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Abstract 
One of the frontiers in heterogeneous catalysis is focused on reactions occurring on single catalytic nanoparticles. In this 
context, a reaction taking place on a single nanoparticle in a fluidic nanochannel is herein described by using the equation 
similar to that employed for a plug-flow reactor with dispersion. In the literature, one can find various boundary condi-
tions for this equation. In the practically interesting case of a relatively long channel, the Dirichlet boundary conditions are 
shown to be valid. The corresponding analytical and numerical results illustrate the specifics of the profiles of the reactant 
concentration along the channel and the dependence of the reaction rate on the parameters. For comparison, the Danckwerts 
boundary conditions were used as well.

Graphic Abstract

Keywords  Reaction kinetics · Single catalytic nanoparticle · Fluidic nanochannel · Dirichlet and Danckwerts boundary 
conditions

1  Introduction

In chemical engineering, there are a few basic types of 
chemical reactors including an ideal batch reactor, continu-
ous stirred-tank reactor (CSTR), plug-flow reactor (PFR; or, 
in other words, cross-flow or fixed-bed reactor), and more 
specific reactors such e.g. as semibatch reactor, distillation 

reactor, PFR with distributed feed, and recircle reactor [1]. 
In all these reactors, chemical conversion occurs in every 
part of a reactor. Reactors with locally occurring reaction 
are also possible. In the temporal analysis of products reac-
tor (TAPR), for example, reaction takes place locally and 
conversion is proportional to the difference between inlet 
and outlet diffusional fluxes [2]. The generic kinetic mod-
els describing such reactors are usually simple and often 
focused on a first-order reaction. Despite this simplicity, 
such models were and are widely used in various contexts.

The reactors mentioned above are employed in chem-
istry in general and heterogeneous catalysis in particular. 
In the latter area, chemical reactions are well known to 
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occur usually on nanoparticles (NPs) located on the walls 
of pores inside a support [3]. For advances in modelling 
of reactors for such reactions, one can read recent review 
[4]. The related academic kinetic studies have long been 
focused on reactions running on single-crystal surfaces 
[5, 6] and supported 2D arrays of NPs [7]. One of the new 
directions in this area is aimed at reactions occurring on 
single NPs (see, e.g., Refs. [8–12]). For reactions in the 
liquid phase, one of the related generic schemes (Fig. 1) 
includes a nanofluidic channel with reactant diffusion 
occurring in liquid flow and with a catalytic NP located 
inside [12]. In this Letter, I present and analyze the sim-
plest generic analytical one-dimensional (1D) kinetic 
model allowing one to clarify what may happen in such 
situations under steady-state conditions. The model pro-
posed takes flow and diffusion of reactant into account, 
and these ingredients are similar to those used to describe 
PFR with dispersion (see, e.g., Ref. [13]). The difference 
is that in the case under consideration the reaction is con-
sidered to occur locally whereas in the PFR case it takes 
place along the whole reactor. There are also similarities 
with the 1D model describing TAPR [14] where reaction 
occurs locally. The TAPR model does not, however, take 
reactant flow into account.

Basically, the system shown schematically in Fig. 1 
represents a new type of catalytic reactors or an extended 
version of the TAPR reactor. By analogy with the CSTR, 
PFR, and TAPR cases, the generic analytical 1D model 
of the reactor under consideration is expected to be useful 
for clear understanding of the principles of its function 
and the profiles of reactant concentrations inside. One can 
of course use more complex 2D or 3D models of this reac-
tor and analyze them numerically (see, e.g., Refs. [15–17] 
for various related aspects). All these (1D, 2D, and 3D) 
models are complementary and their applications depend 
on circumstances.

2 � Analysis

2.1 � General Kinetic Equations

In the model I use (Fig. 1), the nanofluidic channel is consid-
ered to be relatively long so that its length, L, is much larger 
than the size (effective radius), a ≡ (s∕�)1∕2 , characterizing 
its cross section perpendicular to its axis (s is the cross-
section area). The concentration of reactant is assumed to 
be low so that its diffusion is ideal and conversion does not 
change the flow rate of solution. In addition, the size of a 
catalytic NP is considered to be small compared to a, and 
accordingly its presence does not change the solution flow 
either. In this case, the solution flow in and the reactant dis-
tribution along the channel can be described by employing 
the 1D approximation. In particular, the reactant concentra-
tion, c, can be defined as the number of molecules per unit 
length. According to this definition, one has c = sC , where C 
is the conventional concentration calculated per unit volume. 
The suitable 1D equation for the reactant concentration takes 
diffusion and flow into account,

where D is the reactant diffusion coefficient, v is the flow 
velocity related to the pressure drop (in reality, this is the 
flow velocity averaged over the channel cross section), w(c) 
is the reaction rate, and 0 ≤ x ≤ L is the coordinate along 
the channel. Under steady-state conditions, this equation is 
reduced to

