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Abstract

We study the hypergeometric functions associated to five one-parameter deformations
of Delsarte K3 quartic hypersurfaces in projective space. We compute all of their
Picard-Fuchs differential equations; we count points using Gauss sums and rewrite this
in terms of finite-field hypergeometric sums; then we match up each differential
equation to a factor of the zeta function, and we write this in terms of global
L-functions. This computation gives a complete, explicit description of the motives for
these pencils in terms of hypergeometric motives.

1 Introduction

1.1 Motivation

There is a rich history of explicit computation of hypergeometric functions associated
to certain pencils of algebraic varieties. Famously, in the 1950s, Igusa [29] studied the
Legendre family of elliptic curves and found a spectacular relation between the 2F;-
hypergeometric Picard—Fuchs differential equation satisfied by the holomorphic period
and the trace of Frobenius. More generally, the link between the study of Picard—Fuchs
equations and point counts via hypergeometric functions has intrigued many mathemati-
cians. Clemens [11] referred to this phenomenon as “Manin’s unity of mathematics.”
Dwork studied the now-eponymous Dwork pencil [20, §6j, p. 73], and Candelas—de la
Ossa—Rodriguez-Villegas considered the factorization of the zeta function for the Dwork
pencil of Calabi—Yau threefolds in [9,10], linking physical and mathematical approaches.
More recently, given a finite-field hypergeometric function defined over QQ, Beukers—
Cohen—Mellit [3] construct a variety whose trace of Frobenius is equal to the finite-field
hypergeometric sum up to certain trivial factors.

1.2 Our context

In this paper, we provide a complete factorization of the zeta function and more generally
a factorization of the L-series for some pencils of Calabi—Yau varieties, namely families of
K3 surfaces. We study certain Delsarte quartic pencils in P3 (also called invertible pencils)
which arise naturally in the context of mirror symmetry, listed in (1.2.1). Associated to
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each family, we have a discrete group of symmetries acting symplectically (i.e., fixing the
holomorphic form). Our main theorem (Theorem 1.4.1 below) shows that hypergeometric
functions are naturally associated to this collection of Delsarte hypersurface pencils in
two ways: as Picard—Fuchs differential equations and as traces of Frobenius yielding point

counts over finite fields.

Pencil Equation H p bad
Fa xg + x‘f + x% + xg — dfrxox1x0x3 o X g 2
Fils xg + xi’xz + x%’xg + xgxl — 4 xox1x0%3 7 2,7 1.2.1)
) xé + x‘f + x%xg + x%xz — 4 xox1x0%3 "8 2
LoLy | adar + adwg + adx3 + a3wn — dfoxinans | pa X po 2
Ly xgx1 + x5 + x5%3 + x5%0 — 4P XQXIX2X3 s 2,5

Here, we write u, for the group of roots of unity and H is a designated subgroup of
symmetries of the family. The labels F and L stand for “Fermat” and “loop,” respectively.
In previous work [18], we showed that these five pencils share a common factor in
their zeta functions, a polynomial of degree 3 associated to the hypergeometric Picard—
Fuchs differential equation satisfied by the holomorphic form—see also recent work of
Kloosterman [36]. Also of note is that the pencils are also related in that one can take a
finite group quotient of each family and find that they are then birational to one another
[7]. However, these pencils (and their zeta functions) are not the same! In this article, we
investigate the remaining factors explicitly (again recovering the common factor). In fact,
we show that each pencil is associated with a distinct and beautiful collection of auxiliary

hypergeometric functions.

1.3 Notation

We use the symbol ¢ € F = {F4, Foly, F1L3, oLy, L4} to signify one of the five K3 pencils
in (1.2.1). Let ¥ € Q~{0,1}. Let S = S(o, ¥) be the set of bad primes in (1.2.1) together
with the primes dividing the numerator or denominator of either y* or ¢* — 1. Then for
p ¢ S, the K3 surface X, has good reduction at p, and for g = p” we let

Py (T) = det (1 — Frob), T'| H, i (Xo.0s Q@) €1+ TZ[T) (13.1)

be the characteristic polynomial of the g-power Frobenius acting on primitive second-
degree étale cohomology for ¢ # p, which is independent of £. (Recall that the primitive
cohomology of a hypersurface in P” is orthogonal to the hyperplane class.) Accordingly,
the zeta function of X,y over I, is



C. F. Doran et al. Res Math Sci

1

ZaXew ) = D (1 qT)Pay (11 = T

(1.3.2)

The Hodge numbers of X, y imply that the polynomial Py, y,,(T') has degree 21. Packaging
these together, we define the (incomplete) L-series

Ls(Xo,ys8) = [ [ Poypo™) " (1.3.3)
PgS

convergent for s € C in a right half-plane.

Our main theorem explicitly identifies the Dirichlet series Ls(Xo,y,s) as a product of
hypergeometric L-series. To state this precisely, we now introduce a bit more notation.
Let o = {or1,..., a4} and B = {B1, ..., B4} be multisets with «;, B; € Q¢ that modulo
Z are disjoint. We associate a field of definition K g to o, 8, which is an explicitly given
finite abelian extension of Q. For certain prime powers g and ¢ € [F, there is a finite-field
hypergeometric sum Hy(ot; B | t) € Ky g defined by Katz [31] as a finite-field analogue of the
complex hypergeometric function, normalized by McCarthy [39], extended by Beukers—
Cohen—Mellit [3], and pursued by many authors: See section 3.1 for the definition and
further discussion, and Sect. 3.2 for an extension of this definition. We package together
the exponential generating series associated to these hypergeometric sums into an L-series
Ls(H (at; B | t), s): see Sect. 4.1 for further notation.

1.4 Results
Our main theorem is as follows.

Main Theorem 1.4.1 The following equalities hold with t = ~* and S = S(o, V).

(a) For the Dwork pencil Fa,

where
P_1(p) == (%) = (=12 is associated to Q(v/—1) | Q, and
¢=1(p) = (T_l) = (~)NmO=D s associated to Q(¢s) | Q(V-D).

(1.4.2)
(b) For the Klein—Mukai pencil F1Ls,

Ls (Xeuyo5) = Ls (1 (1,4, 3:0,0,01 1)
'LS (H (ﬁ; %) }_1;0) %) % | t_l))Q(§7))s - 1)’

XXX 2020)K7: 7K Page 3 of 81
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1,0

Lg (H (L 9

3 _ 3 5 13.9 1 3,1
14 14’ alt )’S)—L5<H(E’ﬁ’ﬁ’0'4’4|t )'S>

are defined over K = Q(+/—7).
(c) For the pencil Foly,

—
=
..];
»-Nr—‘

Ls (eytar9) = Ls (4 (5,1, 3:0,0,01).
‘Ls (Q(5) |Q s — 1)* Ls (H
Ls (H (3 0|t),@(«/—_1),s— 6 =1)
L5 (H (L 50.1167),Q6),5— 1o ),

where
Lg (H <%, 20,1 | fl),S) =Ls(H (3 %5031t7"),9)

are defined over K = Q(+/—1),

¢ 5 (p) = (%) = 2MNm®)=D/4 (mod p) s associated to Q ({8, \4/5) | Q(¢s),
(1.4.3)

and L(Q(53) | Q s) := gy (8)/Sqls) is the ratio of the Dedekind zeta function of
Q(¢g) and the Riemann zeta function.
(d) For the pencil LyLy,

Ls (Xuybyyo8) = Ls (H (33 :0.0,0(t),.5)
S t
1357.0n113
LS(H(g;g;g;g 014;2)4|t> @(«/—_1>,S—1;¢\/j1¢1[/))
where

oy (p) = (%) is associated to Q(\/E) | Q. (1.4.4)

(e) For the pencil Ly,

331171, Q)5 - 1).

We summarize Theorem 1.4.1 for each of our five pencils in (1.4.5): We list the degree of
the L-factor, the hypergeometric parameters, and the base field indicating when it arises
from base change. A Dedekind (or Riemann) zeta function factor has factors denoted by-.



C. F. Doran et al. Res Math Sci

XXXXXIXIXIXIXIXIXIX ( 2020) K7 : 7K Page 5 of 81

Pencil | Degree a | B | Base Field
113
3 Z; j; Z 0; 0, 0 Q
13 1
Fo ] 2:3=61 23 0,3 Q
2.6=12 3 Q(+v/=1), from Q
11 3
Fils 3 vl 0,0,0 Q
18 | Lah| 0bd | Q) fromQW=7)
113
3 Z; E; Z 0; 0, 0 Q
3:2=6 - - Q(gs), from Q
2 13 , 1
Fals v 03 Q (1.4.5)
2 % 0 Q(v-1), from Q
8 3 01 | QEs) from Q(v=1)
113
3 Z; j; Z O, 0, 0 Q
2:-4=28 - - Q(v/-1), from Q
Lola 13 1
2 vi 0,3 Q
8 %) %) g; % 0} i) %1 % @(\/ _1), from Q
113
3 Z; i; Z O; 0, 0 @
L4 ]_ . 2 = 2 —_ _ Q
16 %1 %; %) % 0) i; %1 % Q(§5), from Q

We extensively checked the equality of Euler factors in Main Theorem 1.4.1 in numerical
cases (for many primes and values of the parameter ¥/): For K3 surfaces, we used code
written by Costa [14], and for the finite-field hypergeometric sums we used code in Pari/GP
and Magma [8], the latter available for download [49]. See also Example 4.8.3.

Additionally, each pencil has the common factor Lg(H (i, %, %; 0,0,0]|¢),s), giving
another proof of a result in previous work [18]: We have a factorization over Q[7']

Poyp(T) = Qo,y,p(T)Ry,p,(T) (1.4.6)

with Ry, ,(T) of degree 3 independent of ¢ € F. The common factor Ry, ,(T) is given
by the action of Frobenius on the transcendental part in cohomology, and the associated
completed L-function L(H (%, %, %; 0,0,0]¢),s) is automorphic by Elkies—Schiitt [21] (or
see our summary [18, §5.2]): It arises from a family of classical modular forms on GL; over
Q, and in particular, it has analytic continuation and functional equation. See also recent
work of Naskrecki [43].

The remaining factors in each pencil in Main Theorem 1.4.1 yield a factorization of
Qo,y,p(T), corresponding to the algebraic part in cohomology (i.e., the Galois action on
the Néron—Severi group). In particular, the polynomial Q,y,,(T) has reciprocal roots of
the form p times a root of unity. The associated hypergeometric functions are algebraic
by the criterion of Beukers—Heckman [4], and the associated L-functions can be explicitly
identified as Artin L-functions: See Sect. 4.7. The algebraic L-series can also be explicitly
computed when they are defined over Q [13,44]. For example, if we look at the Artin L-
series associated to the Dwork pencil F4, Cohen has given the following L-series relations
(see Proposition 4.7.2):
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Ls (H (3 30,5 1¥7"),56-1) =Ls (s 61_y2) Ls (s d_1_y2)

1.4.
Lt (50197@ (VE1),56,3) = L (s-s) s (5000)
In particular, it follows that the minimal field of definition of the Néron—Severi group
of Xryy is Q(£s, v/1 — ¥2, /1 + ¥2). The expressions (1.4.7), combined with Main The-
orem 1.4.1(a), resolve a conjecture of Duan [19]. (For geometric constructions of the
Néron-Severi group of Xf, y, see Bini—Garbagnati [6] and Kloosterman [36]; the latter
also provides an approach to explicitly construct generators of the Néron—Severi group
for four of the five families studied here, with the stubborn case F; L3 still unresolved.) Our
theorem yields an explicit factorization of Q. y,4(T') for the Dwork pencil over F, for any
odd g (see Corollary 4.7.4). As a final application, Corollary 4.8.1 shows how the algebraic
hypergeometric functions imply the existence of a factorization of Qq,y,,(T) over Q[T]
depending only on g for all families.

Remark 1.4.8 Our main theorem can be rephrased as saying that the motive associated
to primitive middle-dimensional cohomology for each pencil of K3 surfaces decomposes
into the direct sum of hypergeometric motives as constructed by Katz [31]. These motives
then govern both the arithmetic and geometric features of these highly symmetric pencils.
Absent a reference, we do not invoke the theory of hypergeometric motives in our proof.

1.5 Contribution and relation to previous work

Our main result gives a complete decomposition of the cohomology for the five K3 pen-
cils into hypergeometric factors. We provide formulas for each pencil and for all prime
powers ¢, giving an understanding of the pencil over Q. Addressing these subtleties, and
consequently giving a result for the global L-function, is unique to our treatment. Our
point of view is computational and explicit; we expect that our methods will generalize
and perhaps provide an algorithmic approach to the hypergeometric decomposition for
other pencils.

As mentioned above, the study of the hypergeometricity of periods and point counts
enjoys a long-standing tradition. Using his p-adic cohomology theory, Dwork [20, §6j,
p. 73] showed for the family F4 that middle-dimensional cohomology decomposes into
pieces according to three types of differential equations. Kadir in her Ph.D. thesis [30,
§6.1] recorded a factorization of the zeta function for F4, a computation due to de la Ossa.
Building on the work of Koblitz [37], Salerno [45, §4.2.1-4.2.2] used Gauss sums in her
study of the Dwork pencil in arbitrary dimension; under certain restrictions on g, she
gave a formula for the number of points modulo p in terms of truncated hypergeometric
functions as defined by Katz [31] as well as an explicit formula [46, §5.4] for the point count
for the family F4. Goodson [26, Theorems 1.1-1.3] looked again at F4 and proved a similar
formula for the point counts over I, for all primes g = p and prime powers ¢ = 1(mod4).
In [23], Fuselier et al. define an alternate finite field hypergeometric function (which
differs from those by Katz, McCarthy, and Beukers—Cohen—Mellit) that makes it possible
to prove identities that are analogous to well-known ones for classical hypergeometric
functions. They then use these formulas to compute the number of points of certain
hypergeometric varieties.

Several authors have also studied the role of hypergeometric functions over finite fields
for the Dwork pencil in arbitrary dimension, which for K3 surfaces is the family F4 given
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in Main Theorem 1.4.1. McCarthy [41] extended the definition of p-adic hypergeometric
functions to provide a formula for the number of F, points on the Dwork pencil in arbitrary
dimension for all odd primes p, extending his results [38] for the quintic threefold pencil.
Goodson [25, Theorem 1.2] then used McCarthy’s formalism to rewrite the formula for
the point count for the Dwork family in arbitrary dimension in terms of hypergeometric
functions when (1 4+ 1) | (¢ — 1) and # is even. See also Katz [32], who took another look
at the Dwork family.

Miyatani [42, Theorem 3.2.1] has given a general formula that applies to each of the
five families, but with hypotheses on the congruence class of g. It is not clear that one can
derive our decomposition from the theorem of Miyatani.

A different line of research has been used to describe the factorization structure of the
zeta function for pencils of K3 surfaces or Calabi—Yau varieties that can recover part of
Main Theorem 1.4.1. Kloosterman [34,35] has shown that one can use a group action
to describe the distinct factors of the zeta function for any one-parameter monomial
deformation of a diagonal hypersurface in weighted projective space. He then applied this
approach [36] to study the K3 pencils above and generalize our work on the common
factor. His approach is different from both that work and the present one: He uses the
Shioda map [47] to provide a dominant rational map from a monomial deformation of a
diagonal (Fermat) hypersurface to the K3 pencils. The Shioda map has been used in the
past [7] to recover the result of Doran—Greene—Judes matching Picard—Fuchs equations
for the quintic threefold examples, and it was generalized to hypersurfaces of fake weighted
projective spaces and BHK mirrors [5,33]. Kloosterman also provides some information
about the other factors in some cases.

1.6 Proof strategy and plan of paper

The proof of Main Theorem 1.4.1 is an involved calculation. Roughly speaking, we use
the action of the group of symmetries to calculate hypergeometric periods and then use
this decomposition to guide an explicit decomposition of the point count into finite-field
hypergeometric sums.

Our proof follows three steps. First, in Sect. 2, we find all Picard—Fuchs equations via
the diagrammatic method developed by Candelas—de la Ossa—Rodriguez-Villegas [9,10]
and Doran—Greene—Judes [17] for the Dwork pencil of quintic threefolds. For each of our
five families, we give the Picard—Fuchs equations in a convenient hypergeometric form.

Second, in Sect. 3, we carry out the core calculations by counting points over I, for the
corresponding pencils using Gauss sums. This technique begins with the original method
of Weil [50], extended by Delsarte and Furtado Gomida, and fully explained by Koblitz
[37]. We then take these formulas and, using the hypergeometric equations found in Sect. 2
and careful manipulation, link these counts to finite-field hypergeometric functions. The
equations computed in Sect. 2 do not enter directly into the proof of the theorem, but
they give an answer that can then be verified by some comparatively straightforward
manipulations. These calculations confirm the match predicted by Manin’s “unity” (see
(11]).

Finally, in Sect. 4, we use the point counts from Sect. 3 to explicitly describe the L-series
for each pencil, and prove Main Theorem 1.4.1. We conclude by relating the L-series to

factors of the zeta function for each pencil.
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2 Picard-Fuchs equations

In this section, we compute the Picard—Fuchs equations associated to all primitive coho-
mology for our five symmetric pencils of K3 surfaces defined in (1.2.1). Since we are
working with pencils in projective space, we are able to represent 21 of the h%(Xy) = 22
dimensions of the second-degree cohomology as elements in the Jacobian ring, that is,
the primitive cohomology of degree two for the quartic pencils in P3. We employ a more
efficient version of the Griffiths—Dwork technique which exploits discrete symmetries.
This method was previously used by Candelas—de la Ossa—Rodriguez-Villegas [9,10] and
Doran-Greene—Judes [17]. Géhrs [24] used a similar combinatorial technique to study
Picard—Fuchs equations for holomorphic forms on invertible pencils. After explaining
the Griffiths—Dwork technique for symmetric pencils in projective space, we carry out
the computation for two examples in thorough detail, and then state the results of the
computation for three others.

2.1 Setup
We briefly review the computational technique of Griftiths—Dwork [9,10,17], and we
begin with the setup in some generality.

Let X C P” be a smooth projective hypersurface over C defined by the vanishing of
F(xo, ..., %) € Clxo, ..., x,] homogeneous of degree d. Let A*(X) be the space of rational
i-forms on P” with polar locus contained in X, or equivalently regular i-forms on P” \ X.
By Griffiths [28, Corollary 2.1], any ¢ € A”(X) can be written as

_ Q(xO; .. -an)

Qo, 2.1.1
F(xgr - xmk 0 @11

where k > 0 and Q € C[xy, . .., x,] is homogeneous of degree deg Q = kdeg F — (n + 1)
and

n
Qo := Z(—l)ixi dxo A ..o Adri—g Adxipr AL Aday,. (2.1.2)
i=0

We define the de Rham cohomology groups

7mxy=a£§%6, (2.1.3)

There is a residue map
Res: H"(X) — H"}(X, C)

made famous by seminal work of Griffiths [28], mapping into the middle-dimensional
Betti cohomology of the hypersurface X. Given ¢ € A”(X), we choose an (1 — 1)-cycle y
in X and T'(y) a circle bundle over y with an embedding into the complement P” \ X that
encloses y, and define Res(p) to be the (n — 1)-cocycle such that

1

27N =1 J1(y)

is well-defined for ¢ € H"(X). Two circle bundles T(y) with small enough radius are
homologous in H,(P" \ X, Z), so the class Res(¢) € H"(X, C) is well-defined.

v = fy Res(p) (2.1.4)
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There is a filtration on H"”(X) by an upper bound on the order of the pole along X:
HI(X) S HX) € ... CHLHX) =H'(X).

