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PACS 52.80.-s – Physics of plasmas and electric discharges: Electric discharges
PACS 52.65.Ww – Plasma simulation: Hybrid methods

Abstract – The results of theoretical modelling of runaway electron generation in the high-
pressure nanosecond pulsed gas discharge are presented. A novel hybrid model of gas discharge
has been successfully built. Hydrodynamic and kinetic approaches are used simultaneously to
describe the dynamics of different components of low-temperature discharge plasma. To con-
sider motion of ions and low-energy (plasma) electrons the corresponding equations of continu-
ity with drift-diffusion approximation are used. To describe high-energy (runaway) electrons the
Boltzmann kinetic equation is included. As a result of the simulation we obtained spatial and
temporal distributions of charged particles and electric field in a pulsed discharge. Furthermore,
the energy spectra calculated runaway electrons in different cross-sections, particularly, the dis-
charge gap in the anode plane. It is shown that the average energy of fast electrons (in eV) in
the anode plane is usually slightly higher than the instantaneous value of the applied voltage to the
gap (in V).

Copyright c© EPLA, 2015

Introduction. – The phenomenon of runaway elec-
trons generation is of great scientific interest and could be
widely applied in science and technology (pumping lasers,
excitation of luminescence in crystals, etc.) [1–4].

Recent experimental works [1,2] are worth mentioning.
The main characteristics that researchers are eager to
know are the runaway electron beam duration, initial and
final time points of its formation with respect to the break-
down stage and the beam energy. Due to the complexity
of the problem consensus has not yet been reached.

Some numerical simulations are based on methods op-
erating with a restricted ensemble of particles (i.e. Monte
Carlo methods, PIC methods, etc.) [5,6]. They do not al-
low to calculate the range of statistically small number of
fast electrons. Other authors made successful attempts to
simulate runaway electrons in one-dimensional discharge
models [7] with a pre-defined mechanism for the initia-
tion of fast electrons as an electron field emission from the
cathode surface.

We propose a new approach to a numerical investiga-
tion of the runaway electrons problem. First, we assume
that the proportion of high-energy electrons is negligible

(a)E-mail: kozyrev@to.hcei.tsc.ru

and they do not affect the discharge dynamics. Then,
we describe the dynamics of different components of
low-temperature discharge plasma in drift-diffusion ap-
proximation. At last, we use the electric field strength
distribution and the level of particle generation data to
solve the Boltzmann equation for runaway electrons.

Simulation. –

Drift-diffusion approximation of charge particles dy-
namics in discharge plasma. The electric discharge cir-
cuit is made of a connected in-series pulse voltage source
U0(t), a ballast resistor R and a planar discharge gap
(spark gap length d, electrode area S) filled with gas at
pressure p. To describe in detail the spatial and tem-
poral plasma structure with electric field distribution the
following system of continuity equation, equation of con-
servation of total current density and Poisson’s equation
was used:

∂ne

∂t
+

∂Γe

∂x
= α(E)μe |E| ne, (1)

ε0
∂E

∂t
+ e (Γi − Γe) = j(t), (2)

ni = ne +
ε0

e

∂E

∂x
. (3)
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We used the following expressions for drift-diffusion fluxes:

Γe = −μeneE − De
∂ne

∂x
,

Γi = μiniE − Di
∂ni

∂x
,

(4)

and total current density

j(t) =
1

RS

⎧⎨
⎩U0(t) −

d∫
0

E(x, t)dx

⎫⎬
⎭, (5)

where ne, ni are the electrons and ions densities; μe, μi

the electrons and ions mobility; De, Di the electrons and
ions diffusion coefficients; E is the electric field strength;
α is the Townsend ionization coefficient

α/p = A exp (−Bp/E); (6)

the A, B constants depend on the gas properties; ε0 is the
dielectric permittivity in vacuum and e is the elementary
charge.

Boundary conditions for the system (1)–(3) are formu-
lated in terms of border fluxes values. The electrons flux
at the cathode is determined by gamma processes inten-
sity, and the ions flux is equal to the drift flux

Γe (0, t) = −γΓi (0, t),

Γi (0, t) = μini (0, t)E (0, t),
(7)

where γ is the effective coefficient of secondary electron-
ion processes at the cathode.

