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Abstract:  In this study, bitopological structure which is a more general structure than topological 

spaces is built on neutrosophic sets. The necessary arguments which are pairwise neutrosophic open 

set, pairwise neutrosophic closed set, pairwise neutrosophic closure, pairwise neutrosophic interior 

are defined and their basic properties are presented. The relations of these concepts with their 

counterparts in neutrosophic topological spaces are given and many examples are presented.  

Keywords: Neutrosophic set; neutrosophic bitopological space; pairwise neutrosophic open (closed) 

set; pairwise neutrosophic interior; pairwise neutrosophic closure; pairwise neutrosophic 

neighbourhood. 

 

 

1. Introduction 

In recent years, the major factor in the progress of natural sciences and its sub-branches is the 

construction of new set structures in mathematics. It is the fuzzy set theory defined by Zadeh [19] 

that leads to these set structures. This set structure is followed by intuitionistic set theory [7], 

intuitionistic fuzzy set theory [1] and soft set theory [15]. Later, as a generalization of fuzzy set and 

intuitionistic fuzzy set, Samarandache [17] introduced neutrosophic set. Neutrosophic set N consist 

of three independent object called truth-membership TN(x), interminancy-membership IN(x) and 

falsity-memebership FN(x) whose values are real standard or non-standard subset of unit interval 

]−0, 1+[. Scientists continue to intensively study in different fields with this set structure [3, 4, 8, 14, 

15, 17, 18, 19, 20, 21, 22]. These set structures have been studied by some authors in topology [2, 5, 6, 

16, 18]. 

The concept of bitopological spaces was introduced by Kelly [13] as an extension of topological 

spaces in 1963. This concept has been studied with interest in other set structures [10, 12]. Therefore, 

we find it necessary and important to construct a bitopological spaces on the neutrosophic set 

structure. 

In this study, we presented bitopological spaces on neutrosophic set structure and some basic 

notions of this spaces, open (closed) set, closure, interior, neighbourhood systems are defined. In 

addition, the theorems required for this structure are proved and their relations with neutrosophic 

topological spaces are investigated. 

2. Preliminary  

In this section, we will give some preliminary information for the present study. 

Definition 2.1 [23] Let X  be a non empty set, then N = {⟨x, TN(x), IN(x), FN(x)⟩: x ∈ X}  is called a 

neutrosophic set on X , where  −0 ≤ TN(x) + IN(x) + FN(x) ≤ 3+  for all x ∈ X , TN(x),  IN(x)  and 

FN(x) ∈]−0, 1+[ are the degree of membership (namely TN(x)), the degree of indeterminacy (namely 
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IN(x)) and the degree of non membership (namely FN(x)) of each x ∈ X to the set N respectively. For 

X, ℵ(X) denotes the collection of all neutrosophic sets of X.  

 

Definition 2.2 [23] The following statements are true for neutrosophic sets N and M on X: 

i) TN(x) ≤ TM(x), IN(x) ≤ IM(x) and FN(x) ≥ FM(x) for all x ∈ X iff N ⊆ M. 

ii) N ⊆ M and M ⊆ N iff N = M. 

iii) N ∩ M = {⟨x, min{TN(x), TM(x)}, min{IN(x), IM(x)}, max{FN(x), FM(x)}⟩: x ∈ X}. 

iv) N ∪ M = {⟨x, max{TN(x), TM(x)}, max{IN(x), IM(x)}, min{FN(x), FM(x)}⟩: x ∈ X}. 

More generally, the intersection and the union of a collection of neutrosophic sets {Ni}i∈I, are defined 

by: 

∩
i∈I

Ni = {⟨x, inf{TNi
(x)}, inf{INi

(x)}, sup{FNi
(x)}⟩: x ∈ X}, 

∪
i∈I

Ni = {⟨x, sup{TNi
(x)}, sup{INi

(x)}, inf{FNi
(x)}⟩: x ∈ X}. 

   v) N is called neutrosophic universal set, denoted by 1X, if TN(x) = 1, IN(x) = 1 and FN(x) = 0 

for all x ∈ X. 

   vi) N is called neutrosophic empty set, denoted by 0X, if TN(x) = 0, IN(x) = 0 and FN(x) = 1 for 

all x ∈ X. 

   vii) N\M = {⟨x, |TN(x) − TM(x)|, |IN(x) − IM(x)|, 1 − |FN(x) − FM(x)|⟩: x ∈ X}.  Clearly, the 

neutrosophic complements of 1X and 0X are defined: 

(1X)c = 1X\1X = ⟨x, 0,0,1⟩ = 0X, 
(0X)c = 1X\0X = ⟨x, 1,1,0⟩ = 1X. 

  

Proposition 2.1 [23] Let N1, N2, N3 and N4 ∈ ℵ(X). Then followings hold: 

i) N1 ∩ N3 ⊆ N2 ∩ N4 and N1 ∪ N3 ⊆ N2 ∪ N4, if N1 ⊆ N2 and N3 ⊆ N4, 

ii) (N1
c)c = N1 and N1 ⊆ N2, if N2

c ⊆ N1
c, 

iii) (N1 ∩ N2)c = N1
c ∪ N2

c and (N1 ∪ N2)c = N1
c ∩ N2

c.  