In chemical engineering, Eq. (1) [or (2)] is usually used 
to describe PFR (with dispersion) where a reaction occurs 
along the whole reactor. In the situation under consideration, 

(1)�c

�t
= D

�2c

�x2
− v

�c

�x
− w(c),

(2)D
�2c

�x2
− v

�c

�x
= w(c).

Fig. 1   Scheme of a fluidic nano-
channel with a single catalytic 
nanoparticle
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in contrast, the reaction is considered to take place on a 
single catalyst NP located inside the reactor (Fig. 1). Math-
ematically, the reaction rate can in this case be represented 
as the delta function,

where wp(c(xp)) is the total reaction rate at the NP, and c(xp) 
is the reactant concentration at the NP location. With this 
specification, Eq. (2) reads as

At 0 ≤ x < xp and xp < x ≤ L , Eq. (4) is reduced to

The suitable general solution of the latter equation is

where co is the inlet reactant concentration (i.e., the concen-
tration in the solution supplied into the channel), and A, B, 
E, and F are positive dimensionless constants determined 
by the reaction conditions at x = xp and the boundary condi-
tions at x = 0 and x = L.

To validate the use of the 1D approximation in the model 
introduced above, I can add to remarks. The first one con-
cerns the regions which are not just near a NP. In these 
regions, the time scale of reactant diffusion in the direc-
tion perpendicular to the channel axis is much shorter than 
that for diffusion along the channel because the channel is 
long. Under such circumstances, the reactant-concentration 
gradients in the direction perpendicular to the channel axis 
are negligible. This argument is the same as in the case of 
conventional PFRs.

Concerning the regions just near a NP, one can distin-
guish two apparently different situations. (i) If the reaction is 
there kinetically controlled, the reactant-concentration gradi-
ents are negligible. (ii) If the reaction is there controlled by 
diffusion, the local gradients of concentration can be appre-
ciable, but only at the length scale comparable with the NP 
size, and the reaction rate will be proportional to the local 
concentration in the area slightly outside the region just near 
the NP, i.e., the reaction will be of first order. Practically, this 
means that the reaction rate will anyway be determined by 
local reactant concentration in both cases [(i) and (ii)]. The 
difference may be only in the reaction order and the value of 
the corresponding reaction rate constant. In other words, this 
means that the model is applicable in both cases, especially 
for first-order reactions.

(3)w(c) = wp(c(xp))�(x − xp),

(4)D
�2c

�x2
− v

�c

�x
= wp(c(xp))�(x − xp).

(5)D
�2c

�x2
− v

�c

�x
= 0.

(6)c(x) =[A − B exp(vx∕D)]co at 0 ≤ x < xp, and

(7)c(x) =[F − E exp(vx∕D)]co at xp < x ≤ L,

2.2 � Reaction Conditions

With the reaction taking place at x = xp , there are two con-
ditions. First, the concentration should be continuous, i.e., 
one should have

The second condition can be obtained by integrating Eq. (4) 
from x = x−

p
 to x = x+

p
,

Using (6) and (7), the latter condition can be rewritten as

This equation can be employed in order to relate B, E, and 
F provided the dependence of the reaction rate, wp(c) , on c 
is explicitly defined.

To illustrate typical profiles of the reactant concentration, 
I will use below the first-order reaction with

where wo is the reaction rate constant.

2.3 � Boundary Conditions

In general, the boundary conditions at the inlet ( x = 0 ) and 
outlet ( x = L ) are not unique and should be formulated by 
scrutinizing the details of the reactant flow on both sides of 
each boundary. Axiomatically, one can introduce at least two 
types of boundary conditions.

