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CHAPTER 1

Introduction

Contents
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The existence of a nontrivial fixed point for the renormalization group flow can make a
quantum field theory consistent up to arbitrarily high energies. The good ultraviolet (UV) limit
is ensured by the finiteness of all dimensionless couplings when energy goes to infinity. This
is achieved by requiring that the theory lies on a renormalization group trajectory that flows
towards the fixed point in the UV. This property was called ’asymptotic safety’ by Weinberg in
[Weinberg 1976] and is equivalent to a generalized version of renormalizability.

Asymptotic safety was introduced as a way of constructing a consistent quantum field theory
for general relativity [Weinberg 1979a], but for this idea to give a physically viable theory it is
necessary that also other interactions should behave in this way. Strong interactions are already
described by an asymptotically safe theory and there are reasons to believe that this result is not
ruined by the coupling to gravity [Folkerts 2012]. On the other hand, electroweak interactions
are not UV complete because some of their perturbative beta functions are positive. In this case
there is a room for application of asymptotic safety. If the world is described by an asymptotically
safe theory, there are two main possibilities. In the first case, each interaction is asymptotically
safe by itself and reaches the fixed point at its own characteristic energy scale. The second
case is that asymptotic safety is an inherently gravitational phenomenon which would manifest
itself at the Planck scale and the coupling to gravity makes all other interactions safe. In the
thesis the first scenario will be mainly explored, but in this introduction a general description
of possible asymptotic safety applications is presented.

The problem with general relativity is that a fully consistent quantum field theory of gravity
does not exist. This does not mean that it is not possible to compute quantum gravitational
predictions: at least at low energy, quantum gravity can be described by an effective field theory
based on metric degrees of freedom, as was first shown in [Donoghue 1994|. Effective field theory
techniques [Weinberg 1979b, Georgi 1984, Gasser 1985, Donoghue 1992, Pich 1998| have become
a powerful tool used in particle physics. Effective field theory can be seen as a procedure of

organizing calculations which separates out the effects of high energy physics from the known
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quantum effects at low energy. General relativity is a field theory in which this treatment can
be naturally applied. The known manifestation of an effective field theory which is close to
gravity is chiral perturbation theory |[Weinberg 1979b, Gasser 1984, Pich 1995] where the pion
dynamics is described by a nonlinear sigma model. Gravity and the nonlinear sigma model are
both nonpolynomially interacting theories and, from the power counting point of view, they

have exactly the same structure.

The guiding principle of general relativity is that of local invariance under coordinate trans-
formations. In following this principle, one is forced to introduce a geometry and to define an
action for the theory using invariant terms under the general coordinate transformations. Since

many quantities are invariant, the action for gravity can be organized in powers of curvatures:
d 1 1 2 uv
Sgravlg] = [ d°z/—g ~—;5A-+§E§R—+CLR + Ry R + - - (1.1)

In eq. (1.1) the metric field is denoted by g,., the quantity R = g"”R,,, is the Ricci scalar, R,
is the Ricci tensor and the dots represent invariant terms containing higher powers of R, R,
R,,5, and their covariant derivatives. The coupling constant is k? = 87Gy, where Gy is the
Newton constant and has mass dimension 2 — d, A is the cosmological constant term with mass

dimension 2 and ¢; are dimensionless coefficients.

Physical principles and experimental indications can enter in order to simplify the action.
Experimental measures [Nakamura 2010] show that the cosmological constant is a very small
quantity in Planck units, then the action in eq. (1.1) can be simplified by setting A = 0.
Furthermore, setting ¢; = co = 0 and forbidding all higher curvature terms one obtains Einstein’s

theory:
1

Senlgl = 5 3

/ddx\/ng. (1.2)

Experiments say very little about the size of the coefficients c¢1,cy and the coefficients of the
terms with higher powers of curvatures have essentially no constraints. In practice, there is no
reason to require ¢; to vanish completely. However, nonzero values for ¢; do not influence physics
at very low energy since the action in eq. (1.1) can be seen as organized in an energy expansion

and their contribution is suppressed by a factor k2E? ~ E? /M%, where F is the typical

lanck’
energy of the process and Mp; is the Planck mass (Gy ~ MISZQ). In order to set up the energy
expansion, it is important to note that the connection Fgﬁ = gAU(aag@, + 089ac — 0s9ap)/2 is
first order in derivatives and the curvature R, = (f?,,Fl);A - (%Iﬁ,/ + FZ/\F,i‘U — Ffwfi‘a is second
order. When on-shell matrix elements are computed, derivatives turns into factors of momentum
Oy ~ ipy, so that the leading term of the Einstein-Hilbert action of eq. (1.2) is said to be of order
O(p?), while the other terms of eq. (1.1) involving two powers of curvature are said to be of order
O(p*). Using eq. (1.2), it is possible to compute, at tree level, the graviton-graviton scattering

amplitude. In the helicity basis all the amplitude for the process 1+2 — 3+4 vanish except those



related by crossing to the amplitude A(++;++) which is given by [DeWitt 1967, Berends 1975]:

i k2s3

4 tu ’

A(++;++) = (1.3)
where s = (p1 + p2)?, t = (p1 — p3)?, u = (p1 — p4)? are the usual Mandelstam variables.

No matter which theory actually describes high-energy quantum gravity, in the infrared (IR)
limit any physically valid theory must reproduce the results found in the effective field theory
framework.

In the last years, however, the possibility that the ultraviolet completion of gravity can
still be described in terms of the metric as fundamental degrees of freedom have been taken in
consideration by many authors. They investigate the possibility that gravity may be asymptot-
ically safe computing the renormalization group flow of the theory within a functional approach
[Niedermaier 2006, Reuter 2006, Percacci 2009, Codello 2009b].

In the study of the renormalization group flow of quantum gravity one encounters many
technical complications mainly due to the gauge fixing issue. It is often desirable to test the
machinery in a simpler setting which in the case of gravity is represented by the nonlinear sigma

model. The lowest order term in the derivative expansion is:

Swulél = 573 [ @' haal)0," 00" (19
where f is the nonlinear sigma model coupling with mass dimension (2 — d)/2. As already said,
gravity and the nonlinear sigma model have striking similarities: both are nonlinear and non-
renormalizable theories with dimensionful coupling constant. The structure of the interactions
in both theories is nonpolynomial and they admit a derivative expansion. The nonlinear sigma
model is therefore a good theoretical laboratory where one can study various technical aspects
of the nonperturbative renormalization of gravity without having to consider the complications
due to gauge fixing.

Although the existence of the fixed point was already known in the nonlinear sigma model in
d = 2 + ¢ [Bardeen 1976], its presence has been obscured by the widespread use of dimensional
regularization. The use of this regularization method artificially removes power divergences,
which give important contributions to the beta function of dimensionful couplings such as f.
These contributions are essential in generating the nontrivial fixed point. More recently, func-
tional renormalization group techniques have been applied to study the system and indications
about the existence of a nontrivial fixed point for the nonlinear sigma model with two derivatives
have been found in [Codello 2009a]. This result persist also including higher derivative operators
as shown in [Hasenfratz 1989, Percacci 2010]. The one-loop result for the beta function of the

dimensionless nonlinear sigma model coupling f is shown in Fig.1.1.

Understanding the UV behavior of the nonlinear sigma model may shed some light on the
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Figure 1.1: One-loop beta function for the dimensionless nonlinear sigma model coupling find> 2
Beside a Gaussian fixed point, the model admits a nontrivial UV attractive one at f,.

analogous issue for gravity. On the other hand, the problem of its UV completion is also
important because of its application in particle phenomenology. The best known application of
the nonlinear sigma model in particle physics phenomenology is chiral perturbation theory: it
describes the low energy effective theory of pions, regarded as Goldstone bosons of the flavor
symmetry SU(N)y x SU(N)g, broken to the diagonal subgroup by the quark condensate. In
this specific case the UV completion of the chiral model is QCD, which is an asymptotically free

theory (and then safe) and there is no reason to look further.

On the other hand, when the nonlinear sigma model is coupled to gauge fields, the physical
interpretation for the Goldstone bosons changes completely with respect to the ungauged case.
The most important phenomenological application of this idea is electroweak chiral perturbation
theory. It is similar to chiral perturbation theory, except that the 'pions’ are identified with the
angular degrees of freedom of the standard model (SM) Higgs field and are coupled to the
electroweak gauge fields. The pion decay constant is identified with the Higgs VEV v. The
target space is (SU(2)r, x U(1)y)/U(1)g ~ SU(2), just as in the simplest chiral perturbation
theory. The electroweak chiral lagrangian provides the most general low-energy parametrization
of the Higgs phenomenon for the spontaneous breaking of the SU(2)r x U(1)y symmetry in
terms of the minimal number of degrees of freedom, namely, the three would-be Goldstone
bosons. At tree level and to lowest order in the derivative expansion, the effective low-energy
theory for the electroweak sector is the well known lagrangian of the gauged nonlinear sigma
model given by [Applequist 1980, Longhitano 1980, Longhitano 1981]:

2
LanL = UZTF [DHUDHUT] + La, (1.5)

where L is the kinetic lagrangian of the gauge fields Wy and By,. In eq. (1.5) the Goldstone



bosons 7® are encoded in a matrix valued field U = e@*™ /Y. The coupling of the Goldstone
bosons to the gauge bosons is obtained through the covariant derivative D,U = 0,U —igW,U +
ig’UB,. At tree level eq. (1.5) can be viewed as the SM Higgs sector in the limit when the
quartic coupling A — oo at fixed VEV v, so that the mass of the Higgs field goes to infinity.
Electroweak chiral perturbation theory can be seen as an approximation used in the SM where
the energy is sufficiently low that the Higgs degree of freedom cannot be excited. This model
is perfectly adequate to give mass to the gauge bosons and it leads to the proper low-energy
theorems for the scattering of longitudinal vector bosons [Chanowitz 1985|. The lagrangian in
eq. (1.5) is usually regarded as low energy effective theory thought to be valid up to a cutoff
scale A = 47v and the theory becomes less and less useful for increasing energy and eventually

the perturbative procedure breaks down for momenta of order A.

To incorporate effects coming from new physics at higher scale, new effective operators have
to be considered. The complete SU(2)r, x U(1)y invariant chiral lagrangian containing the whole

set of invariant operators up to dimension four can be written as:

Lewy =Lonp + Y aili, (1.6)

2

where £; are the O(p*) terms. The explicit form of these operators is reported in Appendix C.
In eq. (1.6) the arbitrary coefficients a; have to be fixed by the experiments or by matching the
theory with an UV completion.

In particular, some of these are related to the electroweak precision measurements since they
contribute to the S, T and U oblique parameters [Peskin 1992| and therefore they are directly
contrained by LEP. If the nonlinear sigma model was really equivalent to the mpy — oo limit
of the Higgs model [Herrero 1994|, this would be enough to essentially rule it out, since a very
heavy Higgs particle is disfavored by precision electroweak data. The issue of the compatibility
of the electroweak chiral lagrangian with electroweak precision measurements has been analyzed
in |Bagger 2000].

An interesting theoretical possibility is the UV completion of the model described by the
lagrangian in eq. (1.6) given by asymptotic safety. This model is minimal in the sense that
no Higgs field or other exotic particle involved in electroweak symmetry breaking is present or
integrated out. This model represents a starting point for many possible extensions that can be
dictated from what the LHC can give us in terms of results. Requiring that the theory lies on a
renormalization group trajectory that hits a nontrivial fixed point in the UV will force to tune
the value of some coeflicients a; in terms of the others that are taken as free parameters, these

are predictions that can be compared with the experimental bounds.

In a more realistic picture one has to take into account fermions, which are assumed to
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coupled to the nonlinear sigma model only via (proto)-Yukawa interaction:
Lyur = —miriUri + h.c. (1.7)

where 1); are SU(2) SM fermions. In this case the parameter space enlarges with the introduction
of the Yukawa couplings h; = m;/v and the system of coupled equations for the beta function
becomes more involved. Considering fermions and study their influence on the fixed point is

important if one wants to build a realistic model.

Another important issue is the scattering amplitude. Making use of the equivalence theorem
[Cornwall 1974, Chanowitz 1985] it is possible to use eq. (1.5) to compute the scattering of
longitudinal gauge bosons in a range of energies m%,[, < s < A?. The elastic scattering for the

pion scattering process w%r? — 7°r? is given by a single tree level amplitude [Gasser 1984]:

A(s,t,u) = % (1.8)
where s, t, u are the usual Mandelstam variables. This amplitude has a common feature with the
graviton amplitude computed in eq. (1.3), both amplitudes increase quadratically with the energy
of the process leading to a violation of perturbative unitarity at a certain energy scale which
in the case of electroweak interactions occurs at ~ v/8wv. In the SM the problem is solved by
embedding the nonlinear sigma model into a complex dublet transforming linearly under SU (2).
This is achieved introducing an extra degree of freedom (the Higgs boson) which is responsible
for unitarizing the theory. In doing this, one makes the theory perturbatively renormalizable
although not fully UV complete, due to the positive beta function for the quartic coupling A.
In strongly interacting theories unitarity is restored thanks to the presence of resonance states,
which soften the UV behavior of the amplitude.

In the case of the nonlinear sigma model, a qualitative argument in favor of unitarity is
obtained by noticing that the existence of a nontrivial fixed point for the Goldstone boson
coupling v implies that its scaling for k — oo is given by 0.k, where U, is a fixed point value
for the dimensionless coupling © = vk~!. Identifying k? = s and substituting into eq. (1.8) one
obtains that the amplitude reaches a constant value for s — oo depending on the fixed point

value:
s 1

A(s,t,u) = @ ~ a
* *

(1.9)

The full study of the Goldstone boson scattering amplitude in the context of asymptotic safety
is important for the reliability of the minimal electroweak model at all energies but can also give
some hints about what is expected to happen in gravity, where the structure of the amplitude
is similar.

The discovery of an Higgs-like particle with mass around 125 GeV /c? has been recently an-
nounced by the LHC experiments CMS [CMS 2012] and ATLAS [ATLAS 2012|. Data collected



during the 2011 and 2012 are not sufficient to completely pin down the details of this new par-
ticle and to tell us whether it is the true SM Higgs. Thus, one is forced to extend the minimal
model in eq. (1.6) and to consider the case in which a light neutral scalar H exists in addition
to the known matter and gauge fields. The most general description of such Higgs-like particle
is obtained by considering the electroweak chiral lagrangian and adding all possible interactions

involving H [Giudice 2007, Contino 2010]. The lowest order lagrangian reads:
1 v? ; H  H?
LNrg = §8MH8“H+ ZTI“ [DNUDMU ] 1+ 2(1; + bﬁ +- |+V(H)+ Lo+ Ly, (1.10)

where the dots represents terms including higher powers of H. In eq. (1.10) V(H) is the scalar
potential and Ly is the extension of the Yukawa lagrangian in eq. (1.7) obtained by including
the H field. This is the most general extension of the minimal Goldstone boson model which
includes the SM particles already discovered and the new Higgs-like scalar H. The SM case
consist of having @ = b = 1 and all other higher couplings zero in eq. (1.10). In this case the
three Goldstone bosons and the Higgs field can be recasted in a SU(2) dublet which transforms

linearly.

The main reason why the SM uses a linearly transforming Higgs field, rather than a non-
linear one, is that the nonlinear sigma model and its extension in eq. (1.10) are perturbatively
nonrenormalizable . However, this theory could be made renormalizable in a nonperturbative
sense if asymptotically safe. Asymptotic safety can also manifest itself with a linearly realized
Higgs field in the presence of Yukawa interactions |Gies 2009, Gies 2010b, Gies 2010aJ. In this
case asymptotic safety at a nontrivial fixed point can lead to a reduction of physical parameter

and hence make the model to have more predictive power.!

The aim of this thesis is to study the construction of an asymptotically safe electroweak
model, where the Higgs sector is parametrized in a minimal way by a nonlinear sigma model.
After having supported the existence of a nontrivial fixed point in the electroweak gauged non-
linear sigma model, the general point of view is to assume the existence of such a fixed point at
nonperturbative level and to work out the phenomenological consequences of this assumption.
It is important to remark that, given the subsequent discovery of an Higgs-like particle at the
LHC, this model turned out to be too minimal to describe the real world. However, it represents
a building block of any possible extensions, giving some insights about the general picture of
the asymptotic safety construction in the case of electroweak theory. In addition, there remain
motivations to study the nonlinear sigma model, at more theoretical level, because it can give
some indications of what is expected to happen in general relativity given the similar structure

of the theories.

!Taking into account also gravity and assuming that there are no intermediate energy scales between the
Fermi and Planck scale, the authors of [Shaposhnikov 2010] predict an Higgs boson with mass about 126 GeV/c?.
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1.1 Asymptotic safety

Asymptotic safety was introduced as a set of requirements, based on the existence of a nontriv-
ial fixed point for the renormalization group flow, which would make a quantum field theory
consistent up to arbitrarily high energies.

Consider a quantum field theory defined by a scale dependent effective action I'y[p] which is
assumed to describe the physics of the system at scale k. This notation will be made more precise
in Chapter 2. The action I';[¢] can be parametrized in terms of a complete set of operators O; j

consistent with the underlying symmetries of the theory, as follows:
Telel = gikOikle], (1.11)
i

where the coefficients g; 1, including masses and wave function renormalizations, are called cou-
pling constants. In general this basis of operators is an infinite dimensional k-dependent set. The
operators O; ;, have some canonical mass dimension D; which implies that the relative couplings
are, in general, dimensionful. In particular g;  have mass dimension d; = —D;.

The k-derivative of the action I'y[p] may be called ’beta functional’ and gives the scale

dependence of the theory:
0

0
k‘afkrk[@] = k’afk zi:gi,koi,k[@] : (1.12)

Consider, for simplicity, a basis of operators that does not flow:
Lile] = Zgi,koi[@] : (1.13)
i

In this case one has

ko Tl = Y (kg;gk) Oilel. (1.14)

i

where the k-derivative of the coupling is called beta function and is denoted by g;:

0
kafgi,k = Bi(g,k) . (1.15)
k

The beta function is, in general, a function of the couplings of the theory and the scale k. Given

ik, it is possible to define the dimensionless coupling g; . as follows:
5. — —d,.
Jik = k Gi k- (1.16)

The set of all the variables g; ; form an infinite dimensional space that is called 'theory space’
because it parametrizes all the possible actions. Parameterizing the theory space with the dimen-

sionless couplings g; j just means that one is using the cutoff £ as a unit of mass. Introducing
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B(Q)

Figure 1.2: Possible forms of the beta function 3(g). The first upper curve shows a positive beta
function which drives the coupling g away from zero making it to diverge at finite scale (Landau pole).
The second mid curve represents a beta function with a nontrivial zero that is UV attractive. The last
curve is a negative beta function where g = 0 is the UV attractive fixed point (asymptotic freedom).

these quantity is well justified from the physical point of view in which measured quantities
are always obtained with respect to a reference scale. In the theory of renormalization group,
dimensionless couplings are densitized cupling obtained by rescaling after the coarse graining

procedure. The corresponding beta functions for the dimensionless coupling are:

~ 0 . _ _a
Bi(g) = kgkgi’k = —dg; +k dzﬁi(g, k). (1.17)

A simple scaling argument can be used to show that the beta function for a dimensionless
coupling can only depend on dimensionless quantities g and not on k. Examples of beta functions
are shown in Fig.1.2.

A fixed point of the renormalization group flow, denoted by §., is defined by the values of

the dimensionless couplings for which all the corresponding beta functions vanish identically:

Bi(3.) =0. (1.18)

A fixed point is called Gaussian when g, = 0, it describes a free theory. It is obvious that
if one takes g. as initial condition for the flow, the theory remains at the fixed point at any
scale. A fixed point defines a conformal field theory which by definition is a theory invariant
under conformal transformations?. In such a theory the result of any experiment is completely

determined by the fixed point.

2Recent discussions about the possibility of having scale invariance without conformal invariance can be found
in [Fortin 2012].



10 Chapter 1. Introduction

The good UV behavior of the theory is ensured by the existence of a fixed point and by
requiring that it lies on a trajectory that flows toward the fixed point in the UV. Such a trajectory
could describe physics up to arbitrarily high energy and it is said to be ’asymptotically safe’ or

renormalizable’.

Asymptotic safety is usually formulated in terms of the behavior of the couplings in the action
but, more physically, it should be formulated in terms of the behavior of observable quantities.
The two formulations are related by noticing that any observable quantity F = F(g;,p;, k) is
a function of the couplings g;, the external momenta p; and the mass scale k. By dimensional
analysis one can rewrite F(g;,p;, k) = kLf (i, x;), where d is the mass dimension of F and f is
a dimensionless function of g; and the kinematic variables x;. If g; have a finite UV limit then
also the quantity f(g;, ;) is expected to be finite and the observable F behaves for k that goes

to infinity like powers of k and does not develop any unphysical singularity.

It is important to notice that the condition of asymptotic safety alone is not sufficient to
guarantee the predictivity of the theory. In particular, if all couplings of the theory space were
attracted towards the fixed point, then one would have a good UV limit irrespective to the
initial conditions. This would leave infinitely many arbitrary couplings to be determined by

experiments and the theory would lose predictivity.

In order to characterize the fixed point one needs to study the behavior of a theory in the
vicinity of the fixed point by linearizing the flow around the fixed point itself. In doing this it is

customary to introduce the stability matrix B;; defined by

9p;
B;; = . 1.19
13 8§] i ( )
gx
Defining g = g — g«, the linearized flow equation takes the following form:
9 . ~ 2
k?@*kgz‘,k = Bij(g+)6g; + O(dg;5) - (1.20)

The solution of the linearized system can be written as:

) _ o E\™
gz(k) :gi*-FZCaUZ- <kj0> (121)

where b, and v{ are eigenvalues and eigenvectors of the stability matrix Bijv} = bavj and ¢,
are constants of integration fixed by the relation g(ko) = gix + >, cavi. Eigenvectors v{* whose
eigenvalues have negative real part are said to be "UV-attractive’. By inspection of eq. (1.21) it
is easy to see that for Re[b,] < 0 then g;(k) flows towards its fixed point value g;s for kK — oo
independently of the initial condition. On the contrary, eigenvectors v whose eigenvalues have

positive real part are said to be "UV-repulsive’. In this case the couplings will reach the fixed
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point ;s for k — oo only if ¢, = 0. The operators associated to UV-attractive (-repulsive)
couplings are called relevant (irrelevant), since their importance in driving the theory away from
the UV fixed point increases (decreases) as one flows towards the IR.

If the fixed point has a finite number n of attractive directions, then the family of trajectories
that are physically acceptable has dimension n — 1. The set of all points belonging to this
trajectories is a m-dimensional surface called "UV-critical surface’. The most predictive case is
n = 1, where there is only one physical acceptable trajectory. In this case, after having fixed the
value of the attractive coupling at some scale, the requirement of asymptotic safety determines
uniquely the values of the other couplings at any scale. More generally, for n > 1, one has to
perform n experiments to fix the value of the attractive couplings at some scale. Everything else
can be, in principle, determined and constitute the genuine prediction of the theory, that can
be verified experimentally.®

Perturbation theory corresponds to the case where the fixed point is Gaussian. In this case
the tangent space to the critical surface, obtained by the linearized flow, is spanned by the
couplings that have positive or vanishing mass dimension, i.e. those that are power counting
renormalizable. Thus asymptotic safety at the Gaussian fixed point is equivalent to perturbative
renormalizability plus asymptotic freedom. It is widely agreed that a theory with these properties
makes sense up to arbitrarily high energies and therefore can be regarded as a fundamental
theory. Asymptotic safety is a generalization of this behavior to the case when the fixed point
is not a free theory.

The best known example of asymptotic safety at the Gaussian fixed point (asymptotic free-
dom) is QCD. In this theory only a finite number of couplings are attracted towards the fixed
point in the UV, namely the gauge coupling and the quark masses. All other couplings must
be set to zero in order to have a good UV limit of the model. Another example of asymptotic

—2+¢

safety is the Gross-Neveu model in two dimensions with a p propagator, which is pertur-

batively renormalizable and has been shown to be renormalizable at a nontrivial fixed point
[Gawedzki 1985].

1.2 OQOutline

In this chapter, the concept of asymptotic safety and the motivations to look for it in the case of
the electroweak interactions have been presented. The rest of the thesis is organized as follows.

In Chapter 2, the functional renormalization group machinery is introduced. The effective
average action is defined, it is a scale dependent version of the usual effective action obtained

by implementing a cutoff kernel in the functional integral definition. The nice property of

3 Actually, only the essential couplings of the theory must have the good UV behavior. If a coupling is
inessential, namely it can be eliminated by a field redefinition, then it does not need to have a finite UV limit (a
typical example is the wave function renormalization constant).