 

Definition 2.3 [22] Let X be a non empty set. A neutrosophic topology on X is a subfamily τN of 

ℵ(X) such that 1X and 0X belong to τn, τn is closed under arbitrary union and τn is closed finite 

intersection. Then (X, τn) is called neutrosophic topological space, members of τn  are known as 

neutrosophic open sets and their complements are neutrosophic closed sets. For a neutrosophic set 

N over X, the neutrosophic interior and the neutrosophic closure of N are defined as: intn(N) =∪

{G: G ⊆ N, G ∈ τn} and cln(N) =∩ {F: N ⊆ F, Fc ∈ τn}.  

 

Definition 2.4 [9] Let X be a non empty set. If α, β, γ be real standard or non standard subsets of 

]−0, 1+[, then the neutrosophic set xα,β,γ is called a neutrosophic point in given by  

xα,β,γ(y) = {
(α, β, γ),       if x = y

(0,0,1),        if x ≠ y
 

for y ∈ X is called the support of xα,β,γ. 

It is clear that every neutrosophic set is the union of its neutrosophic points.  

 

Definition 2.5 [9] Let N ∈ ℵ(X). We say that xα,β,γ ∈ N read as belonging to the neutrosophic set N 

whenever α ≤ TN(x), β ≤ IN(x) and γ ≥ FN(x).  

 

Definition 2.6 [11] A subcollection τn
∗  of neutrosophic sets on a non empty set X is said to be a 

neutrosophic supra topology on X  if the sets 1X,  0X ∈ τn
∗  and ∪

∞

i=1
Ni ∈ τn

∗  for {Ni}i=1
∞ ∈ τn

∗ . Then 

(X, τn
∗ ) is called neutrosophic supra topological space on X. 

3. Neutrosophic Bitopological Spaces  
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Definition 3.1 Let (X, τ1
n)  and (X, τ2

n)  be the two different neutrosophic topologies on X . Then 

(X, τ1
n, τ2

n) is called a neutrosophic bitopological space.  

 

Definition 3.2 Let (X, τ1
n, τ2

n)  be a neutrosophic bitopological space. A neutrosophic set N =

{⟨x, TN(x), IN(x), FN(x)⟩: x ∈ X} over X is said to be a pairwise neutrosophic open set in (X, τ1
n, τ2

n) if 

there exist a neutrosophic open set N1 = {⟨x, TN1
(x), IN1

(x), FN1
(x)⟩: x ∈ X} in τ1

n and a neutrosophic 

open set N2 = {⟨x, TN2
(x), IN2

(x), FN2
(x)⟩: x ∈ X}  in τ2

n  such that N = N1 ∪ N2 =

{⟨x, max{TN1
(x), TN2

(x)}, max{IN1
(x), IN2

(x)}, min{FN1
(x), FN2

(x)}⟩: x ∈ X}. 

 

Definition 3.3 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. A neutrosophic set N over X is 

said to be a pairwise neutrosophic closed set in (X, τ1
n, τ2

n)  if its neutrosophic complement is a 

pairwise neutrosophic open set in (X, τ1
n, τ2

n) . Obviously, a neutrosophic set C =

{⟨x, TC(x), IC(x), FC(x)⟩: x ∈ X} over X is a pairwise neutrosophic closed set in (X, τ1
n, τ2

n) if there exist 

a neutrosophic closed set C1 = {⟨x, TC1
(x), IC1

(x), FC1
(x)⟩: x ∈ X} in (τ1

n)c and a neutrosophic closed 

set C2 = {⟨x, TC2
(x), IC2

(x), FC2
(x)⟩: x ∈ X}  in (τ2

n)c  such that C = C1 ∩ C2 =

{⟨x, min{TC1
(x), TC2

(x)}, min{IC1
(x), IC2

(x)}, max{FC1
(x), FC2

(x)}⟩: x ∈ X}, where 

(τi
n)c = {Nc ∈ ℵ(X): N ∈ τi

n}, i = 1,2. 

The family of all pairwise neutrosophic open (closed) sets in (X, τ1
n, τ2

n) is denoted by PNO(X, τ1
n, τ2

n) 

[PNC(X, τ1
n, τ2

n)], respectively.  

Example 3.1 Let X = {a, b, c}. We think that following neutrosophic set over X. 