In particular, the Dirichlet boundary conditions (see, e.g., 
Ref. [14]) are given by

Physically, these conditions imply that the reactant con-
centration at the boundaries is continuous. Specifically, the 
former condition means that the concentration at x = 0+ is 
equal to the inlet concentration at x = 0− . The latter condi-
tion is based on the assumption that the reactant is fully 
absorbed at x = L+ , and accordingly its concentration can 
be set to zero at x = L−.

The Danckwerts boundary conditions are formulated as 
[18]

(8)A − B exp(vxp∕D) = F − E exp(vxp∕D).

(9)D
�c

�x

|
|
|
|x+

p

− D
�c

�x

|
|
|
|x−

p

= wp(c(xp)).

(10)vco(B − E) exp(vxp∕D) = wp([F − E exp(vxp∕D)]co).

(11)wp(c) = woc,

(12)c(0) =co,

(13)c(L) =0.

(14)vc(0) − D
�c

�x

|||
|x=0+

=vco,
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The first condition implies that the total reactant flux at 
x = 0+ is equal to the input flux determined by the solution 
velocity. The second condition means that the diffusion flux 
at x = L− is negligible. For a few examples of the applica-
tion of these boundary conditions, I may mention Refs. [13, 
19, 20].

In the chemical engineering literature, one can find a 
few discussions on the pros and cons of the use of vari-
ous boundary conditions in the context of modelling a 
plug-flow reactor with dispersion. In particular, Mott and 
Green [21] note with suitable references that there was/is 
criticisms concerning the concentration jump at the inlet 
boundary according to Danckwerts’ condition (14) and that 
no authors of contemporary chemical reaction engineering 
texts are willing to employ Danckwerts’ boundary condi-
tions. With this reservation, they themselves are in favour 
of these conditions.

For reaction in a fluidic nanochannel, the Dirichlet 
boundary conditions appear to be preferable. To validate 
the use of these conditions, let us consider and compare 
various fluxes e.g. near the left-hand-side channel bound-
ary (Fig. 1). In particular, let us choose two surfaces. One, 
with area s, is that corresponding to the channel boundary at 
x = 0 . The second one is a hemisphere (with radius � = 1.5a 
[ a ≡ (s∕�)1∕2 ]) located outside the channel boundary and 
with the basis contacting this boundary so that the bound-
ary is located in the center of the basis. The important point 
here is that the space filled by solution at x < 0 (to the left 
from the nanochannel) is much larger than the nanochannel. 
In this case, the diffusion-related gradients of the reactant 
concentration near the channel at x < 0 takes place on the 
length scale of � . This means that the reactant concentra-
tion at the hemisphere is close to that, Co , in the solution far 
from the channel [this concentration and the concentration 
C(0) below are conventional and defined as the number of 
molecules per unit volume]. (i) The scale of the hydrody-
namic reactant flux crossing the hemisphere is accordingly 
2��2vhsCo , where vhs is the average solution velocity there. 
In reality, the solution is nearly non-compressible, and 
accordingly 2��2vhs = �a2v , where v is the solution veloc-
ity at the channel boundary, which is the same as that in the 
channel (the latter velocity is used in the bulk of the equa-
tions above and below). Thus, this flux is equal to �a2vCo . 
(ii) The scale of the reactant diffusion flux across the hemi-
sphere is 2��2D[Co − C(0)]∕� , or 2��D[Co − C(0)] , or 
3�aD[Co − C(0)] , where C(0) is the reactant concentration at 
the channel boundary, i.e., at x = 0 . (iii) The hydrodynamic 
reactant flux crossing the channel boundary is �a2vC(0) . 
(iv) The scale of the reactant diffusion flux across the chan-
nel boundary is �a2DC(0)∕� , where � is the length scale 

(15)
�c

�x

|
|
|
|x=L−

=0.
characterizing the drop of the concentration in the channel 
near the boundary. These four fluxes should be balanced,

The length � is comparable with or larger than the channel 
length, L, which in turn is considered in our analysis to be 
much larger than a. Under such circumstances, condition 
(16) can be satisfied only provided C(0) is very close to Co , 
i.e., one can use C(0) = Co . Multiplying the left and right 
parts of the latter condition by s ( s ≡ �a2 ) yields (12). Con-
dition (13) can be validated in a similar way.

