, [p) be a starting configuration dwelling in a global energy well at time
t = 0. As the time increases, the well deformes; assume that at an instant ¢; > 0 it becomes a
local minimum well for the energy. Then two possibilities appear:

e according to the global minimality Condition 1.4.1.(ii), the configuration (u(t), I'(t)) is
forced to jump in a configuration lying on a global minimum well of the energy, without
taking into account the potential barriers between the wells;

e according to local minimization, the configuration (u(t),I'(t)) stays in the deformed
local energy well as long as, at an instant ¢5 > t1, the well might disappear. Only
at instant ¢, the solution has to jump instantaneously into a new well and it shows a
discontinuity, i.e. (u(ta—), I'(t2—)) # (u(te+),I'(t2+)). Note that in this case there
are no potential barriers to be overcome.

To recover local minimization in the variational approach, it has been proposed to introduce
penalizing or regularizing terms in the energy, and to obtain the quasi-static evolution as limit
of evolutions globally minimizing these perturbed energies. That is, for every € > 0 consider
an energy &:(u,I'), which is a perturbation of the original energy £, and construct globally
minimizing evolutions (u.(t),-(t)) for £ . By using compactness arguments, the goal is to
obtain an evolution (u(t), I'(t)) as limit of (uc(t), I'(t)) when € — 0, with (u(t), I'(t)) evolving
along local minimum wells of the original energy £.

This method is often referred to as wiscosity or vanishing viscosity approach, the parameter
¢ being the so-called viscosity. It has been adopted in different settings, as discussed in [67];
concerning fracture mechanics, we recall for example [37, 58, 82, 22, 77]. This idea will
be clarified in Section 1.6, where we discuss the strategy for proving existence of quasi-static
evolutions; there, we will show some examples of penalization. In addition, the entire Chapter 2
is dedicated to a model of crack growth with penalizations both on the crack dissipation energy
and on the bulk energy.

The local approach presents some difficulties as well. First of all, the notion of locality
requires the definition of a distance, which is not really clear in this context. Furthermore, often
one only recovers an energy inequality instead of the non-dissipativity equality (1.13), thus it is
necessary to complete the description of the process by means of further conditions.

1.4.1. Energetic formulation. Variational rate-independent evolutions of brittle frac-
tures can be described in the language of the energetic formulation. The last consists in an
abstract approach to the description of rate-independent systems, providing a derivative-free
form of the evolution problem which can be adapted to a wide range of models in continuum
mechanics. For a complete discussion, we refer to the survey [66] and to the references therein.

Evolution problem. Let ) be the state space, F : [0,T] x Y — R U {+o0} the energy and
®: Y — [0,400] the dissipation potential. Given yo € Y, find y : [0,7] — ¥ with y(0) = yo
and such that for every ¢ € [0,7T] the following conditions hold:

(S) stability: for every z € Y

F(t,y(t) < F(t,2) + @(z - y(1));
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(E) energy balance:
¢
]:(ta y(t)) + DiSS@(y; 0> t) = ]:(07 yO) + / 815]:(77 y(T)) dTa
0
where Dissg (y; s,t) := fst O (y(7)) dr.

In the case of brittle fractures, the state space ) is given by the couples deformation-crack
y = (u,I'), while the dissipation potential ® can be expressed in terms of a non-symmetric
distance function: ®(I'y \ Iy) = D(Io, I'1), where

kHN-Y I\ To) if Ip C Iy

DIy, Ih) == { 400 otherwise.

Note that by setting
F(t, (u, 1)) = B'(t, 1) D(Ip, I) = E*(I' \ I)

with k(z,v) = K, then (S) and (E) correspond to Conditions 1.4.1.(ii) and 1.4.1.(iii), respectively;
the irreversibility Condition 1.4.1.(i) is automatically satisfied thanks to the energy balance
equation and to the non-symmetric distance D.

1.5. Energy release rate

The discussion in Section 1.3 shed light on a main character of Griffith’s theory: the energy
release rate. In this section we recall the principal results concerning it, without any ambition
of completeness, focusing in particular on those that will be applied in the following chapters.
The analysis can be subdivided into two main streams: the proofs of the existence of the energy
release rate for different geometries of the crack sets and for different elasticity settings, and the
investigation about its continuity properties and its dependence on the fracture growth direction.

From now on we restrict to the 2-dimensional setting, both in the antiplane and the in-plane
case. In Section 1.3 we formally defined the energy release rate through formula (1.7) for a pre-
assigned crack path v : [0, L] — Q and a boundary loading process t — ¢q(t). Anyway, for the
following discussion we restrict to the static case, eventually letting the crack I' to vary freely
(i.e. the crack path will not be given a priori) in a certain class of sets. Adopting a notation
similar to Section 1.3, for a crack I' C Q with 0 < H*(I') < 400, and for a deformation or
displacement u : Q \ I' — R? in the plane case, or v : Q\ I' — R in the antiplane case, the
elastic energy is

Eu,T) = W(z,u(x)) dz.
o\r
Given a boundary loading w : 9pQ) — R2%, or w : OpQ — R, the energy of the body at
equilibrium is given by

ENw, T) := min{Eel(u,F): u=wondpQ\I}.

Analogously to (1.7), we formally define the energy release rate as

el 7\ cel

tn D) (1.14)

We now discuss rigorous results concerning the existence of G and its properties, with a
precise description of the geometrical and functional settings.
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1.5.1. Two-dimensional antiplane linear elasticity. The general strategy to prove that
G is well defined (i.e. the limit (1.14) exists) relies in the domain differentiation method, as
explained below.
Let Q be a bounded open simply connected set in R? with Dirichlet boundary 0. Let
Op) be a relatively open subset of 9Q with H!(0p) > 0, and InQ := 0N\ IpQ.
For the time being, the crack path is pre-assigned: let I' be a compact non-degenerate
simple curve with arc-length parametrization « : [0, L] — Q, where L = H'(I'). Assume that
(i) I'n o= {7(0),7(L)};
(ii) Q\ I' has two connected components, Q2 and Q2 both with Lipschitz boundary;
(iii) OpQ NNt # O # pQNoN2.
For ¢ € [0, L], we set
') :=~(0,¢) and Q,:=Q\TI'¥). (1.15)
Let u: Q — R be the out-of-plane displacement related to a deformation ¢ : Q x R — R3:
oz, 2) = (z, 2 + u(x)) reNzeR.

We assume the body €2, to have a linear elastic response when subject to a given boundary
displacement w € H/?(dpQ), i.e. the elastic energy is given by

1
E%w, 0) := inf {5/ |Vul* dz: uw e HY(Q), u=w on 8DQ} ) (1.16)
Qg

where the equality © = w on Jpf? is in the sense of traces. By the Direct Method of the Calculus
of Variations, there exists a solution wuy to (1.16), and it satisfies in a weak sense the elliptic
problem

AUg =0 in Qg
ug =w  on Opfd (1.17)
Gur = on ONQUI(0),

where v is the normal vector to I" and dny$2. That is,

Vug-Vudr =0 forallve H(y), v=0ondpQ.
Qp
Fixed ¢ € (0, L), the limit (1.14) defining G corresponds to
o A2 = SVl
= |6 — ¢

(1.18)

Note that for £ # ¢ the functions u, and wu; are defined on different domains: €, and €,
respectively. The domain differentiation methods consists in defining a flow of diffeomorphisms
U, : R? = R? such that

e U, coincides with the identity in a neighbourhood of 052,

e U, maps O into Qp for [/ — /| small.
Then the function uy o \1/21 € H*(Qp). In order to keep the uniform ellipticity of the pro-
blem (1.17), the vector fields ¥, need to have sufficient regularity and to be chosen appropriately,
depending on the geometric properties of the curve I'.

Before investigating (1.18) for different regularity assumptions about I', we make a couple
of remarks.
e Without loss of generality, we assume w to correspond to the trace of a H' function

defined in Q. Hence in the following we consider the boundary datum w € H({),
and the equality u = w on dp€) is understood in the sense of traces.
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e By the regularity theory for elliptic problems, the solution u, to (1.17) is more regular
in the interior of the uncracked region. More precisely, given any two open sets U,V
such that v(¢) € U C V CC Q, the solution u belongs to H2(V \ (UUI'({))).

Moreover, the singularity of w, in a neighbourhood of «(¢) can be described fairly
well, as explained below (see formula (1.19) and (1.21)).

Of course the easiest situation is represented by a straight crack, i.e. up to a change of
variables we assume I' = [0, L] x {0}, still satisfying (i), (ii), (iii) described at the beginning of
this subsection. In this case, fixed £ € (0, L), the family (¥,), of diffeomorphisms between
and €7 can be chosen as

Uy(z1,22) = (21 — (€ = ) (21, 22), 22) (z1,22) € R?
with v : © — R Lipschitz continuous, supp ¢ C Q and ¥ = 1 in a neighbourhood of (/).
Notice that ¥, is a perturbation of the identity map by a vector field V(z) = (¢(x),0) with
compact support in ) and tangent to I' in a neighbourhood of v(£): ¥, =id + (£ — £)V .

The key result for proving the existence of (1.18) is based on the analysis carried out by
Destuynder & Djaoua [41] and Grisvard [51, 52] about the singularities of solutions to elliptic
problems in polygonal domains. With the current hypotheses on I', the solution u; can be
written in the form

1/2

0
up=Kr sin§+uR (1.19)

where ugr € H?%(w \ I'(£)) for every w CC Q, K > 0, and (r,6) are polar coordinate around
v(€) = (£,0). More precisely, given z € 2\ 7([0,£]) = Q\ ([0,4] x {0}) it is r = |z — ~y(¢)],
and 6 is the angle between = — (¢) and the z;-axis. Hence the solution u; splits in a regular
part up € H*(w \ I'({)) and a singular part Kr'/2siné € H'(w\ I'(¢)) \ H*(w \ I'(£)). The
coefficient C is called stress intensity factor; it is a constant dependent on the material, which
describes the relation between stress and strain (in case of linear elastic deformations, stress and
strain are proportional to each other).

By means of Grisvard theory [52], in case of a straight crack the energy release rate is proved
to exist. Moreover it can be expressed in terms of the stress intensity factor K, through the
Irwin formula

G(w, ) = %ICZU (1.20)
as observed by Irwin [56] and in [52, Theorem 6.4.1].

The approach for straight cracks can be adopted in a straightforward way for any pre-
assigned crack path I' of class C?. Indeed, if I' = ([0, L]) with arc-length parametrization
v € C?([0, L]; Q), fixed £ € (0, L) it is possible to write a flow of vector fields ¥, :  — 2 such
that

e U, is the identity close to the boundary 92,

o Uy(Qy) =Qp for ¢ — ] small,

e U, is tangent to I" in a neighbourhood of ~v(£): W,(y(£)) = 4(£) for |¢ —£| small.
An explicit form for ¥, can be found in [60, 58]. We stress that, in order to prove the existence
of the energy release rate by directly applying the domain differentiation method, the existence
of the second derivative of v is essential.

If the crack set is less regular, the best result up to date has been proved by Lazzaroni &
Toader [62]. They give proof of the existence of the energy release rate for C1'! cracks. The
analysis is much more subtle then in the regular case (cracks of class C?) and the application
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of the domain differentiation strategy requires a careful construction of the flow of vector fields
that map the varying domains into a fixed one.

The main idea in their proof is to perform a nonlinear change of variables such that, in
the modified geometry, the crack is straight in a neighbourhood of the tip and problem (1.17)
at ¢ = ¢ transforms in a new one which is still uniformly elliptic. More precisely, assumed
the notation in (1.15) with « of class C%!, exploiting the C1! regularity of the preassigned
crack path I" and the elliptic nature of the problem (1.17) Lazzaroni & Toader construct a C':!
diffeomorphism ¥ : Q — Q (with further properties) such that

e the set I'(f) = W—1(I'(f)) is straight in a neighbourhood of the tip U=1(~(7)),
e set g=woW and vy =uzo ¥, the problem (1.17) becomes

Bu;=0 inQ\I'(7)
vy=g¢g onJdpf

P =0 ondNQUI(D),

with B still a uniformly elliptic operator.

Then they can apply the results by Grisvard [52] for rectilinear fractures and elliptic operators
(before we only described the case of the Laplacian operator, but the analysis for C? cracks
holds true for more general elliptic operators), obtaining a result similar to (1.19) for vg; in
terms of the original problem (1.17), the singularity of the solution u; is described by

ug — Krt/? sing € H*(w\ I'(4)) (1.21)

for every w cC Q. Here, for x € Q\ I'((), it is 7 = |z — (f)|, while § is the angle between
the vector x — v(¢) and the tangent vector §(¢). Finally, Lazzaroni & Toader [62] prove that
a relation like (1.20) holds even in this situation; the computation needs some care, due to the

less regularity assumption.

Remark 1.5.1. We have to highlight some facts contained in [62], that will also be useful in
the following chapters.

(i) The results in [62] are valid for uniformly elliptic operators, and not just for the Lapla-
cian problem (1.17).
(ii) In the previous discussion we supposed the crack path I' to be given a priori and we

computed the energy release rate G(w,¢) for the set I'(¢) strictly contained in I'. As
observed in [62, Remark 2.3], the value G(w, ) depends only on I'(f) and not on the
C! extension of I'(f) used to compute it. This will appear evident by the integral
formula reported below.

Hence we are no longer restricted to assume the crack path to be known in advance,
as long as the fracture set belongs to a suitable class of admissible cracks. Indeed, given
any curve Iy of class C1'! | in order to compute the energy release rate G(w, I'y) at its
tip we are free to choose any C! extension I' of I}.

(iii) The energy release rate G(w, /) for the energy (1.16) can be expressed as a volume
integral dependent on the displacement gradient Vuj; of the minimizer u;. By [62,

Proposition 2.4 and Remark 2.5, we have that

N2 \2
G(w, D) :/ [Pree) (P2, vt D,v2) 4 DyugDous(DaV + DyV?)] d
Qz

1
:—f/ |Vug? divVdz+ [ VV Vug- Vugdr,
2 Qp Q;
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where V = (V1,V?2) : Q — R? is any vector field of class C%! with compact support
in Q, such that V(y(£)) = ¢(v(£))§(£) for some cut-off function ¢ equal to one in a

neighbourhood of ().

In our short review of existing results about the energy release rate, we keep weakening the
regularity assumptions on the crack I" by dropping the C' regularity of the crack. At this stage
we do not discuss the physical, mechanical or modeling issues related to kinking of cracks and
that appear in the settings considered in few lines, and we postpone any comment to Chapter 4,
where a model for crack growth allowing for branching and kinking to occur is studied. In
Subsection 1.5.2 we briefly comment on the known results for the plane shear elasticity with this
same geometry of cracks.

In [29], Chambolle & Lemenant study the case of crack sets I" which are merely closed and
connected, and asymptotic to a half-line at small scales. This property is described by a blow-up

1

condition, requesting that the density of I' at a point x¢ is 5:

YrnB 1
lim sup H (0 Br(w)) = _.
r—0 2r 2
Under the above assumption, Chambolle & Lemenant prove that, up to suitable rescalings and
rotations, the minimizer of the elastic energy E(w, I') still has an asymptotic expansion of the
form (1.21) around xo. However, it has not yet been proved that an equality of the form (1.20)

holds true in such a general setting.

Keeping away from regularity, Negri [71] proves the existence of the energy release rate in
the case of kinking. The crack set I’ is a piecewise C1'! curve; more precisely, we can assume
to parametrize it by means of a function f :[—1,1] — R such that f|;_1 ), fljo,) € C"' and
f2.(0) # f7.(0), where f’ and f are the left and right derivative of f at 0, respectively. Set
I'(s) ={(s', f(s')) : =1 <" < s}, Negri [71] studies the limit

1 2 LIV
3IVuollz: — 5l Vunll72
g(w,F(O)) h1—>1 0+ HI(I'(h)\ I'(0)) ’

where for 0 < h <1 the function uy, € H'(Q\ I'(h)) minimizes

1
7/ |Vu|? dx
2 Janrn

among all uw € HY(Q\ I'(h)) with u = w on dpQ. We remark that, as already proved in |62, 52]
and said previously, the minimizer ug splits in regular and singular part like (1.21).

By means of a T'-convergence approach, in [71, Theorem 8.4 and Theorem 9.1] the energy
release rate G(w, I'(0)) is shown to exist, to have an integral representation, and to depend on
ug only through the stress intensity factor K of the singular part in (1.21). Furthermore, as
one might expect, G(w, I'(0)) also depends on the kinking angle, i.e. on the values f’ (0) and
f4.(0); unfortunately from the point of view of applications of this interesting result, the last
dependence is not explicit, hence difficult to handle.

1.5.2. Other elasticity settings. For completeness, we briefly recall a couple of results
concerning the cases of nonlinear elastic energies and of plane-shear linearized elasticity.

As it emerges from the previous subsection, the understanding of the energy release rate
in the linear antiplane elastic models has already produced interesting results. The literature
about the nonlinear case is less flourishing, due to the intricacies of this setting, mainly caused
by the absence of unique minimizers of the stored elastic energy. Without a detailed description
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of the model, here we report the main results and remarks pointed out in [57] in the case of
polyconvex energy densities W .

Knees & Mielke [57] consider a two-dimensional bounded open set 2 C R?, with an a priori
given straight crack path of the form [a,b] x {0} C Q, with a < 0 < b and (a,b] x {0} C Q. Let
w : Q — R? be a fixed boundary deformation. For ¢ € (a,b), set Qy := Q\ ([a,!] x {0}) and
consider the energy

Bl u) = W(Vu)dz, u:Q— R?,
Q
where the energy density W : M?*2 — [0, +00] is such that:

e W is polyconver: there exists a convex continuous function g : R® — [0, 4o00] such
that W (A) = g(A,det A) for every matrix A € M?*2;

e W verifies some regularity and p-growth assumptions in order to guarantee the exis-
tence of solutions to the minimum problem

EL(0) == min {E“ (¢, u) : we W"P(Q), u=w on OpQ}.

Here nl stands for “nonlinear”. Furthermore, since w is fixed, we do not explicit the dependence
of the functional on it.
Knees & Mielke investigate the existence of the limit

1.22
0—0+ Y4 ( )

Their main result is the following theorem.

Theorem 1.5.2. [57, Theorem 3.3] Under proper regularity and growth conditions for W, if
EL(0) < oo, then the limit (1.22) exists, is finite, and is given by the formula

Gni(0) = max {Gnl(mO) . @ is a minimizer of 52%(0)} ,

where l l
E¢ (4, u) — E°(0,u
Goi(@,0) = — lim 260 = F7(00)
1—0+ 14

(1.23)

Some comments are due:

e G,i(0) and Gy(u,0) are a “global” and a “local” version of the energy release rate,
respectively. As noticed in [57], it is not known if G(@;,0) = G(u2,0) for different
minimizers 4; and iy of £(0).

e The proof of the existence of the limits (1.22) and (1.23) is achieved by a domain
differentiation method, as in the antiplane case previously described.

For further interesting remarks, we refer the reader to the original paper [57] and also to [59].

Motivated by a debate on kinking criteria, Chambolle, Francfort & Marigo revisited the
results on the energy release rate in plane shear elasticity in a couple of papers [26, 27]. Their
interest in concentrated on non-smooth (because of kinking) elongations of a straight crack.
Without introducing any mathematical object, that would require a quite long description, we
underline that in the non-smooth setting considered in [27] the authors introduce a generalized
notion of energy release rate, which is proved to depend on the growth direction of the crack, i.e.
on the kinking angle. The existence of this generalized energy release rate is obtained rigorously
and is valid for both isotropic and anisotropic models of linearized elasticity.

Furthermore, the proof strategy is very different from the previous one: it does not rely on a
domain differentiation method, due to the absence of regularity of the cracks; instead, by means
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of a blow up argument the authors transfer the problem in the initial bounded domain into a
new one defined on an infinite domain.

With this discussion, we conclude the brief drift away from the antiplane shear model.

1.5.3. Continuity of the ERR in the antiplane case. In the framework of antiplane
linear elasticity, it is possible to prove the continuity of the energy release rate with respect to
the convergence of sets and of boundary loadings; the result is true up to requiring sufficient
regularity for the cracks, which, in order to assure the existence of the energy release rate, have
to be at least C''! curves, as seen in Subsection 1.5.1. The continuity property is useful when
dealing with approximation procedures in problems of fracture mechanics, and we will use it in
Chapters 2 and 4. The next results are mainly proved in [62].

We consider the setting introduced in Subsection 1.5.1, with more general assumptions on
the cracks, that, mainly thanks to Remark 1.5.1.(ii), need not be prescribed a priori. Let
be a bounded open simply connected set in R? with Dirichlet boundary 9Q. Let dpQ be a
relatively open subset of 99 with H!(0pQ) > 0, and Iy := 9Q \ OpQ. For any boundary
loading w € HY(Q) and any C'! compact curve I' C €2, in analogy to (1.16) let

1
ENw, T) := min{§/ |Vu|>dr: we H'(Q\T), u=w on 8DQ}.
o\r

The above minimum problem is equivalent to the boundary value problem
Au=0 inQ\TI

u=w on OpQ\ I (1.24)
9u—0 onoNQUT,

which has to be understood in the following variational way:
uw€ HY(Q\T), u=won dpQ\ I
Vu-Vodr=0 forallve HY(Q\T), v=0o0ndpQ\I.
o\r
Existence and uniqueness of a solution w are assured by the Lax-Milgram lemma in those
components of Q\ I' whose boundaries intersect dp§2\ I". Note that the solution is not unique
if there exists a connected component whose boundary does not intersect dpQ\ I'; however Vu

is always unique.
In [62] the following class of sets is introduced.

Definition 1.5.3. Let Iy C Q be a compact nondegenerate curve of class C*!. For n >0, R,
is the class of compact curves I' of class C!'! contained in © such that

(i) IvcI' and I'\ I, CC Q;

(ii) for every x € I' there exists two open balls By, By C  of radius 7 such that

(BlL_JBQ)ﬁ(FU@Q):@ and §1ﬂ§2:{$}.

The class R, turns out to be sequentially compact with respect to convergence of sets in the
Hausdorff metric, whose definition is recalled in Section 1.7. Indeed, one can apply compactness
arguments using the fact that Condition 1.5.3.(ii) provides a uniform W?2:° bound for the arc-
length parametrization v of any curve I' € R, (see [62, Proposition 2.9]).

The continuity of the energy release rate is proved in [62, Theorem 2.12]; here we rewrite
the theorem with a slight generalization.

Theorem 1.5.4. Let I', be a sequence in R, converging to I' € R, in the Hausdorff metric
and let w,, be a sequence in H*(Q)) converging to w in H'(Q). Then G(wy, I) — G(w, T).
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For the proof we refer to [62] and to Lemma 4.4.7 in Chapter 4, where it is reported with
minor changes, adapted to the setting therein. The main ingredients are

e the W2 regularity of the sets I,,I" € R,;

e the integral formula in Remark 1.5.1.(iii) for the energy release rate (with 2\ I',, and
Q\ I' instead of €2;) in terms of the solutions u,, and u to the elliptic boundary value
problems (1.24) with data I, ,w, and I', w, respectively;

e a convergence result proven in [38, Theorem 5.1] (and reported below as Theorem 1.7.6)
stating that, under the hypotheses in Theorem 1.5.4, the sequence Vu,, converges to
Vu strongly in L?(Q;R?), where u,, and u are as above.

With this we conclude our brief review on the energy release rate, containing the results of
major interest for this thesis.

1.6. Existence of quasi-static evolutions by time-discretization

We describe the general strategy adopted to prove the existence of a quasi-static evolution
for a given boundary loading ¢ — w(t) and a given initial datum (ug, ). The existence is
usually achieved by a time discretization approach, using a general scheme introduced by De
Giorgi under the name of minimizing movements method (see [5]).

Let the total energy of the system be
E(u, ') = Eu, ') + EXI),

and assume that both E¢ and E? are sequentially lower semicontinuous: if u, — u and
I, — I', then

E(u,I') <liminf E(u,, ;) and E4I') <liminf E4(I},). (1.25)

n—-+00 n—-+00

Remark 1.6.1. The notions of convergence u,, — u and I3, — I' depend on the setting of
the model. The choice is done in order to guarantee the sequential lower semicontinuity of
the functionals £ and E?, and the sequential compactness of the minimizing sequences. In
particular for I, — I, one has to prove a result that generalizes the Helly’s Theorem 1.7.9 for
monotone functions.

In Chapters 2 and 4, the cracks I' are compact sets with H!(I') < oo and finitely many
connected components, and E4(I") = kH*(I'). By I, — I' we mean that the sequence (I},),
converges to I' in the Hausdorff metric (whose definition is recalled in Subsection 1.7.1): in-
deed, by Golab’s Theorem 1.7.2 the H!-measure is lower semicontinuous with respect to it, if
the sets I, have an a priori bounded number of connected components; moreover, Blaschke
Theorem 1.7.1 assures the sequential compactness of the minimizing sequences. Concerning the
displacements, since we consider the bulk energy

1
E(u,T) = 2/9\F Vulde  we HY(Q\T),

by u, — u we mean that u, — u in L*(Q) and Vu, — Vu in L?(;R?), so that E¢ is lower
semicontinuous; the compactness properties for the displacements are consequence of a priori
extimates on the sequence (u,), . Notice that u, € HY(Q\ I},) while u € HY(Q\ I'); however,
since £2(I,) = L2(I") = 0, we can see uy,,u and Vu,, Vu as functions in L?(Q2) and L?(Q;R?),
respectively.

In more general settings, different functional spaces and notions of convergence have been
introduced. For example, if the displacements belong to a set of SBV or GSBV type, the
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convergence u, — u is given by
un(z) = u(z) for a.e. x €9
Vu, — Vu weakly in LP(Q; RV <)
limsup HY =1 (J(uy,)) < 400,

with proper assumptions on the energy density W in (1.12) for £ to be lower semicontinuous.
Concerning the cracks, a notion of convergence related to the jump set of SBV functions, called
oP-convergence, has been introduced. See [34, 49, 47].

The strategy for proving the existence of quasi-static evolutions contains few main steps.
We first describe the case of globally minimizing variational evolutions (see Definition 1.4.1);
then we consider a variant in the procedure, in order to obtain a crack growth along trajectories
of local minimizers of the total energy, as we discussed in Section 1.4.

Step 1: incremental problem. For any n € N let (t!) be an increasing sequence such that

0=t <tl <. <t <. <th=T<+c0 or 0=t <th <. . <t 25 4
and
li tt— =1 5 0.
RHmsup (b, = £,77) = 0
We define

° ug = ug, FS =1y

e recursively, for i > 1 let (u’, I'!) be a minimizer of the incremental minimum problem
min {&(u, ') : (u, I') € AC(w(th)), [ D I '}, (1.26)

where AC(w) is defined in (1.10).
Suppose that, under proper growth and regularity assumptions on the functionals, the minimum
problem (1.26) admits a solution for every i. Note that if the set AC(w) is sequentially compact
with respect to the chosen notions of convergence, then the lower semicontinuity of £¢ and E?

assures the existence of a minimizer of (1.26).
We define the piecewise-constant interpolations in the interval [0,7] (or [0,400)) as

Uy (t) := iy, Do(t):=T.  fort! <t<tith,

Step 2: compactness argument. Using the above iterative scheme, we obtain some estimates on
the functions w,,(t) and I, (t), which allow to apply compactness arguments. Thus we extract a
subsequence of (u,(-), I'n(+)), independent of ¢, not relabelled, that converges at any instant ¢:
Up(t) = u(t) and I,(t) = I'(t).

It remains to prove that the limit evolution ¢ — (u(t), I'(t)) is a variational evolution according
to Definition 1.4.1.
Step 3: irreversibility, minimality and non-dissipativity. The irreversibility Condition 1.4.1.(i)
is a consequence of the fact that, by construction, I',(t1) C I',(t2) for 0 < t; < to, and of the
convergence I, (t) — I'(t), which preserves the inclusions.

In order to check the one-sided minimality Condition 1.4.1.(ii), it is useful to have at your

disposal a result like the so-called jump transfer theorem, proved by Francfort & Larsen [47],
then adapted to other settings. The idea is described in the following “qualitative” lemma.

Lemma 1.6.2. Let w, — w. Let (u,T), (4, 1) € AC(w), with I' > I'. Let I, — I'. Then
there exists a sequence (U, Iy,) € AC(wy,) such that ', D I, for every n, E4(I},) — E4T),
and limsup,, B¢ (1, [,) < E¢(a,T).
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Combining this lemma and the lower semicontinuity (1.25) of the functionals, we recover the
minimality condition in Definition 1.4.1 by the minimality of the discrete-time approximating
evolutions. Indeed, fix ¢ € [0,7] and (v,I") € AC(w(t)). For every n let i := i(n,t) be such
that ¢!, <t < ti*!; by Lemma 1.6.2 there exists a sequence (v,,[,) € AC(w(t)) such that
I, D I,(t) for every n, E4(I,) — E%I') and limsup,, B¢ (v, I,) < E%(v,I'). Then

E(u(t), (1) =B (u(®), I (1)) + E(I(t)) < liminf B (un (1), Tn(t)) + B4 (In (1))

< lim nf E(v,, I,) + E4T,) < EY(v, )+ EXI) = E(v, T),
n—-+oo
where the first inequality is due to (1.25) and the second one to the minimality of (uy(¢), I, (t))
in (1.26).
Finally, the non-dissipativity Condition 1.4.1.(iii) is consequence of the one-sided minimality
and of energy inequalities proved for the piecewise-constant interpolations.

As pointed out in Section 1.4, it would be more desirable to obtain quasi-static variational
evolutions of local minimizer. A strategy is to penalize, at the level of the discrete-time approx-
imations, the distance between approximating solutions at two consecutive times ¢!, and t5F!.
Instead of (1.26), in the current literature the iterative problem has been replaced, for example,
by the following ones: in [37, 22]

min {&(u, I') + §||u —ul e s (u, 1) € AC(w(t), T D I} (1.27)
while in [58]
min {5(u, r)+ EEd(r \ [0 (0, T) € AC(w(t))), T > r;‘;l} . (1.28)

The positive parameter ¢ is called wviscosity or friction constant. The idea is that, at fixed € > 0,
for 7 small the ratio /7 is large, thus local minimizers (close to u’! and I':~!) are preferred
to global ones.

Applying the time discretization approach at fixed ¢, one obtains a variational evolution
(ue(t), I'(t)) with an extra-term P. in the energy balance, accounting for the penalization: for
0<s<t<T

E(us(t), I'(t)) = E(uc(s), [(s)) +/t (/Q
+ Pe(ue, e s,1) )

- DeW (2, V(7)) : Vi(r) da:) T (y9)

where Pe(ue, Ic;s,t) — 0 as € — 0.

Exploiting again compactness arguments, this time for the evolutions (u.(-), I'=(+)), the
variational evolution (u(-),I'(-)) is obtained as limit when e vanishes. In some particular set-
tings [58, 82, 77], this evolution has been shown to perform a jump in the configuration space
strictly later than the evolution of global minimizers previously constructed, as discussed in
Section 1.4. Hence the penalization does really play a role in keeping the configuration in a local
energy well as long as possible.

We remark that the evolutions (uc(-),I’-(-)) might be rate-dependent, even if the limit
evolution (u(-),I'(+)) is not. In this case, usually the rate-dependence is present in the extra-
term P, in the energy balance (1.29).

In Chapter 2 we discuss a model with a penalization both for the displacements and the
cracks.
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1.7. Technical results

1.7.1. Hausdorff measures and Hausdorff convergence. Both notions can be defined
in any metric space X , and the results reported below are valid under further assumptions on X ;
as a reference, see for example [8]. Since in the following chapters we consider the 2-dimensional
real space, we assume here z = RY for N > 2.

For every d > 0, the d-dimensional Hausdorff (outer) measure H?® of a set A C RN is
defined as

HE(A) = m(d) sup inf { Z(diam A;)?: A; are measurable sets, A C U;A;, diam A; < 5}7
>0 icl

where m(d) = 27T'(3)?/I'(4 + 1), with I' denoting here the Euler function. For d € N the
value m(d) corresponds to the volume of the d-dimensional unit sphere.

Let Q be a bounded open subset of RY. Given any two compact subsets K1, Ky C €0, the
Hausdorff distance between them is defined as

disty (K1, Ks) := max{ sup dist(z, K3), sup dist(y,Kl)} ,
rze K, yeKso
with the convention that dist(z, @) = diamQ and sup @ = 0.
Given a sequence K, of compact sets, we say that it converges to a set K in the Hausdorff
metric if disty(K,,K) — 0 as n — +oo.
The following compactness result holds:

Theorem 1.7.1 (Blaschke Theorem). Let K, be a sequence of compact sets contained in Q.
Then there exists a subsequence K,, and a compact set K C Q such that K,, converges to K
in the Hausdorff metric, as k — +o0.

Concerning the lower semicontinuity of the measure #? with respect to the Hausdorff con-
vergence of compact connected sets, for d > 1 it is usually not true, unless further strong
hypotheses are considered; this will be the case in the model of Chapter 3. The situation is
different for d =1 in case of connected sets:

Theorem 1.7.2 (Gotgbh Theorem). Let K,, be a sequence of compact connected sets converging
to K in the Hausdorff metric. Then K is connected and

HYK) < liminf HY(K,).
n—+00

1.7.2. Deny-Lions spaces. They were introduced in [40]. For any open set A C RV the
Deny-Lions space LY?(A) is defined as

LY2(A) :={u € L} .(A): Vue L*(A4;RV)},

loc
where Vu is the distributional gradient of u.
The following facts are proved in [65, Section 1.1.13] and [65, Corollary 1.1.11], respectively:
Proposition 1.7.3. The set
{Vu:ue L"?(A)}

is closed in L*(A;RYN).
If A is an open set with Lipschitz boundary, then L'2(A) = H'(A).



22 Preliminaries

To give a precise mathematical meaning to the fact that the boundary values of the displace-
ment are imposed, we need to use fine properties of functions in the Deny-Lions space related
to the notion of capacity, for which we refer to [43, 54, 86]. Let us only recall that if A is a
bounded open set in RY | the capacity of an arbitrary subset E of A is defined as

cap(E, A) := inf / |Vul|? dz
ueUfs JA
where U3 is the set of all functions u € H}(A) such that u > 1 a.e. in a neighbourhood of E.
In the sequel we shall use the expression quasi-everywhere on E, abbreviated as g.e. on F,
to indicate that a property holds on a set E except a subset of capacity zero, while we shall use
the abbreviation a.e. on E when referring to the Lebesgue measure.

Definition 1.7.4. A function u : A — R is called quasi-continuous if for every € > 0 there
exists a set £ C A such that cap(E., A) < e and u|4\ g, is continuous in A\ E..

Any function u € L12(A) admits a quasi-continuous representative i (see, e.g., [43, 54, 86])
that can be extended up to the Lipschitz part dp A of the boundary of A; it is characterized by
the fact that

1
lim 7/ lu(y) —u(z)|dy=0 forqe z€ AUILA.
p=0+ |By(z) N A B,(z)NA
Moreover, if wu, — u strongly in H!(A), then a subsequence of (@i,) converges to u q.e.
in AUdLA. We shall always identify each function v € LY?(A) with its quasi-continuous
representative .

Remark 1.7.5. Let Q be an open set in RY. Throughout the thesis, given a function u €
LY2(Q\ K) for some K of null LY measure, we always extend Vu to by setting Vu = 0
a.e. on K. We stress that, however, Vu is the distributional gradient of v only in 2\ K and,
in general, it does not coincide in © with the gradient of an extension of .