Due to the fact that the drift flux is greater than the
diffusion flux, the electron flux to the anode is equal to
the drift flux component and the ion flux vanishes, so we
obtain

Γe(d, t) = −μene(d, t)E(d, t),

Γi(d, t) = 0.
(8)

The numerical solution of (1)–(3) is based on the specific
discretization procedures. The purpose of this method
is to reduce the partial differential equations system to
the system of ordinary differential equations (method of
lines) [8] and to solve them using common ODE solvers
(i.e. RKF45). As for the fluxes discretization in the con-
tinuity equation (1) we apply the WENO-3-LF [9] scheme
in the context of the finite-volume method [10] for convec-
tive terms.

Boltzmann equation for runaway electrons in discharge.
The flow of runaway electrons in the plasma is formed

when the effective decelerating force cannot compensate
for the electrostatic force which accelerates the electrons
to the anode [11]. This situation is naturally realized for
the fast electrons (> 1 keV). Their cross-section of colli-
sions with atoms decreases with the increase of kinetic en-
ergy [12]. But fast electrons are almost lack in the initial
plasma. They can appear only when statistically unlikely

events occur, i.e. when the generated electron does not
have time to collide before it can gain a relatively large
directed speed. This feature is inherently in the basis for
modeling fast electrons kinetics in the discharge.

The main points of the model are formulated as follows:
1) the amount of runaway electrons is small, and we can
neglect their influence on the evolution of the gas discharge
processes; 2) secondary plasma electrons have Maxwellian
distribution function at the time of birth; 3) plasma elec-
trons gain a directed velocity in the previously computed
electric field E(x, t), and 4) the first collision of an elec-
tron with atoms or molecules leads to the elimination of
the runaway electron. In other words, runaway electron
dynamics is described as a collisionless transport in the
electric field, and any collisions lead to particle loss.

Such behavior is well described by the Boltzmann
kinetic equation:

∂f

∂t
+ υ

∂f

∂x
− e

m
E (x, t)

∂f

∂υ
= G (x, υ, t) − V (f, υ). (9)

Here, f(x, υ, t) is the velocity distribution function of run-
away electrons; m is the electron mass. In the right side
the rates of generation, G, and disappearance, V , of elec-
trons have the following forms:

G (x, υ, t) =
(

∂n

∂t

)
·
√

ξ

π
exp

(−ξυ2), (10)

V (f, υ) = f(x, υ, t) · ν(υ). (11)

Here, the generation rate of new electrons matches the
right-hand side of eq. (1) (we is the electron drift velocity)

(
∂n

∂t

)
= α(E)we(E)ne(x, t), (12)

but the Maxwell velocity distribution is attached to new
electrons initially.

To describe the elimination of fast electrons from the
runaway mode, we were guided by the following hypothe-
sis. If during electron acceleration along the field strength
vector any scattering collision does not occur, then only
this electron can be called “runaway electron”. That is
why in expression (11) the frequency of electron collisions
has the following model expression:

ν(υ) = naσ∗(υ)υ =
naσmaxυ

1 + ηυ4 . (13)

Here, σ∗(υ) is the velocity dependence transport elec-
tron cross-section, σmax is the low-energy maximum of the
transport cross-section, na is the concentration of neutral
particles. We chose the parameter η such that the trans-
port cross-section, σ∗(υ), obeyed the well-known asymp-
totic dependence at high velocity well [12].

The method for solving eq. (9) was based on [13].
The numerical solution was implemented in Mathworks
MATLAB.
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Fig. 1: (Colour on-line) Time dependences of currents and volt-
ages. The three numbered black points correspond to the ad-
ditional information in figs. 2–5.

Results and discussion. – We investigated nitrogen
plasma at atmospheric pressure with homogeneous ini-
tial ionization level 105 cm−3. The discharge gap was con-
nected in series with the ballast resistor (R = 30 Ω) and
voltage source. Its length is d = 0.5 cm and the area of the
electrodes is S = 1 cm2. The pulse of the voltage source has
duration of 1 ns with an amplitude of 172 kV. The given
pulse amplitude is almost 10 times higher than the static
breakdown voltage. Voltage and current pulses waveforms
are shown in fig. 1.

