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Abstract

In the present work we study the space of isometry classes of Riemannian
metrics with zero sectional curvature on a closed manifold. Specifically, in
dimension 3 and for a family of manifolds in dimension 4, we give a complete
algebraic description of the Teichmiiller spaces and the moduli spaces of flat
metrics. Furthermore, we give complete information about the topology of
the moduli spaces of flat metrics of the 3-dimensional closed manifolds.
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Introduction

A flat manifold is not only locally homeomorphic to a Euclidean space but
also has the same geometry, which means that near any point we can in-
troduce coordinates so that, with respect to these coordinates, the rules of
Euclidean geometry hold. More precisely, a flat manifold is a Riemannian
manifold which admits a metric of zero sectional curvature, called flat met-
ric.

In the present work we are interested in closed flat manifolds. The most
important invariant for these spaces is the fundamental group, in the sense
that if two closed flat manifolds have the same fundamental group then they
are homeomorphic. This result, and the study of the types of groups that
can be a fundamental group of a closed flat manifold are due to Bieberbach,
who published his work about 1911 in [4].

Later, in 1973, Wolf carried out the isometric classification of closed flat
manifolds in a fixed affine equivalence class, in [23]. In other words, the work
of Wolf allows us to study the space of flat metrics on a closed manifold and
identify the isometric ones. The space of isometry classes of flat metrics on
a manifold is the moduli space of flat metrics of the manifold. The aim
of this work is to study this moduli space.

Even though the space and the moduli space of flat metrics is perhaps
the easiest curvature constraint one could ask in the space of Riemannian
metrics, its understanding is not as developed as one could expect. Just
recently, in 2017, Bettiol, Derdzinski and Piccione in [3] established an al-
gebraic description of the Teichmiiller space of flat metrics, which provides
a straightforward method to compute it and where it is clear that it is dif-
feomorphic to a euclidean space. The moduli space of flat metrics will be a
quotient of the Teichmiiller space of flat metrics by a discrete group. If we
get a better understanding of this kind of quotients then we could find out a
better description for the moduli space of flat metrics, where their topology is
clearer. In this work, we make a contribution to the solution of this problem,
in dimension 3 and 4.

The present thesis builds upon the work of Kang, where she computed
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the moduli space of flat metrics for the 3-dimensional closed manifolds. Here
we do some amendments and we complete her work by studying the topology
of those moduli spaces of flat metrics in Theorem 3.4.3. We also compute the
moduli space of flat metrics for a family of 4-dimensional closed manifolds in
Theorem 4.4.2.

The approach to describe these spaces is case by case, using the descrip-
tion given by Wolf, where one has to compute some spaces which depend on
a representation of certain class of groups, called Bieberbach groups. The
Bieberbach groups are equivalent to closed flat manifolds. Then one has to
solve some equations, where the program Mathematica helped, and in some
cases, one has to study further the affine structure of the Bieberbach group.

Once one has the description of the moduli spaces of flat metrics, then
one can attempt to say something about their topology. A tool we use for the
study of the topology of the moduli spaces of flat metrics in dimension 3 and
some cases in dimension 4 comes from number theory, because it is related
to study discrete subgroups acting isometrically on the hyperbolic plane.

The study of the moduli space of flat metrics could lead to have a bet-
ter understanding of the moduli space of metrics with some other curva-
ture constraint. For instance, Tuschmann and Wiemeler in [20] worked with
manifolds diffeomorphic to the product of a simply connected closed smooth
manifold with a torus, and studied their moduli space of non-negative Ricci
curvature Riemannian metrics, where they were able to reduce it to study
the moduli space of flat metrics of the torus.

Our work is organized as follows. The first chapter contains basic notions
and results. The second chapter is about the moduli space of flat metrics
in dimension 2 and the tools we need later for studying the topology of the
moduli spaces of flat metrics in higher dimensions. The last two chapters
describe the moduli spaces of flat metrics in dimension 3 and 4.



Chapter 1

Background

1.1 Notations

Let us fix the notation we will use in our work.

e N, Z and R denote the natural, the integer and the real numbers,
respectively.

e We let R* =R\ {0}.
e R" will denote the positive real numbers.

e Let n € N. We will use the following notation:

GL(n,R) is the group of n x n invertible matrices with real entries.

GL(n,R)™ is the subgroup of GL(n, R) consisting of matrices with
positive determinant.

— SL(n, R) is the subgroup of GL(n,R) of determinant one matrices.

GL(n, Z) is the unimodular group consisting of all integer matrices
with determinant +1.

— SL(n,Z) is the subgroup of GL(n,Z) of determinant one matrices.

— O(n) is the orthogonal group, consisting of matrices in GL(n,R)
whose inverse is equal to its transpose.

— SO(n) is the subgroup of O(n) of determinant one matrices.
— Aff(n) is the group of affine transformations of R™.

— Iso(n) is the subgroup of Aff(n) consisting of isometries of R™ with
the usual metric.



Id will denote the identity matrix of the corresponding dimension.

Al is the transpose of a matrix A.

G will denote the subgroup of matrices with positive determinant in
a given group G of matrices.

H, - Hy, = {hl - hs | h, € Hy, hy € Hg}, where H; and H, are two
subgroups of a given group.

1.2 Flat manifolds

In this section, we explain the relation between flat manifolds and Bieberbach
groups, we study affine transformations and introduce an important notion:
the holonomy. Further can be found in [22] or in [5].

By a flat manifold (M, g) we mean a connected n-dimensional complete
Riemannian manifold with zero sectional curvature, where the Riemannian
metric g will be called flat metric. The universal cover M of M is isometric
to R™ with the usual metric denoted by o. For a fixed manifold M and a
fixed flat metric g on M, we lift the metric g to M and denote it by g. Then
we have the next diagram

where the horizontal arrow is an isometry. This makes (R™, o) also a Rieman-
nian covering of (M, g). Let us consider its group of deck transformations,
denoted by 7. Then (M, g) is isometric to (R™ /7, o), with ¢ also denoting
the metric induced by the usual metric o.

Therefore, given a manifold with a fixed flat metric, we get a group =
of isometries of (R™, ). On the other hand, if a group of isometries 7 acts
freely and properly discontinuously on R™, then R" /7 is a flat manifold. This
result follows from the Killing-Hopf Theorem [22, Corollary 2.4.10]. For the
case when this manifold is closed, i.e, compact and without boundary, we
have the next definition.

Definition 1.2.1. A Bieberbach group 7 is a discrete subgroup of Iso(n)
that is torsion-free and such that R"/7 is compact.



Given a Bieberbach group 7, we get a closed flat manifold R" /7. Con-
versely, given a closed flat manifold of dimension n > 2, its fundamental
group is isomorphic to a Bieberbach group.

To study the structure of 7, it is important to understand the structure of
the group of affine transformations of R™. The group of affine transformations
of R™, Aff(n), has the structure of a semidirect product in the following
way: any affine transformation can be expressed as (A4,v) : R — R™ with
(A,v)x — Az + v, where v € R” and A € GL(n,R). The product is just the
composition of these transformations, as follows.

Let (A,v), (B,u) € Aff(n). Then
(A,v)(B,u) = (AB, A(u) + v).
With this description, we have a semidirect product
Aff(n) = GL(n,R) x R™.

Remark 1.2.2. Another way to think about this product is with matrices:

=5 1)

with the product of usual matrix multiplication.

The isometries of R™ also have a structure of semidirect product

Iso(n) = O(n) x R™.

Now, we can present another important definition. Consider the projec-
tion homomorphism

7: Aff(n) — GL(n,R)
(A,v) A

Definition 1.2.3. Let 7 be a Bieberbach group. The holonomy of 7 is the
subgroup of GL(n,R) given by H, := 7(n).

The kernel of 7 restricted to 7 is denoted by L., the maximal normal
abelian subgroup of 7, which consists of all the translations (Id, v) of 7. We
have a short exact sequence

1L, —>m— H, —> 1.



The Bieberbach theorems provide the essential facts about the groups
(the algebraic version) or, equivalently, about the closed flat manifolds (the
geometric version). We present the geometric formulation:

Theorem 1.2.4 (Bieberbach theorems).

1. Let M be a closed flat manifold. Then M is covered by a flat torus,
and the covering map is a local isometry.

II. Let M and M’ be closed flat manifolds with isomorphic fundamental
groups. Then M and M’ are affinely equivalent.

III. There are only finitely many affine equivalence classes of closed flat
manifolds in any dimension.

The list of (affine equivalent classes of) closed flat manifolds, which, by
the theorem above, is in bijective correspondence with the list of (affine
conjugate classes of) Bieberbach groups in Iso(n), is known for some values
of the dimension n. We are only concerned about dimension 2, 3 and 4:

e If n = 2, there are 2: the torus and the Klein bottle. This is a classical
fact.

e If n = 3, there are 10. Listed in Wolf’s book [22].

e If n =4, there are 74. Listed in the Ph.D. thesis of Lambert [15].

1.3 The moduli space of flat metrics

We are going to introduce the moduli space of Riemannian metrics based
on [21], and then state a result of Wolf for the moduli space of flat metrics
proven in [23].

Let M be a closed manifold. We denote by R(M) the space of all
complete Riemannian metrics on M. The space R(M) is a subspace of
C>(M, S*T*M), the real vector space of smooth symmetric (0,2) tensor
fields on M, where S?T* M denotes the second symmetric power of the cotan-
gent bundle of M. In this setting, the space R(M) is usually equipped with
the smooth compact-open topology or, some other times, with the Whitney



topology. In here, we are only interested in the case when M is compact,
where the two topologies mentioned coincide. Details about these topologies
can be found in [21], [10] or [6].

We equip R(M) with the smooth compact-open topology. A sequence
converges in this topology if and only if the £ derivative converge uniformly
on M, for all £ € N.

We would like to identify the metrics that are isometric, i.e., where there
exists an isometry between the given metrics. This leads us to consider the
next action. Let Diff(M) denote the group of self-diffeomorphisms of M.
Then Diff(M) acts on R(M) by pulling back metrics: f € Diff(M), we let
g- [ = f*(g) with g € R(M).

Definition 1.3.1. The moduli space M(M) of complete Riemannian met-
rics on M is the quotient of R(M) by the above action of the diffeomorphism
group Diff(M).

We can study subspaces of R(M) that satisfy a curvature condition and
consider again the quotient by Diff(M). In our case, we are interested in the
space of complete Riemannian metrics with zero sectional curvature, denoted
by R fiat(M), leading us to the next definition:

Definition 1.3.2. The moduli space of flat metrics M, (M) is the
quotient of R, (M) by the action of Diff(M).

There is a description of the moduli space M fq:(M) due to Wolf [23].
We present this description and also some properties in order to compute
the moduli space M f1,:(M). Some of the properties are also studied in [11],
[12] or [13]. In these last three papers, they use the notation and setting of
Kulkarni, Lee and Raymond [14], without using Wolf’s result.

First, we have to fix a connected n-dimensional, closed flat Riemannian
manifold M. From before we know that this means that we are fixing a
Bieberbach group m, where M = R" /.

A useful group is the normalizer of 7 in Aff(n), which we denote by

Nt () = {7 € Aff(n) | 777" = 7},

We will compute this group for the torus. For this, we need the next
notion.

Definition 1.3.3. Given a basis {aq,...,a,} of R the lattice generated
by that basis is {>_ | n;a; | n; € Z}. We also refer as a lattice to the group
generated by the translations by a;: ((Id, aq), ..., (Id,a,)).