1.7.3. Convergence of minimizers of elliptic problems. In the next chapters we are
going to solve elliptic problems in varying 2-dimensional domains. We will need stability results
assuring the strong convergence of gradients of minimizers of these problems. The following one
has been proved in [38, Theorem 5.1]:

Theorem 1.7.6. Let Q be a bounded open subsets in R? with Lipschitz boundary; let 0 =
OpQ U ONQ, with OpQ relatively open and H'(Op) > 0. Let w, be a sequence in H'(Q)
converging to w in H'(QY). Let I', be a sequence of compact sets contained in Q, converging to
I' in the Hausdorff metric, and such that

e they have a uniformly bounded number of connected components,
e sup,, H (I},) < +o0.
Let u, € LY2(Q\ I,) and w € LY2(Q\ I') be solutions to the minimum problems

min {/ |Vl dz: ve LY2(Q\ ), v=w, ge on dpQ\ Fn} (1.30)
O\

and
min{/ |Vol?dz: ve LY2(Q\T),v=w q.e. on 8DQ\F}, (1.31)
o\r

respectively. Then Vu, — Vu strongly in L?(Q;R?).
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A minimizer of (1.30) (or, similarly, of (1.31)) solves the elliptic problem with mixed bound-
ary conditions
Au, =0 inQ\TI,
% =0 onl,UodNQ
Up = w, on dpQ\ Iy,
that is,

/ Vu, -Vodr =0 forallve LM?(Q\T,),v=0o0ndpQ\ I, .
Q\ I,

In Chapter 3 we adapt Theorem 1.7.6 to a particular class of compact sets with Hausdorff
dimension between one and two (see Section 3.1.1 for the class of sets, and Theorem 3.4.1).

Remark 1.7.7. Results similar to Theorem 1.7.6 have been proved in different settings: Sverak
[80] considered Dirichlet problems, while Bucur & Varchon treated the Neumann case in a series
of papers [20, 19, 21]. Some of them are based on the so-called Mosco convergence of spaces
(see [18, Definition 2.1]):

Definition 1.7.8. Let H be a Hilbert space, and {G,},, G subsets of H. The sequence G,
converges to G in the sense of Mosco if the following conditions are satisfied:

(M,) for every u € G there exists a sequence u,, such that u, € G,, and wu, A, u;

(My) if ug € Gy, is such that wuy A, u, then v € G.

We will use a Mosco convergence result in Chapter 3 in order to justify the model described
therein.

1.7.4. Monotone functions. We recall a classical result, whose generalizations will be
used in the following chapters.

Theorem 1.7.9 (Helly’s Theorem). Let I be a (finite or infinite) interval in R. Let f, : I —
[0,1] be a sequence of monotone non-decreasing functions. Then there exist a subsequence f,,
and a function f : I — [0,1] such that f,, (t) = f(t) for every t € I. Furthermore, if [ is
continuous then f,, — f uniformly on compact sets contained in I.

We will also need the following fact:
Lemma 1.7.10. Let f, f, : [0,T] — R be monotone non-decreasing functions such that f,(t) —
f(t) for every t € [0,T]. Let f be continuous at t € [0,T]. Then for every t, — t it is
fa(tn) = f(B).

PrOOF. Fix a > 0. By continuity, there exists 6 > 0 such that |f(t) — f(¢)| < « for every
|t —t] <20, tel0,T].

Being ¢, — t, there exists no such that |t, — ] < 8 for every n > ng, so that

7(t) ~ FD] <

for every m > ng. By monotonicity, f(t—0) < f(t,) < f(t +6) for every n > ng.

Pointwise convergence implies that there exists n; > ng such that

falf—0)— fE-0) <a and |fa(f+0)— f(E+0) <a

for every n > n;.

By continuity of f and the choice of 6, |f(#) — f(f +6)| < a. Then by monotonicity and
by the above inequalities we obtain

f(f)_2a< f({_o)_a<fn(f_0) an(tn) an(f‘Fe) <f(£+0)+a<f(£)+205

for every n > ny. Being « arbitrary, the thesis follows. O
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1.8. Notation

By the notation (-,-) and || - || we understand the scalar product and the norm in the
Hilbert spaces L2(2) or L?(Q;R?), or L2(Q\ I') or L?(Q\ I'; R?) when £2(I') = 0.
In any other case or for the sake of clarity, we will specify the space the norm refers to,
for example || - || g1 (o\r) -
Given a sequence of compact set I, that converges to a set I' in the Hausdorff topology
as k — +oo, we will write
F=%H- lim I, or I} 5T,
k— o0
Let A be a subset of RY. We denote by dimy(A) the Hausdorff measure of A, which
is defined by
dimy(A) := inf{d > 0: H(A) =0}.
Given an open interval I C R and a function f: I — R, for every ¢t € I we denote

ft=) i=lmsup () f(t+) = limint /(7).

Given a set X and a real-valued function g : X — R, for every x € X we denote
g(z)* = sup{g(x),0}.

We denote any constant by C'. The constant C' may vary also within the same proof
and is independent of all the parameters, unless we explicitly write the dependence. It
might happen that C' is a dimensional constant.



CHAPTER 2

A viscosity-driven crack evolution

In this chapter we present a model of crack growth in brittle materials which couples dissipa-
tive effects on the crack tip and viscous effects. We consider the two-dimensional antiplane case in
a bounded open domain € C R?. The crack path is assigned a priori, with an injective arc-length
parametrization « : [0, L] — Q of class C! | and the cracks are of the form I'(c) = ([0, 0]).

Fixed the Young modulus a > 0, the coefficient of viscosity b > 0, the material tough-
ness ¢ > 0, and the dissipation constant 0 > 0, by means of the time-discretization approach dis-
cussed in Section 1.6 we first prove the existence of a rate-dependent evolution (s%°(t),u®?(t)),
with ¢ € [0,77], where s%°(¢) and u®?(¢) are the crack tip position and the out-of-plane elastic
displacement, respectively, driven by a time-dependent boundary loading w(t) (i.e. we im-
pose u®?(t) = w(t) on a subset Ip( of the boundary 0Q). At every instant ¢ € [0,7] the
evolution satisfies the problem

aAu®?(t) + bAuP? (1) =0 in Q\ I'(s*°(t))

“8“;Z(t) + bagj(t) =0 on I'(s®?(t))UdN\ pQ (2.1)
u®?(t) = w(t) on dp!
and the Griffith’s conditions
$%2(t) >0

—G(sP2(t), aw(t) + bur(t)) + s (t) + 05°2(¢) > 0
[—G(s"2(t), aw(t) + b (t)) 4+ es™2(t) + 052°(1)] $°°(t) = 0,

under proper initial data s*°(0) = so and u"°(0) = ug, where G(0,%) is the energy release
rate at the tip (o) of the crack I'(c), for a boundary loading .

We are then interested in describing the rate-independent evolution obtained as limit of the
rate-dependent ones when the dissipative and viscous effects vanish, i.e. we let b,0 — 0. This
rate-independent evolution, called vanishing viscosity evolution, is characterized by the stability
condition

aAu(t) =0 in Q\ I'(s(t))

0ul) _ o on D(s(t)) UOR\ 9p0

on

u(t) =w(t) on dpf
and by a Griffith’s criterion described in terms of a weak activation criterion as in Definition 1.3.2;
moreover, in general, the vanishing viscosity evolution does not fulfill any global minimality
condition like the one in Definition 1.4.1.(ii). We remark that, while the fracture in the rate-
dependent evolutions grows continuously with respect to time, i.e. the functions s%?(-) are
continuous, in the rate-independent limit it may exhibit jump discontinuities. Furthermore, in
case of monotone increasing boundary loadings w(t) = twy, the vanishing viscosity evolution
corresponds to the one found in [58, 82].
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In Section 2.7, under suitable regularity assumptions for the energy release rate G, we discuss
the role of the penalizing terms (those containing b and ?) in the selection of the vanishing
viscosity evolution: we discover that the dissipation on the crack tip is the real responsible of
the process, while the viscous effect plays a non-influential role. Under the same conditions,
the crack growth of the vanishing viscosity evolution is described by solving a finite-dimensional
problem with an “algorithmic” procedure.

Finally, by means of an example we explicitly show that, under some regularity assumptions,
the crack growth process of the vanishing viscosity evolution does not follow the trajectory of
the globally minimizing variational evolutions, which instead satisfy the one-sided minimality
condition in Definition 1.4.1.(ii).

The results of this chapter have been published in [77].

2.1. The geometrical setting

Let Q C R? be a bounded connected open set with Lipschitz boundary 9Q. Let I' be a
C11 simple curve and « : [0, L] — Q be its parametrization by arc length, where L := H(I").
We assume the following geometrical landscape (see Figure 1):

o I'n o= {7(0),7(L)};
e O\ I'=Q'UQ?, where Q! and Q2 are non-empty connected open sets with Lipschitz
boundary, and Q' N Q2 = @;
e 00 = OpQ U AN, where OpQd N ON = O, Ipf is relatively open in 02 with
HL(OpQ) > 0, and H (OpQ N IQ) # 0 # HLH(OpQ N IN?).
In other words, we assume I" to split the domain in two connected subdomains, with the Dirichlet
boundary laid on the boundary of both subdomains.

FiGURE 1. The domain 2 and the pre-assigned crack path I".

For every o € (0, L], we set
I'(c) :==~(0,0]) and Q,:=Q\I'(0).

By the regularity hypotheses on €, Q' and Q2, the trace operators tr: H'(Q) — HY?(99)
and tr; : HY(Q) — HY?(0Q), i = 1,2, are well defined. In particular, for every v € H'(Q\ I')
we define its jump function across I, [v] € HY?(T') , as

[v] = tri(v)|r — tra(v)| .
Then the functional space H'(£),) corresponds to the set
{ue HY(Q\T):[uJ=00n '\ I'(0)}.
This fact allows us to work in the fixed Hilbert space H'(2\ I'), and to check the condition

on the jump [u] to establish if u € H'(Q2\ I') belongs to one of the smaller spaces H'(Q,) C
HY(Q\T).
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We will write u instead of ¢r(u) whenever from the context it is clear that we are referring
to the trace of the function w.

Fix sp € (0,L). For any boundary loading v € H'(f,,) and any crack I'(c), o € [0, L],
the set of admissible displacements is given by

AD(¢,0) = {v e HY(Q,) : v=1 on opQ} ,

where the last equality is in the sense of traces.

We study the evolution process in a fixed time interval [0,7]. When dealing with an element
u€ HY0,T; HY(Q\ I')), we always assume u to be the continuous representative (with respect
to the time variable) of its class. Therefore it makes sense to consider the pointwise value w(t)
for every t € [0, T]. On the Dirichlet part of the boundary, p€2, we prescribe a time-dependent
boundary displacement which, at each instant ¢ € [0,77], is given by the value of (the trace of)
a function w € C2([0,T]; H*(s,)) at t.

The initial configuration is the couple (ug,so), where the initial out-of-plane displacement
ug € H1(Qs,) is the (weak) solution to

ClA’U,() =0 in QSO
Ge=0  onI'(s) UdnQ (2.2)
uo = w(0) on Ipf.

In our computations we will need to define homeomorphisms between the domains €, and
Q,, for |0| small, such that 9Q is kept fixed; roughly speaking, we have to slightly “move” the
crack tip forward or backward along I'. This can be done thanks to the regularity assumptions
on I': fixed o € (0,L), it is possible to construct a neighbourhood w CC Q of (o) and a C*!
vector field 7y : R? — R?, with § € R, such that 7, is the identity map in R?\ w, ne(I") C I’
and

no(I'(0)) = I'(o +0) (2.3)

for || sufficiently small. Even though 7y depends on o, there is no need to make it explicit
since it will be clear from the context which fixed o it refers to.

2.2. The incremental problem

This section is devoted to the study of the incremental problems for the rate-dependent
evolutions. We are going to minimize a functional that is a combination of (1.27) and (1.28),
containing penalizing terms for both the elastic bulk energy and the fracture energy. We also
establish a priori estimates in order to obtain solutions to the problem (2.1) by means of com-
pactness arguments.

The positive dimensional parameters a, b, ¢, 0 are fixed throughout the chapter; as already
said, they correspond to the Young modulus, the coefficient of viscosity, the material toughness,
and the dissipation constant, respectively.

Fixed a time-step 7 € (0,T), for any u,v € H'(Q\ I') we define the functionals (dependent
on 1)

1 b
E(u,v) := =—a||Vu|]* + —||Vu — Vol
2 2T
and

1 b
E(u,v) = Q—aHaVu + ;(Vu — V)2
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By a simple computation it can be seen that, for any fixed v € H'(Q\ I'), the functionals
E(,v),E(,v) : HY(Q\ I') — R have the same Fréchet differential up to a multiplicative con-
stant. Actually it is

E(u,v) = % (a—l— f_) E(u,v) — %HV@HZ. (2.4)

Consequently, for any fixed o € [sg, L), v € HY(Q,), ¥ € H*(Qs,) and 7 € (0,T), the following
relation holds true

U = argmin{&(u,v) : u€ AD(¢,0)} & U = argmin{E(u,v) : u € AD(¢,0)}. (2.5)

The functional F represents a discretized version of the stored elastic energy plus a vis-
coplastic friction term, energy which should have the form

al[Vu(t)|? + b / V()| de

for an evolution v € H*(0,T; H'(Q\ I')) of the displacement field. Fixed ¢ and v, when we
minimize E(-,v) (or, equivalently, £(-,v)) we penalize the L? distance of the gradients of the
two functions u and v, i.e. in the discrete-time evolution below we penalize large variations of
the displacement gradient with respect to time.

By the algebraic equivalence (2.4), the functional £ provides an equivalent way to select
minima, even though it does not have a proper interpretation as energy. Nevertheless, it plays
an important part in finding estimates.

According to Griffith’s model, the energy dissipated by the crack creation is proportional
to the crack length; in our model, we add one more term taking into account the rate of crack
increase. As for the viscoelastic part, in the incremental problem below the fracture energy shows
two dimensional positive constants ¢ and 0 and, for any fixed & € [sg, L) and every o € [7, L],

it has the form )
b B 0 —\2
ala+ — co+—(c—a)).
T 2T

In order to avoid a trivial solution, we really have to consider the adimensional quantity, depen-

dent on the time-step,
b\ ! T
ala+ — =a .
T ar + b

-
Car+b

can be interpreted as a characteristic time of the viscoelastic material; in Section 2.5 we describe
the consequences of neglecting the parameter a7y in the crack energy. Let us observe that, if it
were b =0, then ary = 1.

The value

m

We define the incremental problem with time-step T € (0,T) in the following way: let
N, € N besuch that T — 7 < 7N, <T. Set

T e T e .
® Uy = Up, Sg = S0,
e for any 1 <i < N, and o > sp, let u;’” be the unique solution to

min { E(u,u]_) : u € AD(w(it),0)} (2.6)

and

A 0
sT € argmin {E(uf’“,uf_l) +a <a+ ) (ca + 2—(0’ - 52_1)2> cs; 1 <0< L} ;o (2.7)
T T
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we set ul ="t .
Remark 2.2.1. Existence and uniqueness of the solution to (2.6) is assured by the direct
method of the calculus of variations. In order to prove the existence of a solution to (2.7) it is
enough to exploit the compactness of the interval [sT_;, L] and the convergence result stated in
Theorem 1.7.6.

We introduce the piecewise-constant and piecewise-affine interpolants for both the u] and s7 :
o U, U :[0,T) = HY(Q\T) as

N t—aT
0 (8) = 0+ (e — )

for it <t < (i+1)7,i=0,...,N; — 1, and u" () = 4" (t) := u}, for TN, <t < T
e 57,5 :[0,T] — [s0, L] as

t—aT
§7(t) == 5] + - (841 —87)

for it <t < (i+1)7,i=0,...,N. =1, and s7(t) = 57(t) := s}y for 7N, <t <T.

By definition through (2.6), ™ and " satisfy the variational equation
a(Vu™ (t), V) + b(Vi" (t — 1), V) =0 (2.8)
for every ¢ € H' (Qg- (1)) with ¢ =0 on 9p€2, and t € [r, N.7].

Remark 2.2.2. By the equivalence (2.5), the minimum problems (2.6)-(2.7) are equivalent to
the following ones:

® uj = uUg, ) = S0;

e for any 1 <i < N, and o > sg, let u.”” be the unique solution to

min {&(u,u]_y) : u€ AD(w],0)}
and

o

s] € argmin {S(u-”", uj_y)+co+ 2
-

K2

(o5l sla <oy

then set u] := uz’sz

For convenience in the discussions below, consider the discretized version of the boundary
loading: for every 7 € (0,7) and i =0,...,N;, set w] := w(iT) and let w™ be the piecewise-
constant interpolant of the w] . Then, being w € C%([0,T]; H'(Qs,)), it is

(i+1)T

Wiy —wl = / (e de
(i+1)7
Vw;rl - VwiT = / Vw(f) d¢,

T

where the integrals are Bochner integrals (see [2]).
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2.2.1. A priori estimates. The following lemmas establish some estimates for the families
of the displacements {u™} and of the crack tips {s”}. These results will be useful in order to
apply compactness arguments.

Lemma 2.2.3. There exists a non-negative function p(t) — 0 as 7 — 0% such that for every
0<i<j<N;

i—1 _1 j—1
§a||Vuj I? + o hE*i [Vujy — Vup|® +a (a + T) (‘33‘ + o0 h§—; Sh1 — 5h|2>

<1ﬂ||VuT||2+a atl 1cs7+a/jT<VuT(f) Vai(€)) d€
i2 7 7_ 1 i b

0T

b [T
3 [ VO de -+ p(r).

PrOOF. Taking ¢ = uj, + wj, —wj, € AD(wj_,s},) as test function in (2.7) (with i =
h+ 1), we have

1 b b\~ v
oIV + oIV = Val? (a4 2) (eshs+ polsfen - o7

1 b b !
<5allVu], + Vg, - vuwl|? + o VWi - Vwl|*+a (a+ T) csh

(h+1)7

1 . 1 T T
<all Vil +a [ (VT Vale) s+ jalVuf, - Vi

hT

b (thl)’T 2 b -1
+7 / (IVw ()| d& +a<a+> sy,
T hr T

1 (h+1)7
<pall Vil +a [ (VT vale) de

hT
1 (k+1)T . (h+1)7 .
egel max [ Ive@la) [ Ivic)ae
b (h+1)7 b -1
+7/ [V (€) |2 d£+a<a+> csy.
2 hr T

Iterating over h =4,...,5 — 1 and defining

' 2
p(r) := iaTT <OI<H§a<XT Vw({)”)

the proof is complete. O
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Lemma 2.2.4. There exists a constant C > 0, mdependent of b,0,7,t, such that the following
estimates hold true for every 7 € (0,T), t € [0,T], j=1,...,N;:

[u" )z \ry < C (2.9)

@ )l @o\ry < C (2.10)
T ) b j—1

o [ v ae =2 > IVefa = Vuflf <0 (211)

a7 |2 0,51 @y < CTY? (2.12)

b”fLTHQLQ(O,T;Hl(Q\I‘)) <C. (2.13)

Proor. Fix t € [0,7] and let j := j(¢t) € 0,..., N, — 1 be such that it satisfies j7 < t <
(j + 1)7. By the inequality in Lemma 2.2.3 for ¢ = 0 we obtain

1 . b [T .
gV + g [ i de (21

1 i b [T
§§a||Vu0H2+a/0 <Vu7(£),Vw(§>>df+§/o IV (&)1 d + p(7).

Holder’s inequality and (2.14) imply

/2

a||Vu<>||2<c+2b(/ Ivure ||2d£) (/ Ve ||2d5) ,

where C' > 0 is independent of b,0,7,¢t. By a refined version of the Gronwall lemma (see |7,

Lemma 4.1.8]), we deduce that for every ¢ € [0,T]
t 1/2
([ 1Ive©R i) <@ey s iviliar
0

303R?))

The last two inequalities imply that Vu7(¢) is bounded in L?(2\ I'; R?) uniformly with respect
to b,9,7,t. Using the Poincaré inequality we obtain (2.9) and (2.10). Then, considering (2.14),
the estimates (2.11) and (2.12) follow. Finally, using the Poincaré inequality for u

il 20,22 @\ 1)) < C (||Vﬁ||L2(o,T;L2(Q\F;R2)) + ||w||C2([O,T];H1(QSO)))

and (2.11), we obtain (2.13). O
Set
24 = aw(0) + bw(0)
2] :aw[—i—E(w[—wal) for 1 <i< N,
T

and call 1y the solution to

Atg =0 in Qg

Gy = w(0) on IpQ

%ﬁf = on I'(sp) UONQ.
For 7 € (0,T) define the incremental problem

e vf :=aug + bug, 0§ := So;
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e for any 1 <i < N; and o > s, let v]"” be the unique solution to

min {[|Vv|?: v € AD(],0)} (2.15)
and
T : 1 2 0 T 2 T
o] € argmin EHVUH +co+ 2—(0 —sl )0l <o<Ly;, (2.16)
T

and set v] 1= v;’az.

It is easy to check that for ¢ =1 it is

T,0 T,0 b T,0 T

vy E=auy + p (ur” —ug)
and
T,0 T 1 T,0 (|12

E] 7 uf) = 5 Vo]
for every o € [sg, L], so that we can assume o] = s]. Iterating this argument, we suppose
o] =s] for 1 <i < N, and, consequently,

vy = aug + b

of =au] + 2 (u] —ul_;) for1<i< N, (2.17)

so that (2.6)-(2.7) and (2.15)-(2.16) provide the same evolution (up to the relation (2.17) between
u] and o] ), and in addition

T,0 T 1 T,0
£} ul_y) = 5o Vo] (218)

holds for every 1 <i < N, and o > s]_;.
By the minimality of v] , we obtain estimates for the crack tip evolution s7(-) as well:

Lemma 2.2.5. There exists a non-negative function p(t) — 0 as 7 — 0% such that for every
0<i<j<N;

_— 9
1 T2 T 0 8 S;-LJrl B 3;;
TaH’U‘] || + CSj + 57—2 (T

h=i (2.19)

i—1
1 T T 1 % T T T ~
< %H% 1>+ cs] + p Z<V0h,vzh+1 = Vzi) + p(7).
h=i

Proor. Taking ¢ =vj_, + 2] — 2]_; € AD(2],s],_;) as test function in (2.16), it is
1 T2 T 0 T T 1 T T T 2 T
?a||v”h|| +esp, + Z(Sh —8p-1) < 27a||vvh—1 +Vzp = Va4 ||" +espy
1 1 1
§2—a||V'U;_1||2 + a<vv;—1, Vz, = Vzp ) + %HVZ}Z — Vi _|I* +esp g

Using the assumption w € C?([0,T]; H*(€,,)) and arguing as in the proof of Lemma 2.2.3, it is

NT
S lIVz, =V 4P <p(r) =0 asT—0
h=1

with p dependent only on a, 7 and [Jwl|cz2(o,7):m1(0.,)) -
Tterating the inequality above for i < h < j — 1, we obtain the thesis. O
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Note that the term }
EJ;(VUILD Vzi = Vzi_q)
in (2.19) has the explicit form a
. /f (V7 (), Vib(€)) de + b /] (or(e), YW (O ~ 2V (¢ . m)F V(€ =2m)) e

LT T

T

where we call v” the piecewise-constant interpolant of the v] and, with abuse of notations,
wT(0) — w™(—7) := w(0) in case i = 0. As w € C*([0,T); H'(Qs,)), for every t € (0,T) the
difference quotient

VwT(t) —2Vw™ (t — 7) + Vw’ (t — 27)
2

-
converges strongly in L?(Q,;R?) to Vii(t) as 7 — 0, uniformly with respect to t.
Lemma 2.2.6. There exists a constant C > 0, independent of b,0,7,t, such that for every
7€ (0,T) and t € [0,T] the following estimates are satisfied:
" Oz \ry < C (2.20)
TPl (221)

PRroOOF. Taking ¢ =0 in Lemma 2.2.5 and using Holder’s inequality, it is

1 1. [t
=V ()P +es7(t) + 50 | |57 dE
2 2 /0 (2.22)

1 b t 1/2
< ellVenl? + o+ (Jlle= + 2ol ) ([ 1907 @12 dg) -+ oo
Arguing as in Lemma 2.2.4, we obtain
IV < €

for every ¢. Using the Poincaré inequality, since v] = 27 on 0pf), estimate (2.20) follows.
Then (2.21) is consequence of (2.22) and (2.20). O

2.3. Griffith’s conditions for (s7,u")

In order to achieve a complete description of the evolution of the system, we look for a
differential characterization for the evolution t — s(t) of the crack tip, that will be obtained in
Sections 2.4 and 2.6 by means of the energy release rate, in the spirit of Griffith’s theory.

First of all we introduce a functional playing the role of the energy release rate at the level
of the discrete-time solutions (s7,u”) defined in Section 2.2, in order to establish a sort of
discrete-time version of the Griffith’s criterion (1.9).

For every o € [so,L] and g € HY?(9pQ), let v(o,g) € H*(Q,) be the solution to the
problem

Av =0 1in Q,
v=g onJdpfl (2.23)
g—ﬁ:() on I'(c) UdNQ,

and set
1
F(o,g9) = §||Vv(0, g)||2. (2.24)
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As already seen in Section 1.5.1, in particular through formula (1.18), the energy release rate G
is defined as the derivative of F with respect to its “geometric” variable o (see (2.25) below).
The following result states the regularity properties of the functionals F and G.

Proposition 2.3.1. The functional F is continuous from [so, L] x H'/2(0pQ) to R. For any
fized g € HY?(0pQY), the map o — F(o,q) is differentiable at every o € [so,L). The energy
release rate

_0F(o,9)

G(o,9) = p

is continuous in [so, L) x HY/?(0pQ).

(2.25)

We do not prove the above proposition since, as discussed in Section 1.5, it is a well known
result. The key tools for its proof are Theorem 1.7.6, which moves the issue of the convergence
of Vu(o,g) to check the convergence of the boundary datum and of the crack variable, and the
integral formula for G in Remark 1.5.1.(iii), which in the current notation reads as

G(o,g9) = —%(Vu(a, 9),div(A7) Vu(o, g)) + (Vu(o,g), VA7 Vu(o,g)), (2.26)

where v(o, g) is defined through (2.23), and A7 is a Lipschitz continuous vector field such that
supp(A?) C Q, A7 (y(d)) = ¢9(v(7))§(a) for every & € [0, L], with ¢ a cut-off function, equal
to one in a neighbourhood of (o).

Remark 2.3.2. If we fix s1 € (sg, L), then we can assume A\ to be the same for any o € [so, $1]:
it is A2 = X for every o € [sg,s1], where X is a Lipschitz continuous vector field such that
supp(A) C Q and A(y(5)) = ¢(v(d))3 () for every & € [0, L], with ¢ a cut-off function, equal
to one in a neighbourhood of ¥([sg, s1]).

In the following, exploiting the continuity of the trace operator we consider the space
H'(Q,,) instead of H/2(9pQ): we assume F to be defined on [sq, L] x H'(£2,,) and, with abuse
of notation, we identify every g € H'(f,,) with its trace on dpf2, so that Proposition 2.3.3 still
holds true for the functional F : [so, L] x H'(Qs,) — R.

Proposition 2.3.3. Let s1 € (so, L) be fized. Then G(o,-): H'(Qy,) — R is Lipschitz contin-
uous, uniformly in o € [sg, $1].
PROOF. Fix o € [sg,s1]. For j =1,2, let g; € H'(Q,) and let v(o,g;) € H'(Q,) be the
solution to (2.23) with g = tr(g;), and write
U(U’ gj) = {)(07 gj) + 95
Then, for every ¢ € H'(Q,) with ¢ =0 on dpQ, it is
0= (Vu(o,9;), Vi) = (Vi(0,g;), Vi) + (Vg;, V),
i.e.
(Vo(a,95), V) = =(Vg;, V) (2.27)
for any ¢ as before.
In particular o(o,g;) € H'(Q,) with 9(o,g;) = 0 on 9p§. Thus, considering (2.27) and
applying Holder’s inequality, it is
IV3(0,91) = Vi(o,92)II* =(Vi(o, g1) — Vo, 92), Vi(0,91) — Vis(0, g2))
= <v.gl - v927 V’lj(O', gl) - V’E(O—a 92)>
< Vg1 = Vgl [Vi(a,91) — Vi(a,g2)| ,
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so that ||Vo(o,g1) — Vi(o,g2)|| < ||Vg1 — Vgz||. Therefore
IVo(o, g1) = Vo(o, g2)|| < [IVo(o, g1) = V(o ga) || + Vg1 = Vol < 2[[Vg1 — Vel .

By Remark 2.3.2, in the expression (2.26) for G we can assume A% = X for every o € [so, $1].
Then, by (2.26) and the above inequality, we obtain

G(o,91) = G(o.91)] < C'IVg1 = Vel < Cllgr = g2l 11 a.,)
with C' > Lip(\), where Lip()) is the Lipschitz constant of . O

We want to characterize the discrete-time evolution ¢ — (s7(¢),u”(t)) in terms of Griffith’s
theory, with the goal of obtaining a law like (1.9) for the continuous-time evolution by taking
the limit 7 — 0 in the conditions for (s7,u7”).

By construction, the maps s” and §7 are non-decreasing; in particular

5T(t)>0 (2.28)

for every t € [0,T7].

In order to obtain conditions (G2) and (G3) described in Section 1.3, we argue in the
following way. By definition (2.15), for every ¢ € {0,...,N.} the function v,"? satisfies the
problem

Av]? =0 in Q,
v;7 =z ondpQ

f’g =0 on I'(c)dnS.
Having in mind the equality (2.18) and applying Proposition 2.3.1 with g = 2], the function
O'E[Z 1 ]HS( To’uz—l):}_(o'azi)

is differentiable at every o € [s]_;,L). For every 7 € (0,T) and ¢ € [0,T] such that s7(t) < L
we define

d T T
G(r,t) :=G(s7(t),2"(t)) = — d—&'(ulr ,u'(t—1)) , (2.29)
a o=s7(t)
with i, := i,.(¢) such that i,7 <t < (i + 1)7.
At this point we use the minimality properties of (s7,u]): it is

0 T,0 TO'
E(uT T 1) + 65T + oo (5T = 5T1) < E]7,ul) +eo + (0 — 5Ty)

2T
for every o € [s]_;, L]. If sT < L, then for every o € (s7, L] we have
E(ui,uiy) = Eu”,ui") 0 ;o
e a_sTl - §C+§(a+si—25i_l);
if in addition s] > s7_,, then for every o € [s]_;,s]) we also have
g(u’z 7uz 1) g(uz,owz,ol) [
—=2>c+ — i —25;_1).
O'—SZ ZCc+ 2T(U+Sl 8271)

By the above inequalities and by the definition of G through the derivative (2.29), we obtain
the following two conditions: for every 7 € (0,T) and every 1 < ¢ < N, such that s] < L it
holds:

G(T,m<c+o( S 1>
[G(T,m+c+o< 5L S )] (sT —s7_,) =0.
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Before collecting (2.28) and the above result, we introduce the concept of failure time,
important from now on.

Definition 2.3.4. Let s : [0,T] — [so, L] be a non-decreasing function with s(0) = so. The
instant

Ty (s) :=sup{t € [0,T] : s(t) < L}
is called failure time for s.

Thus in the previous analysis we have proved the following fact:

Proposition 2.3.5 (Discrete-time Griffith’s criterion). For every 7 € (0,7) and every t €
[0,T¢(57)) the following conditions hold true:

§7(t) >0 (2.30)
G(7,t) < ¢+ 057 (t) (2.31)
[—G(r,t) + ¢+ 057 (t)] 5(t) = 0. (2.32)

2.4. The irreversible viscoelastic evolution

The goal of the section is to describe the rate-dependent fracture problem with continuous-
time variable. We investigate the behaviour of the sequence of discrete-time solutions (s7,u")
as the time-step 7 decreases to 0.

Definition 2.4.1. For any sq € (0,L), w € C?([0,T); H'(Qs,)) and ug satisfying (2.2), an
irreversible viscoelastic evolution is a couple

(s.) £ [0.7] = [s0, L] x H'(@\ )
such that (s(0),u(0)) = (so,ug), s € H(0,T) is non-decreasing and
(i) we H'(0,T; H'(Q\T')) and u(t) € H'(Qy)) for every ¢ € [0,T7];

(ii) u(t) =w(t) on IpQ for every t € [0,T];
(iii) for a.e. ¢t € (0,T), for every ¢ € H'(Qy)) with ¢ =0 on dpQ,

a(Vu(t), Vi) + b(Vi(t), Vi) = 0;
(iv) Griffith’s criterion: for every t € [0,Tf(s)) the following conditions hold true:

5(t) >0 (2.33)
G(s(t), aw(t) + b (t)) < ¢ + 25(t) (2.34)
[—G(s(t), aw(t) + bii(t)) + ¢ + 05(t)] 5(¢) = 0. (2.35)

The requirements in the definition above can be rephrased in physical terms. The mono-
tonicity of s means that the crack does not heal, while Condition 2.4.1.(i) affirmes that the jump
set of the displacement w(t) is contained in I'(s(t)). Conditions 2.4.1.(i)-2.4.1.(iii) tell us that u
is a weak solution to the problem

ClAU(t) -+ bAu(t) =0 in Qs(t)

o240 1 g4 — o on [(s(t)) UdnQ
u(t) = w(t) on dp<?

u(0) = ug

s(0) = sg.
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Roughly speaking, the uncracked domain €2,(;) behaves almost as an elastic body (except for the
viscous term bA<). Finally, Condition 2.4.1.(iv) expresses a further relation between u and s,
and provides an energetic criterion for the crack growth.

The main result of the section is the following existence theorem, which will be proven
combining several lemmas.

Theorem 2.4.2. For any sy € (0,L), w € C*([0,T]; H'(Qs,)) and ug satisfying (2.2), there
exists an irreversible viscoelastic evolution.

Consider the discrete-time evolutions (s™,u"), for 7 € (0,7T), obtained in Section 2.2. The
estimates (2.12) and (2.13) assure the existence of a map u € H'(0,7; H*(Q\ I')) such that

= (2.36)
weakly in H(0,7, H(Q\ I')) as 7 — 0T along a suitable subsequence.

Remark 2.4.3. When we write 7 — 0 we refer to the subsequence selected in (2.36), or to a
further subsequence of it.

Concerning the crack tip evolution, by monotonicity of s and Helly’s Theorem 1.7.9, we
find a further subsequence of (s7),¢(o,7) and a function s: [0,T] — [so, L] such that

sT(t) — s(t) (2.37)

for every t € [0,7], as 7 — 0*. The function s is non-decreasing, since by pointwise convergence
it inherites the monotonicity property of the functions s”.

Below we investigate how u and s are mutually related, since so far we do not have any
information about the jump set of u. Furthermore, we obtain a regularity estimate for s, since
by (2.21) and the fact that [|s7 || < L we expect it to belong to H'(0,T) as well.

Lemma 2.4.4. There exists a subsequence of u”, not relabelled, such that u”(t) — u(t) weakly
in HY(Q\ I") for every t € [0,T].