This filtration on H”(X) is compatible with the Hodge filtration on H"~1(X, C): If we
define

FrX) =H""YX,C) @ ... H" (X, C),

then the residue map restricts to Res: H}/(X) — F n=k(x).
In certain circumstances, we may be able to reduce the order of the pole [28, Formula
4.5]: We have

8F(x, 1 Q 3Q] xi)
) "k Flx; )k Z 0x;

F( k+1 ZQI i (2.1.5)

where w is an exact rational form. In fact, Eq. (2.1.5) implies that the order of a form ¢
can be lowered (up to an exact form) if and only if the polynomial Q is in the Jacobian
ideal J(F), that is, the (homogeneous) ideal generated by all partial derivatives of F. So for
k > 1, we have a natural identification

HIX) ~ s
nk( ) ~ (C[xo xn]) ’ (2.1.6)
Hi_1(X) J(F) k deg F—(n+1)
which by the residue map induces an identification
((C[xo, .. .;xn]> - Hn—k,k—l(X), (217)
](F) k deg F—(n+1)

whose image is the primitive cohomology group H:mﬁk 1(X), which we know is the

cohomology orthogonal to the hyperplane class since X is a hypersurface in P”.

Example 2.1.8 For X a quartic hypersurface in IP?, the identification (2.1.7) reads

Clxo, x1, %2, %3]k 2—kk
~ 12kk (), 2.1.9
SRR 0 (219

In this case, the Hodge numbers are given by #*° = 1, h%! = 35 — 4.4 = 19, and
h*% =165—4-56+6-10 = 1.

2.2 Griffiths—-Dwork technique
Now, suppose that Xy, is a pencil of hypersurfaces in the parameter r, defined by Fy, = 0.
Let {y;}; be a basis for H,_1(Xy, C) with cardinality /1,1 := dim¢ H,—1(Xy, C).

Remark 2.2.1 Thereis a subtle detail about taking a parallel transport using an Ehresmann
connection to obtain a (locally) unique horizontal family of homology classes [17, §2.3].
This detail does not affect our computations.

We then choose a basis of (possibly ¥/-dependent) (n — 1)-forms Qx,,; € H n=1(x, C)
so that each of the forms Qy,,,; € H n=1(X, C) has fixed bidegree (p, ¢) which provides a
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basis for the Hodge decomposition H"~1(X,C) = @

p+q=n—1HP1(X) for each fixed ¢

We now examine the period integrals

f Qxy,i
v

forl <ij<h,_i.

We want to understand how these integrals vary with respect to the pencil parameter
Y. To do so, we simply differentiate with respect to v, or equivalently integrate on the
complement of Xy, in P" as outlined above. Using the residue relation (2.1.4), we rewrite

Qi = =L Q0 (2.2.2)
\/)\/, vt T(y/) F{/j

for some Q; € Clxo, ..., *ulkdegry—(n+1) and k € Zxo (and circle bundle T'(y;) with
sufficiently small radius as above). By viewing Fy as a function F: C — Clxo, ..., %]
with parameter ¥, we can differentiate F (i) with respect to ¥ and study how this period

integral varies:

d Q; / Q df
— Qo = —k —— Q. 2.2.3
ay Jropy FF 0T " Loy FpF dy (223)

Note that the right-hand side of (2.2.3) gives us a new (n — 1)-form.

We know that we will find a linear relation if we differentiate dim¢ H” ! (Xy, C) times,
giving us a single-variable ordinary differential equation called the Picard—Fuchs equation
for the period /. " Qx,,i- In practice, fewer derivatives may be necessary.

For simplicity, we suppose that Fy is linear in the variable y. Then the Griffiths-Dwork
technique for finding the Picard—Fuchs equation is the following procedure (see [15] or
[17] for a more detailed exposition):

1. Differentiate the period b times, 1 < b < h,,_;. We obtain the equation

d ’ Qi (k+b—1) Q; ( dF)b
B Qn — A
(dw) /T(Vj) F(y)k ™ (k —1)! /T(y,.) F)+ \ " dy 0

2. Write

hn—l

dr\’?
Qi (——) =§ ajQj +J, (2.2.4)
j=1

oF
where oy € C(y) and ] is in the Jacobian ideal, so we may write ] = ZiAia—w with
Xi

A; € C()[x0, . .., x,] for all i.
J

3. Use (2.1.5) to reduce the order of the pole of }WQO. We obtain a new numerator

polynomial of lower degree.

4. Repeat steps 2 and 3 for the new numerator polynomials, until the bth derivative is
expressed in terms of the chosen basis for cohomology.

5. Use linear algebra to find a C(y/)-linear relationship between the derivatives.

While algorithmic and assured to work, this method can be quite tedious to perform.
Moreover, the structure of the resulting differential equation may not be readily apparent.
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2.3 A diagrammatic Griffiths—Dwork method
In this section, we give a computational technique that uses discrete symmetries of pen-
cils of Calabi—Yau hypersurfaces introduced by Candelas—de la Ossa—Rodriguez-Villegas
[9,10]. To focus on the case at hand, we specialize to the case of quartic surfaces and explain
this method so their diagrammatic and effective adaptation of the Griffiths—Dwork tech-
nique can be performed for the five pencils that we want to study.

Let x¥ := xgoxilxgzx?, and let k(v) := i >"; vi; for a monomial arising from (2.1.9), we
have k(v) € Zx¢. Fix a cycle y, and consider the periods

xV

(V(), V1, V2, V3) = / QO. (2.3.1)

() FI’;(V)JF !

Consider the relation

\4 \4

x
L+v) — (k(v) + DWxiaiF‘/f' (2.3.2)
14

xixY

0; = (
W)+ W)+
EFy Fy

We can use (2.3.2) in order to simplify the computation of the Picard—Fuchs equation:
Integrating over 7' (y), the left-hand side vanishes, so we can solve for (v, vy, vo, v3):

xv xVx;0;F,
(1 + Vi)(V(), V1, V2, V3) = / WQO = (k(V) + 1) I(ETZ‘F;[QO. (2.3.3)
T(y) FW T(y) FW

Example 2.3.4 Consider the Dwork pencil F4, the pencil defined by the vanishing of
Fy = xg + x‘f + xé + x§ — 4y xox1x0x3.
Simplifying the right-hand side of (2.3.3) gives us the relation of periods:

14+ v)(vo, v, va, v3) = 4lk(v) + 1) (v, .. ., Vi+ 4, ..., v3)
_W(VO'}_LVI +1:V2+1’V3+1))

or in a more useful form

V,...,V‘+4-,...,V = Vo, V1, V2, V. +¢V+1,V +].,V +].,V +1

(2.3.5)

fori=20,1,2,3.

Recall we can also find a relation between various (vo, v1, v2, v3) by differentiating with
respect to . Rewriting (2.2.3) in the current notation, we obtain

%(Vo, v, v, v3) = (4k(v) + 1)) (vo+ Lvi + Lva+ 1L vz + 1), (2.3.6)
yielding a dependence of the monomials with respect to the successive derivatives with
respect to .

Using the relations (2.3.3) and (2.3.6), we will compute the Picard—Fuchs equations
associated to periods that come from primitive cohomology. The key observation is that
these two operations respect the symplectic symmetry group.
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Restricting now to our situation, let ¢ € {F4, Foly, F1L3, Loly, Ls} signify one of the five
K3 families in (1.2.1) defined by F., y and having symmetry group H = H, as in (1.2.1).
Then H acts on the 19-dimensional C-vector space

V' := (Clxo, x1, %2, x3]/J(Fy))a (2.3.7)

giving a representation H — GL(V). As H is abelian, we may decompose V' = P, Wy
where H acts on W, by a (one-dimensional) character x: H — C*. Conveniently, each
subspace W, has a monomial basis. Moreover, the relations from the Jacobian ideal (2.3.3)
and (2.3.6) respect the action of H, so we can apply the Griffiths—Dwork technique to the
smaller subspaces W,

2.4 Hypergeometric differential equations
In fact, we will find that all of our Picard—Fuchs differential equations are hypergeometric.
In this section, we briefly recall the definitions [48].

Definition 2.4.1 Let n,m € 7Z,let ay,...,a, € Q and By,..., Bn € Q-0, and write
o = {o;}; and B = {B;}; as multisets. The (generalized) hypergeometric function is the
formal series

o]

FlBl2) =)

k=0

B o - < UL (2.4.2)

where (x) is the rising factorial (or Pochhammer symbol)

C(x + k)
I'(x)

and (x)p := 1. We call @ the numerator parameters and f8 the denominator parameters.

@ =xx+1)---x+k—1)=

We consider the differential operator

0:=z—
Zdz

and define the hypergeometric differential operator
Dl Blz):=0+P1—1)---(0O+Bu—1) —z(0 + 1) (0 + an) (2.4.3)
When 1 = 1, the hypergeometric function F(e; 8 | z) is annihilated by D(e; 8 | 2).

2.5 The Dwork pencil F4

We now proceed to calculate Picard—Fuchs equations for our five pencils. We begin in this
section with the Dwork pencil F4, the one-parameter family of projective hypersurfaces
Xy C P* defined by the vanishing of the polynomial

Fy = xf; + x‘f + x% + ng — 4 xox1%2%3.

The differential equations associated to this pencil were studied by Dwork [20, §6j]; our
approach is a bit more detailed and explicit, and this case is a good warmup as the simplest
of the five cases we will consider.
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There is a H = (7/47)? symmetry of this family generated by the automorphisms

gilxo :x1 s p tx3) = (—v —1xg : vV —1x1 1 ap : x3),

(2.5.1)
gz(xo T X1 L X :x3) = (—x/—_lxo v o \/—_lxz :xg).

A character x: H — C* is determined by x (g1), x(g2) € (~/—1), and we write X(ayaz) fOr
the character with x(4, 4,)(gi) = V—1"witha; € Z/4Zfori = 1,2, totaling 16 characters.
We then decompose V' defined in (2.3.7) into irreducible subspaces with a monomial
basis. We cluster these subspaces into three types up to the permutation action by S; on
coordinates:

(i) (a1, a2) = (0, 0) (the H-invariant subspace), spanned by xox;x2x3;
(ii) (a1, a2)both even but not both zero, e.g., the subspace with (a1, a2) = (0, 2) spanned
by xgx%, x%x%; and

(iii) (a1, a2) not both even, e.g., the subspace with (a1, a3) = (2, 1), spanned by xgxl.

Up to permutation of coordinates, there are 1, 3, 12 subspaces of types (i),(ii),(iii), respec-
tively. By symmetry, we just need to compute the Picard—Fuchs equations associated to
one subspace of each of these types. In other words, we only need to find equations satisfied
by the monomials xox1x2%3, xgx%, x%x%, and xgxl, corresponding to (1,1, 1, 1), (2,2,0,0),
(0,0,2,2),and (3, 1, 0, 0), respectively.

The main result for this subsection is as follows.

oy . R . . . 2
Proposition 2.5.2 The primitive middle-dimensional cohomology group Hpn‘m(Xsz' C)
has 21 periods whose Picard—Fuchs equations are hypergeometric differential equations as
follows:

3 periods are annihilated by D (%, %, %; 1,11} w_4) ,
6 periods are annihilated by D (%, %; 1, % | w_4) ,and
12 periods are annihilated by D (%, 1] w_4) .
By the interlacing criterion [4, Theorem 4.8], the latter two hypergeometric equations

have algebraic solutions.
We state and prove each case of Proposition 2.5.2 with an individual lemma.

Lemma 2.5.3 The Picard-Fuchs equation associated to the period v (0,0,0,0) is the
hypergeometric differential equation D(%, %, % ;L L1y,

Proof We recall Egs. (2.3.5) and (2.3.6):

( +4 ) Lt ( Y+ Yo+ Lvi+Lva+Lvs+1)

Vos...» Vi 5oy V3) = —— Vo, V1, V2, V: Vi ,V , V , V M

0. i 3 4(/((V)+1) 0, V1, V2, V3 0 1 2 3
(2.5.4)

d

_(V(); V1, V2, V3) = (4(k(V) + 1))(V0 +Lvi+1Lvya+1v3+ 1)' (2'5'5)

dy
These equations imply a dependence among the terms

o, vi, Vo, v3), o+ Lvi + L, va+ 1L vs+1), and (vg, ..., Vi +4,...,Vv3)
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denoted in the following diagram:

(vo, v1, v, v3) (vo+Lvi+Lva+1Lvs+1)

|

(V(),...,VL'+4‘;~~~)V3)

In order to use these dependences, we build up a larger diagram:

0,00,0) —=(,1L,1,1) —=(2222) —= (33,3 3)

L

(4: 0) 0; O) - (5) 1) 1) 1) - (6) 2; 2} 2)

|

(4,4,0,00 — (5,5,1,1)

(3) 3) 3) _1) I (4) 4‘) 4; 0)

l

(333,3)
(2.5.6)

It may be useful to point out that the same period must appear in two places by simple linear
algebra: The vectors (4, 0,0, 0), (0,4, 0, 0), (0,0, 4, 0), (0,0,0,4) and (1,1, 1,1) are linearly

dependent.
d
Using (2.3.5) and (2.3.6) and letting 1 := ww, we see that

1

(0,0,0,0)= (11 +1)(4,0,0,0)
1

(4,0,0,0) = =(n + 1)(4, 4, 0, 0),
8" (25.7)
1

(44,0,0) = = (n+1)(4,4,40)

1//(4‘; 4; 4; 0) = (31 3; 3; 3)‘
Now, we can use the fact that (n — a)y* = ¥%n for a € Z to great effect:

7(0,0,0,0) = 4v (1,1, 1, 1),
(n —1)n(0,0,0,0) = 4yn(1,1,1,1) = 8-492(2,2,2,2),

(n—2)(n —1)1(0,0,0,0) = 12 - 8- 49>n(2,2,2,2) = 12 - 8 - 4v3(3, 3,3, 3)
=12-8-4y*(4,4,4,0) (2.5.8)
=8-4y*(n+1)(4,4,0,0)
=4y*(n +1)%(4,0,0,0)
= v*(n +1)°30,0,0,0).

KXXXXIXIKIKIXIXIX (2020)K 7: 7%
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We conclude that
[(n —2)(n — )n — ¥*(n + 1)*] (0,0,0,0) = 0. (2.5.9)

We then multiply by ¥ to obtain

[v(n—2)(n — n —y*¥(n+1)°](0,00,0) =0,
[0 =3)n—2)n—1) — ¥*0)*] ¥(0,0,0,0) =0.

d
Finally, substitute ¢ := 1 ~* and let  := tE = —n/4 to see that

[(—46 — 3) (—46 — 2) (—40 — 1) — "' (=46)*] ¥ (0,0,0,0) = 0,
[-t(@+2)(O0+3)(@+1)+6°]v (0,000 =0, (2.5.10)
[0°—t@+1)(0+3)(0+2)]v (0000 =0,

which is the differential equation D(%, %, % ;1,1,10¢). O

Lemma 2.5.11 The Picard—Fuchs equation associated to both (2, 2, 0, 0) and (0, 0, 2, 2)

isD(3,3;1, 3y,

Proof By iterating the use of (2.3.5), we can construct a diagram including both (2, 2, 0, 0)
and (0,0, 2, 2):

(0) 01 21 2) I (1) 1) 31 3)

|

(37 _17 1) 1) - (4'7 01 2} 2)

|

(2,2,0,0) — (3,3,1,1)

l

(L 1} 3; _1) - (2) 2) 4') 0)

|

(1,1,33)
(2.5.12)
We then obtain the following relations:
(22,0,0) = ¥*(n + 1)(0,0,2,2),
! v (2.5.13)

1(0,0,2,2) = ¥2(n +1)(2,2,0,0).

We then can use these relations to make a Picard—Fuchs equation associated to the period
(2,2,0,0):
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(n —2)n(2,2,0,0) = ¥2(n + 1)n(0,0,2,2)
=2+ 1) (¥2(n +1)(2.2,0,0))
=20*(n 4+ 1)(2.2,0,0) + ¥*(n + 1)n(2,2,0,0)

. (2.5.14)
+ ¢ (n +1)(2,2,0,0)
=" (n* +4n+3)(2,2,0,0)
=" (n+1)(n+3)(2 2.0,0).
By symmetry, we get the same equation for the period (0, 0, 2, 2), so we have
Lo nov ! ] (2.5.15)

[(n—2)n —v*(n+ D +3)](0,0,2,2) = 0.

Now multiply by ¥ and then change variables to ¢ := ¥ ~* with 6 := t% = —4n to obtain

[v (o —2)n—yv*(n+1)(n+3)](220,0) =0,
[ =3)(n—1)— wnn+2]w(2,2,0,0>=o,
[(—40 —3) (=46 — 1) — t 71 (—40) (—40 + 2)] ¥ (2,2,0,0) = 0,
[t(6+3)(6+1 )—9(9—-)]w(2,2,o,0)=0,
[0©O—-3)-t@+1)(@+3)]v2200=0

This Picard—Fuchs equation is D(%, %; 1, % [y —4). O

Lemma 2.5.16 The Picard—Fuchs equation associated to (3,1, 0, 0) is D(%; 11y

Proof Our strategy again is to use (2.3.5) and (2.3.6) in the order represented by the
diagram below to study the period (3, 1, 0, 0):

(2,0,—1,3) —= (3,1,0,4)

l

(1; _1; 2} 2) - (21 0) 3} 3)

|

(-1,1,0,0) —= (0,2, 1,1) —= (1,3,2,2)

l l

(3; 1) 01 0) I (4') 2) 1) 1)

l

(3,1,0,4)
(2.5.17)

Using (2.3.5) iteratively in the upper part of the diagram, we see that

(1,3,2,2) = ¥2(3,1,0,4). (2.5.18)
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Then using (2.3.6), we then have that
n(0,2,1,1) = 8y/(1,3,2,2) = 8%3(3,1,0,4). (25.19)
Now, using (2.3.5) again, we have that (3, 1, 0, 0) = ¥ (0, 2, 1, 1) and we can then compute:

(n—1)3,1,0,0) = ¥n(0,21,1)
=8y*3,1,0,4)

—841(3100) (4,2,1,1)
- Ip g y L, U +W y Ly Ly (2'5'20)
L1 1
= 81)0 5(3) 1) 0) 0) + gﬂ(g, 1, 0, 0)
=y*(n+1)(3,1,0,0).
We then get the Picard—Fuchs equation associated to the period (3, 1, 0, 0):
[(h—1) —y*(n+ 1] (31,00 =0 (2.5.21)

We now will multiply by ¢ and then change variables to ¢t = ¥ ~* as in the previous
lemma to obtain:

[V —1)—yy*(+1)](3100=0
[(1—2)—v*n]¥ (3100 =0,
[(—46 —2) -7 (~40)] ¥ (3,1,0,0) = 0,
[6—t(0+3)]v (3100 =0

giving rise to the hypergeometric differential equation D(%; Ly, O

We now conclude this section with the proof of the main result.

