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Abstract In this paper we obtain lower estimates for the first non-trivial eigenvalue of the
p-Laplace Neumann operator in bounded simply connected planar domains £2 C R?. This
study is based on a quasiconformal version of the universal two-weight Poincaré—Sobolev
inequalities obtained in our previous papers for conformal weights and its non weighted
version for so-called K-quasiconformal a-regular domains. The main technical tool is the
geometric theory of composition operators in relation with the Brennan’s conjecture for
(quasi)conformal mappings.
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1 Introduction

In this paper we obtain lower estimates for the first non-trivial eigenvalue of the p-Laplace
operator with the Neumann boundary condition
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—div(|Vu|P~2Vu) = pplulP~2u in 2
u _ on ds2,

an

in bounded simply connected planar domains 2 C R?. The weak statement of this spectral
problem is as follows: a function u solves the previous problem iff u € Wpl (£2) and

/(|Vu(x)|1’—2w(x) S Vo(x))dx = MP/IM(x)lp_zu(x)v(x) dx
2 2

for all v € W) (£2).

We demonstrate that integrability of Jacobians of quasiconformal mappings with the expo-
nent greater than one permit us to obtain lower estimates of the first non-trivial eigenvalue
ug) (£2) in terms of Sobolev norms of quasiconformal mappings of the unit disc D onto £2.
So, we can conclude that u;,l) (£2) depends on the quasiconformal geometry of §2 only:
Theorem A Let 2 C R? be a K-quasiconformal a-regular domain and ¢ = 2 — D be
a corresponding K -quasiconformal mapping. Suppose that the Brennan’s conjecture holds.

Then for every
4K oK —-1)+2
p € | max , ,2
2K +1 aK

the following estimate

—i - = KllJy1 | Ly(D)] inf {B’; DD~ P72 | L%@)n}
Hp (2 qel =2’ r=q

holds, where I = [1,2p/(4K — 2K — 1) p)).

Here B, 4 (D) is the best constant in the (r, g)-Poincaré-Sobolev inequality in the unit disc
D for r = ap/(a — 2) which satisfies [11,18]:

2 (1—v \!7
Br,q(D)SF 1/2—1) , l):l/q—l/r,

Remark 1 In Theorem A the unit disc ID can be replaced by any quasiisometrical image of ID.

As an example consider lower estimates of the first non-trivial eigenvalue of p-Laplace
operator in non-convex star-shaped domains .Q:(k) (Example C), where .Q:(k) is the image
of the square

Q:= {(x,y)eRzz—f <x<§, —\f<y<\£§}

under the (k + 1)-quasiconformal mapping
w=|z|kz, z=x+1iy, k>0.

If p = 3/2 (this operator arises in study of porous media flows [35]), then

1 k+1)3
M o El()\/(z—irk)’ O=k=2
3 (8254) a

More examples of lower estimates of first-non-trivial eigenvalues of the p-Laplace oper-
ator will be given in Sect. 5.
Let us give few detailed comments to the theorem:
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Spectral estimates of the p-Laplace Neumann operator... 247

1.1 K-quasiconformal «-regular domains

Recall that a homeomorphism ¢ : £2 — 2 between planar domains is called K-
quasiconformal if it preserves orientation, belongs to the Sobolev class WQIJOC(.Q) and its
directional derivatives 0 satisfy the distortion inequality

msaxlagqol < Kméin [de@| a.e.in £2.

The notion of conformal regular domains was introduced in [8] and was used for the study
of conformal spectral stability of the Laplace operator. In the present work we introduce a
more general notion of quasiconformal regular domains.

Definition 1 A simply connected planar domain 2 C R? is called a K -quasiconformal
«-regular domain if there exists a K -quasiconformal mapping ¢ : £2 — D such that

/|J(y7</fl)|% dy < oo for some o > 2.
D

The domain £2 C R? is called a K -quasiconformal regular domain if itis a K -quasiconformal
a-regular domain for some o > 2.

Note that the class of quasiconformal regular domains includes the class of Gehring
domains [1] and can be described in terms of quasihyperbolic geometry [23].

Remark 2 The notion of quasiconformal o-regular domain is more general then the notion
of conformal a-regular domain. Consider, for example, the unit square Q C R2. Then Q is a
conformal a-regular domain for 2 < o < 4 [18] and is a quasiconformal «-regular domain
for all 2 < o < oo because the unit square Q is quasiisometrically equivalent to the unit
disc D. It implies, in particular, that in Theorem A (its more detailed version is Theorem 8)
the unit ball D can be replaced by the square Q (or by another domain quasiisometrically
equivalent to the unit disc D).

Remark 3 Because ¢ : 2 — D is a quasiconformal mapping, then integrability of the
derivative is equivalent to integrability of the Jacobian:

fu(y,go‘ln%dys/|D<p‘1(y>|“ dysK%/U(y,w—l)ﬁdy.
D D D

1.2 Brennan’s conjecture

We can conclude from Theorem A that Brennan’s conjecture leads to the spectral estimates
of the p-Laplace operator in quasiconformal e-regular domains £2 C R2.