Proor. The set
Beo = {’UEHl(Q\F) : ||U||H1(Q\F)SC}
is a compact subset of L?(€2). The estimate (2.10) implies that a"(¢t) € B¢ for every t € [0,1],

while by (2.13) it is
a7 (1) — @ (t2)]] < C(6) Ttz — fal

for every t1,ts € [0,T], where C(b) only depends on b.
By a refined version of the Ascoli-Arzela theorem (see [7, Proposition 3.3.1]), there exists
4 :[0,T] — B¢ continuous such that, up to subsequences, for every ¢ € [0, T

ar(t) — a(t) (2.38)

strongly in L2(2\ I') when 7 — 0% ; since (2.36) holds, 4(t) = u(t) for a.e. t. In particular the
equality is true for every t € [0,T], since we are considering the continuous representative of u
in H1(0,T; HY(Q\ I')), and also 4 is continuous.

Fix ¢t € [0,T]. For every 7, set 0 <4 < N, such that it <t < (i + 1)7. We have

t—aT

@7 (t) — u” () ||z o\ = ( ) luiyy —ui ey < i —ug |a - (2.39)
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By the properties of the trace operator and the regularity of w, we obtain

(i+1)7
/ € de

T

[tr(wiyy —wi)lz2p0) <Cllwiys —wi|mi,,) =C

H'(Qs)
(i+1)T
<[ h6©lmn, d < CMr
with M := maxecpo 77 [|W(§)||r1(n,,)- This estimate, together with the Poincaré inequality
and (2.11), implies
lufyy =il <C (IVuiy = Vul | + [ltr(uly —u])])
=C (IVuiyy = Vui || + [ftr(wi, —w])]) < Cr,
so that by (2.39) and (2.11) we deduce
127 () — " ()|l ary < luips — ufllmr@r < OT
for the fixed t, with C' dependent on b but not on ¢. Therefore
sup [[a"(t) — u" (&)l @ry = 0 (2.40)
t€[0,T]
as 7 — 0. Since u”(t) € Bc, we conclude by means of (2.38) and (2.40). O

Lemma 2.4.5. It results u(t) € H'(Qy)) for every t € [0,T].

ProoOF. Fix t € [0,7]. If s(t) = L, then the claim is automatically satisfied since u(t) €
HY(Q\ TI') for every t.

Let assume s(t) < L and let o € (0,L — s(t)). By definition of s through (2.37) and
continuity of v, it is I'(s7(t)) C I'(s(t) + «) for 7 sufficiently small. Since u™(t) € H'(Q4- (1))
for every t, we have [u"(¢t)] =0 on I' \ I'(s(t) + ) for 7 small enough. By Lemma 2.4.4 and
the compactness of the trace operator, up to a subsequence u”(t) — u(t) H'-a.e. on I', so that
[u(t)] =0 on I'\ I'(s(t) + ) . Being « arbitrary, [u(t)] =0 on I'\ I'(s(t)), i.e. the thesis holds
true. O

Lemma 2.4.6. The sequence (37) converges to s weakly in H'(0,T) and pointwise for every
t €[0,T]. Moreover, d||$[72¢ 1) < C-

PRrROOF. By the estimate (2.21), it is sup,.¢ (o1 [|7[|#1(0,7) < C(9) for some constant C(d)

dependent only on 9. We deduce the existence of § € H'(0,7) such that (up to subsequences)
57 — & weakly in H'(0,T). Let us show that § = s.
Fix ¢ and for every 7 set 0 < i < N, such that i7 <t < (i +1)7. Then

0< 3 () —s™()

t—i :
- TZT (SZH — SZ) < 757(t)

(i+1)7 (i+1)r 1/2
:/ §T(&)de < TV (/ (gT(g))2 dg) < 7r120(0),

i ir

where the last inequality is due to (2.21). Then, considering (2.37), §7(t) — s(t) as 7 — 0 for
every t and necessarily § = s, so that s € H(0,T).

Finally, the estimate for § is a consequence of the weak convergence 57 — s in H'(0,T)
and (2.21). O
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Note that by (2.37) we only deduce that s is monotone, while Lemma 2.4.6 provides the
additional information that it is continuous as well: the crack really grows continuously, without
the non-physical behaviour of jumps of the fracture set. The responsible of the regular growth
is the dissipation at the crack tip.

At this point we would like to define a Griffith’s criterion for the couple (s,u), exploiting
the one for the discrete-time solutions obtained in Proposition 2.3.5.

Lemma 2.4.7. It results s € C*((0,T¢(s)) U (T¢(s),T)) and (2.33)-(2.35) hold true for every
t€0,Ty(s)).

Proor. First of all, we show that G(r,t) converges to G(s(t),aw(t) + bw(t)) for every
t € [0,T¢(s)) when 7 vanishes. Fix t € [0,T%(s)); for 7 small enough it is s7(t) < L, so that
it is meaningful to consider G(7,t). Since s7(¢t) — s(¢) by (2.37) and 27 (t) — aw(t) + bw(t) in
H'(Qs,), the continuity of G stated in Proposition 2.3.1 implies

G(rt) = G(s7(t), 27 (1)) = G(s(t), aw(t) + buv(t))

as 7 — 0.

Next we show that (2.33)-(2.35) hold for a.e. t € [0,T%(s)). It is sufficient to prove that (at
least for a subsequence of 57) 57(t) — (t) for a.e. ¢ and then to pass to the limit in (2.30)-(2.32).

Let ¢ € [0,Ty(s)) be such that s(¢) exists and consider the sequence 57 approximating s.
By (2.30), only two situations are possible:

(i) 57(t) > 0 for any element of the sequence;
(ii) for a subsequence §7 it is §7(t) = 0 for every j.
If (i) is the case, then (2.32) forces the equality 957 (t) = G(7,t) — ¢ to be satisfied. Since the
right-hand side converges (by what proved at the beginning), we obtain that §7(t) — 9(¢) =
2[G(s(t), aw(t) + buir(t)) — o].
If we assume (ii), then by (2.31) it is G(7,t) < ¢ and, as 7 vanishes, we get

G(s(t), aw(t) + bur(t)) < «. (2.41)

Call 5™ the elements in the (at most countable) set {37} \ {§7}. If there are finitely many
5™ then lim s (t) = lims™ = 0. If there are infinitely many 57, let us show that §* — 0.
Repeating the same argument as for (i), §™ — 9(¢t) > 0. Then
0 <9(t) =0 lim 5™ = lim G(7g,t) — ¢ = G(s(t), aw(t) + bu(t)) — ¢ <0,
T, —0 T —0
where the last inequality is due to (2.41). Therefore, if (ii) is the case, then 57(t) — 0.
The previous analysis shows that a function ¢ : [0,7] — R is defined such that §7(¢)

converges to ¥(t) as 7 — 0, for every ¢ € [0,7]. Furthermore ¢ satisfies the following two
relations at every ¢ € [0,77]:

]
G(s(t), aw(t) + b (t)) < ¢+ 00(t)
[—G(s(t), aw(t) + bw(t)) + ¢+ 09(t)] I(t) = 0.
In order to prove (2.34) and (2.35) a.e. in [0,77], it is enough to consider the above relations
and to observe that, since s™ — s weakly in H'(0,T), necessarily it has to be $(t) = 9(t) for
a.e. t €[0,T]. Instead (2.33) is true a.e. in [0,7] by monotonicity of s.

In order to conclude the proof, observe that (2.34) and (2.35) imply that s solves a.e. in
, s)) the differential relation
0,Ty he diff ial relati

05(t) = [G(s(t), aw(t) + bav(t)) — ¢] " . (2.42)
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Since s is continuous in [0,7] and w € C?%([0,T]; H'(Q4,)), the right-hand side in (2.42) is
continuous. Then, being s absolutely continuous, it is
t

) =50+ [ $(0ag =50+ [ $10((60)mu() + b)) - o de

for every t € [0,7¢(s)). The right-hand side a C' function, thus we conclude that s €
C'([0,Ty(s))) as well; hence (2.33)-(2.35) are satisfied everywhere in [0,7}(s)). Finally, if
T¢(s) < T, then we have s = L in [Ty(s),T], so that s € C*(Ty(s),L). O

Collecting together the above lemmas, we deduce the main result of the section.

PRrROOF OF THEOREM 2.4.2. Consider u and s obtained by means of the compactness ar-
guments in (2.36) and (2.37), respectively, as limits of u” and s” as 7 decreases to 0.

By construction, we have u™(0) = ug and s7(0) = sp. Lemma 2.4.4 implies that «"(0) —
u(0) in HY(Q\ I'), so that u(0) = wg; concerning s, we obtain s(0) = so by the pointwise
convergence (2.37). Hence the initial conditions are satisfied.

Lemma 2.4.6 assures the regularity for s, which by construction through Helly’s Theorem
is non-decreasing since the functions s” are.

Condition 2.4.1.(i) is satisfied considering (2.36) and Lemma 2.4.5.

Fix t € [0,T]. It is u"(t) = w] on Ip€?, where it <t < (i + 1)7 for every 7. Combining
together Lemma 2.4.4, the compactness of the trace operator and the fact that w] — w(t)
strongly in H'(Qs,), we obtain that u(t) = w(t) on dpQ, i.e. Condition 2.4.1.(ii) is verified.

Griffith’s criterion 2.4.1.(iv) is established in Lemma 2.4.7.

We are left to prove Condition 2.4.1.(iii). Let ¢ € (0,T) be a Lebesgue point for @ and
¢ € H' Q) with ¢ =0 on 9pQ. If s(t) < L, consider the flow 79 described in (2.3), with
0 > 0, and define wq(-) := p(ne(-)). If s(t) = L, we assume ¢y = ¢. By the properties of
N9, vg € Hl(Qs(t)_g) and py = 0 on Idpf). By the pointwise convergence in (2.37), for 7
sufficiently small it is s7(t) > s(t) — 6; therefore ¢y € H'(Q4- (1)) and, since s™ are monotone,
we get pg € H'(Qyr(¢)) for every & > ¢.

Fix 6 € (0,7 —t). For any & € [t,T] the equality (2.8) holds with ¢y, and integrating it
over [t,t+ d] we get

t+6
/t (a(Vu™ (€), Vigs) + b(Vi™ (€ — ), Vigy)) dE = 0. (2.43)

Lemma 2.4.4 assures that
(Vu' (§), Vipg) = (Vu(§), Vps)
for every £ € [t,t + 4], while considering (2.9) we deduce the estimate

(VT (§), Vo) | < [[VuT (§)llleall < Cllga]l-
Then, by the Dominated Convergence Theorem,

t+46 t+46
[ @@ vende o [ (vule), Vi) de
t t
Concerning the other term in (2.43), by (2.36)

t+0 . t+6
/t (Vi (€ — 7). Vigp) dE — / (Vi(€), Vigp) d.

Collecting together the two limits above and (2.43), it is

1 t+48
5 VU, V) + 00V, Vi) d = 0.
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Since ¢y — o in H1(Q\ I') and ¢ is a Lebesgue point for 1, we obtain Condition 2.4.1.(iii) by
considering the limits as # — 0T and § — 0%, in this order. O

Remark 2.4.8. Consider the inequality in Lemma 2.2.3 with ¢ = 0:

-1 +
s+ 5 [virerdra(as ) (wo+d [viorr )

§§a||VuoH2 +a <a+ i)_ cs” (1) + a/ (Vu (&), Vw(&)) d¢

0
5 | IVl ac+ .

As 7 vanishes, the value (a + 2)71 vanishes as well, while all the other terms converge, so that
we find the inequality:

el + § [ IVi©I de < Jalvuol? +a [ (vute), viep e+ § [ VoI de

In the energy balance above there is no longer trace of the crack energy. Without giving an
interpretation at this stage, we underline the analogy of this fact with what proved in [35] in
the damped case. We only point out that the absence of the fracture term is probably related
to the presence of the viscoelastic term, as the analysis in Section 2.5 seems to suggest.

We conclude the section with some estimates on the irreversible viscoelastic evolution.

Lemma 2.4.9. Let (s,u) be given by Theorem 2.4.2. Then there exists a constant C > 0,
independent of b,0 > 0 (fized at the beginning) and t, such that for every t € [0,T] the following
estimates hold:
lu@) g1\ < C
[ull 20,7311 (@0 1)) < C
b||vu||i2(0,T;L2(Q\F;RQ)) < C
aHSH%Q(O,T) <C.

The proof is a straightforward consequence of Lemma 2.2.3 and (2.36) for what concerns u,
and of Lemmas 2.2.5 and 2.4.6 for s.

2.5. A comment on the role of 7

We make clear the role of the parameter

b —1
aTe :a(a+>
.

introduced in Section 2.2, in order to justify its presence in front of the fracture energy. We do
not prove again every statement, since generally the proofs are similar to those in Section 2.2.

Consider the following discrete-time evolution: for every 7 € (0,7, let uf, s and u.? be
defined as in (2.6); for the crack tip s7, instead of (2.7) we choose

0
s] € argmin {E(u:(’,uzl) +co+ 2—(0 —sT )} sl <0< L} . (2.48)
T

.
As before, set u] :=u,*" and define the interpolant functions u”, ", s, 37.
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Arguing as in Lemma 2.2.3, for every 0 <i < j < N,

i—1 j—1

1 b % 0

§aIIW§II2 +o- > IVuhyy — Vg || + es] + > > Ishar = sil?
h=1 h=1

1 i
el VTl +esT +a [ (Var(©), V) de

1T

b

JT
+5 [ Iva©IR asp.

Then Lemma 2.2.4 holds true, since in its proof we do not take into account the fracture term.
The main difference is that in the current situation the inequality above provides an L? estimate
for 57 too:
o157 |20y £ C
for any 7 € (0,7).
Following the steps of Sections 2.3 and 2.4, by the Helly’s Theorem 1.7.9 there exists s :
[0,T] — [s0, L] pointwise limit of a subsequence of the family {s”},c(,7), and it satisfies

5T —s

weakly in H'(0,T) as 7 — 0", as in Lemma 2.4.6.
In the current framework, the Griffith’s criterion equivalent to (2.30)-(2.32) is

§T(t)>0
G(r,t) < % <a+ i) (c+057(¢))
[G(T, t) + % <a + i) (c+ D§T(t))} §7(t) = 0. (2.49)

Fix any t € [0,T(s)). Since s7(t) — s(t) < L, we can assume t € [0,T(s")) for 7 sufficiently
small, so that it makes sense to speak of G(7,t) for those 7.

Assume that s is not constant in [0,7]. Since s € H'(0,T), there exists t € (0,7) such
that 5(t) exists and §(t) > 0. Hence we can find two sequences ¢; <t < 5 converging to ¢ with
s(t}) < s(t3). By construction of s, there exists 7; converging to 0 with s™ (¢) < s7(t3) for
every j, so that §7 (t;) > 0 for some t; € (t},t?). By construction, ¢; — ¢, while Lemma 1.7.10
implies s7 (t;) — s(t). Therefore, by continuity of G, it is

G(7j,t;) = G(s(t), aw(t) + bw(t)).
Being 57 (t;) > 0, equality (2.49) gives

G(7j,tj) = % <a+ b) (c+05™(t5)) > % <a+ b) c.

T Tj
As 7; — 0 the two relations above imply

G(s(t),aw(t) + buw(t)) = lm G(7j,t;) = +oo,

i
J—+oo
which is impossible. We have to conclude that s is necessarily constant. In particular s = sg
and, being continuous in [0,T7], Ty(s) =T.

The above argument shows that, if we consider (2.48) instead of (2.7), then a real crack
evolution does not take place since the crack tip stays still, independently of the boundary
loading.



2.6 The rate-independent evolution 43

2.6. The rate-independent evolution

In the previous sections we never made explicit the dependence of the discrete-time evolutions
and of the irreversible viscoelastic evolutions on the parameters b and 0. Now we replace b
and 0 in the previous analysis by b and v0, for positive adimensional parameters ¢ and v. As
discussed in general at the end of Section 1.6, we are interested in investigating the behaviour of
the fracture term and of the viscoelastic term as the viscosity coefficient € and the dissipation
coefficient v vanish.

Unlike for the irreversible viscoelastic evolution, where the fracture has a continuous growth,
when v “disappears” the crack might perform instantaneous increments, even though the bound-
ary loading varies smoothly in time. Despite this fact, we can recover a weaker Griffith’s criterion
describing the process. We interpret the sudden changes of the fracture as a limit behaviour of
fast moving “dissipated” cracks.

From now on, for any £ > 0 and v > 0 we use the notation (s=*7,u%"7) for the discrete-
time evolutions defined in Section 2.2, and (s%%,u®") for the irreversible viscoelastic evolutions
obtained in Section 2.4 as limits of (s*7,u®"7) when 7 — 0.

The main result of the section is Theorem 2.6.5, which states the existence of a particular
class of rate-independent evolutions, defined below.

Definition 2.6.1. Let o : [0,T] — [so, L]. We say that t € [0,T] is a non-constancy instant
for o if for every neighbourhood U of ¢ there exist t1,t2 € [0,7)NU such that o(t1) # o(t2).
We say that ¢ € [0,T] is a jump instant for o if o(t—) # o(t+).

Definition 2.6.2. Let so € (0,L), w € C%([0,T]; H'(Qs,)) and ug satisfy (2.2). We call
rate-independent evolution with initial condition (sg,u¢) and boundary loading w, a map
(s,u) : [0,T] — [s0, L] x H'(Q\ I")

such that (s(0),u(0)) = (so,u0), s is left-continuous and the following conditions hold true:

(i) we L*(0,T; H'(Q\T')) and u(t) € H'(Qy)) for a.e. t € [0,T];

(il) w(t) = w(t) on IpS for a.e. t €0, T],

(iii) for a.e. t € (0,T), for every ¢ € H'(Qy4)) with ¢ =0 on dp 2,

a(Vu(t), Vi) = 0;

(iv) Griffith’s criterion:
e s is non-decreasing;
o for every t € [0,T%(s))

G(s(t),aw(t)) < ¢ (2.50)
o weak activation criterion: if ¢t € [0,T(s)) is a non-constancy instant for s, then
G(s(tt),aw(t)) = ¢ (2.51)
it ¢t €[0,T¢(s)) is a jump instant for s, then
G(o,aw(t)) > ¢ (2.52)

for every o € [s(t—), s(t+
o if t €[0,7%(s)) and G(s(t
(v) the function ¢ — G(s(t), aw(

I

;aw(t)) < ¢, then s is differentiable at ¢ and $(¢) = 0;
)

is continuous in [0, T (s)].
As discussed in Remark 1.3.1.(ii) (see Definition 1.3.2), the weak activation criterion has
been suggested in [72] in order to relax the differential formulation (1.9) of Griffith’s criterion.
We stress the fact that it is important to have a criterion valid at every instant in [0, 7. Indeed a

)
)
t
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differential criterion valid only on [0, 7]\, with £}(N) = 0, might make it totally meaningless,
since the jump points of s are at most countable and so they might concentrate on A .

Theorem 2.6.3. For any sy € (0,L), w € C*([0,T); H(Qy,)) and ug satisfying (2.2), there
exists a rate-independent evolution (s,u).

Theorem 2.6.3 is consequence of the result that we will state and prove below. We first
introduce another class of evolutions that turn out to be rate-independent evolutions.

Definition 2.6.4. Let so € (0,L), w € C?*([0,T]; H*(Qs,)) and wug satisfy (2.2). We call
vanishing viscosity evolution with initial condition (sg,u) and boundary loading w, a map

(s,u) : [0,T] = [so, L] x HY(Q\ T")

for which there exists a sequence (s*¥,u®")., of irreversible viscoelastic evolutions satisfying
the same initial and boundary data, and such that

uE,V o

weakly in L2(0,7; H*(Q2\ I')) and
s5Y(t) — s(t)
for every t € [0,7] as € — 0 and v — 0.

Theorem 2.6.5. For any so € (0,L), w € C?([0,T]; H*(Qs,)) and ug satisfying (2.2), there
exists a vanishing viscosity evolution (s,u).
Furthermore, any vanishing viscosity evolution is a rate-independent evolution.

Remark 2.6.6. It is clear that Theorem 2.6.3 is proved as soon as Theorem 2.6.5 is. The last
is achieved combining together a number of lemmas.

We will always write ¢ — 0 even in case € = 0. In this situation, it is understood that we
are considering the constant null sequence.

We start identifying a couple (s,u) candidate to satisfy Definition 2.6.4; similarly to Sec-
tion 2.4, we use a compactness argument. For every v > 0 and ¢ > 0, consider an irre-
versible viscoelastic evolution whose existence is assured by Theorem 2.4.2. By the estimates in
Lemma 2.4.9, the sequence (u®")c>0,,>0 is uniformly bounded in L?(0,T; H'(Q\ I')). There-
fore there exists v € L2(0,T; H*(2\ I')) such that

ut’ = (2.53)

weakly in L?(0,T; H'(Q\ I')) as € — 0 and v — 0 along suitable sequences.

Concerning the crack tip, Theorem 2.4.2 assures that the functions s*¥ are monotone non-
decreasing. Applying Helly’s Theorem 1.7.9, there exist a further subsequence of the indices ¢, v
found in (2.53), and a function s € BV ([0,T]), such that

s5Y(t) — s(t) (2.54)

for every t € [0,7]. The function s is non-decreasing since the functions s*¥ are, and by
pointwise convergence s(t) € [sg, L] for every ¢ € [0,7]. We can describe more in detail the
convergence:

Lemma 2.6.7. The sequence (s*¥) is monotonically non-increasing with respect to v, i.e.
SEVL(t) > s572(t) for every t € [0,T] if 0 <1y < 1.
As a consequence, s is left-continuous.
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PROOF. Being s € C1((0,T¢(s) U (T¢(s),T)), equality (2.42) holds true for every ¢ € [0, 7]
and not only a.e.; thereby s solves the Cauchy problem

{ §(t) = % [G(s7 (1), aw(t) + ebun(t)) — ¢

s57(0) = so.
If 11 < vy, then s5*1 verifies the differential inequality
1 1
§5M(t) = 3 [G(s57(t), aw(t) + ebu(t)) — c]Jr > e [G(s57(t), aw(t) + ebu(t)) — c]Jr .
1 2

By comparison results for differential equations (see [83, Theorem X.8|), we obtain s=**(t) >
sv2(t).

The first part implies that s(t) > s©¥(t) for every t € [0,T] and every € > 0, > 0. Assume
s(t) — s(t—) > « for some ¢t € (0,7] and « > 0; then s(¢t) — s(7) > « for 7 < t. For any e
and v sufficiently small, s(t) —s*¥(t) < §, so that s5"(t) — s>¥(7) > § for any 7 < ¢, in
contradiction to the continuity of s%". O

Lemma 2.6.8. Up to subsequences, for a.e. t € (0,T) it is vs*¥(t) - 0 as v — 0.

ProorF. Lemma 2.4.6 for the functions s** reads as VD||S5’”||2L2(0 7y < C with C inde-

pendent of v, so that v$5¥ — 0 strongly in L?(0,T) as v — 0. Then, up to a subsequence,
v§*v(t) — 0 for a.e. t€(0,7). O

Lemma 2.6.9. Let t € (0,T) be a jump instant for s. Then there exist subsequences (not
relabelled) e,v — 0 and t=¥ € (0,T) such that
(1) 57 = t;
(2) s (t=) = s(t—);
(8) G(s=¥ (=), aw(t®") 4+ ebw(t=")) = ¢ + vos=¥ (t5Y).
Similarly, there exists 1=V € (0,T) such that (1),(3) and
(27) s5V(t57) — s(t+)
are satisfied.

PROOF. Let us discuss only the case s(t—); for the other, s(¢t+), it is sufficient to argue
analogously.
We initially consider the case ¢ > 0.
Claim: for every m € N there exists ¢(m),v(m) > 0 such that for every 0 < e <e(m),0 <
v < v(m) there exists t5" satisfying
M) [ty —tl < s
(i) |s=¥(t5") — s(t=) < s
(iil) G(s=¥(t5)Y), aw(ts”) + ebw(t5”)) = ¢ + vosS¥ (t5).
If the claim holds true, then the lemma is proved. Indeed, without loss of generality we can
assume e(m + 1) < g(m),v(m+1) < v(m). If we set

V=t = e(m+ 1) <e<e(m),vim+1) <v<v(m)
then (1), (2), (3) are consequence of (i),(ii),(iii), respectively.
Proof of the claim. Fix m € N such that L < T —¢t. There exists a € (0,-1) such that
|s(t—) — s(1)| < 5% for every t —a < 7 < t. Fixed { € (t — £,t), there exist strictly positive
constants £q(m), vo(m) such that

52 ()~ (D) < 5
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for every € < eo(m),v < vy(m). Define
i =supl{e > 12 s7(6) = s7(D)}.
Itis 57 >t>t—9>t— L.
By contradiction, assume that there exists a subsequence (¢;); of (£5;) such that ¢; > t+L1.

Then %5+ (£) = 593 (£) for every ¢ € [t,t+1); in particular, 55" (t4 5%-) = 5% (f). Taking
the limit as €;,; — 0, we obtain

s(t+) < s <t + ;n) = s(t) < s(t—) < s(t+),

which is a contradiction. Hence there exists 0 < e(m) < go(m),0 < v(m) < vo(m) such that
1 . 1
t—— <tV <t+— (2.55)
m m

for every € < e(m),v < v(m).
By definition of #5;”, (2.55) and continuity of s, for every ¢ < e(m), v < v(m) there exists
Be,» > 0 such that
N 1 - A 1
ty 4 Bew <t + p— and 0 < s™Y(t5)0 4+ Be0) — 57V (t)) < 3
Being 57" € CH(0, Ty (s57)) U (T¢(s5"),T)), necessarily it holds $5(¢5) > 0 for some t5;” €
(= B2 + Beu)
By choice of 5, (i) is satisfied.
By continuity of s5, it is s5(#5”) = s () and we have the chain of inequalities

|55 (t57) — s(t=) <|s="(£57) — s(B)| + [s(F) — s(t-))

N . . 1
<GEV(HEVY — SV (fEV V() — st -
SSI5) = ) + 1) = s(D) + 5

1 n 1 1 _i
—3m 3m 3m m

and (ii) is achieved.

Finally, since $=¥(t5;”) > 0, (iii) is a consequence of (2.35).

In case € = 0, the previous proof holds true by setting e(m) = 0 for every m and t%" := %
if and only if v(m+1) <v <wv(m). O

Lemma 2.6.10. For every t € [0,T¢(s)) it is G(s(t),aw(t)) < c. If t € (0,T(s)) is a non-
constancy instant for s, then G(s(tx),aw(t)) =c.

Proor. Without loss of generality, when ¢ € [0,T%(s)) is fixed we can assume that ¢t €
[0,T¢(s*")) for e, small enough, since s*¥(t) = s(t) < L.

As already noticed in the proof of Lemma 2.6.7, conditions (2.33)-(2.35) imply that the
irreversible viscoelastic evolutions are solutions to the ordinary differential equation

VOS5 (1) = [G(s57 (1), aw(t) 4 ebu(t)) — | F (2.56)

for t € [0, T¢(s*")). Fix ¢t € [0,T}(s)) such that v$*¥(¢t) — 0 when ¢ and v vanish. Considering
the pointwise convergence (2.54) and the continuity properties of w (by assumption) and G (see
Proposition 2.3.1), from (2.56) we obtain

0= [G(s(t), aw(t)) — . (2.57)
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Lemma 2.6.8 implies that (2.57) holds for a.e. ¢t € [0,T¢(s)); by left continuity of s, the equality
is verified everywhere in [0,T%(s)). Finally, (2.57) is equivalent to (2.50), and the first part of
the statement is proved.

We point out that the inequality (2.50) and the continuity of G imply that

G(s(t+),aw(t)) <«

for every ¢ € [0,Ty(s)).

Let now t € (0,T¢(s)) be a non-constancy instant for s. Assume first that ¢ is a jump
instant for s and consider the sequence t*¥ defined in Lemma 2.6.9. Let us prove that

v§&Y () — 0. (2.58)

By contradiction, assume that v$*¥(t*¥) — « > 0. By regularity of w and continuity of G
(Proposition 2.3.1),

0=—=G(s*"(t>"),aw(t>") + ebw(t>¥)) + ¢ + s (t°") — —G(s(t—), aw(t)) + ¢ + da,
so that G(s(t—),aw(t)) > ¢, in contradiction to (2.50) proved above. The regularity of w, the
continuity of G (Proposition 2.3.1) and (2.58) allow to conclude

0=—=G(s®"(t>"), aw(t™") + ebw(t>")) + ¢ + v~V (t>") = —G(s(t), aw(t)) + ¢,

i.e. we obtain the thesis, since s(t) = s(t—) by left continuity of s (Lemma 2.6.7).

Similarly for s(t+), we have

vEr (7)) = 0
and we deduce that
0= —G (s (t5), aw(t=") + b (=) + ¢ + v0s°Y (15Y) — —G(s(t+), aw(t)) + c.

Agsume now that s is continuous at ¢ and fix a neighbourhood U of ¢. Since s is not constant in
U, for e,v small enough s is not constant in U as well, so that $=¥(¢t>") > 0 for some t=* €
UN(0,Tf(s5")). Considering a decreasing sequence of neighbourhoods of ¢ converging to ¢, we
find a sequence ¢ — ¢t with $¥(¢t>¥) > 0. Since s is continuous at ¢, Lemma 1.7.10 implies
that s5¥(t*¥) — s(t). Arguing as in the previous case, we deduce that v$%”(t*¥) — 0. Thanks
to the regularity assumption on w, the continuity of G (Proposition 2.3.1) and Lemma 2.6.8, as
before we conclude that

0=—G(s="(t"), aw(t>") + b (t>")) + ¢ + 25" (t5") = —G(s(t), aw(t)) + ¢,
and the thesis is proved since s(t+) = s(¢). O
Lemma 2.6.11. Let t € [0,Tf(s)) be such that
G(s(t), aw(t)) < c. (2.59)
Then s is differentiable at t and $(t) =0.

PROOF. By continuity of G and w, there exist 1,dp > 0 such that G(o,aw(r)) < ¢ for
o € [s(t) —2n,s(t) +2n] and T € [t — do,t + ) N [0,T]. Lemma 2.6.10 and (2.59) imply that
s is continuous at ¢, so that s(7) € [s(t) —n,s(t) +n] for 7 € [t — d1,t + 61] N [0,T], for some
0<d; <do.

By (2.54), it is s®"(t — 1) > s(t — 01) —n and s=”(t + 1) < s(t + 61) + n for every £ and
v sufficiently small, say 0 <& < ¢y and 0 < v < vy. Thus we have the chain of inequalities

s(t)=2n<s(t—01)—n <Vt —061) <s¥(r) <sTV(t+ 1) <s(t+ 1) +n<s(t)+2n

for every 7 € [t — d1,t + 01] N [0,T]. Consequently

G(s*Y (1), aw(T)) < ¢
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for every T € [t —d1,t+ 1] N[0,T], 0 <e <eg and 0 < v < vg. By the regularity of w and G,
we further obtain that, for some 0 < 1 < gg,

G(s*Y (1), aw(T) + b (7)) < ¢
for every 7 € [t — 01,t 4+ 01N [0,T], 0 <e <ey and 0 < v < vy. Then (2.35) implies that
s5Y (1) =Y € [s0, L]

for every 7 € [t—01,t+01]N[0,T]. We deduce that the limit s is constant on [t—d1,t+46:]N[0, 7],
so that it is differentiable at ¢ and $(¢t) = 0. O

Lemma 2.6.12. It results u®" (t) — u(t) weakly in HY(Q\ I') for a.e. t € [0,T]. In addition,
u(t) € H Q1)) for a.e. t €[0,T].

PROOF. By the estimate (2.44), for every ¢ € [0,7] there exists 4(t) € H'(Q\ I') such that
u®¥(t) — a(t) as € and v vanish. Then, since (2.53) holds true, it has to be @(¢) = u(¢) for a.e.
te0,T].

The second part of the statement can be proved arguing as in Lemma 2.4.5 at any ¢ for
which the weak convergence u®”(t) — u(t) is satisfied. O

PrOOF OF THEOREM 2.6.5. Consider the limit (s,u) defined by (2.54) and (2.53), respec-
tively. The couple (s,u) is then a vanishing viscosity evolution with initial condition (sg,ug)
and boundary loading w. The existence part of the theorem is proved.

Consider now any vanishing viscosity evolution with initial condition (sg,ug) and bound-
ary loading w, and let (s”,u®") be the correspondent approximating sequence of irreversible
viscoelastic evolutions. By Theorem 2.4.2, it is (s*¥(0),u*"(0)) = (so,uo) for every &,v, so
that the pointwise convergence (2.54) implies s(0) = so. Lemma 2.6.7 assures the left-continuity
for s.

The function u satisfies the boundary condition at a.e. instant since the functions u** do
and Lemma 2.6.12 holds true. Therefore Condition 2.6.2.(ii) is proved.

In order to obtain Condition 2.6.2.(iii), argue as in Theorem 2.4.2 and use the fact that
eVus converges strongly to 0 in L2(0,T; L*(Q\ I';R?)), because of (2.46).

Let now prove the weak version 2.6.2.(iv) of Griffith’s criterion. By construction, the func-
tion s is non-decreasing since the sV are. Inequality (2.50) and the weak activation crite-
rion (2.51) are proved in Lemma 2.6.10. The condition (2.52) on the jump instant can be proved
as in [58, Theorem 5.1]. The last requirement has been obtained in Lemma 2.6.11.

Finally, to show Condition 2.6.2.(v) observe that if s is continuous at ¢, then G(s(-), aw(-))
is continuous at t too. If ¢ is a jump instant for s, then

lim G(s(7), aw(r)) = G(s(t—), aw(t)) = ¢ = G(s(t+), aw(t)) = lim G(s(r), aw(r))

T<t T>1
where the equalities in the middle are due to (2.51). Therefore G(s(-), aw(-)) is continuous at
the jump instant of s as well. O

2.7. One-dimensional analysis

Inspired by the analyses proposed in [58, 70], we describe the evolution of the crack tip of
the vanishing viscosity evolutions (Definition 2.6.4), highlighting the different behaviour between
them and a general rate-independent evolution (Definition 2.6.2). Indeed, the fact of being
approximated by irreversible viscoelastic evolutions provides interesting properties. We obtain a
one-dimensional analysis of a problem that in principle is infinite dimensional, in the sense that
it is initially set in infinite dimensional Sobolev spaces.



2.7 One-dimensional analysis 49

In Subsection 2.7.1 an example shows the different behaviour of the globally stable irre-
versible evolutions introduced in [48] and the vanishing viscosity ones.

First of all observe that, as suggested by Condition 2.6.2.(iv) in Definition 2.6.2, the c-level
set of the energy release rate G plays an important role. For convenience, we introduce the
function V : [sg, L) x [0,T] — R defined as

V(o,t) := G(o,aw(t)) — ¢ (2.60)
and the sets
A% :={(t,0) € [0,T] x [s0, L) : V(o,t) =0}
={(t,0) € [0,T] x [s0,L) : G(o,aw(t)) —c=0}
AT ={(t,0) € [0,T] x [s0,L) : V(o,t) >0}
={(t,0) € [0,T] x [s0,L) : G(o,aw(t)) —c¢ >0}
A7 :={(t,0) € [0,T] x [s0,L) : V(o,t) <0}
={(t,0) € [0,T] x [s0,L) : G(o,aw(t)) —c < 0}
L
50

0 t T

FIGURE 2. The sets A=, A" and A° for a sufficiently smooth energy release
rate G. A° corresponds to the black line separating the gray region A~ and
the white region A™.