Proof of Proposition 2.5.2 We combine Lemmas 2.5.3, 2.5.11, and 2.5.16 with the consid-
eration of the number of subspaces of each type described above.

2.6 The Klein—-Mukai pencil F1L3
We now consider the Klein—Mukai pencil F; L3, the one-parameter family of hypersurfaces
Xy C P* defined by the vanishing of

Fy = x(g)xl + x%xz + x%xo + xg — 4rxox1x0X3.
The polynomial Fy, is related to the defining polynomial (1.2.1) by a change in the order
of variables.

There is a H = Z/7Z scaling symmetry of this family generated by the automorphism
(¢;) by the element

glwo 1 a1 s %0t w3) = (Ewo = E%1 1 £2x0 1 x3),

where £ is a seventh root of unity. There are seven characters x;: H — C* defined by
xk(g) = & for k € Z/77. Note that the monomial bases for the subspaces Wi Wy, and
Wy, are cyclic permutations of one another under the variables xo, x1, and x2. Analogously,
so are subspaces Wy, Wy, and W,,. So we have three types of clusters:
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(i) W,, has the monomial basis {xox1x2%3};

(ii) Wy, has the monomial basis {xlxg, x%xlxg, x%xlxg}; and

(iii) Wy, has the monomial basis {xgxl, X]X2X3, xgxoxg}.

There is one cluster of type (i) and three clusters each of types (ii) and (iii), so /! is
decomposedas 19 =1+3-3+43-3.

Proposition 2.6.1 The group przm(XFlL?):‘//) has 21 periods whose Picard—Fuchs equa-
tions are hypergeometric differential equations, with 3 periods annihilated by

D(ppplLlly™

and 3 periods each annihilated by the following 6 operators:
1 9 11.1 3 4 -3 1 9.013 5 =3 1,-1¢ 1,4
D(ip w1V, D(T 19 w0 531" D <—4 w2 0alv )
3 5 13,1 3 13 5,013 —11 -1 5.-1( 1,4
D(E'Q'E’Z’Z’IW ) (14’14)—4 0 zlv ) (1—:1—,@7’0’1“/’ )
Again, the latter 6 operators have an algebraic solution. To prove Proposition 2.6.1, we

again use the diagrammatic method outlined above, but in this case we have different
periods that are related. Notice that we have the following differentials 9; multiplied by x;:

x000Fy = 3x8x1 + x%xo — 4 xox1x0%3,
x101Fy = Sxi’xz + xgxl — 4 xox1x0%3, (262)
X200 Fy = 3x§xo + xi’xz — 4 xox1x0%3, o

x303Fy = 4962L — 4 xox1x0X3.

We can make linear combinations of these equations so that the right-hand side is just a
linear combination of two monomials, for example,

(9%080 + %181 — 3x282)Fy = 28(x3x1 — Yaox1x0%3). (2.6.3)

Now using (2.3.3), we obtain the following period relations analogous to (2.3.5), written

in multi-index notation:

v+(31,00) = %H vv+(1,1,1,1)),
A
V0310 = st Y+ 1L L L), e
AW ©
v+(0,031) = —28(k(v) n 1)v +v¥v+(1,1,1,1)), and
v+(0,0,0,4) = ﬁv FUW+ (L1 1 1)

where

Jov) :=9%(vo+ 1)+ (v1 +1) =32 + 1),
fAW):==3vo+1)+9(v1+ 1)+ (v2+ 1), and (2.6.5)
L) = +1) =31 +1) + 92+ 1).
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Lemma 2.6.6 Let t = v % The Picard-Fuchs equation associated to the period
¥ (0,0, 0, 0) is the hypergeometric differential equation D(%, %, % ;11,1 ¢).

Proof We build the following diagram using (2.6.4) and (2.3.6):

0,000 ——(1,1,1,1) —=1(2,2,22) —(3,3,3,3)

L

(3; 11 0) O) - (4) 2; 1; 1) - (5) 3; 2} 2)

|

(3,4,1,0) — (4,5,2,1)

(3) 3) 3} _1) I (4) 4; 4; O)

|

(3,333)

When one runs through this computation, one can see that we get the same Picard—Fuchs
equation for the invariant period as we did with the Fermat:

[ —2)(n — D)y — ¥*(n +1)*] (0,0,0,0) = 0. (2.6.7)

d
By multiplying by ¥ and changing variables to ¢ = ¥ ~* and 6 = ta, we can see by
following through the computation seen in (2.5.10) that

[0°—t(0+2)(0+3)(@+1)]v 0000 =0
which is the differential equation D(%, %, %; 1,1,1]¢). O
Lemma 2.6.8 For the Klein-Mukai family Xy,
the period (0, 1,2, 1) is annihilated by D (1—14, %, ﬁ; %, %, 1] 1/f4) ,
the period ¥ (0, 2, 0, 2) is annihilated by D (I—j’, ﬁ, %; 0, %, % | w4) ,and
the period 3 (2,1, 1,0) is annihilated by D (I—f, I—f, ﬁ; %1, 0, % | WL) .
Proof For the character x1(g) = & associated to 1 € Z/7Z, we have the following diagram:
0,1,21) ——(1,23,2)

|

2,1,1,0) —=(3,22,1)

|

(11 3; 1) _1) I (2) 4} 21 0)

l

(0) 2; 0} 2) - (11 3} 1) 3)

|

(1,232)

XXX 2020)K7: 7K Page 19 of 81
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We then have the following relations:

11
7](0, 2; 0) 2) = 7¢2 + w2’7(2’ 1) 1) 0))
2
7(21,1,0) = ;w(O, 1,2 1)+ vn(0,1,21), (2.6.9)

1
n(0,1,21) = ;w(O, 2,0,2) + ¥n(0,2,0,2)

Now, we can use these relations to compute the Picard—Fuchs equations associated to
(2,1,1,0),(0,2,0,2), and (0, 1, 2, 1). We first do this for the period (0, 1, 2, 1):

1
n(0,1,2,1) = —W((), 2,0,2)yn(0,2,0,2),

(n—1n0,121) = BEw(2110)+- w%@110y+w%%211m

m=3)n—1n0,L21) =y*(n+2) (n+ =) (n + 2. (2.6.10)
This gives us the Picard—Fuchs equation for the period (0, 1, 2, 1):

[h=3)n—Dn—v*(n+2)(n+Z)(n+2)]01L21) =0 (2.6.11)

d
Lettingu = Y% and o = uwe get the following hypergeometric form:
u

[(40 —3)(40 — 1)40 — u (40 + 2) (40 + %) (40 + 2)] (0, 1,2,1) =0,
[(e-2-o-ulo+5)le+x)+m)]0L21)=0

which is the hypergeometric differential equation D(l4 2 U.q

12 1
We then do the same for (0, 2, 0, 2):

N,
Bl
<
S

7(0,2,0,2) = sz +¢2n(2,1,1,0),
(n—2)n(0,2,0,2) = zgw 0,1,2, 1)+ w 7(0,1,2,1) + ¥3n%(0,1,2,1),

(n—3)n—2Dn0,20,2) = y* (n+ 1) (n+ 2) (n +2)0,202) (2.6.12)

This gives us the Picard—Fuchs equation for the period (0, 2, 0, 2):

[(n —3m—2n— vt (n+ 1) (n+2) (n + 27—5)] (0,2,0,2) = 0. (2.6.13)
By multiplying by v and changing variables to u = ¥* and o = U we get
W [(n—3)(n—2)n— vr(n+1) (n+ %)( 7)](0,2,0,2) =0,
(=00 =30 -0 -y (1-8) (1+2) 1+ ¥)|v©@202) =0
(40 — Do —3)(a0 — 1)~ u (40 - &) (40 + 2) (40 + %) | v(0,2,0.2) =0,
[(@=D(=3)(c—3)—ulc—1)(0+5) (0 +53)]¥0202=0

~1>|"‘
=
Ele
»—ﬂl |
w
(=]
=
LS
R
=
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We finally look at (2, 1, 1, 0):

2
7(2,1,1,0) = §1p(o, L,21)+v¥n0,1,21)
2
(=102 1,1,0) = Zyn(0,1,2 1) + ¥n*(0,1,2,1),
9.2 10> 2,2
== 4<_9¢ (01210) 2)+ 71)0 7](0;2;0,2)+1/f n (0)2;0; 2)
9 10
(n—2)(n—1n(21,1,0) = szn(o, 2,0,2) + 7w2n2(0, 2,0,2) + ¥2n3(0,2,0,2),

=i+ (1+¥)m+ 22110
(2.6.14)

This gives us the Picard-Fuchs equation for the period (2, 1, 1, 0):
[(n -2 —n—v*(n+ ) (n + %) (n+ 27—3)] (2,1,1,0) = 0. (2.6.15)
By multiplying by v and again changing variables, we get:
y? [(77—2)(77—1)77—w4(n+71
(=5 =40 —3)—v* (1 - 2) (n- 4
[(40 — 5) (40 — 4) (40 — 3) — u (4o — 9) (40 — g) (40 + %)] ¥3(2,1,1,0) =0,
5 3 5 3 1 3
[(o—z)(a—l)(a—z)—u<a—ﬁ) (O'—ﬁ)((f-i-ﬂ)]l/l (21,1,0)=0.
At last, we have the hypergeometric differential equation D(ﬁ, I—f, I—f; 0, _Tl, i lu). O
Lemma 2.6.16 For the Klein—Mukai family Xy,
. . 'q s 5
the period (0, 2, 1, 1) is annihilated by D (%, o %; i, %, 1] 1//4) ,
the period ¥ (1,0, 1, 2) is annihilated by D (I—i, 1—‘1, %; 0, %, % | 1/f4> ,and
the period ¥3(0, 1, 3, 0) is annihilated by D (j—}f, 1—41, 1—54; %1, 0, % | 1/;4) .
Proof We use the following diagram:

(0) 1) 3; 0) - (11 2: 4} 1)

|

(2,2,-1)——=(3,2,3,0)

|

(L0,1,2) ——(2,1,3,3)

|

(O; 2} 1) 1) - (1) 31 2} 2)

|

(1L,24,1)

XXX 2020)K7: 7K Page 21 of 81
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and then compute the following period relations:

10
10.1,3,00= —¢(0,21,1) +¥n(0,21,1)
5
1021,1) = —y(1,0,1,2) + ¥5(1,0,1,2), (2.6.17)

-1
n(1,0,1,2) = 7wz(o, 1,3,0) + ¥*n(0, 1, 3, 0).
By cyclically using these relations, we get the following Picard—Fuchs equations:

[(n—3)(n—1)n—1//4(n+ )(n+70)(n+26>](0,2,1,1)=0,
[0 =33 -2n-9* (n+2) 1+ B+ D] @012 =0 (26.18)
(n+3

[0 =2 =Dn—v*(n—7)(n+ %) (n+ )] 01,30 =0.

We then multiply these equations above by 1, ¥, and 3, respectively, and then change

coordinates to # = ¥* and o = UL to obtain the following:
u

which areD(i4 54, 12,1, i, 3 w), D(i4 5 =l

respectively. O
We conclude this section by combining these results.

Proof of Proposition 2.6.1 Combine Lemmas 2.6.6, 2.6.8, and 2.6.16.

2.7 Remaining pencils

For the remaining three pencils Fly, LoLy, and Ly, the Picard—Fuchs equations can be
derived in a similar manner. The details can be found in Appendix A; we state here only
the results.

Proposition 2.7.1 The group H pnm (XFoLy,v> C) has 15 periods whose Picard—Fuchs equa-
tions are hypergeometric differential equations as follows:
3 periods are annihilated by D (i, %, 2, 1,11} w“*)
2 periods are annihilated by D (i, 3.1, 1 AL )
2 periods are annihilated by D (i; 1|y ),
4 periods are annihilated by D (é, g, L1 7l ) and

4 periods are annihilated by D (3, =20, 1 | v*).

Proof See Proposition A.1.2. O
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Proposition 2.7.2 The group H. pnm (XLyLy, v C) has 13 periods whose Picard—Fuchs equa-
tions are hypergeometric differential equations as follows:

3 periods are annihilated by D (3, 3, 3;1,1, 1|y %),
8 periods are annihilated by D (8, T 8, ;0, % %
2 periods are annihilated by D (3, 3;1, 3 | v*).

Proof See Proposition A.2.2. O

Proposition 2.7.3 The group H pnm (XLy,y» C) has 19 periods whose Picard—Fuchs equa-
tions are hypergeometric differential equations as follows:

3 periods are annihilated by D (%, 3, 3;1,1,1| v,
4 periods are annihilated by D (3, 2, 2, 2;1, 1, 5, 3 | v*),
4 periods are annihilated by D (2, £, 2, 2,0, 1,1, 2 | y*),
4 periods are annihilated by D (Tz, _Tl, %, %, _Tl, 0, %, % | w4) ,and
4 periods are annihilated by D ( = ;2, 751, é,O, i, %1, %1 |y*).
Proof See Proposition A.3.2. 0

3 Explicit formulas for the number of points

In this section, we derive explicit formulas for the number of points and identify the
hypergeometric periods according to the action of the group of symmetries, matching the
Picard—Fuchs equations computed in Sect. 2.

3.1 Hypergeometric functions over finite fields
We begin by defining the finite-field analogue of the generalized hypergeometric function
(defined in Sect. 2.4); we follow Beukers—Cohen—Mellit [3].

Let g = p” be a prime power. We use the convenient abbreviation
q i=q—1

Let w: Fy — C* be a generator of the character group on Fy. Let ©®: F; — C* be
a nontrivial (additive) character, defined as follows: let {, € C be a primitive pth root of
Trrg r, (%)

unity, and define ©(x) = ¢, . For m € 7Z, we define the Gauss sum

glm) =) 0)"O(x). (3.1.1)

X
xelfg

We suppress the dependence on ¢ in the notation, and note that g(m) depends only on
m € Z/q* Z (and the choice of @ and ¢y).

Remark 3.1.2 Every generator of the character group on F/ is of the form wy (x) := w(x)k
fork € (Z/q*7Z)*, and

> o) O ) = glkm).

X
x€lfg
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Similarly, every additive character of I is of the form O (x) := Tr(x) for k € (Z/pZ)*,
and

Y o) Ok(x) = w(k) "g(m)
xelFy

(see, e.g., Berndt [1, Theorem 1.1.3]). Accordingly, we will see below that our definition
of finite-field hypergeometric functions will not depend on these choices.

We will need four basic identities for Gauss sums.

Lemma 3.1.3 The following relations hold:

(a) (0) = —1.
(b) g(m)g(—m) = (—1)"q for every m # 0 (mod g*), and in particular

(%) =g

(c) ForeveryN | g¢* with N > 0, we have

(YN 1—[ ' g(m +/61X/N).

3.1.4
g(ig™/N) (3.1.4)

g(Nm
j=0

(d) glpm) = g(m) forallm € 7.

Proof For parts (a)—(c), see Cohen [12, Lemma 2.5.8, Proposition 2.5.9, Theorem 3.7.3].
For (d), we replace x by #” in the definition and use the fact that @(x”) = ©(x) as it factors
through the trace. O

Remark 3.1.5 Lemma 3.1.3(c) is due originally to Hasse and Davenport, and is called the
Hasse—-Davenport product relation.

We now build our hypergeometric sums. Let &« = {&1,..., 04} and B = {B1, ..., B4}
be multisets of d rational numbers. Suppose that « and B are disjoint modulo Z, i.e.,

— B¢ Zforallij=1,...,d.

Based on work of Greene [27], Katz [31, p. 258], but normalized following McCarthy
[40, Definition 3.2] and Beukers—Cohen—Mellit [3, Definition 1.1], we make the following
definition.

Definition 3.1.6 Suppose that
q” e, q" Bi € L (3.1.7)
foralli=1,...,d.Fort e IF;, we define the finite-field hypergeometric sum by
q-2

Hyle, B1t) = —q—Zw(( D" G(m + ag”, —m — Bg*), (3.1.8)

m=0
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where

m+ aiq*)g(—m — Biq™)
gloiq*)g(—PBig™)

d
GO +ag”, —m — pg*) = [ [ &
i=1

(3.1.9)

for m € Z.

In this definition (and the related ones to follow), the sum H,(e, B | t) only depends on
the classes in Q/Z of the elements of & and B. Moreover, the sum is independent of the
choice of characters w and © by a straightforward application of Remark 3.1.2. Hypothesis
(3.1.7) is unfortunately rather restrictive—but it is necessary for the definition to make
sense as written. Fortunately, Beukers—Cohen—Mellit [3] provided an alternate definition
that allows all, but finitely many g under a different hypothesis, as follows.

Definition 3.1.10 The field of definition K, g C C associated to e, g is the field generated
by the coefficients of the polynomials

—

d
x —e™V71%)  and x —e TV, (3.1.11)
( 2N 1a> l_[( 27/ 15)

j=1

-
Il
—

Visibly, the number field Ky g is an abelian extension of Q.
Suppose that e, Bis defined over Q,i.e., Ky g = Q. Then by a straightforward verification,
there exist p1, ..., pr, q1, - - ., qs € Z>1 such that

d V> VAN T Toxl—1
1% ) _ a1 (3.1.12)
j=1 (& — V1) [l a® —1

j=1

Recall we require the a, § to be disjoint, which implies that the sets {pj, ..., p,} and
{q1, . .., qs} are also disjoint.
, , i —u
Let D(x) :S: gcd(]_[}"zl(xp/ - 1), ]_[;zl(xq/ — 1) and M := (I—[;=1 p,»’)(l_[,s'zl q; q/). Let
€ = (—1)2i:1 %, and let s(m) € Z=¢ be the multiplicity of the root 2N =Im/q* i D(x).
Finally, abbreviate

glpm, —qm) .= g(p1m) - - - g(p,m)g(—q1m) - - - g(—qsm). (3.1.13)

For brevity, we say that q is good for o, B if g is coprime to the least common denominator
ofx U B.

Definition 3.1.14 Suppose that «, 8 are defined over Q and g is good for &, 8. For ¢t € F,

define
(—1)r+s 92
Hy(e, B1) = = > O g (pm, —gm)a(eM )", (3.1.15)
m=0

Again, the hypergeometric sum H, (e, 8| £) is independent of the choice of characters w
and ©. The independence on w is just as with the previous definition, and in this case the
independence from ® comes from the fact that every root of unity has its conjugate, and so
again any additional factors from changing additive characters cancel out. The apparently
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conflicting notation is justified by the following result, showing that Definition 3.1.14 is
more general.

Proposition 3.1.16 (Beukers—Cohen—Mellit [3, Theorem 1.3]) Suppose that o, B are
defined over Q and that (3.1.7) holds. Then Definitions 3.1.6 and 3.1.14 agree.