Generalized Brennan’s conjecture for quasiconformal mappings [22] states that

4K 2K
/|D<P(X)|ﬁ dx < 400, forall 3 <pB Po
2

< ) 1
K+1 (K — DBo+2

If K = 1 we have Brennan’s conjecture for conformal mappings [7] which is proved for
B € (4/3, Bo), where By = 3.752 [20], and conjectured for By = 4 [7].
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1.3 Historical sketch

In 1961 Poélya [27] obtained upper estimates for eigenvalues of Neumann—Laplace operator
in so-called plane-covering domains. Namely, for the first eigenvalue:

1 () < 4m2 .

The lower estimates for the ug) (£2) were originally established only for convex domains.
In the classical work [26] it was proved that if £2 is convex with diameter d(£2) (see, also
[9,10,29]), then

2

d(£2)*

1S (2) = @

In [9] it was proved that if 2 C R” is a bounded convex domain having diameter d then
forp >2

Moy (T !
e = (575

where

1
(p=1P

1
dt —1r
Ty =2 =2 (P )

(L—trj(p—1yr  PsinG/p)

0

In the case of non-convex domains in [19] it was proved that if £ C R2 is a conformal
a-regular domain then for every p € (max{4/3, (« + 2)/«}, 2) the following inequality
holds

1
- < inf B, D) -|De Y 1P72|L_4 (D) } Do~ | Ly()|1?,
@) qe[mp/(w){ f @) - 1D~ P2 Lo D] ¢ [De”" || La(D)]

where ¢ : 2 — D is a conformal mapping.

The lower estimates in terms of isoperimetric constants relative to {2 were obtained in
[5.6].

The first non-trivial eigenvalue of the Neumann boundary problem for the p-Laplace
operator MS)(Q)*% is equal to the best constant B, ,,(£2) (see, for example, [25]) in the
p-Poincaré—Sobolev inequality

ng]lg If —clLp(SDN < Bpp(SDIVFILy(S)I, f € W;(Q)-
1.4 Methods

The suggested method is based on the geometric theory of composition operators in relation
with Brennan’s conjecture that allows us to obtain universal two-weight Poincaré—Sobolev
inequalities in any simply connected domain £2 # R?

r p

i | [0 —ermeoar | =@ | [1vrwra) o rewie,
ce
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where quasiconformal measures 2 (x)dx := |J(x, ¢)|dx are generated by quasiconformal

homeomorphisms ¢ : 2 — I and dx is the Lebesgue measure (Theorem 5). In quasicon-

formal regular domains these two-weight inequalities imply non-weight Poincaré—Sobolev

inequalities. This method is also based on the theory of composition operators [28,33] and
its applications to the Sobolev type embedding theorems [13,14].

The following diagram illustrates the main idea:

—1y*

wh2) Y3 wio)

1 -

L(2) < L)

Here the operator (¢~ !)* defined by the composition rule (¢~ )*(f) = fop lisa

bounded composition operator on Sobolev spaces induced by a homeomorphism ¢ of 2
onto ID and the operator ¢* defined by the composition rule ¢*(f) = f o ¢. This operator is
a bounded composition operator on Lebesgue spaces. This combination of methods allows
us to transfer Poincaré—Sobolev inequalities from regular domains (for example, from the
unit disc D) to £2.

Theorem B Let 2 C R? be a K -quasiconformal a-regular domain and ¢ = 2 — D be
a corresponding K -quasiconformal mapping. Suppose that the Brennan’s conjecture holds.

Then for every
4K oK —1)+2
p € | max , L2
2K +1 aK

the p-Poincaré—Sobolev inequality

ggﬂg If—clLpSDI < Bp p(DIVFILp)I, f € W,l,(ﬂ),
holds with the constant
: —1,p—2
Bp(®) < inf {B@TPNI(D) K|IDg™' P2 L e @) - [T | L%UD)H}v
where [ =[1,2p/(4K — (2K — 1)p)).

Remark 4 In Sect. 1 we formulated the main result under the assumptions that the Brennan$
conjecture holds true i.e. 4K /(2K + 1) < 8 < 4K /(2K — 1). In the main part of the paper
we will prove main results for 4K /(2K + 1) < 8 < 2K Bo/(Bo(K — 1) 4 2) for fo that is a
recent known value for which the Brennan§ conjecture is correct.

The next main theorem establish a connection between Brennan’s conjecture and compo-
sition operators on Sobolev spaces:

Theorem C Ler 2 C R? be a simply connected domain. Generalized Brennan’s conjecture
holds for a number € (4K /(2K 4+ 1), 4K /(2K — 1)) if and only if any K -quasiconformal
homeomorphism ¢ : 2 — D induces a bounded composition operator

¢* 1 L}, (D) — Ly(82)
Jorany p € (2,+00) and g = pB/(p+ B —2).

Remark 5 Theorem C states equivalence of the integrability of Jacobians of quasiconformal
mappings and boundedness of compositions operators on Sobolev spaces. The proof of the
necessity is based on the work [28] (see, also [33]).
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250 Vladimir Gol’dshtein et al.

In the recent works we studied composition operators on Sobolev spaces defined on
simply connected planar domains in connection with the conformal mappings theory [15].
This connection leads to two-weight Sobolev embeddings [16,17] with universal conformal
weights. Another application of conformal composition operators to spectral stability in
conformal regular domains was given in [8].