By Definition 2.6.2, the properties of the crack tip function ¢ — s(t) of a rate-independent
evolution, translated in terms of the sets above, are:
s is non-decreasing and left continuous, with s(0) = sq;
(t,s(t)) € A= UA° for every t € [0,T];
if ¢ is a non-constancy instant for s, then (¢, s(t4)) € A%;
if ¢ is a jump instant for s, then (t,0) € A° U AT for every o € [s(t), s(t+)];
the function ¢ — G(s(t), aw(t)) is continuous.

A priori a function with this behaviour is not unique, thus we really need to characterize the
class of vanishing viscosity evolutions.

It remains open the question whether s and s%* always converge to the same limit for
any reasonable G, when ¢ and v vanish; the issue arises already at the level of the incremental
problems. However, if we assume sufficient regularity for the energy release rate G, we are able

0,v
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to give an answer. Let G be Lipschitz continuous with respect to both its variables. We already
obtained a partial result in Proposition 2.3.3; in order to prove the Lipschitz continuity with
respect to the fracture variable o, we should assume more regularity for the boundary data and
for the pre-assigned crack path I'. Proper assumptions can be deduced by comparison with the
result in [72, Appendix A.3]. In the following we will consider only the evolutions s, and not
the s¥ with ¢ > 0, since for a Lipschitz continuous G they both converge to the same limit
when e, — 0. Indeed, first of all we recall that s and s%” are solutions to the Cauchy
problems

{ 37 (1) = — [G(s7 (1), aw(t) + bai(t)) —

Vo
s57(0) = s
and
1
-0,v _ o,v +
S (t) - 0 V(S (t)at) (2.61)
sV (0) = s

respectively, where in (2.61) we used the definition (2.60). Being the function ¢ € R — T =
sup{o, 0} Lipschitz continuous with constant 1 and denoting by K the Lipschitz constant of G,
we have

56 =0 < [ ][0 () aulr) + cbi(r)) = [0 (r) () = ]| ar

S/o ’Q(ss’”(T), aw (1) + b (7)) — G(s% (1), aw(r))‘ dr
§/O |G(s57(7), aw(T) + ebw(7)) — G(s*¥ (1), aw(T))| dr

+ / IG(s7 (), aw(r)) — G(s% (), aw(r))| dr

0
w(T)| dr V() = sV ()| dr

<ebfk [ )] dr + K [ |5 () = ()] d

€ V() = sV ()| dr.
gbCTKJrK/O\ () (1)] d

Gronwall Lemma provides the inequality

|55 (t) — s%7(t)| < ebCKTeXt < ebCKTeXT

uniformly in ¢ and v, so that the claim is proved.

We now describe all the possible behaviours of the crack tip function s of a vanishing
viscosity evolution at the initial instant. The propositions below can be seen as different steps in
an algorithmic procedure. Since we need a bit of regularity, we assume A" to be a C'' manifold
of dimension 1.

Proposition 2.7.1. If there exists t € (0,T] such that [0,t) x {so} C A~ UA°, then s(t) = so
for t € [0,t0], where to :=sup {t € (0,T]: [0,t) x {so} C A~ UA"}.

PROOF. By the regularity assumptions on G, the solution to (2.61) is unique. Since the
constant function 5 = sy solves (2.61) in [0,¢) for every v, then it results s%¥(t) = s for
t €]0,t9). Being s pointwise limit of the s and left-continuous, we have the thesis. Il
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Proposition 2.7.2. Assume there exist ¢ > 0 and a continuous function & : [0,t5] — [so, L]
such that & is increasing, 5(0) = sg and

{(t,5(t) :0<t<t;} CA (2.62)
{(t,0) :0<t<tsat)—C(<o<a(t)cA" (2.63)
{(t,o) :0<t<tz,ot)<o<a(t)+(} CA. (2.64)

Then s(t) = a(t) for every t € [0,t5].
Remark 2.7.3. If G is regular enough, then (2.62)-(2.64) imply that
0,G(a(t),aw(t)) <0

for every t € (0,t5). Therefore the elastic bulk energy F (defined in Section 2.3 and corre-
sponding also to £ in (1.16)) is conver along &, and the proposition states that the crack of
the vanishing viscosity evolution grows continuously where F is convex with respect to o.

PROOF. First we prove that s%¥(t) < &(t) for every v > 0 and t € [0,t5), so that, by
pointwise convergence, s(t) < &(t) for every t € [0,t5].

By contradiction, assume that for some vy there exists t € (0,t5) with s%*0(¢) > (),
and define to := inf {t € (0,%5) : s"°(t) > &(t)}. There exists ¢; > to and § > 0 such that
9o (ty) = a(ty), s (t) > &(t) and (t,s%%0(t)) € A~ for every t € (t1,t1 + 9) (here we
used (2.64))). Then, for t € (t1,t1 + d), we have

1t
0<a(t)—a(ty) < s t) — sV (t) = 170/ 1% (50’1’0(7'),7')+ dr =0,
t1

which is a contradiction.
So far, we have obtained that s(t) < (t) for every t € [0,t5]. Defined
t:=sup{t €[0,t5]: s(t) =a(r) for every 0 < 7 < t},

the proof is complete if we show that ¢ = t5.

By contradiction, assume that f < t5. The definition of # implies the existence of € (£, 1+6)
such that &(f) — ¢ < s(f) < a(f). Being s left continuous, for some & > 0 so that £ — 0 > ¢ and
some 0 < 7 < (, the set

satisfies D cC AT. Therefore there exists C' > 0 such that V > C on D. 3
By pointwise convergence, there exists 1y > 0 with s (# — §) > s(f — §) — 5. Since the
convergence of the s%¥ to s is monotone with respect to v, the chain of inequalities

s(f—08) —n < P —0) < s"(I—6) <sO(t) < s(t)
shows that (¢, s*(t)) € D for every t € [f —0,%] and 0 < v < 1. Then

- - .1t 1+
s(t) —s(t—06)+n> s () — "V (t—08) = 70,/* SV(SO’V(T),T)+ dr > V—D(SC — 400
i—

as v — 0, which is impossible.
Since the contradiction is due to the assumption < ¢, it must be ¢ = t5, i.e. s(t) = o (t)
for every t € [0,t5]. O

In the next proposition, we set min @ = +o0.
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Proposition 2.7.4. Assume there exists t € (0,T] such that (0,t) x {so} C A" and define
§:=min{L,min{o € [so,L]: (0,0) € A°}}.
Then

(1) if § = sq, then there ezists a continuous increasing function
7 :[0,t5] C [0,T] = [so, L]

with 5(0) = so, such that s =0 for t € [0,t5];
(2) if so <5< L, let
7 :(0,t5] C [0,T] — [s0, L]
be a monotone continuous function such that 5(0) = 5 and (t,5(t)) € A° for every
t €0,ts].
o If G is increasing, then s(t) = &(t) for t € (0,t5) and s(0+) = 5(0).
o If G is strictly decreasing, then s(t) = (0) for every t € (0,ty), where

to:=sup{t € (0,T): (0,t) x {5(0)} C. A~ UA"},

and s(04+) =a(0) =5,
(8) if s=L, then s(t) =L for every t € (0,T] and, consequently, s(0+) = L.

PROOF. Case (1): being 5 = sg and (0,t) x {sg} C A", the regularity of A° implies the
existence of a branch & : [0,t5] C [0,7] — [s0, L] of A° such that 5(0) = so and & is increasing.
Then the proof is the same as for Proposition 2.7.2; since the geometry around & is described
by (2.62)-(2.63)-(2.64).

Case (2): first of all observe that, around &, conditions (2.62)-(2.63)-(2.64) hold true for
some ¢ > 0 and there exists i< ts such that

B:={(t,o): 0<t<tsg<o<alt)} A",

Assume first that & is strictly increasing. Arguing similarly to the first part of Proposi-
tion 2.7.2, we obtain that s(t) < &(t) for every t € [0,t5], so that also s < & in the same
interval. We now want to prove that the equality holds true.

By contradiction, assume there exists # € (0,t5) with s(f) < (f). Suppose first that ¢ < {.
By left continuity of s (see Lemma 2.6.7) and &, there exists a small § > 0 such that the set

D:={(t,o): te[t—41,s <o <s(t)} cc AT,
and consequently V > C on D for some constant C > 0. Since (t,5%7(t)) € D for every
te[t—9,t] and v >0, it is
I O,v /1 O,v /g 1 t 0,v + 1
s(t) —so > s (t) — s ({t—0) = — V(s (r), )" dr > —Cd — +00
V0 i—s V0
as v — 0. This is a contradiction; therefore s(t) = &(t) for ¢t € (0,%) and t € [f,t5). Arguing
as in the second part of Proposition 2.7.2, we obtain again a contradiction. Hence we conclude
that it is s(t) = &(t) for every t € (0,t5) and s(0+) = &(0).
If & is strictly decreasing, first of all we show the following facts:
(2.i) there exists vy such that for every 0 < v < v there exists t, € (0,%) with sV (¢,) =

a(t);
(2.ii) the sequence t, is monotonically converging to 0 as v \,0.
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By contradiction, assume that for every v > 0 there exists a smaller index 0 < ¥ < v such
that for every t € (0,7) it is s7(t) < (¢). (Observe that s’ cannot be larger than & in the
interval (0,%), otherwise by continuity they would coincide at some instant since s%7(0) = sy <
7(0)). Therefore we obtain s(t) < &(t) for t € (0,f). Being s non-decreasing and & strictly
decreasing, it is s(t) < &(t) for ¢ € [0,f — 6] for some small § > 0. Consequently, for every

€[0,f—6] and 0 < v < g it is
(t,s""(t) e R:=={(t,0): 0<t<i—6,s0 <o <s(t—0)} cc AT
Since V > C' > 0 on R for some constant C', we obtain the contradiction
s

R 1 1 .
"’(25—5):50—1—V—0 ; V(SO’V(T),T)+dT280+70(t—5)0—>—|—00

s(t—0) > s

as v — 0. Hence (2.i) is proved.
Concerning (2.ii), firstly we show that, if 14 < vy, then t,, <t,,. Indeed, if it were t,, > t,,,
then we would have
(t,) = 8" (t,) > 8" (t,) > 877 (1) = 5(t,) > 5(L,),

0,v

where the first inequality is due to the monotonicity of the s and the second one to the fact

that s%¥1 > g0vz,
Now we prove that ¢, \,0 as v \ 0. By contradiction, assume that ¢, \,¢ > 0. For every
0 <v <y (v selected at step (2.1)) it is
sOV(t) < 897 (t,) = a(t,)
and, taking the limit as v — 0, we get s(f) < (). Then, by monotonicity of both s and &,
s(t/2) < @(t/2). Being 0 <t < t, for some C > 0 it is V(o,t) > C for every t € [0,%/2] and
o € [so,s(t/2)]. Repeating the same argument as before,

. . 1 (12 14
2) > 0¥ (§/2) = — 0w + > -
s(t/2) > 577 (t/2) SO+VD/O V(s (T),T) dT_SO+VD2C—>+OO

as v — 0, which is a contradiction. Therefore ¢, \, 0 as v \, 0, so that (2.ii) is proved as well.
To prove the claim in case (2), observe that the geometry of 4~ in a neighbourhood of
(0,5(0)) is the following: there exists 7 > 0 such that

B:={(t,o): 0<t<T,0(t)<o<a(0)} CA".

For v sufficiently small, ¢, < 7 and s%" has the form

SO’V(t): 30“!‘*/)) OV dT fortG[Ot)
for t € [t,,to].

Indeed, with an argument similar to that in Proposition 2.7.1, the unique solution to the Cauchy
problem

{ Pl1) = —V(lt), 0
p(ty) = 0 Y (ty)
is ¢ = s%¥(t,) in [t,,to]. Consider t < t; and, by contradiction, let s(t) < &(0), so that
also s%(t) < &(0) for every v. By (2.ii), t, — 0 and s%¥(t,) = a(t ) — &(0). Hence for v
sufficiently small it is
t, <t and s%7(t,) > s""(t),

which contradicts the monotonicity of s%¥

Hence s(t) = a(t) for any 0 < ¢t <ty and, by consequence, s(0+) = 5(0).
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Case (3): assuming that § = L, there are two possibilities:

(3.) A°N ({0} x [s0,L]) = O.

(3.i) AN ({0} x [s0, L]) = {(0,L)}.

If (3.i) is the case, the set A° N ([0, 7] x (so, L)) is far away from the o-axis, so that there
exists £ > 0 such that for any 0 < § < ¢ the set [6,#] x [so,L) C A*. Fix t € (0,#). By
contradiction, assume that s(t) < L. Since [t/2,t] X [so, s(t)] CC AT, by continuity of V there
exists C := C(t) > 0 such that V(o,7) > C for every 7 € [t/2,t] and o € [s¢, s(t)]. Then, since
so < 8OV (t) < s(t) for every v > 0, we obtain

1

L — 50> s(t) —sg > s"7(t) — s"7(t/2) = e
v

k 1t
0,v +
/t/2V(s (r),7)" dr > VDCQ — 400
as v — 0, which is a contradiction. We proved that s(t) = L for every ¢ € (0,%). Then s(t) = L
for every ¢ € (0,7] and s(0+) = L.

In case (3.ii), there exists a monotone function & : [0,7] — [s, L] with 6(0)=L. If 6 = L,
then the proof is the same as for (2) in case of an increasing function; if & is strictly decreasing,
argue as in (2) in case of a decreasing function. (]

Remark 2.7.5. The above propositions provide a description of the evolution of the crack tip s
up to a time £ € (0,7]. If £ = T, then the function s is completely determined over [0,77],
otherwise we have to proceed with the analysis. We are not going to prove any further result
since, up to modifying slightly the statements and the proofs of Propositions 2.7.1, 2.7.2, 2.7.4,
the behaviour of the solution has similar characterizations taking (Z,s(f)) as starting point
instead of (0, so).

Remark 2.7.6. The approximation of the vanishing viscosity evolutions by irreversible vis-
coelastic evolutions plays a key role in the proofs of all the above propositions. In general, the
previous characterization is not achievable for a generic rate-independent evolution.

Let us assume more regularity for the c-level set of G, A°. In addition to being a C!
manifold of dimension 1, we require that
e VV(o,t) # 0 for every (t,0) € A%;
e the singular set
S:={(t,0) €[0,T] x [s0,L) : 9,V(c,t) =0 or 9;V(o,t) =0} N A°
is finite.
Applying the Implicit Function Theorem, there exist finitely many curves

Jil(tiyl,ti’Q)C(07T)—>[0,L], i=1,...,k,
such that

e for every i, o; is continuous and strictly monotone;
e for every i, the limits

O—i(ti,l) = lim Ul(t) and Uz’(tig) = lim Ol(t)
tﬁ(ti,l)ik t*}(ti,z)f

exist and are finite;
e set

A= A{(t,0u(t))  t € (i, ti2)}
the graph of o, it is A? = UF_, A9, or, equivalently, A%\ & = UF_ A9.
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In addition, every o; verifies one of the following inequalities for every ¢ € (¢;,1,t:2):
0,G(0;(t),aw(t)) <0 or 0,G(oi(t),aw(t)) > 0.

We are describing a geometry similar to the one in Figure 3.
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FIGURE 3. Plot of the ¢-level set of G, A, assuming that it is a C' manifold
of dimension 1 with finite singular set S.

As said, Propositions 2.7.1, 2.7.2 and 2.7.4 provide an “algorithmic” procedure. They can
be quickly adapted to the geometry described above, providing a description of the evolution
of t + s(t) of the crack tip of a vanishing viscosity evolution up to an instant ¢ € (0,7].
While Proposition 2.7.1 is still valid, the new statements for Propositions 2.7.2 and 2.7.4 are the
following ones.

Proposition 2.7.7. Assume there exists i € {1,...,k} such that o; is strictly increasing,
tii = 0, 0,(0) = so and 0,G(0;(t),aw(t)) < 0 for every t. Then s(t) = o;(t) for every
t€0,t9].

Proposition 2.7.8. Assume there exists t € (0,T] such that (0,t) x {so} C A" and define
s:=min{L,min{0;(0) : 1 <i <k such that t;1 = 0,0,(0) > so,,G(0;(t),aw(t)) < 0}}.

Then

(1) if § = so, then s(t) = o,(t) for every t € (0,t;2), where i € {1...,k} is such
that 0;(0) = s¢ and 9,G(0;(t),aw(t)) <0;
(2) if so <5<L, set

ig 1= mln{l <i<k: ti,l =0 and 0'1(0) > 80}.

If 0;, is strictly increasing, then s(t) = 0;,(t) for t € (0,t;,2) and s(0+) = 0;,(0).
If 0;, is strictly decreasing, then s(t) = 0;,(0) for every t € (0,ty), where

to == sup {t € (0,7) : (0,¢) x {o3,(0)} € A~ U A"},

and s(04) = 04,(0);
(8) if =L, then s(t) = L for every t € (0,T] and, consequently, s(0+)= L.
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2.7.1. An example. We present a geometrical setting in which the fracture evolution
selected by means of the vanishing viscosity construction jumps later than the globally stable
evolution obtained in [48]. We recall and use the example in [82, Section 7]. Toader & Zanini
deal with the antiplane 2-dimensional case with pre-assigned crack path I' = v([—L, L]) and
a monotone increasing loading w(t,z) = t(x) defined on the boundary 99 of a bounded
connected open set 2 C R?. When considering the case of linearized elasticity and monotone
increasing loadings w(¢,z) = t1(x), the bulk energy F(o,w(t)) in (2.24) has the special form

Flo,w(t)) =t*E(0), (2.65)
where
E(o) :==min {||Vu|® :ue H(Q\ I'(0)),u =1 on dpQ}

is the energy associated to the boundary loading w(l,z) = (z) and the crack I'(c) =
v([=L,o]). The quadratic dependence of F on ¢ is due to the linear nature of the problem.
The total energy is then given by

t?E(o) + o, (2.66)

where E%(c) = o is the crack energy (for convenience of exposition, we set the material toughness
¢ equal to 1).

In [82] Toader & Zanini construct a boundary loading ¢ and a domain € in such a way
that the elastic energy functional

E:[so,L]C[-L,L] =R
is concave on some subinterval of [sg, L]. In particular, for any 1 > 0 they consider the domain
Q"=B_oUT"U By,

where B_o and By are the balls of radius 1 and center in (—2,0) and (2,0) respectively,
T" = (—2+cosn,2 —cosn) X (—sinn,sinn), and a proper boundary loading ¢, on 9Q". The
crack path is I' = [—3,3] x {0}. The body is assumed to be fractured at time ¢ = 0, with initial
crack [—3,—2] x {0}, and for o € [—2,3) set
E,(0) :=min {||Vu|® :u € H' (Q"\ ([-3,0] x 0)) ,u = b, on 9"} .
In this setting (see the discussion for (2.65)-(2.66)), the total energy at time ¢ > 0 for the crack
[—3,0] x {0} is
t*E,(0) + o
and the function
€[-2,3)—~ Ey(0c) eR

is C2. The sets A%, A~, AT, defined at the beginning of the section, now take the form

A ={(t,0) € [0,T] x [~2,3] : —t*E/(0) =1}

Ay ={(t,0) €[0,T] x [-2,3] : —t*E](0) < 1}

Af ={(t,0) €[0,T] x [-2,3] : =t*E}(0) > 1} .

In [82] the result on the concavity of E, is achieved by showing the following three facts:
(i) limsup, o+ E,(2) is finite;

(i) liminf, o+ E;(—2) = oo;

(iii) limsup, o+ £ (—2) is finite.
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Consequently, along a suitable sequence n, — 07, it is
By (=2) + E,, (=2)4 > Ey, (2),

proving that E,, is necessarily concave in some subinterval of [—2,2].

FiGURE 4. The domain Q7.

Let us call Ey(o) the elastic energy related to the case where Q = B_,, the crack set
is [-3,0] x {0} for ¢ € (—3,—1] and the boundary loading is sin(6/2), 6 being the angular
coordinate between the x-axis and the center (—2,0) of B_5. In [82], using firstly Irwin’s
formula (1.20) relating the energy release rate and the stress intensity factor, and then an
integral characterization for the last, it is showed that for o € [-5/2, —3/2] we have

limsup £} (0) = Egy(0). (2.67)
n—0t
In order to make clear that [—3,—2] x {0} is the initial crack, below we write so = —2. Con-

sidering (i),(ii) and (2.67), take 79 > 0 such that for any 0 < 1 < no (belonging to a proper
subsequence)

Ey(s0) + (Eg(s0) = 1)(2 = s0) > Ey(2) (2.68)

1
|E) (s0) — Ej(s0)| < 3 (2.69)
By (2.69) and continuity of E; and Eg, for any 7 there exists s, > so such that

|E)(0) — Eg(o)] < (2.70)

N | =

for o € [so, sp]-
As proved in [81], Ep is convex in an interval [sg,s1] C [so, L]. Without loss of generality,
we can assume s, < s;. From (2.70) and convexity of Ey, we deduce

1 1
Ey(0) > Ey0) - 5 = Ejlso) — 5

for o € [sg, sy], so that Lagrange Theorem implies

(o) = Eyfon) = Ey(©)o — s0) = (Ej(sn) ~ 5 ) (0 = o),
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E" () E"(0)

E"(-2)

E"(2) E"(2)

() (8)

FI1GURE 5. Plot of two different cases of the function £, discussed in the ex-
ample: in the figure (A), E, is convex in a neighbouhood of —2, while in (B) it
is concave. In principle, we do not know which is the situation, nevertheless for
7 small enough the request (2.68) is satisfied. The dotted line corresponds to
the slope E{(—2) — %, while the dashed one is the tangent to F, at —2, whose

slope is larger than Ej(—2) — 3, according to (2.69).

where the last inequality is due to the fact that £ € [sg,0]. Considering (2.68) too, we obtain
1 1
(o) + (5 - Eulon) ) 0 2By0) + (5~ Eo(sn)) o
1
SEy(2)+ (L Eyso) (2 s0) + (5 = Egfon)) 0

1 1
=E,(2) + (2 - E(I)(SO)) 2+ 5(2 — 50)-
Defined ty > 0 by

1 1
273 Eqg(s0),
the above inequality becomes
2 1 2
By(0) + o > Ep(2) + = + = (2 — 50) = Ey(2) + — + 2 (2.71)
2 272 2
for o € [so, s,]. The map
o 2
is continuous in a neighbourhood of {tp} x [sg, L), thus by (2.71) we obtain
o 2
EU(J) + th > EU(Z) + th

for every t € [t,,to] and o € [sq, s, for some ¢, < to.

Let sg : [0,T] — [s0,3] be the globally stable quasi-static evolution. Since at each instant
it has to satisfy the global minimality condition

t*E,(sg(t)) +sg(t) < t*Ey(0) + 0

for every o > supg<; -, sc(t'), the discussion above shows that sg(t) > s, for ¢ € [t,, T].
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Consider now 7 < g such that
1
E;](SO) > E(/)(SO) — 1
By choice of 7y, what we achieved above still holds true, in particular the result about the
globally stable quasi-static evolution sg. By continuity of E;I, there exists so < 5, < s, for

which

1
Ej(0) > Ej(so) ~ 3
for o € [sg,5,]. Then, when o belongs to this interval and ¢ € (0, to], it is
1 1 1
/ / -
—Ey(0) < 5 0(s0) = % = e

In the formalism previously introduced, it is

[O,to] X [So7 577] C A;
Denoted by sy the vanishing viscosity evolution, the analysis at the beginning of the section
(Proposition 2.7.1) implies that sy (t) = so for ¢ € [0, to].

Summarizing, we have shown the existence of a domain Q7 and a boundary loading
for which the globally stable quasi-static evolution performs a jump in the crack length strictly
before the vanishing viscosity evolution. Indeed, given the initial crack, [—3,—2] x {0} C Q7,
there exist s, € (—2,L), and 0 < t, <ty < T such that

e the globally stable quasi-static evolution sg belongs to [-2,s,] for t € [0,t,) and
jumps over s, at t,, i.e. sg(t) € [=2,s,] for t € [0,t,) and sq(t) > s, for t € [t,, L]
e any vanishing viscosity evolution sy is constant on [0, ], with sy () = —2.

Hence the results in this chapter are a contribution in the search for models of growth of

fractures in elastic bodies based on local minimization criteria, as discussed in Section 1.4.






CHAPTER 3

A variational model for the quasi-static growth
of fractional dimensional brittle fractures

The goal of this chapter is to prove the existence of variational evolutions of fractures with
fractional Hausdorff dimension, in the framework of two-dimensional brittle elasticity. The idea
is to model the growth of fractures in brittle materials that contain extremely fragile parts, which
allow the crack to develop along highly irregular paths.

The interest for this study lies mainly in two reasons. From the point of view of the ma-
thematical setting, the irregularity of cracks of fractional Hausdorff dimension suggests that the
approach to fracture mechanics by means of the theory of SBV functions is not omnicompre-
hensive. Indeed, if the displacements belong to suitable spaces of SBV -type and the fractures
are related to the jump sets of the displacements (see, e.g., [47, 34, 36]), then the cracks are
1-rectifiable, hence they cannot be too irregular. From the point of view of the modeling as-
sumptions, we aim at widening the range of validity of Griffith energetic theory. Indeed, so far
the fracture energy of a crack K has been taken of the form

/ k(@) dH (), (3.1)
K

with the material toughness x bounded both from above and from below:

0<pB1 <k(z) <P <+00. (3.2)
The idea is to violate the lower bound in (3.2).
In this chapter we assume the cracks K to be subsets of a priori given curves Kq,..., Ky,

with Hausdorff dimension
dim';.[(lci) =d; > 1,
and, for a set K C K1 U...U K, we consider a fracture dissipation energy of the form
LK) =H"(KNK) + ... +H™M(KNKy).

By a time-discretization approach we prove (Theorem 3.2.3) the existence of a variational evo-
lution in the spirit of Francfort & Marigo. Then, by means of I'-convergence, in Section 3.5 we
show, in case of a single curve K, how the crack energy £ can be seen as limit of energies of the
form (3.1) when the lower bound in (3.2) is violated.

The results in this chapter are strictly related to the model studied in [38]. They have been
obtained in collaboration with Rodica Toader, and are contained in [78].
3.1. Admissible cracks and displacements

In this section we introduce the class of admissible fractional dimensional cracks and the
precise functional setting for the displacements.

Let © be a bounded connected open subset of R? with Lipschitz boundary; it represents the
reference configuration of a brittle elastic body in the antiplane shear case. We fix a relatively



62 Quasi-static growth of fractional dimensional brittle fractures

open (nonempty) subset dpQ of 92, on which we will impose a Dirichlet boundary condition.
We set OnvQ = 90\ OpS; on it a homogeneous Neumann boundary condition will be assumed
(in a weak sense).

3.1.1. Admissible cracks. We consider as admissible cracks compact subsets of curves of
non-integer Hausdorff dimension having an a priori bounded number of connected components.

The curves we have in mind are of the following type: given d € (1,2), let ~ : [0,1] — R?
be a continuous curve such that for some constants ¢, L > 0 it holds

1
“la— b/ < 3(a) = 7(0)]| < cla— /¢ (3.3)
and

He(v(a,b) = L(b —a) (3-4)

forany 0 <a<b<1.

If K :=~([0,1]), then 0 < H4(K) < +o0.

As an explicit example of a set K of the above form, in Section 3.7 we construct a natural
parametrization for the von Koch curve, for which d =log4/log3.

Remark 3.1.1. By (3.3), the function v : [0,1] — K is invertible with continuous inverse.
Hence, if K is a compact connected subset of I there exist a,b € [0,1] such that K = ~([a,b]).

We fix a finite number of sets &y ,... ,/Cj; contained in € with the property that, for each
m € {1,..., M}, there exists d,, € [1, 2] such that K,, is parametrized by a continuous function
Ym : [0,1] = Ky, satisfying (3.3) with d = d,,, and some positive constants ¢;,, L,,, and

H (v ([a,b])) = Lyy(b—a)  Va,be[0,1], a <b. (3.5)
Moreover we assume that
dimy (Ko, N Ky) < min{dimy (Kpn, ) , dimy (Kony ) } Ymy # mg. (3.6)

The class C, of admissible cracks is

M
Cp = {K C U K : K nonempty compact set with at most p connected components}.
m=1

Note that each connected component of an admissible crack K may contain “pieces" of different
Hausdorff dimension.

On this class we will consider the convergence with respect to the Hausdorff distance, recalled
in Subsection 1.7.1.

We define the set function

LK) :=H"(KNK) + ...+ HM(KNKa), (3.7)

that will correspond to the fracture dissipation energy. Notice that, by (3.6),

Hm (K O K,y = Hm <K U /cn)
n#m

for any subset K and m=1,..., M.
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3.1.2. Admissible displacements. In the antiplane shear case the body undergoes a
deformation of the form

(,2) € XX R (2,2 + u(z))
so that we are led to consider only the out-of-plane component of the displacement, the scalar
function v : Q — R. In this situation, if on dp§2 we impose a bounded displacement g € H*(2)N
L>(Q), by a truncation argument we may deduce that the minimizers of the elastic energy
W(u, K) = ok |Vu|?dz belong to the Sobolev space H'(Q\ K). However, in our setting the

cracks K € C, are so irregular that, even if they do not disconnect the domain, the H' regularity
of the boundary datum is not necessarily inherited by the admissible displacements. Therefore
we will consider g € H'(2) (not necessarily bounded) and we will use for the displacements the
Deny-Lions space introduced in [40], defined, for any open set A C R?, by

LY2(A) :={ue L} (A): Vue L*(4A;R?)}.

loc

The main properties of the space L1'?(A) are recalled in Subsection 1.7.2.
See Subsection 1.7.2 also for the notion of capacity and the notation g.e., abbreviation of
quasi everywhere.

3.2. Irreversible quasi-static evolution

For every compact set K € C, and every g € H'(Q) we consider the minimum elastic energy
of the unfractured part of the body, given by

E(g,K):= min Vo|?dz, 3.8
@ 1)= im0 (39)
where

V(g,K):={ve L»(Q\K):v=g qe. ondpf}. (3.9

According to Griffith’s theory, the dissipation energy is proportional to the “length” of the crack,
i.e. to the number of broken atomic bonds; in our setting it is given by the functional £ defined
n (3.7). Consequently, the total energy of the system is

E(g, K) = E(g, K) + L(K). (3.10)
Remark 3.2.1. The minimum problem (3.8) admits a solution u € V(g, K). Indeed, by stan-

dard arguments on the minimization of quadratic forms it is easy to see that u is a solution of
(3.8) if and only if it solves the problem

Au=0 inQ\K

u=g on JdpQ (3.11)
9u =0 on KUINQ.

Due to the irregularity of K it is clear that the Neumann boundary condition cannot be satisfied
in the classical sense. By a solution of (3.11) we mean a function v which satisfies the following
conditions:

(3.12)
(Vu,Vz) =0 Vze L'?(Q\K), 2=0 q.e.on dpQ.

The existence of a solution is assured by the Lax-Milgram lemma. We underline that uniqueness
is guaranteed only in the connected components of 2\ K whose boundary intersects dp€; in the
connected components for which this is not the case, the solution can be any arbitrary constant,
therefore uniqueness is lost. However, Vu is always unique.

{ uwe LY?(Q\K), u=g qe. ondp,
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Moreover, the map g ~— Vu is linear from H'(Q) into L?(Q\ K;R?) and satisfies the
estimate
/ |Vu|2dx§/ |Vg|*dx .
O\K Q

Given a time-dependent boundary displacement ¢ — ¢(t), we consider quasi-static evolutions
of global minimizers, similar to those introduced in Definition 1.4.1, for which an irreversibility
condition and an energy balance condition hold.

Definition 3.2.2. Given 7 > 0 and g € AC([0,T]; H'(Q)), we say that a map K : [0,7] — C,
is an irreversible quasi-static evolution on [0, T] with imposed boundary condition ¢ if it satisfies
the following conditions:
(I) irreversibility: K(s) C K(¢t) for 0 <s<t<T,
(GS) global stability: for every t € [0,T]

E(g(t), K(t)) < E(g(t), K)

for every K € C,, K D K(t),
(EB) energy balance: for every s, ¢t with 0 <s<t<T

E(9(t), K (1) = Elo(s), K(5)) + 2 [ (Vu(r), Vi(r)) dr
where wu(7) is a solution of the minimum problem (3.8) which defines E(g(7), K(7)).

This derivative-free form of the problem is an energetic formulation in the sense of Mielke
[66], in which the irreversibility condition can be enclosed in the description of the process by
means of the so-called dissipation distance (see Subsection 1.4.1).

We now state the main result of the paper.

Theorem 3.2.3. Let T > 0 and g € AC([0,T); H'(2)). Let p > 1 and Ko € C,. Then there
exists an irreversible quasi-static evolution K: [0,T] — C, such that Ky C K(0) and

£(9(0), K(0)) < £(9(0), K) (3.13)
for every K € C, with K 2 Ky.

3.3. Properties of sets in C, and lower semicontinuity of £

In this section we prove some geometrical, topological and metric properties for the class Cp,
the lower semicontinuity of the functional £, and an approximation result for sets in C, that will
play an important role in the proof of the global minimality conditions (GS) in Definition 3.2.2
and of (3.13). We begin by showing the (sequential) compactness of the class C,,.

Proposition 3.3.1. If (K,,) is a sequence in Cp,, then there exists a subsequence which converges
to a set K € Cp, in the Hausdorff distance.

ProOF. By Blaschke Selection Theorem 1.7.1, there exists a subsequence (not relabelled)
converging to a nonempty compact set K. As all K, are contained in the union 3 U... UK,
also the limit K is. A simple contradiction argument is enough to prove that the number of
connected components of K is at most p. (I

We now establish some results on the lower semicontinuity of the Hausdorff measures #¢
(and of the functional £) with respect to the Hausdorff convergence in C,,.
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Proposition 3.3.2. Let (K,) be a sequence of closed connected nonempty subsets of K1 con-
verging to K in the Hausdorff metric. Then for every open set U C Q it holds

HU(KNU) < lim +mfydl (K,NU). (3.14)

PRrROOF. The set K1 NU is made of at most countable many connected components I@i, of
the form

K= n(I)
with I C [0,1] an interval, and I'N 17 = @ for i # j.

Let K,, = v1([an,bn]) and K = v1([a,b]). Then K, NK" = ~1([an, b, N I?) and K NK' =
v1([a,b] N I*). By the Hausdorff convergence and (3.3) (with d = d;) we have a,, — a and
b, — b.

For every ¢ € N, by (3.5) it holds

HU(KNK) = lim H®(K,NK).
n—-+oo
Therefore for every N € N we have

N N N
HUYE N JK) =D HYKENK) = lim H" (K, NK?")

n—-+oo
=1 =1 =1

N
_ : d1 ]
= lim H" (K, 0 UK

7

=1
<liminf H™ (K, N ).

n—-+oo

As N — oo, we obtain (3.14). O

Proposition 3.3.3. Let (K,) be a sequence in C; converging to K in the Hausdorff metric.
Then

L(K) < liminf L(K,,).

n—-+oo
PROOF. For simplicity, we consider the case M = 2. We have to prove that
HU(K N Ky) +HE(K N Ky) < lim inf (HY (K, N Kq) +H2 (K, N K)) .