As we know the torus can be constructed as the quotient of R™ and a
lattice. We fix the lattice to be

7" = ((Id,e;) | {e1,...,e,} the standard basis of R").
Then T™ = R"/7Z".

Example 1.3.4. Let us show that Nagg)(Z") = GL(n,Z) x R".
We want to find v € Aff(n) such that yZ"y~! = Z". Let v = (X,u) and
(Id,v) € Z™. Then

(X, u)(Id,v)(X ! =X ")) = (Id, X (v)).

This means that we have to find the matrices X € GL(n,R) that preserve the
lattice, i.e., send a basis that generates the whole lattice to another. Then
the matrices must have integer entries and determinant +1. These matrices
are precisely the unimodular matrices. (See, for example, [17]).

Theorem 1.3.5 ([23] Wolf). The subset

Iso(n)\{y € Aff(n) | 77" C Iso(n)}/Nagin) ()

of the double coset space Iso(n)\ Affin)/ Nagm) (), is in bijective correspon-
dence with the set of all isometry classes of riemannian manifolds that are
affinely equivalent to M = R"™/m. The double coset Iso(n)y Nagpm)(m) corre-
sponds to the isometry class of R™/(ymy™1).

Every flat n-dimensional torus is affinely equivalent to R"/Z". If v =
(A,u) € Aff(n) then vZ"y~1 = A(Z") C Iso(n). Thus the case T = Z" of the
previous theorem is as follows. (This is equivalent to [22, Lemma 3.5.11]).

Corollary 1.3.6. The double coset space
O(n)\GL(n,R)/GL(n,7Z)

is in bijective correspondence with the set of all isometry classes of flat Rie-
mannian n-tori. The double coset O(n)A GL(n,Z) correspond to the class of
R™/A(Z™).

The result of Wolf gives us actually a homeomorphism. Since it seems
there is no reference where the continuity of the bijection is proved, we give
some details here.

As we mentioned before, the space R fq:(M) has the subspace topology
from R(M), which is equipped with the smooth compact-open topology, and



the space Aff(n) with the subspace topology induced from GL(n + 1,R) (see
Remark 1.2.2).

Fix a flat manifold R" /7. Let g € R fi:(R™ /7). Then we know that we get
an affine transformation +. The construction of v is the same as in Theorem
4.1 in do Carmo’s book [7], which uses the theorem of Cartan. Since we can
choose the affine transformation in different ways, we will choose them as
follows: first, we lift the metric g to R", denoting R™ with the lifted metric,
as before, (R",g). Let {ej,...,e,} the standard basis of R, p € R"/7 and
choose pg € R” in the fibre of p. Second, by the Gram-Schmidt process
we can produce, from the standard basis, an orthonormal basis {uy, ..., u,}
with respect to the metric g. Then we consider the linear isometry between
the tangent spaces A : T,,R" — THR", such that u; — e; with 1 < i < n,
and 0 is the origin in R”. Finally, the affine transformation is the map:

v =expjoAo (expf,o)_l :(R™, g) — (R", 0),

where engO and exp§ are the exponential maps define in 7, R"™ and T,R"
respectively. By Theorem 4.1 in [7] the map v : (R",§) — (R",0) is an
isometry. Observe that v = (A4, —po).

In this way, we have the map:

Rua(R*/7) — Aff(n)
9 = g

which we will see is continuous by using sequences. Let (gx)ren be a sequence
of flat metrics on R™/7 that converges to a flat metric g. Then we will get
a sequence of linear isometries (Ay)gen converging to the linear isometry A,
because the orthonormal bases we get by the Gram-Schmidt process will
depend continuously on the metrics. Therefore, the affine transformations

(v = (Ak, —po))ren will converge to v = (A, —po)-

Observe that {y € Aff(n) | ymy~! C Iso(n)} is not a group. The impor-
tant part of this space is the matrix part since for an affine transformation
to be an isometry we only have to see that the matrix is orthogonal. Also, to
describe the double coset in theorem 1.3.5, the important part is the matrix
part of the spaces, as one can already see in the corollary. We explain this
in the next remark, but first let us denote the matrix part of the spaces as
follows:

C,:={X € GL(n,R) | XAX ' €0O(n) foral AeH,},
Nz = 7(Naggn) (7))

Then {y € Aff(n) | yay~' C Iso(n)} = C; x R". Sometimes we call the
space (', the cone space, since it is closed under multiplication by scalars.



Remark 1.3.7. Consider the quotient
Iso(R™")\ {7y € Aff(R") | yry~! C Iso(R™)} = O(n) x R"\C, x R™

The action is just by multiplication from the left and every orbit must contain
the whole R™. Thus, the quotient is simply O(n)\Cy.

We have the same situation for the double quotient. Therefore the moduli
space of flat metrics of M = R"/7 is

Miar(R"/7) = O(n)\Cr /N

Now, we present some properties of these matrix spaces. The next lemma
is useful for computing the cone space C;.

Lemma 1.3.8 ([12, Lemma 2.2]). Let A € O(n). For any invertible matriz
X € GL(n,R), we have XAX ™' € O(n) if and only if (X'X)A = A(X'X).

Proof. The fact that X AX ! is orthogonal means that
(XAX H(XAX N =1d,

which is equivalent to X A(X!X)™! = (X*)7'A, and therefore equivalent
to
(X'X)A = A(X'X),

]

We know that a Bieberbach group 7 contains a lattice, denoted before by
L. Thus, the normalizer of 7 in Aff(n) is contained in the normalizer of L,
in Aff(n), and the matrix part of the normalizer of a lattice in Aff(n), Nz,
is a conjugate of Nz» in GL(n,R). We state this in the following lemma.

Lemma 1.3.9. Let w be a Bieberbach group, then
Nagin(7) € QGL(n, Z)Q™" x R",
where Q) € GL(n,R).

The matrix @) is the change of coordinates matrix from the basis of L, to
the standard basis.

It is convenient to study what happens to these spaces when we conjugate
the Bieberbach group by an affine transformation. For the next two lemmas
let ™ be a Bieberbach group and 7’ = {xé~1, for some & € Aff(n).



Lemma 1.3.10 ([12, Lemma 2.3]). The cone spaces Cr and Cy are homeo-
morphic.

Proof. Consider 7(¢§) = P. If X € Cu, then XP € Cy, giving us the
homeomorphism. O

Lemma 1.3.11 ([13, page 1069]). We have

ENagren) (m)6 ™" = Nagn) (678 ).

Proof. We see that v € Nagmn)(§7€1) if and only if £ '7¢ € Nagmny (7). O

1.4 The Teichmiiller space of flat metrics

We will introduce the Teichmiiller space of flat metrics of a closed manifold
and a straightforward method to compute it, which is proved in [3].

As before, let M be a closed manifold. We denote by Diffy(M) the sub-
group of Diff(M) of all smooth diffeomorphisms of M that are homotopic to
the identity. The Teichmiiller space of flat metrics of M, T4 (M), can be de-
fined as the quotient of R si4:(M) by restricting the action to Diffy(M). This
definition is equivalent to the next one, that for our purpose is the definition
we use and is also used in [3].

Definition 1.4.1. The Teichmiiller space of flat metrics Ty, (M) of
M = R"™/7 is the orbit space O(n)\C; of the left action of O(n) on C;.

In other contexts, the definition of the Teichmiiller space is slightly differ-
ent: metrics that are homothetic are identified. There is a nice introduction
to this notion in [9]. We will discuss the 2-dimensional case in the next
remark.

Remark 1.4.2. The Teichmiiller space of a closed surface S is the set of
classes of hyperbolic Riemannian metrics on S given by the action of Diffy(.5).
The Gauss-Bonnet theorem implies that any closed hyperbolic surface S has
fixed area —27y(.S). Then a more natural definition for the Teichmiiller space
of flat metrics would be to restrict to the set of unit-area flat structures and
identify them by the action of Diffy(S). This is the way it is done in [8]. This
definition and the definition we are using differ only by an extra real line, as
we are going to see in the examples of the 2-dimensional flat manifolds.

We now present the description of the Teichmiiller space of flat metrics
done in [3] only for manifolds, but they also prove it for orbifolds:
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Theorem 1.4.3. Let M be a closed flat manifold, and denote by W;, 1 <1 <
l, the isotopic components of the orthogonal representation of its holonomy
group. Each W; consists of m; copies of the same irreducible representation,
and we write K; for R, C or H, according to this irreducible representation
being of real, complex, or quaternionic type. The Teichmiiller space is diffeo-
morphic to

where GL(m,K) is the group of K-linear automorphisms of K™ and O(m, K)
stands for O(m), U(m), or Sp(m), when K is, respectively, R, C, or H. In
particular, Ty (M) is real-analytic and diffeomorphic to R?.

The dimension d = dimT7y;, (M) is easily computed as the sum of the

GL(m; Ki) o~ R% 1 < i <[, which are given

dimensions d; > 1 of the factors oK)

by

%mi(mi +1), if K; =R,

17

1.5 Further remarks

The moduli space of flat metrics can be described from the Teichmiiller space
of flat metrics in the following way:

Mflat(M) = ﬁlat(M)/NTra

where 7 is a Bieberbach group and M = R"/r.

The right action of M, on C, need not be free, so M fq:(M) may have
(isolated) singularities. We have further information about the group N.
(See [3, Proposition 4.4]).

Proposition 1.5.1. The group N is a discrete group.

Proof. First we have that GL(n,Z) is discrete, since Z C R is discrete. Now,
for the lattice L, = R™ N7, the normalizer N _ is a conjugate of GL(n,Z)
inside GL(n,R), which is also discrete. Finally, we have that A, C N7 (see
Lemma 1.3.9). Therefore, N is discrete. O

Thus the Teichmiiller space and the moduli space of flat metrics are orb-
ifolds with the same dimension.
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Corollary 1.5.2. We have dim Ty (M) = dim M g1, (M).

This description could be studied further since we have a diffeomorphism
between Tia¢(M) and R?. One would have to study the action of N, via this
diffeomorphism.

Another remark on these spaces of metrics is the following: the Te-
ichmiiller space Tfiq:(M) only depends on the holonomy of 7. On the other
hand, the moduli space M f,:(M) depends not only on the holonomy but
also on the affine structure of the group m. This will be clarified later, in
Chapter 3 and 4.
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Chapter 2

2-dimensional closed flat
manifolds and the action of

SL(2,7)

In this section we recall some facts on the moduli space of flat metrics of
the 2-dimensional closed manifolds and make some remarks about them. In
the study of these spaces the group SL(2,7Z) will appear. In addition, it will
be important to study its action on the hyperbolic plane H?, and moreover,
this action will be restricted to some subgroups of SL(2,Z) as well. This is
important because in the next chapters is going to be a key point in order to
study the topology of the moduli spaces of flat metrics of closed manifolds
in dimension 3 and 4.

In dimension 2, there are only two closed flat manifolds: the torus and
the Klein bottle.

2.1 The 2-torus

The Teichmiiller space of flat metrics and the moduli space of flat metrics of
the 2-torus is very well understood (see [8]). Following this book, we present
some parts of this information.

Before going into details, one should notice that the definition in [8] of
moduli space of flat metrics is slightly different from the one we are using.
Inded, in the book [8], they are relating homothetic metrics as well, see re-
mark 1.4.2. In our situation, we consider relations of homotheties in order to
follow the same ideas, but in the final homeomorphism we add the positive
reals. This is important because homothetic flat metrics are not isometric,
i.e., they give us different points in the moduli space.