2 Composition operators and quasiconformal mappings

In this section we recall basic facts about composition operators on Lebesgue and Sobolev
spaces and the quasiconformal mapping theory. Let 2 C R", n > 2, be a n-dimensional
Euclidean domain. For any 1 < p < oo we consider the Lebesgue space L, (£2) of measur-
able functions f : 2 — R equipped with the following norm:

1
P

I 1 L)l = /If(x)l”dx 0.

The following theorem about composition operators on Lebesgue spaces is well known
(see, for example [33]):

Theorem 1 Let ¢ : 2 — 2 be a weakly differentiable homeomorphism between two
domains §2 and S2. Then the composition operator

9" L(2) > Ly(2), 1<s<r <o,

is bounded, if and only if 9~ possesses the Luzin N-property and

[ o607

2

r_
= dy =K <oo, 1<s<r<oo,

1
=K <00, 1<s=r<oo.

ess sup |J(y, (p_])
yel2

The norm of the composition operator ||¢*|| = K.

We consider the Sobolev space W; (£2), 1 < p < oo, as a Banach space of locally
integrable weakly differentiable functions f : £2 — R equipped with the following norm:

IF1wh@)l = /If(X)Ipdx + /IVf(x)lpdx

1
P

Recall that the Sobolev space W; (£2) coincides with the closure of the space of smooth
functions C*°(£2) in the norm of W; (£2).

We consider also the homogeneous seminormed Sobolev space L },(.Q), 1 < p < oo,of
locally integrable weakly differentiable functions f : £2 — R equipped with the following
seminorm:
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I 1Ly )]l = (ﬁfmoc)wx

Recall that the embedding operator i : L})(.Q) — L1,10c(£2) is bounded.

By the standard definition functions of L}](.Q) are defined only up to a set of measure zero,
but they can be redefined quasieverywhere i.e. up to a set of p-capacity zero. Indeed, every
function u € L},(.Q) has a unique quasicontinuous representation i € L;(.Q). A function u
is termed quasicontinuous if for any & > 0 there is an open set U, such that the p-capacity of
U, is less then € and on the set £2\ U, the function i is continuous (see, for example [21,25)).

Let £2 and £ be domains in R”. We say that a homeomorphism ¢ : 2 — £2 induces a
bounded composition operator

1
P

9* L (82) —> LY(R2), 1<q<p=oo,

by the composition rule p*(f) = f o ¢, if the composition ¢p*(f) € L}, (£2) is defined
quasi-everywhere in §2 and there exists a constant K, ;(£2) < oo such that

le*(f) | Ly @) < Kp g (@)1 1 LY (D)

for any function f € Ll (.6) [34].
Let £2 C R” be an open set. A mapping ¢ : £2 — R” belongs to L pioc(82), 1 < p < o0,

if its coordinate functions ¢; belong to L! £2),j=1,....n. In this case the formal

p.loc
Jacobi matrix De(x) = (a(/” (x)),i,j=1,...,n,and its determinant (Jacobian) J (x, ¢) =
det Dp(x) are well deﬁned at almost all points x € 2. The norm |Dg(x)| of the matrix
Dg(x) is the norm of the corresponding linear operator Dg(x) : R” — R” defined by the
matrix Dg(x).

Letp: 2 — 2 be weakly differentiable in £2. The mapping ¢ is the mapping of finite
distortion if | D¢(z)| = O for almostallx € Z = {z € £2 : J(x, ¢) = 0}.

A mapping ¢ : £2 — R” possesses the Luzin N-property if a image of any set of measure
zero has measure zero. Mote that any Lipschitz mapping possesses the Luzin N-property.

The following theorem gives an analytic description of composition operators on Sobolev
spaces:

Theorem 2 [28,33] A homeomorphism ¢ : 2 — Q between two domains 2 and §2 induces
a bounded composition operator

9" 1 L(82) —> LY(R2), 1<q<p<oo,
if and only if ¢ € WI]‘10C (£2), has finite distortion, and
q N
D P\ p=a
Kpg(82) = / ' (p(x)l x| <o
I (x, <P)|
Recall that a homeomorphism ¢ : £ — £ is called a K -quasiconformal mapping if

NS Wn loc (§2) and there exists a constant 1 < K < oo such that

[De(x)|" < K|J(x,¢)| foralmostall x € £2.
Quasiconformal mappings have a finite distortion, i.e. D¢ (x) = 0 for almost all points
x that belongs to set Z = {x € £2 : J(x,9) = 0} and any quasiconformal mapping
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possesses Luzin N-property. A mapping which is inverse to a quasiconformal mapping is
also quasiconformal.

If g : 2 — $£2isa K-quasiconformal mapping then g is differentiable almost everywhere
in £2 and

lp(B(x, 1))
|B(x, )l

[J(x,9)| = Jp(x) := lirr}) for almost all x € £2.
r—>

Note, that a homeomorphism ¢ : 2 — Qisak -quasiconformal mapping if and only
if ¢ generates by the composition rule ©*(f) = f o ¢ an isomorphism of Sobolev spaces
L)(£2)and L} (£2):

Kol LY < g f I LY < Kol f | LL(D)]

forany f € L1 (£2) [30].

Boundedness of composition operators generated by quasiconformal mappings in the case
p # n was considered also in [24].

For any planar K-quasiconformal homeomorphism ¢ : 2 — 2, the following sharp
results is known: J (x, ¢) € La*,loc(ﬁ) for any o* < K/(K — 1) [2,12].

