University of New Mexico

UNM Digital Repository

Faculty and Staff Publications Mathematics

2013

Special Type of Subset Topological Spaces

Florentin Smarandache
University of New Mexico, smarand@unm.edu

W.B. Vasantha Kandasamy
vasanthakandasamy@gmail.com

Follow this and additional works at: https://digitalrepository.unm.edu/math_fsp

Cf Part of the Algebra Commons, and the Analysis Commons

Recommended Citation
W.B. Vasantha Kandasamy & F. Smarandache. Special Type of Subset Topological Spaces. Ohio:
Educational Publishing, 2013.

This Book is brought to you for free and open access by the Mathematics at UNM Digital Repository. It has been
accepted for inclusion in Faculty and Staff Publications by an authorized administrator of UNM Digital Repository.
For more information, please contact amywinter@unm.edu, Isloane@salud.unm.edu, sarahrk@unm.edu.


https://digitalrepository.unm.edu/
https://digitalrepository.unm.edu/math_fsp
https://digitalrepository.unm.edu/math
https://digitalrepository.unm.edu/math_fsp?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F112&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/175?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F112&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/177?utm_source=digitalrepository.unm.edu%2Fmath_fsp%2F112&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:amywinter@unm.edu,%20lsloane@salud.unm.edu,%20sarahrk@unm.edu

/ .A‘ J
SPECIAL TYPE OF

SUBSET TOPOLOGICAL
SPACES

< Vv

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE

& B



Special Type of Subset
Topological Spaces

W. B. Vasantha Kandasamy
Florentin Smarandache

Educational Publisher Inc.
Ohio
2013



This book can be ordered from:

Education Publisher Inc.
1313 Chesapeake Ave.
Columbus, Ohio 43212,
USA

Toll Free: 1-866-880-5373

Copyright 2013 by Educational Publisher Inc. and the Authors

Peer reviewers:

Marius Coman, researcher, Bucharest, Romania.

Prof. Valeri Kroumov, Okayama University of Science, Japan.
Said Broumi, University of Hassan Il Mohammedia, Casablanca,
Morocco.

Dr. Stefan Vladutescu, University of Craiova, Romania.

Many books can be downloaded from the following
Digital Library of Science:
http://www.gallup.unm.edu/eBooks-otherformats.htm

ISBN-13: 978-1-59973-243-5
EAN: 9781599732435

Printed in the United States of America



CONTENTS

Preface

Chapter One
INTRODUCTION

Chapter Two
SPECIAL TYPES OF SUBSET TOPOLOGICAL
SPACES USING SEMIGROUPS AND GROUPS

Chapter Three
SPECIAL TYPES OF SUBSET TOPOLOGICAL
SPACES USING SEMIRINGS AND RINGS

Chapter Four
SUBSET SET IDEAL TOPOLOGICAL
SEMIRING SPACES

68

163



FURTHER READING 237

INDEX 239

ABOUT THE AUTHORS 241



PREFACE

In this book we construct special subset topological spaces
using subsets from semigroups or groups or rings or semirings.
Such study is carried out for the first time and it is both
interesting and innovative.

Suppose P is a semigroup and S is the collection of
all subsets of P together with the empty set, then S can be
given three types of topologies and all the three related
topological spaces are distinct and results in more types of
topological spaces. When the semigroup is finite, S gives
more types of finite topological spaces. The same is true in
case of groups also. Several interesting properties enjoyed
by them are also discussed in this book.

In case of subset semigroup using semigroup P we can have
subset set ideal topological spaces built using subsemigroups.
The advantage of this notion is we can have as many subset set
ideal topological spaces as the number of semigroups in P. In
case of subset semigroups using groups we can use the subset
subsemigroups to build subset set ideal topological spaces over
these subset semigroups. This is true in case of subset
semigroups which are built using semigroups also.

Finally these special subset topological spaces can also be
non commutative depending on the semigroup or the group.



Suppose we use the concept of semiring or a ring and build
a subset semiring, we can use them to construct six distinct
subset topological spaces of which three will be non
commutative; if the semiring or the ring used is non
commutative. This study is developed and described with
examples.

We can use the notion of set ideals and build subset set ideal
topological spaces over subsemirings of semirings or subrings
of rings.

In this case we have the notion of orthogonal topological
subspaces. We can use the subrings of a ring or subsemirings of
a semiring to construct subset set ideal topological spaces of the
six types. This is described and developed in this book.

We thank Dr. K.Kandasamy for proof reading and being
extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book authors introduce the notion of special subset
topological spaces of subsets from rings or semigroups or
semirings or groups. These subset semigroups and subset
semirings are given topological structures. In case of subset
semigroups we can give in general three topological space
structures in which two of the spaces inherit the operation from
the semigroup. On these subset semirings we can have six
distinct topological spaces of which five of them inherit the
operations of the ring or the semiring.

The speciality about these topological spaces is at times
when the basic structure used to build the subset semigroup or
subset semiring is non commutative so will be the topological

spaces Ty, T and T . However T has no meaning in case of
subset semigroups.

For more about these subset structures please refer [22-3].

For more about special topological spaces please refer [19-20].
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These topological spaces constructed using subset
semigroups and subset semirings can be of finite or infinite
order. Further we can associate trees related with these spaces.
Certainly these trees can find applications in several fields of
technology and engineering.

The notion of non commutative topological spaces is
interesting and these topological spaces have subset zero
divisors also these topological spaces have distinct pairs of
subspaces which annihilate each other.

These concepts are new only in case of topological spaces
T, T and T . Finally set ideal subset topological semiring
spaces and set ideal subset topological semigroup spaces are
constructed and several of their properties are derived. This
study leads to several topological spaces depending on the
subsemigroups (or subsemirings).



Chapter Two

SPECIAL TYPES OF SUBSET
TOPOLOGICAL SPACES USING
SEMIGROUPS AND GROUPS

In this chapter we build topological spaces using groups and
semigroups. These pave way to give more topological spaces
using the inherited operations of these basic algebraic structures.
Here we study them, describe them and derive several
properties associated with them.

DEFINITION 2.1: Let S be a collection of all subsets of a
semigroup (P, *); S is a subset semigroup under the operation
* We can define on S three types of topological spaces called
the ordinary or usual or standard type of topological spaces of
the semigroup P.

LetS'={¢} US.

T, = {S’, U, N} is the ordinary or usual or standard type of
topological space of a subset semigroup S.
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={S, U *and T, ={S’, N, *! will be known as the
speczal type of topological spaces of the subset semigroup

(S, ).

It is to be noted that T, and T~ are non commutative if the
semigroup (P, *) is non commutative.

We will give examples of them.

Example 2.1: Let S = {Collection of all subsets from the
semigroup (P, *) = {Z,, x} be the subset semigroup.

We see T, = {S" =S U {¢}, U, N}, T~ = {S’, N, x} and
To = {S, U, x} are the three topological spaces associated with
(P: *) = {ZIZa X}'

We just take A= {2,6,0,7,5} and B= {9, 8, 5, 3,4} in S.
Let A,B € T..

Wesee AUB ,6,0,7,5' U {9,8,5,3,4}

={2
{ s a ,4,5,6,7,8,9}

and AnB =1{2,6,0,7,5} n {9,8,5,3,4}
= {5} are in T,.

Consider A, B € T_.
AUB =1{2,6,0,7,5} v {9,8,5,3,4}
={0,2,3,4,5,7,8,9} and

5} x{9,8,5,3, 4}
8,4,10,11,1} arein To.

We see T, and T, are distinctly different as topological

spaces.
Now let A, B € T.
AxB =1{2,6,0,7,5} x{9,8,5,3,4}
={0,3,6,9,4,8,10, 11, 1}
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and AnNB ={2,6,0,7,5} n {9,8,5,3, 4}
= {5} are in T-.
T, is different from T, and topological spaces.
Thus using a semigroup we can get three different types of
subset topological spaces. All the three subset topological
spaces of this semigroup is commutative as (Zi;, x) is a

commutative semigroup.

Example 2.2: Let S; = {Collection of all subsets from the
semigroup (P, *) = {Z, x}} be the subset semigroup.

We have three subset semigroup topological spaces
associated with S;.

Take A= {0,5,3,4} and B={1,7,9, 10} € S;.
Let A,B e T,={S; =Su {0}, U, N};

AUB

£0,5,3,4 U {1,7,9, 10}
{0,5,3,4,1,7,9, 10}

b b

and AnB ={0,5,3,4} n {1,7,9, 10}
=¢areinT,,

the ordinary subset topological semigroup space of S;.

LetA,B e T;

AuB ={0,53,4tuU{1,7,9, 10}
={0,5,3,4,1,7,9, 10} and

AxB =1{0,5,3,4} x{1,7,9, 10}
=1{0,5,3,4,2,10,6,1, 8,7} are in T_.

Ty is a different subset topological semigroup space from
T,.
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Let A,B € T;

AnB ={0,5,3,4n{1,7,9, 10}
= {¢} and

AuB =1{0,5,3,4} U {1,7,9, 10}
=1{0,5,3,4,1,7,9, 10} are in T-.

T~ is a different subset topological semigroup spaces from
T, and T..