13
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We proceed as in [8]. Recall from the previous chapter that:

M p1a:(T?) = O(2)\GL(2,R)/GL(2, Z).

We start by studying the left quotient O(2)\GL(2,R). We use an auxiliary
space, the space of ordered bases in R?. In this way we have two bijections.
The first one is:

GL(2,R) o {ordered bases inR?} (2 1)
O(2)U{homotheties} O(2)u{homotheties} :
Every regular matrix can be seen as an ordered lattice and vice versa:

T T

The space GL(2,R) has a topology given by being embedded in
Mayo(R) = R?. Then we can give a topology on the space of ordered bases
in such a way that makes the bijection in (2.1) a homeomorphism.

The second bijection is given from the ordered bases into the hyperbolic
half-plane by an appropriate rotation and scaling in the following way:

ordered lattices inR? .
{O(Q)U{hogotheties}} o M= {.77 +y ‘ Yy > O} (22)

W
Wy rotate /scai\
P
Wy

| | |

First (with an appropriate rotation) we can suppose that our ordered
lattice {wy,wy} has the first vector w; in the real part of C. From that lattice
we can scale and get {1,w = z—f} In this way we get two representatives
{1,w} and {1, —w}, so we choose the one that is in the upper half plane
(assume it is w). Then we have a well defined w € H? This means that
every T € H? is representing the lattice {1,7}.

One has the usual topology of H? that is equivalent to the topology of
R2. Then one can show that the bijection in (2.2) is also a homeomorphism.
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Remark 2.1.1. One can have an easier way to see the bijection by noticing
that SL(2,R) acts transitively on H? with point stabilizers isomorphic to
SO(2).

Using the two homeomorphisms in (2.1) and in (2.2), and adding the
homotheties, we obtain the identification

0(2)\ GL(2,R) = R" x H2 (2.3)

Now we study the action of GL(2,Z) on H? via the bijection resulting
from the composition of the two previous bijections in (2.1) and in (2.2).
This means that we have to compute the transformation we get on H? from
the matrix multiplication on GL(2,R).

Observe that we are quotienting out the orientation reversing matrices,
since we are choosing a representative of the class of lattices. Then it only
make sense to consider the ones with positive determinant, i.e., the group
SL(2,7Z).

Let U € SL(2,Z) and X € GL(2,R). We have that SL(2,Z) is acting by
matrix multiplication on the right: XU. This is equivalent to the action on
the left as U'X*. Thus

UX — d ¢ 1Y\ _ d c w1
b a To Yo b a Wo
[ dwy+cwy \ [ wy
S\ bwy+awy )\ wh )T
Then the correspondent representatives in H? are:
(wr,wp) ~ (1,22) and (w),wh) ~ (1,%2) with
1

w2
w_’2 bw1+aw2_b+aw—l

wh  dwy + cws d—l—ci—f'

Therefore SL(2,Z) acts on H? via Mobius transformations:
a b aw + b
w = :
c d cw+d

where ( CCL b ) € SL(2,Z) and w € H?.

d

We can even compute the fundamental domain of the action that will
give us the full information about the quotient space SL(2,Z)\H?. First, let
us recall the definition of fundamental domain.
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Definition 2.1.2. A fundamental domain for a discrete group I' acting
on H?, is a connected open subset D _of H? such that no two points of D are
equivalent under I' and H? = U,cryD, where D is the closure of D.

To compute the fundamental domain in H? given by the action of SL(2, Z),
we use that SL(2,Z) has two generators S = ( (1) _01 ) and T = ( (1) 1 ) .
This means that we have two transformations:

Tw)=w+1 and S(w)= —l.
w

The first one is just a translation and the second one is a composition of
an inversion of the circle of radius one and center in the origin and a reflec-
tion. One can see that the fundamental domain looks:

/]

]
11 0 1 1

2 2

Figure 2.1: The fundamental domain of SL(2,7Z) on H?.

Making the corresponding identifications we get an orbifold with two
singular points that is homeomorphic to a punctured sphere which is con-
tractible. Thus the moduli space of flat metrics on the 2-torus is the product
of two contractible spaces:

M (T?) 2 R x (H?/SL(2,Z)) 2 RT x (S*\ {*}) 2 R>.

2.2 The Klein bottle

Now we are going to determine the moduli space of flat metrics for the Klein
bottle.

The Klein bottle K? can be described as a quotient of R? by a discrete
subgroup of Iso(2) as follows: K? = R?/7, where 7 is a group generated
by a translation and a glide reflection in independent directions. We can
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fix T to be generated by (Id, e;) and (E, 3e5), where E(z,y) = (—,y)
is the reflection with respect the y-axis and {ej,es} is the standard basis
of R2. Observe that the holonomy of K? is generated by the reflection FE,

(T

As we have seen before, every lattice gives us a metric in the torus, but
for the Klein bottle the lattice needs to behave well with respect to the glide
reflection. This means that only the orthogonal lattices will induce a metric
on the Klein bottle. This will be clear in the following paragraphs (see also
22, Proposition 2.5.9]).

We compute the spaces C; and the normalizer of 7 as in Theorem 1.3.5,
in order to compute the moduli space of flat metrics. Let us compute
{~ € Aff(n) | ymy~! CIso(n)}. For this we will use the description of Lemma
1.3.8 to compute C. We want to know which X = (x, z5) € GL(2, R) satisfy

(X'X)E = E(X'X), where FE = ( _(1) (1) ) :

Thus we have

(oo e ) ()= n) (hma ).

then ( —(x1,21) (21, %2) > _ < —(z1, 1) —(21,72) )

—(9, 1) (T2, 72) (T2, 71) (T2, T2)

This can only happen if z; 1 x5. This means that

O, ={X € GL(Z,R) | 21 L 25} = O(2) - (R*)2.

Now we compute the normalizer Ngr2)(7). First we find the matrix part
N, which is a matrix X € GL(2,Z) such that XEX ! = E, since we need
to preserve the generator of the holonomy in order to generate the whole
group. That is equivalent to solving the equation X F = EFX and adding the
conditions of determinant 1 with integer entries. We only get

o)L )(o ) (0 3)p

which can be seen as the 2-dihedral group D, or, equivalently, the Klein
4-group.
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Second, the translation part is computed as follows. Let any translation
v = (Id,u) € Aff(2) and ¢ = (E,v) € 7, where v = (uj,uy) and v =
nie; + %62. Then

eyt = (Id,u)(E,v)(1d, —u)
= (E,—E(uy,u2) + v+ (ug, us)
(E> (2“1, O) + U).

Therefore, we need that 2u; € Z. This means that the translations that
normalize are %Z @ R.

Putting together the two computations we have that

With this information we can now see that the moduli space of flat metrics
is
M (K?) = 0(2) x R\ O(2) - (R*)* x R?/Dy x (LZ ® R)
= 0(2)\0(2) - (R*)*/D,
— (R+)2.

Thanks to the reflection, we have more restrictions for the Klein bottle.
Thus the dimension of the moduli space of flat metrics in comparison to
that of the 2-torus decreases. Actually, this can be observed already in the
Teichmiiller space. Furthermore, for this case the moduli space of flat metrics
and the Teichmiiller space are homeomorphic, telling us that the normalizer
is not giving us any new information about the space. This situation will
change for some cases in dimension 3 and 4.

2.3 Fundamental domains for congruence
subgroups

In this section we are going to explain how to compute the fundamental
domain of the action of a subgroup of SL(2,Z) on the hyperbolic plane.
Later, we will compute it for some specific subgroups. The information of
this section is based on [1], [16] and [18].

From section 2.1 we know that O(2)\GL(2,R) = R* x H? and that the
group SL(2,7Z) acts on the hyperbolic plane by Mobius transformations. Now
we are interested in computing the fundamental domain of some subgroups
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of SL(2,Z) because in the next section we will find out those types of double
cosets and we would like to say something about their topology.

2.3.1 Subgroups of SL(2,7)

There are a lot of discrete groups acting on H?, usually studied in number
theory. Some of them receive a special name, for example:

e Any discrete subgroup of SL(2,R) acting on H? is called Fuchsian
group.

There are also some special names for subgroups of SL(2,Z):

e The principal congruence subgroup of level N is
I(N)* ={Ae€SL(2,Z) | A=1d mod N}

for any natural number N. By the congruence of matrices we mean the
respective congruence of integer numbers in each entry.

e A congruence subgroup of SL(2,7Z) is a subgroup containing I'(N)*
for some N. For example:

FO(N)J’:{(Z Z) ESL(Q,Z)|CEOmodN}.

Remark 2.3.1. The usual notation is I'(/N) without the ”+” since one al-
ways considers elements with positive determinant. In our case we consider
also elements with negative determinant in order to use Wolf’s notation,
even though for computing the double coset it only the positive determinant
elements are important.

2.3.2 Fundamental domains for Fuchsian groups

We already saw the definition of fundamental domain in 2.1.2. The next
theorem will tell us how to relate the fundamental domain of a group and its
subgroups:

Theorem 2.3.2. Let I' be a discrete subgroup of SL(2,R), and let D be
a fundamental domain for T'. Let TV be a subgroup of I' of finite inder,
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and choose elements yi,...,vm in I' such that we have the disjoint union
[ =T/, U--- U, where a bar denotes the images in Aut(H?). Then
D' = JwD
i=1

is a fundamental domain for I"”.

Remark 2.3.3. It is possible to choose the 7; so that the closure of D’ is
connected; the interior of the closure of D’ is then a connected fundamental
domain for I'.

2.3.3 The fundamental domain for some congruence
subgroups of SL(2,7)

First consider the following subgroups of GL(2,Z) that are going to appear
in the next sections:

F0(2):{X:(CCL Z) € GL(2,Z) | ¢ = 0 mod 2}

_ 2a+1 b
_{( 2c 2d_|_1)EG’L(Q;ZHCL,C,dEZ}7

I'(2) ={X € GL(2,Z) | X =Id mod 2}

C((2a+1 2
_{( 2 2d+1>EGL(ZZ)Ia,b,C,deZ}.

01

10 ) Then the

For describing the next subgroup, we denote Y = (
subgroup of GL(2,Z) is given by

rR)yY ::r(z)-<((1) (1)>>

. 20 +1 20 2a  2b+1
_{( 2c 2d+1)’(20—|—1 2d )6GL(2,Z)|U,,b,C,d€Z}

In this section, we consider the subgroups of the previous groups given
by the matrices with positive determinant. These are the three congruence
subgroups to which we will compute their fundamental domain on H2. The
notation for these groups, as introduced in the section 1.1, is:

To(2)*, T(2)* and D(2)Y™.
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The algorithm to compute the fundamental domain of a subgroup I' of
SL(2,Z) on H?, deduced from the Theorem 2.3.2, is:

1. Compute the index of I in SL(2,Z).
2. Find representatives in SL(2,Z) for I.

3. Apply the respective representatives transformations to the fundamen-
tal domain of SL(2,7Z) on H2.

e We carry out these steps for I'g(2)".

1. Compute the index of I'¢(2)" in SL(2,Z).
We will use that the index of I'(2)* in SL(2,Z) is: [SL(2,Z) : I'(2)*] = 6,
this is well explained in [18], page 20-22.

We have that T'(2)" < I'g(2)" < SL(2,Z), then
[SL(2,Z) : T'(2)"] = [SL(2,Z) : Ty(2)"][[o(2)" : T'(2)"],

since the index is multiplicative. This means that [SL(2,Z) : T'¢(2)"] < 3,
because [['g(2)" : T'(2)*] # 1.