If K = 1 then 1-quasiconformal homeomorphisms are conformal mappings and in the
space R", n > 3, are exhausted by M&bius transformations.

3 Composition operators and Brennan’s conjecture

Brennan’s conjecture [7] is thatif ¢ : £2 — D is a conformal mappings of a simply connected
planar domain £2, 2 # R2, onto the unit disc D then

4
/‘|<,0/()C)|’3 dx < 400, forall 3 < B < 4. 3)
2

For4/3 < s < 3, itis a comparatively easy consequence of the Koebe distortion theorem
(see, for example, [4]). Brennan [7] (1978) extended this range to 4/3 < s < 3 + §, where
8 > 0, and conjectured it to hold for 4/3 < s < 4. The example of 2 = C\(—o0, —1/4]
shows that this range of s cannot be extended.

Brennan’s conjecture has been established for 8 € (4/3, Bo), where By = 3.752 [20].
Brennan’s conjecture for quasiconformal mappings was considered in [22]. In [22] it was
proved that, if ¢ : 2 — D be a K-quasiconformal mapping, then

- 2K o
(K =1Dpo+2

B “

/ Do (x)|? dx < 400, forall K
2K +1
2
Here fy is the proved upper bound for Brennan’s conjecture.
Now we prove that Generalized Brennan’s conjecture leads to boundedness of composition
operators on Sobolev spaces generates by quasiconformal mappings.

Theorem C Let 2 C R? be a simply connected domain. Generalized Brennan’s conjecture

holds for a number § € (4K/(2K + 1), 2KBo/(Bo(K — 1) + 2)) if and only if any K -
quasiconformal homeomorphism ¢ : 2 — D induces a bounded composition operator
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. L},(JD)) N L;(Q)
forany p € (2, 4+00) and g = pB/(p + B — 2).

Proof By the composition theorem [28,33] a homeomorphism ¢ : 2 — D induces a
bounded composition operator

¢* :L,(D) —> Ly(2), 1<q<p<oo.

if and only if ¢ € W', (£2), has finite distortion and

1,loc

P—q
|Dw<x>|p "
pq(Q) (ﬁ/ |J(x (/))| dx < Q.

Because ¢ is a quasiconformal mapping, then ¢ € W (£2) and Jacobian J(x, ¢) # 0 for

almost all x € £2. Hence the p-dilatation

n loc

|Dp(x)|”

I (x, @)

is well defined for almost all x € §2 and so ¢ is a mapping of finite distortion. By Brennan’s
conjecture

Kp(x) =

4K 2K
/ngo(x)lﬂ dx < +oo, forall ———— < f < 7&).
2K +1 (K—1Dpo+2

Then

2 =
/(IDw(X)|p> dx:/(ngo(x)l |D(p(x)|p—2> dx
IJ(x, 9l [J(x, ¢
2 2
< Kr4 /(|Dgo(x)|” 2)p 7 dx = K- q/|D<p(x)|/S dx < 00,

for B = (p —2)q/(p — q). Hence we have a bounded composition operator
.7l 1
i L,M) - L,(£2)

forany p € (2,4+00) andgq = pB/(p + B —2).

Let us check that ¢ < p. Because p > 2 we have that p+ 8 —2 > B > 0 and so
B/(p+ B —2) < 1. Hence we obtain ¢ < p.

Now, let the composition operator

¢*: L,(D) —> Ly(2), q<p.

is bounded for any p € (2, 400) and ¢ = pS/(p + B — 2). Then, using the Hadamard
inequality:

[J(x,9)] < |D(,o()c)|2 for almost all x € £2,
and Theorem 2, we have

) D P\ i
/|D</’(X)|ﬁ dx = | |De(x)| i dx < / (M)p dx < +o0.
[J(x, 0)l
2 2 2
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The suggested approach to the Poincaré—Sobolev type inequalities in bounded planar
domains £2 C R? is based on translation of these inequalities from the unit disc D to £2. On
this way we use the following duality [32]:

Theorem 3 If a homeomorphism ¢ : 2 — 2', §2, 2" C R2, generates by the composition
rule o*(f) = f o ¢ a bounded composition operator

" L;,(SZ’) — L(II(Q), l<qg<p<oo,
1

then the inverse mapping ¢~ : 2’ — §2 generates by the composition rule (p~")*(g) =
g o ¢~ 1 a bounded composition operator

et s ey telon iyl

()" q/( ) — p/( ), —+—5=1L—-+—-=1
q p p

From Theorem C and Theorem 3 we immediately obtain Theorem 4:

Theorem 4 Let 2 C R? be a simply connected domain and ¢ : 2 — D be a K-
quasiconformal homeomorphism. Suppose that p € 2KBo/((K + 1)Bo — 2), 2).
Then the inverse mapping ¢~ " induces a bounded composition operator

(™" 1 L,(2) > L, (D)
for any q such that

(2Bo —4p 2p

l<g=< < .
2KBo— (K —=DBo+2)p 4K —-Q2K-1p

The inequality

rP—q

Pq
I FILID) < K7 /|Dw*l(y)|%dy If 1L, ) )
D

holds for any function f € Lllj(.Q).