12 Chapter 1. Introduction

this functional is that its scale dependence can be studies in terms of a simple exact functional
equation. The beta functional is UV and IR finite and can therefore be calculated unambiguously
for any theory. Gauge interactions are also accommodated by defining the background effective
average action. This action is constructed by implementing a cutoff kernel constructed with
covariant Laplacians that respects the symmetries of the background fields and obeys, as well as
the usual effective average action, to an exact renormalization group equation. The last section
of the chapter is devoted to two important examples of application of the exact functional
renormalization group equation. The Yang-Mills beta function and the renormalization group
flow of the nonlinear sigma model are computed. Both these models admit an UV attractive
fixed point. This results are the starting point for the calculations presented in the next chapters
of this thesis.

In Chapter 3, the functional renormalization group study of the gauged nonlinear sigma
model is presented and the specific case of a chiral SU(N) model is considered. The chapter deals
with the construction of the background effective average action for the model and the solution
of the functional equation it obeys. The detailed computations of the renormalization group
flow obtained by taking into account different schemes of regularization and paying attention
to the gauge dependence of the results is discussed. The fixed points of the model are studied
and the results are compared with the ungauged case. Comments on possible relevance for
phenomenology are finally reported.

In Chapter 4, some phenomenological applications of the gauged nonlinear sigma model in
the case of electroweak interactions is presented. The first part is devoted to the study of the
renormalization group flow of the SU(2);, x U(1)r gauged nonlinear sigma model using the
functional methods introduced in the previous chapters. The possibility that the model might
be asymptotically safe is considered. . The predictivity of the model will be tested enlarging
the theory space by including higher order operators in the truncation. Therefore, dimension
four operators, related to the electroweak S and T parameters, are taken into account and
the renormalization group flow of the theory is studied by the same functional methods. The
predictions obtained from the asymptotic safety picture are presented and the compatibility of
the model with precision measurements is also discussed.

In a realistic model one needs to accommodate also SM fermions coupling them in a chiral
invariant way to the Goldstone fields. In this way it is possible to provide a mass for quarks and
leptons. In the third part, the renormalization group flow of the nonlinear sigma model coupled
to fermions is studied. In this case, a one-loop computation shows that the inclusion of fermions
drastically modifies the asymptotic properties of the nonlinear sigma model. The modifications
one has to provide in order to preserve asymptotic safety of the theory is discussed. In particular,
the good UV limit of the theory is ensured by adding effective four fermion interactions.

The final part is devoted to computing the Goldstone boson scattering amplitude using the

functional formalism. The effective action has been computed solving the one-loop flow equation,
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rather than performing a functional integral. Divergences appear integrating the flow and some
renormalization conditions are necessary to remove the infinities. In this way, the result for the
scattering amplitude turns out to be the same as in perturbation theory.

In Chapter 5, final comments about the results obtained from the study of the minimal
electroweak model are presented. The main open issues and future research directions are also

discussed.
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It is a well appreciated fact that the behavior of physical systems depends upon the length
scale at which they are probed. One of the greatest insights of modern theoretical physics was
the realization that it is possible to encode this scale dependence into the measurable parame-
ters of the system, i.e. the coupling constants of the theory [Gell-Mann 1954, Bogoliubov 1959].
The development of these ideas culminated in Wilson’s formulation of the renormalization group
theory [Wilson 1971a, Wilson 1971b, Wilson 1972, Wilson 1974 where the scale dependence of
the couplings is built-in in the formalism. In Wilson’s method, which is based on the functional
approach to quantum field theory presented in Appendix A, one imposes a floating finite ultra-
violet cutoff A in the integral definition of the partition function and instead of taking A — oo,
one requires that the bare constants of the theory depend on A in such a way that all observable

quantities are cutoff-independent. In Euclidean space one has:

7 - /Dgf)/\ e—Salogn] — H /d¢(q) e~ Sa[$:9a] (2.1)

lal<A

where the measure D¢, is defined in such a way that the integration involves only field fluc-
tuations ¢(g) with |¢g| < A and ¢(¢) = 0 for |¢g| > A. In eq. (2.1) ga represents the set of
coupling constants and the sources are neglected for simplicity. The cutoff A makes the integral

expression finite and represents the UV scale at which the theory is fully described by the action
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Sa. Wilson’s method consist on momentum shell mode elimination which is carried out by inte-
grating over high-momentum degrees of freedom of ¢. Introducing a scale k < A, it is possible
to define an action Sy which is supposed to be a good description of the physics at scale k after

performing the integration over the modes with k& < |q| < A:

7 — /D¢k e~ Sk[¢.9x] (2.2)

where

e~ Skldgr] — H /d¢(q) e~ Sale.9a] (2.3)

k<|q|<A

In order to make a careful comparison of the new functional integral in eq. (2.2) with the ini-
tial one in eq. (2.1) it is convenient to rescale distances and momenta in eq. (2.2) according to
q¢ = qA/k and 2’ = xk/A. The operation of integrating out high-momentum degrees of freedom
combined with the rescaling leads to a transformation of the original action in which the contri-
bution of the field fluctuations with k& < |g| < A can be absorbed by adjusting, or renormalizing,
the couplings g at scale k. Continuing this procedure, it is possible to integrate over another
shell of momentum space and transform the action further. In this way the corrections com-
ing from high-momentum fluctuations are introduced slowly and systematically. If the shells of
momentum integration are infinitesimally thin, the transformation becomes a continuous and
can be described as a flow in theory space. For historical reasons, these continuously generated
transformation are referred to as the renormalization group even if they do not form a group
in the formal sense. It is important to notice that even if the initial UV action Sy is local,
the resulting Sy, is, in general, a complicated non-local action containing all possible invariant
terms compatible with the symmetries of the theory. In this way the renormalization group
theory naturally introduces the space of all possible actions compatible with the symmetries of
the theory (theory space). The renormalization group framework is an extremely powerful tool
in theoretical physics and its application has led to important results in studying a variety of
classical and quantum systems |[Zinn-Justin 2002|, from solid state [Fisher 1998| to high energy
physics [Polchinski 1984].

The aim of this chapter is to introduce the functional renormalization group methods that will
be applied in this thesis. They focus on the mode elimination procedure of Wilson, but in place
of integrating over finite momentum shells, one encodes the integration over an infinitesimal
momentum shell in a differential equation describing how the effective action changes as the
cutoff is varied. The striking and fundamental point is that it is possible to write an exact
functional equation describing this process. In particular, it turns out to be convenient to study
a scale dependent generalization of the effective action, called effective average action I'y. In
the language of statistical physics, 'y is a type of coarse-grained free energy with a coarse

graining length scale (~ k~!). In this way, one can work directly with the mean or average
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fields, which have a clear and direct physical interpretation. Moreover, the exact flow equation
for the effective average action turns out to be extremely compact and powerful. However, the
flow equation is a very complicated functional integro-differential equation, which can be treated
only at the cost of making some approximation. The effective average action is also suited to be
applied to physical systems in presence of background gauge fields and it is possible to derive
an exact renormalization group equation for it by introducing a cutoff kernel constructed with
covariant Laplacians that respects the symmetries of the background. The last section of the
chapter will be devoted to present two examples of application of this formalism in the case of
Yang-Mills theory and the nonlinear sigma model. For a general reference about the effective
average action see [Wetterich 1993, Berges 2002] while for an introduction to the formalism see
[Litim 2001, Gies 2006].

2.1 Effective average action

The effective average action I'y is a simple generalization of the usual effective action (see
Appendix A). It is obtained by implementing an infrared cutoff, which depends on some scale
k, in the defining functional integral, such that only fluctuations with momenta ¢*> > k? are
included. The effective average action I'y, can be seen as a scale-dependent effective action which
arises from integrating out all field fluctuations with momenta larger than k. By definition, the
average action is equal to the standard effective action for k = 0, i.e. I'g = I'; in the limit £ =0
the IR cutoff is absent and all fluctuations are included. On the other hand, in a model with a
physical ultraviolet cutoff A it is possible to associate I'y with the microscopic or classical action
S. No fluctuations with momenta below A are effectively included if the IR cutoff k equals the
UV cutoff A. Thus the average action I'y, is a functional that interpolates between the classical

action S and the effective action I' as k is lowered from the ultraviolet cutofl A to zero:

FA%S s ]liH%]Fk =T. (2.4)

The ability to solve the theory is equivalent to the ability to follow the evolution of I'y from
k=Atok—0.
The most important point is that there exists a well-defined (i.e. UV and IR finite) exact

non-perturbative flow equation, which will be presented in the next section, that describes the

dependence of the average action on the scale k.

In the following, the construction of the effective average action for a simple model of one real
scalar field ¢ will be derived. Consider a theory defined by an Euclidean classical action S[¢] in
space-time dimension d, one starts with the path integral representation of the generating func-

tional for correlation functions Z;[J] in the presence of an IR cutoff ASy and a nonhomogeneous
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Figure 2.1: The flow of the effective average action. In the limit k¥ — 0 it is possible to recover the full
quantum effective action I' as the result of the integration of the flow.

source J:

27 = [Doesp (~Sl6] - Asilel + [ ate s)ote)) (25)

Correlation functions in presence of a source can be computed by taking functional derivatives

of Z, with respect to J:

1 0 o 0

(d(x1) §(2) .. d(an))rs = Zi|J] 6T (x1) 6 (x2) " 0 ()

Zu[J]. (2.6)

As usual, one is most interested in the generating functional for the connected correlation func-

tions which is denoted by Wy[J] and is given by the logarithm of the partition function Z[J]:

WelJ] = tog Z41J] = og [ Doesp (~Sl6] - ASilel + [ atesol)) . 21)

The n-point regularized connected correlation function can be computed using Wy, as generating

functional:

5 5
0 (x1) 0 (x0) T 0T ()

Gk(xl,xg...,xn) Wk[J] (2.8)

The 2-point regularized connected correlation function Gg(z1,x2) is called 'regularized propa-
gator’, it is given by:

2 W[ J]

Gr(z1,22) = 5 @0 (22) (p(x1)d(22)) K — (D(21)) 7 (D (22)) R - (2.9)

The only modification in eq. (2.7) compared to the construction of the standard effective action

is the presence of an additional IR cutoff term ASk[¢] which is taken to be quadratic in the
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fields:
Aol =5 [ e [[dty ot Reten)o0), (2.10)

where Ry (x,y) = Rip(A)d(z — y). In general, the ’cutoff shape function’ Ri(A) can be taken as
function of a proper covariant Laplace operator A = —V2 +U, where V is a covariant derivative
and U is a field dependent endomorphism. In the simple case in which A = —@? it is possible

to rewrite ASg[¢] in momentum space as:

Aso) =5 [ a0 Ru0ta). e.11)

The cutoff shape function Ry(q¢?) is an arbitrary function of ¢2, apart from the requirement that,
at fixed g2, it monotonically interpolates between Rj, = 0 for k — 0 and Ry, ~ k? for k — oo (or
k — A). An example of such a cutoff shape function, mostly used in this thesis, is provided by
the so called ’optimized cutoff’ [Litim 2001]:

R (¢%) = (K = ¢))0(k* — ¢%). (2.12)

Other examples of cutoff shape functions are the ’exponential’ and the 'mass-type’:

Ry (g%) = — LR = k2. (2.13)
er? —1

As a result, for fluctuations with small momenta ¢ < k? this cutoff behaves as Rp(q?) ~
k% and since ASp[¢] is quadratic in the fields, all Fourier modes of ¢ with momenta smaller
than k acquire an effective mass term ~ k which acts as an effective IR cutoff for the low
momentum modes. In contrast, for ¢ > k? the function Ry (q?) goes rapidly to zero so that the
functional integration of the high momentum modes is not affected. The term ASk[¢] added to
the classical action is the main ingredient for the construction of an effective action that includes
all fluctuations with momenta ¢?> > k2, whereas fluctuations with ¢?> < k? are suppressed. As
usual, it is possible to introduce the average field ¢ which is the expectation value of ¢ in the

presence of ASk[¢] and a source J:

(2.14)

Notice that the relation between ¢ and J is k-dependent, namely ¢ = @i[J] and J = Ji[p]. The

effective average action is defined in terms of W}, via a modified Legendre transform:

Iﬂﬂzwmm+/ﬂwwmw—A&m. (2.15)
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In eq. (2.15), the term ASk[p] has been subtracted on the right hand side, this is crucial for the
definition of a reasonable coarse-grained effective action with the property I'y &= S. It guarantees
that the only difference between I'y, and I' is the effective infrared cutoff in the fluctuations.
Furthermore, it has the consequence that I'y does not have to be convex for nonvanishing k,
whereas a pure Legendre transform is always convex by definition. The Legendre transform can

be inverted using the relation:

0T k[¢]
dp(x)

Taking another derivative of eq. (2.16) with respect to ¢, it is possible to compute the Hessian
of Fk:

 SAS]

dp(z)

= J(x) (2.16)

52Fk[(p] . (5J(.T}2) _ (52A8k . 5J<$2)
Sp(x1)dp(wa) — dp(x1)  dp(x1)dp(z2) — dp(w1)

Using eq. (2.9) and eq. (2.14) one can rewrite the regularized propagator as:

— Ri(x1,x2) . (2.17)

§2W, _ dp(r1)
6J(x1)0J (z2) — 6J(xa)

Gr(z1,22) = (2.18)

Putting together eq. (2.17) and eq. (2.18), one obtains that the modified Hessian of Ty is the

inverse of the regularized propagator:

2
/ddx Gi(zy1, ) (‘% + Ry(z, :132)) =6(z1 — x2). (2.19)

It is possible to derive an integro-differential equation satisfied by I'y inserting eq. (2.15) into
eq. (2.7):

T = [ Do (~slol - Aol + [ J6-p)+ASI) . )
Now, shifting the integration variable x = ¢ — ¢ and using the inverse Legendre transform

relation in eq. (2.16), it is possible to write the functional integral representation for the effective

average action I'y:

e~ Trlel — /DX exp (—S[X+ ©] — ASK[X] +/ 52’“;‘0} x) : (2.21)

where the condition (x) = 0 is understood. It is an integro-differential equation for the effective
average action I'y, it can be also used in place of eq. (2.15) as a starting point to define the effec-
tive average action. This expression resembles closely the expression for the implicit definition

of the effective action in eq. (A.16) except for the modification given by the term ASy.

As already mentioned, the effective average action interpolates smoothly between the classical
action § at UV scale and the full quantum effective action I' at the IR scale. The limit k — 0
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is easy to study since in this limit ASy vanishes and then by definition 'y = I". To study the
limit & — o0, it is important to notice that the cutoff shape function diverges and the term ASy
behaves as Ck? / d%zx?, with C a cutoff shape dependent constant. Redefining the fluctuation
field as x — x/k and using the relation AS[x/k] = ASk[x]/k?, which follows from eq. (2.10),
it is possible to show that for k — oo eq. (2.21) behaves as:

where one has assumed that 0I'y[¢] /0y is finite in the limit & — co. The functional integral one

needs to evaluate is a Gaussian one and it is just a multiplicative constant, then
Iolk—oo = S[p] + const , (2.23)

which can be seen as a UV boundary condition for the effective average action. This shows that
I'} interpolates between the bare action S for k — oo and the full quantum effective action I’
for k — 0.

Applying standard perturbation theory to the effective average action as defined in eq. (2.21)

one obtains the one-loop order average action:

1 32S[¢]
r =8 —Tr 1 Ry | . 2.24
ol = Stel + 5T og (500 4 (2.24)
This resembles the standard loop expansion for the quantum effective action with the modifica-

tion introduced by the presence of the cutoff term Ry.

Chiral fermions can be incorporated easily in this formalism since chirally invariant cutoffs
can be formulated [Wetterich 1990, Bornholdt 1992]. Effective average actions for gauge theories
can be formulated as well [Reuter 1993, Reuter 1994a, Reuter 1994b| even though ASy may not
be gauge invariant. In this case it is possible to derive closed expressions for corrections to the
usual Ward identities [Ellwanger 1994]. They appear as counterterms in I'y and are crucial for

preserving gauge invariance of physical quantities.

The effective average action presents many analogies with the Wilsonian effective action Sa
but there is a conceptual difference. The Wilsonian effective action describes a family of actions
parametrized by A for the same model, the n-point functions are independent of A and have
to be computed from Sp by further functional integration. On the other hand, for any value
of k, the functional I'y can be viewed as the generating functional of one-particle-irreducible
correlation functions for a model with different action S = S + AS;, and the n-point functions
depend on k. The Wilsonian effective actions does not generate the one-particle-irreducible
Green functions [Sumi 2000].
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2.1.1 Exact flow equation for the effective average action

The most important feature of the effective average action of eq. (2.15) is that it is possible to
write down an exact functional equation which describes the dependence of I'y on the cutoff

scale k. In order to derive this functional equation it is useful to consider
Tile] = Tile] — ASkl¢] (2.25)

where according to eq. (2.15)
Bulel =~ Wil + [ disa(@)eto). (2.26)

The scale dependence of T, is given by

;{f‘k[go] _ <88VZ’“> ] — / iz S“(;‘j) 8‘255“") + / iz cp@)a‘ggj) . (2.27)

Using eq. (2.14) it is easy to show that the last two terms in eq. (2.27) cancel. The k-derivative
of W}, is obtained from its defining functional integral in eq. (2.7) where all the k-dependence is
encoded inside ASy, this yields to:

SeEulel = (k10 = ([ e [[atyoo TEED ). (2.23)

Using eq. (2.9) and eq. (2.14) , the scale dependence of T can be expressed as

%fk[w] = /dd /dd [aRk o y)Gk(y,fv)+w(w)anlg;’y)<p(y)
_ 5Tr [Gkaik] aglfk[go]. (2.29)

The flow equation of the effective average action is then obtained subtracting the contribution
coming from the k-derivative of ASk. Using the relation in eq. (2.19) it is possible to rewrite

the exact flow equation for I'y as

0 1

-1
(52“[@ +Rk> OB (2.30)

dpdp ok

The renormalization group flow of the effective average action in eq. (2.30) is described in a
closed form by a functional differential equation. This equation is also called Wetterich equation
and was first derived in [Wetterich 1993]. Moreover, it is exact since no approximations where
made in its derivation.

The dependence of I'y, on the scale k is given in terms of the inverse average propagator
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Figure 2.2: Graphical representation of the exact renormalization group flow of eq. (2.30). The contin-
uous line represents the regularized propagator while the cross represents the insertion of Ok Ry.

F](CZ) = 6°T'y/0pdp and has a simple graphical expression as a one-loop equation, as shown in

Fig.2.2, where the full k-dependent propagator is associated to the close solid line and the dot
denotes the insertion of Oy Ri. In order to obtain a one-loop like flow equation it is crucial that
the cutoff action in eq. (2.10) is quadratic in the fields, other forms for ASy lead to higher order
vertices of the effective average action on the right hand side of eq. (2.30) that spoil the one-loop
structure of the equation.

In order to obtain a formulation of eq. (2.30) which resembles the usual beta functions one
just replaces the partial k-derivative by a partial derivative with respect the logarithmic variable
t = log(k/ko), where kg is some reference scale. Taking the ¢-derivative of eq. (2.24), one gets

the one-loop flow equation for the effective average action:

ngM 1 [(528&0] +Rk>_ OR),

— . 2.31
ot 2 dpdp ot (2:31)

It is remarkable that the full renormalization group improvement S @ - F,(f) turns the one-loop
expression into an exact identity which incorporates effects of higher loops as well as genuinely
non-perturbative ones. Standard one-loop renormalization group improved perturbation theory
can be recovered after replacing the propagator and vertices appearing F,(f) by the ones derived
from the classical action and expanding the result to lowest order in the couplings which are
taken as k-dependent.

The presence of the cutoff shape function Rj with the properties mentioned in Section 2.1.1
ensures that the trace of eq. (2.30) is both infrared and ultraviolet finite. In particular, for
momenta q2 < k? the cutoff acts as a mass term Ry, ~ k2 in the inverse average propagator
curing potential infrared problems. On the other hand, ultraviolet finiteness is ensured by the
fast decay of O Ry, for ¢° > k2.

The flow equation (2.30) is an differential equation that is, in general, very difficult to solve
exactly. This is mainly due to the fact that I'y is a functional defined in an infinite dimensional
theory space which is parametrized by the coupling constants of all interaction terms consistent
with the symmetries of the theory. Since it is impossible to follow the flow of such an infinite
number of couplings, then some approximation schemes are required to solve the renormalization

group equation. The usual way to proceed is to truncate the effective average action, making an
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ansatz for I'y, which only retains a subset of all the possible terms of the theory and substituting
this ansatz into the flow equation. Then one projects the result of the flow onto the subspace
of the truncation. One common way to truncate the effective action is based on the vertex
expansion. In this case, differentiating eq. (2.30) with respect to the field ¢, one obtains an
hierarchy of vertex flow equations which are taken to some finite order n. Another useful
truncation is the derivative expansion, in this scheme the effective average action is expanded
in powers of the derivatives to some finite order n.

The flow equation can be also solved by using an iterative method. In this case one chooses
as initial ansatz I'y, o for the effective average action and plugs it into eq. (2.30) in order to obtain
the flow of the next approximation I'y 1. Integrating the flow and imposing the initial condition
a1 = S one computes I'g ;. The obtained result is then used as a new seed into eq. (2.30)
and the procedure is repeated. In this way one generates a series of approximation I'g, that
may converge to the full effective action. It is important to notice that the initial ansatz can
be chosen to have some given scale dependence. If it is chosen to be the bare action, namely

I'r,0 = S, then one generates the perturbative loop expansion.

2.2 Effective average action for gauge theories

In this section, the construction of the effective average action is generalized to the case of gauge
theories, in particular to non-abelian gauge theories. The important point in the construction
is obviously that gauge invariance has to be preserved after the introduction of the cutoff. In
the previous section was pointed out the importance for the cutoff action to be quadratic in the
fields in order to obtain a one-loop like flow equation. This means that if one tries to introduce
in gauge theories a cutoff by simply taking as cutoff kernel a function of the covariant Laplacian,
this will spoil the simple one loop structure of the flow. Moreover the effective average action will
not be gauge invariant because of the non-covariant coupling of the gauge field to the source.
The way out is to employ the background field method for the k-dependent gauge effective
action. This implementation was was first proposed in [Reuter 1994a]. In the following, the
background field method for gauge theories is reviewed and the application of this method for
the construction of the effective average action is presented. Finally, the flow equation for the

background effective average action is derived.

2.2.1 Background field method for gauge theories

The background field method [Honerkamp 1972, 't Hooft 1976, Abbot 1981] is a technique
widely used in dealing with gauge theories that allows to compute quantum effects without

losing explicit gauge invariance.
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Consider the classical gauge invariant Yang-Mills action for the field A in dimension d:

1
SolA] = v / d'z FI"F), . (2.32)

In eq. (2.32) g is the gauge coupling constant with mass dimension (4 — d)/2 and F/iy is the
gauge field strength tensor:

Fi, = 8,A, — ,Al + 1 AL AL (2.33)

where f%jj, are the structure constants of the gauge group. The basic idea of the background field
method is to write the gauge field A appearing in eq. (2.32) as a sum of background field A and

a quantum fluctuation a which will be the new integration variable of the functional integral:
A=A+a. (2.34)

The classical gauge invariant action evaluated at the shifted field reads:

So[A + a] 49 /dd F* A+a]Fz [A+a], (2.35)
with
Fli,/[/_l +a] = ij + Dﬂaf, — Dyaz + f"jkafL ]5 , (2.36)
where
Dual, = Oual, + flnAlal . Fl,=0,A,—0,Al + f Al AL (2.37)

The classical Yang-Mills action in eq. (2.32) is invariant under the infinitesimal gauge transfor-

mation
SuAl = 0w’ + f'jAlwh = Dyt (2.38)

This transformation can be split such that the background field A transforms inhomogeneously
as a gauge field while the fluctuation a transforms homogeneously as a tensor in the adjoint

representation:
(50,[1; = O+ fijkﬁiwk =Dy’ (2.39)
&,GL = fijkaﬂwk. (2.40)
The splitting in eq. (2.34) allows to define a background field-dependent generating functional
W 1J, A] as [Abbot 1981]:

§'G'[A; a

WIJ, Al = log/Dadet [(w} exp (—SO[A+a] — SyrlA4; al +/Ja) , (2.41)
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where
1

2ag?