3.2 A hybrid sum

We will need a slightly more general hypothesis than allowed in the previous section. We
do not pursue the most general case as it is rather combinatorially involved, poses some
issues of algebraicity, and anyway is not needed here; see Beukers [2] for some work in
this direction. Instead, we isolate a natural case, where the indices are not defined over Q
but neither does (3.1.7) hold, which is sufficient for our purposes.

Definition 3.2.1 We say that g is splittable for a, B if there exist partitions
a=apla’ and B =By U B, (3.2.2)

where o, B are defined over Q and
q" e, q"p; €L
for all o] € o and all ,B]f ep.

Example 3.2.3 1f (3.1.7) holds, then q is splittable for e, B taking @ = &’ and 8 = B’ and
ay = Py = 0. Likewise, if o, B is defined over Q, then g is splittable for e, 8 for all g.

Example 3.2.4 A splittable case that arises for us (up to a Galois action) in Proposi-
tion 3.5.1 is as follows. Let o = {1—14, %, %} and 8 = {0, zlr %}. We cannot use Defini-
tion 3.1.14 since (x — eznﬁ/l‘})(x — el8mi/14y( e22”ﬁ/14) ¢ Qx]. Wheng =1
(mod 28), we may use Definition 3.1.6; otherwise we may not. However, when g = 1
(mod 7) is odd, then g is splittable for &, 8: We may take ap = @, &' = @ and B, = B,
B =4.

It is now a bit notationally painful but otherwise straightforward to generalize the defi-
nition for splittable ¢, providing a uniform description in all cases we consider. Suppose
that ¢ is splittable for &, B. Let oy be the union of all submultisets of « that are defined
over (Q; then ag is defined over Q. Repeat this for 8. Let p1, ..., pr, q1, - - ., g5 be such that

[Mogyear @ = ™7 [T, (% — 1)
Hﬁo-eﬂo(x - eZanlﬁoi) jzl(xqj o 1)'
j

As before, let

r Pj
D(x) := ged([T_1#” — L[[_12% —1) and M := nlszlp}q/
j=19;
and let s(m) be the multiplicity of the root 2N/ =Im/q* D(x). Finally, let § := deg D(x).
We again abbreviate

glpm, —qm) = [ | goim) [ [ g(~qim) (3.2.5)
i=1

i=1
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for m € Z and

/X /X g(m—l—oclqu) g(—m—ﬂ,{qx)
Gom+aq™—m=pa)= |1 == 1 =g

! ! ! /
o BieB

(3.2.6)

Definition 3.2.7 Suppose that g is good and splittable for e, B. For t € F, with the
notation above we define the finite-field hypergeometric sum

q—2

Z q—s(0)+s(m)G(m + a/qx’ —m— ﬂ/q)()

m=0

-gpm, —gm)o((—1)* T Me)™.

(—1y*s
1 —

Hq(a: ﬂ | t) =

The following proposition then shows that our definition encompasses the previous

ones.

Proposition 3.2.8 Suppose that q is good and splittable for a, B. Then the following state-
ments hold.

(@) The hypergeometric sum Hy(a, B|t) in Definition 3.2.7 is independent of the choice
of characters w and ©.

(b) Ifaiq™, Big* € Zforalli=1,...,d, then Definitions 3.1.6 and 3.2.7 agree.

(¢) Ifa, B are defined over Q, then Definitions 3.1.14 and 3.2.7 agree.

Proof Part (c) follows directly from a9 = o and B, = B (and & = B = @), so the
definitions in fact coincide. Part (a) follows directly from the independence from ® and
w of each part of the hybrid sum.

Part (b) follows by the same argument (due to Beukers—Cohen—Mellit) as in Proposi-

tion 3.1.16; for completeness, we give a proof in Lemma B.1.1. O

Suppose that g is good and splittable for &, 8 and let ¢ € IE‘;. Then by construction
Hy(e, Bt) € Q(¢yx, &p)- Since ged(p, ™) = 1, we have

Gal(Q(g4x, £p) | Q) = Gal(Q(¢,) | Q) x Gal(Q(Zp) | Q).

We now descend the hypergeometric sum to its field of definition, in two steps.
Lemma 3.2.9 We have Hy(a, B|t) € Q(¢y%).

Proof The action of Gal(Q(¢y) | Q) =~ (Z/pZ)* by &p +—> ;“[f changes only the additive
character ®. By Proposition 3.2.8, the sum is independent of this choice, so it descends by
Galois theory. O

The group Gal(Q(¢,x) | Q) = (Z/q* Z)* by 0y (54x) = g(qx)k fork € (Z/q*Z)* acts on
the finite-field hypergeometric sums as follows.

Lemma 3.2.10 The following statements hold.

(@) Let k € Z be coprime to q*. Then oy (Hy(er, B | t)) = Hyl(ke, kB | 2).
(b) We have Hy(et, B | t) € Kqp.
(c) We have Hy(pa, pB | t) = Hy(a, B | £7).
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Proof To prove (a), note or(w(x)) = ok (x) since w takes values in Hgx; therefore,
or(g(m g(km), and we have both

or(glpm, —qm)) = g(pkm, —qkm)

and
o (Gm+d'q*, —m — B'q*)) = Glkm + ka'q*, —km — kB'q™)).

We have s(km) = s(m) since D(x) € Q[x]. Moreover, kg = a( and the same with g,
so the values p;, g; remain the same when computed for ke, k. Now, plug these into the
definition of Hy(e, B | £) and just reindex the sum by km < m to obtain the result.
Part (b) follows from part (a): The field of definition Ky, g is precisely the fixed field under
the subgroup of k € (Z/q*Z)* such that ke, k8 are equivalent to &, 8 as multisets in Q/Z.
Finally, part (c). Starting with the left-hand side, we reindex m < pm then substitute
using Lemma 3.1.3(d)’s implication that g(pm) = g(m) to get

Glpm+ po'q*, —pm — pB'q™) = Gm + «'q*, —m — B'q™) and
gp(pm), q(pm)) = g(pm, qm),
noting that the quantities p and g do not change, as pag = ap and pfy = By modulo Z

(as they are defined over Q). Noting that (—1)#*M)” = (—1)4*°M € F, C F,, we then
obtain the result. O

Before concluding this primer on finite-field hypergeometric functions, we combine the
Gauss sum identities and our hybrid definition to expand one essential example; this gives
a flavor of what is to come. First, we prove a new identity.

Lemma 3.2.11 We have the following identity of Gauss sums:

(%) () e (M) =2 (%) = -0 ae (%).

Proof Since g is odd, we use the Hasse—Davenport product relation (Lemma 3.1.3(c)) for

N =2andm = %, %, %, solving for g(%),g(%),g( 1112 ), respectively, to find:

1 g(u;]
g (9151:) _ s (91; )’Xg (%)w(z)—% /7
g(%

Multiply all of these together, divide by g(%), and cancel to obtain

(3.2.12)

¢(%)e (Z%))g ) —¢ (%) 0@ = (117
g\ T

applying Lemma 3.1.3(b) in the last step. O
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Next, we consider our example.

Example 3.2.13 Going back to Example 3.2.4, in the case where ¢ = 1 (mod 7) and ¢
odd, we have a = {ﬁ, %, ﬁ} and g = {0, i, 3} Then ap = ¥ and By = B. Thus,

27T/ —locoj)

l_[aojeoco (x —€ 1 _ (x2 — 1)

vy D@D @ Dat-1)

HﬁOjGﬂo(

Thus, D(x) = x> — 1 and M = 43; and s(m) = 1 if m = 0, % and s(m) = 0 otherwise.
Therefore, Definition 3.2.7 and simplification using Lemma 3.1.3(a)—(b) give

Hy (% 103,210

14’ 14’ 14
— -1 qZ_é qs(m)flg (m + 1_14q )g(m + %qx)g(m + ﬂqx)
1-q = ¢ (139%) ¢ (139%) € (139)

-g(2m)g —m)g(—4m)a)(—43t)m

When m = 0, the summand is just (—1)(—1)3/(1 — q) = 1/q*. When m = %, applying
Lemma 3.2.11 we obtain
~o(*)e(*7 )e(*%)
1

7*g(dra )e(fa* )e(da*)
X

Therefore,
Hy (1 12 i—l 0,3 31%)
_ 1 q q%/2
= ot () e (F)e () 00
oL S gl ha)e s e ot Ha) (5214
X 1 9 %
K& A— ¢ (1) & (139%) ¢ (1397)

m;é:x/Z
- g 2m)g (—m) g (—4m)w (—4°t)"

3.3 Counting points
Following the work of Delsarte [16] and Furtado Gomida [22], Koblitz [37] gave a formula
for the number of points on monomial deformations of diagonal hypersurfaces (going back
to Weil [50]). In this subsection, we outline their approach for creating closed formulas
that compute the number of points for hypersurfaces in projective space in terms of Gauss
sums.

Let X C IP" be the projective hypersurface over I, defined by the vanishing of the
nonzero polynomial

r
Zaixgio cxin e Fylxo, ... %n]

so that a; € Fyand v;; € Zsofori=1,...,randj =0,..., n. Suppose that g := g — 1
does not divide any of the v;;. Let U be the intersection of X with the torus G, /G,,, € P",
so that the points of U are the points of X with all nonzero coordinates.

XXX 7K
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Let S be the set of s = (51, . ..,5r) € (Z/q*7Z)" such that the following condition holds:
Yi1si=0(modg*) and )i ;vysi=0(modg*) forallj=1,...,n (3.3.1)

Let p1; be the group of ¢* -th roots of unity. Any element s = (sy, ..., sr) € S corresponds
to a multiplicative character
Xs: mq™) — C*
Xs@1 . %) = (I x).
Given s € S, we define

(qx )n7r+1 r

Cs: Hg(si) (3.3.2)
9 i=1
ifs # 0and
x\yr—1 _ -1 r—1
co = (q><)n—r+1 (q ) ( ) .

q
With this notation, we have the following result of Koblitz, rewritten in terms of Gauss

sums so that we can apply it in our context.

Theorem 3.3.3 (Koblitz) We have

#UF,) =Y wla) (3.3.4)

seS

where w(a)™* := w(a; ™ - ay ™).

Proof We unpack and repack a bit of notation. Koblitz [37, Theorem 1] proves that

#UF,) =Y wla) " c;,

S
where the sum is over all characters of 1(g*)"/A where A is the diagonal—this set is in
natural bijection with the set S—and where for s # 0
1

k= —E(qx)”_“rl](sl, ce o SP),
where J(sy, ..., s,) is the Jacobi sum and where ¢, = ¢¢ as in (3.3.2). It only remains to
show that ¢, = ¢, for s # 0. If 5; # 0 for all , then [37, (2.5)]

gls1)---g(sr)

_— = = —9(s P Sy),
prr——— g(s1) -+ - g(sr)
$0 ¢, = ¢, by definition. If » > 1 and s; = 0 for some i, then [37, below (2.5)]

](sll"'isr) =

](Sl, .. .,Sr) = —](Sl, e Si—1Si+1 - .,Sr),

so iterating and using Lemma 3.1.3(a),

Ju.os)=— ] <1 [] ed== ] ¢ [] g6)=-]]gG
i=1,..,r

i=L..,r peeor i=1...r i=L..,r i=1
5;i=0 5i7#0 5i=0 $i#0

(3.3.5)

In the remaining sections, we apply the preceding formulas to each of our five pencils.
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3.4 The Dwork pencil F4
In this subsection, we will give a closed formula in terms of finite field hypergeometric
sums for the number of points in a given member of the Dwork family. Throughout this

section, we suppose that g is odd.

Proposition 3.4.1 Fory € Fy, the following statements hold.
(a) Ifqg =3 (mod 4), then
#Xey (Fg) =" +q+1+Hy (3.3 30,0,0197%) = 3¢H, (3 30,319 7).

(b) Ifg =1 (mod 4), then

#Xeyy (Fg) =a” +q+1+Hy (3,3, 3:0,0,01¥ %) +3qH, (3, 10,5 1v ™)
+12(-1)4 V4 gr, (30197Y).

Proposition 3.4.1 has several equivalent formulations and has seen many proofs: See
Sect. 1.5 in the introduction for further references. We present another proof for com-
pleteness and to illustrate the method we will apply to all five families in this well-studied

case.

Remark 3.4.2 Quite beautifully, the point counts in Proposition 3.4.1 in terms of finite-
field hypergeometric sums match (up to twisting factors) the indices with multiplicity in
the Picard—Fuchs equations computed in Proposition 2.5.2. Although we are not able to
use this matching directly, it guides the decomposition of the sums by means of lemmas
that can be proven in a technical, but direct manner.

We prove Proposition 3.4.1 in four steps:

1. We compute the relevant characters and cluster them.

2. We use Theorem 3.3.3 to count points where no coordinate is zero and rewrite the
sums into hypergeometric functions.

3. We count points where at least one coordinate is zero.

4. We combine steps 2 and 3 to finally prove Proposition 3.4.1.

The calculations are somewhat involved, but we know how to cluster the characters in
step 1 and which hypergeometric functions we need to isolate for step 2: Indeed, the
parameters of the finite-field hypergeometric sums are given by the calculation of the
Picard—Fuchs equations for the Dwork pencil given by Proposition 2.5.2.

Step 1: Computing and clustering the characters
In order to use Theorem 3.3.3, we must compute the subset S C (Z/q*Z)" given by the
constraints in (3.3.1). This is equivalent to solving the system of congruences:

4 0 0 0 1 S1
0 4 0 0 1 89
0 0 4 0 1]]s3]=0 (modg™). (3.4.3)
0O 0 0 4 1 84,
11 1 1 1) \ss
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If g = 3 (mod 4), then by linear algebra over Z we obtain
S = {(1, L1 1 —4)k + %(0,0,1,—1,00k + £-(0,1,0,—1, 0)ks : k; € Z/qXZ}.
These solutions can be clustered in an analogous way as done in Sect. 2.5:

(i) S1:=1{k(1,1,1,1,-4):k € Z/q*Z},
(i) So:={k(1,1,1,1,—4)+%(0,1,1,0,0): k € Z/q*Z},
(iii) S3:=(k(1,1,1,1,—4)+ £-(0,1,0,1,0) : k € Z/q*Z}, and
(iv) Sa:=1{k(L1L1,1,—4)+%(0,0,1,1,0): k € Z/q*Z}.
The last three (ii)—(iv) all behave in the same way, due to the evident symmetry.
Ifinstead g = 1 (mod 4), then

S = {(1, L1, 1, -4k + L-(0,1,0,—1,0)ks + (0,0, 1, —1, 0)ks : k; € Z/qXZ} ;
we cluster again, getting the four clusters above but now together with twelve new clusters:

(v) three sets of the form S5 := {k(1,1,1,1, —4) + %(0, 1,2,L,0):keZ/qg*Z},
(vi) three sets of the form Sg := {k(1,1, 1,1, —4) — %(0, 1,2,1,0):k € Z/q*7Z}, and
(vii) six sets of the form S7 := {k(1,1,1, 1, —4) + ﬁ(0, 0,1,3,0):k € Z/q"Z},
Z

where the number of sets is given by the number of distinct permutations of the middle
three coordinates.

Step 2: Counting points on the open subset with nonzero coordinates
We now give a formula for #Uf, y () for the number of points, applying Theorem 3.3.3.
We go through each cluster S;, linking each to a hypergeometric function.

Lemma 3.4.4 For all odd q,

> @ cs=q"—3q+3+H; (33 3000y ). (3.4.5)

seS)

Proof By Definition 3.1.14,

-2
_ 18 _
Hy (35 50,001y = pe3 3 g~ Ot g (4m)g(—m) w(dy)
m=0
%\ 4
e (%)
1 ‘1_2 —1 4 —4m
+— > g 'glmg(—m) o)
q
m=1
m#q*/2

%\ 4
1 g (qT) 1 2
R S Nl I (—4k)g (k) w(dy)*
q* 99> q9* k; ¢ ¢

k#q/2



C. F. Doran et al. Res Math Sci

KXXIXIXIXIN (202 0)K7: 7K Page 33 of 81
the latter by substituting k = —m. Now, we expand to match terms:
q—2
D wl@ e = c0000 F Ceymaiiry + Y o= gk —ak
SES] k=1
k#q*/2
-2
@) = (D 1t 1S oyt
=L (%) = X el e g0
9" aq*"\*/ " qq* k;
k#q*/2
7 \* 2
3 2 4 q-
4’ —4q° +6q — 4 g(Z) 1 ak 1y
= - + w(dy)* g(k)*g(—4k)
q* 9> 49" 2 .
k=1kzL-
=q* —3q+3+H, (% 3 2:0,0,0]y~%). (3.4.6)
Lemma 3.4.7 Fori=234,
Yoo@ e = (=112 + gy (3 30519 7Y). (34.8)
SGSL‘
Proof By definition,
1 2
Hy (3 3503 1v7") = = 3 a0 glamg(=2mPo2y) "
m=0
L 42 (3.4.9)
==+ Y q 'g@myg(-2m’oy)"
q A—
m#q*/2
using s(m) = 1if m =0, % and s(m) = 0 otherwise.
By symmetry,
Z w(a) *cs = Z w(a)*cs = Z w(a) " cs.
SESy se€S3 s€S4
So we only need to consider i = 2. Then:
Z w (@)% ¢s = ¢(g/2)(0,1,1,0,0) T C(g%/2)(1,0,0,1,0)
SESz
q—2
4k
+ o (—4Y)™ C(r(1,1,1,1,-4)+(g7/2)(0,1,1,0,0))
k=1
k#q%/2
7\ 2
g (T) 1 C x\2
=2l Y e (4K g0’ (k + ‘%) g (—4k).
aq aq* =
ksq*/2
(3.4.10)

Next, we use the Hasse—Davenport product relation (Lemma 3.1.3(c)) with N = 2 | g*
to get

7
g(2k) = —w(z)Zk%% ’

XXX 7K
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which rearranges using g(0) = —1 to
glk)g (k - "7) = w(2)"*g(2k)g (%) (3.4.11)

Using Lemma 3.1.3(b) givesg(%)2 = (- l)qx/zq; substituting this and (3.4.11) into (3.4.10)
simplifies to

s (—1)772 1 2 4k 2k )2
Y@ e =—2—— 4+ — > o(—49)* (0(2) *g(2k)g (%)) g(—4k)
SESy 1 19 k=1

k#q*/2
ez g 122 N
_—l q’x T LS P2y gk P-4k
k=1
k#q>/2
2 1 2
=0T =S — ) o(—2y)g(2k) g(—4k)
q q
k=1
k)2

Looking back at (3.4.9), we rearrange and insert a factor g to find the hypergeometric sum:

-2
. N 29—-2 2 ! _ _
DTN @) e ==L NN o l2y) g (—2m) g (4m)
SES; 9 9 q =1
2 m=
m#q*/2
=2+qH; (3 303197
as claimed. O

Lemma 3.4.12 Suppose g =1 (mod 4). Then

x\ 2 34% 2
Y o@ e = (~1)77*qH, (%:0|w—4)+<—1>qx/4—g<%> t,f< v .
SESs g (7)

Proof Plugging into the definition of the finite-field hypergeometric sum and then pulling
out terms m = jg*/4 withj = 0, 1, 2, 3, we get

. 1 q—2 ~ mg(m-i-%)g(—m)
Hy (301 4)=q_xm=0w(_1// Y) g(%)
e ) ;
:_q%—f_% <g (’% 2+g(3{i )2) (3.4.13)
1 q—2 ~ mg(m—l-ﬁ)g(—m)
P ¥ - '
+ qr;%nw( ) g<%>

Hasse—Davenport (Lemma 3.1.3(c)) implies

mg(m)g(m—l— %)g(m—i— %)g(m—l— 3?:)

_ 4
gldm) = —o(d) <0 (52 (5)2 (%)

(3.4.14)
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Form # j%, multiplying (3.4.14) by g(—m — %)g(—élm) and simplifying, we get

X

gomg (m+ ) g (m+ %) g (~4m)

«(%) |

()" gg (—m = 34°) = 0 @ (-1)"

gmg (m+4) g (m+ % ) g (—am) = (—1) " 0 @) gg (% ) g (-m— 4°).