On the other hand, we have that for any group G and subgroup H < G, if
g € G, then ¢" € H with n =[G : H].

Consider B = ( - ) ¢ To(2)*. Then B? ¢ To(2)" but B* € To(2)*.
This means that [SL(2,Z) : T'g(2)"] > 3. Therefore, [SL(2,Z) : T'x(2)*] = 3.

2. Find representatives in SL(2,7Z) for I'y(2)™".
Consider

0 —1 0 —1
7 = 1d, 72—(1 0)—5, 73—(1 1)—ST.

They are representatives of I'g(2)" since:

[o(2)t = {( 2a2j;1 2d2—1 ) 6GL(2,Z)|(1,C,CZ€Z},

Fo(2) s = {( BT ) € GL2,Z) | bed e z},

b
F0(2)+73:{< 2CC_L|_1 2d + 1 ) GGL(Z,Z)|C,CZ€Z}
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3. Compute what happens to the fundamental domain of SL(2,Z).
Every transformation of SL(2, Z) is generated by S and T'. Then it is enough
to see what these two transformations are doing to the fundamental domain
of SL(2,7Z) on HA.

The map S is an inversion together with a reflection:

The map T is just a translation:

Since we have the representatives in terms of S and 7', we make the corre-
sponding compositions to obtain that the fundamental domain is

Figure 2.2: The fundamental domain of T'y(2)™ on H?.

The borders of the fundamental domain are identified by T, ( _12 ? ) )

and _21 _11 € I'g(2)*. Doing the border identifications we have an

orbifold which is homeomorphic to a cylinder.
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e We carry out the steps for I'(2)*.

1. Again, the index of I'(2)* in SL(2,Z) is

[SL(2,Z) : T(2)*] = 6. ([18], page 20 — 22).

2. The representatives in SL(2,Z) for I'(2)" (that we choose) are

0 -1 0 -1 11
P)/l_Id?P)/Q_(l O )—S>73—<1 1 >_ST774_(0 1)_T7

(1 =1\ (1 =2\ 1
75—<1 0 )—TS,%—(l _1)—TST .

3. Since we already expressed the representatives in terms of the gen-
erators T and S, we can apply them easier to the fundamental domain of
SL(2,7Z). In this way we obtain the fundamental domain for T'(2)* on H?:

Figure 2.3: The fundamental domain of T'(2)* on H?.

The borders of the fundamental domain are identified by 72, ( _12 (1) )’

-3 2
-2 1
the following picture, we have an orbifold which is homeomorphic to a 3-
punctured sphere.

and € I'(2)*. Doing the border identifications, as shown in
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Figure 2.4: Doing the border identifications.

e The steps to compute the fundamental domain of the group I'(2)Y " on
H?:

1. With a similar procedure as the case of I'y(2), we get that the index
of T'(2)Y ™" in SL(2,Z) is

SL(2,Z) : T(2)Y*] = 3.

2. The representatives in SL(2,7Z) for I'(2)Y " (that we choose) are

1 1 1 -1
7 = 1d, 722(0 1>:T; 732(1 0 )ZTS-

3. Since we already expressed the representatives in terms of the gen-
erators T and S, we can apply them easier to the fundamental domain of
SL(2,Z). In this way we obtain the fundamental domain for T'(2)Y " on H?:

Figure 2.5: The fundamental domain of T'(2)Y " on H?.

We can notice that the fundamental domain of I'(2)Y™ is quite similar to the
one of T'yp(2)" and it is also homeomorphic to a cylinder.



Chapter 3

3-dimensional closed flat
manifolds

In this section, we present some steps and remarks necessary to compute the
moduli space of flat metrics. Then, we present the lists of moduli spaces of
flat metrics for 3-dimensional closed manifolds.

Recall that to describe the moduli space of flat metrics, as we have seen
already in the 2-dimensional case, we have to compute two spaces:

(a) The cone space

Cr:={X €GL(3,R) | XH, X' C O(3)}.

(b) The normalizer

Nas) (1) = {a € Aff(3) | ara™ = 7}.

Here, 7 is one of the 3-dimensional Bieberbach groups.

We will proceed as follows. First, we list the Bieberbach groups for the
3-dimensional manifolds; secondly, we determine the cone space C}, then we
determine the matrix part of the normalizer Nag) (7) and we describe the
moduli space of flat metrics. Finally, we study the topology of those moduli
spaces using the tools from the previous Chapter.

3.1 List of the 3-dimensional Bieberbach
groups

There are only 10 Bieberbach groups in dimension 3 up to affine change of
coordinates. Out of them, six give orientable manifolds and four give non-

25
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orientable manifolds. We present a list of them. The representations can also
be found in [22] or [13].

We need some notation. We shall denote by e; = (1,0,0), e = (0,1,0)
and e3 = (0,0, 1) the vectors of the standard basis of R®. The basic trans-
lations of R? are denoted by t; = (Id, e;). Also, the rotation matrix by an
angle 6 € [0, 27| is denoted as

RO = (ols) e )

3.1.1 The orientable 3-dimensional closed flat

manifolds

Here is the list of the Bieberbach groups for the orientable 3-dimensional flat
manifolds.

Gl = TSI Hﬂ = {Id}, ™ = <t1,t2,t3>.

G2: Hﬂ' = ZQy ™= <t17t27t37a = (Ay %61)>7
1 0 0

where A= 0 -1 0 = ( (1) R?ﬂf) ) )
0 0 -1

Gs: Hy =73, 7= (t;,s1 = (Id, A(es)), s2 = (Id, A%*(e3)), a = (A, %61»,

where A

I
o o~

G4: Hﬂ' = Z47 ™ = <t1,t2,t3,a = (A7 l61)>7

1 0 0
where A= 00 -1 = ( 1 0 )
01

‘0“73 2(53?@)-

wl&wh—n o
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Ge: Hy = Zy X Ly, m= (t1,t2,t3, = (A, %61),5 = (B, %(62 +e3))),
1 0 0 -1 0 O

where A= 0 -1 0 |, B= 0 1 O
0O 0 -1 0 0 -1

3.1.2 The non-orientable 3-dimensional closed flat
manifolds

We now list the Bieberbach groups for the non-orientable 3-dimensional flat
manifolds.

B1—81XK2 _Z2,

™= t17t27t37€: (E,l€1)>,
1 O 0
where E = O

2

B3 H7r — ZQ X Z27 ™= <t1,t2,t3,0€ = (AJ %61)7 = (E7 _61)>7
1 0 O 1 0 O

where A= 0 -1 0 ,E=1 01 0
0 0 -1 0 0 —1

B4I I’I7r = ZQ X ZQ, T = <t1,t2,t3, (A, 61), € (E (62 + 63))>
1 0 1

0
where A=10 -1 0 E=1|0
0 0 -1 0
3.2 The cone space

The cone space C;; is easy to analyze since it only depends on the holonomy.
To describe the space C, one has to solve the equation:

X € GL(3,R) such that (X'X)A = A(X'X) (3.1)
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for all A € H; (see Lemma 1.3.8). Recall that we can consider the columns
of X = (x1, 13, 23) as vectors in R? to get the following description:

(v1,21) (T1,22) (21, 73)
XtX = <(L’2,[E1> <(L’2,Z‘2> <I2,I3>

(z3,21) (73,72) (T3,73)

Solving the Equation (3.1) will give some conditions for the vectors z;.

To express these spaces, we use the notation H; - Hy, given in the section
1.1. The descriptions are done in [11] and [12]. We present some details
because some of the cases appear again in dimension 4.

Proposition 3.2.1. The possible spaces Cy for the 3-dimensional closed flat
manifolds are the following:

1. If the holonomy is trivial, then C = GL(3,R).

2. If Hy = 7o, then Cy = 0(3)- (R* x GL(2,R)) or O(3)- (GL(2,R) x R*).
3. If Hy = 7y, with k = 3,4,6, then Cr = O(3) - (R* x (R* x 0(2))).

4. If Hy = Ty x s, then Cr = O(3) - (R*)3.

We explain cases 2 and 3 in the preceding proposition.

1 0 0
Case 2. The case of H, = Zy generated by A= | 0 —1 0 |. We
0 0 -1

solve the Equation (3.1), and we get:

Cr = {(x1,29,23) € GL(3,R) | 1 L 25 and 27 L x3}
:O(S)-{<g g ) |a e R* andBGGL(Z,R)}
=0(3) - (R* x GL(2,R)).

0
0
—1

Note that when the holonomy is generated by F = , then the

o O =
O = O

*

second factor has different order: O(3) - (GL(2,R) x R*).
Case 3. In the cases of cyclic holonomy Zs, Z4, or Zg, the generator is

of the form A = ( (1) R(()Q) ) with 0 = %ﬂ,g or 3, respectively. Thus, when
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we solve the Equation (3.1), the rotation must be preserved. This gives an
extra restriction on the vectors, namely:

Cr ={(x1,29,3) € GL(3,R) | z; L x; ¢ # j and ||z2| = ||xs]|}

= 0(3) -

o O Q

0 0
b 0 ]]abeR"
0 b

— 0(3) - (R* x (R* x O(2)).

Remark 3.2.2. If A € H, and X € GL(n,R) such that XAX™' € O(n)
then XA" X! = (XAX )" € O(n) for any r € N.

3.3 The normalizer

To describe the moduli space of flat metrics, it is important to compute the
matrix part of the normalizer, N}, of the given Bieberbach group 7 in the
group of affine transformations. As we saw in Corollary 1.5.2, the group N;
will not change the dimension of the moduli space of flat metrics with respect
to the Teichmiiller space, but NV, can make the moduli space of flat metrics
have interesting topology, in the sense that it could be a non-contractible
space.

We use some descriptions from [13] but we present them in a different
fashion. We found out that there are some mistakes in [13]; this is going to
be highlighted when is necessary. For some computations we use the program
Mathematica as a tool.

3.3.1 General approach

The description of the normalizer of a Bieberbach group in the affine trans-
formations depends not only on the holonomy but on the affine structure as
well, i.e., on how the translations are acting. We have two situations:

(a) The matrix part of the normalizer N is not always the same as
NGL(n,Z) (HT()

(b) It is not always possible to express Nag,)(7) as a semidirect product.

This two situations lead us to the following definitions and lemmas. We
are going to present an example of each definition.

Definition 3.3.1. We say that the Bieberbach group 7 has trivial lattice,
when its lattice is L, = Z" C .
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For example, G5 has trivial lattice, but G35 do not has trivial lattice.

Definition 3.3.2. Let m be a Bieberbach group with non trivial holonomy.
We say that the group has translation part not involved, when for X €
NeLm,z) (Hx) we have that X (v) = v = (v1,...,v,) or X(v) = (u1,...,up),
with u; = —uv; for some ¢ € I C {1,...,n} and u; = v; for j ¢ I; for
each generator o = (A, v) of 7 such that A # Id. Otherwise, we say it has
translation part involved.

Example 3.3.3. An example of a Bieberbach group with translation part
not involved is G. The generator that is not a translation is a = (4, 3e1).
Solving the equation for X € GL(3,Z) such that XA = AX, where

1 0 O
A=10 -1 0 ,
0 0 -1

we conclude that the matrices X have the form

+1 O .
( 0 X2 ) with X2 S GL(Q,Z)
Therefore X (1e1) = £3e;.