All the three spaces are commutative.
However it is pertinent to keep on record the subset
semigroup topological spaces given in example 2.1 and 2.2 are

different.

For we see in the subset semigroup S of example 2.1 we can
have for A, B € S\ {0}. A x B= {0} and this is not possible in
the subset semigroup S; of example 2.2.

Forany A, B € S;\ {0}
A xB=# {0}.

Consider A = {4, 8, 0} and B = {0, 3,9, 6} € S\ {0} in
example 2.1, A x B={4,8,0} x {0, 3,9, 6} = {0}.

This is not possible in S; given in example 2.2.

Inview of this we define the notion of subset topological
zero divisors in T and T-.

However both the subset topological spaces T, and T can
have subset topological zero divisors in T, and T~. T, is free

from subset topological zero divisors.

DEFINITION 2.2: Let
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S = {Collection of all subsets from the semigroup (P, *)} be the
subset semigroup. T, T, and T, be the subset semigroup
topological spaces of S. T and T, is said to have subset
topological zero divisors if for A, B € S\ {0}; 4 *B = {0}.

Example 2.3: Let S; = {Collection of all subsets from the
semigroup P = {C(Z6), x}} be the subset semigroup of P.
S; has subset topological zero divisors.

For take A = {8iF, 8, 4if, 12i¢} and B = {4i, 8if, 4, 0} € S;.

AxB = {8iy, 8, 4ip, 12ir} x {0, 4, 4ir, 8ir}
={0}.

Hence the claim.
Take A = {4i, 4} € S;.
A x B = {4ig, 4} x {4if, 4} = {0}.

Example 2.4: Let S, = {Collection of all subsets from the
semigroup P = {Z¢s x Z, x}} be the subset semigroup. T_ and
T~ the subset semigroup topological spaces of S, has subset
topological zero divisors.

Take A = {{(3, 5), (0, 0), (3, 0), (0, 5)} and
B = {(2,2), (4, 0), (0, 4), (2, 4), (4, 2), (2, 0), (4,0)} €Sa.

Clearly A x B = {{(3,5), (0, 0), (3, 0), (0, 5)} x {(2,2),
(4,0),(0,4),(2,4),(4,2),(2,0), (4,0}
={(0, 0)}.

Let M; = {Collection of all subsets from the subsemigroup
Zs x {0} } be the subset subsemigroup of S, and
M, = {Collection of all subsets from the subsemigroup {0} x
Z1o} be the subset subsemigroup of S.

M, and M, be subset subsemigroups; we can have subset
subsemigroup topological subspaces of M; and M,.
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Further M; x M, = {(0, 0)}, we define these topological
subspaces as orthogonal subset topological subspaces of S.

Let N; = {Collection of all subsets from the subsemigroup
({0, 3} x {0, 5})} be the subset subsemigroup.

Now we can build the three types of subset topological
subsemigroup subspaces T, T T, T TM: T, T

s 1o 9 (O O n 2
M, N, .
T2 and T ';

all the three subspaces are distinct and are of
finite order.

We also have trees associated with them; these trees will be
subtrees of the trees associated with the subset topological
semigroup spaces T,, T, and T respectively.

Example 2.5: Let

S = {Collection of all subsets from the semigroup P = (Z,4, x)}
be the subset semigroup. T, = {S' =S U {0}, U, N}, Ty, = {8,
U, x} and T~ = {S’, N, x} are the subset semigroup topological
spaces of S.

Wesee A= {0,12,6,18} and B={4,0, 8,12, 16} € S.
AxB =1{0,12,6,18} x {4,0, 8, 12, 16}
=10},

hence T, and T has subset topological zero divisors.

We say the subset topological semigroup spaces has subset
zero divisors.

All the five examples which we have seen are finite and are
commutative.

We now proceed onto give examples of subset semigroup
topological spaces which has infinite cardinality.
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Example 2.6: Let

S = {Collection of all subsets from the semigroup (Z, x)} be the
subset semigroup. T,, T, and T, be the subset topological
semigroup spaces of S.

All the three spaces are of infinite order.

Take A = {-5,6,8,-12, 7} and B= {0, -1, 5,2, -3, 15} €
To={Su {9}, U, N}

Wesee AUB ={-5 -12,7} v {0,-1,5,2,-3, 15}
= {0, -3,15,5,-5,6,8,-12,7}
and AN B ={-5,6,8,-12,7} n {0,-1,5,2,-3, 15}

= {0} are in T,.

T, is a commutative subset semigroup topological space of
infinite order and has no subset topological zero divisors.

LetA,B e T,={S, U, x}

VU {0,-1,5,2,-3, 15}

12,7
12,7,0,-1,5,2,-3, 15} and

6,8,
,6, 8, —
A xB =1{5,6,8,-12,7} x {0, -1, 5,2, -3, 15}
= {0, 5, -6, -8, 12, -7, 25, 30, 40, —60, 35, —10,
16,24, 14, 15, -18, 24, 36,21, -75, 90, 120,
180, 105} e T..

It is easily verified that T, is a subset semigroup topological
space which is commutative and of infinite order. T has no
subset topological zero divisors.

Let A, B € T where

ANnB ={-5,6,8,-12,7} n {0,-1,5,2,-3, 15}
= {¢} and
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AxB = {-5,6,8,-12,7} x {0,-1,5,2,-3, 15}

{0, 5, -6, -8, 12, -7, -25, 30, 40, —60, 35, 10,
16,24, 14,18, 15, -24, 36, -21, 75, 90, 120,
180, 105}

are in T~ T~ has no subset semigroup topological zero
divisors.

Example 2.7: Let S = {Collection of all subsets from the
semigroup {R" U {0}, +}} be the subset semigroup. T,=S' =S
U {d}, U, N}, To={S, U, +} and T~ = {S', N, +} are the three
subset semigroup topological spaces associated with S’ (or S).

All the three spaces are of infinite order and has no subset
semigroup topological zero divisors.

Let A= {3, V7, 5,10+ /3, 8/3}
andB= {0, 1, 5/\/7,3++2,5/7} € T..

AUB= {3,J7,5,10+ 3,83} U {0, 1, 5//7,
3+4/2,57)

= (3,V5,47,10+43,83,0,1, 5/\7,

3++/2,5/7) and

3,47, V5,10+ /3,831 " {0, 1, 5//7,

3+ 42,57}
= {¢} are in T,.

ANB

T, is a commutative subset topological semigroup space of
infinite order.

Infact whatever be the structure of the semigroup over
which the subset semigroup topological space T, is built, T, will
always a commutative subset semigroup topological space of S.
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Now for the same S we find for A, B € TU = {S, U, +} the
union and sum

AUB

A+B =

(3, V7, 5,10+ 3,83 U {0, 1, 5/\/7.,

3+ 42,57

3,37, V5, 10+ 3,83,0,1, 5/37,3+ 2,

5/7} and

(3,VJ7,~5,10+ 3,83} + 40,1, 5/\/7,
3+ 42,57}

3,7, 35,10+ +/3,83,4,1+J7,1+ 45,
11+43, 11/3,3 +5/7, 7 +5/7,

S5+ 5/7,10+ 3 + 5/NT .83+ 5/,
6+N2,3+7 2,342 +5,13+3 +
V2,83 +3+42,3+5/7, 7 +5/7, 5 +5/7,
10+ /3 +5/7,83+5/7} € T..

Ty is of infinite order commutative subset semigroup
topological space and does not contain subset semigroup
topological zero divisors.

LetA, B e T.={S, N, +}

ANB

A+B

(3, V7, 5,10+ 3,83 n {0, 1, 5//7.,

3+ 42,57
= ¢isin Tn.

(3,7, 5,10+ 3,83} + 40,1, 5/\/7,
3+ 42,57}
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= (3,7,5,10++3,83,4,1+ 7,
1+ 5, 11+ 3, 11/3, 5/3J7 +3, 5/7 +
V7,5/N7 ++35,10+ B3 +5/47,
83+ 5/\7,6+2,3+7 ++/2,3+
2 +7.,13+3 +42,83+3+42,
5/7+3, 7 +5/7,5+5/7,10+5/7+ /3,
8/3+5/7} are in Tn.

We see T has no subset topological zero divisors but is non
commutative and is of infinite order.

Example 2.8: Let S = {Collection of all subsets from the
semigroup P = {(Z U I), x}} be the subset semigroup. T,, T
and T, be the subset semigroup topological spaces of S which
will also be known as neutrosophic subset semigroup
topological spaces.

We see T and T~ has infinite number of zero divisors.
For take

A={I-1,31-3,91-9,10 - 10 6 — 61, 12 — 121} and
B = {8L, 0,91, 151, 1121} € T, (or T,.).

{1-1,31-3,91-9, 10— 101, 6 — 61, 12 — 121}
x {81, 0, 91, 151, 1121}
{0}.

AxB

Thus T, and T~ have infinite number of subset semigroup
topological zero divisors.

However if (Z U I) in the above example is replaced by (Z"
v {0} U I); T, T, and T, will continue to be a subset
semigroup topological space but T, and T~ will not have subset
semigroup topological zero divisors.
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Example 2.9: Let S = {Collection of all subsets from the

semigroup
1

XX

a3 a6

a

0

under the union operation ‘+’ so a; U a3 = a; + a3 = a;} be the
subset semigroup. T,, T, and T~ are subset semigroup
topological space of the subset semigroup S.