Now, we look at the point count. First, we take the definition

q—2
3 (@) e = qqix 3 w(—dy)*g(k)g (k + %)2 ¢ (k + %) g(—4k).  (3.4.16)
k=0

SE€Ss

We then tease out the four terms with k = jg*/4. The cases k = 0, % give

1 N2/ ox 1 y N2 g(§>2+g(%ff
Wé’(%) a(%)+ qqxg(%)g("’ii ) = . (3.4.17)

because g(%)2 =gasq =1 (mod 4). The terms with k = %, 4 are

e (5)e(5) e () — e () (%)

_ (_1)qx/4 g - (_1)qx/4 (1 — 2_X> (3.4.18)
q q

using Lemma 3.1.3(b) with m = % to get g(%)g(%) = (—1)77%¢q.
For the remaining terms in the sum, we plug in (3.4.15) to get

1 12 N2 .
o 2 et ewg (k+4) g (k+ %) e (40
ql;Ti)k
1 q_2 X X X
= Y e (k) 0 Fo@ g (%) g (k- )
q]&?i)k
g2 g(k+ %) g (—k-4)
q k 4 4
= q—x Z w (—w4) qx .
k=0 g 7?)
q* 4k
(3.4.19)
Next, we reindex this summation with the substitution m = —k — % to obtain

L5 gy £ %)
fnd g <7>

KXXIXIXIXIN (202 0)K7: 7K Page 35 of 81
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(3.4.20)

(_l)qx/4ix qi% w(—lﬁ_ ( qTqX)g
1 q’f;‘jn (7>

Taking (3.4.16), expanding and substituting (3.4.17), (3.4.18), and (3.4.20) then give

1)‘7X/4Zw a)”

SES5

q q-2 ) (_1/,*4)'” g (m + %)g (—m)‘
= (%)

We are quite close to (3.4.13), but the first term is off by a factor 4. Adding and subtracting
give

(-7 Z w(a) ¢ =14+gH, (%;O ly~*) — (_1)qx/4 <qT> (
s€Ss g )

as claimed. O

Lemma 3.4.21 Ifg =1 (mod 4), then

Z w(a)Scs = Z w(a)Scs = Z w(a) cs.

S€S5 S€S6 SES

Proof We start with (3.4.16) and reindex with m = k + %:

q—2
S o@ e = ot e@e (k+5) ¢ (k+ ) etk
k=0

S€S5

B quX Sw(—wr‘mg (m+%)e(m+ %)Zg(”‘)g(_m)

= Z w(a)~5c

5656

The equality for S7 holds reindexing with m = k + %. O

We now put these pieces together to give the point count for the toric hypersurface.

Proposition 3.4.22 Let y € Fj.

(@) Ifg =3 (mod 4), then

#Ur,y (Fg) =q* —3q—3+H, (3, 3,2,0,0,0|v~*) —3qH, (3, 2,0, 5 | v *)).
(3.4.23)
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(b) Ifg=1 (mod 4), then

#Uryy (Fg) =" =34+ 9+ Hy (33 30,0019 ™) +3qH, (3, 30,3 1 v
3

+12| ()T qH, (301974 + (-

Proof For g =3 (mod 4), we have from Lemmas 3.4.4 and 3.4.7:

#Ur,,y Fq Zza) Cs

i=1 seS§;
=q* —3q+3+Hg (

1530001y +3(-2—qH, (1,30 31v7Y)
=¢"=3q-3+H; (135

10,0197") = 3qHy (3 3:0.31v7")

OO

(3.4.25)

Forg =1 (mod 4), we have from Lemmas 3.4.4, 3.4.7, 3.4.12, and 3.4.21, we have that:

#LIF“/, ZZQ) TS+ IZZa)(a)_S s

i=1 se§; s€Ss
=q*-3q+3+H;(} 3 3000y %)
+3(24aH; (53031977

+12| (-7 qH, (30197 + (-1

which simplifies to the result. O

Step 3: Count points when at least one coordinate is zero
Lemma 3.4.27 Ifq =3 (mod 4), then

#XF4)¢(Fq) — #UF%w(Fq) =4q+4.

Proof First, we compute the number of points when x3 = 0 and xox1x2 # 0, i.e., count
points on the Fermat quartic curve V': xg + x‘f + xg = 0 with coordinates in the torus.
All points in V(IF,) lie on the torus: If, e.g., xo = 0 and x1 # 0, then —1 = (x2/x1)%, but
-1 ¢ F;z since ¢ = 3 (mod 4). We claim that #V(IF;) = g + 1; this can be proven in
many ways. First, we sketch an elementary argument, working affinely on xg +af = -1
The map (xg, x1) —> (x3, x7) gives a map to the affine curve defined by C: w} + w? = —1.
The number of points on this curve over I, is g 4 1 (the projective closure is a smooth
conic with no points at infinity), and again all such solutions have wo, w1 € F;. Since
q = 3 (mod 4), the squaring map IF;Z — ]F;4 is bijective. Therefore, for the four points
(£wp, £w1) with w(2) + w% = —1, there are exactly four points (£xo, £x;) with x? = wl.2
for i = 0, 1. Thus, #V(F;) = #C(F;) = g + 1. (Alternatively, the map (xo, ¥1) (xg, x1)
is bijective, with image a supersingular genus 1 curve over Fy).

XXX 7K
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Second, and for consistency, we again apply the formula of Koblitz! For the characters,

we solve
4 0 0
0o 4 of ™
=0 (mod g*). 3.4.28
o o all® ( q”) ( )
s3
1 1 1

There are exactly four solutions when g = 3 (mod 4):
S:{mﬁmxéquxguﬁﬁxganf

Then by Theorem 3.3.3,

#V(Fq) = ¢0,00) T Cg2)1,1,0) F Cg21,0,1) T Cg2)0,1,1)
(61 - 1)2 - (_1)2 2 1 q* 2 q*
= —q +3(=1) Eg (T) g (T)g(o) (3.4.29)
2
)
=17;3+3=q+L

By symmetry, repeating in each of the four coordinate hyperplanes, we obtain
#XF4,¢(Fq) — #UF4,W(Fq) = 4(6] +1) = 4q + 4. O

Lemma 3.4.30 Ifg =1 (mod 4), then

o 5 e ()
%)

Proof We repeat the argument in the preceding lemma. We cluster solutions to (3.4.28)

#XF4,1//(Fq) — #UF4,1/,(F,]) =4q —8—12(-1)

and count the number of solutions in the following way:

#V (Fq) = c0,00) + 6¢g/a)1,30) + 3¢/a)2.20) + 3¢q/a)1,1,2) + 3¢q4/2)332)

=q-2-6(-1)77" -3+ g( ) <q7) Zg(sg;)zg(g)

)

g
:q—5—6pn%”+3< ) (

«(%)

(3.4.31)

There are 2 solutions to xg + x‘f = 0 with xgx; # 0ifg =1 (mod 8) and zero otherwise,
50 2 + 2(—1)7"/* solutions in either case. Adding up, we get

#Mww@ﬁ—#uuwma=4MWE0+6@+2pJVW)
—4q—8-12(-)7/* 4 1z$g (%)zg (%)
() 05 ()
o(%)

+12
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Step 4: Conclude

We now conclude the proof.

Proof of Proposition 3.4.1 We combine Proposition 3.4.22 with Lemmas 3.4.27 and 3.4.30.
If g = 3 (mod 4), then

#Xes,y (Fq) = #Uryy (Fq) + (#Xpyy (Fq) — #Ur,y (Fg))
=(¢*—3q-3+H, (% %%000“{[ %)
—3qH, (5, 23,03 1y7%) + (4g +4)
=" +q+1+Hy (%3 3,000y *) —3qH, (3 30, 3 v ™).

Ifg =1 (mod 4), then the ugly terms cancel, and we have simply

#XF4,1// (]Fq) = #L[FM/, (Fq) + (#XF4 ( q) - #UF4, (EI))
= (> —3q+9+H, (L1, g 0,0,0(v %) +3qH, (3, 3:0. 3 v
+12 (_1)%/461 (% )) + (4q — 8)
—tq+1+H (L g;o,o,owf‘*) +3qHy (3 30
+12(-1)77* gH, (501974,

[NSIE

|y ™)

3.5 The Klein—-Mukai pencil F1L3
In this section, we repeat the steps of the previous section but for the Klein—Mukai pencil

FiLs. We suppose throughout this section that g is coprime to 14. Our main result is as
follows.

Proposition 3.5.1 For q coprime to 14 and € FJ, the following statements hold.
(a) Ifqg #1 (mod 7), then
#Xey (Fg) =" +q+1+Hy (35 30,00y 7%).

(b) Ifg=1 (mod 7), then

#XF1L3,1/f(F)_q +q+1+Hy (%%
11 1 3 4
+ 3qH, (14’14’14011“/’)
13 1 3 4
+3qH <14) 14’ 14101;111'1/,)‘

1 9 11.41 3 3 5 13,4913
Remark 3.5.2 The new parameters 1z, 17, 1730 70 7 and 13 13 190 7, 7 match the
Picard—Fuchs equations in Proposition 2.6.1 as elements of Q/Z, with the same mul-

tiplicity.

Step 1: Computing and clustering the characters

As before, we first have to compute the solutions to the system of congruences:

3 0 1 0 1 w1 0
1 3 0 0 1 17%) 0
0 1 3 0 1 wsl=1]0 (mod ¢*).
0O 0 0 4 1 W4, 0
1 1 1 1 1 ws 0
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By linear algebra over Z, we compute that if g # 1 (mod 7), then the set of solutions is
S={1L11,1,-4w:weZ/qg L.
On the other hand if g = 1 (mod 7), then the set splits into three classes:

(i) thesetS; ={k(1,1,1,1,—-4): k€ Z/q*Z},
(ii) three sets of the form Sg = {k(l, 1,1,1,—-4)+ g(l, 4,2,0,0): k € Z/qXZ}, and

(ili) three sets of the form Sg = {k(l, L1,1—4)+ @(3, 56,0,0):k € Z/‘]XZ}-
The multiplicity of the latter two sets corresponds to cyclic permutations yielding the

same product of Gauss sums.

Step 2: Counting points on the open subset with nonzero coordinates
As in the previous section, the hard work is in counting points in the toric hypersurface.

We now proceed with each cluster.

Lemma 3.5.3 Ifqg =1 (mod 7), then

L[S

>

i

D 0@ e =aHy (3 13 1150

SESg

|wﬂ——$g(§)g(F§)g(£;). (3.5.4)

Proof Recall our hybrid hypergeometric sum (3.2.14) from Example 3.2.13, plugging in
t =y

- h (%) (F)e(¥)

= qq*
M SFIUES TOFURS TWVI RS U9 (355)
L — ¢ (179%) ¢ (£39%) ¢ (139)
m#q*/2

g (2m) g (—m) g (—4m) o (—43y*)".

Our point count formula expands to

Yo@ a=—g(%)e (") e (%) e (%) e (%) e (U)o (%)
99 q9

5 o (49 g (k+ 1)

q]iTgk

g (k+2 ) g (k+ 207 ) g (0 g (—4k).

+
q9*

We work on the sum. Changing indices to m = k + %, using the identity

g(m+%) =0@™ )" q g (%) g (—mg @m)

found by using Hasse—Davenport for N = 2, and applying Lemma 3.2.11, gives us the

summand

KXXXXIXIKIKIXIXIX (2020)K 7: 7%
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o ( 4w)4mg(m+9f4)g m+1r)g m+%> m+q7>g(—4m)
:a)(_4¢_)4mg m+ x 9g* 11g*

g g (%)4g(2m)g(_m)g(_4m)
:qw(—43w4)mg(m+ %)g(m—l- %>g(m+ %>
o ()5 ()5 ()

Plugging back in, we can relate this to hypergeometric function (3.5.5):

Yo mme (F)e () e (F) e (5)e (%) (35 (%)

g (2m) g (—m)g (—4m).

seSg
L el B el )
“ o (5)e (%) e ()
-g (2m) g (—m) g (—4m)
et (5)s () (5) - o (R)s () () (5)

Lemma 3.5.6 Ifg =1 (mod 7), then

S w@ e =at, (3 & B0 L 3 1vt) - }]g (3 )e (> )e (%), ©57)

5659

Proof Apply complex conjugation to Lemma 3.5.3; the effect is to negate indices, as in
Proposition 3.2.8. O

We now put the pieces together to prove the main result in this step.
Proposition 3.5.8 Suppose € ]F;,

(a) Ifq #1 (mod 7), then

#Ur L,y (Fg) =q* —3q+3+Hy (3.4, 23,0001 y7%). (3.5.9)

KXXIXIXIXIN (202 0)K7: 7K Page 41 of 81
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3 ()2 (F)e(#) 12 (F)e(¥)e (%))

(3.5.10)

Proof When g # 1 (mod 7), there is only one cluster of characters, S;. By Lemma 3.4.4,
we know that

#Ur Ly (Fg) = Y w(@ co=q"—3q+3+H; (33 3:000[y%). (3411

SGSl

When g =1 (mod 7), we have three clusters of characters, the latter two (Sg and Sg) with
multiplicity 3. By Lemmas 3.4.4, 3.5.3, and 3.5.6, these sum to the result. O

Step 3: Count points when at least one coordinate is zero.
Recall that g is coprime to 14.

Lemma 3.5.12 Lety € F;.
(@) Ifg #1 (mod 7), then
#Xe Ly (Fg) — #Ur L3,y (Fy) = 4q — 2.
(b) Ifg =1 (mod 7), then
#Xe Ly (Fg) — #Ur Ly (Fg) =49 — 2+ s(g <§)g ( )g (4,%x)
=X

+e (e () ().

Proof We count solutions with at least one coordinate zero. If x3 = 0 but xox1x2 # 0, we

2q*
7

q
7

count points on xg + x?xz = 0: solving for x,, we see there are g — 1 solutions; repeating
this for the cases x; = 0 or xy = 0, we get 3q — 3 points.

Now, suppose xg = 0 but x1x2x3 # 0, we look at the equation xi’xz + x%xg + xgxl =0
defining the Klein quartic. Applying Theorem 3.3.3 again, we find that

3 1 0
o 3 1|
=0 (mod g>). 3.5.13
Lo 3|l ( q”) ( )
53
11 1

If g # 1 (mod 7), then only (0, 0, 0) is a solution and ¢(g0,0) = g — 2. If g = 1 (mod 7),
then the solutions are {k(@, %, @) ckeZ/ 7Z} which gives the point count

3 X 2% 4g* 3 3% 5g% 6g*
12+ e ($)e(F)e () + 3 (F)s (£): ().
q q
If now at least two of the variables among {x1, x2, x3} are zero, then the equation is just
xg = 0; hence, the last one is also zero and there is only one such point. Ifxy = x; = 0, then

the equation is x%xg = 0; hence, another of the first three variables is zero. Consequently,
there are exactly 3 such points. Totaling up gives the result. O



C. F. Doran et al. Res Math Sci

Step 4: Conclude
We now prove Proposition 3.5.1.

Proof of Proposition 3.5.1 By Proposition 3.5.8 and Lemma 3.5.12,ifg £ 1 (mod 7), then

#Xriy (Fg) =q° =3¢+ 3+ Hy (33,2000 v ™) + (49 — 2)

(
(3.4.14)
=4’ +q+1+Hy (33 30001y

Ifg =1 (mod 7), then the ugly terms cancel and we get

#XF1L3,III(F61):6]2—36]+3+H (L13 000|¢ )

1 9 11,41 3 4 3 5 13 1
+3‘1Hq(1_'ﬁ’1_’0’1’1|‘/’)+3‘1Hf1<ﬁ’ﬁ_4 14“/’)
(3.4.15)

as desired. O

3.6 Remaining pencils
For the remaining three pencils FyLy, LyLy, and Ly, the formula for the point counts can
be derived in a similar manner. The details can be found in Appendix 4.8; we state here

only the results.

Proposition 3.6.1 For q odd and € F, the following statements hold.
(a) Ifq =3 (mod 4), then
#Xesoy (Fg) =" —q+ 14 Hy (33 50,0019 %) —qHy (3 30,3 1v 7).
(b) Ifq =5 (mod 8), then
#XFsz,llf(FQ) =q2—q+1—|—H (% % £§L 0,00y~ )
+qHy (3 30,5 | v ™*) — 2qH, (3019 7%).
(¢) Ifg=1 (mod 8), then

#XFyLo,y (F ) —q +79+1+Hy

(22 $0.0,0[¥ ™) +qH, (3 50,5 1¥77)
+2qHg (301 y™*) +2

3

8’

0 @7ty (330,510
+20 ()1 qH, (3,20, 3 |y,
Proof See Proposition B.2.1. O

Proposition 3.6.2 For q odd and € IF;, the following statements hold.
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(a) Ifg =3 (mod 4), then
#XLy (Fy) =q* +q+1+Hy (34,3000 974 —qH, (L 30 1y7).

(b) Ifg=1 (mod 4), then

Proof See Proposition B.3.1. O
Proposition 3.6.3 For q coprime to 10 and y € F, the following statements hold.
(a) Ifq #1 (mod 5), then

#Xoy (Fq) =4 +3q+1+Hy (4,

el
NI
otad
L
L
[w]
5
=

(b) Ifg=1 (mod 5), then
#Xoy (Fg) =a®>+3q+1+H, (33
3 4, 1 1 3 4
+4qH, (5355013 3 1Y),

Proof See Proposition B.4.1. O

4 Proof of the main theorem and applications

In this section, we prove Main Theorem 1.4.1 by converting the hypergeometric point
count formulas in the previous section into a global L-series. We conclude with some
discussion and applications.

4.1 From point counts to L-series
In this section, we define L-series of K3 surfaces and hypergeometric functions, setting up
the notation we will use in the proof of our main theorem.