Proof By Theorem C we have a bounded composition operator
* .7l 1
" L) (D) > L) (82)

forq’ € 2,+oc0)and p’' = q'B/(q' + B —2).
Then, by Brennan’s conjecture, p’ € (2,2KBy/((K — 1)Bo +2)). Now using Theorem 3

we have
! 2K
p= P 1= ( Po ,2).
p—1 (K+1By—2

__r qa'p
pP=1 q¢B—@+p+2)’
we obtain by direct calculations that

r_ 4 —=2po)p
2KBo — (K + Dpo—2)p’

Since

p

q
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By Theorem 3 g = ¢'/(q’ — 1) and g < p. By elementary calculations

(2Bo —4)p 2p

l<g= < .
2Kpo— (K —=Dpo+2)p 4K - Q2K —1p

Now we prove the inequality (5). Let f € L},(.Q) N C*(£2). Then the composition
g= (<p_])*(f) e L' (D) [31]. Hence, using Theorem 2 we obtain

1,loc

P—q

IRIOAGR S
L' < /(7> d L (2
| LX) [ (Geem) @ I 1Lh @)l
|D¢1(y)|2-|D<p1<y>|P2>ﬂqq o
= d L (£2
/( 700D v TR
1 2 " X
<&i | [ipe 0T ey isizp@i.
D

Approximating an arbitrary function f € L},(.Q) by smooth functions [32,33], we obtain
the required inequality.

4 Poincaré-Sobolev inequalities

Two-weight Poincaré-Sobolev inequalities Let 2 C R? be a planar domain and let v : 2 —
R be a real valued function, v > 0 a.e. in £2. We consider the weighted Lebesgue space
L,(82,v),1 < p < oo, of measurable functions f : £2 — R with the finite norm

1
P

IfI1Lp(82,0)] := /If(X)Ipv(X)dx < o0.

It is a Banach space for the norm || f | L ,(£2, v)||.

In the monograph [21] one-weight Poincaré—Sobolev inequalities with weights generates
by Jacobians of quasiconformal mappings were studied. Using Theorem 4 we prove existence
of universal two-weight Poincaré—Sobolev inequalities in any simply connected bounded
domain 2 C R2.

Theorem 5 Suppose that 2 C R? is a simply connected domain and h(x) = |J (x, )| is the
quasiconformal weight defined by a K -quasiconformal homeomorphism ¢ : 2 — . Then
Sforevery p € 2QKBo/((K + 1)Bo — 2), 2) and every function f € Wﬁ (£2), the inequality

P

i‘nﬂg /lf(x) —cl"h(x)dx | < B, ,(82,h) /|Vf(x)|pdx

holds for any r such that

P 2p—4
2—p Kpo

1<r<
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with the constant

B, p(2,h) < inf Kpq(D) - B, (D)}
ro 2= gl ok K ra @) Bra®))

Here B, 4 (ID) is the best constant in the (unweighted) Poincaré-Sobolev inequality in the
unit disc D ¢ R? and

pP—q

- 1 U=
Ry = K7 / Do~ () 5 dy
D

Proof By conditions of the theorem for a K-quasiconformal mapping ¢ : 2 — D

P 4K 2K Bo
|[Dp(x)|” dx < +o00, forall <pf<—-.
2K +1 (K —=1)Bo+2
Q
By Theorem 4, if
280 — 4 2
l<g< 2Bo—Hp - p ©)
2KBp— (K —Dpo+2)p 4K —-Q2K—-1)p
then the inequality
IV(fop ™) LgM)| < KpgMIIVFILy(82)] o)

holds for every function f € L;) (£2).

Let f € L;,(.Q) NC(£2). Then the function g = f o~ ! is defined almost everywhere in
D and belongs to the Sobolev space L}] (D) [31]. Hence, by the Sobolev embedding theorem
g = fop ! e Whi(DD) [25] and the classical Poincaré—Sobolev inequality,

inf [If o9l —c| L, )| < ByM)V(f o9 )| LyD)] ®)

holds for any r such that

2
l<r<-—2 ©)
2—¢q

By elementary calculations from the inequality (6), it follows that

2q Bo—2 2p 1 p
2—-q~ KB 2-p K 2-p

(10)

Combining inequalities (9) and (10) we conclude that the inequality (8) holds for any r
such that
Bo—2 2p I p

KBy 2—-p K 2-p°

1<r<

Using the change of variable formula for quasiconformal mappings [31], the classical
Poincaré—Sobolev inequality for the unit disc

q

int ( [1s0=cray) = B,@ | [ 1veray
D D
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and inequality (7), we finally infer

1

r

~I=

inf | [ 10 = erheoar | = int { [ 1700~ erisce o

ceR

1 1

—int { [1g0=eray| = B,0 | [Iveray
D D

K, 4(D)B, (D) (ﬁ/ IV f(x)|Pdx

Approximating an arbitrary function f € W; (£2) by smooth functions we have

1
P

IA

i | [ 170 = ermeoar | =@ | [1vrwiras
ce

1
P

with the constant

B p(2,h) < inf {Kp.q(D) - By, (D).
q€ll,2p/(4K—(2K~1)p))

The property of the K -quasiconformal «-regularity implies the integrability of a Jacobian
of quasiconformal mappings and therefore for any K-quasiconformal «-regular domain we
have the embedding of weighted Lebesgue spaces L, (§2, h) into non-weight Lebesgue spaces
Ly(£2) for s = 2

Lemma 1 Let 2 be a K-quasiconformal o-regular domain. Then for any function f €
L.(£2,h), /(@ —2) <r < o0, the inequality
2.1

If LD < /!J(y,(ﬂfl)ﬁ dy ILf1Lr (82, R)|l
D

holds for s = O‘O[;Zr.