N1 = {⟨a, 0.3,0.2,0.5⟩, ⟨b, 0.6,0.5,0.3⟩, ⟨c, 0.7,0.1,0.9⟩}, 

N2 = {⟨a, 0.4,0.1,0.3⟩, ⟨b, 0.2,0.6,0.7⟩, ⟨c, 0.1,0.3,0.4⟩}, 

N3 = {⟨a, 0.3,0.1,0.5⟩, ⟨b, 0.2,0.5,0.7⟩, ⟨c, 0.1,0.1,0.9⟩}, 

N4 = {⟨a, 0.4,0.2,0.3⟩, ⟨b, 0.6,0.6,0.3⟩, ⟨c, 0.7,0.3,0.4⟩} 

and 

M1 = {⟨a, 0.1,0.2,0.3⟩, ⟨b, 0.2,0.1,0.4⟩, ⟨c, 0.5,0.2,0.4⟩}, 

M2 = {⟨a, 0.7,0.3,0.1⟩, ⟨b, 0.7,0.8,0.2⟩, ⟨c, 0.9,0.8,0.3⟩}. 

Then (X, τ1
n, τ2

n) is a neutrosophic bitopological space, where  

τ1
n = {0X, 1X, N1, N2, N3, N4}, 

τ2
n = {0X, 1X, M1, M2}. 

Obviously, 

τ12
n = τ1

n ∪ τ2
n ∪ {N1 ∪ M1, N2 ∪ M1, N3 ∪ M1} 

because the neutrosophic sets N1 ∪ M1, N2 ∪ M1 and N3 ∪ M1 not belong to either τ1
n nor τ2

n.  

 

Theorem 3.1 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, 

  

   1. 0X and 1X are pairwise neutrosophic open sets and pairwise neutrosophic closed sets. 

   2. An arbitrary neutrosophic union of pairwise neutrosophic open sets is a pairwise neutrosophic 

open set. 

   3. An arbitrary neutrosophic intersection of pairwise neutrosophic closed sets is a pairwise 

neutrosophic closed set.  

Proof. 1. Since 0X ∈ τ1
n, τ2

n and 0X ∪ 0X = 0X, then 0X is a pairwise neutrosophic open set. Similarly, 

1X is a pairwise neutrosophic open set. 

2. Let {(Ni): i ∈ I} ⊆ PNO(X, τ1
n, τ2

n). Then Ni is a pairwise neutrosophic open set for all i ∈ I, therefore 

there exist Ni
1 ∈ τ1

n and Ni
2 ∈ τ2

n such that Ni = Ni
1 ∪ Ni

2 for all i ∈ I which implies that 

 ∪
i∈I

Ni = ∪
i∈I

[Ni
1 ∪ Ni

2] = [ ∪
i∈I

Ni
1] ∪ [ ∪

i∈I
Ni

2]. 

Now, since τ1
n and τ2

n are neutrosophic topologies, then [ ∪
i∈I

Ni
1] ∈ τ1

n and [ ∪
i∈I

Ni
2] ∈ τ2

n. Therefore, 

∪
i∈I

Ni is a pairwise neutrosophic open set. 

3. It is immediate from the Definition 9, Proposition 1.  
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Corollary 3.1 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, the family of all pairwise 

neutrosophic open sets is a supra neutrosophic topology on X. This supra neutrosophic topology we 

denoted by τ12
n .  

 

Remark 3.1 The Example 1 show that: 

1. τ12
n  is not neutrosophic topology in general. 

2. The finite neutrosophic intersection of pairwise neutrosophic open sets need not be a pairwise 

neutrosophic open set. 

3. The arbitrary neutrosophic union of pairwise neutrosophic closed sets need not be a pairwise 

neutrosophic closed set.  

Theorem 3.2 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, 

  

 1. Every τi
n −open neutrosophic set is a pairwise neutrosophic open set i = 1,2, i.e., τ1

n ∪ τ2
n ⊆ τ12

n . 

 2. Every τi
n −closed neutrosophic set is a pairwise neutrosophic closed set i = 1,2, i.e., (τ1

n)c ∪

(τ2
n)c ⊆ (τ12

n )c. 

 3. If τ1
n ⊆ τ2

n, then τ12
n = τ2

n and (τ12
n )c = (τ2

n)c.  

Proof. Straightforward.  

 

Definition 3.4 Let (X, τ1
n, τ2

n)  be a neutrosophic bitopological space and N ∈ ℵ(X) . The pairwise 

neutrosophic closure of N , denoted by clp
n(N) , is the neutrosophic intersection of all pairwise 

neutrosophic closed super sets of N, i.e., 
 clp

n(N) =∩ {C ∈ (τ12
n )c: N ⊆ C}. 

It is clear that clp
n(N) is the smallest pairwise neutrosophic closed set containing N.  

 

Example 3.2 Let (X, τ1
n, τ2

n) be the same as in Example 1 and  

G = {⟨a, 0.7,0.8,0.7⟩, ⟨b, 0.5,0.4,0.6⟩, ⟨c, 0.8,0.7,0.5⟩} be a neutrosophic set over X. 