We begin with L-series of K3 surfaces. Let y € Q~{0, 1}. Leto € {F4, Fala, F1L3, Laly, Ly}
signify one of the five K3 families in (1.2.1). Let S = S(¢, ¥) be the set of bad primes in
(1.2.1) together with the primes dividing the numerator or denominator of either y* or

Yt — 1.
Lemma 4.1.1 Forp ¢ S(o, V), the surface Xo,y has good reduction at p.
Proof Straightforward calculation. O

Let p ¢ S(¢, ¥). The zeta function of X,y over I, is of the form

1
(1 = T)A = pT)Po,yp(T)(1 — p*T)

Z,(Xo g, T) = (4.1.2)

where P,y ,(T) € 1 + TZ[T]. The Hodge numbers of X,y imply that the polynomial
Po,yp(T) has degree 21. Equivalently, we have that

Pe,y,p(T) = det(1 — Frob, ' T | Hg, . (Xoy, Q¢)) (4.1.3)
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is the characteristic polynomial of the Frobenius automorphism acting on primitive
second-degree étale cohomology for ¢ # p (and independent of £). We then define the
(incomplete) L-series

Ls(Xoy»8) = [ [ Poyplo™) 7, (4.1.4)
pES

convergent for s € C in a right half-plane by elementary estimates.

We now turn to hypergeometric L-series, recalling the definitions made in Sects. 3.1-
3.2. Let &, B be multisets of rational numbers that are disjoint modulo Z. Let t € Q~.{0, 1},
and let S(e, B, t) be the set of primes dividing a denominator in « U 8 together with the
primes dividing the numerator or denominator of either ¢ or £ — 1.

Recall Definition 3.2.7 of the finite-field hypergeometric sums Hy(o; 8 |t) € Ko g S C.
For a prime power g such that &, B is splittable, we define the formal series

oo Tr
Ly(H(e, B 1), T) := exp(— Zqu(a;ﬂ | t)—) € 14 TKyg[[T]] (4.1.5)

r
r=1

using Lemma 3.2.10(b). (Note the negative sign; below, this normalization will yield poly-
nomials instead of inverse polynomials.)

For a number field M, a prime of M is a nonzero prime ideal of the ring of integers
Zyt of M. We call a prime p of M good (with respect to a, B, ) if p lies above a prime
p ¢ S(e, B, ). Now, let M be an abelian extension of Q containing the field of definition
K := K, g with the following property:

for all good primes p of M, we have ¢ = Nm(p) splittable for &, . (4.1.6)

For example, if m is the least common multiple of all denominators in « U B, then we
may take M = Q(g,,). We will soon see that we will need to take M to be nontrivial
extensions of K in Proposition 4.3.1 to deal with the splittable hypergeometric function
given in Example 3.2.4. Let m be the conductor of M, i.e., the minimal positive integer such
that M € Q(&,). Under the canonical identification (Z/mZ)* 5 Gal(Q(¢,,) | Q) where
k +— oy and 0y (&) = g“,]fq, let Hyr < (Z/mZ)* be such that Gal(M | Q) >~ (Z/mZ)* |Hy;.

Now, let p ¢ S(a, B, ). Let py, ..., p, be the primes above p in M, and let ¢ = p/ =
Nm(p;) for any i. Recall (by class field theory for Q) that f is the order of p in (Z/mZ)> / Hy,
and 7f = [M : Q]. Moreover, the set of primes {p;}; arise as p; = oy, (p1) where k; € Z are
representatives of the quotient (Z/mZ)> /(Hu, p) of (Z/mZ)* by the subgroup generated
by Har and p. We then define

Ly(H(e, B, M, T) := [ [ Ly(H (kiet, kiB | £), T/)
i=1
= [1 Ly(H (koo ki | £), T/) € 1+ TK[[T]].
kie(Z/mZ)* | (Ham.p)
(4.1.7)

This product is well-defined up to choice of representatives k; of the cosets in
(Z/mZ)* | {Hp, p)- Indeed, by Lemma 3.2.10: part (c) gives

Ly(H(pke, pkB|8), T') = Ly(H (ke kB | ), T') = Ly (H (ke kB | £), T!) (4.1.8)
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forall k € (Z/mZ)* and all good primes p, since t =t € F, C F4; and similarly part (a)
implies it is well-defined for k € (Z/mZ)* /Hps as Hyy < Hg.

Lemma 4.1.9 The following statements hold:

(a) We have
Ly(H(&; B1£), M, T) € 1+ TQI[T]] (4.1.10)

and
Ly(H(e; B11), M, T) = L,(H(ke; kB| £), M, T) (4.1.11)

for all k € Z coprime to p and m.
(b) Let Hx < (Z/mZ)* correspond to Gal(K | Q) as above, and let

r(MIK, p) == [(Hx, p) : (Hum, p)]. (4.1.12)
Then r(M|K, p) is the number of primes in M above a prime in K above p, and

LHeBIOMT) =  []  LiHkekBlo), T/yMED. (4113)
ki€(Z/mZ)* | (Hg,p)

Proof For part (a), the descent to Q follows from Galois theory and Lemma 3.2.10; equality
(4.1.11) follows as multiplication by k permutes the indices &; in (Z/mZ)* /(Hp, p). For
part (b), the fact that r(M|K, p) counts the number of primes follows again from class field
theory; to get (4.1.13), use Lemma 3.2.10 and the fact that the field of definition of &, B is
K = Kyp. O

We again package these together in an L-series:

Ls(H(es B ), My s) := [ [ Lp(FH(e; B18), M, p~*) ", (4.1.14)
Pr¢S

We may expand (4.1.14) as a Dirichlet series

Ls(H(a; B| £), M, 5) = Z N:l—?n)s (4.1.15)
]

with a, € K = Ky g C C, and again the series converges for s € C in a right half-plane. If
M = Ky g, we suppress the notation M and write just Ls(H (o;; B | £), 5), etc.

Finally, for a finite-order Dirichlet character x over M, we let Ls(H(e; B|£), M, s, )
denote the twist by x, defined by

x(Wan
Nm(n)s’

Ls(H (o B1£), M,s, x) = » (4.1.16)
nCZuy

n#(0)
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4.2 The Dwork pencil F4

In the remaining sections, we continue with the same notation: Let + = ¥ ~* and let
S = S(¢, ¥) be the set of bad primes in (1.2.1) together with the set of primes dividing the
numerator or denominator of ¢ or £ — 1. We now prove Main Theorem 1.4.1(a).

Proposition 4.2.1 Let € Q~(0,1}, and let t = y—*. Then

where
¢-1(p) = (_71) = (-2 is associated to Q (\/—_1) | Q, and
o) = (?) = (—1)NmP=D/4 s gssociated to Q (zg) | Q (ﬁ)

(4.2.2)

Proof Recall Proposition 3.4.1, where we wrote the number of F; points on F4 in terms
of the finite-field hypergeometric functions. We rewrite these for convenience:

#Xeyy (Fg) = 4" + 4+ 1+ Hy (3 300,01 2) + ¢-1(9) 3gHy (3, 350 5 1£)

+8[g = 1 (mod 4)]12¢ /= (q) qHy, (3;01t),
(4.2.3)

where §[P] = 1, 0 according as if P holds or not.

Each summand in (4.2.3) corresponds to a multiplicative term in the exponential gen-
erating series. The summand g + ¢ + 1 gives the factor (1 — T)(1 — gT)(1 — ¢*T) in
the denominator of (4.1.2), so Ls(XF,,y, s) represents the rest of the sum. The summand
Hy(%,3,3;0,0,01¢) yields Ls(H (%, 3, 2;0,0,0] ), s) by definition.

Next, we consider the summand ¢_1(¢q)3gH, (i, 2, 0,1 5 | t): Foreach p ¢ S, we have

exp<—2¢ 1 (030 Hy (3, 30,5 1£) ™) )

r=1

3
> (=s)r (4.2.4)
p
= exp <_ D1 Hy (3 30,3 1¢) )

Combining these for all p ¢ S then gives the L-series Lg (H(}L, i, 0,1 5185 —1, $_1)3.
We conclude with the final term 12¢ ﬁ(q)qu(%; 0| ¢) which exists only when g = 1
(mod 4). We accordingly consider two cases. First, if p = 1 (mod 4), then in Z[+/—1], the

two primes p1, p2 above p have norm p. We compute

XXX 7K
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r

12¢ /= (") P"Hyr (3:01¢) ) )

= & = il

12
(3:012).7" "bﬂ) (4.2.5)
6 6
(3:010), '8 y=1) Lp (H (=3:010),9' % 6=1)
6
(%50 | t): Q (\/__1>,plfs, ¢\/j1>

where the second equality holds because the definition of the hypergeometric sum only

Ly

=Lp

depends on parameters modulo Z and the final equality is using Definition (4.1.7) and
using that Gal(M | Q) when M = Q(+/—1) is generated by complex conjugation.

Second, if p = 3 (mod 4), then there is a unique prime ideal p above p with norm
Nm(p) = p?, and

0 —s5\2r

exp (— Z 12¢ /= (er) perer (%, 0] t) %)
r=1

(4.2.6)

— L, (H (1;01t), p209), ¢ﬁ)6
=1L, (H(%;ou),(@(J—_l),pl—S,qﬁﬁ)G,

Taking the product of (4.2.5) and (4.2.6) over all prescribed p, we obtain the last L-series
factor. O

4.3 The Klein—-Mukai pencil F1L3
We now prove Theorem 1.4.1(b).

Proposition 4.3.1 For the Klein—Mukai pencil F1Ls,
11 3,

Ls (XeiLsy5) = Ls (H (3 %’ 1
,Q(),s-1)
where for o, B = {ﬁ, %, ﬁ} {0, i, i} we have field of definition Ky g = Q(v/=7).
Remark 4.3.2 By Lemma 4.1.9, we have

1 9 1.4 1 3,1} o) — 3 5 13,01 3,1

Ls(H (tp 10 10 2 31t )) —L5<H(E’ﬁ w0l )S)
Proof Recall that by Proposition 3.5.1, we have

#Xeitsy (Fg) =q> +q+ 1+ Hy (33 3:000]2)

+3¢8[lg =1 (mod 7)] (Hy (& 1 1530, 3, 2 1¢71)

+H, (14’ 14’ ii’o’ i’ ?L |t_1>)-
We compute that the field of definition (see Definition 3.1.10) associated to the parameters
0B = {d 2 1101 3 and o B = {2, & 2),(0, 1 2} is Q/=7). We take M =
Q(&7) and consider a prime p of M, and let ¢ = Nm(p). Then g = 1 (mod 7), and in
Example 3.2.4, we have seen that ¢ is splittable for a, .

——

We proceed in two cases, according to the splitting behavior of p in K = Kyg =
Q(+/—7). First, suppose that p = 1,2,4 (mod 7), or equivalently p splits in K. We
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have 2r(M|Kp)f = 6 so r(M|K,p) = 3. We then apply Lemma 4.1.9(b), with
(Z/mZ)* | {Hk, p) = {£1}, to obtain

- [ Ly (H (&Ko 2k Lkis0, 1k, 3k; | 2), ptos) P
ki€(Z/m)* |{Hic.p)
=Ly (H (LAL 12 LIL'O’ e |f) Q(§7),p1_s). (4.3.3)

To conclude, supposep = 3,5,6 (mod 7),i.e., pisinertin K. Now, (Z/mZ)* /(Hk, p) =
{1} and 6 = r(M|K, p)f. By Lemma 3.2.10(c), for allg = 1 (mod 7), we have that
1 9 11,01 3 1,9 11, 1_3
Hy (15 12 150 3 7 1t) = Hy (330 130 1200 — 3 —3 | )
5 13,01 3
=Hy (& & B0 b 31e). (4.3.4)

Using the previous line and Lemma 4.1.9(b),

=L, (H (& o 10 1 311),Q),p' ™). (4.3.5)
4.4 The pencil F;L;
We now prove Theorem 1.4.1(c):
Proposition 4.4.1 For the pencil FyL,,
Ls (eaas) = Ls (H (5,1, 50,0,011) )

Ls (Q(gs) 1Q s — 1)
Ls (H (3 $:0,51t),s — 1 ¢-1)

(H
Ls (H (5:010),Q(V=1),s - Lg)
(H(5503167),00)s - Lo y)

-

S
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where

o the character ¢ F is defined in (4.2.2),
o fora,p = {8, 8}, {0, 4} we have the field of definition Ko g = Q(+/—1), M = Q(¢3),

and
V2 (Nm(p)—1)/4 : : 4
¢ s5(p) == T = g\Nmip (mod p) is associated to Q(s, V2) | Q(¢s), and

o L(Q(28) 1 Q 5) = Lquzg)(5)/¢(s), where L) (s) is the Dedekind zeta function of Q(&s)
and ¢ (s) = {g(s) the Riemann zeta function.

Proof We now appeal to Proposition 3.6.1, which we summarize as:

ifg=1 (mod 8)

(
#Xeyy (Fy) =q* +q+142q-
Lo (Fo) 1 ifg#1 (mod 8)

H (33 $50,0.01¢) + -1 (a) aHq (3, 10,3 1) a2
+z¢f< )adla = 1 (mod 4)]H, (;01¢)
+26,5 (@) g3lg = 1 (mod 8)] (H, (% 5:0.31¢7")
+Hy (3 5:0.31177)).

For the new sum with parameters &, § = {8, 8} {0, 4} we have field of definition Ko g =
Q(+/—1) because the subgroup of (Z/87)* preserving these subsets is generated by 5.

The term g2 + ¢ + 1 in (4.4.2) is handled as before. For the next term, by splitting
behavior in the biquadratic field Q(¢g) = Q(v/—1, V/2) we obtain

(1—pT)? if p =1 (mod 8),
Ly(Q(¢3) 1 Q pT) = (1 - (pT) )

=1 —pT)Q+pT)? if p % 1 (mod 8).
1—pT

(4.4.3)

Forg =1 (mod 8), the contribution to the exponential generating series is 3g, otherwise
the contribution is ¢ — 2g = —q.
All remaining terms except for the term

2 3 (@) adla =1 (mod 8)] (Hy (% 50,1167 ) +Hy (3. 5:0.51¢7"))
are handled in the proof of Proposition 4.2.1. We choose M = QQ(¢g) which has conductor
m = 8. Then Hx = (5) < (Z/8Z)*. Let e = (ﬁ) for a prime p above p in Q(¢g) (and
independent of this choice). ’

Suppose that p = 1 (mod 8). We compute that f = 1 and r(M|K;, p) = 2. By applying
Lemma 4.1.9(b), we have:
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2
= I L, (H (%k, 3k;0, 3k | t‘l) 2 ¢ﬁ>
ke(Z/8Z)* /(Hk.p)

=Ly (H (%: 307 |t_1>:(@(§8):p1_s: dm). (4.4.4)

Suppose now thatp = 3,7 (mod 8). Thenf = 2and r(M|K, p) = 2. By Lemma 3.2.10(c),
for all g a power of p so thatg =1 (mod 8), we have that

Hy (%’ $01 |f—1> = H, (%P, ;0,1 t"’) = H, (350 21t7Y). (4.4.5)

Again applying Lemma 4.1.9(b), we have:

00 (p_s)Zr
exp (— ZZe’pZ'szr (%, 20,1 |t_1) o
r=1
00 —s5\2r
1\ P
S o i) )
r=1
00 _s\2r
= exp (— Z ZérperPZr (%; g;o7 i | t_l> (p ) )
r=1 4
2
=Ly, (H (é, 2,0, % |t‘1) P dw)
15 11.-1 - r(MIK,p)
:Lpz (H (g, 50 1 | ¢ ):19 s)d’ﬂ)
= LP2 (H (%; %; 0) % | t_l) ) Q (§8):p1_s’ ¢ﬂ) . (4’46)

2r
r=1
00 (p,s)Zr
= 2e’p"Hy (3, 50,3 17) > )
r=1

[T ne(H(3k 30 ki), 0 %0,)
ke(Z/8Z)* [ (Hy,p)

=1, (H (5 50.3167), Q). 2' " 65) (4:4.7)

4.5 The pencil LyL,
We now prove Theorem 1.4.1(d).

Proposition 4.5.1 For the pencil LyLy, we have

Ls (XiyLpy8) = Ls (H (3 5, 3:0,0,01¢), 5)

~
[
T
A
ool
olw
ol
N
=}
ol
0=
IS
-
—
—
-
=
93
|
=
©
D)
—_
<
<
N—
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where the characters ¢_1, ¢ j—1 are defined in (4.2.2) and

oy (p) = (%) is associated to Q(\/E) |Q (4.5.2)

and So/=0) (s) is the Dedekind zeta function of Q(+/—1).

Proof By Proposition 3.6.2, we have the point counts

ifqzl (mod 4),
#Xioly (Fg) =g +q+1+4q - 0  ifg=3 (mod4)
+Hy (L1,200008) +(-1)77%gH, (% 20,1 |¢)

2= (9772 gslg =1 (mod 4)]H, (4,

Again by splitting behavior, we have

(1—pT)? if p = 1 (mod 4),
S @T) = (4.5.4)
1-p*T? if p = 3 (mod 4).

Forg =1 (mod 4), the contribution to the exponential generating series is 2¢g, otherwise
the contribution is 0.

All, but the last summand have been identified in the previous propositions, and this
one follows in a similar, but easier manner (because it has Q as field of definition) applying
Lemma 4.1.9(b), with M = Q(v/—1) and fr(M|Q, p) = 2:

1357.411 3 1- r(MiQp)
= Lp/ (H (g, iy §;0; I | f>;p 5 ¢)¢¢71>

=1, (H(L3 3505 5311),Q(V=1), 01 % gpen). (45.5)
4.6 The pencil L4
Here, we prove Theorem 1.4.1(e).

Proposition 4.6.1 For the pencil Ly,

Ls (Xt ) = Ls (H (3,5 3:0,0,01¢

Proof By Proposition 3.6.3, we have that

XL, () = ¢° +3q+ 1+ Hy (3,5, §:0,0,0
+ 4gd[g = 1 (mod 5)]H, (é % %

1)

t
4 1
50 1
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The extra two summands of ¢ in the point count correspond to the L-series factor
¢(s — 1)2. We now focus on the remaining new summand 4qu(%, %, %, %; 0, %, %, % [ %)
that occurs exactly when g = 1 (mod 5). Let f be the order of p in (Z/57)*, which divides
4. Take M = Q(¢5). We know that K = Q for all possible p, hence r(M|K; p) = 4f ~. By

Lemma 4.1.9, we have

r=1 ﬁ”
=Ly (1533 504 5 316,079
=Ly (L33 505 3 31, py e
=Ly(H(5 3350 p11t)QE)p). (462)

4.7 Algebraic hypergeometric functions
We now turn to some applications of our main theorem. We begin in this section by
setting up a discussion of explicit identification of the algebraic hypergeometric functions
that arise in our decomposition, following foundational work of Beukers—Heckman [4].
Recall the hypergeometric function F(z) = F(a; 8 |z) (Definition 2.4.1) for parameters
a, B. For certain special parameters, this function may be algebraic over C(z), i.e., the field
C(z, F(z)) is a finite extension of C(z). By a criterion of Beukers—Heckman, F(z) is algebraic
if and only if the parameters interlace (ordering the parameters, they alternate between
elements of & and B) [4, Theorem 4.8]; moreover, all sets of interlacing parameters are
classified [4, Theorem 7.1]. We see in Main Theorem 1.4.1 that for all, but the common
factor Lg(H (%, %, %; 0,0,0]¢),s), the parameters interlace, so this theory applies.