SyslAsa] = l/ﬂﬂﬂ@ﬂ@hﬂ] (2.42)

is the gauge fixing term which depends on the gauge fixing condition G[a; A] and on the gauge
fixing parameter a. The choice is to work in the so called background field gauge which retains

explicitly the gauge invariance in terms of the background field A and it is defined by taking:
G'la; A] = D“ai. (2.43)

The Fadeev-Popov determinant is obtained from the gauge variation of G'[a; A] keeping the
background field A fixed. More precisely the variation ¢’ corresponds to the gauge transformation

in eq. (2.38) acting only on the fluctuation field a:

§LAL = 0 (2.44)
gal, = O+ flklad, + A)w" = Dyw’ (2.45)

then 5 [14_1‘ d - o
@ﬂ&ﬂ’]z@ﬂymmﬁwwpwﬂ. (2.46)

As usual one can rewrite the determinant in eq. (2.46) as a functional integral over anticommuting

ghost fields: o
8 G'A;d]

det .
e[ ow’

} = /DEDC exp (=Syn[A;a,¢,c]) . (2.47)
The ghost action is given by:
Sen[Asa, e, c] = /ddx Ci (—D“D,ﬁf - fiij“aﬁ> d (2.48)
where the ghost covariant derivative is
Dyct = 0,c" + fijkf_lick. (2.49)

Using an invariant measure | Da for the functional integration, one has that the generating func-
tional W[J, A] in eq. (2.41) is invariant under the background field transformation in eq. (2.39)

provided that the the current J transforms as an adjoint tensor:
St = [T W (2.50)

At this point, it is possible to define the background effective action via the Legendre transform:

m&a:—wum+/ﬂmwmw, (2.51)
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where the average field a is the expectation value of a in the presence of J and the background
field 4 SWJ, Al ST[A; ]
;a

a(x) = = —" = . 2.52

ia) =)y = TS e =@ (2.52)

In eq. (2.52) the variations are performed at fixed background A. The background effective action
in eq. (2.51) is invariant under the transformation (2.39) for A and the simultaneous homogeneous
transformation (2.40) for @. In particular, T'[A; 0] must be an explicit gauge invariant functional
of A since (2.39) is just an ordinary gauge transformation of the background field. One can define

a functional T'[A], that is called gauge invariant effective action, by setting @ = 0 in eq. (2.51):
T[4 =T[4;0], (2.53)

this is the gauge invariant quantity one usually computes in the background field method. It
is possible to show [Abbot 1981] that it is equal to the usual effective action calculated in an

unconventional gauge which depends on A.

2.2.2 Background effective average action

In this section, the generalization of the background field method to the case of the effective

average action is introduced. One usually starts by defining the path integral representation of

the k-dependent generating functional Wj[J, A] in the presence of the background field A and

the source J:

“ - §'G'[A; ] - _ _

Wi[J, A] = log Ci[A] | Dadet i | &P —So[A+a] — Sgr[A;a] — ASR[Asa]+ | Ja |,
(2.54)

where So[A + a], Syr[4;a] and det[0G/dw] are given in eq. (2.35), eq. (2.42) and eq. (2.46)

respectively. The cutoff action ASk[A;a] is taken to be quadratic in the fluctuation field a:

_ 1 A _ .
AS[Aa] = / d ol (2)Re[ A6 ol (2). (2.55)
The quantity Ci[A] provides an infrared cutoff for the ghosts of the nonabelian gauge theory,
it depends on A through the ghost covariant derivative D defined in eq. (2.49). Moreover its
form is dictated by the chosen gauge fixing term and for the background gauge fixing choice of

eq. (2.43) one has that Cy[A4] is explicitly given by [Reuter 1994a]:
CrlA] = det[1 + (—=D*)~'R,(—D?%)]. (2.56)

Combined with the Fadeev-Popov determint of eq. (2.46) it leads to an effective modified inverse

propagator for the ghosts of the nonabelian gauge theory.
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The specific form of the cutoff action and the gauge fixing term makes the generating func-
tional Wy[J, A] in eq. (2.54) invariant under the simultaneous infinitesimal transformations,
where A transforms inhomogeneously as in eq. (2.39) and J as in eq. (2.50). It is possible now
to introduce the average field a which is the background dependent expectation value of a in
the presence of ASy[A;a] and J:

- B _ Wi[J, Al
a(z) = (a(z))s = T(x) (2.57)

and define the background field effective average action via a modified Legendre transform:
DW[A:d] = —WelJ, 4] + / 0] (2)a(z) — AS[A: . (2.58)

The Legendre transform can be inverted by considering the relation

oTx[A; ]

_ 0AS; [4; a)
da(z) )

=@ - =G

(2.59)

The background effective average action I'y[4; @] is invariant under the following simultaneous

transformations:

SuAl, = Dy (2.60)

spalt = fifalw. (2.61)

As for the background effective action introduced in eq. (2.51), one has that I';[A; 0] must be an

explicit gauge invariant functional of A, since the transformation in eq. (2.60) is just an ordinary

gauge transformation of the background field. One can define a functional T'y[A] that is called

gauge invariant effective average action by setting a = 0 in eq. (2.58):
['r[A] = Tx[4;0]. (2.62)

This is the gauge-invariant quantity one wants to compute with the background field method.

2.2.3 Exact flow equation for the background effective average action

Following the derivation of Section 2.1.1, it is possible to derive an exact flow equation that the

background effective average action of eq. (2.58) satisfies. Consider

Lila; A] = Tx[A;a] + ASk[A;a] = —Wi[J; A] + /ddxj(a:)d(a:), (2.63)
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with scale dependence given by:

%fk[fl; a) = - (%‘f’“) [J; A]. (2.64)

The t-derivative of W, is obtained from its defining functional integral in eq. (2.54). All the
k-dependence is encoded inside ASy[A;a] and Cy, this yields to:

~ Olog Ck[A]

. OAS), . -
o [Aial) 5

STl =

(2.65)

Repeating the same steps of Section 2.1.1, the scale dependence of fk[A; a] can be expressed as

ORAA]] | OASy . . OCKA

_ 1 _
afk[A,a] = §Tr [Gk[A, a

The exact flow equation for the effective average action then follows from eq. (2.63) by subtract-

ing the contribution coming from the k-derivative of ASy[a; AJ:

o 1 52T [A; N\ T ORL[A] 8 Ri[— D?]
gl = g, | (SEd S mpa) PR | _SEED ) o
where .
oo (0°Tk[A;d] =\

From eq. (2.67), it is possible to write down the flow equation for the gauge invariant effective
action defined in eq. (2.62):

0 1
al—‘k[A} = ETF a

(5%[& 0] 1 ORL[A] (2.60)

Saoe Tk W) ot

The corresponding one-loop result can be obtained by replacing 'y with & on the right hand
side of eq. (2.69).

_ [ 8tRk[—D2]
“l-D2+ Rk[—DZ]

2.3 Examples

In this section, two applications of the exact renormalization group equations are presented in
order to show how the machinery works with specific examples. The first application concerns
the computation of the Yang-Mills beta function. Then, the functional methods are applied to
study the renormalization group flow of the nonlinear sigma model. These two examples are of
particular importance, since they represent the starting point of what is going to be discussed

in the next chapters of this thesis.
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2.3.1 Yang-Mills

Recall the classical Yang-Mills

1 .
So[A] = i / Az F'"FL . (2.70)

j1%

The computation of the renormalization group flow of this theory is done by solving the beta
functional equation for the background effective average action (see Section 2.2.3). One expands
the gauge field A around nonconstant background A as A(z) = A(z) + a(z), then the classical

Yang-Mills action can be written as functional Taylor series around A:
SolA+ a) = SolA] + S}'[4, o] + S{[A, 0] + - - (2.71)
where S is of order n in the fluctuations a. The second order piece is:

- 1

S Asa) = 27 / d'z d, ( — D?§;;6" + D" DV5; + fgij> al (2.72)

where DFal, and F** are defined in eq. (2.37). The gauge fixed action S[A;a] is obtained by
adding to Sp[A + a] the gauge fixing term defined by eq. (2.42) and eq. (2.43):
S[4;a] = SolA + a] + Syf[A; al. (2.73)

The quadratic part of the gauged fixed action then reads:
_ 1 , _ 1 o _ A
SP[A;q] = o /ddzx al, < — D?*5;;6M + (1 - a> 6;jD"D¥ — 2F4Wf%j> al . (2.74)

The Faddeev-Popov determinant is given by eq. (2.46):

1(Yi[ A. ) o
‘W] — det [DMDM5;+ flij”aﬂ . (2.75)

det { 5

In order to simplify the computation one works in the 't Hooft-Feynman gauge o = 1, then

_ 1 . _ _ N
SP[A;a] = 32 /dd:c al, ( — D?6;6" — El; )a,{ : (2.76)
where E{;y = 2F" fiy;.

To compute the renormalization group flow of the theory one starts from the effective average
action I'y[A;a], which is assumed to have the same form of the original action S[A;a], where

the bare coupling is replaced by the renormalized one dependent on k. The flow equation for
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the gauge invariant effective action I'y[A] = I'y[4; 0] is then given by:

0 1
ark[A] = §Tr a

2 . -1
(S +elt) 5

From here onwards all bars from background quantities are dropped, since no confusion should

Y
oy [ =D
—D2 + Rk[—D2]

arise. The cutofl kernel is chosen to be:
RilA] = — Ri(~D*— B), (2.77)

where Ry, is taken to be the optimized cutoff shape function of eq. (2.12). In the terminology of
[Codello 2009b] this choice is called ’type IT cutoff’. The t-derivative of the cutoff is:

ORk|A 1
A L0 Ru(e) +mBul). (2.78)
t g
where z = —D? — E and 1, = —0;log ¢g? is the so called ’anomalous dimension’. The one-loop

result is obtained by setting 1, = 0. The cutoff term for the ghost fields is given by eq. (2.56),
combined with the Faddeev-Popov determinant it leads to a modified propagator for the ghost
fields. Combining the quadratic action with the cutoff, the beta functional equation takes the

following form:

0 1 8tRk(Z) + T}aRk(Z) atRk[—D2]
afk[A] 2Tra [ Pol2) ] —Tr, [—DQ n Rk[—DQ]] , (2.79)

where Py(z) = z + Ri(z). The computation of the traces in eq. (2.79) is performed using heat
kernel methods presented in Appendix B. The relevant contribution to the first trace of eq. (2.79)

comes from the By coefficient of the heat kernel expansion:

1 1 atRk(Z) + ﬁaRk(Z)
3 (Am)ire 5@, ( PeC2) >B4(z)
1

1 p) n
= = - dhrr | So@or 4 g2
2 (4m)¥2 (5 -1 )<1+d—2>/ xr[ RO

_ G(G) K Na d /d e
© (m)drr(d —) S o T2 ) de B

Tr,

1 OtR(2) + N Ry (2)
2 Pel2) } -

(2.80)

In eq. (2.80) the quantity Ql(fy) is the commutator of the background covariant derivative defined
in eq. (2.37):
[Dy, Dylal, = Q) Ppal QWP =60f ) Fl (2.81)
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Using the defining relation of the adjoint Casimir constant Cy(G)

Fimfjim = Ca(G)8% (2.82)
one has that
tr QL‘?}Q% = —dCy(G)FI"F,, ,  tr B>=E}E! =4Cy(G)F/" F},. (2.83)

The @Q-functional is computed using eq. (B.16)

Qs (8tRk(Z)+77asz(Z)> _ r(d2 . (1+ Na >kd_4. (2.84)

Py(2) d—2

2

The relevant contribution to the second trace of eq. (2.79) comes again from the By coefficient

of the heat kernel expansion:

OuR(~D*) 1 ARW=D*)\ p o
et | 2 o (TR ) B

_ 1 2 d—4 [ d (€) hv
= (47r)d/2 F( 1)k: /d T tr [1 Q Q(C)
_CQ(G) 1

) )
k4t / d'z FI'"F, .
12 (4m)421(4 — 1) ch

(2.85)

In eq. (2.85) the quantity fo,,) is the commutator of the ghost covariant derivative defined in
eq. (2.49):

[D,, D) = Qi Qi = fiuFl,. (2.86)
Then:
tr QO = —Co(G)FI F, . (2.87)

Summing up the contributions coming from the traces in eq. (2.80) and eq. (2.85), reading off

the coefficient of 1/4 [ dx F‘“’Fﬁy7 it is possible to extract the beta function of ¢*:

e ([ Cc N P

Substituting on the right hand side of eq. (2.88) the expression for 7, and solving the algebraic

equation for d;g? it is easy to obtain the expression for the beta function for g?. Consider the
case in which the gauge group is G = SU(N), then Co(G) = N. For d = 4 and n, = 0, one
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obtains the well know one loop result:

22 ,

2—_ -
atg_ (47T)2 39

(2.89)

Considering 7, and solving eq. (2.88) one gets a nonperturbative improvement for the beta
function [Reuter 1994al:

N 22 N 10 ,\ !
2 _ 4 o 2
g = (4m)? 3 g <1 (4m)? 3 g > ) (2.90)

Expanding for small g2, it is possible to compare beta function

N 22, N% 220 4 g
— 2.91
a2 3? " ami 9 Y +0(9°), (2.91)

3t92 = -

with the well know two-loop result [Gross 1973, Politzer 1973, Jones 1974, Caswell 1974]:

N 22 N2 68
gt - —g*+ 0% . (2.92)

2 e
%9 =~z 39 " (a3

There is a disagreement in the two-loop coefficient. Since the regularization scheme adopted
is massive, one does not expect to reproduce the two-loop contribution which is universal for
mass-independent regularization schemes such as dimensional regularization. Recently, a SUSY
inspired beta function of the same form of eq. (2.90) has been proposed in [Ryttov 2008|. The
authors of [Pica 2011] prove the existence of an all orders beta function for Yang-Mills theories
assuming a linear relation between the beta function and the gauge field anomalous dimension.
They have an equation of the same form of eq. (2.88) which yields a beta function that is
similar, in shape, to the one in eq. (2.90). Using, instead, the functional renormalization group
formalism, introduced in the previous sections, the linear relation between the beta function and
the anomalous dimension is obtained as a consequence of the particular structure of the exact
equation itself. This shows that this tool is powerful and able to capture some nonperturbative

dynamics of the theory.

2.3.2 Nonlinear sigma model

Nonlinear sigma models are very rich class of theories [Ketov 2000]. They are widely used
in high energy physics, where the most important application is chiral perturbation theory
[Weinberg 1979b, Gasser 1984]. It describes the dynamics of the pions, regarded as Goldstone
bosons of the flavor symmetry SU(N) x SU(N)g broken to the diagonal subgroup SU(N)p.
On the other hand, nonlinear sigma models find applications also in condensed matter physics
[Fradkin 1991] and string theory [Polyakov 1975].
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From the mathematical point of view, the nonlinear sigma model describes the dynamics
of a map ¢ from a d-dimensional base manifold M to a D-dimensional target manifold N.
Given a coordinate system {z*} on M and {y®*} on N, the map ¢ is represented by D scalar
fields p®(z). Physics must be independent of the choice of coordinates on N, forcing the action
to be a functional constructed with tensorial structure on N. Only derivative interactions are
allowed. The Euclidean action of the nonlinear sigma model can be expanded in derivatives and
the lowest-order term is
Sl = 573 [ @' haal0)2,570" ", (299)
where hq,pg is a dimensionless riemannian metric on A and f is the nonlinear sigma model
coupling with mass dimension (2 —d)/2. It usually assumed that h,g is a positive-definite field-
dependent matrix in order to ensure the absence of negative norm states. Moreover, the scalars
are assumed to take their values in a compact usually symmetric space N. From the field theory
point of view, the nonlinear sigma model metric hqog(yp) is just a set of given functions of .

After being expanded in powers of ¢,
1 ag
hap () = hag(0) + Dyhap (007 + 30, 5has(0)e76” + -+ (291

the action in eq. (2.93) thus represents a field theory with a generically infinite number of
interactions and coupling constants. The action in eq. (2.93) is formally invariant under field

reparametrizations (diffeomorphism invariance on \)

e = ¥ (), (2.95)

provided that the metric transforms as a second-rank tensor:

0T 0p?
aa(@) = Do 9o e (#) (2.96)

The computation of the beta function for the nonlinear sigma model coupling is carried on using
the background field method, where the full quantum field ¢ is expanded around a nonconstant
background configuration @ as ¢*(z) = @%(x) + 7*(z). Since the field 7%(z) is a difference of
coordinates it does not have good transformation properties, so it is convenient to express the
background field expansion in terms of normal coordinates £*(z), which are taken as quantum
fields centered at ¢*(x), i.e. Expg(,(€(z)) = ¢(z) [Honerkamp 1972, Alvarez-Gaume 1981]:

[e% - « 1= @
P =+ = ST+ (2.97)

where T'5%, are the Christoffel symbols of the metric hos = has(®). The background field

expansions for the geometric objects entering in eq. (2.93) are given by |Honerkamp 1972,
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Alvarez-Gaume 1981]:

_ 1
haﬁ(SO) = haﬂ - gRaeﬁnfegn + -
o7 -« W @ 1 YD O ¢€
8“90 = auSO + V,Lf - § M‘P’YR'VE 776 577 +- (2-98)

In eq. (2.98) the Riemann tensor R%O‘n is constructed using the Christoffel symbols evaluated

on the background ¢. The covariant derivative is defined as follows:
VY = 9,6% + 8,7°T 52,8, (2.99)

The nonlinear sigma model action in eq. (2.93) can be expanded in functional Taylor series

around the background
Sle) = Sle) + Mg €] + SP s g] + - (2.100)

where S is of order n in the fluctuations &. It is convenient to define the quantum fields

£ = e2&“, where e is a vielbein for the metric. The second order piece reads

1

/ddx €4 (=D%6p — Map) £, (2.101)

where
My = e%e) D@ DF@" R - (2.102)

From here onwards all bars from background quantities will be dropped, since no confusion
should arise. The beta function of f is obtained by solving the beta functional equation for the
background invariant effective action I'[¢] = I'x[p; 0], which is assumed to have the same form

of the original action:

) 1 0°Ti[; 0] L ORy]
afk[go} = §Tr ( S€0E Ry ]> ot ) (2.103)
The cutoff kernel is chosen to be:
1
Rile] = ka(—Dz), (2.104)

where Ry is taken to be the optimized cutoff shape function of eq. (2.12). In the terminology of
[Codello 2009b] this choice is called 'type I cutoff’. The t-derivative of the cutoff is:

ORklp] 1
ot f2

04 Ry (2) + ne R (2)] (2.105)
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where z = —D? and ne = —0¢log f? is the so called ’anomalous dimension’. Combining the
quadratic action with the cutoff, the flow equation for the background effective average action

takes the following form:

0 1 Ot Ri(2) + ne Ry (2)

SThlel = ST [ e
1 [ARE) T neBi() | R +neli(2) :
- o [P e

(2.106)

where Py(2) = z+ Ry (z). In eq. (2.106), the argument of the trace has been expanded in powers
of M/Py(z) and the term containing two derivatives of ¢ is the second. This trace is evaluated
using heat kernel methods presented in Appendix B. The relevant contribution comes from the

By coefficient of the heat kernel expansion:

1 [8,Ry+ neR 1 1 8 Ry + neR
ST {WM] S Qd< 1%+ e k)/ddxtrM
2

P? 2 (47)d/2 P,
11 2 U3 d—2/ d 8
= - 1+—— |k d%r R0 p®ot el .
2 (4m)a2 (4 + 1) ( +d+2) T RapOue oY
(2.107)
By inspection of eq. (2.106) one obtains a kind of Ricci flow [Codello 2009a:
1 1 2 U3 d—2

OBy = 14+ - ) pd2R 4. 2.108
TR (amdT(d 4 1) ( d+2) ’ (2.108)

If one sets ¢ = 0 in eq. (2.108), the one loop result is represented by the ’geometric flow’ in
which the running of the metric is given by the Ricci tensor. It is possible to show that for d = 2
the coefficient of the beta function is scheme independent while for d > 2 there is a dependence

on the cutoff choice but it does not affect the qualitative properties of the beta function.

The result of eq. (2.108) can be applied to homogeneous spaces of the form N = G/H
admitting a single invariant Einstein metric hog, up to scalings. In this case, it is convenient
to think h,g as being fixed and interpret the flow as affecting only f2. The Ricci tensor of the

metric is Rog = %hag, where R is the Ricci scalar, therefore:

2 1 2 d—2 UZ3 R .,
= k 14+ )2 2.1
2 (4m)42 1 (4 4 1) < ta12)p’ (2.109)

When eq. (2.109) is solved for 9, f2 one obtains a rational beta function. In terms of dimensionless
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coupling f2 = k%2 f2 the beta function reads:

of?P=(d-2)f*- (2.110)

Looking first at the one-loop flow, one has that for d > 2 and R > 0 there is a nontrivial fixed
point at f2 = (4 2F(% + 1)%%. For large R this fixed point value occurs at small coupling,

where perturbation theory is reliable. The derivative of the beta function at the fixed point is:

0
sl =—d=2), (2.111)

12

so this fixed point is UV attractive for any d > 2 and the mass critical exponent v = 1/(d — 2)
is mean field-like. This shows that the nonlinear sigma model with positive Ricci curvature is
an asymptotic safe theory. For N'= SO(N + 1)/SO(N) one has that R = D(D — 1) and it is
possible to reproduce the results of 2 + & expansion [Polyakov 1975]. For N = SU(N) in d =4
one has that R = N(N? —1)/4 and D = N? — 1, then f2 = 8(4m)%/N.

When one considers the full beta function in eq. (2.110) the one-loop fixed point is shifted at
2= (47T)d/2f(%l +1) DI —4) and it is still UV attractive for d > 2. The mass critical exponent

2dR
is now smaller then the mean-field value:

d+2 1

V= b3 <d 3 (2.112)

Numerically, in d = 4 the results do not differ very much from the one-loop ones, but since
the derivation is not based on perturbation theory, its validity does not depend on the coupling
being small, this indicates that general nonlinear sigma model may be asymptotically safe even
in d = 4. The truncation of the effective action considered here is very restrictive, then this
result has to be considered just as an indication of the existence of the nontrivial fixed point
for the nonlinear sigma model and further studies in which one takes into account different

approximation schemes are needed to prove its existence.
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(Gauged nonlinear sigma model
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Any theory where a global symmetry G is spontaneously broken to some subgroup H at
some characteristic energy scale A can be described at energies F < A by a nonlinear sigma
model, a theory describing the dynamics of a set of scalars with values in the coset space
G/H |Weinberg 1968, Coleman 1969, Callan 1969, Salam 1969]. These scalars are the Gold-
stone bosons. Because the coset space is (in general) not a linear space, the physics of the
Goldstone bosons is rather different from that of scalars carrying linear representations of G.
The most important phenomenological application of this theory is chiral perturbation theory
[Weinberg 1979b, Gasser 1984], it describes the dynamics of the pions, regarded as Goldstone
bosons of the flavor symmetry SU(N)r x SU(N)g which, in QCD, is broken to the diagonal
subgroup SU(N)p by the quark condensate. The theory is characterized by a mass scale Fy
and, for energies E < Fy, terms with n derivatives give contributions that are suppressed by
factors (E/4mF;)™, so one can usefully expand the action in powers of derivatives.

When such a theory is coupled to gauge fields of the group G, the physical interpretation
for the Goldstone bosons changes completely with respect to the ungauged case. The Goldstone
bosons are acted upon transitively by the gauge group, which means that any field configuration
can be transformed into any other field configuration by a gauge transformation. So, in a sense,

they are now gauge degrees of freedom. It is then possible to fix the gauge in such a way that the
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Goldstone bosons disappear completely from the spectrum. In this unitary gauge no residual
gauge freedom is left, so the spectrum of the theory consists just of massive gauge fields, the
masses originating from the covariant kinetic term of the Goldstone bosons. This is the essence
of the Higgs phenomenon, but in this variant where the scalars carry a nonlinear realization of
G, there is no physical Higgs field left over. The most important phenomenological application
of this idea is electroweak chiral perturbation theory [Applequist 1980, Longhitano 1980]. This
model is perfectly adequate to give mass to the gauge bosons and can be seen as an approximation
used in the SM where the energy is sufficiently low that the Higgs degree of freedom cannot be
excited.!

For these reasons, it is important to have a good understanding of the UV behavior of this
model. Here, the possibility that the gauged nonlinear sigma model could be asymptotically
safe is explored. This would make the theory UV complete and predictive. Indications about
the existence of a nontrivial fixed point for the nonlinear sigma model with two derivatives have
been found in [Codello 2009a] (see also Section 2.3.2). This fixed point is preserved considering
higher derivative terms as shown in [Percacci 2010]. The novelty presented in this chapter is the
presence of the gauge fields coupled with the Goldstone boson degrees of freedom. There is no
try to derive any phenomenological consequence, but merely consider the theoretical problem of
the SU(N) chiral model coupled to SU(N)r, gauge fields [Fabbrichesi 2011b].