Now, we need to determine pairwise neutrosophic closed sets in (X, τ1
n, τ2

n) to find clp
n(G). Then, 

N1
c = {⟨a, 0.7,0.8,0.5⟩, ⟨b, 0.4,0.5,0.7⟩, ⟨c, 0.3,0.9,0.1⟩}, 

N2
c = {⟨a, 0.6,0.9,0.7⟩, ⟨b, 0.8,0.4,0.3⟩, ⟨c, 0.9,0.7,0.6⟩}, 

N3
c = {⟨a, 0.7,0.9,0.5⟩, ⟨b, 0.8,0.5,0.3⟩, ⟨c, 0.9,0.9,0.1⟩}, 

N4
c = {⟨a, 0.6,0.8,0.7⟩, ⟨b, 0.4,0.4,0.7⟩, ⟨c, 0.3,0.7,0.6⟩}, 

 

M1
c = {⟨a, 0.9,0.8,0.7⟩, ⟨b, 0.8,0.9,0.6⟩, ⟨c, 0.5,0.8,0.6⟩}, 

M2
c = {⟨a, 0.3,0.7,0.9⟩, ⟨b, 0.3,0.2,0.8⟩, ⟨c, 0.1,0.2,0.7⟩}. 

and 

(N1 ∪ M1)c = {⟨a, 0.7,0.8,0.7⟩, ⟨b, 0.4,0.5,0.7⟩, ⟨c, 0.3,0.8,0.6⟩} 
(N2 ∪ M1)c = {⟨a, 0.6,0.8,0.7⟩, ⟨b, 0.8,0.4,0.6⟩, ⟨c, 0.5,0.7,0.6⟩} 
(N3 ∪ M1)c = {⟨a, 0.7,0.8,0.7⟩, ⟨b, 0.8,0.5,0.6⟩, ⟨c, 0.5,0.8,0.6⟩} 

 

In here, the pairwise neutrosophic closed sets which contains G  are N3
c  and 1X  it follows that 

clp
n(G) = N3

c ∩ 1X. Therefore, clp
n(G) = N3

c.  

 

Theorem 3.3 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space and N, M ∈ ℵ(X). Then, 

   1. clp
n(0X) = 0X and clp

n(1X) = 1X. 

   2. N ⊆ clp
n(N). 

   3. N is a pairwise neutrosophic closed set iff clp
n(N) = N. 

   4. N ⊆ M ⇒ clp
n(N) ⊆ clp

n(M). 

   5. clp
n(N) ∪ clp

n(M) ⊆ clp
n(N ∪ M). 

   6. clp
n[clp

n(N)] = clp
n(N), i.e., clp

n(N) is a pairwise neutrosophic closed set.  

 

Proof. Straightforward.  
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Theorem 3.4 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space and N ∈ ℵ(X). Then, 

  

xα,β,γ ∈ clp
n(N) ⇔ Uxα,β,γ

∩ N ≠ 0X, ∀Uxα,β,γ
∈ τ12

n (xα,β,γ), 

where Uxα,β,γ
 is any pairwise neutrosophic open set contains xα,β,γ and τ12

n (xα,β,γ) is the family of 

all pairwise neutrosophic open sets contains xα,β,γ.  

 

Proof. Let xα,β,γ ∈ clp
n(N) and suppose that there exists Uxα,β,γ

∈ τ12
n (xα,β,γ) such that Uxα,β,γ

∩ N = 0X. 

Then N ⊆ (Uxα,β,γ
)

c

, thus clp
n(N) ⊆ clp

n (Uxα,β,γ
)

c

= (Uxα,β,γ
)

c

 which implies clp
n(N) ∩ Uxα,β,γ

= 0X , a 

contradiction. 

Conversely, assume that xα,β,γ ∉ clp
n(N), then xα,β,γ ∈ [clp

n(N)]
c
. Thus, [clp

n(N)]
c

∈ τ12
n (xα,β,γ), so, by 

hypothesis, [clp
n(N)]

c
∩ N ≠ 0X, a contradiction.  

 

Theorem 3.5 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. A neutrosophic set N over X is a 

pairwise neutrosophic closed set iff N = clτ1
n (N) ∩ clτ2

n (N).  

 

Proof. Suppose that N is a pairwise neutrosophic closed set and xα,β,γ ∉ N. Then, xα,β,γ ∉ clp
n(N). 

Thus, [by Theorem 4], there exists Uxα,β,γ
∈ τ12

n (xα,β,γ)  such that Uxα,β,γ
∩ N = 0X . Since Uxα,β,γ

∈

τ12
n (xα,β,γ), then there exists M1 ∈ τ1

n and M2 ∈ τ2
n such that Uxα,β,γ

= M1 ∪ M2. Hence, (M1 ∪ M2) ∩

N = 0X  it follows that M1 ∩ N = 0X  and M2 ∩ N = 0X . Since xα,β,γ ∈ Uxα,β,γ
, then xα,β,γ ∈ M1  or 

xα,β,γ ∈ M2  implies, xα,β,γ ∉ clτ1
n (N)  or xα,β,γ ∉ clτ2

n (N) . Therefore, xα,β,γ ∉ clτ1
n (N)  ∩ clτ2

n (N) . Thus, 

clτ1
n (N)  ∩ clτ2

n (N) ⊆ N . On the other hand, we have N ⊆ clτ1
n (N)  ∩ clτ2

n (N) . Hence, N = clτ1
n (N) ∩

clτ2
n (N). 