Example 3.3.4. An example of a Bieberbach group with translation part
involved is By. The generator that is not a translation is € = (E, %el).
Solving the equation for X € GL(3,Z) such that XF = EX, where

10 0
E=[01 0o |,
00 —1

we conclude that the matrices X have the form

X, 0 .
(01 il) with X, € GL(2,Z).

Therefore X (3e;) is not always +ie;.

Definition 3.3.5. Let a = (A,v) € m with A # Id. Then the lattice for «
is aL, = {(A,v)(Id,u) | (Id,u) € L.}, that is, all the affine transformations
in 7 that have the matrix part equal to A.

Example 3.3.6. The lattice for € in B; is

€L, — {(E, 2e))(1d,u) | (Id,u) € L, = Z°}

2
2 1
= {(Bv) |o="21

e1 + ngeg + nges,  with ny,ng,ng € Z}.
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Using this notation we state:

Lemma 3.3.7. Let m be a Bieberbach group with trivial lattice, translation
part not involved and assume that the lattices of the generators of the holon-
omy are preserved by multiplying by —1, i.e., for (A,v) € m with A # 1d, we
have (A, —v) € w. Then

Nagin)(7) = Nown,z) (Hzr) X T,
where T" are the translations of the normalizer.

Proof. Let X € GL(n,Z) such that XH, X' = H,. For some generator
(A,v) of m we have

(X,0)(A,v) (X1 0) = (XAX ! X(v)).

Then XAX~! € H, and X (v) is v or —v which means that the lattices with
respect to each generator of H, are preserved. O

This lemma is satisfied by Gs, Gg, Bs and By. Also, in general, by T™.
Now, we can use the next property in order to see if the normalizer is a
semidirect product or not.

Proposition 3.3.8. Let G < Aff(n) be a subgroup. For all (X,u) € G, we
have (X,0) € G if and only if G = M x T, where M is the matriz part and
T are the translations of G.

We have to check this property case by case, but having it will give us the
advantage to search only for the affine transformations with zero translation
that normalize. All the orientable 3-dimensional closed flat manifolds have
this property. In the next example we will see the case of a non-orientable
one satisfying the property.

Example 3.3.9. The flat manifold B, satisfies the property studied in
Proposition 3.3.8. Let (X, u) € Nag)(7) and (E,v) € 7, we have:
(X, u) (B, v)(X 1 -X" ) = (XEX ', - XEX Hu) + X(v) +u).
Set u = (a, b, ), then
(XEXH —XEX 'u)+ X(v) +u) = (E,—E(u) + u+ X (v))
= (E,(0,0,2c) + X (v)) € eL,.
This means that the translation vector is of the form (see example 3.3.6)

2n1—|—1
2

where the n; are in Z and 2c + ng € Z. This means that ¢ can be zero, and
we are still in the lattice. We have shown that (X, 0) € Nags) (7).

(0,0,2¢) + X(v) = (

, N2, 2¢ + n3)
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The only 3-dimensional flat manifold that does not satisfy Proposition
3.3.8 is Bs.

Example 3.3.10. The flat manifold By do not satisfy the property in Propo-
sition 3.3.8. Indeed, doing the same computation as in the previous example,
we have

(E,(0,0,2¢) + X(v)) € eL,. But now we do not have a trivial lattice. Thus
the lattice of € is different:

2ny +n3 +1 +2n2+n3
= e
2 ! 2
As we can see, the first and second entry depend on the value of ns. Then,

the value of ¢ could change the third entry without changing the other two.
That is the reason why we can not consider the translation zero in general.

eL. ={(E,v)|v ea+nges, with ny,ng,ng € Z}.

For the cases that do not have the structure of a semidirect product, it is
useful to denote them as follows.

Definition 3.3.11. When Proposition 3.3.8 does not hold, we say that we
have switching cases with translations for the elements of the normalizer
that needs the translation part different from zero.

The approach to compute the matrix part of the normalizer of a Bieberbach
group, 7, in the group of affine transformations is:

(a) For the cases that do not have trivial lattice sometimes it is convenient
to change the representation in order to have trivial lattice, and in this
way, the matrix becomes an integer matrix.

(b) If the group satisfies Proposition 3.3.8, we proceed as follows:

i. Compute the normalizer of H, in GL(n,Z), or in a conjugation of
this group for the case of non-trivial lattice:

{X €GL(n,Z) or QGL(n,Z)Q ' |XH,=H,X},
where @ € GL(n,R).

ii. See if the translation part is involved or not. Then see which of the
matrices computed in step i preserve or interchange the lattices of
the respective generators.

(c) If the group does not satisfy Proposition 3.3.8, we do the same as in step
(b), but now we have to search for the switching cases with translation.
To detect the possible options, one can compute the translations that
normalize .
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3.3.2 The normalizer for the 3-dimensional
Bieberbach groups

Having the previous notions and examples in hand, we proceed with the
description of the matrix part, NV, of the normalizer of the 3-dimensional
Bieberbach groups in the group of affine transformations.

First, we do a change of representation by conjugating with a suitable
affine transformation as in [13, Lemma 2.2], to G3 and G5. Then the repre-
sentations used for computing the normalizer are, using the same notation:

1 0 0
Gs: Hy, =73, m= (t1,t,t3,a = (A, %61» where A=| 0 0 -1
01 —1
10 0
G5Z Hﬂ- = Zﬁ, ™ = <t1,t2,t3,0& = (A, %61» where A = 0 0 —1
01 1

Proposition 3.3.12. Let w be one of the Bieberbach groups for the
3-dimensional orientable closed flat manifolds, then the matriz part of the
normalizer of 7, N, in Aff(3) are as follows:

1. For T®, N, = GL(3,7Z).

+1 0
2. ForGg,./\/}:{< ; B)yBeGL(z,Z)}.

1 0 0 -1 0 0

3. ForGg,N,,:D6:< 01 -1 |, 0 01 >
01 O 0 10
1 0 0 -1 0 0

4 ForG4,N,,:D4:< 00 1|, o 1 0 >
01 O 0 0 -1

5. ForG5,N,,:D6:< 00 -1 1, 0

o —
— (@]
— o
o |

—
—_ o O
[ )
\/
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+1 0 0
6. For Gg, N, = 0 +1 0
0 0 =1

This is proved in [13], but we will explain some cases and make some
remarks to use them later as a comparison for the cases in dimension 4.

The group G5 has trivial lattice, and by Example 3.3.3, it has translation
part not involved. When we multiply by —1 a translation vector of the lattice
of the generator, it stays inside the lattice. Therefore, as we saw in Lemma
3.3.7, any matrix X € Ngs,z)(H,) will give an element (X,0) € Nags) (7).

For G, observe that we have cyclic holonomy of order bigger than 2. In
this case the next remark is useful:

Remark 3.3.13. Let 7 be a Bieberbach group with cyclic holonomy H, =
(A) of order k. To compute the normalizer one has to find X € GL(n,Z)
such that X H, X' = H,, but for this we need to satisfy X AX ! = A" with
(r,k) = 1 (relative primes) in order to always get a generator of the cyclic
group. To preserve the lattices of the generators, it is enough to find the X
that preserves one type of lattice for one generator.

Continuing with G3, the preceding remark tells us that there are two cases
for X € GL(3,Z):
A casel

-1 _
XAX { A% case 2.

For both cases we need the matrix with the form X = ( j(:)l )? ), where
2

the matrix Xy will be:

Casel:Xg((l) :1):((1) :i)Xg.

Then the matrix has to be: X5 € << bl )> )

Case 2: Xz((l) :1):(:1 (1)>X2.

) ) 1 -1 01
Then the matrix has to be: X2€{<(1 0 )>(1 O)}

As we can observe, the group (3 has trivial lattice and translation part not
involved. Then we just have to see if multiplying by —1 in the first entry
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affects the lattices of the generators:

oL, — {(A, %el)ﬂd,v) | (1d,v) € Ly = 7%}

s Sni+l .
={(4,0)| v = 13 e1 — ngea + (ng — ng)es, with ny,ne,n3 € Z};
3 2
o?L. = {(A%0) | 0= n13+ e1 + (n3 — ng)ea — nges, with ny, ny,ng € Z}.

Then, the 1 in the first entry of the matrix X preserve the lattices (necessary
for Case 1) and the —1 switches the lattices (necessary for Case 2). Therefore,
the normalizer is

10 0 -1 0 0
D6:< 01 —-11, 0 01 >
01 O 0 10

All of the Bieberbach groups of Proposition 3.3.12 have trivial lattice,
translation part not involved and the normalizer is a semidirect product,
which means that to compute the normalizer of m one just has to compute
the normalizer of H, in GL(3,7Z) and the lattices for a.L, to see if it is affected
by multiplying by —1, as we did for the case of G3.

Now, we present the result for the non-orientable manifolds.

Proposition 3.3.14. Let 7 be one of the Bieberbach groups for the
3-dimensional non-orientable closed flat manifolds. Then the matrix part of
the normalizer of w, Ny, in Aff(3) is as follows:

1. For By, N, = {( FOSQ) iol >}

01 0
2. For By, N; = (Fg) :I:l)'< 1 0 0 >
0 0 —1
+1 0 O
3. For Bs or By, N, = 0 +£1 0
0 0 41

We will only prove the proposition for B; and By, which are the interest-
ing cases.
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The group B; has trivial lattice and the normalizer has structure of
semidirect product. The difference now is that we have translation part
involved as shown in example 3.3.4. This means we have to restrict to matri-
ces in NGL(37Z)(HW) that preserve the corresponding lattice of the generator
€

2n1+1
2

As we saw in Example 3.3.4, we have to search for X; € GL(2,Z) such that
Xl(%,ng)t = (%Tﬂ,kg), with n;, k; € Z for i = 1,2. This only happens
for matrices in I'g(2), getting the conclusion.

For B; we do not have trivial lattice anymore, and as we saw in Example
3.3.10, the normalizer will not have the structure of a semidirect product.

We proceed as before with preserving the lattice of the generator:

eL,={(E,v)|v=

e1 + nges + nges, with ny, ny,ng € Z}.

2 1 2
ELﬂ. = {(E,?)) ’ V= il +2n3 i e+ n2;_ n3€2+n3€3, with ni, N2, N3 € Z}

After considering the cases when ns is even and when ns is odd, separately,
one finds that the matrices that normalize the group m without needing a

translation are
re)y o
0 4£1 ’

We still have to consider affine transformations that normalize but with a
nonzero translation (the switching case with translation). After looking at
all possibilities we conclude that the switching cases with translation are

0 1
F<2)'<1 0) 0 ,2tley | [ n€Z
0 +1

Thus, the whole group is:

M@ = ({( 7)) 5 )} x®RereZ) x (@),
0
0

1
0 l63
0

where £ = '3

o = O

—1

Remark 3.3.15. There is a mistake in the computations done by Kang for
the group Bj. It is stated in [13, Lemma 3.3] the group I'(2) instead of the
group I'g(2). Knowing the correct group is important because it affects the
topology of the resulting spaces.
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3.4 The moduli space of flat metrics

First, for completeness and because of the previous relations with the mod-
uli space of flat metrics, we will state the Teichmiiller spaces for the 3-
diemnsional closed manifolds. They are computed in [11] and [12]. They
are also easily computed using the description given in [3].