Let A = {a, a3, a4} and
B={0,a, 2,2} € T, ={S'=SuU {$}, U, N}.

AUB ={ajas a} U {0,a a, a;}
=10, a;, a,, a4, a4, a3} and

ANB = {ala az, 34} M {O, de, A2, al}
= {a;} are in T,.

A, BeT,,

AUB ={a; a3 a) U {0,asaa}
= {al, asz, dy4, 0, ag, az}

and

A+B ={aj, a3 a4} + {0, ag, a5, a;}
= {3.1, 1, asz, dy4, az}

are in T, and T, is distinctly different as subset semigroup
topological space from T..

LetA,B e T,

A+B ={aj, a3 a4 + {0, a6, 2, a1}
= {1, aj, a3, &, a4} and
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ANnB = {ala a3, 34} M {Oa g, d2, al}
= {a,} are in T-.

TA is different from T, and T,.

Thus we get three different subset semigroup topological
spaces all are of finite order and commutative. However T, and
T~ has no non trivial subset semigroup topological zero
divisors.

Suppose in the above example ‘+’ that is ‘U’ is replaced by
x that is N we see for the same A, B € T_or A, B € T, we see

AxB = {ala as, a4} X {Oa g, d2, al}
= {0, dg, a3, al} € Tm (OI‘ TU)

We see T, and T~ have subset semigroup topological zero
divisors given by;

A = {as, a¢} and B={as, 0} € T, and T.
A xB ={as a5} x {as5,0}
= {0}

is a subset semigroup topological zero divisor of T and T-.

Example 2.10: Let S = {Collection of all subsets from the
semigroup Z¢(g) where g = 0 under ‘x’} be the subset
semigroup.

Let T,, T, and T~ be the subset semigroup topological
spaces of S.

Clearly T, and T~ has subset topological zero divisors for
take A = {3g, 3, 0, g} and B = {2g, 4g, 0} € Ty (or T,).
We see A x B={3g, 3,0, g} x {2g, 4g, 0} = {0}.

Inview of all these examples we put forth the following
theorem.
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THEOREM 2.1: Let

S = {Collection of all subsets from the semigroup (P, *)} be the
subset semigroup. T, T. and T, be the subset semigroup
topological spaces of S. T. and T, has subset semigroup
topological zero divisors if the semigroup (P, *) has zero
divisors.

The proof is direct and hence left as an exercise to the
reader.

THEOREM 2.2: Let

S = {Collection of all subsets from semigroup (P, *)} be the
subset semigroup. T, T, and T, be subset semigroup
topological space of S. The subset semigrup topological spaces
T and T~ have no subset semigroup topological zero divisors if
(P, *) has no zero divisors.

Proof follows form the observations if A, B € T, (or T.)
A*B #{0}if A= {0} and B = {0}.

We now give more examples.

Example 2.11: Let S = {Collection of all subsets from the
matrix semigroup; (P, x) = {(a;, a5, a3, a4, as) | a, € Z, 1 <1 <
5}} be the subset semigroup. T,, T, and T, be the subset
semigroup topological spaces of S.

Ty and T~ has subset topological zero divisors. Further we
have subset semigroup topological subspaces of T, and T such
that M; x M; = {0}; 1 # j where M, = {Collection of all subsets
from the matrix subsemigroup P, = {(a;, 0,0, 0,0) | a, € Z} <
S, M, = {Collection of all subsets from the matrix subsemigroup
P, = {(0, a5, 0, 0, 0) | a, € Z} < S; M3 = {Collection of all
subsets from the matrix subsemigroup P; = {(0, 0, a3, 0, 0) | a; €
Z}y < S; My = {Collection of all subsets from the matrix
subsemigroup P, = {(0, 0, 0, a4, 0) | a4 € Z} < S and
M; = {Collection of all subsets from the matrix subsemigroup
Ps={(0,0,0,0, as) | as € Z} < S are the subset subsemigroup
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and we have related with these subset subsemigroups the subset
subsemigroup topological subspaces T'" and T ; 1 <i < 5.
We see M; x M= {0};1<1,j<5.

We have other subset semigroup topological zero divisors
also.

Take N; = {Collection of all subsets from the subsemigroup
Ps={(a;, 2, 0,0,0) | a,a, € Z} < P} < S and N, = {Collection
of all subsets from the subsemigroup P; = {(0, 0, a;, a,, a3) | ay,
A, a3 € Z} < P} < S are both subset semigroup topological
subspaces of T, T, and T such that N; x N, = {0} (for N;, N,
contained in T, and T,).

Example 2.12: Let S = {Collection of all subsets from the
semigroup

pieQ, 1<i<7}}

)
Il
Re"2e~Ra-Ra-ReRNe R

be the subset semigroup P under the natural product x,,.

T,, T, and T, are subset topological semigroup spaces.
Both T, and T has subset semigroup topological zero divisors.

Infact we have infinite number of subset zero divisors.
Further T, and T, has subset semigroup topological zero
divisors. T, and T~ has subset semigroup topological zero
divisors.

Take M, = {Collection of all subsets from the subsemigroup
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pLp2€Q}} =S

and

M, = {Collection of all subsets from the subsemigroup

0

b,
P,=4p, || PpP2€Q}} =S

and
M; = {Collection of all subsets from the subsemigroup

S O O O

P;= pLP»P3€QcP} S

are the subset subsemigroups of S.

| 23
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We see P; x P; = ;1 <1, )<3,1#].

S O O O O O O

We see if P, Ty (or T); 1 <1 < 3 are subset subsemigroup
topological subspaces and are such that

PiXPj: ,1S1,_]S3,1¢_],

S O O O O O O

which is a product subset semigroup topological subspaces, is a
zero divisor in T, and T-.

We have infinite number of subset zero divisors.

s8] 17]] o 1 [ 0 ][-9/19]
0||0][5/7||8/13] |-5/2|| 0
o/{of] o 0 0 0
Take A=<[0[,/0],] O [,/ O |,| O || ©
o/{of] o 0 0 0
o||o]] o 0 0 0
oj[ojlojLo || o[ o |
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0 0 0
0 0
3/7 -11 -9
and B = O Ll 0 || 6 € S;
0 -13/211]9/2
0 0 3/17
|5/11) [ -11/2]|5/23]

(518171 o ] [ 0 ][-9/19]
0[[0|]|5/7]]|8/13 =5/2 0
00 0 0 0 0
AxB=<01[/01[] O [,|] O |, 0O |,/ O X
0(]0 0 0 0 0
0[]0 0 0 0 0
0f{0jL oL o0 ][ 0 [ O |
o [ o [ 0 ]
0 0
3/7 —-11 -9
0 [,/ 0 || 6
0 —13/2 (1] 9/2
0 0 3/17
| S/11] | ~11/2] | 5/23]

is a subset zero divisor.

Il
S O O o o o ©
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S has infinite number of subset zero divisors. Further T,
and T has infinite number of subset semigroup topological zero
divisor subspaces. Even if Q is replaced by Q" U {0} or (Q U I)
or R or R" U {0} or (R U I) or C or {(C U I) we have the same
conclusions to be true.

That is T, and T has infinite number of subset semigroup
topological zero divisors subspaces.

Example 2.13: Let S = {Collection of all subsets from the
semigroup Zi, x Z; x Z;s} be the subset semigroup. T,, T, and
T, are the three subset semigroup topological spaces.

Clearly S has only finite number of subset zero divisors.
Further T, and T, has only finite number of subset semigroup
topological zero divisors.

Take A = {(4, 0, 5), (6, 0, 10), (8, 0, 0)} and
B = {(6, 0, 3), (0, 5, 0), (6, 5, 09), (6,7, 3)} € T, (or T,)

We see
A xB

{(4,0,5),(6,0,10),(8,0,0)} x {(6,0, 3),
0,5,0), (6,5,09),(6,7,3)}
{(0, 0, 0)}.

We see T, (and T.) have only finite number of subset
topological subspaces.

Example 2.14: Let S = {Collection of all subsets from the

semigroup C(Zis) (g1, &, 83); & = &1 & = & g =0, &g =
gigi=0,1#], 1 <1,j <3} be the subset semigroup.

o(S) <. T, Ty and T are subset semigroup topological
spaces of finite order.

We have only finite number of subset zero divisors.

Let A = {5gi, 3gz, 10irg, irg2, 10g; + 6irg,, 142>} and
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B = {g;, 7g3, 6irg;3, 8irg;} € Ty is such that
AxB={0}asgg=0ifi#j,1<ij<3.

Let M; = {Collection of all subsets from the subsemigroup
C(Zi5)g1} < S and M, = {Collection of all subsets from the
subsemigroup C(Z;5)g,} < S be the subset subsemigroup.

", T, T and T are subset subsemigroup
topological subspaces.

We see M; x M, = {0}, however we have only finite
number of zero divisors, so only finite number of subset

semigroup topological subspaces.

Example 2.15: Let S = {Collection of all subsets from the
semigroup

P {al a, a; a, a aé}
a7 aS a9 alO all alZ

be the subset semigroup.

a; € C(Zlg), 1<i1< 12}}

Ty and T, are the subset semigroup topological spaces.