Conjecture 4.7.1 Let t € Q let o, B with #a = B = d be such that the hypergeo-
metric function F(o; B |z) is algebraic. Let M satisfy (4.1.6). Then Ls(H (e, B|t), M, s) is
an Artin L-series of degree d[M : Kypl; in particular, for all good primes p, we have
Ly(H(e, B|1), M, T) € 1 4+ TQ[T] a polynomial of degree d[M : Kq g].

Conjecture 4.7.1 is implicit in work of Katz [31, Chapter 8], and there is current, ongoing
work on the theory of hypergeometric motives that is expected to prove this conjecture, at
least for certain choices of M. An explicit version of Conjecture 4.7.1 could be established
in each case for the short list of parameters that arise in our Main Theorem. For example,
we can use the following proposition about L-series and apply it for the family F4, proving
a conjecture of Duan [19].

Proposition 4.7.2 (Cohen) We have the following L-series relations:

Ls (H (5 350, 5107, 5.0) = Ls (5. 61_42) Ls (5 6-1_42),

ts (%’ 01y~ Q (E) = ¢H) =1Ls (s, ¢’2(171//4)> Ls (s, ¢72(17¢4)> , (*7.3)

where ¢, = (6—{) is the Legendre symbol.
p

Proof The hypergeometric L-series were computed explicitly by Cohen [13, Propositions
6.4 and 7.32], and the above formulation follows directly from this computation. O
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More generally, Naskrecki [44] has given an explicit description for algebraic hyper-
geometric L-series of low degree defined over QQ using the variety defined by Beukers—
Cohen—Mellit [3].

Proposition 4.7.2, plugged into our hypergeometric decomposition, gives an explicit
decomposition of the polynomial Qf,, y,4 as follows.

Corollary 4.7.4 We have:

Qryy,q(T)
Ly 3 L1y 3 - 12
T e e
q q q
1—y? ’ )
1- p, qT | (1 —qT)*(1+4qT)5, ifq=3 (mod 4).

where (6—1> denotes the Jacobi symbol.
q

Corollary 4.7.4 explains why the field of definition of the Picard group involves square
roots of 1 +¢2 and 1 — 2.

4.8 Applications to zeta functions

To conclude, we give an application to zeta functions. In Sects. 2 and 3, we established
a relationship between the periods and the point counts for our collection of invertible
K3 polynomial families and hypergeometric functions. In particular, both the periods and
the point counts decompose naturally in terms of the group action into hypergeometric
components.

It is easy to see that the zeta function is the characteristic polynomial of Frobenius
acting on our cohomology (i.e., the collection of periods). In this sense, both Sects. 2 and
3 suggest that, as long as the group action and the action of Frobenius commute, the
splitting of Frobenius by the group action translates into factors, each corresponding to
the Frobenius acting only on a given isotypical component of the action. However, a priori
we only know that this factorization over Q (see, e.g., work of Miyatani [42]).

Thus, we have the following corollary of Main Theorem 1.4.1.

Corollary 4.8.1 Assuming Conjecture 4.7.1, for smooth X,y 4, the polynomials Qq,y,q(T)
factor over Q[T under the given hypothesis as follows:
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Family Factorization Hypothesis
3 (deg 2)3(deg 1)!2 q =1 (mod 4)
(deg 2)3(deg 2)° q = 3 (mod 4)
(deg 3)3(deg 3)3 q=1(mod7)
FiLs (deg 6)° q =6 (mod7)
(deg 9)(deg 9) q =24 (mod7)
(deg 18) q = 3,5 (mod?7)
(1 — gT)%(deg 2)(deg 1)*(deg 2)*(deg 2)? q =1 (mod 8)
Faly (1 —¢qT)*(1 + qT)*(deg 2)(deg 1)*(deg 4)> q = 5 (mod 5)
(1 —qT)*(1 + qT)*(deg 2)(deg 2)(deg 4)(deg 4) | q = 3,7 (mod 8)
Ll (1 —qT)3(deg 2)(deg 4)? q =1 (mod 4)
(1 — g>T?)*(deg 2)(deg 8) q = 3 (mod 4)
(1 —¢qT)?*(deg 4)* q =1 (mod 5)
Ly (1 —qT)?*(deg 8)2 q =4 (mod 5)
(1 —¢qT)*(deg 16) q = 2,3 (mod 5)
(4.8.2)

The factorization in Corollary 4.8.1 is to be read as follows: For the family LyLy when

g =1 (mod 4), we have Qo y,4(T) =

(1 —gT)®Q1(T)Qa(T)? where deg Q;(T) = 2 and

deg Qx(T) = 4, but we do not claim that Q;, Q are irreducible. A complete factorization

into irreducibles depends on ¢ € F and can instead be computed from the explicit Artin

L-series.

Proof For each case, we need to identify the ﬁeld of definition for the terms associated

to hypergeometric functions other than H (% D 2, 4, ;0,0,0]¢) and check the degrees of the

resulting zeta function factors using Lemma 4.1.9 and Conjecture 4.7.1.

F4. The case where g = 3 (mod 4) is straightforward from the statement of Proposi-

Fils.

Falo.

LoLo.

Lg.

tion 4.2.1. In the case where g = 1 (mod 4), we see in the proof that the L-series

Lg( ,(5010), Q(ﬁ),s— 1,¢ﬁ)

factors into a square (see Egs. (4.2.5) and (4.2.6)).

In the case where g = 1, 2,4 (mod 7), we see in Eq. (4.3.3) that the L-series asso-
ciated to H(14’ 194, ﬂ,O, i, Z
where f is the order of g in (Z/7Z)*. The analogous argument holds for when

| ) factorizes into two terms with multiplicity 3/f

q = 3,56 (mod 7) using Eq. (4.3.5) to see that the L-series factors into one term
with multiplicity 6/f.
The explicit factors follow directly from Eq. (4.4.3). The next two factors come from

the L-series Ls(H (3, 3;0, 5 | £), s — 1, ¢_1) and Ls(H(3; 0 £), Q(v/=1), s — 1, ¢ /=)
were dealt with in the F4 case. The zeta function factorization implied by the
L-series Lg(H(é, g,O, 7l t71), Q(¢s), s — 1) follows by using Eqgs. (4.4.4), (4.4.6),
and (4.4.7).

The explicit factors follow directly from Eq. (4.5.4). The next factor has been dealt
with above. The final factor is implied by Eq. (4.5.5).

Theterm ¢ (s—1)? gives the (1—¢T)? factor. The last factor is direct from Eq. (4.6.2).

O
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Example 4.8.3 Because the reciprocal roots of Q. y,4(T) are of the form g times a root of 1,
the factors of Qs y,4(T') over Z are of the form ®(gT), where & is a cyclotomic polynomial.
We now give the explicit zeta functions for the case where ¢ = 281 and ¥ = 18 in the
table below. We use a SageMath interface to C code written by Costa, which is described
in a paper of Costa—Tschinkel [14]. Note that the factorizations in Corollary 4.8.1 are
sharp for the families FiL3 and L4.

Family | Qo,y,4(T)
F4 (1—qT) (1 +4T)°
Foly (1 —qT)¥(1 +qT)*(1 + > T?)* (4.8.4)
Fils | (1447 + T + °T% + g*T* + 4°T° + ¢°T¢)°
LoLs (1—qT)*(1+4qT)°
La (1= g7 +qT +¢*T* + *T% + ¢* )"
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Appendix A. Remaining Picard-Fuchs equations
In this appendix, we provide the details in the computation of the remaining three pencils
Fala, Loly, and Ly. We follow the same strategy as in Sects. 2.5-2.6.

A.1.The F> L pencil
Take the pencil

4 4
Fy :=xy +x7 + x%xg + x%xz — 4rxox1x0x3

that defines the pencil of projective hypersurfaces Xy, = Z(Fy) C P3. There is a Z/87Z
scaling symmetry of this family generated by the element

glwo 1 a1t %0t x3) = (E%x0 1 %71 ¢ Exp 2 E°x3)

where £ is a primitive eighth root of unity. There are eight characters x; : H — C*, where
xx(g) = £¥. We can again decompose V into subspaces Wy, and write their monomial
bases. Note that the monomial bases for W,,, W,,, W,., and W,, are the same up to
transpositions of xp and x; or x2 and x3 which leave the polynomial invariant; thus, they
have the same Picard—Fuchs equations. The monomial bases for W,, and W, are related
by transposing xo and x1, so they also have the same Picard—Fuchs equations. So, we are
left with four types of monomial bases:
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(i) W)y, has monomial basis {xox1x2%3};
(ii) Wy, has monomial basis {x%xoxg, x(z)xlxg}'
(iii) Wy, has monomial basis {xoxgxg, x2x2, x x3} and

(iv) Wy, has monomial basis {x3x7, x3x3, x3x0x1, X3%0%1 }.

Using (2.3.3), we compute the following period relations:

. 14+ v
V0,00 = ot TV Y+ (L L L D)
_ 1+
v+(0,4,0,0)——4(w+1)v+w(v+(1,1,1,1)), ALl
V(0,031) = 202 2(2;(11})3 v L L),
V40,013 = 2 +82¢)0131()V3 D v+ L LL ).

We can now use the diagram method to prove the following proposition.

Proposition A.1.2 For the Fol, family, the primitive cohomology group H, lfrim (XroL 5 ©)
has 15 periods whose Picard—Fuchs equations are hypergeometric differential equations as

follows:
3 periods are annihilated by D (3, 3, 3;1,1, 1|y %),
2 periods are annihilated by D (}, 3,1, 3 | y™%),
2 periods are annihilated by (5511 1ﬂ4) )

We consider each of these in turn.

Lemma A.1.3 The Picard—Fuchs equation associated to the periods ¥ (2,2,0,0) and
¥ (0,0,2,2) is the hypergeometric differential equation D(: 1 3.1,1 AL 4,

Proof For the periods (2, 2,0, 0) and (0, 0, 2, 2), corresponding to the quartic monomials

2.2 2.2 :
xyx7 and x5x3, we use the diagram

(2) 2} O; 0) - (31 3; 1) 1)

|

(1,1,2,0) —=(2,2,3,1)

|

(0,0,2,2) ——=(1,1,3,3)

l

(3) _1) 1) 1) - (4) O; 2} 2)

|

(331L1)

XXX 7K
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and get the relations

1(2,2,0,0) = ¥2(n +1)(0,0,2,2),

(A.1.4)
1(0,0,2,2) = ¥2(n + 1)(2 2,0,0).

For the periods (2, 2, 0,0) and (0, 0, 2, 2), corresponding to the quartic monomials xgx%
and x3x3, we get the same Picard-Fuchs equation

(=20 —v* 0 +3)n+1)]. (A.1.5)
. . . . —4 d
By multiplying by ¥ and substituting t = ¢~ and 6 = ta = —n/4, we get

¥ [(n =2 —¢*(n+3)n+1] (2200 =0,

(
[(TI -3)n—1) -y + 2)77] ¥(22,0,0)=0,
[(0+3)(0+3) -t (0—3)0]v(2200 =0,
[((0—-3)o—t(@+3)(0+1)]v(2200=0
which is the hypergeometric differential equation D(%, %; 1, % |y —). O

Lemma A.1.6 The Picard—Fuchs equation associated to the periods (2,0, 1, 1) is the hyper-
geometric differential equation D(% 1y,

Proof For the period (2,0, 1, 1), corresponding to the quartic monomial x(z)xzxg, we use
the diagram

2,01,1) —=(3,1,22)

|

(1; _1) 3: 1) I (2) 01 4‘; 2)

l

(07 2; 2} 0) - (11 3} 3} 1)

|

(-1,1,22) —=(0,23,3)
(3) 1) 21 2)
One can see that (2,0, 4, 2) = %(2 + 1)(2,0, 1, 1), which one can then use to show that
n(2,0,1,1) = 8y2(0,2,3,3)
= 8y3(1,3,3,1)
=8y*(2,04,2)
=y*(n+2)(20,1,1).

(A.1.7)

Thus, the period (2,0, 1, 1) corresponding to the quartic monomial x%xeg satisfies the
differential equation:

[n—v*n+2]2011) =0
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- 4 d
By substituting u = ¥* and o = i 4n, we get
u

[77 - 1p4(77 + 2)] (2: 01, 1) =0,
[0 —u(oc +3)](201,1)=0.

Lemma A.1.8 The Picard—Fuchs equations associated to the periods (2,1,0,1),y3
(1,0, 2, 1) are the hypergeometric differential equationsD(%, g; 1, }L | ), D(%, —?3; 0, % |y,
respectively.

Proof For the period (2, 1, 0, 1), corresponding to the quartic monomial x(z)xlxg, we use
the diagram

(0,-1,2,3) —(1,0,3,4)

o

(_L 2} 1) 2) - (0, 31 2: 3)

o

(2,1,0,1) —=(3,2,1,2)

2

(L021)——=(2,1,32)

2

(1L,0,3,4)

Note that:

n(21,0,1) = 8%°(1,0,3,4),
(1L,0,34) =3 (n+3)(1021), (A.19)
n(L,0,21) =y (n+3)(2101).

We can compute the two periods that satisfy each of the following Picard—Fuchs equa-
tions for the four sets of pairs:

[(n—S)n—W(nJr%) (n+ )](2,1,0,1)=0,

1
2
(A.1.10)
[m—Dn—v*(n+3)(n+32)]@021) =0

With the first Picard—Fuchs equation, we can substitute u = 1//4, o = ud% = 47, and
yield the equation:

[(n—3)n—1ﬁ4 (n+%) (n+%)] (21,0,1) =0,
(e=Ho-u(c+3)e+D]@Lon=0

which is the hypergeometric differential equation D(%, %; 1, % | ). For the second Picard—
Fuchs equation, we can multiply by 2 and then substitute to find

[=Dn—v*(n+3)(n+3)]1L021)=0
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VA on-Dn—-v*(n+3) (n+3)]@o21=0
(=9 -3)—v*(n+3)(n-3)]v’ @021 =0
[6-1(c—2)—u(c+3)(c-2)]v*@L021) =0,

which is the hypergeometric function D(1 =3;0,1 7l v, O

Proof of Proposition 2.7.1 The periods annihilated by D( i, %, i, 1,1,1 ]y %) arethose cor-
responding to the holomorphic form. The 2 periods are annihilated by D(i, 2, L1 AL 4
and are provided by Lemma A.1.3. The period annihilated by D(%; 1 y% corresponds
to a monomial in the basis for W,,, which we compute in Lemma A.1.6. Since W,, and
W, are related by a transposition of xo and x1, there are two periods annihilated by
the hypergeometric differential equation computed here The 4 periods annihilated by
D(é, 2.1, 1 7l ¥*) and the 4 periods annihilated by D(=2 = 8,0, 7l ¥*) correspond to the
monomlal bases for W,,, Wy,, Wy, and W,., which are the same up to transpositions.
We compute in Lemma A.1.8 the Picard—Fuchs equations for W, which then give us that

each of those hypergeometric differential equations annihilates 4 periods. O

A.2.The L,L; pencil
Now, consider

Fy = x(g)xl + x%xo + x%xg + xgxz — 4 xox1x0%3

that defines the pencil of projective hypersurfaces Xy, = Z(Fy) C P3. There is a Z/47
symmetry with generator

glwo : a1t %0 1 x3) = (Exg : E%x1 1 E3%9 1 & x3),

where £ is a primitive eighth root of unity. There are four characters x, : H — G, where
xa(g1) = +/—1°. We can again decompose V into subspaces Wy, Out of the eight, the
subspaces W, Wy,, Wy,, and W,, are empty. The monomial bases for W,, and W,, are
related by a transposition of the variables x9 and x1, so their Picard—Fuchs equations are

the same. We have three types of monomial bases:
(i) Wy, has monomial basis {xgx1x2x3, xéx%, xgx?z), xzx%, X xg}
(i) Wy, has monomial basis {x(z)xlxg, x%xoxg, X5%X1X3, xgxoxg}, and
(iii) Wy, has monomial basis {xoxl, x%x%, x(z)xzxg, x%xgxg, x%xoxl, x%xoxl 3

Using (2.3.3), we compute the following period relations:

3vo+1) - +1)

v+(3100) = T v+y(v+(1,111) A
_ —(w+1)+3(v +1) -
v+(1,300) = TRy v+yv+(1,111)

and the two symmetric relations replacing 0, 1 with 2, 3.

Proposition A.2.2 For the LyL, family, the primitive cohomology group H;rim (XLyL,v5 C)
has 13 periods whose Picard—Fuchs equations are hypergeometric differential equations as
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follows:

1

2
8 periods are annihilated by D (5—15, %, g, %; 0, %,
2 periods are annihilated by D (zlv %; 1, % | w4) .

To prove Proposition A.2.2, we use the diagram method above in a few cases and then
use symmetry. We first do two calculations.