If either K,, C Ky for all n large enough, or K,, C K5, the result follows by Proposition 3.3.2
with U = Q.
Assume now that K, \ K1 # @ # K, \ Ko for all n large. We first prove that

HO K\ KCy) < liminf H (K, \ Ky). (3.15)
For every ¢ > 0, consider the open set
U. = {z e R?: dist(x,K2) < €} .
Let V be an open set with V CC R?\ U., and define § := dist(V,0U.). We claim that the

number of connected components C of K, \ U. that intersect V is uniformly bounded with
respect to n. Indeed, if C' N AU, # @, then by (3.3) and the fact that C C Ky it is

%5‘11 <H®(O) < L.
1

Hence the number of these connected components is at most c;/6%. If C N OU. = @, then
C C K1\ Ky and it is a connected component of K,,, so that actually C = K, .
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Let F! ..., FN» be the connected components of K, \ U. which intersect V. Up to subse-
quences, we can assume that N, = N < 1+ ¢;/6% for every n and F! — F? in the Hausdorff
metric, for 4 =1,..., N. Notice that

KNnvcFlu...urV,

Indeed, if x € K NV there exists x,, € K, converging to x. For n large enough, x, € V', so
that x,, € Fi» for some i € {1,..., N}. Therefore, there exists i such that i, =i for infinitely
many 7, hence x € F?.

By the fact that F! and F* verify the hypotheses of Proposition 3.3.2, and for any fixed n
the curves F! are pairwise disjoint, we have

N N
HU(KNV) Z HU(FY) <Y liminf HE(FY)

n—-+oo
=1

<hmlnf7-[d1(F1 L UEN) <liminf HY (K, \ Us)

n—-+oo n—-+oo

<liminf H" (K, \ K2).

n—-+oo

As V /7 R%*\ Kq, we obtain (3.15).
Of course, in an analogous way we can prove that

HE(K\ Ky) < hmlnf’Hdz(K \ K1).

n—-+o0o

Being H% (K1 N Ky) = 0 for j = 1,2 by (3.6), we can conclude that

HU(K N K) +HE(K N Ky) =HD(K N\ Ky) +HE(K\ Ky)
<lim 1nf’;'-[d1 (Kn \ K2) + hm mf HE (K, \ K)

n—>oo

<liminf (’H,dl( n\ K2) + Hd2 (K, \/Cl))

n—-+4oo

=liminf (K (K, N K1) + H® (K, N K2))

n—-+oo

The general case can be proved similarly. O

Corollary 3.3.4. Let (K,,) be a sequence in C, that converges in the Hausdorff metric to a set
K, and let U C Q be an open set. Then

L(K NU) < liminf £(K,, NU). (3.16)

n—-+4+oo

ProOF. For simplicity we consider the case when M = 2 and the sets K, are connected.
We have to show that for every open set U C €2 it holds

HU(KN K NU)+H2 (KN KN U) < liminf(HM (KN KN U)+HE(K,N Kon U)). (3.17)

n—-+oo

Consider V1 and V3 open sets, such that V3 CC Vo CC U. Arguing as in the proof of Proposi-
tion 3.3.3, the number of connected components F!, ..., FNn of K, NV, which intersect V; is
uniformly bounded. As before, we can assume that N, = N and

KnVicF'u...uFN |
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where F? is the limit of F! in the Hausdorff metric as n — +oo, for i = 1,..., N. Observe
that the sequences (F!) satisfy the hypotheses of Proposition 3.3.3. Then we have

N
HU (K 0Ky NVA) +HE (KN NV <Y HB(FY 0 Ky + H®2(F' 0 Ky)
=1
N .
< liminf (K" (FL N K1) +HE2(FL N Ky))

2 n—-+oo
i=1

< lim inf (Hdl ( L]j Fin lcl) + M ( ij Fin ICQ))
=1 =1

n——+oo

<liminf (K" (K, N K1 NU) + H® (K, N K2NU)) .

n—-4oo

As Vi /U, we obtain (3.17). O

Corollary 3.3.5. Let (K,,) be a sequence in C, converging to K in the Hausdorff metric. Let
(H,) be a sequence of compact sets converging to H in the Hausdor(f metric. Then

LUK\ H) < liminf £(K, \ Ha)

PROOF. For every € >0, let U. :={z € R? : dist(x, H) < e}. Since, for n large, H,, C Uk,
it is K, \U. C K,, \ H,. By Corollary 3.3.4 with U =R?\ U, we have

(KN T.) < liminf £(K, \ T2) < liminf £(K, \ Hy).
The thesis follows letting ¢ — 0. (]

We need to establish a connection between some topological and measure properties of
elements in C,, which will be useful in the proof of Theorem 3.4.1 on the continuity of minimizers
of (3.8) as K variesin C,.

Lemma 3.3.6. Let K € C; with L(K)=0. Then K = {xz}.

PRrooF. For simplicity, assume M =2. If K C K1 or K C Ky the conclusion follows from
Remark 3.1.1 and (3.5).
Assume now that

K\Ki #0# K\ K (3.18)
and let
U. .= {x € R? : dist(z,Ks) < £} .

Notice that there exists € > 0 such that K \ Uz # @. Indeed, otherwise K C (.., U = K
which contradicts K\ Ko # @. As KN Ky # O we have also K NUzjp # @. Since K is
connected we deduce that there exists a connected subset C' of K which intersects both 90Uz
and OUz/, (otherwise K would have at least two connected components). Then C' C K; and
diam C' > /2. By (3.5) we have H%(C) > 0, in contradiction with £(K) = 0. This shows
that (3.18) cannot happen, therefore either K \ K1 = @ or K \ K2 = @, which is the situation
considered at the beginning of the proof. O

Lemma 3.3.7. For every | > 0 there exists a constant C; > 0 such that, if K € C; with
diam K > [, then L(K) > C;.
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PRrROOF. By contradiction, assume that there exists [ > 0 such that, for every n € N, there
exists K, € C;, with diam K, > 1 and L(K,) < 1/n.

Up to subsequences, by Proposition 3.3.1 we can assume that (K,,) converges to aset K € C;
in the Hausdorff metric. By the lower semicontinuity of £ (Proposition 3.3.3), we have

L(K) < léglggﬁ([(n) =0.

Then Lemma 3.3.6 implies that K is a singleton: K = {z}.
On the other hand, since diam K,, > [ there exists x,,y, € K, with

|zn, — yn| > 1. (3.19)

By Hausdorff convergence it is x,,y, — z, which is clearly a contradiction to (3.19). O

In [73, §2.2] the following definition is given.

Definition 3.3.8. A closed set A C R? is locally connected if for every € > 0 there exists § > 0
such that, for any two points z,y € A with |z — y| < § we can find a continuum (i.e. compact
connected set) B with z,y € BC A, diam B < e.

Lemma 3.3.9. If K € C, then K is locally connected.

Proor. We follow the proof of [25, Lemma 1]. It is enough to prove the result for a single
connected component of K, since we can choose ¢ in Definition 3.3.8 smaller than the distance
between two connected components. Assume by contradiction that K is not locally connected;
hence there exists ¢ > 0 such that for every n € N there exist =, ,y, € K with |z, — y,| < %
with the property that any continuum B C K connecting x, to y, must have diam B > €.
Note that such an ¢ is necessarily less than diam K . Up to subsequences, we may assume that
lim, z, =lim,y, =2€ K, z, € Kp,, and y, € K,,,,. Then z € IC,;,, NI, .

For n large enough x,,y, € B(z, §). Let X,, be the connected component of K N B(z, 5)
that contains z,, and }7" the one containing y,,. Then )N(n ﬂffn = () (otherwise )N(n Uf’n would
be a continuum connecting x,, and y, of diameter less than ¢), therefore either z ¢ )N(n or
z ¢ ffn. Assume z ¢ )?n for infinitely many indices n. As K is connected and diam K > ¢,
X, NOB(z, $) # @. Since x,, — z, for n large enough X, NB(z 7) # @. Thus diam X, > /4
and by Lemma 3.3.7, we have E()Z'n) > C. > 0 for every n. Since, except for a finite number,

the sets X, are pairwise disjoint, we deduce that £(K) = +oo, which is impossible since
KedC,. O

The following approximation results for sets in C, are in the spirit of [38, Lemmas 3.5-3.8].
In case their proof is only slightly different, we remark the differences and refer to [38] for the
core of it.

Lemma 3.3.10. Let p,q > 1. Let (H,) be a sequence in C, converging to H in the Hausdorff
metric, and let K € C4 be such that H C K. Then there exists a sequence (K,) in Cq such
that it converges to K in the Hausdorff metric, H, C K,, and L(K, \ H,) = L(K \ H).

Its proof is a direct consequence of Lemma 3.3.14 below, for which we need some prelimi-
naries.

Lemma 3.3.11. Let (H,) be a sequence in C, converging to H in the Hausdorff metric, with
H € Cy. Then there exist a sequence (Hy) in Ci such that H, C H,,, H, — H in the Hausdor{f
metric and L(H, \ H,) — 0.
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ProoFr. Without loss of generality, we may assume that all the sets H,, have exactly ¢ <p
connected components H!, ... HY with H: converging to H' in the Hausdorff metric, for i =
1,...,q, with H* € Cy; of course, H=H'U...UH®.

Being H connected, there exists a ﬁmte set of indices (0;)1<i<; such that {01, c o =
{1,...,q} and Hoi Hoi+ # O for every i =1,...,l — 1. Fixed a point x € Hoi ﬁH"Hl for
every i =1,...,1 — 1, consider z!, € HJ" and ! € H”“r1 with 2%, y¢ — ' as n — +o00.

Fix ¢ € {1,...,[}. For every m=1,..., M, let

In:={neN: 2l € ,}.
For m with I, infinite, it is 2° € K,,. For such indices m and for every n € I,, consider
the arc X! C K,, connecting x!, and x'. Then, by (3.4) and (3.3), we have that H%(X?) <
Cm|zt, — 2t|%™  with ¢, independent of i and n. Hence H%(X!) — 0 as n — +o0.
Similarly, defined J,,, for the points v’ , we choose the sets Y,!. Finally we set

-1 -1
H,=H,u|Jx.ulJv,.
i=1 =1

By Lemma 3.3.7 we obtain that X! and Y,’ converge to {z'} in the Hausdorff metric, so that
H, — H; in addition E(H \ H,) — 0. Finally, being

H,=HZ'UX'UY})UH?U...UH UXST oy YU HS,

the sets ﬁn are connected and contained in v Km, ie ﬁn €. O

m=1,...,

Lemma 3.3.12. If C is a connected subset of K1 U...UKys, then L(C) = L(C).

Proor. For simplicity, we assume M = 2. If C C Ky, then by Remark 3.1.1 C = v, (I),
where I C [0,1] is an interval of the form (a,b), [a,b), (a,b] or [a,b]. By (3.4), the thesis
follows. The case C' C Ko is analogous.

For every ¢ > 0 let U, := {z € Q: dist(z,K3) < €}. Arguing as in the proof of Proposi-
tion 3.3.3, the number of connected components F of C'\ Ky such that FNKy # @ # F\ U, is
finite, say N.. Note that C'\ U. C UNE F;. In addition, by construction F; C Ky, F;NF; =0
for i # j, and H4 (F;) = HN () by the previous part. Then we have

HU(C\U,) < th( Z%dl ) < HE(C\Ks).
i=1
As £ — 0, we obtain H% (C\ K2) < H¥(C \ K2); hence the equality holds.
Similarly, we have H% (C'\K;) < H9(C\K;). Recalling the definition (3.7) of £, and (3.6),
the thesis follows. O

Lemma 3.3.13. Let K € C; and H C K be a compact set with p > 2 connected components
H*' ... HP. Then there exists a family of indices (c;)o<;j<i, with {oo,...,001} = {1,...,p},
and a family (T';)o<j<i of connected components of K \ H, such that T'; connects Hi-* with
H for 1 <j<I.

Proor. It is enough to argue as in [38, Lemma73.7], noticing that: by Lemma 3.3.9 the set
K is locally connected; by Lemma 3.3.12 it is £(C},) = £L(C},), where C,, are defined in the
cited result. (]

Lemma 3.3.14. Let (H,) be a sequence in C, converging to H in the Hausdorff metric, and
let K € Cy be such that H C K. Then there exists a sequence (K,) in C; such that (K,)
converges to K in the Hausdorff metric, H, C K,, and L(K, \ H,) — L(K \ H).
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Proor. Following the strategy of [38, Lemma 3.8], apply Lemma 3.3.13, Lemma 3.3.11,
Lemma 3.3.12 and Corollary 3.3.5 instead of Lemma 3.7, Lemma 3.6, Proposition 2.5 and Corol-
lary 3.4 in [38], respectively. In the construction of the sets corresponding to X7, Y,/ and Z?
in [38], it is enough to argue as in Lemma 3.3.11. O

3.4. Proof of the main result

In this section we prove the existence of a quasi-static evolution for cracks in C,, satisfying
the global minimality condition and the energy balance (Theorem 3.2.3), by the usual time
discretization procedure described in Section 1.6. We follow the steps of [38].

We shall need the following result on the convergence of the minimum points of prob-
lems (3.8) corresponding to converging sequences in C,. The statement is completely analogous
to that of Theorem 1.7.6, but we cannot directly apply the cited result since it is valid in case
of sets of Hausdorff dimension 1; however, considering the properties of C, proved in Section
3.3, the proof follows the same steps as for Theorem 1.7.6 (or [38, Theorem 5.1]), as explained
below.

Theorem 3.4.1. Let (K,,) be a sequence in C, converging to K in the Hausdorff distance, and
let (gn) be a sequence in H(Q) which converges to g strongly in H'(Q). Let u, be a solution
of the minimum problem

E(gn, Kn) — min / |VU|2 dx7
vGV(ngn) Q\Kn

and let u be a solution of the minimmum problem (3.8)

E(g,K)= min / |Vo|? dx,
vEV(9,K) Jo\k

where V(gn, K,) and V(g, K) are defined by (3.9). Then Vu, — Vu strongly in L?(Q;R?).

PROOF. The proof can be done in the same manner as for [38, Theorem 5.1], as long as
we check that the key facts therein are satisfied. The first one lies in the application of [38,
Theorem 4.3], for which the set K needs to be locally connected; in our case this is assured by
Lemma 3.3.9.

The second important step is the following: given any = € €, an open rectangle V con-
taining x and an open set U CC V, we need to bound uniformly the number of connected
components of V N K,, which meet U. We can argue in the following way. Let [ = dist(U, V)
and let C be a connected component of VNK,, which meets U. If CNOV # @, then diam C > [
and by Lemma 3.3.7 there exists a constant C; such that £(C) > C;. Being L(K,) < A, the
number of those connected components is smaller than A\/C;. It C NIV = @, then C is a
connected component of K, , and there are at most p of them.

Having established these two key issues, the proof carries on as in the cited result, based on
the construction of a harmonic conjugate for u. (]

Given 7 > 0, we denote by N, the largest integer such that 7N, < T'; for 0 < i < N, let
tT := 41 and g7 := g(t]). The sets K] are defined inductively as a solution to the following
minimization problem

m}én{g(gLK):KeCp, KDK] .}, (3.20)
where we set K7, := Kj.

Lemma 3.4.2. There exists a solution of the minimum problem (3.20).
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PROOF. Assume by induction that K7 ; € C,. Consider a minimizing sequence (K,,) of
problem (3.20). By Proposition 3.3.1, we may assume that (up to a subsequence) (K,,) converges
in the Hausdorff distance to some compact set K € C, which contains K ;. For every n let
u, be a solution of the minimum problem (3.8) which defines E(g7, K,,).

By Theorem 3.4.1 the sequence (Vu,) converges strongly in L?(Q;R?) to Vu, where u is
a solution of the minimum problem (3.8) which defines E(g7, K). As by Corollary 3.3.4

L(K) <liminf L(K,),

we conclude that £(¢7, K) < liminf, (g7, K,). Since (K,) is a minimizing sequence, this
proves that K is a solution of the minimum problem (3.20). O

We define now the piecewise constant functions g¢,, K, and u, on [0,T] by setting g.(t) :=
gf = g(t]), K-(t) := K], and u(t) := u] for t7 <t < t7,,, where u] is a solution of the

minimum problem (3.8) which defines E(g], K7).

7

Lemma 3.4.3. There exists a positive function p(T), converging to zero as T — 0, such that
;
Va2 + £067) < Va7 |2+ £67) +2 [ (Vur(e), Vo) de +plr) (320

t7
for 0 <i<j<N,.

PROOF. Let us fix an integer r with ¢ <r < j. From the absolute continuity of g we have

tZ«Fl .
P =:J/ oty dt.
t

where the integral is a Bochner integral for functions with values in H'(Q). This implies that
T T bra1 .
v.g'r+1 - v.gr = / VQ(t) dtv (322)
t

where the integral is a Bochner integral for functions with values in L?(Q;R?).
Asul + g7 —gr € LY*(Q\KT) and u] + g7, — g7 = 97,1 q.e. on OpQ\ K, we have

(9741, KT) < |IVuy + Vgl — Vgll|* + L(KT) . (3.23)
By the minimality of «],, and by (3.20) it is
||Vu:+1|\2 + L(K 1) = E(g741, Kiy) < E(9744, KT (3.24)

From (3.22), (3.23), and (3.24) we obtain
IVuia? + LOKT ) < VUl + Vi = Vorl® + LK)

" (YT, V(t)) dt + (/

r+1
24

(Vur (1), Vo () dt + () /

24

9 t:+1 . 2
< Vur|P + L) + 2 [ 1V4(0)] di)

tr

T

r41 ty.

r

+1
sHWmF+MKD+2/ IV4(e)) dt

28
where

try1
o(7) ;== max / IVg@t)||dt — 0

0<r<N- +7
T

by the absolute continuity of the integral. Iterating this inequality for ¢« < r < j we get (3.21)
. T .
with p(7) :=o(7) [, [Vg(t)| dt. O
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Lemma 3.4.4. There exists a constant A, depending only on g and Kq, such that

M
IVul | <X and Y HO(KTNKy) < A (3.25)

m=1

for every T > 0 and for every 0 <i < N,.

PROOF. As g7 is admissible for the problem (3.8) which defines E(g7, K7), by the mini-
mality of u] we have |[Vul|| < [|[Vg]|l, hence ||Vu.(t)|| < ||[Vg-(t)| for every ¢t € [0,T]. As
t — g(t) is absolutely continuous with values in H'(Q) the function ¢ — ||Vg(t)| is integrable
on [0,7] and there exists a constant C' > 0 such that ||Vg(t)|| < C for every ¢ € [0,T]. This
implies the first bound in (3.25).

The latter inequality follows now from Lemma 3.4.3 and from the inequality |[Vug|?* +

L(KF) < |[Vg(0)||? + L(K(0)), which is an obvious consequence of (3.20) for i = 0. O

At this point we have all the elements to obtain a continuous-time evolution as limit of
discrete-time ones when the time step 7 vanishes.

By a generalization of Helly’s Theorem (see, e.g., [38]), there exists a subsequence of K,
not relabelled, and an increasing function K :[0,7] — C, such that

K, (t) = K(t)

in the Hausdorff metric for every ¢ € [0, 77.

In the rest of this section, when we write 7 — 0, we always refer to the sequence given above
by Helly’s Theorem.

For every t € [0,7] let u(t) be a solution of the minimum problem (3.8) which defines
E(g(t), K(t)). Then

E(g(t), K(t)) = [Vu®)|* + LIK (1))
Lemma 3.4.5. For every t € [0,T] we have Vu,(t) — Vu(t) strongly in L*(Q;R?).

PROOF. As u,(t) is a solution of the minimum problem (3.8) which defines E(g,(t), K- (¢)),
and g, (t) — g(t) strongly in H'(f2), the conclusion follows from Theorem 3.4.1. O

Lemma 3.4.6. For every t € [0,T] we have
E(g(t),K(t) <&(gt),K) VKeC,, KDK(t). (3.26)

Moreover
E(g(0),K(0)) <&(9(0),K) VKeC(C,, KDKy. (3.27)

PrOOF. Fix t € [0,T]. By construction, K (¢) is the limit of the sequence (K (t)) in the
Hausdorff metric as 7 vanishes. Fix K € C, with K D K(t). Applying Lemma 3.3.10 we find
a sequence (K;) in C, with K, D K, (t), such that K; — K in the Hausdorff metric and
LKA\K(t) = LIK\K(t)).

Consider the minimizers v, and v of the elastic energies corresponding to E(g-(t), K;) and
E(g(t), K), respectively. By Theorem 3.4.1 we have that Vv, — Vv strongly in L?(£;R?). By
the choice of K. (t) as minimizers of (3.20), it is E(g-(¢), K, (t)) < E(g-(¢), K;), which implies
[Vu, )| < ||Vo||?+ L(K,\K,(t)). By Lemma 3.4.5 and the properties of the sequence (K,),
we obtain ||Vu(t)||? < ||[Vv||? + L(K\K(t)). To get (3.26) it is now enough to add L(K(t)) to
both sides of the last inequality.

The proof for (3.27) is similar, exploiting the minimality of K;(0) in (3.20) with respect to
all sets K € C, containing Ky, and applying Corollary 3.3.5 for the functional L. O
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The previous lemma proves the global minimality conditions (GS) in Definition 3.2.2 and
also (3.13).

Finally, after a technical result, we will deal with the energy balance (EB), the only missing
property in Theorem 3.2.3.

Lemma 3.4.7. For every K € C, the function £(-,K) : H'(Q) — R is of class C*, and for
every g,h € HY(Q) it is
94 (g, K)[h] = 2(Vu(g, K), Vh) (3.28)

where u(g, K) is the solution to the minimum problem (3.8).

PRrROOF. Being K fixed, for simplicity of notation we write ug := u(g, K). By linearity, for
every n € R it is ug4pn = ug +nuy a.e. in Q. Then
E(g+nh, K) = £(9, K) = | Vugiyn|? — [ Vug |
=2 (Vug, Vun) + 17| Vun* = 20 (Vug, Vh) + 17| Vun|?,
where the last equality is obtained by (3.12) with 2z = uj, — h, since up, —h € L12(Q\ K) and

up, —h =0 q.e. on Ipf. Dividing by n # 0 and letting 7 vanish, we get (3.28). Finally, the
C! -regularity is consequence of the continuity of the map g — Vu(g, K) (see Theorem 3.4.1). [

Lemma 3.4.8. For every s,t with 0 <s<t<T

E(g(t), K(t)) = E(g(s), K(s)) + 2/ (Vu(r), Vg(r)) dr. (3.29)

PRrOOF. The strategy is to show that the map t — E(g(t), K(t)) is absolutely continuous
on [0,T], with pointwise derivative 2(Vu(t),Vg(t)) for a.e. ¢t € [0,T].
Let us fix s,t with 0 < s<t<T,and 7> 0. Applying Lemma 3.4.3 we obtain

tr

IVur (I + LUK (0)\K-(5)) < [[Vur(s)]|* + 2/ (Vur(r), Vg(r)) dr+ p(7), (3.30)

St

with p(7) converging to zero as 7 — 0, where s,, t, are the discrete times such that s, < s <
Sr+ 7, tr <t <t,+7. For every r € [0,T] we have, by Lemma 3.4.5, that Vu.(r) = Vu(r)
strongly in L?(;R?) as 7 — 0, and, by Lemma 3.4.4, that |Vu,(r)|| < X\. Moreover, by
Corollary 3.3.5 we get

LIKW\K () < liminf L0, (0\K,(s)).
so that, passing to the limit in (3.30) as 7 — 0, we obtain
E(g(t), K(t)) < E(g(s), K(s)) + 2/ (Vu(r), Vg(r)) dr. (3.31)

To prove the opposite inequality note that, by the global stability (GS) of Definition 3.2.2
we have £(g(s), K(s)) < E(g(s), K(t)), and by Lemma 3.4.7

E(g(t), K(t)) — E(g(s), K(1)) = 2/ (Vu(r, 1), Vg(r)) dr,

where u(r,t) is a solution of the minimum problem (3.8) which defines E(g(r), K(t)). Therefore

E(g(t), K(t)) — E(g(s), K(s)) = 2/ (Vu(r,t), Vg(r)) dr. (3.32)
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Since for s < r <t the uniform bounds ||Vu(r)|| < [|[Vg(r)|| < C and ||Vu(r,t)|| < |[Vg(r)|| < C
hold, from (3.31) and (3.32) we obtain

|E(g(t), K (1)) — £(g(s), K ()| < 20/ IVg(r)| dr,

which proves the absolute continuity of the map t — £(g(t), K(t)).
Observe that by Theorem 3.4.1 Vu(r,t) — Vu(t) strongly in L?({;R?) as r — t. Dividing
now both (3.31) and (3.32) by ¢ — s and letting s — t—, we get

i £ K (1) = E(g(s), K ()

s—t— t—s

= 2(Vu(t), V(1))
for a.e. ¢t € [0,T], and thus the proof is concluded. O

3.5. Fractional dimensional crack evolution as limit of one-dimensional ones

In this section we show that the energy functional considered in the previous sections arises
as a natural extension of the Griffith’s setting; indeed, it can be obtained as I'-limit of energies
involving small toughness coefficients and the !-measure restricted to polygonal approxima-
tions of the curves with fractional Hausdorff dimension. We illustrate this idea in the case of a
single curve K.

Let K be a curve of the form IC = ~([0, 1]) with ~ satisfying (3.3) and (3.4), and d € (1,2).
For n € N we construct a sequence of polygonal approximations K™ in the following way: define
Yn :[0,1] — R? as

Yn(s) :=(i/n) + (ns — i) (v((i + 1) /n) —(i/n))
for i/n <s<(i+1)/nand i=0,...,n—1, and set K" :=~,([0,1]). By (3.3), it is

K" = K (3.33)

in the Hausdorff metric, as n — +o0.
We define the “toughness coefficients”

Hi = L
" only((i + 1) /n) —(i/n)|’

for i =0,...,n—1, where L =H%(K), and set x,(z) = x’, if x € v,([i/n, (i +1)/n)). Finally,
we introduce the set-function

Ln(K) = /chn fon () dH (2) .

Lemma 3.5.1. Let (K,,) be a sequence of compact connected sets such that K,, C K™ for every
n. Assume that (K,) converges to K in the Hausdorff metric. Then K is a compact connected
set, contained in K, and

L. (K,) = HYK).

PROOF. The set K is compact, connected and contained in I by the properties of the
Hausdorff convergence (and (3.33)). For every n, it is K,, = v, ([an, bs]) for some a,,b, € [0,1],
and K = v([a,b]) for a,b € [0,1]. It is not difficult to verify that a, — a and b, — b. Set
in,Jn € {0,...,1/n} such that i,/n < a, < (i, +1)/n and j,/n < b, < (jn +1)/n, we have

Ln(Kyn) = L(jn — (in +1)) + ’{f{L Y((in +1)/n) — 'Y(QH)’ + ”# v (bn) — ’Y(]n/n)| )

which converges to L(b—a) as n — +oo. Being H4(K) = L(b— a) by (3.4), the lemma is
proved. O
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On the other hand, given a compact connected set K C K, there exists a sequence K, of
compact connected sets such that K, C K", K, — K in the Hausdorff distance and

L. (K,) = HYK). (3.34)
Indeed, being K = ~([a, b]), it is enough to take
K, =v([a,b]) . (3.35)

Then Lemma 3.5.1 provides (3.34).
Remark 3.5.2. The length of the approximating polygonals K, in the previous lemma tends
to infinity:
Jn
HU(Kn) > Y [y(h/n) = A((h+1)/n)]

h=i,+1

]’Vl
L
>c! Z (1/n)M? = cflmnlfl/d +o(1) = +o0.
h=i,+1
Conversely, the toughness coefficients x,, vanish, so that the lower bound in (3.2) (or (7) in the
Introduction) is violated: indeed
L

en—(-1/d)
W (Gt DJm) =G = -0

sup KJiL = sup
i i
as n — 400, being d > 1.
We consider the functionals

/ |Vaul? de + HYK) if K c K,g € H'(Q) and u € V(g, K)
F(U’agvK) : Q\K

+00 otherwise

and

/ |Vul> de + L,(K) if K C K", g€ HY(Q) and u € V(g, K)
Fn(uagvK): Q\K

400 otherwise,

where V(g, K) is defined in (3.9) for K C K and similarly when K C K™. The two functionals
are related in the following way.

Theorem 3.5.3. Let (K,,) be a sequence of compact sets with at most p connected components
and K, C K™, and assume it converges to K in the Hausdorff metric. Let (g,) be a sequence
converging to g in H*(Q). Then F,(-,gn, K,) T'-converges to F(-,g,K) with respect to the
weak convergence in L? of the gradients.

The proof of the above theorem will be a consequence of the result below, proved in [33,
Theorem 6.3], and that we rewrite for the ease of the reader. Similar results, concerning Dirichlet
and Neumann boundary data, were proved, e.g., in [80] and [20, 19, 25], respectively.

Theorem 3.5.4. Let (g,) be a sequence in H'(Q) converging to g in H*(Q), and let (K,)
be a sequence of compact subsets of Q converging to K in the Hausdorff metric. Assume that
|K,| converges to |K| and that K,, have a uniformly bounded number of connected components.
Then the space

H, = {Vulo, : u€ L"(Q\K,), u=g, on 9pQ}
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converges to
H:= {Vu lowg @ u€ LY?(Q\K), u=g on (‘3DQ}
in the sense of Mosco [68], i.e. the following two conditions hold:

(My) for every u € LY2(Q\ K) with u= g on OpQ) there exists a sequence u, € L**(Q\
K,) with u = g, on OpQ), such that Vu, lo\k, converges strongly to Vulo\x in
L*(%R?);

(Mz) if (hn) is a sequence of indices that tends to +oo, and (u,) is a sequence such that
u, € LY2(Q\ Kp,,) with u, = gn, on 9pQ for every n and Vu, lg\k, —converges
weakly in L*(Q;R?) to 1, then there exists a function u € LY2(Q\ K) with u =g on
Op§Y and ¢ = Vulg\k .

Proor orF THEOREM 3.5.3. Let us observe immediately that the hypotheses on the K,
and K in Theorem 3.5.4 are satisfied: indeed the K, have at most p connected components
and, since £, (K,) < oo and H(K) < oo, it is |K,| = |K| = 0. Below we apply Theorem 3.5.4
with H, = {Vu: v €V(gn, K,)} and H={Vu: ueV(g9,K)}.

' — liminf inequality. Let v € V(g,K) and let (u,) be a sequence such that Vu,—Vu
weakly in L?(Q; R?). We may assume that

for some C' > 0 for every n (otherwise the I' — liminf inequality is trivially satisfied); hence
Up € V(gn, K,,) for every n. By Lemma 3.5.1 it is

HUK) = Jim L (K).

Since

/ |Vu|? dz < liminf |Vu,|? d,
O\K n=+o Jo\K,,

we get
< limi .
F(u,g,K) < gglilan(un,ngn)
I' — limsup inequality. Consider a function u € V(g, K) and the sequence u, € V(g,, K,)
provided by (M;) in Theorem 3.5.4. Then Vu,, converges to Vu strongly in L?(Q;R?) and

F(u,g,K) :/ \Vu|? dz + HY(K)

O\K
= lim |V, |? doe + L,(K,) = lim  Fy(un, gn, Kn) - O
n—-+oo Q\Kn n—-+oo

At this point we want to prove that the evolutions described in Theorem 3.2.3 are indeed
limits of irreversible quasi-static crack evolutions t — (u, (t), K, (t)) (of global minimizers) whose

crack set K, (t) is 1-dimensional and contained in K™, with fracture dissipation energy given
by
Ln(Kn(t) = / fon () dH () .
Ko (t)
In analogy to Sections 3.1 and 3.2, we define the set
C, = {K C K™ : K nonempty compact set with at most p connected components}

and the energy functional

Enlg, K) = i Vul?dz 4+ L, (K).
(. K) uegl(lgI}K)/Q\Kl uf*ds + £,(K)
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The results in [38] (in particular [38, Theorem 7.1]) guarantee the existence of irreversible
quasi-static crack evolutions t — (uy(¢), K,,(t)) for the total energy &, ,with the constraint
K,(t) C K™, K,(t) having at most p connected components (with p prescribed a priori), and
satisfying conditions analogous to those in Theorem 3.2.3. More precisely, for every n, given
K% c K™ and g € AC([0,T]; H'(Q2)), there exists an evolution ¢ € [0,7] — K,(t) C K"
fulfilling the following conditions:

(I.) K5 CK,(r)CKy(t) for 0<7<t<T;
(GSn) &n(9(0),K,(0)) < En(9(0),K) VKeC), K2K,, andfor 0<t<T

Enlg(t), Kn(t) < &u(9(t),K) VK e€C, K2 Ku(t);
(EB,) forevery s,t with 0 <s<t<T

t
Eal(®) K1) = E0(a(5), Kn(s)) +2 [ (Tun(r), V7)) dr
where w,(t) is the unique solution of the minimum problem defining &, (g(t), K, (t)).

Theorem 3.5.5. For every n € N, let t — K,(t) be an irreversible quasi-static evolution
satisfying (1,) - (GS,,) - (EB,) and such that K,(t) C K™ for every t € [0,T]. Then there
exist a subsequence, not relabelled, and an evolution t — K (t), such that it satisfies the conditions
in Theorem 3.2.3 and K, (t) converges to K(t) in the Hausdorff metric for every t € [0,T].

ProOF. Monotonicity of the maps ¢ — K, (t) due to (I,,), and Helly’s Theorem [38, The-
orem 6.3], guarantee the existence of a subsequence (not relabelled) and of an increasing set-
function ¢ — K (t) such that, for every ¢ € [0,T], K,(t) converges to K(t) in the Hausdorff
metric. Since (K™) converges to K in the Hausdorff metric and K, (¢t) C K™, it is K(t) C K.
Moreover K (t) has at most p connected components, so that K(¢) € C, for every t. Hence
condition (I) in Theorem 3.2.3 is satisfied.

We have to check the global unilateral minimality conditions (3.13) and (GS) at any instant ¢.
Fix t € [0,7] and K € C, with K D K(¢t) for ¢t > 0, and with K D Ky if t =0.

We claim that there exists a sequence (K,) converging to K in the Hausdorff metric and
such that, for every n, K, has at most p connected components and K,(t) C K, C K™.

By the minimality of K, (t), corresponding to (GS,, ), we have

Enlg(t), Kn(t)) < Enlg(t), Kn),
where K, is the sequence provided by the claim above. By Theorem 3.5.3 and the proper-
ties of T'-convergence (the functionals F,(-,g(¢t), K,,) and F,(-, g(t), K, (t)) are asymptotically
sequentially coercive; see [31, Chapter 7]) we get the convergence of the minima:

Enlg(t), K,) = i Fo(u,g(t), K,) — E(g(t), K) = in  Fu,g(t), K
n(9(t), Ky) eyiin w(u, g(t), Kn) — E(g(t), K) erilin (u,g(t), K)

and, analogously,
En(g(t), Kn(t)) — E(g(t), K(1)) .- (3.37)
The three relations above prove conditions (GS) and (3.13).
The conservation of the energy (EB) follows by (EB,,) and (3.37).