We have only finite number of subset zero divisors and
subset semigroup topological subspaces.

Example 2.16: Let S = {Collection of all subsets from the

semigroup
P — al a2
a, a,

be the subset semigroup.

a € Z(g), 1 <i<4}}
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T,, Tu and T, are subset semigroup topological spaces of S.
Ty and T~ have subset zero divisors.
Further M; = {Collection of all subsets from the

) a, 0
subsemigroup P; =
a, 0

M, = {Collection of all subsets from the subsemigroup

]

subset subsemigroup topological subspaces of T, (or T).

a, & € Z(g) }} < Ty (or Tr) and

a, a € Z(g) }} < To (or T,) are the

0

Clearly M; x M, = {(0

0
0]} Every element A € M, is

0 0
such that for every B € M, we have A x B = {(0 0]} .

Infact S has infinite number of subset zero divisors.

Example 2.17: Let S = {Collection of all subsets from the

semigroup
al a2
M=<la, a,||a €ZisxZu;x, <i<6}}
aS a6

be the subset semigroup. T,, T, and T be the subset semigroup
topological spaces of S.

3,2) 4,51]]06,00 (2,2)
Let A= 4] (0,1) (83)[,| (4,5 (7,3)
(7,3) 4,911](0,5 (2,0
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(3,6) (4,0)
and B=<((0,7) (L2) |y €S.
(3,5 ((,1)
(3,2) 4,510,000 (2,2
Ax,B=41(0,1) (83|, (4,5 ((7,3) ]| xa
(7,3) 4,911]00,5 (2,
(3,6) (4,0)
0,7y (1,2)
(3,5 (1,1

9,12)  (1,0) ] [(12,0) (8,0)
=:1(0,7)  (86) |, (0,11) (7,6) |} € T, (T.).
6,15) (13,9) || (0,1) (14,1)

This is the way the operation of the semigroup is carried
into the subset semigroup topological spaces.

3,6) (5,2) 5.4 (3,12)
LetA=14[(3,12) (10,8)]} and B=1[(10,8) (6,6) |} € S.
(0,4) (5,0 (9,6) (3,19)

We find

(3,6) (5,2) (5,4) (3,12)
Ax,B= {(3,12) (10,8) |} x, 1| (10,8) (6,6)
(0,4) (5,0 (9,6) (3,19)
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(0,0) (0,0
= 41(0,0) (0,0) |; is a subset zero divisors of S.
(0,0) (0,0

Example 2.18: Let S = {Collection of all subsets from the
semigroup

a € Z12}}

M= {iaixi
i=0

be the subset semigroup. T,, T, and T~ are subset semigroup
topological spaces.

T,, T, and T, are of infinite order. We have subset zero
divisors.

Take A = {3x®+ 6x* + 9, 6x° + 3x + 9x + 6, 3x* + 9} and

B={4x’+8x +4,4x* +8, 4x* + 8x* + 8,8x + 8} € S.

We see A x B = {0} is a subset zero divisors of S.

Example 2.19: Let S = {Collection of all subsets from the
semigroup

aeZ U0}

P= {i ax'
i=0

be the subset semigroup.
T,, Tu and T, are the subset semigroup topological spaces.
S has no subset zero divisors.

Example 2.20 : Let S = {Collection of all subsets from the
semigroup
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o [laeZ ui{0} 1<i<15}}

be the subset semigroup.

T,, Ty and T, are subset semigroup topological spaces. T,
and T, are subset topological zero divisors.

We see M; = {Collection of all subsets from the
subsemigroup
[0 a, O]
0 a, O
P/={10 a, 0||laeZ U{0};1<i<5}}cPlcTy
0 a, O
10 a; 0]

(or T,) and M, = {Collection of all subsets from the
subsemigroup

P, aeZ U{0};1<i<5 Py cT,

Il
S O O o O
S O O o O
o
w

(or T) be two subset semigroup topological subspaces.
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We see P; x P, =

oS o o o O
oS o o o O
S O O o O

Infact T, and T~ have infinite number of subset semigroup
topological zero divisors.

Example 2.21: Let S = {Collection of all subsets from the
semigroup P = Q" U {0} under ‘+’} be the subset semigroup.
M = {Collection of all subsets from the subsemigroup
P, =Z" U {0} under +} be the subset semigroup. Now if T,, T,

and T, are subset semigroup topological spaces of S. T, T™

and TV are subset subsemigroup of T,, T_ and T, respectively.

Infact T,, T, and T~ contain infinitely many subset
subsemigroup topological subspaces.

Example 2.22: Let

S = {Collection all subsets from the semigroup C(Zso)} be the
subset semigroup. T,, T, and T, are the subset topological
semigroup spaces.

Let M = {Collection of all subsets from the subsemigroup
Z3} < S be the subset semigroup. Tg‘/[ , T\I:A and T}f are

subset subsemigroup topological subspaces of T,, T, and T~
respectively.

However T,, T, and T~ have only a finite number of subset
subsemigroup topological subspaces.

Example 2.23: Let S = {Collection all subsets from the
semigroup P = {(aj, ay, a3, a4, as, a) | 8, € Zsp; 1 <1 <6} be the
subset semigroup T,, T, and T~ be the subset semigroup
topological spaces of S. S has only a finite number of subset
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subsemigroups. T, T, and T. have only finite number of
subset subsemigroup topological subspaces.

Example 2.24: Let S = {Collection of all subsets from the
semigroup L = {L, x =}

1 2

a; a
az >

g as

be the subset semigroup. T,, T, and T, be the subset
semigroup topological spaces.

Let A={a;,a;,0} and B = {as, a, 1, a3} € T,

We see
AUB = {ala a3, O} U {aSa a, 1: a3}
= {07 17 ay, a, a3, aS}

and ANB = {ah as, 0} M {35, a, 17 33}
= {a;} arein T,

LetA,B e T,
AUB ={aj, a3 0} U{as, a1, a3}
={0, 1, aj, ay, a3, as}
and
AxB ={aj a3 0} x {as, a5, 1, a3}
= {0, aj, as, as} are in T_.

T, and T, are two different subset semigroup topological
spaces.
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LetA,B e T,
AxB = {alza?n O} Y {357 ay, 1,33}
= {05 ai, as, aS}
and

AnNB = {al, asz, O} M {3.5, a, 1, 8.3}
= {a3} are in T~.

We see T, is different from T, and T, as topological
spaces.
o(T,)=2"-1 and o(T,) = o(T~) =2".

If in the above example we use the lattice ‘U’ as + we get
T, and T to be different for the + on S.

For the same A, B € T_.

We get

A+B = {ala as, 0} + {35, a, 1, 33}
=11, ay, a3, as, a;}
#zANBorAuBorA xB.

However T, is the same be the semilattice L under U or .

We have subset subsemigroup topological subspaces of T,,
T, and T-.

Example 2.25: Let S = {Collection of all subsets from the
semigroup Z,S(3) under product} be the subset semigroup.
Clearly S is non commutative so the spaces T, and T~ will be
non commutative subset topological semigroup subspaces.

1 2 3 1 2 3 1 2 3
For take A = + 1+ and
1 3 2 321 2 31
1 2 3 1 2 3
B=<1+ + e T,
1 3 2 21 3
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1 2 3 1 2 3 1 23
Wesee ANB= + 1+
1 3 2 321 2 31
1 23 1 23
+ 41+ +
1 3 2 213

={¢} =B Aand
{(1 2 3] [1 2 3) [1 2 3]}
AuUB= + 1+ U
13 2) 13 21 2 3 1
1+ +
13 2) 121 3
{(123} [123} (123)
= + 1+ ,
13 2) 13 21 2 31

1 2 3 1 2 3 .
1+ + =BuUAareinT,.
1 3 2 2 1 3

Thus T, is a subset semigroup topological space which is
clearly commutative.

Let A,B € T, = {S, U, x} we find

wos- {20 g2 )
(32673
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{03063 )

1 2 3

2 3

1 2 3 1
+ +
1 3 2 2

1 2 3 1 2 3
AxB= + 1+
1 3 2 3 21

1 23 1 2 3 1 23
= + + +
2 31 321 2 1 3

1 2 3
+1+ +
1 3 2
1 23 1 2
+ +
3 21 1 2

—_ = =
W N W N
N

i3 )6 2

)

1

J

2 3
1 3

1 2
2 3

2 3

3 1
+
3 2 3

]} and

SN

)

)
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1 2 3 1 23 1 2 3 1 23
= + + + ,
1 3 2 3 21 1 23 31 2
1 23 1 23 1 2 3 1 23
+ 1+ + +
(3 1 2] [2 3 J (1 3 2) (2 1 3]
1 2 3 1 23 1 23
+ + LG
(2 3 J [2 1 3] [3 2 1]}

Clearly I and II are different so A x B # B x A. Thus T,
and T~ are non commutative subset semigroup topological
spaces of finite order. So by using a non commutative

semigroup we get non commutative subset semigroup
topological spaces.