Theorem 3.4.1. The Teichmiiller spaces of the 3-dimensional closed flat
manifolds are the following:

1. ForT?, Tha = O(3)\ GL(3,R) = RE.

2. For Gy, By and Bs, Tpa = O(1)\ GL(1,R) x O(2)\ GL(2,R)
or O(2)\ GL(2,R) x O(1)\ GL(1,R) = R*.

3. For G3, Gy and G5, Tpa = O(1)\ GL(1,R) x U(1)\ GL(1,C) 2 R~
4. For Gg, Bs and By, Tpa = (O(1)\ GL(1,R))? = R3.

To describe the moduli space of flat metrics we need to use the orthogonal
representation. For the cases where we change the representation, we have
to recover the orthogonal representation. This is done using Lemma 1.3.11.
In this way we obtain the following groups:

10 -1 0 O
ForG3,N,,:<<O R(%))’ 8 (1) 01 ><O(3).

1 0 -1 0 0
For G5, Nﬂ- = << 0 R(g) ) , 8 —01 (1) > < O(3)

We put all the information together for describing the moduli space of
flat metrics and reduce the double coset whenever possible. The next result
also appears in [13].

Theorem 3.4.2. The moduli space of flat metrics of the 3-dimensional closed
manifolds are:

1. For T% M = O(3)\ GL(3,R)/ GL(3,Z).

2. For Gy, Mypu =R x (0(2)\ GL(2,R)/ GL(2,Z)).
3. For G3, G4 and G5, My = (RT)%

4. For Gg, My = (RT)3.
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5. For Bl, Mflat = (0(2)\ GL(Q,R)/F0(2)) x RT.
6. For By, Mg = (0O(2)\ GL(2,R)/T(2)Y) x R*.
7. For Bz and By, My = (RT)?.

Proof. By Theorem 1.3.5 and Remark 1.3.7, the moduli space of flat metrics
can be described as

Miiar = O(3\Cr /N

For the Bieberbach groups with cyclic holonomy with order bigger than 2,
we have that when we reduce the double coset, the following factor appears:

O@2)\R"- O(2)/(R, 4),

where R and A are generators that depend on the normalizer for each Bieber-
bach group with cyclic holonomy of order bigger than 2. These two generators
are going to be orthogonal matrices, R, A € O(2). Then

0(2)\R" - O(2)/(R, A) = R*.
O

Now we are in the position to study the topology of these spaces. We will
use the homeomorphism (2.3) and the fundamental domains we computed in
Section 2.3.

Theorem 3.4.3. There are two moduli spaces of flat metrics of
3-dimensional closed manifolds that are non-contractible, and the other mod-
uli spaces of flat metrics are contractible.

Proof. The proof is done case by case.
e For the 3-torus we have

M 1a:(T?) = O(3)\ GL(3,R)/ GL(3,Z).

This is contractible by the work of Soulé [19].

e For G5 we have
M1 (G2) = RT x (0(2)\ GL(2,R)/ GL(2,7Z))
~ R x (RT x H?/SL(2,7Z))
= (RY)? x 8\ {#},

by the homeomorphism (2.3) given in Section 2.1, and shown in Figure
2.1.
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The next cases are clearly contractible:
e For Gy, with k = 3,4, 5, we have
M p1at(Gy) = (RT)2.

e For Gg, B;, with ¢ = 3,4, we have

M 1at(Gs) = Mpar(B;) = (RY)°.
The non-contractible cases are the following:

e For B;, we have

Miar(B1) = (O(2)\ GL(2,R)/T(2)) x R*
~ (RT x H?/To(2)") x R*

>~ cylinder x (R1)?,

by the homeomorphism (2.3) given in Section 2.1 and the computation
of the fundamental domain done in Section 2.3, and shown in Figure
2.2.

e For By, we have

M 10 (B2) = (0(2)\ GL(2,R)/T'(2)Y) x R*
(RT x H?/T'(2)Y ") x R*
cyliner x (R*)?,

I

I

by the homeomorphism (2.3) given in Section 2.1 and the computation
of the fundamental domain done in Section 2.3, and shown in figure
2.5.

]

Remark 3.4.4. There is another erroneous claim in Kang’s paper [13, The-
orem 4.5]. It is stated that the moduli space of flat metrics of By is

(O(2)\ GL(2,R)/T'(2)) x RT.
If this were true, then

OBN\Cr /N = (0(2)\ GL(2,R)/T'(2)) x R,
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but the matrix part of the normalizer is

01 0
T2 o
G (R IDR(EHKY)

This would mean that we have the next homeomorphism:
(02)\ GL2,R)/T(2)Y) x R* = (0(2)\ GL(2, R)/T'(2)) x R*.

This is a contradiction because

(0(2)\ GL(2,R)/T'(2)Y) x R" 2 cyliner x (R™)? and
(0(2)\ GL(2,R)/I'(2)) x R* = 3-punctured sphere x (R™)?.
The last homeomorphism follows from the homeomorphism (2.3) given in

Section 2.1 and the fundamental domain computed in Section 2.3 and shown
in Figure 2.3 and 2.4.



Chapter 4

4-dimensional closed flat
manifolds

In this chapter we describe the moduli spaces of flat metrics for a family of
4-dimensional closed manifolds. We will use the same approach as in the
3-dimensional case. First we list the Bieberbach groups, then we determine
the cone spaces and the normalizer groups, and finally we present the moduli
spaces of flat metrics.

4.1 List of the 4-dimensional Bieberbach
groups

The family of 4-dimensional closed flat manifolds that we are considering is
the one whose Bieberbach groups have only one generator in their holonomy.
This family consists of 16 manifolds, where 8 are orientable and 8 are non-
orientable. To list their Bieberbach groups we use the classification tables
done in the Ph.D. thesis of Lambert [15]. There are, in addition to this
family, two further families of 2 and 3 generators in their holonomy. In total
there are 74 affine equivalent classes of 4-dimensional closed flat manifolds.

Let us introduce the following notation for dimension 4, analogous to
the one we used in dimension 3. We shall denote by e; = (1,0,0,0), e5 =
(0,1,0,0),e3 = (0,0,1,0) and e4 = (0,0,0,1) the standard basis vectors of
R*. Also, t; = (Id, ¢;) will denote the basic translations of R*.

41
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4.1.1 The orientable 4-dimensional closed flat
manifolds with a single generator in their
holonomy

Here is the list of the Bieberbach groups for the orientable 4-dimensional flat
manifolds with a single generator in their holonomy.

The flat torus T* = O}:H, = Id, 7= (t1,ty,13,t4) = Z*

Og:Hﬂ-:ZQ
-1 0 00
7T:<t1,t2,t3,t4,0&2(A,%64)>7 where A= 8 _01 (1] 8
0 0 01
Ogi Hﬂ— —ZQ
T = <t1,t2,t3,5 - (Id7 5(61 + 64)),04 = (Aa 262»’
10 0 O
01 0 0
where A= 00 -1 0
00 0 -1
031 H7r :Zg
™= <t17t27t37 § = (Id7 %63 + \/7564))7 a = (AJ %€2>>7
1 0 O 0
01 0 0
where A= 00 _% _\/Tg
o0 ]
Oé: Hﬂ- :Zg
™ = <t1,t2,81 = (Id, —%62 + %363),82 = (Id, %62 + \/?363 + 64),& = (A, %61»,
10 O 0
01 0 0
where A= 00 _% _\/Tg
00
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Of: H, =17y
1 00 O
010 O
™= <t17t27t37t47 a = <A’ 41162)>7 Where A - 0 O O _1
001 O

Oé: Hﬂ- = Z4
T = (t1,t2, 51 = (Id, %61 + %62 + e3), s2 = (Id, %61 + %62 +es),a = (4, %162»7

1 0 0 O
010 O
where A= 000 —1
001 O
Oésli H7r = ZG
= <t17t27t37 § = (Id7 %63 + \/7364)7 a = <A7 %62)>7
1 0 0 0
01 O 0
where A= 00 % \/Tg
00 ¥ !

4.1.2 The non-orientable 4-dimensional closed flat
manifolds with a single generator in their
holonomy

Here is the list of the Bieberbach groups for the non-orientable 4-dimensional
flat manifolds with a single generator in their holonomy.

N# = K> x T% H, =7,

1 0 0 0
010 0
™= <t17t27t37t47 a = (A, %61)>, where A= 00 1 0
0 00 -1

Ni: I, = Z,
™= <t17t27t37 s = (Id7 %(63 + 64))705 = <A7 %61»,
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1 00 O
01 0 O
where A= 001 0
00 0 -1
N4, H, = Zs
-1
T = (ty,to,t3,ts, 0 = (A, %64)), where A= 8
0
Ni: H, =7,
—1
T = (t1,ta,t3,ts, 0 = (A4, }162)), where A= 8
0

Ni: H, = Z,
m=(s1 = (Id, 1(e; + e2 +€3)),s0 = (Id, L(—e; + €3 — €3)),
S3 = (Id7 %(—61 — €9 + 63)), t4, o = (A, i64)>,

0O 1 0 0
-1 0 0 0
where A= 0 0 -1 0
0 0 0 1
Niy: H, = 7
= <t17t27t37 s = (Id7 %63 + \/7§€4)7 o= (AJ %62)>7
-1 0 0 0
b A 0 1 0 0
where =
R B
00 % -3

N2, H, = Zg

_— o O O

OO = O
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T = (t1,ta, t3,5 = (Id, Leg + Ley),a = (4, Ley)),

-1 0 O 0
b 4 0O 1 0 0
where = V3
00 =% 3
1 0 0 0
O 0 -1 0
_ — 1 =
™= <t17t27t37t47a - (Aa 661)>7 where A 0 0 0 —1
0O -1 0 0

4.2 The cone space

We compute the cone spaces C) for the family of 4-dimensional closed flat
manifolds with a single generator in their holonomy. As before, we continue
using the same notation as in dimension 3 and Lemma 1.3.8.

Proposition 4.2.1. The possible spaces C for the 4-dimensional closed flat
manifolds with a single generator in their holonomy are the following:

1. For trivial holonomy: T*. The space is C = GL(4,R).
2. For H, = 7o, the spaces are:
i. For O3 and O3, C, = O(4) - (GL(2,R) x GL(2,R)).
i. For N}, Ni, and N{,, Cr = O(4) - (GL(3,R) x R*).
3. For cyclic holonomy of order bigger than 2, the spaces are:

i. For Of, O}, O}, 0% and O}, C, = O(4)-(GL(2,R) x (RT x O(2))).

) %
i. For Nis, , Niy and Ny, Cr = O(4)-((RT)?x O(2)) x (R x O(2))).
For Nig, Cr = O(4) - (RF x 0(2) x (R")? x 0(2))).
)-

iii. For Nj;, Cr = O(4) - (R* x (R* x (0,Z) x 0(3))

Proof. We consider each case separately.

Case 1. When the holonomy is trivial, the result follows from Corollary
2.1.
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Case 2. For H, = Z,. The situation is similar to dimension 3 Case 2 of

-1 0 0 0
. . 0 -1 00 .
Proposition 3.2.1. When H, is generated by A = 0 o0 10 |°F its
0 0 01

negative —A, which is the case of OF and O3, we have

Cr = {(x1, 19,23, 24) € GL(4,R) | 1 L 23,21 L x4,29 L x5 and 25 L 24}

GL(2,R) 0
=0 ( 0  GL(2,R) ) '

1 00 O
: 010 O . .
When the generator of H; is A = 001 0 or its negative —A,
000 —1

which is the case of N, Ny, and N},, we have
Cr ={(21,29,23,24) € GL(4,R) | 4 L x; with i =1,2,3}

:0(4).{<€3 O)MGR*andBeGL(ZS,R)}

a

— O(4) - (GL(3,R) x R").