Conversely, suppose that N = clτ1
n (N) ∩ clτ2

n (N). Since, clτ1
n (N) is a neutrosophic closed set in (X, τ1

n) 

and clτ2
n (N) is a neutrosophic closed set in (X, τ2

n) , then, [by Definition 9], clτ1
n (N) ∩ clτ2

n (N)  is a 

pairwise neutrosophic closed set in (X, τ1
n, τ2

n), so N is a pairwise neutrosophic closed set.  

 

Corollary 3.2 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, 

  
clp

n(N) = clτ1
n (N) ∩ clτ2

n (N), ∀N ∈ ℵ(X). 

 

Definition 3.5 An operator Ψ: ℵ(X) → ℵ(X)  is called a neutrosophic supra closure operator if it 

satisfies the following conditions for all N, M ∈ ℵ(X).  

   1. Ψ(0X) = 0X, 

   2. N ⊆ Ψ(N), 

   3. Ψ(N) ∪ Ψ(M) ⊆ Ψ(N ∪ M) 

   4. Ψ(Ψ(N)) = Ψ(N).  

 

Theorem 3.6 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, the operator clp
n: ℵ(X) →

ℵ(X) which defined by 
clp

n(N) = clτ1
n (N) ∩ clτ2

n (N) 

is neutrosophic supra closure operator and it is induced, a unique neutrosophic supra topology given 

by {N ∈ ℵ(X): clp
n(Nc) = Nc} which is precisely τ12

n .  

 

Proof. Straightforward.  
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Definition 3.6 Let (X, τ1
n, τ2

n)  be a neutrosophic bitopological space and N ∈ ℵ(X) . The pairwise 

neutrosophic interior of N,  denoted by intp
n(N) , is the neutrosophic union of all pairwise 

neutrosophic open subsets of N, i.e., 
intp

n(N) =∪ {M ∈ τ12
n : M ⊆ N}. 

Obviously, intp
n(N) is the biggest pairwise neutrosophic open set contained in N.  

 

Example 3.3 Let (X, τ1
n, τ2

n) be the same as in Example 1 and  

M = {⟨a, 0.3,0.4,0.2⟩, ⟨b, 0.5,0.7,0.1⟩, ⟨c, 0.8,0.7,0.3⟩} be a neutrosophic set over X. Then the pairwise 

neutrosophic open sets which containing in M are N3, M1, N3 ∪ M1 and 0X. Therefore, 

 
intp

n(M) = N3 ∪ M1 ∪ (N3 ∪ M1) ∪ 0X 

                                = N3 ∪ M1 

                                = {⟨a, 0.3,0.2,0.3⟩, ⟨b, 0.2,0.5,0.4⟩, ⟨c, 0.5,0.2,0.4⟩}. 

Theorem 3.7 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space and N, M ∈ ℵ(X). Then, 

   1. intp
n(0X) = 0X and intp

n(1X) = 1X, 

   2. intp
n(N) ⊆ N, 

   3. N is a pairwise neutrosophic open set iff intp
n(N) = N, 

   4. N ⊆ M ⇒ intp
n(N) ⊆ intp

n(M), 

   5. intp
n(N ∩ M) ⊆ intp

n(N) ∩ intp
n(M), 

   6. intp
n[intp

n(N)] = intp
n(N).  

Proof. Starightforward.  

 

Theorem 3.8 Let (X, τ1
n, τ2

n)  be a neutrosophic bitopological space and N ∈ ℵ(X) . Then, xα,β,γ ∈

intp
n(N) ⇔ ∃Uxα,β,γ

∈ τ12
n (xα,β,γ) such that Uxα,β,γ

⊆ N. 

  

Proof. Starightforward.  

 

Theorem 3.9 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. A neutrosophic set N over X is a 

pairwise neutrosophic open set iff N = intτ1
n (N) ∪ intτ2

n (N).  

 

Proof. Let N  be a pairwise neutrosophic open set. Since, intτi
n (N) ⊆ N , i = 1,2 , then intτ1

n (N) ∪

intτ2
n (N) ⊆ N. Now, let xα,β,γ ∈ N. Then, there exists Uxα,β,γ

1 ∈ τ1
n such that Uxα,β,γ

1 ⊆ N or there exists 

Uxα,β,γ
2 ∈ τ2

n such that Uxα,β,γ
2 ⊆ N, thus xα,β,γ ∈ intτ1

n (N) or xα,β,γ ∈ intτ2
n (N). Hence, xα,β,γ ∈ intτ1

n (N) ∪

intτ2
n (N). Therefore, N = intτ1

n (N) ∪ intτ2
n (N). 

Coversely, since intτ1
n (N) is a neutrosophic open set in (X, τ1

n) and intτ2
n (N) is a neutrosophic open 

set in (X, τ2
n) , then, [by Definition 8], intτ1

n (N) ∪ intτ2
n (N)  is a pairwise neutrosophic open set in 

(X, τ1
n, τ2

n). Thus, N is a pairwise neutrosophic open set.  