However T, and T~ has subset subsemigroup topological
subspaces which are commutative. For take M; = {Collection
of all subsets from the commutative subsemigroup Z,P; where

1 2 3)(1 2 3\(1 2 3
Pi=31= , , c S S
1 2 3002 3 1)13 1 2

M, is a commutative subset subsemigroup of S. T"" and T™

are commutative subset subsemigroup topological subspaces of
Ty and T respectively.

In views of this we just give the following result.

THEOREM 2.3: Let

S = {Collection of all subsets from the semigroup (P, *)} be the
subset semigroup.

(i) T, is always subset semigroup topological space
which is commutative.
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(i) T. and T, are non commutative subset semigroup
topological space if and only if the semigroup (P, *)
s a non commutative semigroup.

The proof is direct hence left as an exercise to the reader.

Example 2.26: Let S = {Collection of all subsets from the
semigroup ZsA, under x} be the subset semigroup. T, is a
subset semigroup commutative topological space but T and T

are both non commutative subset semigroup topological spaces
of S.

Now we proceed on to describe the notion of subset
semigroup Smarandache topological space (subset Smarandache
semigroup topological space) in the following.

DEFINITION 2.3: Let

S = {Collection of all subsets from the semigroup {P, *}} be the
subset semigroup. Suppose (P, *) is a Smarandache semigroup
then we know S is also a S-subset semigroup. If S is a S-subset
semigroup then we call T,, T, and T to be Smarandache subset
semigroup topological spaces.

We will illustrate this situation by an example or two.

Example 2.27: Let S = {Collection of all subsets from the
semigroup P = (ZS;y, x)} be the subset semigroup. T,, T, and
T~ are subset semigroup topological spaces of infinite order.
Both T, and T, are non commutative as subset semigroup
topological spaces but T, is a commutative semigroup
topological spaces.

We see Ty, and T has several subset semigroup topological
which are commutative.

We see T,, T, and T, are all Smarandache subset
semigroup topological spaces of infinite order.
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Example 2.28: Let S = {Collection of all subsets from the
semigroup (P, x) = {(ai, a, a3, a; ) | ai € D7 = {a, b | a’=b' =
1, bab =a}, 1 <1< 4} be the subset semigroup.

S is a Smarandache subset semigroup.
Let A = {(ab, a, 1, b), (b, b*, 1, a), (b, b, b, a)} and

B ={(a, a, 1, b), (b, ab, ab’, 1)} € T, (T_ and T,).
Let A,B € Ty (or T.).

AxB=  {(ab,a, 1,b), (b, b 1, a), (b, b, b, a)} x
{(a, a, 1, b), (b, ab, ab’, 1)}

= {(aba, 1, 1b%), (ba, b’a, 1, ab), (ba, ba, b, ab),
(ab’, b, ab®, b), (b bab, ab* a) (b, bab, bab?,
a)} € Ty (or T.).

It is easily verified A x B= B x A for A, B € T, (or T)

Further Ty, T, and T~ are subset Smarandache semigroup
topological spaces of finite order which is non commutative.

However T, and T, has subset semigroup topological
subspaces which are commutative.

For take M; = {Collection of all subsets from the
subsemigroup Py = {(a;, a, a3, as) |a; € {b|b' =1}; 1 <i<7}}
c S; M, is a subset topological subsemigroup subspace of Ty
and T-.

Example 2.29: Let S = {Collection of all subsets from the
semigroup
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3 € Ay Xy 1 <16}

be the subset semigroup.

T,, Tu and T be the subset semigroup topological spaces of
S.

T, and T, are finite non commutative subset semigroup
topological spaces.

T,, To and T, are all Smarandache subset semigroup
topological spaces of S.

(1 2 3 2 3 4
(214 314J
12 3 2 3 4
[134 314}
Take A = and B = 1 eS
1
1
1 2 3 2 3 4
(231 241}_
(whereIZ(1 23 4}}
1 2 3 4
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We find A x, B=

|

—
W N =

1 2 3

2 3

1

— NN

A W B~ W

1 2 3 4
2 4 31

|

W N W N
—_— W = W

3 2 4




42 | Special Type of Subset Topological Spaces

Now B x, A =

Clearly I and II are different thus A x, B # B X, A; so the
subset semigroup topological spaces T, and T, are non

commutative.

However both T, and T~ contain many subset semigroup

[\
W NN W N

t

—_— W = W
>~ &
N—

AW
- &
N—

N S L
—_— W N W
w

1

1

1
2 3 4
3 4 2

|

|

—_
W N = N

1 2
2 3

topological subspaces which are commutative.

Example 2.30: Let S = {Collection of all subsets from the

semigroup

S~ W o Now

3
1

i
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c
f|la,b,c,d, e f,ghieS;xDy4}}

a
(P, x,)=4|d
g 1

s o o

be the subset semigroup. S is of finite order. S is a non
commutative subset semigroup.

Further T,, T, and T, are finite subset semigroup
topological spaces which are Smarandache. T_ and T, are
finite subset subsemigroup Smarandache non commutative
topological spaces.

[ (La) (p.D)  (Lb) ]
LetA=3| (L) (p,,1) (Lb*) |} and
(LD (P, (p,5b7)

[(p,b) (p3,D) (L) ]
B=1| (L) (p,,1) (Lab®) |} € T, (or T,).
| (Lab)  (ps,1) (py»ab) |

We show A x, B #B x, A.

Consider

(La) (p, ) (Lb)
Ax,B=3 (L) (p,,1) (1Lb*) [} xu
1LY) (ps,D) (py,b))

(p1,b) (p5,)  (La)
LD (pe.D) (L,ab%)
(1,ab)  (ps,1) (p,.ab)
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owbere (1= [1 23 1 2 3 12 3
where {1 = , P1 — , P2 = 5
123 i3 22T s 2

1 2 3 123 1 2 3
= ’: an: .
PPy 3P 3 PB57l3 1 o

(p;,ab)  (ps,1) (I,ba) |
= (L1) (p,,1)  (1,b%ab%) 1
(1,b’ab) (p;,b*) (ps.b’ab)

(b)) (ps,) (L) |
Bx, A=3| (L) (p,.1) (L,ab®) |} x,
(1,ab)  (ps,1) (p;,ab) |

La) (p,)  (Lb)
LD (D) (LD
LbY) (0,1 (py,b)

(p;,ba)  (ps,1)  (Lab)
= (1L,1) (p;.)  (1,a) LI
(La) (p, ’bz) (p;»2)

Clearly I and II are distinct so A x, B # B x, A, hence T,
and T, are non commutative subset semigroup topological
spaces.

Next if we replace the semigroup by a group in the
definition 2.1 then we define S to be a group subset semigroup.
We also define T,, T, and T, as group subset semigroup
topological spaces of S.

We will just illustrate them by a few examples.
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Example 2.31: Let

S = {Collection of all subsets from the group G =R\ {0}, x} be
the group subset semigroup. T,, T, and T, are group subset
semigroup topological spaces of infinite order which is
commutative.

A=1{4,8, 3,7+1,0} and
B={2,1/4, V19 ,3,13,1} € S

AxB =1{4,8 3,J7+1,0} x {2, 1/4, 19 ,3, 13, 1}
= {4,8,\/3,4/7+1,0,16, 24/3,2+ 247, 1,
2,334, J7+1/4, 419, 819, /57,
J7x19+ 19, 12,24, 343, 347 +3,
413,813, V39, V71x13+ 13} e T,

(and T).

All of the spaces are of infinite order and T,, T, and T~
have infinite number of subset semigroup topological subspaces
and all of them are infinite order except.

W = {Collection of all subsets from the subgroup {1, —1}}
cS.

W = {0, {1}, {-1}, {1, -1}} < S is a subset semigroup.

T, TV and TV is a group subset semigroup topological

o °

subspaces of finite order.

{1’_1}

{1} =1}

is the tree associated with T." .
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Example 2.32: Let

S = {Collection of all subsets from the group S;} be the group
subset semigroup. Clearly S is non commutative. T,, T, and T
are group subset semigroup topological spaces. T, and T are
non commutative and all the three spaces are of finite order. All
the three spaces have group subset semigroup topological
subspaces some of which are commutative.

Example 2.33: Let

S = {Collection of all subsets from the group D,y x S; x As} be
the group subset semigroup. S is non commutative and is of
finite order. T, T, and T, are group subset semigroup
topological spaces of finite order. However the spaces T and
T~ are non commutative but both contain commutative
subspaces.

Now having seen examples of group semigroup subsets of
infinite and finite order and their related group subset
topological semigroup spaces we can also define set ideals
subset semigroup topological spaces of subset group semigroup.

We will illustrate this situation by some examples.

Example 2.34: Let
S = {Collection of all subsets from the semigroup (Z,, x)} be
the semigroup.

Let B = {0, 3, 6, 9} < {Z», x} be the subsemigroup of
{Z15, x}. Now let
M = {Collection of all set ideals of S over the subset group B}.