Proof By the assumptions of the lemma these exists a K -quasiconformal mapping ¢ : 2 —
D such that

/|J(y, <p71)|% dy < +o0.
D

Lets = “a;zr. Then using the change of variable formula for quasiconformal mappings [31],
Holder’s inequality with exponents (r, rs/(r — s)) and equality |J (x, ¢)| = h(x), we obtain
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1| Ly = /If(x)lsdx - /|f(x)|s\1(x,<p) )| da
\>
¥ =
= [ [rervwoms | ( [leor o
\2
’ =
= /|f(x)|rh(x) dx /|j(y’(p71) = dy
\2 4
i 2.1
= [urernoa] [ [170.e 0
\2

D

The following theorem gives an upper estimate of the Poincaré constant and follows from
Theorem 5 and Lemma 1:

Theorem 6 Suppose that 2 C Cis a K-quasiconformal a-regular domain. Then for every

( { 4K 2K afo } )
p € | max , 20,
2K +1 (K +2)aBy —4(ax+ Bo — 2)

every

c [1’ (@—2)(fo—2) 2p ]
Kapy 2-p

and every function f € W; (£2), the inequality

inf /|f(x)—c|sdx < By ,(2) /lVf(x)lpdx

holds with the constant

Rt
i

By () < /|J<y,¢f1)|fdy By p(2.h)
D

R
i

S;Ig Bﬁ’q(D)'Enq(D)' /|J(y,§0_l)‘7dy ,
D

where I =[1,2p/(4K — 2K — 1)p)).
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Proof Let f € W; (£2). Then by Theorem 5 and Lemma 1 we obtain

2,
s o

1 1
[l Fay| ot | [ 1o = elrneax
D

IA

inf / () — eldx

2.1 1
a s P

B, (82, h) /|J(y,¢—1)|%dy /IVf(x)l"dx
D

IA

fors > 1.
Because by Lemma 1 s = “T_zr and by Theorem 5

Bo—2 2p 1 p
Rl G _r

1<r< —.
- ~ KBy 2-p K 2-p

3

then

@-2Fp—-2 2p _a=2 p

I1<s< . .
- Kapy 2—p Ka 2-p

Hence, by direct calculations, we obtain that
2K aBy
p= .
(K +2)aBy —4(x+ Bo—2)
If Brennan’s conjecture holds, i.e. Bp = 4 then we can take that

2K«
>
(K+1Da-2

p

In the case of (p, p)-Poincaré—Sobolev inequalities we have:

Theorem 7 Let 2 C R? be a K -quasiconformal a-regular domain and ¢ : 2 — D be a
K -quasiconformal mapping. Then for every

( { 4K  2(K — Dapfo+ 4+ By —2) } >
p € | max ) 2
2K +1 Kapy

the p-Poincaré—Sobolev inequality

Lnelﬂfa If = el Lyl < By p(DIVFI Ly, f € Wy(R),

holds with the constant

2
o

Bho@ <int 80, @KL, | [0 Ty T,
D

a=2"

where I =[1,2p/(4K — (2K — 1) p)).

Proof By Lemma 1 p = "‘T_zr and by Theorem 5

Bo—2 2p 1 p
. < —_—.

KBy 2—-p K 2—p

I<r=<
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Hence
o <ﬁ0—2 2 <1. 1 '

a—2" KBy 2-p K 2-p

By elementary calculations

2(K — Dafo + 4(a + po — 2)
Kapy
If Brennan’s conjecture holds, i.e. By = 4 then we can take that
Q2K —DHa+2
>
Ka

Theorem 7 implies the lower estimates of the first non-trivial eigenvalue i, )(.Q)

Theorem 8 Let ¢ : 2 — D be a K-quasiconformal homeomorphism from a K-
quasiconformal a-regular domain S2 to the unit disc D. Then for every

4K  2(K — Dapfo+4(a+ By —2) 2)
2K+ 1° Kapo '

p € (max

the following inequality holds

o

<in | Bhy  ©)- K}, D)- f!f(y o Hfay| L

)(_Q) gel =

where [ =[1,2p/(4K — (2K — 1)p)).
In the case @« = co we have the following assertion:

Corollary 1 Let ¢ : 2 — D be a K-quasiconformal homeomorphism from a K-
quasiconformal co-regular domain 2 to the unit disc D. Then for every

< { 4K  2(K — 1By +4} )
p € | max , ,2
2K +1 Kpo

the following inequality holds

W Inf nf {B) (D) - Kp ()} - -1 | Loo(D)]],

where I =[1,2p/(4K — 2K — 1)p)).

5 Examples

Example A The homeomorphism

w = Az + Bz, z=x+1iy, A>B=>0,

is K-quasiconformal with K = A+B and maps the unit disc D onto the interior of the ellipse
2 2
X Y
2, = eR?: =1.
{(x VR G Ty }
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We calculate the norm of the derivative of mapping w by the formula [3]
|Dw| = |w| + wz]
and the Jacobian of mapping w by the formula [3]

2 2
J(z,w) = |we|” — wz]”.