We present the numerical parameters attending in
the formulas that have been used in the calculations:
σmax = 10−17 cm2, γ = 0.1, A = 12 1/(cm · Pa),
B = 342 V/(cm · Pa), μe = 382 cm2/(V · s), μi =
3.0 cm2/(V · s), De = 1800 cm2/s, Di = 0.046 cm2/s.
Diffusion coefficient and electron mobility according to
Einstein’s relation formally correspond to an electron tem-
perature of 4.7 eV. Therefore, in (10), the coefficient ξ is
selected so that secondary electrons have a similar initial
temperature (namely, it was taken into account 5 eV).

Discharge spatial structure evolution. At the first
stage of the discharge (less 0.14 ns) gas ionization is uni-
form over the entire gap excepts for the narrow cathode
region whose width increases and reaches approximately
8 · 10−3 cm by the end of this stage. The field strength
in the cathode region slightly increases, and the voltage
across the gap reaches its maximum value, 143 kV.

Further discharge evolution is accompanied by a sharp
gap voltage decline and by the discharge current increase.
At this time point, 0.15 ns (number 1 in fig. 1), the gas
breakdown profile corresponds to the picture shown in
fig. 2. The space of discharge can be distinguished into two
zones: i) the cathode region of the enhanced field strength
and ii) the quasi-neutral plasma discharge column. The

Fig. 2: (Colour on-line) Spatial distributions of the electric field
strength, plasma particles concentration, and the ionization
rate at the time point of 0.15 ns. The instant source voltage is
U0 = 153 kV, the voltage at the gap is U = 126 kV, the current
is I = 0.87 kA.

Fig. 3: (Colour on-line) Spatial distributions of the electric field
strength, plasma particles concentration, and the ionization
rate at the time point of 0.23 ns. The instant source voltage is
U0 = 171 kV, the voltage at the gap is U = 33kV, the current
is I = 4.61 kA.

field strength at the cathode is maximum and about 30%
more than in the column. Despite this redistribution of
the field, the main ionization is still going in the discharge
column (ii), because in the cathode region (i) electron con-
centration has a very low level.

The next stage of the breakdown is the formation of the
intermediate discharge structure, which is shown in fig. 3
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Fig. 4: (Colour on-line) Spatial distributions of the electric field
strength, plasma particles concentration, and the ionization
rate at the time point of 0.71 ns. The instant source voltage is
U0 = 172 kV, the voltage at the gap is U = 23 kV, the current
is I = 4.96 kA.

(the time point corresponds to point 2 in fig. 1). It should
be noted that there are two clearly defined ionization fields
of the gas separated by a layer where the gas ionization
practically stops. Moreover, the generation rate of elec-
trons in the cathode region significantly exceeds the rate
of generation of electrons in the discharge column.

Eventually the electric field in the discharge column falls
off and the well-known structure of the stationary glow
discharge is formed [14,15]. This stage takes place at the
end of the applied voltage pulse, and the picture shown in
fig. 4 corresponds to the third point in fig. 1. At this stage
gas ionization occurs primarily in the cathode layer of the
enhanced field.

Generation of runaway electrons. The spatial distri-
bution of the electric field E(x, t) calculated in the dis-
charge simulation was used for the numerical integration
of the Boltzmann equation (9) for the velocity distribution
function of the runaway electron f(x, υ, t).

As well as in our formulation runaway electrons are the
electrons that do not collide, in each section (including
the anode plane) we have a wide range of energy, most of
which contained the plasma electrons with low energy. Of
course, we are interested only in fast electrons, i.e. those
usually observed by the experimenters [1–5]. Therefore, in
order to calculate a fast electrons spectrum at the anode
we added a foil filter that cuts off the low energetic part
(<10 keV) of the electron beam. The attenuation factor of
the filter corresponds to a thickness of the aluminum foil of
10 μm [16]. The current pulse of runaway electrons at the
anode after the aluminum filter is shown in a logarithmic
scale in the bottom graph of fig. 1.