M can be given a topology and T, T" and T° will be
known as the subset set ideal subsemigroup topological spaces

associated with the subsemigroup B; where T = (M’ = M U
{0}, U,N}, TO = {M, U, x} and T2 = {M’, ", x}.
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By = {0, 1, 11} < (Z15, x) is a subsemigroup of Z,.
Collection of all set ideals of S over (or relative to B,) is
M, = {{0}, {0, 1, 11}, {2, 0, 10}, {3, 0, 9}, {0, 4, 8}, {0, 5, 7},
{0, 6}, {0, 1, 11,2, 10}, {0, 1, 11, 6}, {0, 1, 11, 3,9}, {0, 1, 11,
4,8}4,1{0,1,11,5,7},. {0, 2, 10, 3, 9}, {0, 2, 10,4, 8}, ... {0, 1,
2,3,4,5,6,7,8,9,10, 11}}.

NowTM, T and T are subset set ideal subsemigroup
topological spaces relative to the subsemigroup B, = {0, 1, 11}.

Let B, = {0, 4} < (Z1,, %) be a subsemigroup of Z,.

The collection of all set ideal of S over the subsemigroup B,
be M, then M, = {{0}, {0, 1, 4}, {0, 2, 8}, {0, 3}, {0, 4}, {0, 5,
8}, {0, 6}, {0, 7,4}, {0, 8}, {0, 9}, {0, 10, 4}, {0, 11, 8} ..., {0,
1,2,...,11}} < S gives T;wz, TS/IZ and Tffz as the set ideal
subset semigroup topological spaces relative to the
subsemigroup B, = {0, 4}.

Suppose {0, 6} < Z, is a subsemigroup of Z;;. We can
have M3 to be the collection of all subset semigroup S over Bs;
M; = {{0}, {0, 2}, {0, 3, 6}, {0, 4}, {0, 6, 5}, {0, 7, 6}, {0, 8},
{0, 6}, {0, 9, 6}, {0, 10}, {0, 11,6}, ... {0,1,2, ..., 11}} =S'is
such that T, T" and T are the set subset ideal
semigroup topological spaces of S relative to the subsemigroup
B; = {0, 6}. Take B4 = {1, 5, 0} the subsemigroup of S. Let M,
= {Collection of all subset set ideals from S relative to the
subsemigroup}.

M, = {{0}, {0, 5, 1},12, 10, 0}, {4, 8, 0}, {6, 05, {7, 11, 0},
{9,0}, {0, 1, 5,9}, {0, 3,9}, {0,2, 10,9} ... {0,1,2,3,4,5, ...,
11} and T, TV and T are the set ideal subset topological

semigroup spaces of S relative to the semigroup B4 = {0, 1, 5}.

Similarly if we take Bs = {0, 7, 1} < Z;, to be the
subsemigroup we take Ms = {Collection of all set ideals of S
over the subsemigroup Bs = {0, 1, 7}} = {{0}, {7, 0, 1}, {2, 0},
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3,7, 1,0}, {0,7, 1,4}, {1,2,7,0}, {8, 0}, {0, 8, 1, 7}, {0, 3,
9}, {0,7,1,9,},...., {0, 1,2,3.4,5, ..., 11}}. T, T and

U
TA’IS are subset set ideal semigroup topological subspaces of S
relative to the subsemigroup Bs = {0, 1, 7} < Zy».

Example 2.35: Let

S = {Collection of all subsets from the semigroup Z,o, x} be the
subset semigroup. T,, T, and T. be subset semigroup
topological spaces of S.

Let P, = {1, 9} < Z,, be a semigroup of Z,.

{10}, {1, 9}, {2, 8}, {3, 7}, {4, 6}, {5}, {0, 1, 9}, {0, 2, 8},
{0, 3, 7}, {0, 4, 6}, {0, 5}, {0, 1,2, 8,9}, {0, 1,9, 5}, ..., {0, 1,
2,3,4,5,6,7,8,9}} =My, the collection of all subset set ideal
semigroup over the subsemigroup P;.

T, T and TM be the subset set ideal semigroup

[

topological spaces over the subsemigroup P, = {1, 9} < Z,,.

Take P, = {0, 1, 9} < Z;o be the subsemigroup M, =
{Collection of all subset ideals of S over the semigroup P, = {0,
la 9} - ZIO}} = {{0}’ {Oa 1’ 9}a {0’ 2a 8}’ {Oa 3: 7}, {0: 45 6}:
{0, 5%, {0, 1,9, 2, 8}, {{0,2,8,1,9}, {0,5,1,9}, ..., {0, 1, 2,
3,...,9}}cS.

T, TV and T are the subset set ideal semigroup

[} V)

topological spaces over the subsemigroup P,.
Itisclear T = T2 or TV = TM or T = T,

Take P; = {6} < Z, is a subsemigroup of Zq.

Let M; = {Collection of all subset ideals of S over the
subsemigroup P3 = {6}} = {{0}, {6}a {05 6}5 {1: 6}, {Oa 19 6}5
{2}, {2, 0}, {0,2, 1, 6}, {3, 8}, {1, 3, 8, 6}, {0, 3, 8}, {4}, {0,
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4}, {0, 1, 4, 6}, {5, 0}, {0, 5, 1, 6}, {0, 5, 6}, ..., {0, 1, 2, ...,
91} =S.

TV, TV and T are subset set ideal semigroup

topological spaces related to the subsemigroup of Z;,.

Let My = {Collection of all set subset ideal over the
subsemigroup Py = {1, 6} < Z;5}} = {{0}, {6}, {0, 6}, {1, 6},
{0, 1, 6}, {5, 0}, {0, 5, 6}, {0,5,6,1},...,{0,1,2,...,9}} = S.

Now TM, T and TM¢ are subset set ideal semigroup

topological spaces over the subsemigroup {1, 6}.

We see T, TV and T are distinctly different from

TV, T and T respectively.

It is pertinent to keep on record that we can have as many
subset set ideal semigroup topological spaces as that of the
number of subsemigroup in the semigroup. This is one of the
advantages of using the notion of subset set ideal semigroup
topological spaces.

Example 2.36: Let
S = {Collection of all subsets form the semigroup {Z, x}} be
the subset semigroup.

Let T,, T, and T~ be the subset semigroup topological
spaces of S.

We have infinite number of subsemigroup in (Z, x) hence
we can have infinite number of set ideal subset semigroup
topological spaces over these subsemigroup in (Z, x).

Example 2.37: Let S = {Collection of all subsets from the
semigroup P = {(a;, ay, ..., aj0) | & € As, 1 <1< 10}}} be the
subset semigroup. Associated with S we have several subset set
ideal topological semigroup spaces which are non commutative.
Thus non commutative subset set ideal topological spaces can
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be got using non commutative semigroups and their
subsemigroups.

Example 2.38: Let S = {Collection of all subsets from the
semigroup

P= a; € Z; 1 <1< 6 under the natural product x,} }

be the subset semigroup. T,, T, and T be the subset semigroup
topological space.

TH, T% and T be the subset set ideal semigroup

topological space over the subsemigroup P;, 1 <i < oo. Thus we
have infinite number of subset set ideal semigroup topological
spaces relative to the subsemigroups of P.

Now having seen subset set ideal semigroup topological
spaces we now proceed on to study and describe the topological
spaces which are subset ideals.

Recall if Z;; is a semigroup under product, all
subsemigroups of Z;, are not ideals, for P, = {0, 1, 11} c Z, is
a subsemigroup but is not an ideal of Z;,. The ideals of Z, are
{0} = Il, 12 = le, I3 = {0, 2, 4, 6, 8, 10}, {0, 6} = I4, 15 = {0, 4,
8} and I = {0, 3, 6, 9} are the only ideals of Z,.

We can give two operations on them U and M. Regarding
N it is closed; we see (I; U I;) is the ideal generated by the two
ideals I; and I;.
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Thus W = {1, [}, I, I3, 14, I5, Is and so on} < S form a usual
topological space under ‘U’ and M.

Now Ty = {W, U, *} and T~ = {W', n, *} are the other
ideal subset topological spaces of S as W is basically a subset
collection of S.

Now if we take I and Is we see
Iy * 15, = {0, 4, 8} * {0, 3, 6,9} = {0} and I » I5s = {0} and
lguls= ({0,4,8,3,6,9})is an ideal of Z,.

Iuly=1{0,4,8} U {0,6}
={0,4,8, 0, 6} is again an ideal of Z,.

Thus we have all the three topological spaces associated
with ideals of Z,.

Suppose we take (Zs, x) the ideals of Z¢ are {0, 3} {0}, {0,
2,4}, {Ze},(0,2, 4, 3). SoM= {{0}, {0, 3}, {0, 2, 4}, (0, 2, 4,
3), {Zs}} < S has topological structure relative to U, n so T,
usual space T, and T, associated special spaces.

The tree associated with M is

Zg

{072’453}

{0,2,4} {0,3}

(0 0}
Let A=1{0,2,3,4} and B= {0,3} e M.

v {0, 3}
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ANB = {0,2,3,4} N {0, 3}
{0, 3}.

A*B

0,2, 3,4} * {0, 3}
= 10, 3}.

Let A = {0, 2,4} and B= {0, 2, 4, 3}

A*B =1{0,2,4} * {0,2,4,3}
={0,4,2} and

ANB ={0,2,4} n {0, 2,4, 3}
={0,2,4}.

So in this subset semigroup of the semigroup Z.

Wesee T,=T,=T..