3.1 Gauged action
Consider the Euclidean action of the nonlinear sigma model introduced in eq. (2.93)
L[ agh P
Soly] = 2702 d"x hap(p)Oup® 0t (3.1)
where ¢ are (dimensionless) coordinates on G/H. The infinitesimal transformation
o = K%() (3.2)

induces a variation of the action given by

1 o 1 N
0% = 9@ / dz Shapdjp 8“¢5+ﬁ / ' ho3d 00" 4P . (3.3)

Since
Shag = OyhapKY ,  60,0" = 95K 00", (3.4)

'Tn the SM also the QCD pions are responsible for giving mass to the gauge bosons, but their contribution is
very small compared to tho one provided by the Higgs scalar.
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then )
68y = 7 / A% Vo K 30" 0" 0" . (3.5)

In the equation above, the explicit definition of a metric-compatible connection has been used
I, = %hw(@ahgp + Ophga — Oghap). The vector K¢ is called a ’Killing vector’ if the following
relation holds:

VoKg+ VK, =0=—Lghag. (3.6)

If K¢ is a Killing vector then the transformation in eq. (3.2) is called an isometry. Using the
relation in eq. (3.6) into eq. (3.5) it is easy to show that 0Sp = 0. Isometries form a finite
dimensional subgroup of the diffeomorphism group on A (isometry group) and represent the

global symmetries of the theory.

Consider the case where N' = SU(N), endowed with a left- and right-invariant metric hog. In
order to describe this geometry one chooses the matrix generators {T;} in the fundamental rep-
resentation satisfying [T, Tj] = fijka, where fijk are the structure constants of the symmetry
group. The Ad-invariant Cartan-Killing form is B;; = Tr (Ad(T;)Ad(T})) = fil* f;r* = —Néij,
whereas in the fundamental representation Tr (7;7};) = (1/2)d;;. The choice is to work with the
inner product in the Lie algebra —(1/N)B;; = d;;. The Ad-invariance of this inner product
implies that f;;, = fi; 00k is totally antisymmetric. Under the identification of the Lie algebra
with the tangent space to the group at the identity, to each abstract generator T; there corre-
sponds a left-invariant vectorfield L and a right-invariant vectorfield R{*, coinciding with T; at

the identity. They form fields of bases on the group and satisfy the commutation relations:
[Li, Lj] = fi* L , [Ri, Rj] = —fi;" Ry . (3.7)
The dual bases L!, and R! are defined by

LLLS =0,  RLR; =65,  RLL; =AdU);, (3.8)
where U denotes the n x n matrix corresponding to the group element with coordinate ¢. The
dual bases are the components of the Maurer-Cartan forms: L'T; = U~'dU, R'T; = dUU .
The metric hog on the group is defined as the unique left- and right-invariant metric that
coincides with the inner product in the Lie algebra: 6;; = h(1)(R;, Rj) = h(1)(L;, L;). Thus,
the vectorfields R; and L; are Killing vectors, generating SU(N)y, and SU(N)g respectively,

and they are also orthonormal fields of frames on the group:
hap = RERYSi; = LLLL6;; . (3.9)

Here, the choice is to gauge only SU(N)r and the corresponding gauge fields are denoted by

A,. Restricting to terms containing two derivatives of the fields, the Euclidean action of the
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d-dimensional gauged nonlinear sigma model is:
Solp, Al = 3 o / A%z hogD,p* DM P + — i / dz F}, FI", (3.10)

where f is the Goldstone coupling with mass dimension (2 — d)/2 and g is the gauge coupling
with mass dimension (4 —d)/2. The Goldstone covariant derivative and the gauge field strength

tensor are given by:

Dup® = 0,9™ + AL R () , (3.11)
F, = 0,4, — 0,4, + [ AL AL, (3.12)

where f'; are SU(N) structure constants. The action in eq. (3.10) is invariant under local

SU(N)y, infinitesimal transformations

8., 0% = —e4 R¥(¢) 0y Al = Ouet, + fid' Al (3.13)

3.1.1 Background field expansion and gauge fixing

The computation of the beta functions is performed using the background field method. The
full quantum field p*(z) is expanded, using normal coordinates {“(x), around nonconstant
background field configuration @“(x) as in eq. (2.97). The background field expansions of the
geometric objects entering in eq. (3.10) are given by eq. (2.98) together with

_ o 1_ _
R} (¢) = Ry + VR — gRO‘EWRkEf" + - (3.14)

where the background covariant derivative V. R is defined as:
V.RY = 0.RY +T.“\R] . (3.15)

The gauge field is expanded as A!,(z) = A/ () + a,(x). The background field expansion for the
gauge field strength tensor is given by:

Fﬁl, = Fﬁ,, + Dﬂafj — Dyaz + fé»gaftaf , (3.16)

where D,a!, and F/i,, are defined in eq. (2.37). The action in eq. (3.10) can be expanded in

functional Taylor series around the background:

Solp, A = Solp, A + S (@, 4; €, 0] + S @, A€, a] + ... (3.17)
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where S([)n] is of order n in the fluctuations. The second order piece is

20 g 1 of m27 S e
SPle it = 5 [ A€t (~DPap ~ Dy DE Runs) €
1 S _ -
o / Az al, (hay D" @*V 3R] + hagRyD*) &°
1 7 B v 2125 92_ PO D v RN j
+ 52 ddx%(—D?&ijé“ +D DﬂéiﬁﬁhwR;XRfé# + F f&j)ag,
(3.18)
where
D™ = V6% + AL VR (3.19)

The covariant derivative V,£ is given in eq. (2.99) and D,@* = 9,¢* + flfLRf‘. The second
integral in eq. (3.18) is a cross term between the Goldstone boson and the gauge fluctuations, this
is the generalization to the background field method of the term one usually obtains in the case
of spontaneously broken gauge symmetries. This term contains a nonminimal derivative piece
that can be removed by taking a suitable gauge fixing condition. To this end it is convenient to
perform an integration by parts, making use of the Killing property ?QR% = —?ﬁRé, in order

to rewrite:

/ 02 0, (hoy DP 7V B + hog RO D) €7 = / @ (20 hoy DP GOV R — hopROD al) €
(3.20)
The quadratic part of the gauge action in eq. (3.18) contains a nonminimal second order dif-
ferential operator and an explicit mass term for the gauge fields, that can be read using the
orthonormality condition for the Killing vectors in eq. (3.9). Since the gauge symmetry is fully

broken all the gauge fields become massive, their square mass is

g2

22 (3.21)

m3 =

The gauge fixed action S, A; &, a] is obtained by adding to the classical action of eq. (3.17) the
background gauge fixing term Syf[@, A; €, al:

S, A€, a] = Sol@, A; €, a] + Syy[p, As €. al. (3.22)

The explicit form of the gauge fixing action is given by

92

Fﬁaﬁqufﬁa (3.23)

- 1 o S
Syrlp, As§,al = 202 /ddm dizX"x’ with X' = Dtdl, + 3
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where a and 3 are gauge fixing parameters. The quadratic part of the gauge fixed action then

reads:
SPG Ata] = o [ dlwes (—D%huy — Dug DI Ry + by ) €7
[307 ,f,a] - ng .%'f - of — Yup @ somﬁ“‘ Eﬁ af f
1 d,, i N2 ny 1 14 92 Ny iy J
+ @ d $a’,u - D (;7,](5 + 1-— a (Sl‘jD D + ﬁéwé —2F fifj a,
2 d,., 17 nU, oy PYeB 1 ﬁ d,. 71 DO Y1 ¢
+ F d*z ayhay DMV R/ 7 + ﬁ o 1 dz hopR; D" a,,&" .

(3.24)

The Faddeev-Popov determinant is obtained from the variation of the gauge fixing term x* with

respect to the infinitesimal gauge transformation, keeping the background fields fixed:

g2

Sy X' = Dyde,al, + ﬂﬁﬁagégaqgﬁ . (3.25)

The variation of the gauge field can be read directly from the transformation properties of AL
in eq. (3.13):
S-pal, = Dyel . (3.26)

The variation of the normal coordinates £ can be worked out using the transformation properties

of p® in eq. (3.13) together with the relation in eq. (2.97) and inverting the series:
5% = 66 —T5% 0567 + ... (3.27)

In this case only the first pieces coming from the variations in eq. (3.25) matter:

6 X' = D, D'el — ﬁﬁhaﬁR?Rj e+ ... (3.28)
where the dots stand for terms containing the field a and higher powers of £. Using again
eq. (3.9), the Faddeev-Popov determinant can be written as

ox Y
det | == | =det | D — (=] . 3.29
(5] el -o5 =
As usual, one can rewrite the determinant in eq. (3.29) as a functional integral over anticom-

muting ghost fields c':

2
det [;X] = det {[ﬂ - 5?2] = / DeDe exp —Sgn[4; e, c] . (3.30)
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The ghost action is given by:
— . — 92 .
Sgh[A;E, C] = /d4x c <—D2(5ij + 52(51']) d, (3.31)

where
D,c =0, + fijlﬁﬂcl . (3.32)

From here onwards all bars from background quantities will be dropped, since no confusion
should arise, and the gauge fixing parameters are fixed to be equal, namely a« = (. This
particular choice is called ’a-gauge fixing’, it is a generalization to the background field method

of what is usually known as R¢-gauge. The quadratic gauge fixed action in the a-gauge is then

given by:
S, A; _ L (g (Zph,— Dy DROTR &) e
[907 7£7a’} - 27.](-2 .’E£ - af — Yu®p P canf + aﬁ af §
1 d i 2 "7 1 T8 oY% 92 v [z 7
+ 2792 d Ta, —D (5”5 +{1- o 5¢jD D +ﬁ5zj5 —2F fifj ay
2 .
+ = [ d%a’ hoy DMV gRIEP . 3.33
72 w'bory BLY;

In this gauge the cross term between the Goldstone bosons simplifies and the nonminimal deriva-
tive piece exactly cancels out. It is important to notice that the nonminimal differential piece
acting on the gauge fluctuations is absent in the 't Hooft-Feynman gauge where the gauge fixing

parameter is & = 1. Moreover, the sigma model fields £ acquire a mass given by:

mg = ag?/f% (3.34)

3.2 Beta functions

The computation of the beta functions of the SU(N) gauged nonlinear sigma model is performed
using functional methods presented in Chapter 2. In this case, one starts from the background
effective average action I'y[p, A; 0] which is assumed to have the same form of the original action
S|, A; 0], where the bare couplings f and g are replaced by renormalized couplings that depend
on k. The functional T'k[p, A; 0] depends on the background fields ¢, A and on the classical
average fields 6 (the variables that are Legendre conjugated to the sources coupled linearly
to the quantum field in the path integral definition). The collective field #7 = (ﬁi,ai) is a
D(1+d) component bosonic field and ¢ = R £%. From T'[p, A4; 6] it is possible to construct the

functional T'y[p, A] = I'k[p, 4; 0], which is manifestly both diffeomorphism and gauge invariant.
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It obeys a functional differential equation, which in the present context reads:

0 1
afk[% Al = §TT 0

—1
M’}Ef’f” 0 log Cy[4],  (3.35)

5000 ot

(FEde A0 o )

where t = log(k/ko).

From eq. (3.33) one reads the second variation of the effective average action:
1
T, A 6] = 2/ddx 0" Qle, Al 6, (3.36)

where Q[¢, A] is a background dependent covariant quadratic differential operator:

2
Ol A — [ PP+ gty = M) ~7 B
¥, Al = 2 =
By (-0 + a0t + (oY) DrDY 2R
(3.37)
In eq. (3.37), the explicit form of the endomorphism matrices is:
Mij = RORI Dy D" " Reayg ;. FIY = F"fy; i Bl = —2he, D' VsRIR). (3.38)

In eq. (3.35) one needs to specify the form of the cutoff kernel Ry [p, A] and to fix the quantity
Ck[A], which provides an infrared modification for the ghost propagator as described in Section
2.2.2.

There is a lot of freedom in the choice of the cutoff kernels. Generally, one chooses them
in such a way as to make the calculations simpler, but it is also interesting to examine the de-
pendence of the results on such choices. This is the called ’scheme dependence’, because in the
context of perturbation theory it is closely related to the dependence of results on the renormal-
ization scheme. Results that have a direct physical significance should be scheme independent.
The beta functions will be calculated in two different cases. The first calculation uses the 't
Hooft-Feynman gauge o« = 1 and is valid in any dimension. The second calculation is in an
arbitrary a-gauge but is restricted to four dimensions. It will be convenient to adopt slightly
different schemes in the two cases. Then a comparison of the two calculations in four dimensions

will be presented.
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3.2.1 Arbitrary dimension, ’t Hooft-Feynman gauge

In this subsection the gauge fixing parameter is set to be « = 1 and the space-time dimension

d is kept arbitrary. In this gauge, the operator of eq. (3.37) reduces to:

L(=D2+ % — M) _1B
Qlp. A= 7 ¢ T ) ) 2 . (3.39)
— 5B . (—Da+—2 —QF)

In this gauge, the quantity @[y, A] becomes a minimal second order operator (the highest order
part is a Laplacian) and this simplifies the calculation significantly. The bosonic cutoff kernel

Ryi[p, A] entering in eq. (3.35) is chosen to be:

(3.40)

mmm=<#M@ ’ >.

0 %Rk(w)

In eq. (3.40) z = —Dg and w = —D2, where D¢ and D, are defined in eq. (3.19) and eq. (2.37)
respectively. The cutoff for the ghost sector is provided by the quantity Cx[A] which is chosen
to be:

Cy[A] = det[L + (y + ¢*/f*) ' Ri(y)] (3.41)

where y = —D? and D, is defined in eq. (3.32). The cutoff profile functions Ry, are taken to
be functions only of the background covariant Laplacians, in the terminology of [Codello 2009b]
this is called a type I cutoff. The form of Ry is chosen to be the optimized one [Litim 2001]:

Rp(z) = (k* — 2)0(k* — 2), (3.42)

which ensures that the integrations over momenta are explicitly calculable. Being constructed
with the background Laplacians, this cutoff prescription preserves the background invariance.

The t-derivative of the bosonic cutoff kernel Ry[p, 4] is given by:

ORilp Al _ [ 72 [0Rk(2) + neRi(2)] 0 (3.43)
ot 0 7 [0 R (w) + By (w)] )
where
ne = —20; log f and Ny = —20; log g (3.44)

are the so called anomalous dimensions’, they give the nonperturbative contribution to the beta

functions. The t-derivative of the ghost cutoff term is given by:

gtlong[A] - Trc[(Pk(y)+g2/f2)‘1at3k(y)}. (3.45)
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At this point it is convenient to rewrite modified propagator entering in eq. (3.35) separating

the differential part form the endomorphism part by writing:

5050 + Rk[@, A} = Q[S@ A] + Rk[907A] = sz[% A] - E[QO, A] : (3.46)

In eq. (3.46) the quantity II;[p, A] is the matrix of the modified inverse propagators

L(Pu(2)+ % 0
Mg, 4] = [ 7R ) (3.47)
0 72 (Lr(w) + 42)
where Py(z) = z + Ri(2).
The quantity E[p, A] is the endomorphism block-matrix given by:
=M  %B
Elp, A= & 1 : (3.48)

where the quantities M, B and F are defined in eq. (3.38). With the notation introduced above

it is possible to rewrite eq. (3.35) as follows:

) )
= Tilp A = %Trg [(Hk _ B! 875724 ~Tr. [(Pk + /)7 8tRk} : (3.49)

To solve the beta functional equation for the model one needs to compute the traces in eq. (3.49).

The first trace is evaluated by expanding the argument in powers of (IIz) 1 E:
1 _ 1 _ _ _ _ _ _
5 Tro | (T + E) ! 8t7€k} = 5 Trg (It + I BTG+ I BT BT +.0) Ry (3.50)

Note that in doing so the entire dependence on g?/f? has been kept in the inverse propagator
II; but the trace is expanded in powers of E, which depends on the background fields. The
computation is restricted to the first three terms of the expansion since they are the only ones
that give contribution to the beta functions of f and g. These traces can be evaluated using

heat kernel methods and the detailed computation is presented in Appendix B.

The first trace gives:

. 3 N 1 k2 g / dy pl
“Trg [I'9Re] > — Vo) ) e
5Tro [T, 0iRy] 48 (4m)Y2T(d/2 = 1) k2 + % ’ s

Nd 1 ka2 n
na 1 a dix PP L
12 (47)420(d/2 — 1) j:2 1 % ( - 2) / CE S

(3.51)
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The second trace gives:

Loy I 'EIL'o,Re] D N ! i 14+ /ddmh D, DH P
g Ok T 4 (4m)dPD(df2 +1) (k2 4 £ )2 d+2 a3

(3.52)
The third trace gives:

1 1 1 1 N?Q kit d
STr, [ BB 'O,R,] S 1+ /d 2 hapDpp® D"
2 o W BB RS Gyamn a4 1) o 4 2 (e 7tg) [ e

N kd+2
f? Na « 3
1+ A% hopD ™ D*
* (4m)4/20(d/2 4+ 1) (k2 + %)3 ( d+ 2) / el v

4N fed+2 n .
1 ¢ %z F"FY, .
* <4w>d/2r<d/2+1><k2+?§>3< +d+2>/ T

(3.53)

The ghost trace gives:

N 1 kd‘2
6 (4m)Y/2T(d/2 - 1) g2 +%

Tr, [(Pk +g2/f)7! atRk} 5 dx FP (3.54)

The system of coupled equations for the beta functions of g2 and f? is obtained by summing
up all contributions coming from eq. (3.51), eq. (3.52), eq. (3.53), eq. (3.54) and reading off the
coefficients of (1/2) [ d%x hagD,up®D*e? and (1/4) [ dx El F

~2

N1 1 R e il N + 1
ofr=-= _ 1+ + . <2 + ) 2 (3.55)
2(47r)d/21“(d/2+1)(1+%)2 d+2 1+% d+2
1 N 1 k=4 192 1 Na
Og* = 3 ; <1 + ) +d—2
(4m)4/2 3T (d/2—1)1 + % ~d(d—2) (1+ 72)2 d+2
L meg/4+dna| 4
it a2 |Y (3.56)

where f2 = f2k%2 and §° = ¢?k%* are the dimensionless couplings.

A few comments are in order at this point. As they stand, these are not yet explicit beta
functions, because the right hand sides contain the beta functions themselves inside the factors

of n¢ and 7,. Thus, these can be regarded as algebraic equations for the beta functions that can
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easily be obtained by solving the above equations. Omitting the terms containing 7¢ and 7, in

the right hand sides, one obtains the one loop beta functions.

These equations give the beta functions of the dimensionful couplings. The corresponding
beta functions of the dimensionless combinations f2 and §2 can be obtained by simple algebra.
Note that on the right hand side the dimensions are carried just by the explicit powers of &, all

the rest is dimensionless.

As mentioned earlier, the only approximation made in this calculation consists in neglecting
higher derivative terms. This is a good approximation at sufficiently low energy and omne is
implicitly assuming that it remains a reasonably good approximation also at higher energy.
Provided this important assumption is true, these beta functions are valid at all energy scales:
having used a mass-dependent renormalization, one gets automatically the effect of thresholds,
which are represented by the factors 1/(1 + g%/ f?) (note that g2/ f? has dimensions of mass
squared in any dimension). For k? > ¢?/f? these factors become equal to one, whereas for
k% < g2/ f? the denominators become large and suppress the running, reflecting the decoupling

of the corresponding massive field modes.

Finally it is important to observe that (3.56) has an apparent pole at d = 2, which is actually
cancelled by the pole of the function I'(d/2 — 1) in the denominator.

3.2.2 Four dimensions, generic a-gauge

In this section, a generic a-gauge is considered, it is the generalization to the background field
method of what is usually known as R¢ gauge, where the parameter £ is now called « in order not
to generate confusion with the Goldstone modes. Due to the increased complication, the space-
time dimension is fixed to be d = 4. In this case the operator Q[p, A] of eq. (3.37) is nonminimal
(meaning that the highest order terms are not simply a Laplacian). A standard way of dealing
with nonminimal operators is to decompose the field they act on in irreducible components, in
the present case the longitudinal and transverse parts of ai. The resulting operators acting on
the irreducible subspaces are typically of Laplace type. One thus defines the operators Dy, and
Dr by

Dry, = —D?*6,, —2F,, 3 Druw=-D,D, , (3.57)

where it is understood that F' acts to the fields in the adjoint representation, as in equation
(3.38). Assuming that the background gauge field is covariantly constant, one can easily prove

that the following operators are projectors:

P, =D;'D;, Pr=1-P;. (3.58)
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Introducing these projectors, it is possible to rewrite the operator Q[¢, A] of eq. (3.37) as follows:

7 (D +afz M) 7P
Qlp, Al = . . > . 2 : (3.59)
~%B L[+ £)Pr+ L(Dr +a)P,

where the matrices M and B are defined in eq. (3.38). The quantity Ri[p, A] entering in
eq. (3.35) is chosen such that the cutoff is introduced separately in the transverse and longitudinal

subspaces as follows:

#2 Ri(2) 0
- !
Rk[@,A] N ( 0 g% [Rk(w)PT + éRk(w)PL] ) ’ (360)

where z = —Dg — M and w = Dp. In eq. (3.60), the optimized form for the cutoff profile
function Ry given in eq. (3.42) is used. Note that the cutoff is now a function of the kinetic
operator acting in each irreducible subspace, including the background-dependent terms M and
F, but not the mass-like term g2/ f2. Following the terminology of [Codello 2009b], this is called
a type II cutoff. For the ghosts one uses the same cutoff defined in eq. (4.32) with the difference
that now the ghost mass is ag?/f2.

The t-derivative of the bosonic cutoff kernel Ry[p, A] is given by:

ORklp, A] _ ( F [0 Rk (2) + e Ri(2)] 0
ot 0 o [0k (w) + 10 Ri(w))Pr + 3 (9 Ri(w) + na Ri(w)) P
(3.61)
where

ne = —20;log f and Ne = —20;log g (3.62)

are the so called anomalous dimensions. The t-derivative of the ghost cutoff term is given by:

D1oaCilA] = Tro[(Bely) +og?/ ) aukuy)] (3.63)

In order to compute the beta function of the Goldstone boson coupling it is convenient to
set A, = 0. In this case the projectors of eq. (3.58) reduce to

09,0,

0,0
PL#V:? ) PT,uzzzl_ L

82

(3.64)

and one can use standard momentum space techniques. The ghost part does not give contribution

to the beta function of f, in this case eq. (3.35) reduces to:

0 1
- Tklp, 0] = §TT 0

52Fk[901 0; 0]
ot

o (3.65)

! aRk[‘Pv 0]] ]

).
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The modified inverse propagator entering in eq. (3.65) is:

2 ~
52T [, 0; 0] 7 (Pi(2) + a%) B
_|_

+ Ry, 0] = .
5050 £l 0) —#BT L (Py(w) + 5)Pr

g f

where B is the matrix B of eq. (3.38) evaluated at A, = 0, z = —Vg — M and w = —9?. As
in the previous section, it is convenient to separate the derivative part form the diffeomorphism

part in eq. (3.66) by writing:

5°T'[, 0; 0
120500 | Ry, 0] = Tule] — Ele], (3.66)
where ~
0 LB
E={ ., " : (3.67)
£BT 0

The functional bosonic trace of eq. (3.65) is evaluated by expanding in powers of (II;) "L E:

1 _ 1 _ B g
5 Tro [(Hk ~E)"! 8tRk] = Trg (I + I, B + I BT BT + L) 7Ry - (3.68)

These traces can be computed using heat kernel methods presented in Appendix B. Contributions
to the beta function of f come from the first and the third trace of eq. (3.68).

The first trace gives:

1 _1 N 1 k4 ne A oo B
The third trace gives:
Ly e e oR) > N L9 K (1+%)
2 L 8 (4m)2 f2 | (k2 + a2 )2 (k2 + ?i) 6
6 6
o) i ) (+E>+3 2k 3 <1+@>
(k2 + afy)? 6/ Tk + 5)2(k2 + a %) 6
K Nla 4 agi B

Summing all contributions coming from eq. (3.69), eq. (3.70) and reading off the coefficients of
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(1/2) [ d*x hap0,p“0* P, one obtains the following beta function for f2:

s N K 1+7% 22| (1 Y (3 1 oY 1
W= (@2 21414 f2f (4 ) 7 ( 6><4(1+3";§)(1+an) +4(1+ozf2)>
"a § 1 0" 1

+(1+ 6)(4(1+?) (1+af2)+4(1+af2) )] (3.71)

At this point, in order to compute the running of the gauge coupling g, it is convenient to set
D, = 0. In this case B =0, M =0 and eq. (3.35) reduces to:

0 1 |0Re+ncRi| 1. | 0B+ R 1 |6R+ 1R
—Ty[0,4] = ZTre M 4+ —Tr, MPT 4+ ~Tr, LWPL
ot 2 P+af2 2 Py + % 2 Py + o
O:R
— Ty, |—2 | (3.79)
Py, + ozfz

These traces can be computed using heat kernel methods presented in Appendix B.