Concerning boundary conditions (13) and (15), I can add 
that their applicability depends on the details of the fluid 
removal at the outlet. Condition (13) is applicable provided 
the removal is rapid and irreversible so that there is no reac-
tant diffusion from the region outside the channel ( x > L ) 
back to the region inside the channel ( x < L ). If the region 
outside the channel ( x > L ) represents another channel so 
that reactant diffusion back to the main channel is possible, 
condition (15) may be preferable.

The analytical and numerical results obtained with the 
Dirichlet boundary conditions (12) and (13) are presented 
just below (Sect. 2.4). For comparison, the results obtained 
with the Danckwerts boundary conditions (14) and (15) are 
presented as well (Sect. 2.5).

2.4 � With the Dirichlet Boundary Conditions

In this subsection, the reaction kinetics is described by 
using expressions (6) and (7) for the reactant concentration, 
boundary conditions (12) and (13) at x = 0 and x = L , and 
reaction conditions (8) and (10) at x = xp . In this case, condi-
tions (12) and (13) yield

Employing these expression, conditions (8) and (10) can be 
rewritten as

and

Substituting (19) into (20) yields

(16)

�a2vCo + 3�aD[Co − C(0)] ≃ �a2vC(0) + �a2C(0)∕�, or

v[Co − C(0)] + 3�D[Co − C(0)]∕a ≃ DC(0)∕�.

(17)A =B + 1,

(18)F =E exp(vL∕D).

(19)

1 + B[1 − exp(vxp∕D)] = E[exp(vL∕D) − exp(vxp∕D)], or

B =
E[exp(vL∕D) − exp(vxp∕D)] − 1

1 − exp(vxp∕D)
,

(20)
vco(B − E) exp(vxp∕D) =wp(E[exp(vL∕D)

− exp(vxp∕D)]co).
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This equation can be used in order to calculate E provided 
the dependence of wp(c) on c is known. Then, B and F can 
be expressed via E by employing (19) and (18), respectively, 
while A is given by (17). The reaction rate is expressed via 
E as

For the first-order reaction (11), Eq. (21) and expression (22) 
can be rewritten as

and

Substituting (24) into (25) results in

Expression (26) allows one to identify analytically a few 
reaction regimes. If the reaction is slow, one can neglect the 
term proportional to wo∕v in the denominator, i.e.,

For slow and rapid diffusion with D ≪ vL and D ≫ vL , this 
expression is reduced, respectively, to

If the reaction is rapid, one can neglect the first term, 
exp(vL∕D) − 1 , in the denominator of (26), i.e.,

For slow and rapid diffusion with D ≪ vL and D ≫ vL , the 
latter expression is reduced, respectively, to

(21)

vco[E exp(vL∕D) − E − 1]

exp(−vxp∕D) − 1
=wp(E[exp(vL∕D)

− exp(vxp∕D)]co).

(22)W = wp(E[exp(vL∕D) − exp(vxp∕D)]co).

(23)

E exp(vL∕D) − E − 1

exp(−vxp∕D) − 1

= (wo∕v)E[exp(vL∕D) − exp(vxp∕D)], or

(24)

E =
1

exp
(

vL

D

)
− 1 +

wo

v

[
exp

(
vL

D

)
− exp

(
vxp

D

)][
1 − exp

(
−

vxp

D

)] ,

(25)W = wocoE[exp(vL∕D) − exp(vxp∕D)].

(26)

W =
woco[exp(vL∕D) − exp(vxp∕D)]

exp
(

vL

D

)
− 1 +

wo

v

[
exp

(
vL

D

)
− exp

(
vxp

D

)][
1 − exp

(
−

vxp

D

)] .

(27)W ≃ woco

exp(vL∕D) − exp(vxp∕D)

exp(vL∕D) − 1
.

(28)W ≃ wo and W ≃ (x − xp∕L)wo.

(29)W ≃ vco∕[1 − exp(−vxp∕D)].

(30)W ≃ vco and W ≃ Dco∕xp.

It is of interest to notice that according to (29) the reaction 
rate is larger than vco . Mathematically, this is directly related 
to condition (12) which fixes the reactant concentration 
but does not impose restriction on the total reactant flux at 
x = 0 . Physically, the total flux is in this case larger than vco 
due to the reactant gradients near the channel inlet at x < 0−.