Fig. 5: (Colour on-line) Runaway electron energy distribution
function after passing through 10 µm aluminium foil at differ-
ent time points: F1 at 0.148 ns, F2 at 0.236 ns, F3 at 0.710 ns.
The instantaneous voltage at the gap is 123 kV, 32 kV and
23 kV, respectively.

Let us discuss on the runaway electrons flux energy spec-
trum after passing through the foil at certain time points
marked by the black points in fig. 1.

The fast electrons energy spectrum for the first selected
time (0.15 ns) is shown in fig. 5 as line F1. It has a maxi-
mum at 39 keV and a long “tail” of the distribution func-
tion, which extends up to 135 keV (as it is shown in the
right top corner subplot). This spectrum shape is due
to the fact that the area of electrons generation is lo-
cated only in the discharge column and occupies almost
the entire gap, as shown in fig. 2. Some excess of elec-
trons maximum energy of the spectrum compared to the
instantaneous value of the anode voltage is explained by
the finite time motion of electrons from the cathode to
the anode when the anode voltage reached its maximum
of 143 kV.

Although at later times (points 2 and 3 in fig. 1), there is
practically no fast electrons, our method allow to calculate
a spectrum and explain the reasons of its transformation.
Figure 5 shows filtered spectra for all discharge stages.

At time point 0.236 ns (point 2 in fig. 1, and discharge
structure in fig. 3) discharge has two spatially separated
electrons generation regions, as shown in fig. 3. As ex-
pected, this leads to a two-peak shape of the energy spec-
trum of runaway electrons that are shown in fig. 5 as
line F2. The first peak corresponds to electrons gener-
ated in the discharge column; the second peak was created
by electrons of the near-cathode region. During the dis-
charge evolution the first peak of the distribution function
progressively decreases and vanishes. The second peak is
shifted to lower energies due to the voltage decrease across
the gap, and it decreases in amplitude under the influence
of two factors: the increasing average cross-section of the
electron-atom collision and the decreasing probability of
electrons passing through the foil.

Since the voltage across the gap continues to decrease,
the most energy of fast electrons at the anode is always
higher than the instantaneous value of qU(t).

15001-p4



1D simulation of runaway electrons generation in pulsed high-pressure gas discharge

Conclusion. – A numerical hybrid model for
one-dimensional non-stationary gas discharge with
drift-diffusion approximation for electrons dynamics and
collisionless transport of runaway electrons is presented.
The peculiarity of the mathematical model is the use of
the equation of conservation of the total current density
to calculate the electric field evolution. Poisson’s equation
was used to calculate the spatial ions distribution. A new
approach in the calculation is the joint solution of the
kinetic Boltzmann equation for runaway electrons with
transport equations for plasma particles.

It should be noted that our model deals only with a
transverse uniform field which was spatially non-uniform
in all experiments (the electric field is essentially three
dimensional). In the experiments, the electric field
strength in strong geometrical distortion is several times
greater than the average value (U/d). Therefore, we did
not expect a literal match of our theoretical predictions
with certain experimental data. A one-dimensional model
is designed to perform other tasks: to determine the prin-
cipal place of runaway electrons initiation, and to investi-
gate the possible energy spectrum.

As an example, some interesting details result from the
appearance of a second small peak of runaway electrons
current near the end of the switching stage, as shown in
fig. 1. It appears due to the “belated” runaway electrons
generated at the current maximum. At this point, the gap
voltage is about 30 kV. At this voltage the estimated flight
time for the electron from the cathode to the anode is just
100 ps; this corresponds to a delay of the second peak with
respect to the main one.

Our model allows to investigate the breakdown and
the formation of quasi-stationary discharge forms. One
can plot the concentrations of charged particles, electrons,
and the rate of generation of the electric field. The solu-
tion of the Boltzmann equation gives a dynamic picture
of collisionless electrons energy spectra. Similar distri-
bution functions have been obtained previously by other
researchers using the Monte Carlo method [17]; they are
in a good agreement with our results. The main advan-
tage of the introduced model compared to “particles meth-
ods” is that it allows one to calculate an energy spectrum
even for a negligible small fast electrons flow. This can be
of great interest to the corpuscular diagnostics of plasma
processes [18].

It should be noted also that when the gap voltage falls
the electrons with energies above the instantaneous value
of qU(t) are observed.
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