1 /ow ow 1 /0w ow
w,==|——-i— and wz=—-|—+4+i—
2 \ dx ay 2 \ dx ay

Here

By elementary calculations
w, =A and wz = B.
Hence
|Dw|=A+ B and J(z,w)= A>— B%.

Then by Theorem 8 we have

1 (2 ( 1—v )1“ P
————— <inf | =
N;)(Qe) gel \m" \[1/2—v
A B (p=2q
+ / (A2 — BY)S dy / (A+B) 7a dy

2 1—v ' P 2q+a(p=q)
(A + B)p inf T aq ,
gel 1/2—v

where I = [1,2p/(4K — (2K — 1)p))andv = 1/g — (¢ — 2)/ap.
Let p = 3/2. Then, taking ¢ = 1 and o = o0, we get

P—q

q

R

g S 8v2(A + B)?.
N3/2( e)

Example B The homeomorphism
w=(z"z+ D2 z=x4iy, k=1,
is k-quasiconformal and maps the unit disc ID onto the interior of the cardioid
2 ={(,y) e R?: (¢ +y? —2x0)? —4(x? +yH) =0}.
We calculate the partial derivatives of the mapping w
= (k+ D2+ D and we =k = DI 21+ D).

Hence

Dw| = 2kl 1P + 2T e+ )+ 1
and

J(z,w) = 4klz) P22 + 12+ + D).
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Then by Corollary 1 we have

1 2/ 1—v \'"\
———— <4QbPinf (= < Y )
ME))(‘QL') qel Y 1/2—\)

2 /1 (p=2)q pq;q
x / /(pk_l\/pzk-l-Zpkcosw-i-l) e av| . ay
0 0

Here I =[1,2p/(4k — 2k — )p))andv =1/g — 1/p.
Let us consider the case of porous media flows (p = 3/2). Then, taking ¢ = 1 and
k = 3/2 we obtain,

1 _ 96+/30

< ~ 297.
wip(R) — AT

In the case when p = 8/5 we use the following estimate of the integral (11):

| 2/ 1—v '\
o < 4(2K)” inf —( )
MEJ)(QC) gel TV 1/2—1)

P—q
P (=24 !
x 27_[/ (pkfl <pk _ 1)) P=q o dp
0
Taking ¢ = 1 and k = 2 we obtain
1 | 5 3
1 27 p3 27 T 5
TSZO-ZS —dp =20-25 | — ) =~ 1268.
M8/5(~Qc) 0 (- ,02)5 ﬁ

Example C The homeomorphism
w=lzl*z, z=x+iy, k>0,

is (k 4+ 1)-quasiconformal and maps the square

. 2. _ _Y- -~
Q._{(x,y)eR. 5 <x< 5 > <y< 2]

onto k-star-shaped domains .Q:(k) with vertices (:I:«/E/Z, iﬁ/Z), (%e, 0) and (0, *e¢),
where (k) = (v/2/2)Kt! (Fig. 1).

We calculate the partial derivatives of the mapping w
k k
w, = (5 + 1) lzI* and wz = §|z|k 272

Thus

|IDw| = (k+ D|z[¥ and J(z, w) = (k + D|z|*.
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-06

i i * N —
Fig.1 Domains ‘Qs(k) under ¢ = W) and ¢ =

u‘,_
9l

Then by Corollary 1 we have

1 (k+1)P f<2 L=y >H)p
- inf [ =
(l)(Qg(k)) b4 1/2 —V

IA

A
~
=
_|_
—_
N
=
o
’.3
o=
/\
[\)
/N
p—
~ | =
l\.)
| |
<
<
\_/
|
<
Ss—
=

" ( 2n(p—q) >T
(p—2kq+2(p—q)
where I = [1,2p/(4K — (2K — 1)p)) andv = 1/g — 1/p.
In the case of porous media flows ( p = 3/2), taking ¢ = 1, we have

1 k+1)3
0 " 516‘,(2—’—]()’ 0<k<?2.
n35(8254) a

Acknowledgements V. Gol’dshtein is supported by the United States-Israel Binational Science Foundation
(BSF Grant No. 2014055).

References

1. Astala, K., Koskela, P.: Quasiconformal mappings and global integrability of the derivative. J. Anal. Math.
57,203-220 (1991)

2. Astala, K.: Area distortion of quasiconformal mappings. Acta Math. 173, 37-60 (1994)

3. Astala, K., Iwaniec, T., Martin, G.: Elliptic Partial Differential Equations and Quasiconformal Mappings
in the Plane. Princeton University Press, Princeton (2008)

4. Bertilsson, D.: On Brennan’s conjecture in conformal mapping. Doctoral Thesis, Royal Institute of Tech-
nology, Stockholm, Sweden (1999)

@ Springer



264

Vladimir Gol’dshtein et al.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

Brandolini, B., Chiacchio, F., Trombetti, C.: Sharp estimates for eigenfunctions of a Neumann problem.
Commun. Partial Differ. Equ. 34, 1317-1337 (2009)

Brandolini, B., Chiacchio, F., Trombetti, C.: Optimal lower bounds for eigenvalues of linear and nonlinear
Neumann problems. Proc. R. Soc. Edinb. 145A, 31-45 (2015)

Brennan, J.: The integrability of the derivative in conformal mapping. J. Lond. Math. Soc. 18, 261-272
(1978)