Case 3. For cyclic holonomy manifolds with order bigger than 2. The
situation is similar to dimension 3, Case 3 of Proposition 3.2.1. Here we
are also using remark 3.2.2. When H, is generated by matrices of the form

10 0
01 0 , which is the case of Of, O2, Of, O%, and Of, we get that
0 0 R(0)

Cr ={(z1,29,23,24) € GL(4,R) | 21 L 23,21 L 4,20 L 23,29 L 24,23 L 24
and [|z3]] = [|z4]|}
B GL(2,R) 0
_0(4)'( 0 R+x0(2))
= 0(4) - (GL(2,R) x (RT x O(2))).

When the holonomy is generated by matrices of the form
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R@O) 0 0
or 0 —1 0 |, which is the case of Ni5, N, Niy, and Ny, we have
0 0 1

Cr = {(x1, 22,3, 24) € GL(4,R) | z; L x; for all i # j with 4,5 € {1,2,3,4},
and [|zs|| = |[z4][}

=0(4) - (RT)* x O(2)) x (R x 0(2))).

1 0 0 O
: 0 0 -1 0 Lo
When the holonomy is generated by o0 o -1l which is the case
0 -1 0 0

of N3, we have

Cr = {(x1, 29,23, 24) € GL(4,R) | 1 L x; with i = 2,3, 4,

[z2ll = llzsl] = [lzall and @y - 25 = @5 - 24 = 25 - 24} .

This means that the vectors x5, x3 and x, have the same length and form
the same angle between them. For this situation we have that the angle is
g < (0, %“) since having angle %’T means that the vectors are coplanar (and
not linearly independent anymore). With this information we can conclude

that

C. = 0(4) - (R* x (R* x (0,2) x O(3)).

4.3 The normalizer

We proceed as in section 3.3.1. For the orientable manifolds we will get
different situations than in dimension 3. That is why we will introduce some
helpful notation.

First, we present the list of the conjugated representations of some of the
Bieberbach groups. The matrix is going to be similar as in dimension 3 since
we have the same holonomies. These representations are used to compute
the normalizer. With an abuse of notation, we denote these groups in the
same way as before.

Oji Hﬂ- = Zg
The representation is conjugated by the affine transformation (P,0) € Aff(4)
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10 O 0
b P 01 0 0
wi = 1
00 —1 Tgi
00 —1 -5
The resulting integer representation is
100 O
010 O
7T:<t17t27t37_t47a:(A7%62)>a where A= 000 —1
001 —1

Oé: H7r = Zg

We do a change of representation with the same affine transformation as in
Of}. The resulting integer representation is

™ :<t1,t2, S1 = (Id, 7%62 — 2(—‘3/363 — %64), S9 = (Id, é@g — 164),

V3
o= (A’ %61)%

100 O
010 0
where A= 00 0 —1
001 -1
Os: H,=1Zs
The representation is conjugated by the affine transformation (P, 0) € Aff(4),
1 00 O
here P 010 O
where P = 1
0 01 275
000 Z

The resulting integer representation is

100 O
010 0
T = (ty, lo, b3, ts, o0 = (A, %62», where A= 000 —1
001 1

Let us introduce the following notation, which we will use in the propo-
sition below.



To(2) : = {< et deil ) 6GL(2,Z)|a,b,c,deZ}

— {X'| X € Ty(2)}.

F071(3) =
3a+1 3b 3a + 2 3b
{( . 3d+1>or( . 3d+1)€GL(2,Z)]a,b,c,d€Z}

_{(‘CL Z) eGL(Q,Z)|szanddzlmod3}.

FO’Q(S) =
3a+1  3b 3a+2  3b
{( C 3d+2> oF ( C 3d+2)€GL(27Z)’CL,b,C,dGZ}

:{(Z Z) eGL(2,Z)\bEOandd52mod3}.

Ty a(3): = {( o 3d3i2 ) € GL(2,Z) | a,b,cd € Z}

:{(Z 2) € GL(2,Z) | b,c =0, aElanddE?mOd?’}'

Faa(3) i = {( 3(131—2 3d3i1 > € GL(2,Z) | a,b,c,dEZ}

:{<‘CL Z) € GL(2.Z) | bc=0, az2andd51m0d3}-

F071(4)2:{(2a;_1 4d4—l})—1> EGL(?,ZHa,b,c,dGZ}

:{(Z Z) EGL(2,Z)\bEOanddzlmod4}.



2a+ 1 4b
( . 4d+3>€GL(2,Z)|a,b,c,d€Z}
b
d

)6GL(2,Z)|bEOanddE3mod4}.

Tot(2,4) = {< 2‘1;(;1 4d4i1 ) € GL(2,Z) | a,b,c,d Z}
:{(Z Z)EGL(Q,ZHCEOmon,bEOanddzlmod4}.
Tos(2,4) := {( 2‘1;07 1 4d4i3 ) € QL(2,7) | a,b,c,d € z}
:{(z 2>EGL(2,Z)|CEOm0d2,bEOandd53m0d4}.
To.1(6) :{(2“:1 6d6i1>eGL(QZ |abcdeZ}
:{(Z Z)EGL( )\b_Oandd_lmodG}.
To.5(6) :{(2“0“ 6d6i5)eGL(QZ |abcdeZ}
:{(Z Z)EGL(Z,Z)\bEOanddESmodG}.

Proposition 4.3.1. The matriz part of the normalizer of = in Aff(4) for
the 4-dimensional orientable closed flat manifolds with a single generator on
their holonomy is as follows:

1. ForT*, N, = GL(4,Z).

2. For O4, N, = {( e Fo(22> >}
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1100
I'(2) 0 0100
4 —
3 FO’I"037 T ( 0 F0(2)t> < 0010 >
00 01
4. For Of,
B 0 0 cC 00
Nﬂ—< 01 -1 ], 0 01]||BeTln(3 CeF02(3)>
01 O 0 10
5. For Of,
B 0 0 cC 00
Nﬂ:< 01 -1 ], 0 01 ]]|BeTl23) OeF21(3)>
01 0 0 10
6. For O,
B 0 0 cC 00
Nﬂ—:< 0 0 1 y 0 01 ]BGFOl C€F0’3(4)>
0 -1 0 0 10
7. For O3,
B 0 cC 00 1200
01 0 O
0 1. oo01 ,
0 —1 0 0 10 00 10
000 -1
where B € F()l 2,4),0 € F03(2,4)
8. For Of,
B 0 0 cC 00
NW:< 0 0 -1 , 0 0 1 |BEF0’1(6),C€F075(6)>.
0 1 1 0 10

Proof. In the case of T#, the result follows from example 1.3.4.

The Bieberbach groups O3, O2, and O? have non-trivial lattice. Then the
group of matrices that normalizes the lattice is a conjugation of GL(4,7Z) by a
matrix ) € GL(4,R) (Remark 1.3.9). For these cases the () is computed, but
fortunately the X € Q GL(4,Z)Q~! that satisfy the condition XA = AX for
the generator of the holonomy A are reduced to matrices in GL(4,Z). Then
in all cases we can consider matrices in GL(4,Z).

In what follows we will consider all the Bieberbach groups (listed in the
proposition) without taking into account the torus.
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We first find all the matrices X € GL(4,Z) that normalize the holonomy
H,. For all cases we get that the matrix must have the form

X 0
X = ( 0 X5 > '

All of the Bieberbach groups have translation part involved. Then the
lattices of the generators of the holonomy have to be computed and we have
to search for matrices X € Nap,,z)(Hx) that preserve or switch the lattices.

For O3, the matrix X, € GL(2,Z) has to preserve vectors of the form
Xo(ng, 245) = (ks, 2’“4;“1)7 with n;, k; € Z for 1 = 3,4, similar to the case
of Bl.

For cyclic holonomy of order k bigger than 2, we have the cases

A
A" withr e N1 <r <kand (r,k) =1

XAX‘hz{

For the ones with trivial lattice, Of, Of and Og, we have to search for the ma-

trices X; such that Xi(ny, #25) = (ky, 2258 or X (ny, 224) = (ky, H2tr),
with n;, k; € Z for « = 1,2, depending on where the generator of the holon-
omy is sent. The matrices Xy are going to be the same as in the cases of

dimension 3 with the same respective holonomy in Proposition 3.3.12.

For the ones with non-trivial lattice, the types of vectors to preserve or
switch will depend on more cases. Let us see this more closely:

For O3 the lattices of the generators are:

_37’Ll+16 +3n2—n3+n4
-3 3

aLz ={(A,v) |v es + (n3 + na) Zes + nu2 ey
andn; € Z,i=1,2,3,4}

3ng + 2 3ng — N3 + Ny
= e+ ez — Nazes + nz3eq and

3 3
ni € Z,i=1,2,3,4}.

o?L, = {(A,v) | v

We have the next three cases:

1. —TL3+TL4€?)Z, 2. —n3+n463Z+1, 3 —7’Lg—|—7’L4€3Z—|—2.
Looking at all combinations for sending the lattices, it is concluded that not
all of them are possible, leading us to get the structure of semidirect product
in the normalizer.

The next two groups are the only ones that their normalizer do not ac-
cept a structure of semidirect product: O3 and O7. We consider each case
separately.
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For O3, the lattice of the generator is:

2 2 1
oLy ={(Av) o=, 4 2T

€y — N33 — %64 and n; € Z,
i=1,2,3,4}.

We have two cases: n4 odd or n4 even. Looking at all the possibilities,
including the switching cases with translations, we obtain:

Nasiin(03) = ({( ”02) F0?2>t )} xRORSIZ & ;Z) X (€),

1100
01 00

where £ = 0010 | i€4
0001

For O3, the lattices of the generators are as follows:

al, ={(A,v) | v = 2mtmatne) 4 dnpt2sin)tle, — nyes 4+ ngeq and n; € Z,
i=1,2,3,4}.

QP L, = {(A%v) | v = Zrtnstnae, 4 nat2nginatie, 4oy ieq — pgey and n,; € Z,
i=1,2,34).

We will have two cases: ng + n4 even or ng + ng odd. Looking at all possibil-
ities, including the switching cases with translations, we obtain:

Naf)(07) =
[oa1(2,4) 0 0 Fos(2,4) 0 0
< 0 0 1, 0 01 >D<]R{69R@T (£,

0 -1 0 0 1 0
1 2 0 O
010 0 1

where ¢ = 001 0 ’(O’O’_’_ﬁ) , and
0 00 -1

T={(t,n—t)|te€lZandn € Z}.
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As we can see in the preceding Proposition, we have two situations similar
to the situation of B; and B, in dimension 3, where the Bieberbach groups
are almost the same but one of them has non-trivial lattice and consequently
the normalizer Nags)(7) does not have the structure of semidirect product.
These similar situations in dimension 4 are as follows. For holonomy Z, it
is 05 and O3, and for holonomy Z, it is Of and O3, where the ones with
normalizer N () without the structure of semidirect product are O3 and

04,

Now, we study the non-orientable manifolds. As before, we present the
list of the conjugated representations in order to get a group with trivial
lattice and integer matrix. This representation is the one used to compute
the matrix part of the normalizer NV;. With an abuse of notation, we denote
these groups in the same way as before.