Proof of the claim.
We now illustrate how to construct the sets K, ; the main issue is to fulfil the condition on
the maximum number of connected components. Let ¢ € [0,7] be fixed. Assume that

K(t) = v(lar, ba]) U ... Ur([ag; bg))
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for some ¢ < p, with b; < a;41 for i =1,...,¢ — 1. Without loss of generality, we can assume
that the sets K,(t) have r connected components for every n, more precisely they are of the
form

Kn(t) = yn([ay, b7]) U ... Un(las, b))
with b7 <aZ,, for j=1,...,r—1. ~
In general, r» > q. If r > ¢ we want to substitute the set K, (t) with a set K, (¢) having

exactly ¢ connected components, containing K, (¢) and still converging to K (¢) in the Hausdorff
metric. The construction can be done in the following way. We firstly observe that

'Vn([a?nvb?n} u...u [G’Zn»bzn]) - ’7([ai7 bl])

in the Hausdorff metric if and only if

a;i — a; by — b af —b, —0

forl=4,4+1,...,hy.
Let n > 0 be such that a;+1 —b; >3n forall i =1,...,¢—1. Set af :=af and B7" := b}
with the index j satisfying
b?<a2_77§a?+1a
and 8 = by. For i = 2,...,¢ — 1 we define the intervals [af, '] = [a},b}], where the
indices 7, h are such that

bi_1 <ai—n<ajy <by <b +n<ap.
Set
En(t) = ya(l0f, ) U ... Uy (lof 5))
By construction, K,(t) C f(n(t) C K™ and f(n(t) has ¢ connected components; by the previous

observation, K, (t) converges to K (t) in the Hausdorff metric.
Let K € C, with K D K(t). It is of the form

K =~([c1,d1]) U ... U~([cs, ds])

for some s < p. Notice that, by inclusion, every interval [a;,b;] is contained in an interval
[¢j,d;]. It is not difficult to verify that the set

Ky = n(ler,di]) U. .. Urn(fes, ds]) U K (t)

fulfils the requests of the claim: it has the same number of connected components as K (hence
less then p), contains K, (), is a subset of K™, and converges to K in the Hausdorff metric. O

The result above is consistent with the justification of the model, as discussed in the Intro-
duction, when the lower bound in (3.2) (or (7) in the Introduction) is violated (see Remark 3.5.2).
Indeed, where the material becomes more and more fragile the ! measure of the crack is no
longer appropriate for the dissipative term, and it is necessary to introduce fractional Hausdorff
measures in order to take into account the increased roughness of the fracture in the fragile area.

3.6. The linearized and nonlinear cases

The results of the previous sections, which for simplicity have been proved in the antiplane
linear setting, can be extended to more general frameworks, in particular to the vectorial 2-
dimensional setting, corresponding to the mode I and mode II fracture models, both in the
nonlinear and linearized case.
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3.6.1. Nonlinear elasticity. Our setting can be extended to the case of hyperelastic ma-
terials, under suitable assumptions on the nonlinear energy density that guarantee the existence
of global minimizers. We consider both the antiplane case and the plane case. We briefly discuss
the main steps.

The bulk energy for a deformation v of the unfractured part of the body Q\ K is given by
the functional

Wz, Vu(x)) dx,
Q\K
where W : Q x RV*2 & R is a given energy density, dependent on the material. Here N =1 in
the antiplane case, with v describing an out-of-plane vertical deformation; N = 2 if v describes
an in-plane deformation.
We assume W to satisfy the following properties:

e W is a Carathéodory function;
e for every x € Q the function & — W(x,¢) is C! and quasiconver, i.e. for every
¢ € RV*2 and for every ¢ € CH(;RY)

ﬁ/QW(:U,S-FVQS(y)) dy > W (&)

e for some constants ag,a; > 0 and a non-negative function b € L'(Q) it is

aolé]> < W(z,&) < arlé]* + b(z) (3.38)

for every x € Q and ¢ € RV*2,

Note that for N = 1 quasiconvexity and convexity coincide.
Similarly to (3.9), for every g € H'(Q;RY) and K € C, we define the set

Vn(g, K) := {w e L"?(Q\K;RY) :w =g q.e. on 9pQ}

and we consider the functional

W(z,Vv(zx))dr ifve Vy(g, K
Wig. K.v)i={ o OV Vo £

+00 otherwise.

Proposition 3.6.1. Let (g,) be a sequence converging to g in H'(;RYN). Let (K,) be a
sequence in C, converging to K in the Hausdorff metric. Let v, € V(gn,K,) be such that
(Vv,) converges to 1 weakly in L2(;RN*2). Then o = Vv for some v € V(g,K), and
W(g, K,v) < limJiran(gn, Ky, vp). (3.39)
n—-+oo
ProOF. The existence of v € V(g, K) with ) = Vv is consequence of Theorem 3.5.4 (when
N =2, hence v, (z) = (v.(x),v2(z)), it is enough to apply it to each component v}, v?2).
Consider a subsequence (v, ) of (v,) such that

lnlg_"l_{.lf W(gn, Kn,vn) = ml_lg_loc W(gn,., Kn,.s Vn,,)-
Consider a Lipschitz open set w CC (Q\ K) U dpQ with H!(0w N dpQ) > 0. By Hausdorff
convergence, K, Nw = @ for n sufficiently large. As w has a Lipschitz boundary, v, €
H'(w;RYN) for every n. By Rellich Theorem and the convergence in H'(;RY) of (g,) to g,
there exists a subsequence (not relabelled) of (v,,, ) that converges to v strongly in L?(w;RY).
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Therefore (v,, ) converges to v weakly in H'(w;RY) and we can apply the semicontinuity
result [1, Theorem II.4] to obtain

/ W(z, Vu(z)) de <liminf [ W(x, Vo, (z))dz

m——+oo w

< lim inf W(x, Vg, (z)) dx
m——+00 O\K

nm

= lim W(gn,,, Kn,,,n,,) = iminf W(g,, K, v),

m——+00 n—-+o0o

where the last inequality is due to the fact that W > 0 and w C Q\ K,
w A Q\ K we obtain

for m large. As

m

W(g, K,v) <liminf W(gp, Kn, vp) - O

n—-+oo
Corollary 3.6.2. For every g, K, the minimum problem
min  W(g, K,w 3.40
polin (9 ) (3.40)

has a solution.
The following result is the counterpart of Theorem 3.4.1 in the nonlinear setting.

Proposition 3.6.3. Let (K,) be a sequence in C, converging to K in the Hausdorff metric,
and let (g,) be a sequence converging to g in H*(;RYN). For every n let v, € Vn(gn, K,) be
a minimizer of W(gy, Ky, +), and assume that

sup W(gn, Kpn,vn) < +00. (3.41)

Then, up to subsequences, Vv, converges to Vv weakly in L*(Q;RN*2), with v € Vn(g, K)
which minimizes W(g, K, -).

PRrOOF. By (3.41) and (3.38), it results that sup,, ||[Vv,|| < +o0o. Hence, up to subsequences,
(Vu,,) converges to a function ¢ weakly in L2(€; RY*2). Theorem 3.5.4 guarantees the existence
of a function v € Vn(g, K) with Vo = (as before, when N = 2, i.e. v,(z) = (v}(z),v2(z)),
it is enough to apply it to each component v}, v2).

It remains to show that v minimizes W(g, K,-) in Vn(g, K). Let w € Vn(g, K); by (M7)
in Theorem 3.5.4, there exists a sequence (w,) with w, € Vn(gn, K,) and Vw, converging to
Vw strongly in L?(Q; RV*2). Up to subsequences, we can assume that Vw, (z) — Vw(z) for
a.e. x € (1, so that W(x, Vw,(x)) = W(z, Vw(x)) for a.e. z € Q; by the growth assumption
(3.38) and the Generalized Dominated Convergence Theorem, we obtain

/QW(ac,an(x)) dr — /QW(x?Vw(ac))dx.

Finally, by the lower semicontinuity result in Proposition 3.6.1 and by the minimality of the v,
it follows

W(g, K,v) < liglJiran(gn, K,,v,) < 1iglinf W(gn, Kn,w,) = W(g, K,w),

which proves that v is a minimizer of W(g, K, -) in Vn(g, K). O
For g € HY(Q;RY) and K € C, we define
Enilg, K) := inf  W(g,K,w)+ L(K).
g, K) = inf  WI(g, K,w)+ L(K)

At this point, considering Proposition 3.6.1, Proposition 3.6.3 and the lower semicontinuity of
the functional £ (see Corollary 3.3.4), in order to show the existence of a quasi-static crack
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evolution in the context of nonlinear elasticity it is sufficient to argue as for Theorem 3.2.3. In
other words, we can prove the following result:

Theorem 3.6.4. Let T > 0 and g € AC([0,T); H*(Q;RY)), with N = 1,2. Let p > 1 and
Ky € C,. Then there exists a function K: [0,T] — C, such that

(I.,) KoCK(s)CK(

t) for 0<s<t<T,
(GSy1) for every 0 <t <T

5nl(g(t)v K(t)) < gnl(g(t)7 K)

for all K € C, with K D K(t).
Moreover, £,(g9(0), K(0)) < &.(9(0),K) for all K € C, with K D Ky,
(EB,;) for every s, t with 0 <s<t<T

Entlg(t), K (1)) = Enilg(s), K(s)) + / (DeW (x, Vo(r)), Vi (7)) dr

where v(T) is a solution of the minimum problem (3.40) with g(7) and K(7).

3.6.2. Linearized elasticity. The extension of our model of crack growth to the linearized
case cannot be done in a straightforward way by means of Korn’s inequality: indeed, due to
the irregularity of the crack sets, it cannot be applied. Instead, the key role is played by the
approximation result proved by Chambolle [24, Theorem 1] (see also [18]), which can be used
similarly to Theorem 3.4.1 in the proof of existence of minimizers for the energy &y, introduced
below. Roughly speaking, [24, Theorem 1] states that if R?\ Q has a finite number of connected
components then H'(Q;R?) is dense in {u € L? (R?) :e(u) € L2(Q;R2%2)}. Here

loc sym

() = Vu+ (Vu)”
2
is the symmetrized gradient of w, and Rg;ﬂ% is the space of 2 x 2 symmetric matrices.

Let A be a positive definite quadratic form on the space of symmetric matrices, i.e., A : £ >
C|E? for every & € R2x%, where “” denotes the scalar product between matrices, and C > 0.
Combining together [38, Theorem 7.1], [24, Theorem 1| and Theorem 3.2.3, we can state that
Theorem 3.2.3 holds true for the energy

M
Esym (9, K):=  min Ae(v) : e(v) dx + Z HI (KN Ky, (3.42)

vEVsym (9,K) Jo\ K el

where

Veym (9, K) := {v € L7 (Q\ K;R?) 1 e(v) € L*(Q\ K;Ri;@) v=g qe. ondpQ}.
Indeed, the approximation theorem [24, Theorem 1], together with the metric and topological
properties shown in Section 3.3 and used to extend the results in [38], can be applied in order
to prove the lower semicontinuity of &y (-,+) with respect to the convergence of functions g,
to g in H'(Q2) and of sets K,, € C, to K in the Hausdorff metric, and to construct appropriate
recovery sequences in order to obtain (GS) and (3.13) in Theorem 3.2.3 with &y, instead of &,
and e(u),e(g) instead of Vu, Vg in the condition (EB).
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3.7. The von Koch curve

The von Koch curve, denoted in this subsection by K, represents a significative example for
the class of admissible fractal cracks considered in this paper. Therefore, let us describe now
the constructive iterative process that defines this self-similar fractal starting from the segment
[0,1] x {0} € R?, and provides a parametrization which satisfies (3.3) and (3.4).

With reference to Figure 1, for i = 1,...,4 let S; : R? = R? be the unique similitude that
maps the segment [0,1] x {0} C R? into the segment [} (with length 1/3) and has positive
determinant. It results (see for example [55]) that the von Koch curve is the unique compact
set I such that

4
K={]SiK).

We now construct iteratively a parametrization for the von Koch curve.
Let 7o : [0,1] — R? be such that ([0, s]) = [0, s] x {0}.
Let 71 : [0,1] — R? be a continuous parametrization of the set K; as in Figure 1, such that

71(0) = 0 € R? and H'(71([0, s])) = §s. It results that vy ([(i — 1)/4,i/4]) =1} for i=1,...,4.

<)

=

[T .

oo ——
=

FIGURE 1. The first and second iterations in the construction of the natural
parametrization v of the von Koch curve.

Tteratively construct the set Ko = Uicr 4 Si(lél) and its continuous parametrization s :
[0,1] — R2 such that 15(0) = 0 € R2, H!(y2([0, ) = (£)* s and ~o([(i — 1)/42,i/42]) = I} for
i=1,...,42.

It results that for any n € N it is

1 V3

[¥n — Ynt1llos = 3+l 9

and, as consequence, for any n,j € N we have

13v3
— gilloe € — 222,
Therefore the sequence 7, is a Cauchy sequence in (C([0,1];R?),|| - [l~), and there exists a
continuous function 7 : [0,1] — R? such that
Yo =Y (3.43)

uniformly on [0, 1].
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The sequence of compact sets K. converges in the Hausdorff metric to the von Koch curve
K. This fact, together with the uniform convergence (3.43), implies that ([0, 1]) = K.
It can be proved that X has Hausdorff dimension

log 4

~ log3

and 0 < HY(K) < +o0.
The map 7 we just obtained corresponds to the one that in [74] is called natural parametriza-
tion. The following result shows that ~ fulfils (3.3) and (3.4).

Proposition 3.7.1. There exists a constant ¢ > 0 such that for any a,b € [0,1] the natural
parametrization v satisfies

Ya =M < (@) = A(B)] < cla 51 (3.44)
and, for a <b,
HA(y(a,5)) = (b — a)HA(K).

ProoF. The first statement is proved in [74, Theorem 1].

Concerning the second fact, firstly note that, by construction, the von Koch curve I and
the parametrization v have the following self-similarity property: for every n € N and j =
1,...,4™ — 1 there exists an affine isometry ®J, : R? — R? such that

w (s 2E) (o)

For any s,h € [0,1] let i5,i" € {1,...,4"} be such that

P

i iS4+ 1 il ih 41
ESS< qn and 47§h< an

For n sufficiently large (so that i > 2) it is
(5,8 +h) = (s, (i, +1)/4") U [(i5, +1)/4", (85, + i) /4" U ((i5, + i) /4", s + 1)«

Then, being the ®J, Lipschitz continuous maps with Lipschitz constant equal to 1, we have

i il — .
Wi+ 1) A5 (s B} 4SS (5 (2 51
j=ig+1

()

() S w4 4)
U

(oo B)) S o)) e ()
(o ) o (o 0.3)) e ()
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Since v is (1/d)-Holder continuous by (3.44), it holds that

. i+ 1 i+l 1
H (fy(s - )>§C(d)< - s)ﬁC’(d)MHO

and
d iS4 il is + Nh 1
< _ T _
H ( (2 s—i—h)) C(d)<s+h 20(d) 35 =0
as n — +oo, with C(d) independent of ¢ and h. Hence we obtain
d o b
Hi(r(svs-+ 1) = Tim (0% — 2)H ( )

= lim (15 - ) #? (7(0,1)) = WA (KC),

n——+o0o

where, in the second equality, we used the self—similiarity property of K, that is, K = ~([0,1])
contains exactly 4™ distinct copies of v([0,1/4™]).

Consider now 0 < a <b<1. Set s =a and h = b — a in the above argument, the thesis
follows. O



CHAPTER 4

A model for crack growth with branching and kinking

In the mathematical description of fracture mechanics, at present the phenomena of branch-
ing and kinking of cracks are still tricky matters. In this chapter we propose an evolution model
where both phenomena are admitted, and the crack path is not assigned a priori. In order
to overcome some of the mathematical difficulties, we introduce some geometrical constraints
on the admissible cracks, so that accumulation of branching points and kinking points, and
micro-cracking around the tips are avoided.

We discuss the problem in the framework of linear elasticity in the two-dimensional antiplane
shear case. The results up to Subsection 4.4.1 can be treated in more general settings, like
linearized and nonlinear planar elasticity, appealing to the stability results in [24, 18] and [33]
instead of Theorem 1.7.6 on the convergence of minimizers of elliptic problems, similarly to what
we have done in Section 3.6. However, in Subsection 4.4.2 we will need an explicit formula for
the energy release rate: in the antiplane case it is proved in [62] (see Remark 1.5.1.(iii)), while
it is lacking in the other regimes for our geometric setting (see [57, 59] in case of polyconvex
elastic energy densities and a preassigned crack path, and [27] for the linearized case).

As a standard procedure, we first consider a discrete-time approximation ¢+ (I'-(t), u-(t))
driven by a boundary datum w;(t), where 7 is the incremental step, while I';(¢) and u,(t) are
the crack and the displacement, respectively. At each incremental step, the minimum problem
that selects the proper approximation takes into account terms related to the discrete velocity
of the front (see (4.32)).

As 7 — 0, we recover a continuous-time rate-dependent evolution (I'(¢), u(t)) with boundary
datum w(t) (where w,(t) — w(t)) as limit of the sequence (I';(t),u,(t)), such that

e the crack growth is irreversible, i.e. I'(t') C I'(¢) for any ¢ < ¢;
e it satisfies an energy inequality containing the term

/b Z v(p, t)* dt.

@ peF(t)

It represents the energy dissipated at the crack front F'(¢) of the crack I'(¢) due to the speed
v(p,t) of crack growth at the tip p € F(t);

e a Griffith’s principle holds, as long as the front advances: if at an instant ¢y the velocity
v(p(to),to) of a point p(tp) of the front F(tg) is strictly positive, then for a.e. ¢ < tg and
close to ty the following conditions are satisfied

v(t,p(t)) =0
G(w(t), I'(t),p(t)) < 1+ v(t,p(t)) (4.1)
[=G(w(t), I'(t),p(t)) + 1+ v(t, p(t))] v(t, p(t)) = 0,

where p(t) belongs to the front F(t) of I'(t) and p(t) — p(to) as t S to. In (4.1), the

function G(w, I', p) is the energy release rate relative to a time-dependent loading w, a crack
I' and a tip p of I'.
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The notion of velocity of the crack front is described with two different approaches, one
of which, obtained by means of a distributional argument, reminds that by Larsen, Ortiz &
Richardson in [61].

Unfortunately if a branch of the crack does not grow, we cannot prove a stability condition
like (4.1). The main difficulty dwells on the approximation procedure by the discrete-time evo-
lutions. Indeed, the stationarity of a branch of the continuous-time evolution does not garantee
a similar behaviour of the approximating discrete-time sequence, which could present several
different growth conditions, as explained at the end of the chapter.

To our knowledge, this is a first attempt to describe a model with branching and kinking of
fractures without assuming the crack path to be assigned a priori; furthermore, also the rate of
growth of the cracks at many tips is taken into account. Nevertheless, since the description of
the process is not complete, the investigation needs to go on.

The results of this chapter will appear in [76].

4.1. Geometrical setting and admissible cracks

In this section we introduce the geometrical setting of the model. We describe the class of
admissible cracks and prove its compactness with respect to the Hausdorff convergence of sets.
Throughout the section, we comment on the meaning of some mathematical and geometrical
constraints necessary to obtain this result.

Let ©Q be a bounded connected open subset of R?, with Lipschitz boundary 9. Let
Op§) C 09 be relatively open, with H'(0pQ) > 0; we refer to dpQ as the Dirichlet part of the
boundary.

We consider a slight modification of the family of curves R, introduced in [62, 63] and
reported in Definition 1.5.3; we replace Condition 1.5.3.(i) by Condition 4.1.1.(i) below.

Definition 4.1.1. For any > 0, R, denotes the set of compact curves I' of class C*! in Q
such that
(i) HY(I) >0 and I' CC Q;
(ii) for every point x € I' there exist two open balls By, By of radius 7, such that (B U
B2) ﬂ(FU(?Q) = @ and B1 ﬂBQ = {I’}
Proposition 4.1.2. The following facts hold:
(i) every curve I' € R, is simple.
(ii) Fiz I'y € Ry. Then the set
(FreR,: IhcTI}
is compact with respect to the Hausdorff convergence.
(iii) Consider I' € R, and its arc-length parametrization . Then, set Lp = H'(I'), it is
v € W2°((0,Lr); R?). Furthermore there exists a constant C > 0 such that
[7llwz<(0,r)m2) < C
forany I' € R,;.
(iv) Let (I'y)r C Ry be such that I, I Then HY(I}) — HYT).

(v) Let (I)x C R, be such that I}, 2 T', with L = HY(I') > 0. Let L, = H'(I}), and
Vk,7y be the arc-length parametrizations of I'y and I', respectively. Define i (s) :=
Y (5es). Then 5, € W>((0, L); R?) and

e =
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weakly in W2°°((0, L); R?). In particular, by the fundamental theorem of calculus, it
holds that

Y =7y pointwise (4.2)
A — 4 pointwise. (4.3)

Proor. Properties 4.1.2.(i), 4.1.2.(ii), 4.1.2.(iii) and 4.1.2.(v) are already proved in [62].

Concerning Property 4.1.2.(iv), if H(I') > 0, then the conclusion follows by applying
Property 4.1.2.(iii) and (4.3) in the formula for the length of a C! curve.

If HY(I') = 0, then I' = {z} since it is connected and nonempty. For any r > 0, it is
I'y C B, (z) for k sufficiently large. Then the bound on the curvature for I'y, € R, (assured by
the W2>-bound in 4.1.2.(iii)) implies that H!(I;) < Cr for a constant C independent of 7,
so that H1(Ix) — 0 as k — +o0. O

In the following, we call endpoints of I' € R, the points v(0) and (L), where v is the
arc-length parametrization of I' and L = H'(I).

The admissible crack sets will be finite unions of elements in R,,, satisfying some topological
restrictions in order to control the phenomena of branching and kinking. To define a proper class
of cracks, for any curve in R, we introduce two kinds of neighbourhoods, called 1-sided pencil-
like neighbourhood and 2-sided pencil-like neighbourhood, which depend on two parameters that
will not change along the paper:

g€ (0,n) and 6 € (0,7/2).

Fixed I' € R,, set L := H*(I') and let ~ : [0, L] — R? be the arc-length parametrization

of I'. Considered the rectangle
R=(0,L) x (=5,8)
and the extended one
Re = (07L+ﬂ) X (7ﬂvﬂ)a
we define the maps ® : R — R? and ®. : R. — R? as
B(s,2) :=(s) + 29(s)" if (s,2) €R
and
VL) + (s = L)Y(L) +24(L)*~ if (s,2) € [L, L+ B) x (=B, ).

By the regularity of v (see Proposition 4.1.2), the maps ® and ®. are homeomorphisms from

R into ®(R) and from R, into ®.(R.), respectively.
We consider the subset of R

Py :={(s,z) € R: 0<s<L,|z| <min{stan8, 5, (L — s)tand}}
and define the 2-sided pencil-like neighbourhood of I' (see Fig. 1) as
Pao(I') = ().

B, (s,7) = { Y(s) + 2(s)* if (s,2) € R

In coordinates, it is
Po(I) = {7(s) + 23(s)* : 0 < s < L,|z| < min{stan®, 3, (L — s)tan6}} .
We consider the subset of R,
P :={(s,2) € R: 0<s<L,|z]| <min{stan6, 8}}

U {(s,z) ER.: L<s<L+0,|z| <min{stanf, /8% — (s — L)2}}
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n Py
B s TTEEEEEEE=- s P
- 0 S~o
0 k=" "~
-8 D ;;L
-n

FI1GURE 1. The 2-sided pencil-like neighbourhood Py (I") for a curve I' € R,;.

and define the 1-sided pencil-like neighbourhood of I' (see Fig. 2) as
Pi(I,p) = @c(P)
with p = 7(0). In coordinates, it is
Pi(L,p) ={7(s) + 2z¥(s)" : 0 < s < L, |2| < min{stand, 3}}
U{y(L)+ (s — L)¥(L) + z%(L)" : L<s < L+p

and |z| < min{stan®,+/B% — (s — L)2}} .

p
n P
5 2 S
,—’\ [4 F\\ e
0 = L' ———
y e B2
-n

FIGURE 2. The 1-sided pencil-like neighbourhood P (I",p) for a curve I' € R,,.

Remark 4.1.3. With abuse of terminology, we use the name neighbourhood for the open sets
Py and P. They are not neighbourhoods of I', but only of I' \ {pg,p1} in case of Ps(I")
and of I' \ {po} in case of P1(I',py), where pg,p; are the endpoints of I'. In particular, the
following holds: if Po(I1) NIy =@ and It N Iy # @, then they intersect in (one of or both)
their endpoints. Similarly, if Py (I'1,po) N2 =@ and It N [s # @, then they intersect in py.

We consider finite unions of curves in R, satisfying the following properties:
K=|JK; (4.4)
j=1

such that
(i) K is connected;
(i) K; € R, for any j;
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(iii) if K N Kl # O for j # 1, then they intersect in (one of or both) their endpoints;

(iv) if K,UK; € R, , then there exists K, 1 #14,7, such that K; N K; N K, # O

(v) let po,p1 be the endpomts of K Assume that pg € K N Klo and p; € K N Kll for
some ly,l; # j. Then

Pa(K;)NEK =0

for every 1 # j;

(vi) let po,p1 be the endpoints of I~(j. Assume that pg € f(j N f(lo for some Iy # j and
p1 ¢ K; for any | # j. Then

Pl(Kj7p0) N I?l - @
for every I # j.
Each K7 is called a branch of K.

Definition 4.1.4. We divide the points of a set K as in (4.4) in three groups:
e the set Tk of crack tip points: © € K belongs to Tk if there exists » > 0 such that
K N B,(z) is an element of R, with endpoint z.
e The set Sk of singular points: x € K belongs to Sk if there exist two unit vectors vy, ve €
R? tangent to K at x such that vy - vg # 1.
e The set Ri of reqular points: x € K belongs to Ry if there exists r > 0 such that
K N B,(z) is an element of R, and z in the relative interior of K.

Remark 4.1.5. Conditions (4.4).(iii) and (4.4).(iv) represent a sort of “maximality” condition
of each branch in the class R, with respect to inclusion.

Conditions (4.4).(v) and (4.4).(vi) are mathematical restrictions, which will be necessary to
prove compactness of a suitable class of crack sets. We require that each branch is surrounded
by an off-limit zone for the other branches; it is represented by the pencil-like neighbourhoods.
Around one of (both) the tips, the 1-sided (2-sided) pencil-like neighbourhoods have the shape
of a curvilinear triangle with vertex at the tip and vertex angle of 2. The triangular shape
is necessary in order to permit the branching phenomenon at the tip; the condition on the
angle bounds the number of branches that can develop from each singular point, as proved in
Lemma 4.1.9 below.

For any K of this form we can define the sets I;(K) and I3(K) such that
K; e I,(K) if and only if K, satisfies the assumption in (4.4).(vi)
K; € I,(K) if and only if K satisfies the assumption in (4.4).(v).
It holds that:
e T is the set of endpoints p; of IN(J», for some j € I(K;);

o Sp is the set of endpoints pg,p1 of K, for some j € I(K));
e Rp istheset I'\ (TrUSr).

Definition 4.1.6. Let §, A be positive constants, with

(4.5)

2 B
> —_— >
5_5(tan9+1) and A tané’

We define the class S of admissible cracks as the set of curves I' of the form
N
r=|\JK; (4.7)
=1

such that N € N and



90 A model for crack growth with branching and kinking

(i) each K is of the form (4.4) and verifies Conditions (4.4).(i)-(4.4).(vi);
(ii) it is
Kjﬂpl(f:(l,po)z@ for every Ij{leh( m) and m # j
K;NPy(K;) =0 for every K; € Is(K,,) and m # j;

(ii)) H(K;) > A for every j;
(iv) defined Sp := U;\;l Sk, , for every @1,y € Sp with z1 # xo it is

|1 — 22| > 6. (4.8)

An example of an element I' € S is showed in Fig. 3.

FIGURE 3. A domain Q C R? with a crack I' € S. The unit vectors vy, vy € R?
are tangent to I' at a singular point; note that v; - vo # £1. The red triangles
give an idea of the meaning of the one- and two-sided pencil-like neighbourhoods.

Remark 4.1.7. We briefly comment the assumptions (4.6). Notice that, if K € Ry, v is its

arc-length parametrization and H!(K) > S(1+1/tan#), then for every s > B(1+1/tan#) it is

Bs(+(s)) € P1(K,~(0)).
If H1(K) > 6, then there exists z € dP5(K) with dist(z, K) = 8. Indeed, this is true for

= (s) + #(s):
with 8/tanf < s < §/tan + 3, for which z = £4.
The constraint (4.6) on A and Condition 4.1.6.(iii) assure that, if a connected component
K contains only one branch, i.e. K € R,, then at each tip of K the 1l-sided pencil-like
neighbourhood contains a half-ball of radius S.

The class S is endowed with the topology induced by the Hausdorff metric defined on sets
(see Subsection 1.7.1). The main result of the section is the following theorem, whose proof is
achieved after several lemmas which will clarify the geometric meaning of the parameters and of
the objects introduced for the definition of the class S.

Theorem 4.1.8. The class S is compact with respect to the Hausdorff convergence.

Lemma 4.1.9. There ezists a constant M € N such that every I' € S has at most M branches.
In addition, also the number of singular points and tip points is uniformly bounded.
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PROOF. By (4.8), in Q there can be at most

1
et

singular points, where /3 62/4 is the area of an equilateral triangle of side 6. By Condi-
tions (4.4).(v) and (4.4).(vi) on the 1-sided and 2-sided pencil-like neighbourhoods, from each

singular point at most 27 /6 branches can develop. Therefore, %”% || is the maximum number

of branches for an element I' € S.

The final statement is an easy consequence of the previous part: the number of singular
points and tip points is bounded by the number of equilateral triangles of side § and by the
number of branches, respectively. O

Lemma 4.1.10. There exists a positive constant C such that H'(I') < C for every I' € S.
PRrROOF. Apply Proposition 4.1.2.(iii) and Lemma 4.1.9. O

Lemma 4.1.11. There exists an increasing function p : (0,+00) — (0, 8] satisfying the following
property: if K € R, and vy is its arc-length parametrization, then

Bp(s)('}/(s)) - Pl (Kv’Y(O))v
for every s € (0, H*(K)].
PRrROOF. By elementary geometrical arguments, it is not difficult to observe that the bound
on the curvature in the class R, implies that
tan 6
pls) = —
satisfies the above property. O

S

Lemma 4.1.12. Let (I'x)r C R, be such that I T and HY(I) > 0. Then

OPo(I}) 25 OPy(I)  and  Pa(Iy) 25 Po(T).
If p{ — p°, then

OP (I, pY) 25 oPU(T,1°)  and Py (T, p0) 2 Pi(T, p).

Proor. By the compactness property for R,,, I' belongs to R, . We now adopt the notation
of Proposition 4.1.2.
We consider first the case of 0P,. In terms of the parametrization 7y, it is

Ly,

To obtain the claim, we verify the Kuratowski convergence, which in our setting is equivalent
to the Hausdorff convergence (see for example [8]).
e First we show that, given a sequence y; € 0P2(I%};) with y; — y as j — +oo, then y €
OP2(I"). By definition of Pa,

L . L L
Po(ly) = {@k(s) + —23k(s)F 1 0 < s < L, |2 < min {;stanaﬁ, Tk(L —3) tan@}} .

- L .
Y =i, (85) + Lfkaﬂkj (s5)-
Up to subsequences, s; — s € [0, L]. By the bound ||, [lw2((0,0);r2) < C, (4.2), and (4.3),
we have

iy (55) = y(s) and i, (s5) = (s). (4.9)
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In order to conclude, we should consider different scenarios:
B < min{stan, (L — s) tanf}
stanf < B < (L — s)tanf
(L—s)tanf < 8 < stanf.
We only discuss the first case, for the others it is enough to argue similarly. Since Ly, /L — 1 and
s; = s,itis B < min{%sj tan @, L%(L — sj)taHH} for j sufficiently large, so that z; = 8.
Then, by (4.9), we obtain that y = ~y(s) + 5 §(s), which belongs to 9P(I").

o Given y = v(s)+ z¥(s) € 0P2(I"), we have to construct a sequence y, € 0P2(I) converging
to y. Define

- L .
Uk =k (s) + szka(S> € 0Py (1)

where, for k large, we set
x if B < min{%stan@,%(L—s)tan@}, then z, = 3;
* if %stan@ <p< %(L—s)tan@, then 2 = min{,@,%stan@};
x if Lb(L — s)tan® < B < Lestan@, then 2z, = min {3, £t (L — s) tan6}.

Using the pointwise convergence of 4 and Y, it is easy to verify that yr — y.

For the case of 9Py, in terms of 7, with (0) = p?, the set Py (I, p?) is

L . L
Pl pr) = {:yk(s) + L—z:yk(s)l 0<s< Lz < min{;stanﬂ,ﬂ}}
k
U

{%(L) (s LAR(D) + (D) L <s <L+ f
k k

d i 2 stang,y /52 — Li(s - Ly
and |z| < min - stand, B fﬁ(sf ) .

The proof follows the steps of the previous one, with the following differences.
o Let y; € 8731(F,p2j) be such that y; — y. It is y; = W, (s;) + x; and, up to subsequences,
sj — s, where

x if 0 < s < L, then for j large

L

T; = L—zj';ykj (5;)*; (4.10)
k;
x if L <s <L+ f, then for j large
P L ~
wj = (85— L), (L) + 727k, (L) (4.11)

L.

J

x if s = L, then there exists a further subsequence such that either (4.10) or (4.11) hold
for every term of the subsequence.

e Given y € 9P, (I',p°), we write y = v(s) + x, with
= 2y(s)* if0<s<L
r=(s— L)Y(L) + z¥(L)* fL<s<L+p.

Then one defines yj, € 9Py (I, p}) by considering x(s), 4x(s) and arguing similarly as for P,
in order to choose z; appropriately.

Similar arguments hold for the closed sets Py (I;) and Py (I, pY). O
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Lemma 4.1.13. Let (I'})i, (I'?)r C R, be two sequences such that
rr At oand 252, (4.12)
and assume that H'(I'') > 0. The following properties hold:
e if for every k
Pul},pe) NI =0 (4.13)
pe = p  with pp€Try,

then p € Trr and P1(I'',p)NT?=0;
o if Po(IY)NTE=0 for every k, then Po(I'')NI?=0.

Proor. Being py € Try, it is pr = 7%(0) for the arc-length parametrization 7. Since
,(0) = v(0) by Proposition 4.1.2, it is p € Tp1 .

By contradiction, assume that there exists z € P1(I'',p') N I'?. Let r > 0 be such that
dist(z,0P1 (I, p')) = 4r. By (4.12), there exists a sequence z; € I'? converging to x; in
particular zp € B,(z) for k large. By Lemma 4.1.12, for k large enough we have B,.(z) C
Pi(I'E, pi), so that

xr € If N B,(z) C I NPT}, pp),

in contradiction to (4.13).
The second property can be proved in a similar manner. O

Lemma 4.1.14. Let I, € S be a sequence converging to I' in the Hausdorff metric. Then
HY () — HY).

PRroOF. Without loss of generality, we can assume that

N
ry=\J K (4.14)
i=1
with IN(,ZC branches of I, and
K K (4.15)

for some N < M (M given in Lemma 4.1.9). Indeed, if this is not the case, for every N < M
we consider the subsequence Iy of elements having N branches and, up to relabelling, we can
assume that (4.15) holds.

First notice that, having Iy a uniformly bounded number of connected components, by
Gotlab’s Theorem 1.7.2 we obtain immediately

HY(I) < liminf H (I}). (4.16)
k——+oo

If #'(K") =0, then K = {z'}. We argue as in the proof of 4.1.2.(iv) of Proposition 4.1.2:
the bound on the curvature for K! € R, and (4.15) imply that H'(K}) — 0.
If for i # 1 it is H'(K?), H'(K") > 0, then Lemma 4.1.13 and Remark 4.1.3 imply that

K'nK' C {p,pi}
with pj,pi endpoints of K. Hence H'(K'U K') = H'(K") + H'(K"'). Applying Proposi-
tion 4.1.2.(iv),
HY KD = lim H'(K}), (4.17)

k— oo
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for every i. Considering (4.16), we have

1 .. _ 1771\ 1
H (F)Slku_r)ligf?-l (I%) = h&ug Z HY(K]) = Z;’H (K% = HY(D).