The first trace gives:

1. |0R,+neR N k2 2 }
R Rl S 5 - ( +"5> /d‘*xF;VFiW. (3.73)
2 Py 4 a4y Um)? k2 + ady \ 96

The second trace gives:

1 R R N k2 2
~Tr, MPT ») e/ / d'z Fl F" (3.74)
2 P+ % UmPp2 4\ 2 )4 ’

The third trace gives:

1 OR R N k? 2 1 ;
2| Bvat P ieraf 2 )12
The ghost trace gives:
R N K21 -
Tr. tik D —2/d4x Fi“'/Ffw. (3.76)
P+ OéfQ (47T) k2 + ‘% 6

Summing all contributions coming from eq. (3.73), eq. (3.74), eq. (3.75), eq. (3.76) and reading
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off the coefficients of (1/4) [ d*zF, ﬁyFi“” , one obtains the following beta function for g2:

3t92 = -

N |72 1/ 2 2 1
7 (2— t e _ +"5> + (3.77)

(47)? §L+%— 3 2 8 1+a%
The first piece appearing on the right hand side of eq. (3.77) is the transverse gauge boson
contribution, the second piece is the contribution of the ghosts, the third is the longitudinal
gauge boson contribution and the fourth is the contribution of the Goldstone bosons. As for
the results of the previous section, the final expressions obtained in eq. (4.66) and eq. (3.77)
are not the explicit beta functions, because the right hand sides contain the beta functions
themselves inside the factors of ne and 7,. These can be regarded as algebraic equations for the

beta functions that can easily be obtained by solving those equations.

3.2.3 Comparison

At this point, some observations concerning the gauge- and scheme-dependence of the beta

functionsone are in order. Specializing equation (3.55) to the case d = 4 one obtains

2

N k1 4% + 7

atf2 - _ 5— S 1_}_%_}_ f22 2+u f4. (378)
(47) L+ 5 6 1+ 6

Focusing on the one loop result (ne = 1, = 0), it is useful to study the high energy limit of

2

the beta function (k? > ¢?/f?). Expanding for small %2 and retaining the first leading terms,
eq. (3.78) becomes

1 3 1 N
Ohf? =— “Ng°f? - —k*f 3.79
tf (471')22 g f (471')2 4 f ’ ( )

whereas equation (4.66) reduces in the same limit to
1 3 1 N
2 2 02 2 p4

= — -N — k2f*. 3.80
atf (471')2 92 g f (471')2 2 f ( )

At the first order in the gauge coupling, the beta function of f? is gauge independent and reduces
to the one of the unguaged nonlinear sigma model in the limit g = 0, In this case, the leading
terms of these beta functions are scheme dependent. As already observed in [Percacci 2010],
the difference in the coefficient is the effect of passing from the type I cutoff to a type II cutoff.
Note also that in this approximation, the difference could be absorbed in a redefinition of k if

one wanted.
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On the other hand, specializing equation (3.56) to the case d = 4 one obtains

N 8 Na 1/9 1 1 4

g = — - (1 + —) -5 ( + 21 + 77§> — | g . (3.81)
(4m)? | (1 + %)s 6/ 3\4 TR %

This does not agree with equations (3.77), specialized to the case @« = 1. However, if one

considers the one loop part of the beta function, i.e. neglects all the terms involving 7; and

Na, and energies much larger than the threshold (% < 1), then the beta function of the gauge

coupling reduces to N 2
<9 4
(4m)2 a7

This is the same in both calculations and illustrates the universality of these beta functions.

og? = — (3.82)

3.3 Results

3.3.1 Fixed points in d =4

In this subsection the space-time dimension is fixed to be d = 4. As mentioned before, due to
the presence of the terms involving 7, and 7¢, equations (3.55), (3.56), (4.66), (3.77) are not the
beta functions themselves but linear equations for the beta functions. They do become the one
loop beta functions if one drops all the terms involving 7, and 7¢. Otherwise, before solving for

the flow, one has to solve them. The general structure of the beta functions is

Wf? = —(A1k* + Buik®ne + Biak®n.) f*, (3.83)
8t92 = —(A2 + Bglng + BQ2"]a)g4 s (3.84)

where A; and B;; are (dimensionless) functions of f and g that one can easily read off from
equations (3.55), (3.56), (4.66), (3.77). The solution of these algebraic equations has the form

3 R _ 2\ 73
of - f- % (;41 + (B~122A2 B A1)g*) f _— (3.85)
1 — Bo2g? — B11f? 4 (B11Ba2 — B12Bo21)g* f
1 As + (Bar Ay — B1142) f2)g?
Bg = — (A2 + (Ba1 4y 1142)f%)g . (3.86)

21 — By1f2 — Bogg? + (B11 By — B12Bo1) f2¢2

Notice that it is the beta functions of the dimensionless couplings that have to vanish in
the definition of fixed point. In the one loop approximation one just sets all the B;; coefficients
to zero, so that the denominators simplify to one, and in the numerators only the terms A;
and As survive. Comparison of equations (3.77) and (3.81) shows that even at one loop the
beta function of g is scheme- and gauge-dependent. However, this dependence only affects the
threshold behavior due to the fact that this model describes massive gauge fields. For k2 > g2/ f?
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the massive modes decouple and this is reflected in the large denominators, which effectively
switch off the beta functions. If one considers the regime g2/ fQ < 1, the denominators reduce

to one. In this case the beta function of g is given by equation (3.82):
L, 3
Org = —§A29 ; (3.87)

with a universal coefficient Ay = #%. Note that 29/4 differs from the coefficient 22/3 of the
pure gauge theory by the Goldstone boson contribution —1/12. This contribution is quite small
and does not spoil the asymptotic freedom of g. On the other hand, in the same limit the beta

function of f becomes
I
of=1- 5141f3 (3.88)

with A1 = ﬁ% or Ay = ﬁ% for cutoffs of type I or II respectively. This beta function has
a nontrivial fixed point at f, = \/2/71 .

The solution of the beta functions (3.85) and (3.86), including the improvement, due to the
n-terms, requires a bit more work. In addition to the Gaussian fixed point at g = 0, f = 0,
there is always also a non-Gaussian fixed point where f # 0. The position of this fixed point
and the scaling exponents 6; (defined as minus the eigenvalues of the linearized flow equations)

are given in the following table:

cutoff and gauge Ix g« 01 09
type I, a =1 47\/6/N 0 8/3 0
typeIl, a=1 8my/2/3N 0 3 0
type I, a=0 87y/2/3N 0 3 0

This gives an idea of the scheme- dependence of the results. Note that g is always asymptot-
ically free and when one sets g = 0 the beta function of f becomes a-independent. Therefore,
the position of the fixed point is actually gauge independent. Fig. 3.1 shows the solutions of
eq. (3.87) and eq. (3.88) in the case N = 2:

F(t) = m(j%e% (3.89)
o) = = (3.90)

1+ 2t
where £(0) = 2 and g(0) = 4.

At high energies the Goldstone boson coupling f reaches a nontrivial fixed point at f* = 8

while g goes to zero.
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Figure 3.1: Scale dependence of the SU(2) gauged nonlinear sigma model couplings f and g.

3.3.2 Fixed points in other dimensions

The beta functions in eq. (3.55) and eq. (3.56) admit solutions also in arbitrary dimension. The
existence of nontrivial fixed points in Yang-Mills theories in d > 4 has been discussed earlier in
[Kazakov 2003, Gies 2003]. It is due to the nontrivial dimensionality of the gauge coupling. One
would expect it to be there also in the presence of the Goldstone bosons. As usual, the simplest

way to see this is to consider the one loop beta functions

. d—2. 1 -

of = Tf - §A1f3§ (3-91)
- d—4_ 1

Oy = —5—§— 549’ (3.92)

2 2
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where f = k(@272 f and § = k(“4/2g . From (3.56) and (3.55) one finds

1 N 1 1 852/ f2
A = 47)d/2 2 T (d FZRD) 1+ 7 /gfz 5 (3.93)
a et @enar e | e
1 N 1 1 1 192 1
Ay = - |- —d+2+ _ (3.94)
(47r)d/231“(%—1)1+% 4 d(d—2)(1+%)2

In the limit k2 > ¢2/f2, A; and Ay become positive constants implying a fixed point at

. d—2 N [d—4
fe=1/ A e (3.95)

It is important to note that the value of % = %‘2—; at this fixed point is indeed rather small,

so that the approximation is justified a posteriori. For a better approximation one has to solve
the equations numerically.

The study presented in [Gies 2003] reveals the presence of such a non-Gaussian UV fixed
point for the dimensionless gauge coupling g only for 4 < d < d,, where the critical dimension
d.r depends on the gauge group. They show that d.. > 5 for N < 5, this seems to point to the

possibility that 5-dimensional Yang-Mills theories can be asymptotically safe and renormalizable.

3.3.3 Comments

The nontrivial fixed point that has been found in these calculations could be the basis of asymp-
totic safety in a spontaneously broken chiral theory. Quadratic divergences are essential in
generating the nontrivial fixed point and the cutoff regularization used here is enough to see
the emergence of such a fixed point. Moreover, the functional renormalization group techniques
allow to go beyond one loop by resumming infinitely many perturbative contributions. Further
improvements using these techniques can be achieved by going to higher orders of the derivative
expansion.

Within the truncation considered, the presence of the Goldstone bosons does not affect the
asymptotic freedom of the gauge fields. On the other hand, the fact that the gauge coupling
vanishes in the UV makes the fixed point in the Goldstone boson sector to be the same as in
the ungauged case. One expects that the same will be true when the four-derivative terms are
added. If this is the case, the fixed point structure of the chiral nonlinear sigma model couplings
should be the same as described in [Percacci 2010].

A somewhat worrying aspect of these results, especially if one restricts oneself to the one
loop approximation, is that they generally require strong interactions. This follows from the
fact that in the beta function of f the loop contribution has to cancel the classical scaling term.

Addressing this worry is actually the main reason for using functional renormalization group
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methods: their validity does not rely on the coupling being small. Of course, one is then making
other approximations, namely neglecting higher order terms in the derivative expansion.

If f* < 8 the leading order term of the nonlinear theory that has been studied is the
dominant one, and due to the existence of the fixed point chiral perturbation theory is convergent
at all energies. In the electroweak version, f is related to the Higgs VEV via the identification
f = 2/v. If one follows an renormalization group trajectory towards higher energies one will
encounter essentially two distinct regimes. For energies below the mass of the gauge fields, the
beta functions are suppressed by the threshold terms. For energies above the mass of the gauge
fields the coupling f runs, behaving asymptotically like 1/k and giving rise to a nearly scale
invariant regime (scale invariance is broken by the running of g, which is however very slow in
comparison). The onset of the nearly scale invariant regime depends on the position of the fixed
point and occurs earlier for smaller values of f,. For instance, if f, = 87, the scale invariant
regime begins at approximately 20 TeV (see Fig. 3.1), whereas if fi = 2, the scale invariant

regime begins at approximately 1 TeV.






CHAPTER 4

Phenomenological applications

Contents
4.1 SU(2) x U(1) gauged nonlinear sigma model . . . . . . .. .. ... .... 62
4.1.1 Background field expansion and gauge fixing . . ... ... ... ... ... 63
4.1.2 Beta functions . . . .. ... oL 66
4.1.3 Results . . . .. L e 70
4.2 Sand T parameters . . . . . ¢ v v v v vt v vt bt e e e e e e e e e e 71
4.2.1 Betafunctions . . . . . . ... 72
422 Results . . . . . L e 74
4.3 Fermions and Goldstone bosons . . . . . ... ... ... ... ....... 78
4.3.1 Beta functions . . . . . . ... L 79
4.3.2 Results . . . . . . L 81
4.3.3 Four fermion interactions . . . . . .. ... L. oo Lo 83
4.3.4 Beta functions . . . ... oL 84
4.3.5 Results . . . . . . L 85
4.3.6 Experimental constraints . . . . . . . . .. .. ..o 88
4.4 Goldstone boson scattering . . . . . . ¢ v v v v i it e e e e 89
4.4.1 Betafunctional . . . . ... Lo 90
4.4.2 Integration of theflow . . . . . . ... ... L o 92
443 Amplitude . . . . ... 94
444 CommentsS. . . . . . . i e e 95

The study presented in Chapter 3 shows that the fixed point of the nonlinear sigma model,
whose evidence has been found in [Codello 2009a], persist when one couples the Goldstone
bosons to gauge fields. In this case the theory can be nonperturbatively renormalizable. While
these results do not properly prove the existence of the fixed point, they are however suggestive
because they could have some important implications in particle physics phenomenology. The
best known phenomenological application of the model is electroweak chiral perturbation theory,

which is the most general parametrization of the Higgs phenomenon in terms of the minimal
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number of degrees of freedom, the three would-be Goldstone bosons. This theory is described by
a set of SU(2)p x U(1)g and C'P invariant operators and the lowest order term in the derivative
expansion is the well know lagrangian of the gauged nonlinear sigma model (see Appendix C).

In this chapter, the possibility that the electroweak gauged nonlinear sigma model might be
asymptotically safe is considered. The first part is devoted to the study of the renormalization
group flow of the SU(2);, x U(1)r gauged nonlinear sigma model using functional methods.
The computation resembles the one presented in Chapter 3 with some differences that will be
highlighted and explained in the first section. After having supported the evidence of the possible
UV completion of the electroweak model at the nontrivial fixed point, the general point of view
is to assume the existence of such a fixed point and apply the asymptotic safety construction in
order to work out the phenomenological consequences of this assumption.

The predictivity of the construction can be tested only when the theory space is enlarged by
including higher order operators in the truncation. In the next section of this chapter, dimension
four operators, related to the electroweak S and 1" parameters, are taken into account and the
renormalization group flow of the theory is studied by functional methods. The predictions
obtained from the asymptotic safety picture are presented and the compatibility of the model
with precision measurements is discussed [Fabbrichesi 2011a).

In a realistic model one needs to accommodate also SM fermions coupling them in a chiral
invariant way to the Goldstone fields. In this way it is possible to provide a mass for quarks
and leptons. In the third section of this chapter, the renormalization group flow of the nonlinear
sigma model coupled to fermions is studied. In this case, a one-loop computation shows that
the inclusion of fermions drastically modifies the asymptotic properties of the nonlinear sigma
model. The modifications one has to provide in order to preserve asymptotic safety of the theory
are discussed. In particular, the good UV limit of the theory is ensured by adding to the model
four fermion interactions terms [Bazzocchi 2011].

In the last section, the computation of the Goldstone boson scattering amplitude is presented.
In this case, the effective action of the theory is obtained by solving the Wetterich equation,
using the non-local heat kernel expansion. The integration of the flow leads to divergences
that are removed by standard renormalization conditions. The final amplitude is the same of
perturbation theory, this shows that the formalism is able to reproduce the known perturbative

results.

4.1 SU(2) x U(1) gauged nonlinear sigma model

In this section the renormalization group flow of the electroweak chiral lagrangian is studied,
where the terms considered are restricted to the lowest order in the derivative expansion. The
theory is the SU(2)r, x U(1)r gauged nonlinear sigma model. The action of this model is a
slight generalization of the one introduced in eq. (3.10) specialized to N = 2 where the gauge
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group is enlarged to SU(2)r, x U(1)g. The corresponding gauge fields are denoted by W[L and B,
respectively. Using a general parametrization of the Goldstone bosons in terms of (dimensionless)

coordinates ¢p®(z), the Euclidean action reads:

1 1 R
Sole, W, B] = — / d*z haﬁ(go)DutpaD“go’B—l—rgQ / d'z Wi, W+

37 / d*z B,,B" , (4.1)

49/2
where hqg(¢) is a dimensionless metric of SU(2). As usual, f represents the Goldstone boson
coupling with mass dimension —1, while g and ¢’ are the dimensionless gauge couplings. The

Goldstone covariant derivative and the gauge field strength tensors are given by:
Dyup® = 8,0 + W,R (¢) — BuL§ (), (4.2)

Wi, =0,W,—0,W,+e,Wiw}, . Bu =0.B,—0,By, (4.3)

where eg.l is the three dimensional Levi-Civita symbol. The indices a,3 = 1,2,3 run over the
target space coordinates while 4,j,0 = 1,2,3 are SU(2) Lie-algebra indices. R{ and LY are
the right- and left-invariant vectorfields on the target space SU(2). In particular, the fields R
generate the SU(2), transformations while L§ is taken as the generator of the U(1) g transforma-
tions. These vectorfields are taken to be orthonormal fields of frames on the group as in eq. (3.9).

The action in eq. (4.1) is invariant under local SU(2)r x U(1)g infinitesimal transformations
0ep™ = —e R (¢) + LS (0) (4.4)

provided that
55W; = MaiL + Eijngalz = DuaiL , 0:B,, = Ouer - (4.5)

4.1.1 Background field expansion and gauge fixing

The beta functions have been computed using the background field method as in Chapter 3.
The full quantum field p®(z) is expanded, using normal coordinates £*(x), around nonconstant
background field configuration ¢%*(x) as in eq. (2.97). The background field expansions of the
geometric objects entering in eq. (4.1) are given by eq. (2.98) and eq. (3.14). The gauge fields
split as W) (x) = W/i(z) + w!,(x) and B,(x) = By(x) + bu(x). The background field expansion
for the gauge field strength tensors can be read from eq. (3.16) specialized to the SU(2) case. As

usual, the action in eq. (4.1) can be expanded in functional Taylor series around the background:

Sole, W, B] = Sol@, W, B + S @, W, B: &, w,b] + S& @, W, By &, w,b] + ... (4.6)
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where S([Jn} is of order n in the fluctuations. The second order piece of the classical action turns

out to be:
o 1 o _ _ _
S([)Q] [@7 Wv B;Sa w, b] = ng /d4l’ 504( - D2h0¢ﬂ - DMSEgDM@nREan/B)fﬁ
1 s o -
t & / d*x ), (hay D'V 3R] + s R D" )7
1 _ o -
- / d4$bﬂ<hm/D“@aV5Lg +ha5L§‘D“)§B
1 7 B v 2128 92 7 DA D v T luy )
+ g A wi, (= D20,;6" + D" DV, + fahasF; BRI + Wy )w)
1 4 2 cuv v o 9/2’ Foa7lBsur
+ g | d wbu( = 0% + 00 + Trhas L3150 )b
1 o
- & / d*z w), (haﬁRg‘ij(sW) by, (4.7)

where the bar denotes that the quantities are evaluated on the background. In eq. (4.7) the

background covariant derivatives are:
Dy = V6% + Wﬁvg}?f‘ﬁﬁ — B, VL5e’ (4.8)

and
D,wl, = 9w, + sszﬁwﬁ . (4.9)

The action in eq. (4.7) is a slight generalization of the one in eq. (3.18) in which new cross
terms involving the gauge field b, are present. Cross terms between the Goldstone bosons and
the gauge fields contain nonminimal derivative pieces that can be removed by taking a suitable
gauge fixing condition, after having performed an integration by parts as in eq. (3.20). In the last
integral of eq. (4.7) there is an explicit mixing between b, and the third component of the field
wy,, making use of the orthonormality condition in eq. (3.9) and expanding hang‘Lg =3+ ..

one can read off the ws-b mixing mass matrix:

2 f2 ! f2
(it ) o

The first eigenvalue is mi = 0 and is identified with the square mass of the photon while the
second is m2Z = (g% + ¢’*)/ f? and is identified with the square mass of the Z boson. The square

mass value for the other gauge fields w; and wq is m¥, = g%/ f>.

The gauge fixed action S[@, W, B;&,w,b] is obtained by adding to the original action of
eq. (4.6) a background gauge fixing term S,¢[p, W, B; &, w, bl:

S[@a Wv B;ngv b] = 80[557 Wv B;éawv b] + ng[@v Wv B;éawv b] . (411)
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The explicit form of the gauge fixing action is given by:

S, [ W,B;€ ,b] 5 2/d :C(SZ]X XJJrQ /2/d4x1/)w (412)
where 9
— Dhul, + ﬁh o %haﬁigfﬁ . (4.13)

This is the generalization of the 't Hooft-Feynman gauge fixing to the background field method,
as discussed in Section 3.1.1. This gauge fixing allows to simplify the mixed terms between the

Goldstone bosons and the gauge fluctuations. The resulting quadratic part of the gauge fixed

action is:
SPlg, W, B; &, w,b] = 2}2 /d41‘ € (=D?hag — Dy D" @" Reans + miyhag + myLELY) €°
+ ;2 / 0wl (s DF ¥ 5 R) )7 f? / d42 b, (o DF ¥ 5L]) €7
+ /d4a:w ( D25U5“”+mw5”5“”— Wl’wellj) w!,
+ 2;,2 / d*x b, (—0°6" +m%5 ) b, — le / v, (hapRELI™) by,
(4.14)
where mZB = ¢’?/f?. In this gauge the operator acting on the gauge fluctuations is a minimal

second order operator. The Faddeev-Popov determinant is obtained from the variation of the
gauge fixing termsin eq. (4.13) with respect to the infinitesimal gauge transformation, keeping
the background fields fixed:

5€LXi = D 56L p, f2 aﬁRa é‘Lf )

. 927 —
6ERX1 = ﬁha,@Rza(SERéﬁ )
g TO
Septh = f2h L3027,
/2
Oepd = 0M6:,b, — f2 hapL§0.,E° . (4.15)

The variations of the gauge fields can be read directly from eq. (4.5) while the variation of the
normal coordinates £ can be worked out using eq. (4.4) together with eq. (2.97) and inverting

the series. For the present purposes only the first pieces coming from the variations in eq. (4.15)
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matter:
5.,X' = DMD,eh — ?Zhw}’z?ﬁfsi e, (4.16)
e’ = ?Z hagROLen + - (4.17)
@M::?EWQWQ+W, (4.18)
Sopt) = W@ﬁR—?;mﬂgm&R+uw (4.19)

where the dots stand for terms containing the fields w, b and higher powers of . Using the
orthonormality condition of the Killing fields, that the Faddeev-Popov determinant is given by:

5 %r ' (4.20)

_ 2 /= Sa T
o] D?5;j — 40 ‘%hozBR?Lg

det L R det 99'T  paTh 2_ 49
d0cr,  OeRr ﬁha/BRi L3 o - e

As usual, one can write the determinant in eq. (4.20) as a functional integral over anticommuting
ghost fields (c?, n):

der,  OeR

S ox )
det [ S ] = /DCDCD’?DW exp —Sgnl@, W3 & ¢, 1, 1] (4.21)

The ghost action is given by:

@me%mm:lﬁmaem%+;%w+/ﬁmey+%m
99 57 BaF 99 R N
- % [dad s Ln =% [atenasrIe, (422)
where
Dy = 0uc + ' 3 Wid . (4.23)

4.1.2 Beta functions

The computation of the beta functions is performed using the exact functional renormalization
group equation introduced in Chapter 2. In this case one starts from the background effective
average action I'y (¢, W, B; 0) which is assumed to have the same form of the action S[p, W, B; 6],
where the bare couplings f, g and ¢’ are replaced by renormalized couplings that depend on
the scale k. All the bars from background quantities have been dropped, since no confusion
should arise. The functional T'y(p, W, B;0) depends on the background fields ¢, W, B and
on the classical average fields 6 (the variables that are Legendre conjugated to the sources

coupled linearly to the quantum field in the path integral definition), where §7 = (,fi,w/i, by)
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and & = R’ &Y. From Tg[p, W, B; 0], setting 6 = 0, it is possible to define a functional which
is manifestly both diffeomorphism and gauge invariant, I'y[¢, W, B] = I'y[p, W, B;0]. It obeys a

functional differential equation, which in the present context reads:

2 . -1
il v B = g1 | (S gy ) PRSI - Do oy,
(4.24)
where ¢ = log(k/ko). From eq. (4.14) one reads the second variation of the effective average
action:
%o, W, B36] = . [ ato” (e, W, B) - Elp.W.B]) 0, (4.25)
where I[p, W, B] =
72[(=DZ +m3y) (1 = P3)y; + (=D +m3) Py 0 0
0 22 (=D%o1 +miyafy) 0
0 0 g%(f(?z(;“” +m% )
(4.26)

and
=My Al BB
Elp,W,B] = | £AJ ZWE  HC |, (4.27)
The first entry of the matrix in eq. (4.26) has been rewritten introducing the projector Ps;j,
which is given by:
P3ij = R?RfLiL% . (4.28)

The explicit form of the endomorphism matrices that enter in eq. (4.27) is:

Mij = ROR) Dy D' 9" Regy . Aly = —2hay D"“V3RIR] | Bl =2he, D"V LIR]

(4.29)
and
W =Whey; . O = hapRELEM™ . (4.30)
In eq. (4.24) the bosonic cutoff kernel Ry[p, W, B] is chosen to be
f%Rk(Z)(l —P3) + %Rk(Z)Pg 0
Rilg, W, B] = 0 LRy(w) 0 L3

0 0 —z Ry (—0?)
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In eq. (4.31) z = —Dg and w = —D2, where D¢ and D,, are defined in eq. (4.8) and eq. (4.9)
respectively. The cutoff in the ghost sector is implemented by Cy[W], which is chosen to be

Rk(%) 0
+ —82+m%

where y = —D? and D, is defined in eq. (4.23). The cutoff profile functions Ry are taken to be
functions only of the background covariant Laplacians (type I). The form of Ry is chosen to be
the optimized one of eq. (3.42), which ensures that the integrations over momenta are explicitly
calculable. Being constructed with the background Laplacians, this cutoff prescription preserves

the background invariance.