Nig: H: =174
The representation is conjugated by the affine transformation (P,0) € Aff(4),
0 110
-1 100
where P = 1010
0 0 0 1
The resulting integer representation is:
-1 100
-1 0 10
T = <t17 t?) t37 t47 o = (Aa 41164)>7 where A - -1 0 0 0
0 001

Niy: H, = Zg
The representation is conjugated by the same affine transformation (P,0) €
Aff(4) as in Of. The resulting integer representation is

-1 0 0 O
0O 1 0 O
™= <t17t27t37t47 a = <A7 %62)>7 where A= 0 0 —1 =1
0O 0 1 0

N3o: Hr = Zs
The representation is conjugated by the same affine transformation (P,0) €
Aff(4) as in Of and N{y. The resulting integer representation is



95

-1 0 0 O
0O 1 0 0
™= <t17t27t3yt47 a = (A, %62))7 where A= 0 0 1 ]
0 0 -1 0

As in the orientable case, let us introduce the following groups:

a b
€ GL(3,Z) | d,g =0mod 2 ; ,

—
o
—~
[\
SN—
w
I
Q &
> 0o
S-S O

—
oN
—~
[\
S~—
w
Il
SRS
o)
~ O

€ GL(3,Z) | d,g,c, f =0 mod 2

s
>
~

Proposition 4.3.2. The matriz part of the normalizer of w in Aff(4) for the
4-dimenstonal non-orientable closed flat manifolds with a single generator in
their holonomy is as follows:

1. FOT‘N{’L,NW:<<§ fl)‘B€F0(2)3>

9. For N, N, = {<( 0 41 ) | B ET5(2); >}<
cL(3 )}

_— o O O
\/

O = O =
o= OO

o O = O

3. For Nyi;, Ny =

(G
. <(

+1 0 0 1 0 0 O
0 10 0 0 -1.0 0
0o 00 -1 )" 0 0 1 0 '
0 01 0 0 0 0 -1
5. For Nis, N =
1 -1 0 0 -1 100 -1 00 0
1 0 -1 0 -1 010 -1 01 0
1 0 0 0]’ -100O0O -1 10 0 '
0 0 0 1 0 001 0 00 -1
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£1 0 0 0 1 0 0 0
0 10 0 0 -1 00

6. FOTN%9’N”:< 0o 00 -1 | 0o 0o 01 >
0 01 1 0 0 10
10 0 0 £1 0 0 0
01 0 0 0 -1 00

7. FOTN§0,NW:< o0 1 11 0 0 0 1 >
0 0 —1 0 0 0 10
1 0 0 0 +1 0 0 0
0 0 -1 0 0 010

8. Foerl,/\/;r:< 0 0 o0 -1l 0 10 0 >
0 -1 0 0 0 00 1

Proof. First we explain the case of Ni. The group N has trivial lattice,
translation part involved, and his normalizer has structure of semidirect prod-
uct. The matrix that normalize the holonomy has to be of the form

(X 0
X = ( 0 +1 )
with X; € GL(3,Z). In order that this matrix X is in Ny, also has to preserve

the lattice of the generator «

2 1
aLlr ={(Av)|v= mt e1 + noes + nges — ngeq and n; € Z,

2
i=1,2,3,4}.

The case of N is similar to N; but its group has non-trivial lattice. Then
the form of the matrix X is the same but the lattice of the generator « is
different:

2n1 +1 2ns +n n
aLﬂ = {(A,'U) ‘ v = 12 €1+n2€2+%63— 74

es and n; € 7Z,
i=1,2,3,4},

with two cases: n4 even or ng odd. This lead us to switching cases with
translations. Therefore the whole normalizer group is

Naga)(Ny) =

20+ 1 b 2¢

0

2d 2 +1 2f 0

2% ho 241 0 EGL(4,Z)>D<T X (£),
+

0 0 0 1
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with a,b,c,d,e, f,g,h,1 € Z, the translations T = R®&R &R @& 1Z, and

1
’ (07 07 07 Z)

S = O =

0
0
1
0

o O = O
_— o O O

The case of N}, is simple because the form of the matrix X is also as
in N{! but now the group Nj, has trivial lattice and translation part not
involved. Then N7 is the same as Nap,z) (Hx).

The remaining groups are also simple to compute since they have triv-
ial lattice, translation part not involved and their normalizers have struc-
ture of semidirect product. They even have the normalizer of the holonomy;,
Neara,z)(Hy), finite, which we computed using Mathematica. We only have
to be careful with multiplying by —1 in some entries of the lattice. We omit
the computations. O

Remark 4.3.3. The Bieberbach groups Nix, N, N}y, Ni, and N3, have
finite matrix part of the normalizer, making them similar to the case of
dimension 3 for the orientable manifolds with cyclic holonomy bigger than 2.

4.4 'The moduli space of flat metrics

First, for completeness and because of the previous relations with the moduli
space of flat metrics, we will state the Teichmiiller spaces for our manifolds
which are easily computed by the description given in [3].

Theorem 4.4.1. The Teichmiiller spaces of the j-dimensional closed flat
manifolds with a single generator in their holonomy are:

1. For T*, Tra = —Gé((gm ~ RIO,

GL(2,R)
0(2)

I

GL2R) ~ 16
02) — R®.

2. For Oy and O3, Tfia X

3. For O, 0%, O, 0%, and OF, Thar = Gg%f“ x GLLC) ~ R4,

4. For N}, N& and N¥,, Thiar = GLO%F) x GLUR) ~ RT,
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5. For N{%, Nfl(s; Nflga Nélo: and N21; Tfiar = CLLE) « GLO((ll’;R) x GHLE)

o(1) u(n)
GL(LO) | GLULR) . GLOR) n p3
u(1) o(1) o T

X X

To describe the moduli spaces of flat metrics we need to use the orthogonal
representation. For the cases where we changed the representation, we have
to recover the orthogonal representation. This is done by conjugating with
the respective transformation P~! (see Lemma 1.3.11). In this way we obtain
the following groups:

For Oj,
B 0 cC 0 0
N”_<(() R(z)) 0 10 !BGF0,1(3),C€F072(3)>.
3 00 —1
For O3,
B 0 C 0 0
Nﬂ-:<(0 R(z))7 0 1 0 ]BEFM( ),C€F21(3)>
3 00 —1
For Of, N, =
B 0 cC 0 0
<(0 R(z)) 0 -1.0 GGL(4Z)|B€F01()C€FO5(6)>
3 0 0 1
FoerG,,/\/' =
0 -1 0 0 01 0 0 1 0 0 0
1 0 00 10 0 0 0 -1 0 0
<0010’00—10 00—1o><0(4)
0 0 01 00 0 1 00 0 -1
For N{,,
+1 0 0 0
+1 0 0 0o
Ne=(| 01 0 .1 o o |, eGL4z <o()
00 RE) 0 0 0 1
For Ny,
10 0 £1 0 0 0
Ne = o1 o | o 00 eGL4Z <o(4).
3 0 0 0 1
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Let us consider the following notation:

To(3) = {(‘2 Z) €GL(2,2) | bEOmodS}.
T(3) = {(Z Z) € GL(2,Z) | b,czOmodB}.

To(4) == {(Z Z) eGL(Q,Z)|bEOmod4}.

b ¢

e f | €eGL(3,Z)|d,c,f =0mod?2 .
h 1

Theorem 4.4.2. The moduli space of flat metrics of the 4-dimensional closed
manifolds with a single generator in their holonomy are:

1. For T*, M = O(4)\ GL(4,R)/ GL(4,7Z).

2. For O}, M = (0(2)\GL(2,R)/GL(2,Z)) x (O(2)\ GL(2,R)/T4(2)).
3. For O}, My = (0(2)\ GL(2,R)/To(2)) x (O(2)\ GL(2,R)/To(2)").
4. For O}, M = (0(2)\ GL(2,R)/T(3)) x R,

5. For O}, Mpua = (0(2)\ GL(2,R)/T(3)) x R*.

6. For O}, Mg = (0(2)\ GL(2,R)/To(4)) x RY.

7. For O%, Mpuq = (0(2)\ GL(2,R)/T'(2)) x R*.

8. For O}, My = (0(2)\ GL(2,R)/ (T.1(6), To5(6))) x R,

9. For N{, Myar = (O(3)\GL(3,R)/T4(2)3) x R*.

10. For N, M = (O(3)\GL(3,R)/T'1(2)3) x R*.

11. For N}, My = (O(3)\GL(3,R)/ GL(3,Z)) x R*.
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Proof. We use Theorem 1.3.5 and Remark 1.3.7 to obtain the moduli space
of flat metrics via

Mflat - O<4)\Cﬂ—/./\/;r

For the orientable manifolds of cyclic holonomy of order greater than 2
their double quotient is of the shape

O(4)\0(4) - (GL(2,R) x @)/ (%) (% 9)).

where I'y, I'y € GL(2,Z), and R, A € O(2), the respective matrices that
appear in N, for each case. Observe that <8 1 0> ¢ N, where C € I'y; this

means that AV; can not be separated as the product of the groups. But we
still can separate the double quotient in two factors:

(O(2)\ GL(2,R)/(T'1, T2)) x (O(2)\R™ x O(2)/ (R, 4)) ,

this is because the second part of the space C; is RT x O(2) and, (R, A), the
second factor of the group N is finite and generated by orthogonal matrices.
Then we separate the double quotient in two factors and reduce the second
factor as in Theorem 3.4.2.

For the non-orientable manifolds with cyclic holonomy of order greater
than 2, we can reduce it because the normalizer is a subgroup of O(4) and
the cone space C) is equal to orthogonal matrices times the positive real
numbers. Let us see the case of Ni:

Mp1at(N5) =

0N OUH((R)? x 02) x (B x 02)) / { (
=R x RT x (O(2)\RT x O(2)/ (($ 1), (§ %))

~ Rt xRt x RT. O

With the work we have done so far, we can say something about the
topology of some of the moduli spaces above.

Corollary 4.4.3. The moduli spaces of flat metrics of the 4-dimensional
manifolds with Bieberbach groups O3 and O% are non-contractible. On the
other hand, the moduli spaces of flat metrics of the 4-dimensional manifolds
with Bieberbach groups Ny, Ni-, N}, Ny, Noy, and Ny, are contractible.
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Proof. The proof is done case by case.
We explain why the following moduli spaces of flat metrics are non-
contractible:

e The case of 03, since

Mt = (O(2)\GL(2,R)/GL(2,Z)) x (O(2)\GL(2,R)/T(2))
> (R* x H?/SL(2,Z)) x (R x H?/T(2)*)
>~ (R*)? x §*\ {*} x cylinder.

This double cosets are studied in Theorem 3.4.3.

e The case of O3, since

M = (O(2)\ GL(2,R)/T'(2)) x RY
~ (R x H?/T(2)") x R*
= 3-punctured sphere x (R*)?2

The last homeomorphism follows from the homeomorphism (2.3) given
in Section 2.1 and the fundamental domain computed in Section 2.3,
and shown in figure 2.3 and 2.4.

We explain why the following moduli spaces of flat metrics are con-
tractible:

e The case of N},, since we have
Mia(NE) = O3)\GL(3, R)/ GL(3,Z) x R,
and that double coset is contractible due to Soulé [19].
e The cases of Nis, Nj, Niy, Ny, and Ny, since

Mflat — (R+)3.

O

Remark 4.4.4. The moduli space of flat metrics of the 4-dimensional torus
is non-contractible due to Tuschmann and Wiemeler in [20].

For the remaining ones we could still study their topology, and this is work
in progress. For the orientable ones, we could also compute their fundamental
domain as we have done so far. For the cases N} and Nj potentially one
could use the work of Soulé [19].
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