Consider (Zy,, x) the ideals of Z;; are M = {{0}, Z1,, {0, 6},
{0, 3, 6,9}, {0,4, 8}, {0,2,4, 6,8, 10}, {0, 4, 6, 8}, {0, 3, 6,9,
4,8%,1{0,2,4,6,8,10,3,9}}.

LetA =1{0,3,6,9} and
B =1{0,4,8} e M.

ANB={0,AUB=1{0,3,6,9,4,8 and A * B = {0}.

AUB =1{0,2,3,4,6,8,9, 10}.
ANB ={0,6}.
A*B ={0,6}.

Thus TV'=TY = TM.

o @
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Hence we leave it as an open problem whether if we take
ideals of a subset semigroup; will T = T = T ; where M is
the collection of all ideals of the semigroup (P, *)?

Let S = {Collection of all subsets from the semigroup (P,
x) = {(a, az, a3) | a; € Z4, 1 <1< 3. be the subset semigroup.

The ideals of (P, x) are {(0, 0, 0)}, {(0, 0, 0), (2, 2, 2)} {(0,
0,0), (1, 1, 1) (2,2, 2)} {(0, 0, 0), (2, 0, 0)}, {(0, 0, 0), (1, 1, 1),
(2,2,2),(3,3,3)},{(0,0,0), (0,2, 0)}, {(0, 0, 0), (0, 0, 2)} {(0,
0, 0), (2, 2, 0)} {(0, 0, 0), (2, 0, 2)}, {(0, 0, 0), (0, 2, 2)} {(0, 0,
0), (1,0, 0), (2, 0, 0), (3, 0, 0)} and so on.

So we have a very large subset contributing for the subset
topological space.

For instance if we take S = {Collection of all subsets from

the semigroup (P, x) = {[al}
a2

aj, a € Zs}} .

The ideals of P are

[
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s ([N Ha e =
son={[J]}

{ER BB

(NI

Further A U B is not an ideal only (A U B) generated as an
ideal is an ideal.

wn [

A*B#=ANB.

Thus we see in all case the three subset ideal topological
semigroup spaces T., T' and T. need not be identical. This

is more so when the semigroup is constructed using a field like
Z5 and so on.

Let (P, *) = {(a1, ay, a3) | & € Z3, 1 <1 < 3}} be the
semigroup
S = {Collection of all subsets form the semigroup (P, *)} be the
subset semigroup. The ideals of (P, *) are M = {(0, 0, 0)}

{(0,0,0),(2,2,0), (1,1, 1),(1, 1, 0), (2, 2, 2), (0, 0, 1), (O,
0,2),(1,0,2),(2,0,2),(,0,1),(2,0,1), (1,0, 1)}, {(0, 0, 0),
(1, 0, 0), (2, 0, 0)}, {(0, 0, 0), (0, 1, 0), (0, 2, 0)}, {(0, 0, 0), (O,
0, 1), (0, 0, 2)}, {(0, 0, 0), (1, 1, 0), (1, 0, 0), (0, 1, 0), (0, 2, 0),
(2,0,0), (2,2, 0)}, {(0,0,0), (0,0, 1), (0, 1, 1), (0, 1, 0), (0, 2,
2), (0, 2, 0), (0,0, 2), (0, 2,2)} {(0,0,0),(2,0,0),(0,0,2), (0,
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0, 1), (1, 0, 1), (1, 0, 0), (2, 0, 2)} , {(0, 0, 0), (1, 0, 2), (2, O,
1)}and so on.

Several ideals of (P, *) are gotand T # T or T # Tg or
T, = Tg.

Thus it is easily verified we get subset ideal topological
semigroup spaces T., T' and T..

Study in this direction is very innovative and interesting for
we see in certain semigroups T.= T' = T. in certain cases

T., T, and T. are distinct. So it is an open problem to

characterize those semigroups for which T' = T. = T.. Also
when willA "B=A *B forall A,B € S.

We suggest the following problems for this chapter.

Problems:

1.  Find some special features enjoyed by subset semigroup
topological spaces T,, T_ and T of a subset semigroup S
of finite order.

2. Suppose S is a subset semigroup of finite order find the
trees associated with the subset topological semigroup
spaces T,, Ty and T .

(i)  Are the three trees associated with T,, T, and T,
distinct or the same?

(i1))  Can all the three trees associated with T,, T, and T
be identical? Justify your claim.

3. Let
S = {Collection of all subsets from the semigroup S(3)}
be the subset semigroup.
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(@)
(i)

(iii)
(iv)

Find o(S).

Show T, and T., the subset semigroup topological
spaces are non commutative and are of finite order.
Find all subset semigroup topological subspaces of
T,, T, and T~ which are commutative.

Find all subset semigroup topological subspaces of
T, and T-.

4.  Let S; = {Collection of all subsets from the semigroup
P = {(a), as, a3, a4, as, a6) | 8 € Zy, x; 1 <1< 6} be the
subset semigroup.

(i)  Study questions (i) and (iii) of problem 4 for this S;.
(i) Prove T, and T~ contain subset topological
semigroup zero divisors.
(iii)) Is T,, Ty and T~ Smarandache subset semigroup
topological spaces?
5. Let S, = {Collection of all subsets from the matrix
"2 ]
a, a,
3 aS a’é
semigroup P under natural product x,; P =
a, ag
a9 a10
aI 1 a12

a; € Zg x Zy10; 1 <1< 12} } be the subset semigroup.

Study questions (i) and (iii) of problem 4 for this S,.

6. Let S = {Collection of all subsets of the semigroup
P = (Zy4, x)} be the subset semigroup.
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(i)  Find all subsemigroups M; of P.
(ii)) Find all subset set ideal topological semigroup

subspaces T, TM and TV over the

subsemigroup M;.
(i) Find o(S).

Let S = {Collection of all subsets from the semigroup
C(Z,4)}be the subset semigroup.

Study questions (i) to (iii) of problem 6 for this S.

Let S = {Collection of all subsets from the semigroup
C({(Z19 WD)} be the subset semigroup.

Study questions (i) to (iii) of problem 6 for this S.

Let S = {Collection of all subsets from the semigroup

M= a1 aZ
a, a,

product x,.

a; € A4, 1 <1< 4}} under the natural

Study questions (i) to (iii) of problem 6 for this S.

Let S, = {Collection of all subsets from the matrix

semigroup (P, x,) = 4| a, || ai€ Ziox Z;5, 1 <1<7}} be
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11.

12.

13.

14.

the subset semigroup.
Study questions (i) to (iii) of problem 6 for this S,.

Let S = {Collection of all subsets from the semigroup

(M. x,) = (al a, .. a7]
a; a, .. a,

1 <i<14}} be the subset semigroup.

a e C(Zs u 1)),

Study questions (i) to (iii) of problem 6 for this S.

Let S = {Collection of all subsets from the semigroup

M, xa) =12, a, a; a,||aeDyxAs

1 <1<20, x,}} be the subset semigroup.
Study questions (i) to (iii) of problem 6 for this S.

Enumerate any of the interesting properties associated
with subset set ideal semigroup topological spaces of T.",
T and TY.

Enumerate and differentiate between T and T for
any non commutative subset semigroup of finite order.
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Let S = {Collection of all subsets from the semigroup
al a2
a, a, .

(P, *)= ) ) a; € Zyg, Xy 1 <1520}

19 20

be the subset semigroup.

(i)  Find o(S).

(il))  Find all subset semigroup topological spaces T,, T,
and T .

(ii1) Find the subset semigroup topological subspaces of
T,, T, and T .

(iv) Prove Ty and T, has subset semigroup topological
zero divisors.

(v) Find all subsemigroups of (P, *).

(vi) Find corresponding to each of the subsemigroup P;
the subset set ideal semigroup topological spaces
TV, T% and T".

(vit) Can Ty (and T~) have subspaces W; and W; such

0
that Wi x Wy=<| . |¢?
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16. Describe the special features enjoyed by Smarandache
subset semigroup topological spaces T,, T and T-.

17. Let S = {Collection of all subsets from the semigroup

(P,*)=1]a;, || a€(Zs,*); 1 <1< 6}} be the subset

semigroup (* is the x, mod 5).

(@)
(i)

(iii)

(iv)

™)

(vi)

(vii)

(viii)

(ix)

Find all ideals of the semigroup (P, *).

Using the collection of ideals M of the semigroup
(P, *) find T, TV and TV .

Is TV = TM, and TV # T and T = TM?
Find o( Tﬁ/l ).

Compare Tg[ with T, T::A with T~ and T(fv[ with
T,.

Find all subset semigroup topological zero divisors.

Is S a Smarandache semigroup?

Is ™

(U

topological spaces?

TY and T)" S-subset ideal semigroup

Find all subsemigroups of (P, *).
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19.

20.
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(x) Find all subset set ideal semigroup topological
spaces over these subsemigroups.

Let S = {Collection of all subsets from the semigroup

a, a,
a, a,
(P, *)=<las a || ae€Zs *);1<i<10}}
a; a4
ay

be the subset semigroup.
Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup

a, a, .. a,
(P,®)=1qla,, a, .. ay,||aeZs*);1<1<30}}
A, Ay ... Ay

be the subset semigroup.
Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup

(P,*)=13| a, || & € Zis x, Zos; 1 1< 10}}

be the subset semigroup.
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21.