The t-derivative of the bosonic cutoff kernel is:

LO,Ri(2)(1 — P3) + 50 Ri(2)P 0 0
ORulp W.B] 770 Ri(2)( 3) + 20 Ri(2)Ps 1
— 0 gﬁatRk:(w) 0 ;
0 0 g%@tRk(—W)

(4.33)
where 0; Ry, (z) = 2k20(k? — 2). Here, the situation is simplified with respect to eq. (3.43) since

the contribution coming from the n-terms are neglected and the result will be one-loop.

It is convenient to rewrite the modified inverse bosonic propagator in a more compact form:

5*T [, W, B; 0]
5050

+Rk[¢7W’B] :Hk[QD,W,B]_E[QO,‘/V,B], (434)

where g [@, W, B] = II[p, W, B]+Ry[p, W, B]. With the notation introduced above it is possible

to rewrite eq. (4.24) as follows:

0 1 _ -
STilp. W.B] = STrg (e — B) T ORy| = Tre [(Pe+mify) ' 0ke| . (439)

where Py(z) = z + Ri(2).
The first trace in eq. (4.35) is evaluated by expanding the argument in powers of (II) ' E:

1 _ 1 _ e 1
5 Tro | (T + E) 1&7@4 = 5 Trg (I + I B + I BT VBT + .0 9Ry] (4.36)

In this case, the entire dependence on the couplings is kept in the inverse propagator Il through
the threshold masses but the trace is expanded in powers of E, which depends on the background

fields. The traces in eq. (4.36) are evaluated using heat kernel methods presented in Appendix
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B. The first trace gives:
1 1 kK21 1. 1
~Tr [T, 'O,R - e [ d*x | -W., W + ~ B, B"
2r[k t k] =) (47T)2k2+m%‘/6/ x<4 Vi +4M )
1 kK1 ,
- —— [ d*zW! B"R®L
(4m)2 k2 + m2, 12 / W @ e
1 k> 8 1 .
- s [ A - WW 4.37
(471')2 k2 +m12/V 3/ T 4t pnv ( )
The second trace gives:
In I 'BI 'O,Re] D ! i 1/d4xR D,p”DF”
2 k kYt (47r)2 (k2 +m12/l/)2 9 afp
1 k© kS 1
+ - = [ d*z (hap — L3L3) D, DV
(47)2 [(k:2+m22)2 (k2+m12/v)2} 8/ (hap = LaLg)Dup™Di'y
(4.38)
The third trace gives:
| R 20°/f%  k° o
T B BICOR S (k2 +m2, )3 /d4xhaﬁDu80 D
1g°/f> kS 1 1 / 4 373 o, B
T ey (Ermle @y mge) | ¢ thes ~ Lalp) Dyt Dy
192/.f2 kG 1 1 4 3713 anp, B
T A )t R my) | (R my) /d #(has = Lalp)Dug™ D
19/2/f2 k6 4 3713 anp, B
TS T (R w2 ) /d @ (hap = LaLp) Dy D7
19/2/f2 k6 4 3713 a8
+ 9 (47)2 (k2+m%V)(k2+sz)2 /d x(haﬁ_LaLﬁ)DMO Dfe
16 kS P R
G G T /d Wi W, (4.39)

The ghost trace gives:

1 k2

Tr, [(Pk + m%[,)_1 atRk} »

(4m)% k2 + m?2, 3

4 1 .
/ diax ZWi“”W;V (4.40)

In order to extract the beta functions, one assumes that the invariant effective average action

['k[p, W, B] has the same form of the original one, with the bare couplings f, g and ¢’ replaced

by renormalized coupling that depend on k:

1
212

The system of coupled equations for the beta functions of f

«@ 1 7 v
/ d ¢ hap D, DH P + i / d'z W, Wi +

1
4 9/2

/ d*z B,,B". (4.41)

, g and ¢’ is obtained by summing up
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all contributions coming from eq. (4.37), eq. (4.38), eq. (4.39), eq. (4.40) and reading off the co-
efficients of (1/2) [ d*x hagDue®*DFeP, (1/4) [ da Wi, Wi and (1/4) [ d*z By, B" . Writing

the equations in terms of dimensionless quantities, one gets:

£2 £2 2 2
2 _ op S |1 f 1 f 29
fT =2 (4m)% |4 (1 + mi,)? "1 (1+m%)?  (1+m3,)?
+ i + s

g/2 g/2
4.42
T AT A )T aB)E T w21+ ) (4.42)
1 1 T3 16
8 2 — — _ 4 44:3
tg ()2 1+ w3, [2 1 +mz)2) Y (443)
11 1
og? = = S— 4.44
tg 6 (4m)2 1+ m2,” (4.44)

where M3, = mi, /k? = ¢*/f2, m% = mL/k? = (¢* + g/ f?, ™% = mB/k? = ¢?/f? and
f2 = k?f? is the dimensionless Goldstone boson coupling. Since the regularization scheme
is mags-dependent, one gets automatically the effect of thresholds, which are represented by
the factors 1/(1 + m?2). For k? > m? these factors become equal to one, whereas for k? <
m? the denominators become large and suppress the running, reflecting the decoupling of the

corresponding massive field modes.

4.1.3 Results

At this point it is useful to study the limit k% 3> m?, expanding the threshold factors for small

m? and retaining the first leading terms, one gets:

- 1 f2

afr = 2f*—3 (4];)2(f2 + 697 + 3¢”) (4.45)
o 1 29,
2 1 1 14

og* = 5 (471)29 . (4.47)

Because of the positive beta function for ¢/, strictly speaking this system does not have a physical
acceptable UV fixed point, unless ¢’ = 0. However, the running of the gauge couplings is very
slow and the Landau pole for ¢’ occurs at trans-Planckian energies. For practical purposes, it is

a good approximation to fix them at their experimental values g = 0.65 and ¢’ = 0.35. In this
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case the fixed point for f is very slightly modified with respect to the ungauged case:

3g° + 39’2/2>

fi = 2(4m)? (2 e (4.48)

4.2 S and T parameters

Consider the SU(2)r x U(1)r gauged nonlinear sigma model action of eq. (4.1). The gauge
invariance of the SM demands that the metric h,g be invariant under the action of the left- and
right-invariant vectorfields, but not necessarily under the SU(2)g transformations generated by

L$ and L§. The most general metric of this type is of the form
hap = LALY + L2L% + (1 — 2a0) L3 L}, (4.49)

where L, is the basis of left-invariant one-forms dual to L. If ag < 0, the geometry of the
model corresponds to an elongated three-sphere, while if 0 < ap < 1/2 it corresponds to a
squashed three-sphere. In the case ag > 1/2 the metric would change signature. The parameter
ap measures the violation of the custodial symmetry SU(2)r and vanishes in the bare SM
Lagrangian. Radiative corrections then induce a small nonvanishing effective value for ag. It is
therefore customary to assume that the metric hog is bi-invariant and to consider the SU(2)g-

breaking as due to a separate term in the effective (Euclidean) action:

ao

ASO[@)WB} = _f2

/ d*z D, DFoPLILY . (4.50)
The full action contains further terms, among these one is usually interested also in
1 .
ASifp.W.B) = ~ay [ dto B, RiaLs (4.51)

The operators in eq. (4.50) and eq. (4.51) belong to the complete set of dimension four operators
of the electroweak chiral effective lagrangian described in Appendix C. These definitions agree
with those of eq. (C.9) and eq. (C.10), except for the rescaling of the gauge fields with the gauge
couplings. Note also the minus sign in eq. (4.51) comes from the analytic continuation to the
Euclidean space. The running couplings ap and a1 are related to the oblique parameters S and
T by [Dobado 2000]

_ L2 g (M
S = —16mai(mz) + o [12 log( )] , (4.52)

T = %ao(mz) 3[152—10g (””I)] (4.53)

87 cos? Oy
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The second term on the right hand side corresponds to subtracting the contribution of the Higgs
field with mass mpy [Bagger 2000].

4.2.1 Beta functions

In this section the renormalization group flow of the gauge couplings g, ¢/, together with the
sigma model coupling f and the parameters ap and a; is studied. It will be instructive to
consider first the ungauged SU(2) x U(1)/U(1) sigma model, with couplings f and agp. Quite
generally, the beta function of the sigma model is given by the Ricci flow term of eq. (4.38),

where m%,[, = 0 and the Ricci tensor is computed using the metric ibag:

1= 1,
O <f2ha5> = W/#Raﬁ (4.54)

where, as usual, t = log k/ko. In the basis of the left-invariant vectorfields L¢*, the Ricci tensor

of the metric ﬁag has components

1 1
Ri1 = Ryp = 5 +ay , R33 = 5 —agp - (4.55)

The beta functions of f2 = f2k2 and ag can be obtained by projecting eq. (4.54) in the basis of
the left-invariant vectorfields and using eq. (4.55):

8 . 1 /1

8tf2 = 2f2 - (47T)2f4 <2 + CL[)) (456)
11 -

Oap = 2 ()2 f2ao(1 - 2ag) . (4.57)

Coming to the gauged case one can first consider the subsystem of the couplings g, ¢’ and f,
keeping ag = a3 = 0. The detailed computation was presented in Section 4.1 and the beta
functions are given in eq. (4.42), eq. (4.43) and eq. (4.44) . As already said, this system does
not admit a physically acceptable UV fixed point because of the positive beta function of ¢'.
However, it is a good approximation to treat the gauge couplings as constants. This is reasonable,
since their running is very slow and the Landau pole occurs at trans-Planckian energies. It is
worth to mention that this U(1) problem could be solved by coupling the system to gravity
as shown in [Harst 2011]. From here on, the gauge couplings will be considered fixed to their
experimental value g = 0.65 and ¢’ = 0.35. As in the ungauged case, the beta function of f and

ag can be extracted from the geometrical beta functional. The running of the metric ﬁaﬁ can
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be obtained by summing up the contributions coming from eq. (4.38) and eq. (4.39)

Qr[ W.B o5 — 6 1/d4xR [
ot k1P, ) ( ) (k2+m )22 oS P @
1 k‘ﬁ k,G 1 . \ X ,
e [ e R R L
2/ £2 6
g/f : / 4 3713 8
d hea L2 L2) D, % D"
T A @ | 4 hes T Lalp) Dyt Dl
14%/f? kS / . .
T3 d*z (hap — Ly L3)D o Dk B
2 (4m)2 (k2 + m3,) (k? + m%,)? (hagp 3)Dpp® DF o
1g%/f? kS / . .
*t 3 d hog — L5, L) D aph P
2 (4m)% (k2 + mZ,)2 (k2 + m%) @ (hap 3)Dup“DFe
147/ f? kS / . .
T3 d'% (hap — L3L3) D, 0" D
2 (4m)2 (k24 m,)2(k? + m%) B 3) Dy
147%/f k6 / | \
d*z (hag — L3 L3) D, 0% D* P
T2 (anp (k2 + m2,) (k2 + m%)? @ (hap — LaLg) Dup™ D'

where the Ricci flow is computed using the Ricci tensor of the new metric and

0 2a0
2Ty, W, B] = d'z = ( —5ha L313) D, D*e°
8t k’[@? ) / <f2 B8 f2 /‘SD ¥

(4.58)

(4.59)

The beta functions for f2 and ag can be extracted by projecting eq. (4.58) on the basis of the

left-invariant vectorfields and using eq. (4.55):

f~2

2 2
atf - 2f - (47'(')2

101+ 2ao)f
2 (1 +1miy)?
2

29 N g g
L+mfy)®  L+mi )2 +my)  (L+miy) (1 +my)?

2 2
+ + g
(1 +m2,)%(1+m%) (1+m§v)(1+m23)2]

Orao

(4.60)

(4.61)
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The renormalization group flow of the operator in eq. (4.51) is obtained by Taylor expanding
the piece R;oL§ around the background, keeping WIZ and B, as classical fields. In this case the

endomorphism part of the second variation is modified by a quantity M:

g W B €] = 55 [ e’ (D%, — My — ) €0 (462
where M;; is given in eq. (4.29) and
M;j = —a1 f2 B W™ (R oy Ry LY + Vo RLV Lyg) RORY (4.63)

The trace in eq. (4.38) receives an additional contribution, which in the present context reads:

1 — _ 1 a1f2 k‘ﬁ
—Tr [T ET —=
27" (1T ¢ O] 2 (4m)% (k? + m3,)?

/ d*z B*W}, R L, . (4.64)

The beta function of a; is obtained by adding to eq. (4.64) the contribution coming from the
trace in eq. (4.37), one gets:

2
oy = — 1 <é+ o/ ) (4.65)

(A2 1 L o2 1L /2
(4m)% 1+ mj, 1+ myy,

4.2.2 Results

At this point it is useful to study the system of eq. (4.60), eq. (4.61) and eq. (4.65) for £ much
larger than all the masses (g,¢’ < f). In this case the beta functions simplify to

f~2

~ ~ 1 ~
aft = 2f* -3 (4 (f2(1 +2a9) + 69° + 39’2) : (4.66)
1 1 ~ 3
813&0 = 5 (47r>2 <f2a0(1 — 2@0) -+ 29/2) y (467)
1 ~ 1
8ta1 = (477)2 <f2a1 + 6) . (468)

Terms of order g2ag or g"?ag have been neglected because they are subleading relative to those
of order f2ag. Note that these beta functions reduce correctly to eq. (4.56) and eq. (4.57) in the
ungauged case. The first term in eq. (4.67) corresponds to a self-renormalization of the operator
in eq. (4.50). Diagrammatically it corresponds to a quadratically divergent Goldstone boson
tadpole and cannot be seen in dimensional regularization. The second term agrees with the
results of [Herrero 1994]; it is proportional to g’?, consistent with the fact that the hypercharge
coupling breaks the custodial symmetry. Its effect is to generate a nonzero ag even if initially

ap = 0. Also the second term in eq. (4.68) agrees with the one computed in [Herrero 1994],
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Figure 4.1: Flow in the ao-f plane with a; = 0. The two dots mark the positions of FPI and FPIL
Arrows point to increasing energy.

while the first comes from the self-renormalization of the operator in eq. (4.51).

In the ungauged case, the beta functions in eq. (4.56) and eq. (4.57) admit a Gaussian fixed
point with f, = 0 and arbitrary ag. In addition there exist two nontrivial fixed points: one at
aox = 0, f. = 87 ~ 25.13 which is SU(2) g-symmetric and another one with maximally broken
SU(2)g at age = 1/2, f. = 4v/2n ~ 17.8. When the gauge couplings are taken into account,
there is no longer a fixed point with f = 0 and the two nontrivial fixed points of the ungauged

case turn out to be slightly shifted. The first fixed point FPI occurs at:

fe=251 |  ag.=—0.000292 ,  a. = —0.000265. (4.69)

The second fixed point FPII occurs at:

fo=177 | ap=0501 ,  aj. = —0.000530. (4.70)

The renormalization group flow is illustrated in Fig. 4.1 and Fig. 4.2. The eigenvalues and
eigenvectors of the matrix describing the linearized flow around these fixed points are given in
the table 4.1. Recall that negative eigenvalues correspond to UV attractive (relevant) directions.

The point FPI has one such direction, that to a good approximation can be identified with the
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Figure 4.2: The left plot shows the flow in the a1-f plane with ag = 0, the dot marks the position of
FPI. The right plot shows the flow in the a;-f plane with ag = 0.5, the dot marks the position of FPII.
Arrows point to increasing energy.

parameter f. The point FPII has two relevant directions that lie almost exactly in the ao-f
plane. Within numerical errors one finds a critical trajectory that starts from FPII in the UV
approximately in the direction of (minus) its second eigenvector and reaches FPI in the IR from
the direction of its second eigenvector. The origin is not a fixed point, but the beta functions
become very small there. This almost-fixed point is IR attractive for f .

At this point it is useful to study the physics of these fixed points. At k = my one has
f = 2mz/v = 0.7415 and the experimentally allowed values for ag(mz) and aj(my) are of
order 1073, When one evolves the flow towards higher energies, f, ag or a; will generally
diverge. This is, in general, a sign that new physics has to be taken into account. However,

there may be trajectories that hit a fixed point in the UV, for them the effective field theory

Fixed point Figenvalues Eigenvectors

f ap ap
I —1.99 1.00 11.6x10% 14.1x10°6
I 1.99 —0.997 0.0795 —42.2 x 1076
I 3.98 0 0 1
11 —1.99 1.00  66.0x107% 29.9x 1076
II —0.996 —0.998 0.0563 —40 x 1076
11 1.99 0 0 1

Table 4.1: eigenvalues and eigenvectors of the stability matrix at the fixed points.
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description actually never breaks down. Such trajectories are said to be asymptotically safe or
renormalizable. Requiring that the world be described by a renormalizable trajectory leads to
predictions for lowenergy physics. Since FPI has only one relevant direction, there is a single
renormalizable trajectory that descends from it towards the origin. Since the beta functions go
to zero for k < my, the flow is stopped at the scale mz (i.e. when f= 0.7415) and find, at that
scale,

ap(mz) = —0.0020, a;(mz) = —0.0032 , (4.71)

which are bo away from the experimental values. The transition takes about four or five e-
foldings (a change in scale by a factor e*-e®) which means that FPI would be reached at an
energy scale of the order of 10 TeV.

The point FPII has two relevant directions and therefore there is a one parameter family
of renormalizable trajectories that descend from it. From Fig. 4.1 it is possible to see that for
such a trajectory to come close to the origin, it has to be fine tuned to first follow very closely
the critical trajectory towards FPI, and hence descend. Going upwards from k = myz, such a
trajectory would take again four or five e-foldings to reach the vicinity of FPI and then another
four e-foldings to cross over to FPII, placing the energy scale at which one arrives near FPII
at 300-700 TeV. It is clear from Fig. 4.1 that these trajectories will have ag(mz) > —0.002.

Numerical analysis shows that the locus of endpoints of such trajectories satisfies
a1(mz) = —0.00321 — 0.00052 ag(mz) (4.72)

For ag =~ 0.5 this relation is still true within a few percent.

Using equations (4.52) and (4.53), this translates directly into a linear relation between S
and T, which is shown in Fig. 4.3, and constitutes the main result of the analysis. The dot
corresponds to the UV critical surface of FPI (4.71), the half-line to the UV critical surface of
FPII. Note that the condition of asymptotic safety essentially fixes a1, and hence S, leaving T
arbitrary. Standard model fermions would not change this conclusion, since their contribution
is already included in the definition of S and 7', but one has to make sure that they do not spoil
the fixed point. In the next section the problem of adding fermions will be addressed, in this
case the fixed point of f is preserved if four-fermion interactions are added. These interactions
only change the beta functions of S and T at higher loops, so one expects the result obtained
here to remain valid.

Renormalizable trajectories represent UV complete theories. Within this model there are
such trajectories that are in agreement with the experimental data: S = 0.01 £0.10 and T' =
0.03 £ 0.11 [Nakamura 2010]. They pass near FPI at scales ~ 10 TeV and then veer towards
FPII. There, the custodial symmetry is strongly broken, as witnessed by the large value ag ~ 0.5.
This could be an important (and unexpected) clue about the UV behavior of the theory. In this

model the fixed point behavior sets in at energies that are probably too high to make a direct
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T
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Figure 4.3: The half-line and the dot show the values permitted by asymptotic safety. The ellipses show
the 1 and 2 ¢ experimental bounds with my=117GeV [Nakamura 2010].

observation possible at LHC.

4.3 Fermions and Goldstone bosons

This section is devoted to the study of the renormalization group flow of the system obtained by
adding fermions to the nonlinear sigma model. Here, the scalar fields are encoded in a SU(N)—
valued matrix U = exp(ifm®T,), where 7% are the Goldstone fields, tr T, T, = d45/2 and f is the
Goldstone boson coupling. In the SM case f can be identified with 2/v, where v = 246 GeV is

the Higgs VEV. The lowest order term of the nonlinear sigma model lagrangian reads:
1
Lyt =5 (UTGHUUTWU) : (4.73)

This model is invariant under separate SU(N )y and SU(N)g transformations acting on U by
left- and right multiplication respectively.

Consider left- and right-handed fermions 1} and ¢ carrying the fundamental represen-
tation of SU(N) and SU(N)g respectively (corresponding to the indices ¢ = 1,..., N), and
also the fundamental representation of a color group SU(N.) (corresponding to the indices

a =1,...,N.). In the real world the latter group is gauged, here it is simply retained as a
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global symmetry to count fermionic states. Fermions are coupled in a chiral invariant way to the
U field by adding to the lagrangian in eq. (4.73) the fermion kinetic term and the (proto)-Yukawa

interaction:

Ly = (riv"0ur + Vriv"8u0r + Lyuk) - (4.74)
The Yukawa lagrangian is given by

2ho ;i i
Lyup = —TO(WL“U”% +he), (4.75)

where the group indices have been explicitly written out and hg is the dimensionless Yukawa

coupling. Expanding the matrix U in terms of the 7’s one can read off all the interaction terms:

2ho - o - I
»CYuk = 7701[”# - 22h077 ¢75Taw - hOf (2]\71/)1077 ™+ idabcﬂ- W6¢Tc¢>
iho 1 a,..a,c. L a, b, _c 7 1 . a,b_c 7
+ ng <2N7T T ¢75Tc¢ + 4Ndabc7r T ¢’Y51/1 + 4dabe<zfecg + decg)ﬂ- T 1/}'75Tg¢>
+ 0(71_4) , (476)

where fup. are the structure constants of the group and dg. is the totally symmetric tensor
of SU(N). Since the only phenomenologically relevant fermionic contribution comes from the
top quark, then hg in eq. (4.75) will be viewed as the top Yukawa coupling. Strong, weak and
electromagnetic gauge couplings are also neglected (after having checked that they do not alter

the conclusions) and for this reason the derivatives in eq. (4.73) and eq. (4.74) are not covariant.

In a more realistic model, the Yukawa interaction should distinguish among the fermion
components and there should be more than one family, as in the SM. For example, considering
one family of fermions ' = (u d) and imposing an SU(2); x U(1)g symmetry, one is forced to
introduce two different Yukawa couplings h,, and hg for the up- and the down-type fermions. In
this case the Yukawa lagrangian would be:

2

- 2h,
Vuk =~ ($LUP, g +he) — =2

f

where P, = (14 03)/2 and Py = (1 — 03)/2 are the up- and down-type fermion projectors.

(YLUPgpr +hec.), (4.77)

4.3.1 Beta functions

Consider the SU(N) model described by eq. (4.73) and eq. (4.74). The leading terms of the

effective average action can be parametrized as

[y = / d'z {Z”Q(k)aﬂaaﬂn“ + Zy(k)Yiv* oty — 2ih(k)m s Tay + . . . (4.78)
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where the dots represent higher order terms coming from the expansion of eq. (4.73) and
eq. (4.75). The quantities Z,(k), Zy(k) and h(k) have been computed at one-loop by means
of standard diagrammatic technique using a sharp cutoff regulator. The Feynman diagrams
that enter in the computation are shown in Fig. 4.4, diagrams (a), (b) and (c) give the vertex
corrections to the Yukawa coupling, while diagrams (d), (e) and (f) contribute to scalar and
fermion wave function renormalization constants. The one-loop integrals are performed over a
momentum shell that goes from some scale k to A. Assuming that h(A) = hy, Z,(A) = 1 and
Zy(A) =1 one obtains:

(f)

Figure 4.4: One-loop Feynman diagrams entering in the computation of the beta functions of f and h.
Diagrams (a), (b) and (c¢) give the vertex corrections to the Yukawa interaction term, while diagrams
(d), (e) and (f) renormalize scalar and fermion propagators.