Typical profiles of the reactant concentration and the 
reaction rate calculated as a function of wo∕v for the first-
order reaction are shown in Figs. 2 and 3. For comparison, 
the concentration profile,

predicted in the absence of reaction is shown as well.

(31)c(x) = co

exp(vL∕D) − exp(vx∕D)

exp(vL∕D) − 1
,

Fig. 2   Normalized reactant concentration along the nanochannel 
according to the model with the Dirichlet boundary conditions: a 
slow diffusion with D∕vL = 0.1 , b moderate diffusion with D∕vL = 1 , 
and c rapid diffusion with D∕vL = 10 . In each cases, the results of 
calculations are shown for slow reaction with wo∕v = 0.1 (upper thick 
line), reaction with wo∕v = 1 (medium thick line), and rapid reaction 
with wo∕v = 10 (lower thick line). A catalytic nanoparticle is located 
in the center of the channel ( xp = L∕2) . For comparison, the upper 
thin line shows the concentration profile calculated in the no-reaction 
case (31)
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2.5 � With the Danckwerts Boundary Conditions

In this case, conditions (14) and (15) yield

and accordingly conditions (8) and (10) can be rewritten as

Substituting (34) into (35) results in

For the first-order reaction, this equation is reduced to

With this expression for F, the reaction rate is given by

The related concentration profiles are shown in Fig. 4.

3 � Conclusion

The analysis presented shows how the kinetics of reaction 
occurring on a single catalytic nanoparticle in a fluidic nano-
channel can be described by the equation similar to that used 

(32)A = 1,

(33)E = 0,

(34)B =(1 − F) exp(−vxp∕D),

(35)vcoB exp(vxp∕D) =wp(Fco).

(36)vco(1 − F) = wp(Fco).

(37)v(1 − F) = woF, or F = v∕(v + wo).

(38)W = vwoco∕(v + wo).

for PFR with dispersion. In the practically interesting case 
when the channel length it appreciably larger than the chan-
nel radius, the Dirichlet boundary conditions are found to be 
suitable. In general, the Danckwerts boundary condition(s) 
can, however, be suitable as well especially near the outlet. 
The analytical and numerical results obtained with these 
conditions have clarified the likely types of the profiles of 
the reactant concentration along the channel and the depend-
ence of the reaction rate on the parameters.

It is of interest that despite the gradients in the reactant 
concentration the structure of expression (26) for the reac-
tion rate calculated with the Dirichlet boundary conditions 
is similar to that for CSTR. For the Danckwerts boundary 
conditions, the structure of expression (38) for the reaction 
rate is identical to that for CSTR. To illustrate this explic-
itly, I recall that in the CSTR case the rate of the first-order 
reaction is given by

where k is the reaction rate constant, and � is the residence 
time. This analogy results from the fact that the observed 
reaction rate is just a balance between the local reaction rate 
and the reactant supply and removal to the region where a 
reaction takes place. For TAPR, for example, the situation 
is similar [2, 14]. The formal analogy between the reaction 
kinetics in the conventional CSTR and in the fluid channel 
under consideration facilitates the understanding of the reac-
tion kinetics in the latter case.

Although the model employed is focused on the sim-
plest 1D case with the first-order reaction, various aspects 

(39)W = kco∕(1 + k�),

Fig. 3   Normalized reaction rate, 
W∕vco , as a function of wo∕v 
for D∕vL = 0.1 (upper line), 
1 (mediul line), and 10 (lower 
line) according to the model 
with the Dirichlet boundary 
conditions. A catalytic nanopar-
ticle is located in the center of 
the channel ( xp = L∕2)
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of the corresponding analysis (e.g., the discussion of vari-
ous boundary conditions) are expected to be applicable in 
more complex cases. The model can easily be extended 
to scrutinize such cases. As a rule, it will, however, be 
related with numerical calculations, i.e., the results will 
not be generic.

Finally, I may repeat (cf. the Introduction) that the 
experimental studies of reactions occurring in a nano-
fluuidic channel on a single catalytic NP are just begin-
ning [12, 22 ], and I do not discuss specific experiments. 
The interplay between the experiment and theory is here 
expected to be similar, for example, to that with the studies 
of catalytic reactions occurring in TAPR where the first 
purely theoretical works focused on the corresponding 1D 
model (e.g., [14]) were followed by the experiments (e.g., 
[2]) with the interpretation based on the early developed 
theory.
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