 

Corollary 3.3 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, 

  
intp

n(N) = intτ1
n (N) ∪ intτ2

n (N). 

  

Definition 3.7 An operator I: ℵ(X) → ℵ(X)  is called a neutrosophic supra interior operator if it 

satisfies the following conditions for all N, M ∈ ℵ(X).  

 

   1. I(0X) = 0X, 

   2. I(N) ⊆ N, 

   3. I(N ∩ M) ⊆ I(N) ∩ I(M) 

   4. I(I(N)) = I(N).  

 



Neutrosophic Sets and Systems, Vol. 30, 2019     94  

 

 

Taha Yasin Ozturk and Alkan Ozkan; Neutrosophic Bitopological Spaces     

 

Theorem 3.10 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, the operator intp
n: ℵ(X) →

ℵ(X) which defined by 
intp

n(N) = intτ1
n (N) ∪ intτ2

n (N) 

is neutrosophic supra interior operator and it is induced, a unique neutrosophic supra topology given 

by {N ∈ ℵ(X): intp
n(N) = N} which is precisely τ12

n .  

 

Proof. Straightforward.  

 

Theorem 3.11 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space and N ∈ ℵ(X). Then, 

   1. intp
n(N) = (clp

n(Nc))
c
. 

   2. clp
n(N) = (intp

n(Nc))
c
.  

 

Proof. Starightforward.  

 

Definition 3.8 Let (X, τ1
n, τ2

n)  be a neutrosophic bitopological space, N ∈ ℵ(X)  and xα,β,γ ∈ ℵ(X) . 

Then N  is said to be a pairwise neutrosophic neighborhood of xα,β,γ , if there exists a pairwise 

neutrosophic open set U  such that xα,β,γ ∈ U ⊆ N . The family of pairwise neutrosophic 

neighborhood of neutrosophic point xα,β,γ denoted by Nτ12
n (xα,β,γ).  

 

Theorem 3.12 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space and N ∈ ℵ(X). Then N is pairwise 

neutrosophic open set iff N is a pairwise neutrosophic neighborhood of its neutrosophic points.  

 

Proof. Let N be a pairwise neutrosophic open set and xα,β,γ ∈ N. Then xα,β,γ ∈ N ⊆ N. Therefore N is 

a pairwise neutrosophic neighborhood of xα,β,γ for each xα,β,γ ∈ N. 

Conversely, suppose that N is a pairwise neutrosophic neighborhood of its neutrosophic points and 

xα,β,γ ∈ N. Then there exists a pairwise neutrosophic open set U such that xα,β,γ ∈ U ⊆ N. Since  

 
N = ∪

xα,β,γ∈N
{xα,β,γ} ⊆ ∪

xα,β,γ∈N
U ∪

xα,β,γ∈N
N = N 

 

it follows that N is an union of pairwise neutrosophic open sets. Hence, N is a pairwise neutrosophic 

open set.  

 

Proposition 3.2 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space and  

{Nτ12
n (xα,β,γ): xα,β,γ ∈ ℵ(X)} be a system of pairwise neutrosophic neighborhoods. Then, 

   1. For every N ∈ Nτ12
n (xα,β,γ), xα,β,γ ∈ N; 

   2. N ∈ Nτ12
n (xα,β,γ) and N ⊆ M ⇒ M ∈ Nτ12

n (xα,β,γ); 

   3. N ∈ Nτ12
n (xα,β,γ) ⇒ ∃M ∈ Nτ12

n (xα,β,γ)  such that M ⊆ N  and M ∈ Nτ12
n (y

α ′ ,β ′ ,γ ′ ) , for every 

y
α ′ ,β ′ ,γ ′ ∈ M.  

 

Proof. Proofs of 1 and 2 are straightforward. 

3. Let N be a pairwise neutrosophic neighborhood of xα,β,γ, then there exists a pairwise neutrosophic 

open set M ∈ τ12
n  such that xα,β,γ ∈ M ⊆ N.  Since xα,β,γ ∈ M ⊆ M  can be written, then M ∈

Nτ12
n (xα,β,γ). From the Theorem 12, if M is pairwise neutrosophic open set then N is a pairwise 

neutrosophic neighborhood of its neutrosophic points, i.e., M ∈ Nτ12
n (y

α ′ ,β ′ ,γ ′ ), for every y
α ′ ,β ′ ,γ ′ ∈

M.  

 

Remark 3.2 Generally, N, M ∈ Nτ12
n (xα,β,γ) ⇒ N ∩ M ∉ Nτ12

n (xα,β,γ) . Actually, if N, M ∈ Nτ12
n (xα,β,γ) , 

there exist U1, U2 ∈ τ12
n  such that xα,β,γ ∈ U1 ⊆ N and xα,β,γ ∈ U2 ⊆ M . But U1 ∩ U2  need not be a 



Neutrosophic Sets and Systems, Vol. 30, 2019     95  

 

 

Taha Yasin Ozturk and Alkan Ozkan; Neutrosophic Bitopological Spaces     

 

pairwise neutrosophic open set .  Therefore, N ∩ M  need not be a pairwise neutrosophic 

neighborhood of xα,β,γ.  