- 1 (2N? —3) (A2 —k? h% 2(N%? -1 A?

h(k) = hA<1—(47T)2( N ) I )f2+(47f)2 ( ~ >logk2>, (4.79)
_ 1 N(A2—K?) , 4N . A2

Z.(k) = 1—(47T)23 YRt (in)? log 77, (4.80)

Zy(k) = 1+ V-1, A (4.81)

42 N % w2
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At this point one defines the renormalized Yukawa coupling h = h Z, : Z " L and its beta function
is computed by taking the derivative of h with respect to the scale k. The beta function of
the Goldstone coupling f is obtained by adding to the usual bosonic term (see eq. (3.88)) an
additional contribution coming from the fermionic loop which is explicitly given by the term
proportional to N, in eq. (4.80). Then, the one-loop renormalization group equations for the
coupling f = kf and h of the SU(N) model turn out to be:

;7 N o AN o
1 N2 -1 1 N2-2 .
oh = T <4NC — 2N> h + WTW? : (4.83)

The variable t is, as usual, defined as log k/ko where kg is a conventional reference energy, which
here is taken to be kg = v. These beta functions have been obtained by assuming that the mass
of the fermions is much smaller than the scale k, this sets a condition k > h/f for the validity

of these equations.

4.3.2 Results

The system of equations (4.82)-(4.83) admits a number of possible UV fixed points. There is a
formal Gaussian fixed point f = 0, h = 0 which is outside the domain of the approximation. In
the following, the study will be restricted only to renormalization group trajectories for energy
scales larger than v, which corresponds to f > 2. There is also a nontrivial fixed point at h, = 0,
f+ = 8n/v/N for which f is a relevant (UV attractive) direction and h is marginally irrelevant.
Requiring that the theory lies on a trajectory that reaches it in the UV, implies the triviality of
the Yukawa coupling at all scales. This choice is therefore rejected because uninteresting.

A physically interesting trajectory requires nonvanishing h and f. If h is treated as a t-
independent constant, the S-function for f has a zero at f. = 4+/(472 + N.h2)/N, which is a

deformation of the one appearing in the pure bosonic model. The existence of a nontrivial fixed

point for the coupled system thus hinges on the existence of a nontrivial zero in the beta function
of h. This requires that the first term in the right hand side of eq. (4.83) be negative, which
is true for N > 2N.. Unfortunately this condition is not satisfied for the phenomenologically
most important case N = 2, N, = 3. This is illustrated by the dashed curves in Fig. 4.5, for
the initial condition fo =2 and hg = 0.7 at ¢t = 0 (thus mimicking the top-quark value). The
first term on the right hand side of eq. (4.82) is initially dominant, leading to linear growth of f.
The second term then grows in absolute value and at some point nearly balances the first one,
leading to an approximate fixed point behavior in some range of energies. Eventually h, whose
beta function is everywhere positive, becomes large and the third term dominates, leading to a

Landau pole and the loss of asymptotic safety. The scale at which destabilization occurs is very
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Figure 4.5: Running of f and h (rescaled by a factor of 10) for N = 2 and N, = 3. The asymptotic safety
behavior of f (blue dashed line curve) is destabilized around ¢t = 4 (~ 22 TeV) due to the increasingly
large Yukawa coupling contribution (green dashed line curve) which at about the same scale becomes
strongly coupled, that is larger than 27. The asymptotically safe behavior (continuous lines) is recovered
after the introduction of the four-fermion contact interactions, as discussed in Section 4.3.3.

sensitive to the initial conditions and for the Yukawa couplings corresponding to light fermions
no destabilization takes place up to very large energies. The conclusion is that the model is
not asymptotically safe in the case N = 2, N. = 3. For it to be asymptotically safe, either the
one loop approximation must break down or else new physical effects must enter in the fermion

sector at some energy scale.

It is interesting to compare this behavior to similar models. If the color symmetry was
gauged there would be an additional contribution proportional to g2h to eq. (4.83), which in

this case would become

1 N2 _—1 1 N2_—2 . N2 _—1
h=——(4N.—2 B3 2_3-<_“¢’)h. 4.84
= e v ) e (e ) 484)

The new term does not change the behavior shown in Fig. 4.5 because of the asymptotic freedom

of the strong sector. No improvements in the UV behavior are obtained even if one considers a
different global symmetry group. In the case of the SU(2) x U(1) model of eq. (4.77) the beta
function of the up-type Yukawa fermion h, turns out to be positive at all scales as well:

2N,

Othy = h3 +

(i)’ Sha f?. (4.85)

1
4(4m)



4.3. Fermions and Goldstone bosons 83

In the linear sigma model and therefore also in the SM the quadratically divergent term propor-
tional to f2h is absent: it is canceled by diagrams containing loops of the Higgs field (see Fig.
4.6). In this case the Yukawa coupling is perturbative up to very high scales [Arason 1992|. A
study of the linear version of the model in the context of functional renormalization has been
presented in [Jugnickel 1996] for QCD. Another strictly related model is the linear o-model
coupled to one right-handed and Ny, left-handed fermions, studied in [Gies 2010a, Gies 2010b].
The Goldstone modes of the nonlinear sigma model are contained in their scalar sector, with
the VEV v = 2/ f corresponding to the minimum of the scalar potential. They found that the
scalar potential and the Yukawa coupling admit a fixed point for 1 < Ny < 57. The results ob-
tained here differ due both to the different fermion content and to the non-linear boson-fermion

coupling.

Figure 4.6: Quadratically divergent Higgs diagrams of the linear sigma model. The Goldstone boson
and Higgs propagators are represented by broad and narrow dashed lines respectively. Remember that,
using a nonlinear representation, the Goldstone-Higgs coupling involves derivatives. In the linear model
the divergent parts of these diagrams cancel exactly the one coming from diagrams (c) and (e) of Fig.
4.4,

4.3.3 Four fermion interactions

New physics associated to the SM fermions might restore asymptotic safety and the more natural
extension of the model is to include four fermion interactions. In this section, a class of nontrivial
UV fixed points with asymptotically free Yukawa couplings, that emerge because of the short-
range interactions among fermions, are discussed.

Restricting to the case N = 2, the model is enlarged by adding to the lagrangian a complete
set of SU(2)r, x SU(2)g invariant four fermion operators. Requiring P invariance, all possible

chiral invariant operators, up to Fierz reorderings, are given by the following lagrangian:

Ly

M (G ai?) + do (Teu o)

B
+ g (Fiowier el + D Bl
0 (DO + iR R ) (4.86)

The coefficients A; have inverse square mass dimension. The lagrangian in eq. (4.86) does not
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include operators defined by taking the square of the Yukawa term in eq. (4.75) because they
are higher order from the point of view of chiral perturbation theory.

Strictly speaking, only the third SM fermion generation requires new physics to emerge
at relatively low scales, since four-fermion operators involving the first two generations can
be suppressed by much larger scales without spoiling the asymptotic safety scenario. In the
following, when experimental bounds will be discussed, the conservative scenario in which (4.86)
also the first generation is involved will be considered. One tacitly assumes that the operators
in (4.86) are consistent with flavor changing neutral current bounds.

The symmetries imposed on eq. (4.86) make this lagrangian the minimal choice, and the one
that will be studied here. More general sets of operators may well be relevant depending on the
symmetries of this new sector, the SM group SU(2) x U(1) being the first instance coming to
mind. The analysis is in this case more cumbersome because more operators must be included,
but no distinctive features are expected to arise.

The operators in eq. (4.86) are similar to those discussed in top-quark condensation models.
In these and other models of composite quarks only operators with vector current structure
that is iso- and color singlet are usually considered. Here the full set of operators are taken into
account since their couplings mix in the renormalization group evolution equations. A discussion
of the four-fermion lagrangian in eq. (4.86), and its fixed points, as a model of chiral symmetry
breaking can be found in [Gies 2004]. In their approach it is assumed that when one flows from
the fixed point in the UV towards the IR, the couplings \; become stronger and eventually
trigger the formation of a condensate. Here the considered behavior is opposite, the couplings
i become weaker towards the IR and the breaking of chiral symmetry is due to the Goldstone

bosons, which are regarded as fundamental degrees of freedom.

4.3.4 Beta functions

An additional set of diagrams that enter in the computation of the beta function of h has to
be taken into account when the four fermion interactions of eq. (4.86) are introduced. These

interactions generate a fermion loop correction to the Yukawa vertex, as shown in Fig. 4.7.

b

Y

Figure 4.7: Diagram for the one-loop correction to the Yukawa vertex induced by the four fermion
interactions.
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The new system of coupled beta function equations for the dimensionless variables f , h and
S\i = \;k? turns out to be:

;g 1 =5 Ne o o:
Of = J-gul™+
oh = — 4N—3+E(N5\ + Xo)| B2 + [f2—16(NX +X)}h
t 1671‘2 c f~2 cN1 2 647’[‘2 cN1 2
- - 1 [ - - - - - - -
hh = 20— — NCA%+3A1A2—2A1A3—4A1A4]
dm4 | 2

- - 1 [1- I I - I I
Dho = 2xo+ —5 T% + AN A3 + 20 0y — ng + 2(2N. + 1)dods + 2(N, + 2))\2)\4]
T

- - (1~ - N, - - - - -
OA3 = 23+ — 4>\1/\2+8>\§+(2Nc—1)>\§+2(Nc+2)>\3)\4—2>\?1} (4.87)

- - 1 [1- _ -
Oy = 2)\44-7 8)‘%_4)‘3)‘4+(N6+2))‘421:|a

where the new contributions to (§p, coming from the four fermion interactions, are obtained
by computing the diagrams in Fig. 4.7 and the beta functions of the four fermion interaction
couplings are taken from [Gies 2004| specialized to the sharp cutoff case.

In the equations for the coefficients ); contributions coming from the Yukawa terms which
are proportional to h2f2, h2); or hQS\? / f2 have been neglected . These terms are negligible in
the UV because the fixed points taken in consideration are those for which the Yukawa coupling
approaches zero. Some of them just become comparable to the leading terms for k ~ v, where
the flow is stopped.

Notice that only the operators proportional to Ay and A9 contribute to the beta function of
h. The other two operators do not contribute because of their chiral properties. Moreover, it is
crucial that the combination 16(N05\1 + 5\2) at the fixed point of A\; and X2 be different from zero
and larger than f2 because otherwise there would be no UV physically acceptable fixed point.

4.3.5 Results

Here the number of colors is fixed to its phenomenological value N, = 3. The beta functions of
the \; form a closed sub-system. The numerical study of these equations reveals the presence

of 16 real fixed points with coordinates given in the first four columns in Table 4.2. The fixed
. . . : . . 0B,
points are listed in order of decreasing trace of the stability matrix 8/{?, from the most UV-

J
repulsive, the Gaussian fixed point fp0, to the most UV attractive fp4. The coefficients of the

operators related to UV-repulsive directions are completely determined by the asymptotic safety
condition. Hence, the fixed points with a low number of UV-attractive directions are the most
predictive ones, and hence the most phenomenologically appealing. The number in the name of
the fixed point is the number of relevant (UV attractive) directions. These values can then be

used to find the zeroes of B, and these in turn are used to find the zeroes of ﬁf.
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The sixteen fixed points of the complete system for which h, = 0 are taken into account; this
requirement implies f2 = 3272. At each of these sixteen fixed points the direction f is always a

relevant one, with eigenvalue —0.45; the direction h is also an eigendirection, with eigenvalue

_ 1
 64n2

*

_ OB

eh =S (ff —16(NoAps + Xg*)) . (4.88)

The numerical values of €}, are listed in the last column of Table 4.2. The seven fixed points
with €, > 0 are physically uninteresting since the requirement of flowing to one of them in the
UV implies that h(t) = 0 at all scales. The other nine fixed points of the fermionic sector for
which e, < 0 also admit a fixed point with nonzero h, but in this study only those with h, =0
are considered. For the S\i, the condition of flowing to fpnx in the UV yields 4—n predictions. The

values of f and h remain always free parameters, to be fixed by comparison with the experiment.

The trajectories emerging from the fixed points in the directions of the relevant eigenvectors
have been studied numerically . Some of them lead to divergences, others flow to other fixed
points. Here the single renormalizable trajectory that ends at fplc in the UV is considered. This
is a natural choice as it is the most predictive (the one with the smallest number of relevant

directions) among the fixed points with e, < 0.

In order to select the fine-tuned initial conditions in the IR that guarantee asymptotic safety

at fplc, one has first to solve numerically the flow equations of the fermionic subsystem for

Fixed points A Ao A3 A4 Eh

fp0 0 0 0 0 0.5

fpla 0 —28.71 —-7.18 0 1.22
fplb 0 0 7.85 —9.51 0.5

fplc 0 25.61 —4.27 0 —0.15
fpld 25.80 —1.77 0.19 —1.15 —1.42
fp2a 13.41  20.10 -3.80 -0.24 -1.03
fp2b 20.86 —3.56 7.04 —-8.94 —1.00
fp2c 0 —36.55 2.34 —13.92 143
fp2d 0 0 —15.79 0 0.5

fp2e 3717 3736 —8.43 —-1.65 —1.38
fpof —2.92 32.59 4.67 —12.04 -0.10
fp3a 0. 31.67 4.67 —12.06 —0.30
fp3b 19.95 —-8.59 —15.27 —-0.36 —0.80
fp3c 31.22 —44.52 0.73 —13.38 —0.74
fp3d —4.87 1.54 —5.42 —20.10 0.83
fpa 0 0 —5.42 —20.13 0.5

Table 4.2: Va}ues of the coeflicients 5\2-* for the 16 fixed points discussed in the text. For all the
fixed points f, = 17.78 and h, = 0. The fixed point fplc is boxed.
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decreasing ¢, starting at an initial point Aix 4+ 10730;, where v; is the relevant eigenvector. This
trajectory is attracted in the TR towards fp0 after roughly 20 e-foldings, so the four-fermion
couplings can be taken arbitrarily small by selecting the IR value of ¢t appropriately. One then
shifts ¢ such that this value is zero, in accordance with the convention that ¢ = 0 corresponds to
the scale kg = v. Now one picks a trajectory for the whole system by fixing the initial values of
the \; to agree with the ones find by this method, while the initial value of fis 2ko/v =2 and
the initial value for h is 0.7. These agree with the initial values of the trajectory discussed in

Section 4.3.2. The result is shown in Fig. 4.5 (continuous curves) and Fig. 4.8. In this case, for

30

20

~ A

Figure 4.8: Running of the \; for the fixed point fplc. A; and A4 are equal to zero at all energies.

small ¢ the couplings f and h behave as in the model without four fermion interactions, with f
and h both increasing. At some point, however, A2 becomes sizable and then the last term in the
right hand side of the second equation in (4.87) pulls h towards zero. The trajectory is therefore
characterized by a crossover from the IR regime where the fermionic interactions are mainly
of Yukawa type, with IR free four-fermion interactions, and the UV regime dominated by the
contact interactions, with UV free Yukawa coupling. This is similar to the behavior discussed in
[Schwindt 2010], except that here the contact interactions are not bosonized : in the presence

of the Goldstone bosons the crossover is automatic.
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4.3.6 Experimental constraints

In order to select a realistic trajectory among the various possibilities one needs to compare
with experimental results. The model is consistent with electroweak precision measurements,
as discussed in Section 4.2, where the values of the parameters S and T are computed for the
gauged nonlinear sigma model and the addition of the fermion contact interactions does not

modify this result.

0.14
0.12
I/
0.10 Xlz X4:0 ' #
=008 L
0.06 — I
0.04 ///
0.02 .

0.08% 05 1.0 15 2.0

Figure 4.9: A zoom at low energy of Fig. 4.8 for the values (continuous curves) of the absolute values
of the four-fermion operator coefficients \;. The dashed curve is the corresponding size for the contact
interaction for the bound at A = 8.7 TeV. The dot at t = 1.55 on the dashed curve represents the bound
at the reference value of the quark-level effective energy of 1.17 TeV. The values of the \; must lie below
the dashed curve for the experimental bound to be satisfied.

Unfortunately the current bounds on contact interactions have been published only for
the case in which a single operator, namely the one proportional to A3 of eq. (4.86) is
present [Eichten 1983]. This is rather unrealistic, given the renormalization group mixing, but
no need for a more detailed study was felt necessary.

In this section the aim is to show how the experimental bounds are in principle already able to
tell something about the size of the new interactions. Conservatively but rather unrealistically,
the current experimental bound on g is taken and enforced on all coefficients as if they were
contributing in the same manner to the partonic cross sections. An additional assumption is
that all three generations contribute with identical coefficients Ai.

The experimental bound is a lower bound of the so-called contact interaction scale A which
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is related to the coefficient A3 by the identity

~ 2
As(k) = A—ZkQ.

(4.89)
A bound on the value of A translates into a curve in the k, A3 plane because of the energy
dependence in eq. (4.89). As a crude estimate, the experimental bounds are imposed at the
quark-level effective energy scale of the LHC, namely kefr = 1/s/(2 x 3) = 1.17 TeV, where
the factor of 2 comes from the sharing of the energy with the gluons and the factor of 3 from
the assumed equal energy partition among the three valence quarks. As mentioned before, for

simplicity the same constraint to the absolute value of all four coefficients \; is imposed.

As an example of the constraints it is possible to obtain, one can take the values of \; on
a renormalization group trajectory leading to the fixed point discussed in the previous section,
namely fplc, and compare with the most recent published bound [ATL 2012] of A = 8.7 TeV for
an integrated luminosity of 4.8 fb~!. Of course, the fixed points with fewer relevant deformations

lead to more predictions and therefore will be easier to disprove.

As one can see from Fig. 4.9, the bound is satisfied. In comparing with the experimental data,
one may worry whether the power-law running of A and v may imply potentially important mass
corrections to the cross sections. Comparing the running of the masses for the solution above
one can verify that it does not deviate from the logarithmic one of dimensional regularization

for more than 10%, at least below the scale so far explored, namely 600 GeV.

4.4 Goldstone boson scattering

The dynamics of the Goldstone bosons is usually described at low-energy by an effective theory
such as the nonlinear sigma model. Consider the case of the chiral SU(2);, x SU(2)g-invariant
model with action )
S = — /d4:1: U0, U UM, (4.90)

where U is an SU(2) group element that encodes the Goldstone fields (called also pions) 7 =
(7t 72, 73): U = exp(fn®T,), T, = (i/2)0%, T = —T,, tr(T,Ty) = —(1/2)dap- The quantity
f is the Goldstone boson coupling and is the inverse of the pion decay constant F, = 2/f.

Expanding the matrix U in terms of the pions, it is possible to rewrite eq. (4.90) as

1
s=1 / 2 hoy(f7)0m° D" (4.91)
where . )
hap(f7) = Oqp — o FAHR%000 — Tamy) + 360 AR (@200 — mamy) + ... (4.92)
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Note that the pion fields are canonically normalized and the metric is dimensionless. This
theory has derivative couplings and perturbation theory is ill-defined in the UV. A related and
phenomenologically even more pressing issue is the high energy behavior of the Goldstone boson
scattering amplitude. Any scattering process 7%r® — 7¢7? is given in terms of a singe amplitude
A(s,t,u) which at tree level reads

A(s,t,u) = %, (4.93)

where s, t, u are the usual Mandelstam variables. By inspection of eq. (4.93) one obtains a

violation of unitarity for s ~ 87F2, which is usually taken as the cutoff scale for the validity of
the theory.

4.4.1 Beta functional

The aim of this section is to reproduce the standard perturbative result for the scattering am-
plitude using the formalism introduced in Chapter 2. In order to compute the Goldstone boson
scattering, one needs to know the effective action of the theory I', which, in the present context,
is obtained by solving the one-loop Wetterich equation for the average action I'y. The procedure
to obtain the effective action is the following. One chooses an initial point in theory space,
representing the 'bare’ action at some high scale A (I'y = S), and then solves eq. (2.30) for T'.
The endpoint of this flow for k — 0 is the ordinary effective action I', .e. I' = T'g . This is a
way of calculating the effective action by solving a differential equation, rather than performing
a functional integral.

In previous calculations, where the renormalization group flow of the nonlinear sigma model
was studied, the full field dependence of the effective action has been kept, expanding to second
or fourth order in momenta. By contrast in order to compute the scattering amplitude of
Goldstone bosons one needs terms of fourth order in the field, but one has to retain the full
momentum dependence of I'. Tt is convenient to work with dimensionless coordinates ¢* = fr®
and the computation resembles the one presented in Section 2.3.2. The second variation of the

action can be taken from eq. (2.101):

SPp; ] = 2}2 / d*2 € (= V?hay — M) €0, (4.94)

where V£ is defined in eq. (2.99) and My, = @L(pcﬁucdeacbd. In the present context, the beta

functional equation to solve is the following:

B 528 L oR

1

0£0¢

The cutoff kernel is chosen to be Ri(—V? — M) and its form is the optimized one of eq. (2.12).
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In this way the cutoff combines with the quadratic action to produce a function of a single

argument:

O Rk (2)
z 4+ Ri(2)

where in the last step the explicit form of the cutoff function Rj; has been used. The beta

hy(z) = =20k*—2) , z2=-V*-M. (4.96)

functional is just the trace of this function
1 o
Olrle] = Shi(2) = /0 ds hy(s)Tr e *C-V = M) (4.97)

where hy, is the inverse Laplace transform of hg. The full momentum dependence is retained by
computing the trace using the non-local heat kernel expansion (see Appendix B). Restricting to

fourth order in the fields, one has to evaluate the following terms:

1 1 RN
oL k[p] = 2 (dm)? /d4x / ds hy(s) tr{sl/\/l + (M (sO)M + Qpp fo (sO)QH] + - - } )
0
(4.98)
where

O=-V> , Q%= [V V% = 0,900  Reg™ (4.99)

and the structure functions are given by

1 1 " i o016y

fmy) =51 . foly) = —;y[f(y) -1, fly= | e - (4.100)

The result, including terms up to four fields, is:

8t1“k[<p] = ;(4711')2 /d4.’IJ

1
kQ 8u¢aau(pb6ab - Ek2 (5ab50d - 6ac5bd) 8u¢aau(pb()00(pd

+ Lo oo 1—,/1—&29(5—41@2) D, 0"
16 (14 Pa W v O Pb

1—14/1——06(0- 4k2)> d,°0" pa

(0 — 41{:2)) 0up”0” vy

6(0 — 41€2)> Dup 0" g + O(¢°)

(4.101)

It is important to note that the first two terms appear in the same ratio as in the original action.
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This result has already been obtained in Section 2.3.2 and is just a consequence of the fact that
the cutoff preserves the SU(2) x SU(2) invariance of the theory. In addition, the beta functional
contains new non-local pieces (form factors) appearing in the last four terms of eq. (4.101). This
non-local terms, obtained by using the non-local heat kernel expansion, are crucial for computing
the physical amplitude.

4.4.2 Integration of the flow

The effective average action of the theory is obtained by integrating the flow equation (4.101).

This yields a divergent result that is regulated by performing the integration from k£ = 0 to
k=A:

Lafp] = Tole] = il /d4$ A P 0" 60 — 1A (Babded — BacOba) Dup 0" p "
2 (47)2 2 M 12 2 Ve e H

1 1 O
E L0 0" o, <1 ~ 3 log A2> Oygob@”gob

1 1%
+ L0y <1 5 log A2> L0 0" pq
4 1
+ 8“<p OyPq (9 6 log A2> Oup®o
4 1
— 9m bZ_ 2
50t (- lon g ) 00 + O
(4.102)
The initial condition at scale A is chosen to be:
_ 1 4 a b 611\ 4 a qv w, b b
Lale] = 37 d"w hap(p) 0 0" + == | d"x 90" a0 Dy
A
l
+ 22A /d4x Oup0tp 00”0, 00 . (4.103)
The quadratic divergence is removed by redefining
1 1 A?
= (4.104)

2 f* 0 32x%
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The logarithmic divergence is removed by introducing O(p*) counterterms with coefficients £

and fop, which are assumed to be:

21 1 u?
by = ¢ S log =
1A 1) = 3 16 (4m)2 %8 A2
11 1 u?

The renormalization conditions of eq. (4.104) and eq. (4.105) yield a finite result for the effective
average action that is obtained by solving eq. (4.102) for T'o[¢] = '[¢]:

Tlp] = / d'z [2 200" 0 2£f2(5abécd — BacOba) Opuip O o o
+ ;“)a 010 0a O 20, gy + 522 ) / d'z 0,0°0" 0,0" "0, 0
— ﬁa#waﬂ% (1 — %log ;) 9, 0°8" oy, (4.106)
- 512%3;1%0“8“% <1 - %log 32) 0,p"0” ¢4
- 51;2 0" 0"0,¢a (g - élog MDQ) 00" o1

1 4 1. 0O
+ Wa“%aucpb <9 ~3 log u2> Dup™0” op + O(¢°)

Remember that the effective action above is an Euclidean action written in terms of dimension-
less fields ¢®. In order to compute the scattering amplitude one has to perform the analytic
continuation to Minkowski space and to consider canonically normalized fields 7% = ¢%/f. The

resulting effective action is the following:

] = / e [;awaaﬂwa _ Z(aabacd — Suelp) O
— 61('“) (9M7Taay7ra8“7rb(9y7rb — M;)/d%v 8u7r“(9“77a8”77b6,,7rb
+ 51; Ty O 0T, <1—log |:|2>8V7Ta (4.107)
+ 51; g [ty ( ; > 00
+ i —florrbo,m, <3 — élog #2> 0,0
— 51;7T2 fAor a0, m° (3 — (1510%52> 0,91, + O(n°)
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In doing this analytic continuation the four derivative terms pick up a minus sign passing from
Euclidean to Minkowski space.! Notice also that the couplings ¢; and {5 can be expressed in
terms of the coefficients a4 and as entering in the higher derivative chiral lagrangian of eq. (C.8)
by the relations {1 = —ay /2, {2 = —as5/2.