Hl(KL) 0

Since (4.17) holds, in the above relation all liminf are actually limits, so that we obtain the
thesis. 0

ProoF orF THEOREM 4.1.8. Let (I;)r be a sequence in S.
We assume that for each k the set I is connected; the general case can be obtained with
similar arguments. Hence I has the form (4.4):

Nk .
Iy, = U K.
j=1

Being N, < M for every k (see Lemma 4.1.9), without loss of generality we can assume that

N, = N’ for all k. By Blaschke compactness Theorem 1.7.1, up to subsequences Iy T for
a compact connected set [I'. It remains to prove that I' € S.
Lemma 4.1.14 and Condition 4.1.6.(iii) for I}, imply that H!(I,) — H(I'); therefore
A< HYT) < +o0, i.e. Condition 4.1.6.(iii) for I.
Applying again Blaschke’s Theorem 1.7.1, up to relabelling the [N(,i, we can assume IN(i LN
Ki for some compact set K7, for j =1,...,N’; of course, I' = K'*U...U KN". By Proposi-
tion 4.1.2.(iv)
1(4d . 10754
K= 1 K
H(KT) = lim H(KG)
and we relabel the sets K7 so that H'(K7) > 0 for j = 1,...,N” for some N” < N’ and
HY(K7) =0 for j = N"+1,...,N’ (in this case K/ = {z,}). Proposition 4.1.2 implies also
that

K’ e R, (4.18)
for j=1,...,N”. Being I" and K7 connected,
N// ‘
r=|\JKs. (4.19)

Thanks to (4.18) and (4.19), I" can be described as a finite union of C*! curves in R,. We

write
N ~ .
r= U K'
=1

is such a way that Conditions (4.4).(i)-(4.4).(iv) in (4.4) are satisfied. We are left to check
Conditions (4.4).(v) and (4.4).(vi). Firstly we remark that, by Lemma 4.1.13 and Remark 4.1.3,
if K7 NK'+# @, then they intersect at most in their endpoints. Hence for every i = 1,..., N it

is
ko
JEL
for a set of indices I; C {1,...,N'}.
Assume that K' satisfies the assumptions in (4.4).(v). If K' = KJ for some j, then
Lemma 4.1.13 implies that Py(K') N K! = Py(K7) N K! = @ for every | # j. Therefore
Py(KY)NK" =@ for all h=2,... N, which is exactly condition (4.4).(v).
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Assume now that, up to relabel the K’j, it is
K'=K'U...UK'
with K7 N K7t! = {7} and that for the remaining K7 it is
N N
U & =JK"
j=l+1 i=2
Necessarily, for every k large enough the set IN(,i U... LJI?,ZC is connected and [N(i ﬁf(,jfl = {yi},
with
K},..., Kl € I(I}), (4.20)
and I5(I%) defined in (4.5). This claim is consequence of Lemma 4.1.11 and the fact that
HY(K]) > $H'(K7) > 0 for k large: by contradiction, if one of the Kj belongs to I(I%),
then Lemma 4.1.11 implies that a tip remains at a positive distance (independent of k) from all

the other branches, so that the same holds for its Hausdorff limit; as a consequence, K' cannot
belong to I2(I).

Call 4° the endpoint of K' not belonging to K2, and y' the endpoint of K not belonging
to K'='. We have H'(K7) > [y/~' — 47| > § for j =1,...,1, since y}, — ' and |y, —y}| >
for 0 <4 < h <. This remark on the lengths, the assumption (4.6) on § and the comments in
Remark 4.1.7 imply

Py(KY) = Pi(KYL %) U (K2)sU.. (K Ys UP (KLY, (4.21)

where (K7)3 = {z € Q: dist(z, K7) < 8}. In particular Po(K') D Py(K') U...UPy(KY).

To prove Condition (4.4).(v) we argue by contradiction. Assume that Py(K') N K' # 0
for some i € {2,...,N}; since by Lemma 4.1.13 and (4.20) it is Po(K") N K™ = @ for all
h=1,...1 and m # [, there exists

z e KinPy(KY)\ (Pg(f{l) U...U 732(1%1)).

More precisely,
z € (K7)p\ Pa(KY) (4.22)

for some j € {1...,l} and x € K™ for some m > [, with K™ having endpoints y™ !, y™. Let
77 be the arc-length parametrization of K7; then

x =~ (s) + 237 (s)* (4.23)
for some |z| < 8 and, because of (4.22),
cither s € [0,8/tanf) or se (H'(K’)— B/tand, H'(K7)]. (4.24)

Assume (4.24); and remember that ™' =~7(0) and y/ =~ (H'(17)). Then
min {|z —y™ 7|, Jo = y™ |} Zmin {|y" 7 =y Ty -y T 1y - 2
=min { [y — ¢ |y —
=1 (0) =77 (s) + 277 ()|

25— (el +5) 26— -
2 s B
Zﬂ(tan& 71) —8- tanf  tand’



96 A model for crack growth with branching and kinking

If (4.24)5 holds, then by substituting y/~! with %’ in the above chain of inequalities we get
B

tanf’

Hence 2 = ™ (s) with s € [3/tan 6, H'(I"™)— 3/ tan 0]; then, by choice of § (see Remark 4.1.7),

this condition implies that dist(:c,f{i) > [ for every i # m, in contradiction to (4.23), since

|| < B.
Condition (4.4).(v) is now proved.

min {|z —y™ 7!, |z —y™|} >

In order to check Condition (4.4).(vi) one argues similarly. Instead of (4.21), one has to
observe that B
Pi(KY %) =Pi(KL ) U(K?)sU...U (K.
This concludes the proof when the sets I are connected. ([l

In conclusion, we prove some further geometrical results which will be useful in the following
sections.

Lemma 4.1.15. Let Iy, I’ €S and I} oI Then for every p € Tr there exists a sequence
(pk)k, with py, € Tr, , such that pr — p.

PRrROOF. By contradiction, assume that there exist » > 0 and a subsequence of [, not
relabelled, such that
dist(p, Tr,) > r (4.25)
for every k. Without loss of generality, we can assume that r € (0,n) and r satisfies the
properties defining a crack tip (see Definition 4.1.4). Define K := I' N B,(p) € R, and notice
that K N 0B, (p) = {y}.
Two cases are possible: either
dist(p, Sr,,) > r (4.26)
for every k (possibly by replacing the previous r with a smaller one), or there exists a sequence
xy € Sp, such that
T — D (4.27)
If (4.26) holds, by Hausdorff convergence there exists z; — p with z € Iy \ (Sp, UTr,)-
Let Kj be the branch of I, containing x3; K € R,. Set IN(k := K N B-(p), then f(k S
R,. Fix € € (0,n7/2); by Hausdorff convergence, for k sufficiently large Ky = K N B.(p) C
(K)e := {z € Q:dist(z, K) < €}, hence Condition 4.1.1.(ii) in Definition 4.1.1 is not satisfied,
in contradiction to the fact that I~{k €ER,.
If (4.27) is the case, then there exist at least two branches K} and K7 of I'; containing zy,
and such that K} \ B,(p) # @ (because we are assuming (4.25)); let yi € K; NdB,(p). For k
sufficiently large we can assume that |z —p| < /2, so that

H' (K. NOB.(p)) > |ak — yp| > r/2.
By Lemma 4.1.11, it must be

|y — vkl = p(r/2). (4.28)
Taken ¢ < 1 min{p(r/2),7/2}, by Hausdorff convergence we have
K;NB,(p) C (K). and |y, —y|<e,
which imply that |yl — y7| < 2 < p(r/2), in contradiction to (4.28). O

Lemma 4.1.16. Let I', I}, € S and [} M. Assume that for a tip p € Tr there exist
pi,pi € Tr, , P} # pi, converging to p. Then there exists y, € Sr, converging to p.



4.2 The incremental problem 97

Proor. We argue by contradiction. Assume that
dist(p, Sp,) > r

for some r > 0. As in Lemma 4.1.15, without loss of generality, we can assume that r € (0,7)
and r satisfies the properties defining a crack tip. Define K := I'N B, (p) € R,,.
For k sufficiently large, |pi, —p| < r/2, so that the connected components K} containing

pi, for i = 1,2, satisfy the bound from below
HY(KD) > /2.

Then, by Lemma 4.1.11, it has to be |p} — p?| > p(r/2), in contradiction to the fact that pi
and p? converge both to p. O

4.2. The incremental problem

This section is devoted to the study of the discrete-time approximation of the continuous-
time evolution. At each incremental step, the fracture is permitted to grow simultaneously at
many tips and to develop new branches. In order to avoid non-physical interactions between
them, we need to perform a sort of localization argument to treat each tip separately. This is
obtained by keeping trace of the fracture increments at each step in the discrete-time approach.
At the end of the section, we establish some a priori estimates and properties of the discrete-time
evolutions.

We study the evolution problem in the fixed time interval [0,1]. On dpQ we prescribe a
time-dependent boundary displacement which, at each instant ¢ € [0,1], is given by the value
w(t) of (the trace of) a function

we HY(0,1; HY(Q))
at t.
The initial configuration is the couple (ug, I'y) where ug € H'(Q\ I) is solution to

AU(]:O IHQ\FO
QU —(  on [HUIN\ IpN (4.29)

on

up =w(0) on dpQ

and Iy belongs to the class S of admissible cracks. By solution to (4.29) we mean that

Vug-Vodr=0  forevery v € H'(Q\ Iy), v=0o0n dpQ.
O\

Given I'1,I5 € S with I} C I, let
C(Fl,FQ)

be the set of connected components of I's \ I'1. Notice that every element ¢ € C(I',13) is a
finite union of C1! curves. In particular, ¢ satisfies Conditions (4.4).(i)-(4.4).(vi) in (4.4) and

c=¢t\ . (4.30)
In addition, if ¢/ N¢” # @ for two distinct components ¢, ¢ € C(I', IL), then
?HWCSFZQFL (431)

We now construct the discrete-time evolution with incremental time step 7 > 0 and initial
datum (ug, Ip) satisfying (4.29). Define

o ud:=uy and I'?:= Iy;
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e recursively v’ and I'' as minimizers of

||Vu||2+H1(F)+% Y #H() (4.32)

cec(ri=t,r)

under the constraints I' € S, I''"' c I', u € HY(Q\ I') and u = w(iT) on Ipf.

ri~tcri

ez ec(ri=t, ri

FI1GURE 4. At each incremental step the fracture is permitted to grow simulta-
neously at many tips and to develop new branches.

Proposition 4.2.1. The minimum problem (4.32) has a solution.

For its proof we need the following lower semicontinuity result, together with Theorem 1.7.6
about the convergence of gradients of solutions to elliptic problems in varying domains.

Lemma 4.2.2. Consider I'\T' € S and a sequence (I';)y C S such that
I'cry forany k and r,%r. (4.33)
Then I' C I and

1 2 . 1 2
<l f .
> () <lminf >0 (#(0)
cec(f,I) ceC(F,Ty)
PROOF. The fact that I C I' is a direct consequence of (4.33).
We claim that for every ¢ € C(I", I") there exists a sequence ¢ € C(I", I';) such that c, e
By contradiction, assume that the claim does not hold for some ¢ € C(I",I"). By (4.33), there
exist ¢, ¢z € C(I', I';) such that
c ol & Hy 2
with H'(c') > 0, H'(c?) > 0, ¢! Uc® C ¢ and ¢' Uc? connected. The set t* N contains
finitely many points. Notice that, being ¢! U ¢? connected and (¢! Uc¢*) N 1" = @, there exists
z € (€8 Ne®)\ I'. In particular, by (4.30) it is = € ¢! N ¢2.
By Hausdorff convergence, there exist ;10,1f € c}“ xﬁ € cz with
Th,Th — . (4.34)

By assumption (4.8) for the singular points of sets in S, up to subsequences we can assume that
either

z € I \ Sry (4.35)
for every k and there exists C' > 0 such that
dist(z}, Sy, NTy) > C, (4.36)

or the analogous properties hold true for 2 and 2. Indeed,



4.2 The incremental problem 99

e if both x}, 27 € Sp,, then (4.8) is contradicted, because z} # 23 and |z} — z3| — 0.
e If both

dist(z}, Sy, Nty), dist(22, S, NT) — 0,

let y}. € Sp, Nty with |z} —yi| = dist(x}, Sp, NT}), and the same for y7. Notice that
yli’ ?Jz% - .
If yi = y? = yx, then yx € ¢ NT and, by (4.31) with I} = I itis y, € I
Hence z € ﬁ, in contradiction to the choice of x.
If y} # y?, then (4.8) is contradicted by the fact that |y} — yZ| — 0.
Assume (4.35) and (4.36). Let K, be the branch in I'; containing z} and 7y its arc-length
parametrization. Then z} = yx(sy) for some sj € (0, H'(K})); by (4.36), necessarily s, > C.
Hence Lemma 4.1.11 implies that

dist(x}, ;) > p(C)
for all branches K ;. different than K. In particular,
|2k — 23] = p(C)
for every k, in contradiction to (4.34).

To conclude, let C(I",I') = {c',...,c™} and consider ¢} € C(I', I},) such that LS
which exist for what we just proved. Then, by the fact that H!(¢") = H!(c?), H(c}) = H'(c})
and all components ¢, ¢}, satisfy Conditions (4.4).(i)-(4.4).(vi), we can apply Lemma 4.1.14 to
get H'(c}) — H'(c¢") for i =1,...,m. Finally

2 - i) 2 . - i 2
> () =3 () = tm > (H (k)
cec(i, ) i=1 i=1
. . 2
<mint 3 ()", -
ceC(I',Iy)

PrOOF OF PROPOSITION 4.2.1. Fix ¢ € {1,...,N;}. For any I' € S let ur be the mini-
mizer of

min {[|Vv|*: v € H'(Q\ I') with v = w(it) on IpQ} .

Consider a minimizing sequence [y € S for (4.32). By compactness of the class S, there exist a

subsequence, not relabelled, and an element I' € S such that I A T. Lemma 4.1.14 implies
that

HY (I — HN(T). (4.37)

Since =1 C I, for every k and Lemma 4.2.2 holds, it follows that I''~! C I and

Y H'() <lminf Y (HY(0)”. (4.38)

~ - k—+o00 —
ceC(ry™ I c€C(I7™ ", Iy)

Applying Theorem 1.7.6 we obtain that Vur, — Vuz strongly in L?(Q;R?).
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Collecting together (4.37), (4.38) and the last fact, we obtain
~ 1
IVuplP+ D)+~ 3 ()

cec(ri—t, f)

< Jim (IVur | +#' (1) + *hﬂ{g > ()
ceC(ri=",ry)

1

< 2 1 1 1

<inf § [[Vul* + #H'(D) + Z (H(e)) ¢,
cec(ri=t,r
i.e. the couple (ug, I') minimizes (4.32) (notice that, by definition of ug, it is uyp = w(it) on
OpQ). O
We introduce the following functions:
e the piecewise-constant interpolant for the displacement u. : [0,1] — L?(Q) as
ur(t) := ul

for it <t< (i+1)1,i=0,...,N, — 1, and u,(t) := ud" for TN, <t <1;
e the piecewise-constant interpolant for the crack set I'; : [0,1] = S as

I.(t):=1TI!
for it <t < (i+1)7,i=0,...,N,,and I'.(t) := 'N" for TN, <t < 1;

e the piecewise-constant and piecewise-affine interpolants of the fracture length 0,0,
[0,1] = R as

C(1) = AT and (1) o= MM + TR T
for it <t < (i+1)7,i=0,...,Ny, and £.(t) = {,(t) :== HY(I'N7) for TN, <t <1.
Notice that w,(t) solves the problem
Au,(t) =0 in Q\ I (t)
But) — g on I'-(t) UdN\ Op (4.39)
ur(t) = w,(t) on dpQ
with w;,(t) :== w(it) for it <t < (¢4 1)7, and also that

~ 1/ i t—aT 1
Cr(t) = MNP + — Z H(c).

cec(ri,rithy
Remark 4.2.3. To be precise, by construction u,(t) € HY(Q\ I'-(t)). Since L2(I;(t)) =
0, sometimes we will consider u, as a map taking values in L?(f2). Similarly, we will write
Vu,(t) € L?(2;R?); notice that Vu,(¢) is the distributional gradient of u,(¢) only in Q\ I'-(¢)
but, in general, it does not coincide in  with the gradient of an extension of u,(t).

Since w € H(0,1; H}(Q)), forany 0 <a < b <1 it is

w(b)—w(a):/ab (#)dt and Vuw(b) /Vw

where the integrals are Bochner integrals (see [2]). It is also true that

||/ dt||</ i) dt and H/ Vit dt||</ V(e dt,
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which will be used below.

Proposition 4.2.4. There ezists a bounded non-negative function w : (0,1) — [0,4+00) such
that @w(7) — 0 as 7 — 0 and for any 0 <i < j < N, the following inequality holds:

|V |2 + 1N (1) Z Y #(©)’
= =i cec(rk,rr ) (4.40)
< ||Vull]* + HY (I )+2/ (Vur(t), Vir(t)) dt + w (7).

1T

PRrOOF. Consider the function u = u* + w((h + 1)7) — w(h7). Since u € HY(Q\ I'") and
u = w((h+1)T) on dpQ, the couple (u, I'") can be used as competitor in (4.32) at the h + 1
step. Then
1 2
h+1)12 1 phtly . L 1
[Val P+ H )+ - Y (7))
cec(rh,rithy
<Vl + Vw((h 4 1)7) = Vw(hr)||> + HH(TH)
=[|Vul|]® + 2(Vu,(t), Vw((h + 1)7) = Vw(ht))
+ |Vw((h + 1)7) = Vw(hr)||* + H'(T])
(h+1)T

<|IVul 2 + () + 2 / (Vi (1), V(1)) dt
ht

(n+1)7 (h+1)T
4 max/ HVu';(t)Hdt/ IV (t)]] dt.
0<n<N+ Jopr hTt

Tterating over h =14,...,j — 1 and defining

(n+1)7 1
w(r) =, max. / IVe(t)]] dt / IV () dt,

we obtain the thesis. O

Lemma 4.2.5. There ezists a constant C > 0, independent of T and t, such that the following
estimates hold true for every T € (0,1) and t € [0,1]:

[Vu- ()] <C (4.41)
N,—1

Y Y wwrsc (4.42)
=0 cec(ri,ritt)

HN (I (t) < C. (4.43)

Proor. Fix t € [0,1] and let j = j(t) € 0,..., N, — 1 be such that it satisfies j7 <t <
(j + 1)7. By the inequality in Proposition 4.2.4 for i = 0, we obtain

VP X () < IVl [ (Fur Vo) de+ w(r). (4t

=0 cec(ri,r)
Holder’s inequality and (4.44) imply
j 1/2

Iy wor o ([ v ||2d5)1/2(/ wa©Pa) )

i=0 cec(ri,rith)
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and
/2

||Vu7<>||2<0+(/ IVur (€ ||2ds> (/ Ivie ||2ds) |

where C' > 0 is independent of 7 and ¢.
By a refined version of the Gronwall lemma (see [7, Lemma 4.1.8]), we deduce that for every
€[0,1]
1/2

t
( / ||Vu7<s>||2ds) < C(1L+ Vil oonize @z
0

The last two inequalities imply that Vu,(t) is bounded in L?(2; R?) uniformly with respect to
T,t, i.e. (4.41). Then, considering (4.45) and (4.41), the estimate (4.42) follows.
Finally, Lemma 4.1.10 implies (4.43). O

Lemma 4.2.6. It is {, € H'(0,1) and
100y < C
for every T, with C' independent of 7.
PROOF. By Lemma 4.1.10, H}(I') < C for any I' € S. Then
0 </l (t) <HNTY) +HY(IHY) <20

for any t and 7.
Observe that Lemma 4.1.9 implies that at each step the set C(I'f, I''*!) contains at most

M elements. Then
’LJrlT 1
/|e (t))? dt = Z/ H(e)|? dt

ceC(I" F”l)
<oM Z S (H() < 2Mce,
ch(rz rith

where the last inequality is consequence of (4.42). O

4.3. The continuous-time evolution

In this section we select a continuous-time evolution ¢ — (u(t), I'(t)) as limit of discrete-time
ones, esploiting the a priori estimates of the previous section and compactness results. Among
all evolutions ¢ s ((t), I'(t)) € L2(Q) x S with ¢ — I'(t) monotone and u(t) € H (Q\ I'(t))
in static equilibrium with respect to the boundary datum w(t), the above selection provides the
evolution ¢ — (u(t), I'(t)) with additional properties, as explained in Section 4.4.

By construction, the set functions I'; : [0,1] — S are monotone increasing (with respect to
the inclusion ordering). Considering the version of the Helly’s Theorem proved in [38, Theorem
6.3], there exists a subsequence (not relabelled) I, and a map I": [0,1] — 2% such that

L) 2 re (4.46)
for every ¢ € [0,1]. By the compactness result in Theorem 4.1.8, it is I": [0,1] — S.
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Concerning the displacements wu. , the following convergence result holds. Let u(t) € H(Q\
I'(t)) be the solution to
Au(t) =0 in Q\ I'(¢)
%) — 0 on I'(t)UdN\ dpQ (4.47)
u(t) = w(t) on IpN.
Since I'-(t) N I'(t), wy(t) = w(t) strongly in H'(Q2), and (4.39) and (4.47) hold, by applying
Theorem 1.7.6 we conclude that

Vu, (t) = Va(t) (4.48)
strongly in L?(£2;R?) for every t. Furthermore the bound (4.41) implies
Vu(t)]| < C, (4.49)

with C' independent of t.

Now we analyze the approximation process, in order to obtain the growth properties of the
evolution ¢ — (u(t), I'(t)) announced at the beginning of the section.

Applying the classical Helly’s Theorem 1.7.9, there exists a subsequence (not relabelled) ¢,
and a function ¢: [0,1] — R such that

0(t) — £(t) (4.50)
for every t € [0,1]. By Lemma 4.1.14 and (4.46), it is £(t) = H(['(t)).
Proposition 4.3.1. The function { obtained in (4.50) belongs to H(0,1). In particular,
0-(t) = L(t) for t €[0,1] and £, — ¢ weakly in H'(0,1).

ProOOF. By the uniform bound proved in Lemma 4.2.6, up to subsequences it is
l,—0 (4.51)
weakly in H'(0,1) for some ¢ € H*(0,1), and
1€l a1 0,1y < lim inf 1€+ 71.0,1) < C.

By definition of /. and l., we have

t

0. < 2r(t) — £o(t) =" THAN I\ ) < (1)

(i+1)7 . G+1)7 . 1/2
- / (&) de < 712 / L©prd) <o,

. i
where ¢ is such that it <t < (i + 1)7, and the last inequality is due to Lemma 4.2.6. Then,

considering (4.50), as 7 — 0 we obtain that ((t) — L(t) for t € [0,1]. Finally, by uniqueness
of the limit, it is £ = ¢ a.e. in [0, 1], so that by (4.51) we conclude. O

Corollary 4.3.2. The set function I' : [0,1] — S is continuous with respect to the Hausdorff
convergence.

ProOF. For any ¢ € (0,1) we define the left- and right-limit of I'() at ¢ as
r~@t):=Jrw) and rt@):= (I
<t >t
By compactness of S, both limits belong to S and it is easy to check that I'~(t) C I'*(¢). Let

tl <t <t be sequences converging to t; then, by monotonicity of I'(-), we have
0<SHNTHON\L™ (1) SHN (L) \ (1) = Uty) — () = 0,
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where the last limit is due to the continuity of ¢, as consequence of Proposition 4.3.1.
If, by contradiction, it is I'~(¢) # ' (t), the above discussion implies that
I't(t)=T"(t) UA()

with H!(A(t)) = 0. This contradicts the fact that each connected component of I'"(t) has
length at least A (as requested by Definition 4.1.6.(iii)). O

We analyze the approximation process in correspondence of the tips of the crack I'(t); the
presence of several branches makes the scenario rich.
For simplicity of notation, set

T(t):=Try and S(t):= Spg
and
T(t):=Tp @ and S;(t):=Sp ().
For every t € (0,1] we define
MT() = 1)\ | 1)
t<t
by Corollary 4.3.2 and the geometric properties of the class S, it is not difficult to prove that
MT(t) =T\ |J T,
t<t
motivating the notation MT which stands for “moving tips”. We call
Ao :={t €(0,1] : MT(t) # O} (4.52)

the set of instants when the fracture has really grown, at least at one tip.

We cannot exclude a priori that a tip of the continuous-time evolution is the limit point
of (finitely) many tips of the approximating discrete-time evolutions. If this happens, we have
some difficulties in characterizing the exact behaviour of the continuous-time process (see the
comments at the end of Subsection 4.4.2). Hence below we introduce and describe the properties
of a subset A of Ag, containing the instants ¢ such that every moving tip at ¢ € A is approxi-
mated exactly by one tip of each discrete-time evolution. The set A will play an important role
later, in the description of a stability criterion for the continuous-time evolution.

Lemma 4.3.3. Let A be the set of instants t € Ay such that for every p € MT(t) there exist a
neighbourhood U of p and a value v(t,p) > 0 such that for every 7 < v(t,p) the following two
conditions hold:

o T.(t)NU contains one and only one element, denoted p.(t);
e S.(H)NU =0Q.
Then Ay \ A is finite.
PrOOF. By definition of the class S and Lemma 4.1.9, the cardinality of S;(1) is uniformly
bounded with respect to 7. Up to considering a subsequence, we can assume that
S.(1)={z},... M}

and ¥4 — 27 as 7 — 0, for j = 1,..., M. Notice that |27 — z!| > § if j # [, since the same
holds for 22 and z! (see Condition 4.1.6.(iv)).

By Proposition 4.1.15 and since T'(t) contains finitely many points (see again Lemma 4.1.9),
for every ¢ € [0,1] and r > 0 there exists o(¢,7) > 0 such that

B (p) NT-(t) # O
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for every p € T(t) and 7 < 0(t,r).
Let ¢t € Ag \ A. Then there exists p € MT(t) such that for every r > 0 and every
v € (0,0(t,r)) there exists 7, < v such that T, (t) N B.(p) has at least two elements or

8., (1) N Bo(p) £ 0.

In the first case, by Lemma 4.1.16 there exists y,, € Sy (t) such that y,, — p as v — 0
(so 7, — 0). Being S, (t) C S, (1), then y,, = xd» for some j, € {1,..., M}; it follows that
p =27 for some j.

Similarly, if S, (t) N B,.(p) # @ then p = 27 for some j.

Since p(= 27) ¢ MT(t') for every t' € Ag \ {t} (being MT(t') # MT(t") for any distinct
t',t" € Ag) and the points 27 are a finite number, then also Ap \ A is finite. O

By definition of crack tip, for any fixed # € (0,1] there exists 1 (f) € (0,7) such that
B, () NIT(t)
is a curve in R, for every p € T(f). In addition, 71 () can be chosen so that
H(B,, () NI (1) <A (4.53)
B, ()N S(t) = 0.
It results that the points p and z(f,p) belong to the same branch of I'(f) and z(i,p) ¢ S(#).
Since the function I' : [0,1] — S is monotone and continuous with respect to the Hausdorff

convergence (see Corollary 4.3.2), and (4.53) holds, for instants ¢ in a left neighbourhood of #
and for each p € T() the set B, (#(p) NT(t) has exactly one element, labelled p(t), i.e.

B, ) NT({) = {p(t)}, (4.54)
and
={p@t): peT()}. (4.55)

We are able to estimate the size of the left neighbourhood of ¢ in which the above conditions
hold. Indeed, define

ai(t,p) :=inf {t € [0, t):a(t,p) € rwy},

where x(#,p) has been introduced in (4.53). Then we have

n@SHW%@®ﬁWMS/@)WMt

: 1/2
< (f— oq(z?,p))l/2 </ - |€(t)‘2 dt)

<c(i-a,p)"?,

so that
t—on(t,p) > Cri(t)?

with C' independent of ¢ and p.
Since T'(t) contains finitely many points, if we set

oy (f) :== max{al(f p): peTH)}, (4.56)
then (4.54) and (4.55) hold for every t € (ay (%), 1].
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Remark 4.3.4. Notice that we cannot infer anything about the local behaviour of I'(:) at the
instants after ¢, since new branches might spring out at some tip p € T().

Lemma 4 3 5 For every t € (0,1]\ Ao there exists a(t) e [al(f) t) such that I'(t) = I'(t) for
every t € (a(t),t]. In particular T(t) = T(f) for every t € (a(t),1].

PRrROOF. It is a straightforward consequence of the definition of MT and Ay. O

By definition of A, at instants t € A each crack tip is locally approximated by exactly
one tip, while singular points of the approximating sequence remain “distant” (see Fig. 5). The
following lemma shows that these properties are preserved locally in a left neighbourhood of
every instant in \A. The importance of this result lies in the fact that this left neighbourhood is
not necessarily entirely contained in A.

FIGURE 5. The crack set I'(tg) and, dotted, a discrete-time approximat-
ing crack set I'-(tp) at an instant ¢y € A, in correspondence of two tips

p'(to), p*(to) € MT(to).

Lemma 4.3.6. Let t € A. Then there exist a(t) € [ay(f),), v(t) > 0 and r(£) € (0,1) such
that the following facts hold for every t € (a(f), ]
(i) if p e T(t)\ MT(f), then p € T(t);
(ii) if p € MT(t), then for every T < v(t) the set B i) (P)NTr(t) has ezactly one element,
that we label p,(t).

Proor. If p € T(f) \ MT(t), then argue as in Lemma 4.3.5 and call $;(f) what therein

is a(t).
Consider now p € MT (). By definition of A, there exist 7(f) > 0 and v () > 0 such that
T:(6) N B,y (p) = {p- (1)} and  S:(H)N B,;(p) =0 (4.57)

for every p € MT(t). In particular, we can choose r(t) € (0,71 ()], where () was introduced
n (4.53), and such that

sup {Hl(K) . K € R, K C B,y (0)} <A (4.58)
The above conditions on r(f) imply that
I (t) N B, (p) € Ry

and every connected component of I'.(f) is not completely contained in Br(f)(p), because
of (4.58) and of the constraint given by Condition 4.1.6.(iii).
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For simplicity of notation, in the remaining of the proof we write
r=r(#) and v, =uv(f).

Fix p € MT(t). Let v = v(t) € (0,11) be such that p-(f) € B, s(p) for every 7 < v (such v
exists since, by Proposition 4.1.15, it is pT(f) — p as 7 — 0); if necessary, later we will replace v
with a smaller one. By (4.57) and (4.58), it follows that

H' (I (8) N B (p)) > (4.59)

N3

for every 7 < v.
Define

t, :=inf{t € [0,1) : I (t')N B.(p) # @ for every t' € (t,1)}.

If t, =0 for any 7 < v, set Bo(f) := ay(f), where a;(f) was defined in (4.56). If t, > 0 for
some 7 < v, we argue in the following way: for any 7 let i,,j- € N be such that

ir <t < (i +1)7 and j, <t<(j, +1)T.

By (4.59), Lemma 4.2.6 and Holder inequality, we have

Jr (Gr+1)7 .
PEAECIVASIED DU DI A B AR AL (4.60)
h=t, CEC(F&,Ferl) trT
i+r . 1. 1/2
g/ O (t) dt < (f —t, 4 27)/2 (/ |0 (t)|? dt> <Ot —t, +27)'?
tr—T 0

with C' > 0 independent of 7 and ¢. Define

B (i) = max {al(f), P4 w(i) - Af;}

and choose v(f) such that, in addition to being smaller than v, it satifies

P

NG

Then By(f) < £ and, taking into account (4.60), for every 7 < v(f) it is

2 R 7ﬁ2

~ T A
te <tt7— qmg <tvl) = 5

102 = < Ba(t).

Summarizing, we have shown that for every 7 < v(f) and t € (Ba(f), 1]

Then we can conclude that T-(t) N B,.; (p) has only one element, denoted by p-(t).

Since MT(#) contains finitely many points, we can choose 7(#), Bo(f) and v(#) such that
the above property holds for every p € MT(t).

Finally, define a(#) := max{3i(#), 32(#)}, so that both (i) and (ii) are valid for any instant
t € (afb),f]. O
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4.3.1. Velocity of the crack tips. In this subsection we introduce the notion of velocity
of the front T'(¢) of the fracture. It will play a role in the dissipative term of the energy and for
a Griffith-like stability criterion for the crack growth. We provide two equivalent descriptions,
both interesting for different reasons. We first introduce the velocity by means of a distributional
approach, based on the theory of absolutely continuous maps with values in the space of bounded
measures. This point of view gives a picture of the situation in the whole of €2, and it somehow
reminds the approach suggested in [61]. Instead, the second description is local and is based on
the parametrization of the branches of the crack.

At the very beginning, we summarize what we know so far about the crack growth ¢ — I'(¢).
As observed in Corollary 4.3.2, the set function I'() : [0,1] — S is continuous with respect to
the Hausdorff topology in S. By construction of the class S, it is card(S(1)) < M for some
M e N. Since the map ¢ — S(t) is monotone increasing with respect to inclusion, there exists
a partition of the interval [0, 1]

O=ay<a1 <...<ap,=1 (4.61)
such that
e S(t)=S(t") for every t,t' € (a;,a;y1];
e card(S(t)) < card(S(t')) for any t < a; <t'.
In the time intervals (a;,a;+1] new branches of the fracture can appear; being S(-) constant,
they necessarily originate at some point in S(t), for ¢ € (a;,a;41]. Together with any new
branch, also a new tip appears; by monotonicity of I'(:), for any t,t' € (a;,a;+1] with ¢/ <¢, it
has to be card(T(t")) < card(T(t)).
We can again establish a sort of stability from the left: as seen in the discussion in Section 4.3,
for every ¢ € (a;,a;11] there exists ay(t) < ¢ (defined in (4.56)) such that (4.55) holds, i.e.
card(T'(t)) = card(T'(t")) (4.62)
for every t' € (a1(t),t]; by (4.55), notice that a;(t) > a;. Hence we can further subdivide each
interval (a;,a;41] with a partition a; = b < b} < ... < bl = a;41 such that
o card(T(t)) = card(T(t')) if t,t' € (bF,bFT];
o card(T(t)) < card(T(t')) if a; <t <bF <t < aji;.

Actually, above we have proved the following fact.
Lemma 4.3.7. There exists a partition
0=ty <ty <...<tN+1:1

of the interval [0,1] such that one of the following alternatives holds:
(i) if t,t" € (ti,tiv1], then S(t) = S(t') and card(T'(t)) = card(T(t'));
(i1) if t <t; <t', then either S(t) = S(t') and card(T(t)) < card(T(t")), or S(t) # S(¥').

Lemma 4.3.8. Consider a sequence (I'y)r C S such that T 2T, Then for every 1 € Cp(Q)

Y dH — /A W dHL. (4.63)
Iy T

In other words, the sequence of measures  := H'LI converges to i := HILT weakly™

Proor. It is enough to use the regularity of the curves in R, in particular the parametriza-
tion provided by Proposition 4.1.2.(v). O
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Let 4 :[0,1] = My(2) be the map defined as
w(t) == H'I(t). (4.64)
Proposition 4.3.9. The map p: [0,1] = My(Q) belongs to the space AC([0,1]; Mp(Q2)).
PrOOF. By definition of p, it results that

u()(Q) = HI(D (1) = (1),

where ¢ was introduced in (4.50) and ¢ € H*(0,1) by Proposition 4.3.1.
Let ¢ € Cy(Q2). Then for every 0 <a<b<1itis

K%M@—M@>=MﬂMW@—MWﬂzuﬁwwuwﬁ#
<lloe HADB)\ T(0)) = 6]l (HMDB)) —H (1))

b
:wwm/é@ma

Taking the supremum over all ¢ € Cp(2) with ||¢]|e < 1, we obtain

b
\mw—mwmns/émm.