 

Theorem 3.13 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then 

 

Nτ12
n (xα,β,γ) = Nτ1

n(xα,β,γ) ∪ Nτ2
n(xα,β,γ) 

for each xα,β,γ ∈ ℵ(X).  

 

Proof. Let xα,β,γ ∈ ℵ(X) be any neutrosophic point and N ∈ Nτ12
n (xα,β,γ). Then there exists a pairwise 

neutrosophic open set M ∈ τ12
n  such that xα,β,γ ∈ M ⊆ N. If M ∈ τ12

n , there exist M1 ∈ τ1
n and M2 ∈ τ2

n 

such that M = M1 ∪ M2. Since xα,β,γ ∈ M = M1 ∪ M2, then xα,β,γ ∈ M1 or xα,β,γ ∈ M2. So, xα,β,γ ∈ M1 ⊆

M ⊆ N or xα,β,γ ∈ M2 ⊆ M ⊆ N. In this case, N ∈ Nτ1
n(xα,β,γ) or N ∈ Nτ2

n(xα,β,γ), i.e., N ∈ Nτ1
n(xα,β,γ) ∪

Nτ2
n(xα,β,γ). 

Conversely, suppose that N ∈ Nτ1
n(xα,β,γ) ∪ Nτ2

n(xα,β,γ) . Then N ∈ Nτ1
n(xα,β,γ)  or N ∈ Nτ2

n(xα,β,γ) . 

Hence, there exists xα,β,γ ∈ M1 ∈ τ1
n or xα,β,γ ∈ M2 ∈ τ2

n such that xα,β,γ ∈ M1 ⊆ N and xα,β,γ ∈ M2 ⊆

N. As a result, xα,β,γ ∈ M1 ∪ M2 = M ⊆ N such that M ∈ τ12
n  i.e., N ∈ Nτ12

n (xα,β,γ).  

 

Definition 3.9 An operator ν: ℵ(X) → ℵ(X) is called a neutrosophic supra neighborhood operator if 

it satisfies the following conditions for all N, M ∈ ℵ(X).  

 

   1. ∀N ∈ ν(xα,β,γ), xα,β,γ ∈ N; 

   2. N ∈ ν(xα,β,γ) and N ⊆ M ⇒ M ∈ ν(xα,β,γ); 

   3. N ∈ ν(xα,β,γ) ⇒ ∃M ∈ ν(xα,β,γ) such that N ⊆ M and M ∈ ν (y
α ′ ,β ′ ,γ ′ ), y

α ′ ,β ′ ,γ ′ ∈ M.  

 

Theorem 3.14 Let (X, τ1
n, τ2

n) be a neutrosophic bitopological space. Then, the operator Nτ12
n : ℵ(X) →

ℵ(X) which defined by 

 

Nτ12
n (xα,β,γ) = Nτ1

n(xα,β,γ) ∪ Nτ2
n(xα,β,γ) 

 

is neutrosophic supra neighboorhod operator and it is induced, a unique neutrosophic supra 

topology given by {N ∈ ℵ(X): ∀xα,β,γ ∈ NforN ∈ Nτ12
n (xα,β,γ)} which is precisely τ12

n .  

4. Conclusions 

In this paper, neutrosophic bitopological spaces are presented. By defining open (closed) sets, 

interior, closure and neighbourhood systems, fundamentals theorems for neutrosophic bitopological 

spaces are proved and some examples on the subject are given. This paper is just a beginning of a 

new structure and we have studied a few ideas only, it will be necessary to carry out more theoretical 

research to establish a general framework for the practical application. In the future, using these 

notions, various classes of mappings on neutrosophic bitopological space, separation axioms on the 

neutrosophic bitopological spaces and many researchers can be studied 

Acknowledgements 

The authors are highly grateful to the Referees for their constructive suggestions.  

Conflicts of Interest 

The authors declare no conflict of interest. 

 



Neutrosophic Sets and Systems, Vol. 30, 2019     96  

 

 

Taha Yasin Ozturk and Alkan Ozkan; Neutrosophic Bitopological Spaces     

 

References 

1. Atanassov K. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20, 87-96. 

2. Bayramov S., Gunduz Aras C. (2014). On intuitionistic fuzzy soft topological spaces. TWMS J. Pure 

Appl. Math., 5(1), 66–79. 

3. Bera T., Mahapatra N. K. (2016). On neutrosophic soft function. Ann. Fuzzy Math. Inform., 12(1), 101–

119. 

4. Bera T., Mahapatra N. K. (2017). Introduction to neutrosophic soft topological space. Opsearch, 54(4), 

841–867. 