4.4.3 Amplitude

Given an effective action of the form

1
L] = 5 / Az 800,77’ — By / d*z (8apOed — DacOpa) Opm O wbrn?

+ B /d4az auﬂaal’ﬂa(?“ﬂ'baywb + Bo / d*x 8N7T“8“7Ta8”7rb81,7rb
+ / '3 0,7 o [Fag(O)] By my (4.108)
+ /d4$ 0, "y [Faq (D)) 9, w0 7,
+ /d4x o0, m, [Fo(O)] Oy 0" my
/ '3 Dy [Fo(0)] 9,0 my + O(nS) |
the pion scattering amplitude A(s,t,u) is given by:

A(s,t,u) = 6Bgs + Bi(t* 4+ u®) + 2Bas? + 25> Fag(—s) + t2Faq(—t) + > Faqg(—u)

+  (u® = sH)Fo(—t) + (t* — s*)Fo(—u). (4.109)

Comparing with eq. (4.107), one has that:

f2 0 4 €2 .4

By = =— By =—— By = —— 4.110
0= 151 : 1 5 / ) 2 5/ ( )

fA 1 —s
Fyp(—s)=—=(1— =log— 4111

and 5

4 1 —t
Fo(-t)=—— | = — =log— | . 4112
(-0 = 555 (5~ 5 lov 1) (1112)
!The Minkowskian action I'j; is obtained from the Euclidean action I'z via the identification I'yy = —il'g,

after having substituted in I'g the space-time metric 0, with —7,..
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In this case, one obtains the following well known result for the amplitude |Gasser 1984]:

o 411082 + 13(£2 + u?
R o e )
1 f 2 —S —t —u
351272 <23 log 7 +#(t —u)log 75 +ulu —t)log M) . (4113)

Notice that the result can be expressed in a more familiar form after replacing f — 2/F, where

F; is the pion decay constant.

4.4.4 Comments

The method used in this section for calculating the effective action involves the solution of a
differential equation, rather than the computation of a functional integral. Evaluating the func-
tional traces by means of the non-local heat kernel expansion allows to obtain an effective action
which retains the full momentum structure that is useful to properly compute the scattering
amplitude.

The issue of divergences presents itself in the course of the solution of the flow equation.
In the present context, the integration of eq. (4.101) from k = 0 to k = A produces terms
that diverge quadratically and logarithmically as A — oo. Therefore, some renormalization
conditions have been introduced to obtain a finite result. The computation of the amplitude
turns out to be the same as in chiral perturbation theory, thus showing that this formalism
is able to reproduce standard results. The structure of the amplitude is such that there is a
violation of unitarity for s ~ 87 F2, which is usually taken as the first sign of the breakdown of
the theory.

Nonperturbative effects could actually heal the effective field theory of those problems. In
particular, if the theory is asymptotically safe then all dimensionless parameters will have finite
limits when & — oo and one can then also take the energy scale A to infinity. The good
behavior of the coupling as a function of some external unphysical cutoff k¥ must reflects into
a good behavior of the amplitude as a function of the external momenta. As emphasized in
[Weinberg 1976, Weinberg 1979a], in discussing asymptotic safety, it would be best to define it
directly in terms of observable quantities. Since it is much easier to define the running of the
couplings , most of the work so far has concentrated on the computation of the beta function
of the Lagrangian coefficients. One might expect that a fixed point for the couplings would
translate into a fixed point for physical quantities such as cross sections and decay rates.

In the case of the nonlinear sigma model, the existence of such a fixed point (see Section
2.3.2) means that F; behaves asymptotically like kF.,., where F, is a constant real number. A
suggestive argument consists in identifying k% with s, then the tree level amplitude would stop

growing and tend asymptotically to a constant s/F? — 1/F2,, which could satisfy unitarity
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conditions.

Here, however, the way the flow equation has been solved does not take into account the
information about the UV finiteness of the Goldstone coupling f and the final result is the usual
one of perturbation theory. It would be interesting to solve the flow equation nonperturbatively
considering, on the right hand side of the beta functional equation, the full scale dependence of

the coupling.



CHAPTER 5

Conclusions

The first part of this thesis has been devoted to the study of the renormalization group of the
gauged nonlinear sigma model. The scale dependence of the theory has been computed by means
of functional methods which involve the solution of an exact flow equation for the effective av-
erage action of the model. The Wetterich equation turned out to be a very useful tool and the
obtained results have given some important indications about possible UV completions of the
model. The most appealing scenario and the one considered in this thesis is provided by asymp-
totic safety, which relies on the existence of a nontrivial UV fixed point for the renormalization
group. The presence of such a fixed point was already known in the nonlinear sigma model in
d = 2 + ¢ |Bardeen 1976] and, more recently, evidence about its existence in d > 2 has been
found in [Codello 2009b]. Further indications about its existence have been obtained by study
the model in which gauge fields are coupled to the Goldstone bosons. In the case of the SU(N)
gauged nonlinear sigma model, one obtains that the fixed point is preserved after introducing
the gauge interactions. In d = 4, the asymptotic freedom of the gauge sector makes the fixed
point for the Goldstone coupling to be the same as in the ungauged case.

While these results do not prove the existence of the fixed point, they are suggestive and
have been taken to justify the phenomenological study presented in the rest of the thesis , in
which the one loop results have been assumed to hold in the nonperturbative solution and the
consequences of such an assumption have been worked out. The phenomenological application
of the model regards the electroweak interactions. The SU(2) x U(1) gauged nonlinear sigma
model provides the most general parametrization of the Higgs phenomenon in terms of a minimal
number of degrees of freedom, the three would-be Goldstone bosons. The study of this model
reveals that the U(1) coupling does not admit a finite UV limit because its beta function is
always positive and the theory is, strictly speaking, not safe. There are two main theoretical
solutions of this problem. The first consist in embedding the model in a grand unified theory
which is characterized by a single asymptotically free gauge coupling. The second possibility
is to invoke some gravity mechanism to prevent the blowing up of the U(1) at finite scale, as
shown in [Harst 2011]. However, for phenomenological applications it is a good approximation
to consider the gauge couplings fixed to their experimental values, since their running is very
slow and the Landau pole for ¢’ occurs at trans-Planckian energies.

The predictivity of the electroweak model has been tested by introducing higher order op-
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erators that contribute to the oblique S and T parameters. This model admits two physically
viable UV fixed points. The first point is the most appealing one since it has only one relevant
direction but the trajectory that flows to it in the UV leads to a prediction about S and T in
the IR that is 50 away from the experimental value. On the other hand, trajectories that hit
the second fixed point can lead to values of the parameters that fall within the 20 ellipse region.
This shows that the model can be compatible with precision measurement.

The next step, which is crucial for building a realistic model, consist of coupling fermions to
the Goldstone bosons by means of (proto)-Yukawa interactions. In the considered truncation,
the model turned out not to admit any physically viable UV fixed point, therefore, the truncation
has been extended by adding effective four fermion interactions. In this case, a set of physically
acceptable fixed points are present. The study of the most predictive trajectory that hits one
of the physically acceptable fixed points gives IR predictions about the four fermion couplings
that are in agreement with experimental LHC bounds.

In summary, the study of the minimal electroweak model reveals that an asymptotically safe
construction of the electroweak interactions may be possible. However, thanks to the subsequent
discovery of an Higgs-like particle at the LHC, this nonlinear sigma model has to be considered
too minimal and, to build a realistic model, one has to include the new scalar degree of freedom
in the theory. The most general lagrangian that couples the Higgs-like field H to the Goldstone

bosons is the following:
2 H H2
[ZNLH:UZTr[D#UD#UT] <1+2a+b2+--~> , (5.1)
v v

where a and b are dimensionless couplings that in the SM are equal to one.

This model was introduced as low-energy effective theory describing a strongly interacting
light Higgs, but in the spirit of asymptotic safety it can be considered as fundamental. Future
investigations have to deal with this kind of models. Therefore, it is important to prove that the
fixed point of the theory is preserved by the introduction of the H particle. If the fixed point
is present, one expects that asymptotic safety can give predictions about the allowed values for
the coefficient a and b of eq. (5.1) that can be tested at the LHC.

Another result of this thesis is the computation of the scattering amplitude for the pure
Goldstone model. This is necessary in order to relate the running of the couplings to the UV
behavior of physical observables. The results of perturbation theory have been reproduced by
means of a functional renormalization group equation. However the computation presented
here is only partial and it would be interesting to obtain a nonperturbative improvement of the
computation taking into account the UV finiteness of the Goldstone coupling. The expectation is
that a fixed point of the coupling should translate into a fixed point for physical quantities. This
result could give some ingights about the unitarity issue, which is relevant also in the context of

quantum gravity where the structure of the tree amplitude is similar.



APPENDIX A

Functional methods for quantum field

theory

This appendix reviews shortly the basic concepts of the functional formulation of quantum field
theory. The space-time signature considered is Euclidean, so the framework is actually the one
of statistical field theory. However, one assumes that all the computed quantities admit a direct
interpretation in terms of Minkowskian field theory, this is achieved by means of Wick rotation
to imaginary time. For a general introduction to functional methods in quantum field theory
see [Weinberg 1995, Peskin 1995, Zinn-Justin 2002].

The basic object that enters in the quantum field theory formalism is the field ¢(x), which
is a map from a d dimensional space-time M to a Riemannian manifold N. For simplicity,
only a single real variable ¢(z) is considered here. Given a classical or bare action S[¢], the
fundamental object in the functional formalism of quantum field theory is the partition function
Z. Tt is defined by:

Z = /D¢ e Sl (A1)
it allows to calculate expectation value of any observable O[¢]:
1 -
©l6) = [ o0l e 5. (4.2)

The physical content of the theory is expressed in terms of n-point correlation or Green’s func-

tions, which are expectation values of the product of n fields at different points:

G(x1,22,...,xn) = (¢(x1) P(x2) ... P(xy)) . (A.3)

To compute the correlation functions in a systematic way it is useful to introduce an auxiliary

current J(x) and to define the partition functional Z[.J(z)] as follows:

Z[J] = /D(;S o~ Slol+[ d¥z ¢(x) ] (x) (A.4)
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In this way it is possible to write the correlation functions as:

14 5 g
() @lx2) - 0(@n)) = Zrm 5 Te S 57y 57w

Z[J] (A.5)

Eq. (A.5) says that the partition functional in eq. (A.4) is the generating functional of correla-
tion functions. Usually it is more useful to consider connected correlation functions, these are

generated by the following functional:
WIJ]| =log Z[J] . (A.6)

Connected correlators are obtained by computing functional derivatives of eq. (A.6). A first

derivative gives:
oW [J] 1 6Z[J]

which is the vacuum expectation value of the field in presence of the current J(z). Taking a

second derivative one gets:

CW 1 &z 1 621J] §Z[J)
(5J<:L‘1)(5J(.%‘2) - Z[J] (5J($1)(5J(.1‘2) Z[JP (5J(:B1) (5J($2)
= (d(z1)d(22))s — (d(z1)) 1 (P(22)) s, (A.8)

this corresponds to the connected two-point correlation function, i.e. the propagator. Eqs. (A.7-
A.8) show that W[J] is the generating functional of connected correlation or Green'’s functions,

in general one has that the n-point connected correlation function is given by:

0 o 0

Gc(l‘l, o ... ,l‘n) = <¢(l’1)¢($2) Ce ¢({L‘n)>c = (5J($1) (5J(:B2) Ce. 5J($n)

W . (A9)

In quantum field theory, the natural variable to use is ¢(x), the vacuum expectation value of
the field ¢(x) given in eq. (A.7):

(A.10)

Here the mean value depends on the source, p(x) = ¢ ;. To construct a functional of ¢ one has
to solve eq. (A.10) to obtain J(z) = J, and take the Legendre transform of the functional W[J].

The resulting functional I'[¢] is called quantum effective action or just effective action:

Clp] = —WI[J] + /ddxcp(z)J(a:). (A.11)
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Differentiating eq. (A.11) with respect to ¢ gives:

L[]
dp(z)

If one sets J = 0 in eq. (A.12), one obtains the quantum generalization of the principle of least

action gﬂg = 0. Differentiating eq. (A.10) and eq. (A.12) one gets:

W] dp(x) Tle]  6J(x2)
Golona2) = 57 ST~ 3@ do(en)ow(ea) — ooz (A.13)

this shows that the propagator is the inverse of the Hessian of T'y[¢]:

2
/dm Go(x, x)(wi)l;[;o(]m =0(x1 — x2). (A.14)

Using egs. (A.12), (A.11) and (A.6) in eq. (A.4) it is possible to obtain the integral representation

for the effective action:
o-Tlel — / Do e SO F0-9) (A15)

Shifting to the integration variable x = ¢ — ¢ inside the functional integral in eq. (A.15) leads
to:
e Tlel — / Dy &SI+ (A.16)

together with the condition (x) = 0. The solution ¢, of the equation %\% = 0 is the
quantum vacuum expectation value of the field, if one inserts it in the integral representation of
the effective action in eq. (A.16), it is possible to obtain the following relation for the on-shell

effective action:
o—Tle] _ / Dy e~ Sbetes] (A.17)

The relation between the on-shell effective action in eq. (A.17) and the zero-source partition

function in eq. (A.1) can be rewritten as follows:
Clps] = —log Z. (A.18)

this shows how the effective action formalism can be used to calculate the zero-source partition

function.






APPENDIX B

Heat kernel techniques

The aim of this appendix is to present the heat kernel techniques used for the computation of
the functional traces. For a review of the more mathematical and geometrical aspects of the
heat kernel see [Rosenberg 1997], while for a physicist perspective see [Vassilevich 2003].

Consider a generalized covariant Laplace operator A defined by:
A=—g,D'D"+U=-D*+U, (B.1)

where g, is the space-time metric, D, is a covariant derivative containing, in general, both
the Levi-Civita and the gauge connection and U is a generic endomorphism. Using the Laplace

transform formula, the trace of any function W(A) can be rewritten as
TrW(A) = / dsW (s)Tre 52 (B.2)
0

where W (s) is the inverse Laplace transform of W(A). The formula in eq. (B.2) shows that in
order to compute such a functional trace one just need to know to the desired accuracy the trace
of the heat kernel K (s):

TrK(s) = Tre 2. (B.3)

There exist two possible expansions for this trace: the local and the non-local expansion.

B.1 Local heat kernel expansion

The standard asymptotic series expansion for the trace of the heat kernel is given in terms of

local curvature polynomials |Vassilevich 2003| reads:

TrK(s) = W Z:OB%(A)SH (B.4)

where B, (A) are the integrated heat kernel coefficients that are related to the unintegrated

ones by, (A) by the following relation:

Bon(A) = / A%z /g trban(A). (B.5)
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Note that in eq. (B.4) there is an explicit dependence on the space-time dimension in the prefactor
1/(47s)%? additional dependence on d is generated by the trace operation in eq. (B.5). The

quantities by, (A) have been calculated using various techniques, the first three coefficients are:

bo(A) = 1
bo(A) = 1§—U
bi(A) = %UZ - éDQU + iQWQW - %U
- %waaﬁ 180wa ERQ %D2R (B.6)

where the space-time curvatures are constructed using the Levi-Civita connection and €, is

the gauge field strength tensor.

Plugging eq. (B.4) into eq. (B.2) one can express the trace of the heat kernel as a series of
the By, coefficients:

Tr W( d/2 Z/ ds s" % )BQn( = d/2 ZQ,,n B2n( ) (B7)

where the 'Q-functionals’ or *threshold functions’ are given by:

Qn(W) = /000 ds s "W (s) = F(ln) /OOO dz 2" 1W (2) , n>0. (B.8)

B.2 Non-local heat kernel expansion

There exist a more sophisticated version for the heat kernel expansion that retains an an infinite
series of terms in a form of non-local structure functions or form factors. This expansion has

been developed in [Barvinsky 1987, Barvinsky 1990] and reads as follows:

—s 1 R v
Tre A = W /ddl‘ \/gtr{l —sU + Slg + 32 |:1RNVfRiC(SD)R“ + ]-RfR(SD)R

+ Rfry(sO)U + U fy(sO)U + Q/WfQ(SD)Q‘MV} +ORY). - } (B.9)
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where R can be the endomorphism or any of the curvatures and 0 = —D?. The heat kernel

structure functions in eq. (B.9) are given by:

friew) = o+ —51f() ~1]

fale) = 35 @)+ g f@) ~ o~ cglf() ~ 1]

fro(e) = —3 )~ 5 1f@) ~ 1

fule) = 35

fole) = —5-1f(@) ~1], (B.10)

where the basic heat kernel structure function f(z) is defined in terms of the following parameter

integral:
1
f(z) = / dee 619 (B.11)
0
Using in eq. (B.10) the Taylor expansion of the basic structure function
f@) =1- 1% L o (B.12)
N 6 60 ’ '

gives the ’short time’ expansion for the structure functions:

1 x 22
o2) = - 0@
Trie(z) 60 810 T 15120 T O)

1 x 1122

- - 3
fr(®) = 155~ 336 * 30220 T O
1 =z 22 3
fru(z) = —6+3*0—@+0($)
1 T 2 3
1 2
folr) = —— 2 4+ 2 L 0o@ud). (B.13)

12 120 1680

B.3 Functional traces

In this section, the functional traces of Chapter 3 are explicitly computed using the local heat
kernel expansion of eq. (B.7). The arguments of the traces are functions of covariant laplacians

of the following form:
O Ry (2) + nRi(2)
W(z) = B.14
&= "By ey (B4
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where Py(z) = z + Ri(2) and the cutoff shape function used is the optimized one:
Rp(2) = (k* — 2)0(k* — 2). (B.15)
In this case, the Q-functionals of eq. (B.8) are given by

2n+1)+n K2+

(W) = . B.16
@n(W) I'(n+2) (k%+m?2) (B-16)
Consider the trace in eq. (3.51):

1 _ 1 atRk(Z) + nng(z) 1 Ot Ry, (w) + UaRk(w)

“Trg [ 'R, = =T ~Tr, B.17

1o e O] = 5 ré[ @ || Rw e |0 B
where z = —Dg, w = —D? and the covariant derivatives D¢ and D, are defined in eq. (3.19) and

eq. (2.37) respectively. The relevant contributions to these traces come from the By coefficients

of the heat kernel expansion. For the first trace one gets:

1 O Ry, + ne Ry, 1 1 iRy, + ¢ Ry,
2 P+ g%/f2 | T 2(4rm)d2 o rape B B.1
2 ¢ [ Py, + g%/ f? 2 (47)/2 §-2 Py + g2/ f2 4(2), (B.18)
where 1
- d I3 124
Bu(2) = — /d zir Q5,00 (B.19)

The quantity wa is the commutator of the Goldstone covariant derivative:

[Dm Du]fa = Qul/aﬁgﬁ ) Qg aﬁ = D/LSDVDVSO(SR’yéaﬁ + F;iuvﬁKia . (B'20)

2%

For the second trace one gets:

1 6,5Rk + naRk 1 1 atRk + naRk
—Try | ————7 - —— | B B.21
where )
d a v
By(w) = 12/(1 ztr [QF, Q8] (B.22)

The quantity €2}, is the commutator of the gauge covariant derivative:
(D, Dy)al, = QF,Prpal Q8 Py = 60 f 1), . (B.23)

uv ko

The @Q-functionals are then evaluated using the formula in eq. (B.16).

Consider the trace in eq. (3.52), the relevant contribution comes from the By coefficient of
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the heat kernel expansion:

%Trg I 'EI'ORe] =

Oy Ry (—Dg) + ne Ry (— D) ]

1
r
27 ¢ | (Pu(=D2) + 82/ f2)?
1 1 Ot Ry, + ne Ry, d
- detrM B.24
> 2<4w>d/2Q3<<Pk+g2/f2>2 / viM,  (B.24)
where
trM = RasD"® D" . (B.25)

The @Q-functional is given by the formula in eq. (B.16) and the following SU (V) relation is used:

N
Rag = hag- (B.26)

Consider the trace in eq. (3.53):

1 1 (g% OR R
1 (9> O Rk + Ry r
2 2Pt g2/ 1) ]
27 [(Pe+ g2/ 1P '

BBT}

(B.27)

The relevant contribution comes from the By coefficient of the heat kernel expansion. For the

first two traces one gets:

1 g% Rk + neRy, T 1 1 42 O Ry, + e Ry, d T
e e |2 st s (o) [ oone w9

1 g% Rk + na Ry T 1 1 42 Ot Ry, + 1o Ry / d T
—Tr, |>s————--BB — = —_ dxtrB* B B.29
9" [fz (P + g2/ f2)3 2 2 (47)7/2 szg (P + g2/ f2)3 T ir ( )
where
trBBT = trBT B = NhosD'¢®D,p" . (B.30)
For the third trace one gets:
1 O Ry +na Ry o 11 Oy Ry, + na Ry, / d 2
—Try, | ———554F — 4 | dztrF B.31
Rl U EY 2%\ B+ g2/ 727 o (B31)

where
trF? = NF}, F!". (B.32)

Consider the ghost trace in eq. (3.54), the relevant contribution comes from the By coefficient
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of the heat kernel expansion:

O R (y) 1 O,Ry
ke [Pk(y) —|—g2/f2:| - (4ﬂ)d/ng—2 (W> Bu(y) (B.33)

where y = —D? and
1

The quantity €2, is the commutator of the ghost covariant derivative

[D,LH Dl/]ci = Q;Cu/zjcy ) Q;cuzij = fikjF;’fu : (B35)
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Electroweak chiral lagrangian

Following the notation of [Feruglio 1993, Herrero 1994], the basic building blocks that are used

in the construction of the complete SU(2)r, x U(1)p invariant electroweak chiral lagrangian are:

T = UosU' |, V,= (DU,

DU = 8,U—gW,U+4UB,,
W = 9.W,—0,W,—glW,, W,],
B, = 9,B,-0,B, (C.1)

where the Goldstone bosons 7% (a = 1,2,3) and the gauge fields are parametrized as

U = exp(it®oqs/v) , v=246GeV,
. —1q - —1
W’u = EWSU(J‘ N BN = 7Bﬂa3 . (C2)

The lowest order terms in the derivative expansion are:

2
Lont = %Tr D UD*UT] + L (C.3)

where Lg is the kinetic lagrangian for the gauge fields

1 Tra Yiruv 1 » DUV
Lo = 5Tlr (W, Wi + iTr (B, B"]. (C4)
The following relation holds
U'D,U = —i%DucpaLg , (C.5)

where L% are the left invariant field of frames of eq. (3.9). Using eq. (C.5) it is possible to rewrite

the nonlinear sigma model lagrangian as follows:

2

UZTr (DL UDPUY = — hopDyuo® D (C.6)

1
2"
where f =2/v.

The complete SU(2)r, x U(1)g invariant electroweak chiral lagrangian containing the whole
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set of C'P-invariant operators up to dimension four is:

Lewy = Lanp + Y ail (C.7)

where Lan is given in eq. (C.3) and the new operators are :

v’ 2, igg ;
Zaiﬁi = CLOZ[TI' (Tv,u)] + a17BwTT (TW‘LW)
i

A

. !
aQ%BWTr (T V&, V¥]) + asgTr (W, [V*, V)

as[Tr (V,V,))? + as[Tr (V, V)] + agTr (V,,V,) Tr (TVH)Tr (TV")

2
a7 Tr (V,VAYTr(TV,)Tr(TV") + aggZ[Tr (TW,u)?

+ o+ o+ o+

aggTr (TW,)Tr (T[VH, V")) + aro[Tr (TV,)Tx (TV,))?

1
a11Tr (D, V*)? + a1y (TD,D,VY)Tr (TVH) + algi[Tr (TD,V,)?. (C.8)

_|_

It is possible to translate the first two terms of eq. (C.8) using general coordinates p® as follows:

2

v Qa
ao—[Tx (TV,)]? = _fng#waﬁLiLg (C.9)
and
. / /
al%BWTr (TWH) = aI%B“”Wﬁny‘LZ’M . (C.10)

In eq. (C.9) and eq. (C.10) the following relations have been used:
Tr (03UTD,U) = —iD,° L2 (C.11)

and

Tr (UoU'oj) = 2Ad(p)ji = RS L - (C.12)
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