Since ¢ € H'(0,1), by the absolute continuity of the integral with respect to the integration
domain we obtain the thesis. (]

In accordance with the results in [32, Appendix], for a.e. ¢ € [0,1] there exists

(e —a)

a(t) == w ill)r% "
and fi(t) € My(2). We mean that for a.e. ¢t € [0,1] there exists a Radon measure [i(t) € M(Q)
such that

b

(6, (6)) = lim (i, ) =10,

s—t s—t

for every ¢ € Cp(Q).
We describe the “structure” of these measures, in order to introduce a distributional notion
of velocity.

Proposition 4.3.10. For a.e. t € [0,1]
supp fi(t) C T'(t).

ProOF. Consider ¢ € [0,1]\ {t1,...,tnx} for which i(f) exists, where ty,...,tx are given
in Lemma 4.3.7. Fix ¢ € Cy(Q) such that supptyy C Q\T(f). Taken ry(f) and oy () as in (4.53)
and (4.56) respectively, for every ¢ € (ay(£),1] it is

re)\ U B.ow=r®ON U Baopb-
p€ET(£) peT ()
Let 7 € (0,71(f)) be such that

suppp C Q\ | ) B.(p).
pET()
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By continuity of the set function I'(-) with respect to the Hausdorff converge (see Corol-
lary 4.3.2), if we repeat for 7 the discussion done for r1(f) and «;(f), we obtain that there

exists t, < ¢ such that
U Bw=r®\ |J B.»
peT() pET(#)

for every ¢ € (t,,t]. Therefore

p(t) — p() 1
S = = d =
i t—t/m)\ >d) Tt

r
for every t € (t,,t). Taking the limit as ¢t — {—, since ju(f) exists we get (1, u(f)) = 0.
We have shown that, for every ¢t € (0,1) for Wthh f(t) exists, if ¢ € Cy(Q) with suppy C
Q\T(t) then (¢, a(t)) = 0. Therefore supp p(t) C T(t). O

(¥,

As a consequence of Proposition 4.3.10, for a.e. ¢ € (0,1)
(t) < HOLT ().

Definition 4.3.11. We call (distributional) velocity of the crack tip p € T'(¢) the value v(t,p),
where

Aty = o(t.p) o (4.65)

pET(t)

and §, is the Dirac measure concentrated at = € R?.

Now we pass to the second approach for the description of the front velocity, which will lead
to an equivalent definition.

Consider ¢ € (t;,t;11), with ¢; introduced in Lemma 4.3.7, and 7, (), ay(f) as in (4.53)
and (4.56). Fixed p € T(f), we can describe the curve

()N B,, () € Ry

by means of an arc-length parametrization ~: [0, LtP] — R? (here Li? := ’Hl(F(A) NB, ()

and an increasing function o : t), ] — [0, L“’ such that for every ¢ € (ay(£),1] it is

o(t) =H' (F(t) NB,,5®) and ~(o(t) =p(t),
where p(t) is the unique element in T'(¢) N B, 3 (p) (see (4.54)). Since the curves in R, belong

to W2 and £(-) = HY(I'(+)) is in H'(0,1), it results that v € W2 and o € H'(ay(f),1),
hence

Y(o(-) € H' ((en (D), );R?).
Then, for a.e. t € (a;(t),t), we define the velocity of the crack tip p(t) as
v(t,p(t)) == o(t) 3(o(t))
and
o(t, p(t)) := |v(t,p(t))| = o (). (4.66)

It is not difficult to see that the two notions (4.65) and (4.66) coincide, i.e.

v(t, p(t)) = o(t, p(t)) (4.67)
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for a.e. t € [0,1]. Indeed, assume that f(t) and &(t) exist for some ¢t € [0,1] \ {¢1,...,tn},
with ¢; as in Lemma 4.3.7. For s € (ay(¢),t) it is I'(t)\ I'(s) = v(c((s,t])). Fixed p(t) € T(t),
for 1 € Cy(Q) with supp ¢ C B, 1) (p(t)) and ¥(p(t)) =1 it is
1 L a
75 Lo P = [ #010@) 1 Gl

1
t—s
As s /' t, the left-hand side converges to

(. (1)) = (0, Y vt p)3p) = P(p(t) v(t, p(t) = v(t, p(t)), (4.68)

peT(t)

/ b(1(0(£))) 5(E) de.

while the right-hand side to

P(y(o(t)) o(t) = ¢(p(t)) v(t, p(t)) = v(t, p(t)).
Hence (4.67) is proved.

Similarly to the map p : [0, 1] — M;(Q2) defined in (4.64), we introduce p, : [0, 1] = My(2)
as
e (t) == H' T ().
Lemma 4.3.8 and (4.46) imply that

e (£) = u(t) (4.69)
weakly* in M, (), for every ¢ € [0,1]. Observe that if » € (0,7), then for every = € Q2
W(t)(OB, () = 0. (4.70)

Indeed, being r < 7, the constraint on the curvature of the curves K € R, implies that the set
KNOB,(x) contains finitely many points, and consequently the same holds for the set I'NIB,.(x)
for every I' € §. Then, by (4.69) and (4.70), we obtain that

pr (8)(Br(2)) = p(t)(Br(2))
for every r € (0,7) and x € Q.

Lemma 4.3.12. Let t € A, r(i) given by Lemma 4.5.6 and p € MT(t). For every t € (a(t),?)
and T such that t + 7 € (a(l),1], the set

(L= (t+ 1)\ I7(t)) N B4 (p) (4.71)

is either empty or connected.

PROOF. Assume that the set is not empty. By choice of ¢, it is () N B, (p) € Ry and
T.(t) N B, (p) = {p,(#)}. If for some ¢ and 7 the set in (4.71) has two or more connected
components, then they must be separated by points or arcs of curve contained in I';(¢): there
exists ¢ connected component of I'-(¢) with ¢ strictly contained in B, ;) (p) and © € R, (because
tC ()N B, (p) € Ry). By the fact that (4.58) is verified for our choice of r(t), it is
H!(c) < X\. However this is impossible, since I';(t) € S and all its connected components must
have length at least A. O

Hence by the previous lemma we conclude that, for 7 sufficiently small and ¢ € («(f), 1],
it is
(P24 7)\ T (1)) 1 By ) = 2
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for the connected component ¢ e C(I-(t), I (t+ 7)) with p.(t) € 2
We introduce the following notion of discrete velocity. For any p € T (117) \ T, () We set

1
vr(tp) = ~HA() (4.72)
T
where, as above, ¢? is the connected component in C(I;(¢), I'-(t + 7)) containing p. If p €
Tr, (t4+r) N Tr, (1), we simply set v-(t,p) := 0.

Remark 4.3.13. Let us underline once more that the connected components ¢? above might
not be CU! arcs of curve, but they might kink or contain several branches.

In conclusion of the section, we establish a result which relates v, and v in small time
intervals.

Proposition 4.3.14. For every ¢ € [0,1]\ (Ao \ A) let a(t) be as in Lemmas /.3.5 or 4.5.6.
Then for every interval (a,b) C (a(f),t) it holds

b b
/ v(t, p(t))* dt < limigf/ vr(t,pr(t))? dt,
a T a
where, if t € A, then p(t) and p,(t) are as in Lemma 4.3.6.

PROOF. Fixed t € [0,1]\ (Ap\.A), consider p € T(f)\ MT(t) (if this set is not empty). Let
a(f) be as in Lemma 4.3.5 or in Lemma 4.3.6:

I't)nB, /) = rn B, & (p)

for all ¢ € (a(t),t]. Using the definition (4.66) of ¥ and the notation introduced therein, it
results that (¢, p(t)) = 0(¢,p) = 0. Since (4.67) holds true, it is

v(t,p(t)) = o(t, p(t)) = 0
for a.e. t € (a(t),t]. Therefore for any (a,b) C (a(t),t) we have

b b
0:/ v(t, p(t))? dtg/ v (t, pr (1)) dt. (4.73)

If { € Aand p € MT(#), let a(t), v(), r(t), p(t), p-(t) be as in Lemma 4.3.6. For
t € (af(f),t), by Lemma 4.3.6 and Lemma 4.3.12 it results that it is either v, (t,p,(t)) = 0

or v;(t,p,(t)) = % H(2" M) where &) is the connected component in C(I'-(¢), Iy (t + 7))
containing p,(t). Set

O () = H(D(#) N By (9) = 1(t) (Bugoy (1)

Arguing as in Proposition 4.3.1, it results that ¢»r(® ¢ H'(0,1) and

Py = () (4.74)
weakly in H(0,1).
For 7 small enough &8 ¢ B, (p). so that

2 - 1 1
O = —H (& 0B, (p) = —H () = vo(tpr(1) -
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By definition of ¢#7(®) | for a.e. t € (a(f),) we have

PO () = 4t (Byyp) = D v(t,q) 64(B,p () = v(t,p(t)),

q€eT(t)

where the last equality is due to the fact that T'(t) N B, (p) = {p(t)} for t € (a(t),t) (see
Lemma 4.3.6). By (4.74), in particular it is

'U'r(',p‘r(‘)) - 'U(,p()) (475)
weakly in L?(a(f),%). Hence, by (4.74) for every (a,b) C (a(t),) we have

b b b .
/v(t,p(t))2 dt:/ [P (t)]? dtglimi(r)lf/ [P ()| dt
a a T a

b
= lim l(I)lf/ ’U‘r(tap‘l'<t))2 dt’

T

and this concludes the proof. O

4.4. Properties of the continuous-time evolution

In this section we give a characterization of the evolution t — (u(t), I'(t)) selected in Sec-
tion 4.3. Indeed, the approximation by means of the discrete-time evolutions obtained in Sec-
tion 4.2 provides (u(t), I'(t)) with further interesting properties.

In the following, I'(t) is the family of sets obtained in (4.46) and u(t) is the solution to the
problem (4.47).

4.4.1. Energy inequality. We want to obtain an energy inequality for the continuous-
time evolution (see Proposition 4.4.4). The presence of several branches of the fracture requires
a careful control of the approximation process by the discrete-time evolutions, in order to obtain
the proper dissipation energy due to the crack increase rate.

Rewritten with the notation introduced in Section 4.3, inequality (4.40) has the form

kT
IV I+ H @)+ [ Y el

T PET: = (1) (4.76)

< [Vur(a)|? + H! (rf(a))w/ (Vur (1), Vis(t)) dt + = (7),

where a < b, 0 <ir <a < (i+1)7r and k7 < b < (k+ 1)r < T for some i,k € {0,...,N;},
1< k.
Lemma 4.4.1. For every t € [0,1) it is I'-(t + 7) KN I'(t) as T — 0.

Proor. Fix t €[0,1) and let ¢ € {0,..., N;} be such that it <¢ < (i 4+ 1)7. Set

I(t) :=H—lim I (t 4 7), (4.77)
T—0

which exists (up to subsequences) and belongs to the family S by compactness of this class (see
Theorem 4.1.8).

By contradiction, assume F( \I'(t) # @. Being I-(t) C I'-(t + 7), the limit sets verify
the same inclusion, i.e. I'(t) C I'(t). By continuity (with respect to the Hausdorff convergence)
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of the measure H! restricted to sets in S (see Lemma 4.1.14), we have

0 <HU T\ (1) = H'(I(1) = H' (I'(1))

=71133)H1 (I-(t+71))— lii%Hl (I-() = ;I%Hl (C-(t+7)\ Iy (1)

—

T 1 ( i+l iy _ 1: 1 — 1
=lim H' (I7\ ) =1im Y H'(9) = lim (&) dg
cec(ri, rith)

(i+1)7 . 1/2
< lim 71/2 </ € ()] df) < Clim7'/? =0,
i T—

T7—0 i
where the last inequality is due to Lemma 4.2.6.
Hence the set I'(t) \ I'(t) is composed by isolated points, which contradicts the fact that

I'(t) € S (Condition 4.1.6.(iii) is not satisfied). Therefore I'(t) = I'(t), which, taking into
account (4.77), concludes the proof. O

Lemma 4.4.2. For any t € [0,1) the functions Vu,(t) and Vu.(t + 7) converge to Vu(t)
strongly in L*(Q;R?) as 7 — 0.

PRrROOF. Fix t € [0,1) and for every 7 let ¢ € {0,...,N.} be such that it <t < (i + 1)7.
We already proved in (4.48) that Vu,(t) — Vu(t) strongly in L2?(2;R?).
Concerning the other claim, we argue as for (4.48): u(t 4+ 7) is solution to the problem

Av=0 in Q\ i+t
v=w((i+1)7) on Ipf
gv=0 on [it1,

Then, in order to apply again Theorem 1.7.6, we notice that w((i + 1)7) — w(t) strongly in
H' () and, by Lemma 4.4.1, I'+! = (¢t + r) 25 I'(1). O

The only remaining term to analyze is the dissipation energy due to the crack growth rate.
Then we will have all the tiles to recompose the mosaic. In the following we apply the results
at the end of Subsection 4.3.1.

Let t; be defined as in Lemma, 4.3.7. The set

F:={tg, - ,tn} U (Ao \ A)

is finite (see Lemma 4.3.3). We write F' = {t(,...,t)y, } with t; <t{,, and for t € (t;,t,,) we
define

I(t) = (Oé(t), t] N (t;, tfiJrl) 9
where «(t) is given by Lemma 4.3.5 if ¢ ¢ Ag and by Lemma 4.3.6 if ¢ € A. The following fact
holds:

Lemma 4.4.3. For every t € (t},t],,) there exists a countable set A(t) C (t,t, ;) such that

(thd=|J 1)
teA(%)

and I(t)NI({t") = for every t,t' € At), t #1t'.



4.4 Properties of the continuous-time evolution 115

PrOOF. Fix ¢ € (¢},/,,) and define
=inf {t € [t], 1] : (¢,{] can be covered by countably many disjoint I(-)} . (4.78)

Of course ¢; < t since it is enough to consider I(f) to obtain that ¢; < inf I(7).
By contradiction, assume that ¢; > t;. Then the set I(¢;) U (¢4, t] is an interval of the form
(a,t], is covered by (at most) countably many disjoint intervals I(¢) and

inf (1(e7) U (1, 1]) = inf I(17) < ¢,
in contradiction to the definition (4.78). Therefore ¢; = t,. O

We want to establish the following lower semicontinuity result about the dissipation at the
crack front: for (a,b) C (0,1)

/ Z (t,p)?dt < hmlnf/ Z v (t,p)? (4.79)

p€eT(t) @ peT,(t)

We first prove it in a time interval (a,b) C I() for any ¢ € (0,1) \ F, then we extend it to the
case (a,b) C (t;,t;,,) and finally to (a,b) C (0,1).

If £ € (0,1)\ Ag, then Proposition 4.3.14, and in particular (4.73), provides the inequality
in I(f) N (a,b):

0= /
I(£)N(a,b) Z

o(t,p)? dt < / S et p)? dt.
peT(t) I(H)N(a,b)

peT,(t)

If ¢t € A, then applying again Proposition 4.3.14 we obtain:

/ Z v(t,p)? dt :/ Z v(t,p)* dt
1(HN(ad) o7 I(#)N(a,d)

(t) peMT(t)

+ / v(t,p)? dt
1(F)N(a,b) Z

pET(H)\MT(t)

:/ STt plt))? dt
1(H)N(ab) .

pEMT(t)

+ / v(t,p(t))? dt
I(H)N(a,b) Z

PET(H)\MT()

= > / v(t,p(t))> dt +0
peMT (D) I(H)N(a,b)

< liminf/ v (t, pr(t))? dt
Z =0 J1#)n(a,b)

pEMT (1)

<Timi 2
<lim inf > /1 vr (L, p- (1)) dt

penrz(p)? 1O, b)

Sliminf/ Z or (tp)° dt.
=0 JI1)n(a.b) pET, (t)



116 A model for crack growth with branching and kinking

Assume now that (a,b) C (t;,/,,) and consider a sequence {, /b. Using the two inequal-
ities above, the countable additivity of the integral and Lemma 4.4.3, we have

/atk > w(t.p)? Z/I (t,p)zdt

(H)N(a,b)

pET(t) te A(ir) peT
< lim inf v (t,p)? dt
- Z 70 /z(f)m(a b) Z t2)
teA(ty) pET,(t)
<liminf v (t,p)? dt
It U Z /z(i)m(a b) Z (t.2)
te A(iy) 7 peT- (1)
tr
:liITn_%lf Z v (t,p)? dt
@ peT,(t)
< T
_hrTn_}glf/a Z vr(t p
pET,(t)
As k — 400, we get (4.79) when (a,b) C (,t;,)-

Finally, if (a,b) C (0,1), then it is enough to argue as above in (a,b) N (¢;,t;,,) and then
sum over ¢, in order to obtain that (4.79) holds.

Proposition 4.4.4. For all 0 < a < b < 1, the couple (u,I’) defined by (4.46) and (4.47)
satisfies the following energy inequality:

IVu(B)|2 + H( / o(t, p)?

peT(t)
b
< |[Vu(a)|? + H (I (a) + 2/ (Vu(t), Vi(t)) dt.

PROOF. We choose i and k as in (4.76). In the following series of inequalities, we apply
in sequence: Lemma 4.4.2 and Lemma 4.4.1, together with Lemma 4.1.14 and the inequal-
ity (4.79); the inequality (4.76) (or, equivalently, (4.40) with j = k+1); again Lemma 4.4.2 and
Lemma 4.1.14. Hence we have

IVu)|? + HA(T / S ot p)?

peT(t)

<liminf | [|[Vu,(b+7)|* + H (I (b+ 7)) / E v (t,p)?
T—0
* peT,(t)

(k+1)T
<liminf | ||[Vur(b+7))|2 +H (T (b + 7)) +/ > ve(t,p)?dt
T—0 i
o pETT(t)
(k+1)T

0T

<lim inf <|Vu7(a) 12 +H (I (a)) + 2/ (Vg (t), Vi (t)) dt + w(7)>

b
= ||Vu(a)||* + H'(I'(a)) + 2/ (Vu(t), Va(t)) dt. O



4.4 Properties of the continuous-time evolution 117

Remark 4.4.5. The discussion described so far can be obtained also in the linearized and
nonlinear planar cases, applying the results in [24, 18, 33] as done in Section 3.6. However,
from now on we have to restrict to the linear antiplane shear case, in order to exploit the integral
representation of the energy release rate provided in [62] (see Section 1.5 and Remark 1.5.1.(iii)).

4.4.2. Energy release rate and Griffith’s principle. In order to complete the charac-
terization of the evolution process (u(t),I'(t)), we aim at obtaining a description in terms of
Griffith’s theory. In our framework we are able to achieve this goal as long as the crack set
does not change direction abruptly, does not bifurcate and does not stay still (see Theorem 4.4.9
below). In those situations it is not even clear what would be the proper choice for predicting
the direction in which the fracture is more likely to grow (see the discussion in [27, 26]).

The key functional is the energy release rate, whose definition and properties in case of a
single curve are treated in Section 1.5; since in the current situation the crack might have several
branches, the discussion needs a local argument.

For any I' € S and any function g € H'(f), we consider the elastic energy related to the
body Q\ I and the boundary displacement g, given by

E (g, T) == inf {||Vu|®: ue H(Q\T),u=gon dpQ}. (4.80)

For a tip p € T, we say that I is an extension of ' atpif I' C Z~", f\F is connected and there
exists r > 0 as in Definition 4.1.4 of crack tip such that I'\ I CC B,(p) and I' N B.(p) € R,,.

Remark 4.4.6. Notice that any extension I' belongs to S, at least when H!(I"\ I') is small.

In order to compute the energy release rate at a fixed p € T, fix an extension TP of T at
p and consider the family (I'?), of extensions of I" at p such that

I'PCcI? and HYIP\I)=s.

FIGURE 6. The extension fsp of I

According to the results in Section 1.5, we define the energy release rate at p € T, for a
boundary displacement g € H'(£2), by means of the limit

el T _ el
G(g.1.p) i= — lim = .19 =B 1) (4.81)

s—0t S

which exists and, as noticed in Remark 1.5.1.(ii), is independent of the chosen extension Ip.
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Fixie{l,...,N,;} and p € T'r: . Consider a family of extensions ff of I'' at p, as above.
By the minimality property of I'* and u’, we obtain

i i 1 2
IVarlP+#H I+ - Y0 (M)
cec(ri~t,ri)

<IVupP+H T4 S (H@),

cec(I'y~',I?)

(4.82)

where uz, is the minimizer of the problem (4.80) with g = w(i7) and I' = I'P. Set
&= TP\ IV,
and note that H!(c?) = s and, by definition of extension, p € &,
If p€Tri NTpi-1, then I\ ri-t =y (ri\ri:") and
2 2 2
o (H@) =HEE) + D> (HY(9) .
ceC(Ii=1,I'?) cec(ri=t,riy
Since H!(¢P) = s, by the above relation and (4.82) we obtain

Vusp||? — ||Vul ||
L\
pn

s
Therefore, recalling the definition (4.81) of G, as s — 07 we get
G(w(it), It p) < 1.
Assume now that
p€Tri\Tpri-1. (4.83)
Then p € ¢? for (only) one ¢ € C(I'*"1, I't). Tt results that ¢ U c? is connected,
Fr\ Lt = (@ U U (18 (1 uer)

and

Yo HO) = u) Y (M)
ceC(ri',I?) cecwi*;f;‘)

It follows that

IVupe|? = [Vurl® 1 (M@ UR) — (H ()

- <14 -
s T s
14 132 +2$"H1(cp)’
T s

and, as s — 07, we get
"

Glu(ir), I p) < 1+ 2H'(@).

If (4.83) is the case, then also the following sets can be considered in the minimization
problem (4.32): I'? € § such that I'"' € I'? C I'!, the set I'® \ I'? is connected, p € I': \ I'?
and H1(I'P\ I'P) = s. In this case we have that

Pt = (e n (T2 1Y) U (P (1 ue))
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and

> @ =(H (end@n)) s Y #)
ceC(ri=*,1?) ceC(cri:;,r;‘)

Inequality (4.82) holds even in this case, with IAZ,’ instead of ff , and we obtain

~ (gl = 70t 2) <H!

Dividing by —s and letting s — 0%, since
HU(P N (TP TE7Y) = HY(P)
we obtain the reverse inequality
, 2
G(w(i), I't,p) > 1+ ;Hl(cp).

Using the definition of discrete velocity introduced in (4.72), we can restate the above dis-
cussion in terms of a discrete Griffith’s principle: for every ¢ € (0,1) and p.(t) € T (t)

vr(t,pr () > 0 (4.84)
G(wr(t), I'-(t), p-(t)) < 14 20:(t, p- (1)) (4.85)
[=G(w- (1), (), pr () + 1 + 20 (¢, p-(£))] v- (¢, pr (t)) = 0. (4.86)

We now look for a similar stability criterion for the continuous-time evolution. We will see
that, in the case of moving tips, this is achievable. On the other hand, when dealing with static
tips a number of problematic issues might appear.

As recalled in Remark 1.5.1.(iii), the energy release rate has the following integral representa-
tion in terms of the displacement gradient. Let K € R, and « be its arc-length parametrization.
Consider p € Tk, p=y(H'(K)). Then

u 2_ 2U 2 1
g(g,K,m/Q\K {<D1 ) 2 (D2usc)? 1) 1 ey (487

+D1UKD2’LLK(D2V1 + D1V2)] dx ,

where ux minimizes E¢ (g, K), Vug = (Diuk, Doug), and V = (V1, V) is any vector field of
class C%! with compact support in  such that V(y(s)) = 4(s) for s in a neighbourhood of
HY(K) (recall that p = v(H'(K))). This explicit formula will be useful in the sequel.

The following lemma is a slight variant of [62, Theorem 2.12], also recalled in Subsection 1.5.3
as Theorem 1.5.4. As announced in Subsection 1.5.3, for the sake of completeness and clarity we
prove the lemma below, following the proof of [62, Theorem 2.12]. We remind that the set A
was introduced in Lemma 4.3.3.

Lemma 4.4.7. Fiz t € A and let a(t)
as in (4.55). Then, for every p € MT(t
7

G(w-(t), I’

), v(t), r(t) and p,(t) be as in Lemma 4.5.6, and p(t)
t),p-(t)) = G(w(t), I'(1), p(t)) (4.88)
for every t € (a(t),].



120 A model for crack growth with branching and kinking

PRrROOF. We set

K2(t) = I-(t) N B, (p) and  K*(t) := I'(t) N B, ;) (p)

for any t € (a(f),#]. As seen in Lemma 4.3.6, KP(t) € R, and KP(t) LN KP(t).

Consider v, and v arc-length parametrizations of KP(f) and KP(f), respectively, with
7-(0),7(0) € 9B, (p). Set L := HY(KP(t)), it is p = y(L). Using the notation of Propo-
sition 4.1.2, 4, converges to 7 in the weak* topology of W2 ([0, L];R?). We extend each
KP(t) adding a segment along the tangent direction to the tip p,(f) = 7,(L) and the same
for KP(t) at p = y(L). Using the Implicit Function Theorem, the bound on the curvature
in Definition 4.1.1.(ii) and the choice of r(#), these extended curves are graphs of some C'!
scalar functions ¢,, . We fix two coordinate axes such that the extension of KP(f) is de-
scribed by (x1,¢,(z1)) and the extension of KP(#) is described by (x1,¢(x1)). Fix a cut-off
function ¢ supported in B, (p). Given a point = = (z1,22) € B, # (p), define the vector fields
Vi (z) :== ((z) (1, d%lgoT(xl ); similarly we define a vector field V' related to ¢. By the weak*
convergence of 7, to v in W2°°([0, L];R?), we obtain that VV, converges to VV weakly* in
Lo (O RY).

Observe that, according to the formula (4.87), the vector fields introduced above are suitable
for the integral representation of the energy release rate for the curves KP(t) and KP(t) for every
t € (a(t),] (and not only for ¢ = ). That is, we have the following equality:

G t) 1) pe(0) = [ | PR 2208 (v

+ Dyur () Do (£) (D2 V2 + Dlvf)} dx (4.89)

and similarly for G(w(t), I'(t),p(t)).

Since the sequence VV, converges to VV weakly* in L°°(£2;R?*) as 7 — 0 and, as proved
in (4.48), Vu,(t) — Vu(t) strongly in L?(Q;R?) for all ¢ € (a(f),#], we obtain the claimed
pointwise convergence. (I

Lemma 4.4.8. Assume the same hypotheses as in Lemma j.4.7. Then, for every 1 < q < oo,

G(w(-), T(),p(-) € LU a(?),1)
and
G(wr (), I'+(-), p-(-)) = G(w(-), I'(-), p("))
in LI(a(t), ).
PROOF. By means of the Dunford-Pettis Theorem (see [6]) and (4.75), we obtain that the
functions v, (-, p,(+)) are equiintegrable in («(t),?). Being
0 < G(w(t), I+ (1), pr (1)) <14 20-(t, (1)),

the sequence G(w,(-), I'r(+),p-(+)) is equiintegrable too. Then, considering Lemma 4.4.7, by
Vitali’s Theorem (see [79, Chapter 6, Exercise 9]) we have that G(w(-), I'(-),p(-)) € L*(a(t),?)

and
t

t
600, L) (e dt = / , S0, T0),p()
alt al(t
Since G is non-negative, the last limit means that

1G(wr (), I (s (Dl 22 aiy,py = 19 TG PO 2 (aciy by
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Then, applying [6, Proposition 1.33] and the pointwise convergence (4.88), we obtain that
G(wr(), I'+(-), p-(-)) = G(w(-), I'(-), p("))
in L'(a(t),1).
Finally, observe that, by the integral formula (4.89) for the energy release rate, it results
G(wr (), L7 ()7 (1)), G(w(-), T(),p()) € L¥(a(), ).

Indeed, the maps VV, and VV are uniformly bounded in L> by the W2 norms of 7, and
v introduced in Lemma 4.4.7; for Vu,(t) and Vu(t) we use (4.41) and (4.49) to have a uniform
bound.

The L*™ bound uniform in 7 and the L' convergence proved above are sufficient to conclude
the proof. O

The concluding main result of this section is proved in the following theorem.

Theorem 4.4.9. Fiz t € A and let a(t), v(f), r(t) be as in Lemma 4.5.6, and p(t) as in (4.55).
Then, for every p € MT(t), the following conditions hold for a.e. t € (a(t),):

v(t, p(t)) =0 (4.90)
G(w(t), I'(t),p(t)) < 1+ 2v(t,p(t)) (4.91)
[=G(w(t), I'(t),p(t)) + 1+ 2v(t, p(t))] v(t, p(t)) = 0. (4.92)

PRrOOF. Fix ¢ such that fi(t) exists. Consider ) € Cy(Q2) with suppy C By, 1)(p(t)), ¥ >0
and 9(p(t)) = 1. Then, by (4.68), it is

_ . e 1 1
it p0) = i) =l g2 [ g 20,

hence (4.90) holds.
Let (a,b) C (a(f),?). By the weak convergence (4.75), Lemma 4.4.8 and (4.85), we obtain

b

b
/g(w(t),F(t)m(t))dtg/ [+ 20(t, p(t)] dt.

a

If ' € (a(t),?) is a Lebesgue point of the function —G(w(-), I'(:),p(-)) + 1+ 2v(-,p(-)), by the
inequality above we obtain

0sgghélkg—mwaxﬂwm@»+1+2Mumwﬂﬁ

=—=G(w(t), I'{t"),p(t") + 1+ 20(t',p(t)).

Therefore (4.91) holds true a.e. in (a(f),#).
The inequalities (4.90) and (4.91) trivially imply

[=G(w(t), I'(t),p(t)) + 1+ 20(t, p(t))] v(t, p(t)) = 0 (4.93)
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for a.e. t € (a(f),f). Then, considering (4.86), the weak convergence (4.75) and Lemma 4.4.8,
we have the following chain of inequalities

0 g/(f)[g(w(t),r(t),p(t)) £ 14 20t p(t)] o(t, p(t)) dt

t

< lim [_g(w‘r<')7 F‘r(')’pT(')) UT<t7pT(t)) + Ur(tapT(t>)] dt

T—0 Oé(tA)

i
+ liminf/ 20, (t, pr(t))? dt
7—0 Ot(tA)

<timigt | G (0), (0,92 (0) + 1+ 2y ()] 02 (1 (1)) =,

7—0 (t”)
1.€. .
i
| 6. P@,p00) 15 20080 0,900 dt = 0.
a(t
Together with (4.93), this equality implies (4.92) for a.e. t € (a(f),). O

In conclusion, we would like to explain some of the difficulties that arise in the characte-
rization of the behaviour of points in T'(f) \ MT(#). In general, our method does not provide
information about unilateral minimality properties for the continuous-time evolution, therefore
any property concerning it needs to be obtained by the limit behaviour of the discrete-time
evolutions.

In case of static tips, we are not able to prove a result like Lemma 4.3.6, which plays a key
role in the proof of the subsequent results. For example, a static tip might be approximated
by a discrete-time sequence of cracks that kink near the tip. The approximation procedure
suggests that, in this situation, many direction of growth for the crack tip (of the continuous-
time evolution) are possible: which would be the preferred one? How to deal with the energy
release rate G, which, as proved by Negri [71], depends on the kinking angle?

Unfortunately, in the mathematical setting we proposed it is not possible to avoid this
kind of situations and a complete description of the growth process remains an open problem.
Anyway, it is not a simple task to introduce further restrictions on the geometrical properties
of the crack sets in the class &, without finding some geometrical setting already discussed
in the literature (see for example [63, 58]). On the other hand, our geometrical constraints
are necessary in order to avoid some mathematical “pathologies” (like accumulation of singular
points) that would arise if branching is admissible and those constraints were absent. To our
knowledge, this is a first attempt to consider kinking and branching in the framework of Griffith’s
theory without assuming the crack path to be known a priori, and much work still needs to be
done.
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mettere insieme due leoni (un par....o e DDT) ed un permaloso pud sembrare azzardato, perd
ha funzionato molto bene!

Albi e Tere, per numerose chiacchierate, bevute, email, risate, serate su skype, i chupito
di Tere e le macchie di Albi, per aver portato il 7 in giro per il mondo (con la missione di
continuare a farlo fino al... 2025!) nei miei viaggi piu belli fino a questo momento. Sicuramente
siete importanti compagni del Viaggio.

... Mauri, per le divertentissime e poliedriche imitazioni (tra cui gli indimenticabili Sugar Mauri
Fornaciari, Patty Pravo e un “Vincerd” di Albano da brividi), per le provocazioni sopportate, e
per aver tenuto duro durante le attivita del’MCA quando il mio scetticismo era alle stelle.

... Marco, che solo poche mattine ha mancato di farmi trovare l'ufficio gia aperto alle 8. E che
un giorno forse trovera risposta alla sua amletica domanda: “E quindi?”

... Flaviana, il cui passo inconfondibile questi due anni ha sempre annunciato il suo “Buongiorno,
come va?”’ nel nostro ufficio. E che ci ha spronati ad uscire la sera un po’ pit di quanto avremmo
fatto senza la sua iniziativa.



... Mauro, e qui ce ne sarebbero davvero troppe dire! Comprese le faccende da rappresentanti,
le divertenti (coni a parte) e inaspettate discussioni matematiche in ufficio, i kebab & Juve con
anche Alberto e Maurizio.

... Lei, anzi Livio, per una risata inconfondibile, una presenza costante in SISSA. Sicuramente,
indimenticabili gli aromi provenienti dall’ufficio 706 alle 8 del mattino. “Si tira avanti”, vero Lei?

. un po’ di altri amici “triestini” che, in questi anni, hanno rallegrato la vita in SISSA e fuori:
Francesca, Fabio, Elisa, Riccardo, Davide e Marta, Luca e Francisca. E Virginia, sempre piena
di energia e passione.

... gli amici cuneesi, in particolare Jacopo e Roberta, Cecilia, Ilaria, Serena e Ubertino, Cinzia,
Fabrizio, Erik, Ezio, perché 650 km di distanza non sono mai stati un ostacolo per festeggiare le
belle novita, divertirsi, avere molta voglia di rivedersi.

. Francesca, che ha portato il suo entusiasmo romano in mezzo a noi polentoni in piu e piu
occasioni e in molti luoghi.

Andrea e Laura, con cui mi sono divertito moltissimo arrampicando su belle falesie (e vie
oltre il mio limite). E per la “via Carlesso”, sicuramente la pit emozionante salita... per ora,
kamon! Mandi mandi!

. compagni di viaggi, avventure e, fortunatamente per me, molto altro ancora. Perché in questi
quattro anni ogni volta sono tornato a fare matematica un po’ piu ricco di prima. Perché si pud
viaggiare soli, ma ho imparato che in compagnia é meglio, soprattutto se con te ci sono Tere la
Carcassa Inopportuna, Albi e le sue Tre “P”, Fra la Terrona, Cecilia la Svanga....i Freddolosa,
Andrea I'Ingegnere, Ale il Profeta, Mauri ’Agguerrito, Ube il Tuffatore, Cri il Demonio, Selena
la Principessa, Stefania ’Ing. Ittita. Firmato: la Capra Bruna.

Trieste, 20 ottobre 2013
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