5. Cagman N., Karatas S., Enginoglu S. (2011). Soft topology. Comput. Math. Appl., 351–358. 

6. Chang C. L. (1968). Fuzzy topological spaces. J. Math. Anal. Appl., 24(1), 182–190. 

7. Coker D. (1996). A note on intuitionistic sets and intuitionistic points. Tr. J. of Mathematics, 20, 343-351. 

8. Deli I., Broumi S. (2015). Neutrosophic soft relations and some properties. Ann. Fuzzy Math. Inform., 

9(1), 169–182. 

9. Gündüz Aras C., Öztürk T. Y., Bayramov S. (2019). Seperation axioms on neutrosophic soft 

topological spaces. Turk. J. Math. 43, 498-510. 

10. Ittanagi, B. M. (2014). Soft bitopological spaces. International Journal of Computer Applications, 107(7), 1-

4. 

11. Jayaparthasarathy, G., Flower, V. F., & Dasan, M. A. (2019). Neutrosophic Supra Topological 

Applications in Data Mining Process. Neutrosophic Sets & Systems, 27. 

12. Kandil, A., Nouh, A. A., & El-Sheikh, S. A. (1995). On fuzzy bitopological spaces. Fuzzy sets and 

systems, 74(3), 353-363. 

13. Kelly, J. C. (1963). Bitopological spaces. Proceedings of the London Mathematical Society, 3(1), 71-89. 

14. Maji P. K. (2013). Neutrosophic soft set. Ann. Fuzzy Math. Inform., 5(1), 157–168. 

15. Mohana K , Christy V., (2019) F. Smarandache: On Multi-Criteria Decision Making problem via 

Bipolar Single-Valued Neutrosophic Settings  , Neutrosophic Sets and Systems, vol. 25, pp. 125-

135.  DOI: 10.5281/zenodo.2631512 

16. Molodtsov D. (1999). Soft Set Theory-First Results. Comput. Math. Appl., 37, 19-31. 

17. Nabeeh, N. A., Abdel-Basset, M., El-Ghareeb, H. A., & Aboelfetouh, A. (2019). Neutrosophic multi-

criteria decision making approach for iot-based enterprises. IEEE Access, 7, 59559-59574. 

18. Nabeeh, N. A., Smarandache, F., Abdel-Basset, M., El-Ghareeb, H. A., & Aboelfetouh, A. (2019). An 

integrated neutrosophic-topsis approach and its application to personnel selection: A new trend in 

brain processing and analysis. IEEE Access, 7, 29734-29744. 

19. Narmada Devi R., Dhavaseelan R., Jafari S., (2017). On Separation Axioms in an Ordered 

Neutrosophic Bitopological Space, Neutrosophic Sets and Systems, vol. 18, pp. 27-

36. http://doi.org/10.5281/zenodo.1175170 

20. Riad K. Al-Hamido, (2018). Neutrosophic Crisp Bi-Topological Spaces, Neutrosophic Sets and Systems, 

vol. 21, pp. 66-73. https://doi.org/10.5281/zenodo.1408695 

21. Saha, A., Broumi S. (2019) New Operators on Interval Valued Neutrosophic Sets, Neutrosophic Sets and 

Systems, vol. 28, pp. 128-137. DOI: 10.5281/zenodo.3382525 

22. Salma A. A., Alblowi S.A. (2012). Neutrosophic set and neutrosophic topological spaces. IOSR J. 

Math., 3(4), 31–35. 

http://fs.unm.edu/NSS/OnMultiCriteriaDecisionMaking.pdf
http://fs.unm.edu/NSS/OnMultiCriteriaDecisionMaking.pdf
https://zenodo.org/record/2631512#.XKkqC6SxXIU
http://fs.unm.edu/NSS/OnSeparationAxioms.pdf
http://fs.unm.edu/NSS/OnSeparationAxioms.pdf
http://doi.org/10.5281/zenodo.1175170
http://fs.unm.edu/NSS/NeutrosophicCrispBiTopologicalSpaces.pdf
https://doi.org/10.5281/zenodo.1408695
http://fs.unm.edu/NSS/NewOperatorsonIntervalValuedNeutrosophic.pdf
https://zenodo.org/record/3382525#.XWpCDnuxXIU


Neutrosophic Sets and Systems, Vol. 30, 2019     97  

 

 

Taha Yasin Ozturk and Alkan Ozkan; Neutrosophic Bitopological Spaces     

 

23. Smarandache, F. (2005). Neutrosophic set, a generalisation of the intuitionistic fuzzy sets. Int. J. Pure 

Appl. Math., 24, 287–297. 

24. Shabir M., Naz M. (2011). On soft topological spaces. Comput. Math. Appl., 61, 1786–1799. 

25. Zadeh L. A. (1965). Fuzzy Sets. Inform. Control, 8, 338-353.  

 

 

 

 

Received: Sep 24, 2019.  Accepted: Nov 28, 2019 

 


	Neutrosophic Bitopological Spaces
	Recommended Citation

	tmp.1578438097.pdf.piszs