22.

23.

24.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup
a; € Zg(S(4)) under x,,

1 <1< 16}} be the subset semigroup.
Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets form the semigroup

20
P= {Z:aixi
i=0

lezl, aiEZMXZ%,OSiSzO}}

be the subset semigroup.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets form the semigroup
P={(a;, a, ..., a7) | 8, € C(Z30) 1<1<7}} be the subset
semigroup.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup

[a, a, a, |
a, a, . a,
P, *)=1la; a, ... a, || aeC(Zuy)xC(Zn)
a22 a23 a28
_aZ9 a30 a35_
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26.

27.

28.

29.
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1 <1<35}} be the subset semigroup.
Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup

a a a
_ 1 2 10
(Pa *) - |: j|
a; A, ... Ay

be the subset semigroup.

a; € C(Zs3); 1 £1<20}}

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup
(P, *)=(Z" U {0}) S3} be the subset semigroup.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup
(P, *)=(R" U {0}) Dy7 x S7) } be the subset semigroup.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup
(P, *)=(Z" U {0}) S(5)} be the subset semigroup.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup
(P, *)=(Z" U {0}) S; x D,} be the subset semigroup.

Study questions (i) to (x) of problem 17 for this S.
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30.

31.

32.

33.

Let S = {Collection of all subsets from the semigroup

(P,*)=1la, a, a,||laeZ U{0})S;xDys,

1 <i< 15} be the subset semigroup.
Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup

(P,*)=1la, a, a,||laeZ U{0})Sy,1<i<21}

be the subset semigroup.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup
(P, *)=M, *)=(Q U {0})x Z" U {0} (S3x Zpg), 1 <i
<18} be the subset semigroup.

Study questions (i) to (x) of problem 17 for this S.

Let S = {Collection of all subsets from the semigroup
(Z20, )} be the subset semigroup.
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35.

36.

37.

38.
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Study questions (i) to (x) of problem 17 for this S.

Does S have any special features when a group is used
instead of a semigroup?

Let S = {Collection of all subsets from the semigroup
S; x Dy 7} be the subset semigroup.

(i)  Study questions (i) to (x) of problem 11 for this S.

Distinguish between subset semigroups when semigroup
is used and when a group is used.

Let S = {Collection of all subsets from the semigroups
S(5) x (Zy0, )} be the subset semigroup.

Can we see S is a S-subset semigroup?

What are the special features enjoyed by the topological
spaces by using S-subset semigroup?

Let S = {Collection of all subsets from the semigroup
M={(ay,...,a9)|a; € S7, 1 <1 <9} be the subset semigroup.

(i)  Study questions (i) to (x) of problem 11 for this S.

Let S = {Collection of all subsets from the semigroup

[ a, a, .. ag i
a7 a’8 a'12
M=<la; a, .. a,/||a €D, Si»,1<1<30}be
a'19 a20 aZ4
a25 a26 a30_

the subset semigroup.
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39.

(i)  Study questions (i) to (x) of problem 17 for this S.
Let S = {Collection of all subsets from the semigroup
al

a, )
M= . a,€ 7S, 1<i1<9}

be the subset semigroup.

(i)  Enumerate all the special features enjoyed by S.



Chapter Three

SPECIAL TYPE OF SUBSET
TOPOLOGICAL SPACES
USING SEMIRINGS AND RINGS

In this chapter for the first time we introduce the notion of
different types of subset topological spaces using semirings (or
rings). However subsets of a ring have only the algebraic
structure which can maximum be a subset semifield or a subset
semiring. When we use rings to get subset semiring / semifield
we call them as subset semiring of type 1.

Let R be a ring, S the collection of all subsets from R. S is
the subset semiring of type L.

We give examples of them.

Example 3.1: Let
S = {Collection of all subsets from the ring Z;,} be the subset
semiring of type .

Example 3.2: Let
S = {Collection of all subsets from the ring ZsSs} be the subset
semiring of type I. S is non commutative.
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Example 3.3: Let
S = {Collection of all subsets from the ring Z;5s x Z3s} be the
subset semiring of type I.

Example 3.4: Let

S = {Collection of all subsets from the ring Z;s (S; x D7)} be
the subset semiring of type I. S is non commutative but of finite
order.

Example 3.5: Let S = {Collection of all subsets from the ring
R} be the commutative subset semiring of infinite order.

Example 3.6: Let
S = {Collection of all subsets from the ring ZS;} be the subset
semiring of infinite order and is non commutative.

Example 3.7: Let

S = {Collection of all subsets from the ring Z(S(3) x D,5)} be
the subset semiring of type I of infinite order which is non
commutative.

Example 3.8: Let S = {Collection of all subsets from the ring
M = {(a, a, ..., a0) | & € ZSg} 1 <1 < 10} be the subset

semiring of type [ which is non commutative has zero divisors.

Example 3.9: Let S = {Collection of all subsets from the ring

M= a € ZgS7; 1 <i<6}}

be the subset semiring of type I which is non commutative of
finite order.
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Example 3.10: Let
S = {Collection of all subsets from the ring ZS(5)} be the subset
semiring of type I. S is non commutative and of infinite order.

Example 3.11: Let S = {Collection of all subsets from the ring

M, x)=+|a a, ay, ||a € ZS3);

4 ap 43 Ay A

9

1<i<15))

be the subset semiring of type I of finite order which is non
commutative.

Example 3.12: Let S = {Collection of all subsets from the ring

a, a
M — 1 2
a, a,
be the subset semiring of type I of finite order and is non
commutative.

ai € Z36(S3 x Dajy); 1 <1<4}}

Example 3.13: Let S = {Collection of all subsets from the ring
(R U I) (g) where g* = 0} be the subset semiring type I of
infinite order and commutative.

Example 3.14: Let S = {Collection of all subsets from the ring
C(Z1o) (g1, - g3) where gf =0, g; = &, g5 =23 8 = gi&i =

0; 1 <1,j<3,1#j} be the subset semiring of type | of finite
order .
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Example 3.15: Let S = {Collection of all subsets from the ring

a, a,
a, a,
M=<la;, a,|laaeC({ZsUl))S;1<1<10}}
a;  ag
L3 o

be the subset semiring of type I of finite order which is non
commutative.

Example 3.16: Let S = {Collection of all subsets from the ring.

ai € C(Zip U 1I) (Dyo x S(4)}}

P= {i ax'
i=0

be the subset semiring of type I of infinite order which is non
commutative.

Example 3.17: Let S = {Collection of all subsets from the ring

a € (ZUI) Ss}}

M= {i ax'
i=0

be the subset semiring of type I of infinite order which is non
commutative.

Example 3.18: Let S = {Collection of all subsets from the ring

aieZ4><Z3><Z7}}

N= {i ax'
i=0

be the subset semiring of type I of infinite order.
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Now we just define the possible types of subset semiring
topological spaces of type 1.
We will first denote by an example, then define.

Example 3.19: Let
S = {Collection of all subsets from the ring Z} be the subset

semiring of type I. To, T', T T., T" and T, where

To={S"=Su{p},u, N}, T) =1{S, U, +}, T] = {§'=

U {0}, N, +}
T, ={S,u, x}, T:={S8' N, x} and T, = {8, x, +}.

We will test whether all the six topological subset semiring
spaces are distinct are identical.

Take A= {4,6,5,7,1} and B= {3,2,0, 18,6,5} € T..

ANnB = {4’675:77 1} N {3:270, 1876:5}
= {6, 5} are in T,.

LetA,Be T’ ={S,u,+}.

A+B =1{4,6,57,1} +{3,2,0,18,6,5}

={4,6,5,7,1,9,8,0,22,24,23,25,19, 10, 12,
11,13} arein T’ .

We see T, and T  are distinct as ring subset semiring
topological spaces.
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Consider A,B e T .

A+B =1{4,6,5,7,1} x{3,2,0,18, 6, 5}
= {0, 8, 12, 18, 15, 21, 3, 10, 14, 2, 72, 108, 90,

126, 18, 24, 36, 30, 42, 6, 20, 35, 5} are in T .

Clearly T is different from the two subset ring topological

semiring spaces T, and T .
Now consider A,B e T'={S', N, +}.

AnNB=1{6,5}and

A+B =1{546,7,1,9,8,0,22,24, 23, 25, 19, 10, 12,
11,13} arein T .

Thus T is different from T', T" and T, as topological
spaces.

Consider A, B e T: ={S', n, x}
AnNB=1{6,5}and A xB={0,8, 12,18, 15,21, 3, 10, 14,
2,72,108, 90, 126, 18, 24, 36, 30, 42, 6, 20, 35,5} € T..

We see T is distinct from T, T', T and T, as subset
ring semiring topological spaces.

Finally let A, B € Ty = {S, +, x}.

A + B and A x B are given above. Clearly T is different
from the subset ring semiring topological spaces T,, T, T ,

T and T .
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Example 3.20: Let
S = {Collection of all subsets from the ring Z;o} be the subset

semiring of type I. Let T,, T, T, T.,T. and T, be subset
ring semiring topological spaces of S.

Let A,B € T, = {S, U, N} where
A=1{2,5,6,3}and B=1{5,0,