Burenkov, V.I., Gol’dshtein, V., Ukhlov, A.: Conformal spectral stability for the Dirichlet-Laplace oper-
ator. Math. Nachr. 288, 1822-1833 (2015)

Esposito, L., Nitsch, C., Trombetti, C.: Best constants in Poincaré inequalities for convex domains. J.
Convex Anal. 20, 253-264 (2013)

Ferone, V., Nitsch, C., Trombetti, C.: A remark on optimal weighted Poincaré inequalities for convex
domains. Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 23, 467-475 (2012)

. Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order. Springer, Berlin

(1977)

Gol’dshtein, V.M.: The degree of summability of generalized derivatives of quasiconformal homeomor-
phisms. Sib. Math. J. 22, 821-836 (1981)

Gol’dshtein, V., Gurov, L.: Applications of change of variables operators for exact embedding theorems.
Integral Equ. Oper. Theory 19, 1-24 (1994)

Gol’dshtein, V., Ukhlov, A.: Weighted Sobolev spaces and embedding theorems. Trans. Am. Math. Soc.
361, 3829-3850 (2009)

. Gol’dshtein, V., Ukhlov, A.: Brennan’s conjecture for composition operators on Sobolev spaces. Eurasian

Math. J. 3(4), 35-43 (2012)

Gol’dshtein, V., Ukhlov, A.: Conformal weights and Sobolev embeddings. J. Math. Sci. (N.Y.) 193,
202-210 (2013)

Gol’dshtein, V., Ukhlov, A.: Brennan’s conjecture and universal Sobolev inequalities. Bull. Sci. Math.
138, 253-269 (2014)

Gol’dshtein, V., Ukhlov, A.: On the first eigenvalues of free vibrating membranes in conformal regular
domains. Arch. Ration. Mech. Anal. 221, 893-915 (2016)

Gol’dshtein, V., Ukhlov, A.: Spectral estimates of the p-Laplace Neumann operator in conformal regular
domains. Trans. A. Razmadze Math. Inst. 170(1), 137-148 (2016)

Hedelman, H., Shimorin, S.: Weighted Bergman spaces and the integral spectrum of conformal mappings.
Duke Math. J. 127, 341-393 (2005)

Heinonen, J., Kilpeldinen, T., Martio, O.: Nonlinear Potential Theory of Degenerate Elliptic Equations.
Oxford Mathematical Monographs. Oxford University Press, Oxford (1993)

Hurri-Syrjdnen, R., Staples, S.G.: A quasiconformal analogue of Brennan’s conjecture. Complex Var.
Theory Appl. 35, 27-32 (1998)

Koskela, P, Onninen, J., Tyson, J.T.: Quasihyperbolic boundary conditions and capacity: Poincaré
domains. Math. Ann. 323, 811-830 (2002)

Koskela, P, Reitich, F.: Holder continuity of Sobolev functions and quasiconformal mappings. Math. Z.
213, 457472 (1993)

Maz’ya, V.: Sobolev Spaces: With Applications to Elliptic Partial Differential Equations. Springer, Berlin
(2010)

Payne, L.E., Weinberger, H.F.: An optimal Poincaré inequality for convex domains. Arch. Ration. Mech.
Anal. 5, 286-292 (1960)

Pélya, G.: On the eigenvalues of vibrating membranes. Proc. Lond. Math. Soc. 11, 419-433 (1961)
Ukhlov, A.: On mappings, which induce embeddings of Sobolev spaces. Sib. Math. J. 34, 185-192 (1993)
Valtorta, D.: Sharp estimate on the first eigenvalue of the p-Laplacian. Nonlinear Anal. 75, 4974-4994
(2012)

Vodop’yanov, S.K., Gol’dstein, V.M.: Lattice isomorphisms of the spaces W,} and quasiconformal map-
pings. Sib. Math. J. 16, 224-246 (1975)

Vodop’yanov, S.K., Gol’dshtein, V.M., Reshetnyak, Yu.G.: On geometric properties of functions with
generalized first derivatives. Uspekhi Mat. Nauk 34, 17-65 (1979)

Vodop’yanov, S.K., Ukhlov, A.D.: Sobolev spaces and (P, Q)-quasiconformal mappings of Carnot
groups. Sib. Math. J. 39, 665-682 (1998)

Vodop’yanov, S.K., Ukhlov, A.D.: Superposition operators in Sobolev spaces. Russ. Math. (Izvestiya
VUZ) 46, 11-33 (2002)

Vodop’yanov, S.K., Ukhlov, A.D.: Set functions and their applications in the theory of Lebesgue and
Sobolev spaces. I. Sib. Adv. Math. 14, 78-125 (2004)

Zubelevich, J.: An elliptic equation with perturbed p-Laplace operator. J. Math. Anal. Appl. 328, 1188-
1195 (2007)

@ Springer



	Spectral estimates of the p-Laplace Neumann operator and Brennan's conjecture
	Abstract
	1 Introduction
	1.1 K-quasiconformal α-regular domains
	1.2 Brennan's conjecture
	1.3 Historical sketch
	1.4 Methods

	2 Composition operators and quasiconformal mappings
	3 Composition operators and Brennan's conjecture
	4 Poincaré–Sobolev inequalities
	5 Examples
	Acknowledgements
	References