(31, 2,0,1), and (0,1,2, 1) is the hypergeometric differential equation D(%, %, g,
21y,
a

Proof To find the Picard—Fuchs equations corresponding to all these cohomology pieces,
we use the diagram

(2L,L,0)——=(3221)

|

(L,0,,2) ——=(2,1,2,3)

|

(11 2} 0) 1) - (2) 3} 11 2)

|

0,1,21) —=(1,232)

|

(3) 21 2} 1)

We obtain the following relations:

n(L,0,L,2) = (n+3)(2110),
_ 1
n(1,2,0,1)=v (n+ 3)(1,0,1,2), (A24)
n(0,1,21) =y (n+3)(1,20,1),
n(21,L0)=v (n+3)(0,121)

Using these relations, we can get the Picard—Fuchs equation:

[(n —3)n—2)(n—Dn—y*(n+3) (n + %) (n+32)(n+ %)] (1,0,1,2) = 0.
(A.2.5)

d
By substituting # = ¥* and o = U = %n, we obtain:
u

[(4(7 - 3)(40 —2)(40 — 1)40 — u (40 + ) (n + g) (40 + 32) (40 + %)]

: (1) O; 1; 2) = 0;

XXX 7K
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[0 =D = Do~ Do—ulo+§) (0+5) (0 +3) o +3)]
-(1L,0,1,2) =0,
which is the hypergeometric differential equation D(%, %, g, %; 0, i, %, % | ¥4). The other
three Picard—Fuchs equations are the same due to the symmetry in (A.2.4). O

Lemma A.2.6 The Picard—Fuchs equation associated to the periods (2,2,0,0) and

(0,0,2,2) is the hypergeometric differential equation D(%, % ;1 % RV}

Proof We use the diagram

(2,2,0,0)—=(3,3,1,1)

|

(1) 1) 2} 0) I (21 2; 3} 1)

|

(O) 0) 2} 2) - (L 17 3; 3)

|

2,01,1) —=(3,1,2,2)

|

(3) 3} 1) 1)

We obtain the following relations:

1(0,0,2,2) = ¥2(n + 1)(2,2,0,0),

(A.2.7)
n(2,2,0,0) = ¥*(n +1)(0,0,2,2),
giving the following Picard—Fuchs equations:
[(n=2n—v*(r+3)(n+1)](220,0 =0, (A28
(1= 2)n = y* (1 +3)(n+ 1] (0,0,22) =0;
By substituting u = y* and o = u% = in, we obtain the hypergeometric form:
[0~ o —ule+3) @ +2]@200=0
[0~ o —ule+3) e+ 1] 0022 =0
which is the hypergeometric differential equation D(}L, %; 1, % | 1//4). O

Proof of Proposition A.2.2 The first three periods are the same for each family. Next, by
Lemma A.2.3, all the monomial basis elements in W, are annihilated by the hypergeo-
metric differential equation D(3, %, %, 50,13, % | ¥*). Since W, and W,, are related by
a transposition, we get 8 periods annihilated by it. The Picard—Fuchs equations for the
last two periods are given by Lemma A.2.6. O
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A.3.The L4 pencil
Finally, we consider

Fy := x(3)x1 + x%xz + x%xg + xg’xo — 4 xox1X0%3,

that defines the pencil of projective hypersurfaces Xy, = Z(Fy) C P3. ThereisaH = Z/5Z
scaling symmetry on Xy, generated by the element

Qo 11 1 X 1 x3) = (Exo : E20 1 E4x 1 E33)
where £ is a fifth root of unity. There are five characters x; : H — C* givenby xx(g) = & k,
We decompose V' into five subspaces Wy, . The monomial bases for W,,, W,, Wy,, and
Wy, are related by a rotation of the variables x1, x2, x3, and x4, so their corresponding
Picard—Fuchs equations are the same. We are then left with two types of monomial bases:

(i) Wy, has monomial basis {xox1x2x3, x%x%, x%xg}; and

2,2 ,2 2 2

(i) W)y, has monomial basis {xgx], ¥7X2x3, X5%0%2, X5%0%1}.

For this family, we can compute the period relations:

27(14+vo) — (1 4+ v1) + 31 +v2) — 91 + v3)

v+(3100) = 80(w + 1)

v+yv+(1L,1,1,1)
(A.3.1)

and its 4 cyclic permutations.

Proposition A.3.2 For the family L4, the primitive cohomology group H. 13rim XLy, y» C) has
19 periods whose Picard—Fuchs equations are hypergeometric differential equations as

follows:

‘
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Q
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4 periods are annihilated by D (%3, %2, %1, %; %1; %1, 0, % | 1ﬁ4)'

Proof The period associated to the holomorphic form is found by the same strategy as
before.

Lastly, we use (A.3.1) to construct the diagram:

(2; 2: 0) O) - (3; 3} 1) 1)

|

(L,,2,00——=(2,2,31)

|

(L0,1,2) ——=(2,1,2,3)

l

(0) 2; 11 1) - (11 3} 2} 2)

|

(331L1)
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and consequently obtain the following relations:

1
1’)(0, 2,1, 1) (77 + %) 1 0,1, 2),
(22,00 =y (n+2)(0211).

We then cyclically use these relations to find a recursion which yields the following Picard—

Fuchs equations:

[(1+ %) 1+ B+ 0+ - Lo —3)m -0 - D] L0,1,2) =0,
[+ 2) 0+ %) (1+2) (14 1) = L01 = 3)n — 207 = 0] (1,1,2,0) =0,
hn+%ﬂn+%)@+€)@+%)-%W—QM—ZWPJMMZZQ®=Q
[((1+2) 1+ ) 1+ D) (1+3) = =30 =201 - Dn] 0.2 1,1 =0,

(A.3.4)

By multiplying these lines by 1, ¥, ¥2, and 3, respectively, substituting u = ¥4,

o=u and then multiplying by —u, we obtain the following equations:
u

[(e-DE-Dle-Do-ul+ e+ @+3) (e +1)]
-(1,0,1,2) =0

[(e-DE-DE-De-D-sE+HE+)0E+1)E-Hlv
(1,1,2,00=0

[(c-5)e-Dle-DE-Y-uE+HE+H -l -Y]v?
(2,2,0,0) =0

(-9 (-3 e-De-D-ul+HE-HE-3@-D]

(0,2,1,1)=0.
These are the claimed hypergeometric differential equations. O

Appendix B. Finite-field hypergeometric sums
In this Appendix, we write down the details of manipulations of hypergeometric sums.

B.1. Hybrid definition

In this section, we apply the argument of Beukers—Cohen—Mellit to show that the hybrid
definition of the finite-field hypergeometric sum reduces to the classical one. We retain
the notation from Sects. 3.1-3.2.

Lemma B.1.1 Suppose that q is good and splittable for o, . If aiq™, Big™ € Z for all
i=1,...,d, then Definitions 3.1.6 and 3.2.7 agree.
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Proof Our proof follows Beukers—Cohen—Mellit [3, Theorem 1.3]. We consider

/X /X g(m +ajq™) gl=m—p;a*)
Gm+aq”, —m—Bq”)= l,_[ glaig™) l_[ g§=Bia*)

OtiE(X

We massage this expression, and for simplicity drop the subscripts 0. First,
D () [Ty eq (% = Y7 ) =TI, @ = 1) and
D (x) Hﬁ/EB (x - eZ”Fﬂi) = ]—[}5»:1 x? —1).

Write D(x) = ]—[;S:l(x — e2nV=16/q" ). Then
G(m+a/qx)_m_ﬂf X)

(m-+jq*/p:) g( m qu/q,-) L glggl—¢)
HHg : HH : I1
glig™/pi) q%/q:) ;

i=1 j=0 i=1 j=0 =1 glm+c)g(—m—g¢)

(B.1.2)

Since p; divides ¢, by the Hasse—Davenport relation (Lemma 3.1.3(c)) we have that

1_1 .
"5 gm+jap)  —glpim

: = : (B.13)
Lo gUaip)  wlp
Analogously, since g; divides ¢, we use Hasse—Davenport to find that
— ) '
) L ——— (B.14)

=0 g(—JqX/q)

Note that if ¢; # 0, then g(cj)g(—cj) = (—1)9q and 1 otherwise, hence

8
[Teat—q) = (1T g0,
i=1
where 5(0) is the multiplicity of 1 in D(x), or, equivalently, the number of times ¢; is 0.
Now, note the number of times that 7 +4-¢; = 0is the multiplicity of the root e~ 2/ —Im/q*
in D(x), which, equivalently, is the multiplicity of e*” V=Im/a* i D(x) as D(x) is a product
of cyclotomic polynomials. This implies that
8
[ [etm+ cpg(—m — ¢j) = (=1)™+54° 7",
j=1
We then have that

ﬁ (C])g( c) (—I)Zi C,‘qsfs(o)

g(m + ¢j)g(—m — ¢j) - (—1) 2+ g —s(m) -

gy o) =s(0) (B.1.5)
j=1
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Combining Egs. (B.1.3), (B.1.4), and (B.1.5), we then have

Gm+a'q*,—m— Bq*)

(1_[ ;fp(p;:”)) (1_[ g —qim ) ) ((_1)—8mqs(m)—s(0)>

i=1
= (1) g M= Ogpim) - - . g(p,m)g(—qim) - - - g(—qsm)
co((=1°p Pt gt gy
= (1) g M= Ogpim) - - - g(p,m)g(—qim) - - - g(—gsm)((—=1)° M)™.

By plugging this equation into Definition 3.1.6 for the appropriate factors, we obtain the
quantity given in Definition 3.2.7. O

B.2. The pencil F,L;
Proposition B.2.1 The number of IF;-points on FalLy can be written in terms of hypergeo-
metric functions, as follows:

(@) Ifq =3 (mod 4), then
Koo () = 7~ 4+ 14 H, (5 1, 310,0,0197%) - gty (3 30,3199,
(b) Ifg=5 (mod 8), then

Xestow (Fg) =q* —q+1+Hy (1, 3,3,0,001 974
+qHy (3 5505 197") = 2qHy (3:0197%).

(c) Ifg=1 (mod 8), then

Xewan (Fa) = 7+ 70 + 1+ Hy (5 4 350,0,009) + gy (3 350,31
+2qH (3:0197%) +20 ()77 gH, (5, 50,3 1v%)
+20 ()17 qHy (3, 50,3 1v).

Remark B.2.2 Notice that the hypergeometric functions appearing in the point count cor-

respond to the Picard—Fuchs equations in Proposition 2.7.1. We also see the appearance
of six additional trivial factors.

Step 1: Computing and clustering the characters
To use Theorem 3.3.3 we compute the subset S C (Z/q*Z)" given by the constraints in
(3.3.1).

(a) Ifg =3 (mod 4), then S can be clustered in the following way:

(i) thesetS; ={k(1,1,1,1,—4):k e Z/q* 7} and
(i) thesetSy={k(1,1,1,1,—4)+ Z- (0 0,1,1,0):k € Z/qg*Z}.

(b) Ifg =5 (mod 8), then S contains the two sets above and:

() thesetSs={k(L,1L11,—4)+ % (0,21,1,0):k € Z/q*Z} and
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(i) thesetSe = {k(1,1,1,1, —4) + 3% (0 2,1,1,0): k € Z/q*Z}.

(c) Ifg=1 (mod 8), then S contains the four sets above and
(i) two sets of the form S19 = {k(1,1,1,1, —4) + %(0, 2,1,50): k € Z/q* 7} and
(i) two sets of the form S11 = {k(, 1,1, 1, —4) + 4(0,6,7,3,0) : k € Z/q*Z}.

Step 2: Counting points on the open subset with nonzero coordinates
Lemma B.2.3 Suppose ¢ € F.

(@) Ifqg=3 (mod 4), then

#Ur,Ly (Fg) = ¢* =34+ 1+ Hy (3,3 $30,0,0[¥ ™) —qHy (3. 50,3 v %),
(B.2.4)

(b) Ifg =5 (mod 8), then

Httoy (F) = 4>~ 30 +3 4+ Hy (55,300,010 + gty (1 3103 197)
2

—2qH, (3:01y %) —2

(B.2.5)

(¢) Ifg=1 (mod 8), then

#UF, Lo,y (F ) q —3q+7+Hy

(3 3000y ™) +qH (3 505 1v7%
+2qHg (301 y™*) +2

3

8’

0@ gHy (3 305 19*)

+202)7 7 qH, (3,70, 2 | y*)
3

B e(%) +e () g () () g (1
) et
()

(B.2.6)

Proof If g =3 (mod 4), then by Lemmas 3.4.4 and 3.4.7

#Urplyy (Fg) = Y o@ e+ Y w(@)™

SES] SESs
= (4> 3¢ +3+Hy (13 3000y )+
~2-qH (3 30,5 1v7%)
=q¢> =3¢ +1+Hy (35 3:0001¥ ™) —qHy (3 303 1¢7*).
(B.2.7)

If g = 5 (mod8), then ¢ = 1 (mod4) but g # 1 (mod 8), so by Lem-
mas 3.4.4, 3.4.7, 3.4.12, and 3.4.21
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#Ur, 1,y ( Z w(a) " cs + Z w(a) ¢+ Z w(a) " cs + Z w (a)™* cs

SES] SES, 5655 5656
=(*-3¢q+3+H, (3 L3000y
+(2+aH (3305 1v7Y)

X 2 X 2

(07T gy (3501974 + (-t [ 2 (% b ()
a(%)

X 2 X 2

(07 gy (501w4) + (-1 — [ 2 5 b ()
o(%)

—q*—3q+3+H,(33,2000y ) +qH, (L 35011y

—2gH, (301974 -2

(B.2.8)

If g =1 (mod 8), then by Lemmas 3.4.4, 3.4.7, 3.4.12, 3.4.21, B.2.12, and B.2.17, we

have:

#UF2L2¢/ Zw(a) Scs+2a)(a cs—l—Zw(a)*scs—l-Zw(a)*scs

sES] SES, SESs s€Se
+ Y w@ o+ Y w@ e
s€S10 s€S11

=(*—3g+3+H, (51 %000y %)

+ (gt (b 30,3197
o) +a ()

+2qH, (30197 %) +2 -2

+ 20 ()77 gH, (§§o§|w)+2w(2)q/4 . (

~e(5)e (%) (%) - e (%) e ()2 (°F)
=q®>—3¢q+7+H, %000|1/f M) +qHy (3 30,3
@77 qH, (§ 3504 19*)

1(3 2
+2qHy (301 v~ + 20

+20Q7 " qHy (3, 50,3 19*) -2 =
¢(%)
3

~ae (%) e () e (%) e ()« (7 )£ (%)

as claimed.

Before proving the lemmas that associate the quantities } . s - @(a)~*¢s and Y g,
w(a)~Scs to hypergeometric sums, we need the following lemma.
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Lemma B.2.10 Supposeq =1 (mod 8) and g = p” for some natural number r and prime
p. Then

3¢ 7 5q”
g( z )g<:§>g( § ) — 0@/
2

Proof Since g = 1 (mod 8), we can use Hasse—Davenport with N = 2 and m = 4 to

8
get that

(B.2.11)

By multiplying both sides by g(%), and dividing by w(2)7" /%, we have

q* 54> 3q*
X X x g ? g 8 g 4
g ) () S CE)SCE)
¢(%)
We obtain the identity above after noting that g(%)g(%) = (—l)qx/‘*q =g, sinceq =1
(mod 8) and that w(2)7/* = +1 when g =1 (mod 8); hence, w)T7* = w2)"174 O
Lemma B.2.12 Suppose g = 1 (mod 8). Then for
Sio = {k(l, L1L1,-4)+%(02150:ke Z/qu]

we have

Y o@a=0@"gH, (L5011v) - cljg (%)e(*5)e (%)

s€S10
() ()

Proof First, we take the definition of the sum and take out all terms that are of the form
¢Z- to obtain the equality:

s€S10
e (5)s (e (5)e(¥)
e () (%) (%)
1 -2
po > w@y)*g k)

4k 0 l((r:n(i)d q*)
g (k+ %)g (k+ %)g <k+ %)g(—‘ﬂd-
(B.2.13)

Next, we use the Hasse—Davenport relationship to expand g(—4k) and then use relation
from 3.1.3(b) to cancel out the g(k + %) factor in the summation. Through this, we obtain:
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>~
Il
o

(B.2.14)

BN
|
—
=3

(B.2.15)

We now multiply the final form by the expression
CE)()e ()
«(*)e (%) (%)

We put the denominator of this factor into the summation to relate the summation to a

hypergeometric function but factor out the numerator along with a factor of g(%). We
then apply Lemma B.2.10 to this factor ahead of the summation. We thus obtain:

Y w@ e = q;xg (%)g (%)g (5%) - q;xg <%>g <%>g (%ﬁ <i>
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w2774 q "f

- o ()"
q

am=0"(mod g%)
sl sl F)e =)o
a(5)e(¥)e(-F)e0@

By comparing terms of the summations above and the hypergeometric function itself, we
obtain the desired result. O

(B.2.16)

Lemma B.2.17 Suppose g =1 (mod 8). Then for
Sy = {k(l, L1,1,-4)+% (06730 :ke Z/qXZ]
we have

S 0@ e =0@7 qH, (3,2:0.2 | v*)

56511
1 x 5% X 1 3% x 3%
-8 (5)e (35 )e (%) - p (35 )e (%) e (35).
Proof The proof is analogous to the proof in Lemma B.2.12 except we substitute m =

k + %. Alternatively, apply complex conjugation to the conclusion of Lemma B.2.12,
negating indices as in the proof of Lemma 3.5.6. O

Step 3: Count points when at least one coordinate is zero
Lemma B.2.18 The following statements hold.
(@) Ifqg =3 (mod 4), then

#XpyLy,y (Fg) — #Ury Lo,y (Fg) = 24.

(b) Ifg =5 (mod 8), then

#XryLoy (Fg) — #UryLyy (Fyg) =29 —2+2

(¢) Ifg=1 (mod 8), then

x\ 2
#Xeatoy (Fq) = #Uralyy (Fy) = 10 — 6 +-2 : <qT> +f
2
#('r)s (%)g@*)
( X)g(sgx ( 7%

Proof We do this case by case. If x; is the only variable equaling zero, then we must count

the number of solutions in the open torus for the hypersurface Z(x* + y3z + z%y) c P2.
We can see by using Theorem 3.3.3 that this depends on g. Here, in case (a) we get
q — 1 points, in case (b) we get g — 3 + (g(%)2 +g(%)2)g(§)_1, and in case (c) we
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getq — 3+ @)+ e + 247 (e (e (3) + (g (e ().
There are two such cases, when either x; or x3 is the only variable equaling 0.

Next is when both x7 and x5 are zero and the other two variables are nonzero. Here, the
number of solutions is 1 + (—1)7 /2

Next is when x3 is zero but the rest are nonzero. Here, this is (¢ — 1) times the number of
solutions of Z(x* + y*) in the open torus of P1. We then get that the number of solutions
isOifg #1 (mod 8) and 4 if g = 1 (mod 8), hence 4q — 4 points. There are two such
cases, when x3 or x4 are uniquely zero.

The next case is when x3 and x4 are both zero. Then the number of nonzero solutions
is exactly the number of solutions of Z(x* + y*) in the open torus of P!, i.e., 0if ¢ % 1
(mod 8)and 4 ifg =1 (mod 8).

There are no rational points where x1 and x3 are both zero and x; nonzero and the same
when you swap x; with xo or x3 with x4. Finally, there are two more solutions: (0: 0: 1 : 0)
and (0:0:0:1). We now count.

(a) Ifg #1 (mod 4)and q is odd, then
#X|:2L2,1/,(Fq) - #UFsz,I//(Fq) = 2(q —1)+04+0+0+2= 2q.

(b) Ifg=5 (mod 8), then

("r)

+24+0+0+2

o) +

g(%

#Xryloy (Fg) — #UryLyy (Fg) =2 | g -3+

/—\
oS
~ A

v)

=2q—2+2 ><
(c) Ifg=1 (mod 8), then

#XesLy (Fg) — #Ur Ly (Fy)

ﬁZ 3¢ 2
=2 q—3+g(4> +f(4> +§g(%)g(%)g(5‘§:>

))+2+2(4(q—1))+4+2

=10q — 6+2 <qT) ( >2+ég ) g (L)g (2
: @) E)e ()
Fie($)e(4)e(F)

Step 4: Combine Steps 2 and 3 to reach the conclusion
Proof of Proposition 3.6.1 We now combine Lemmas B.2.3 and B.2.18 as follows. For (a),
for g = 3 (mod 4),
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Xeo (F) = =30 +14Hy (53, 30,0019 — gty (5. 3 o,%wmq
¢’ —q+1+H, (L1 3000y —qH, (L

For (b), forg =5 (mod 8),

#XrLoy (Fg) = q* —3q+ 3+ Hy (4,

=

520,00y %) +qH,
2

g
—2qH, (3:01y~%) —2 (
+

,3;0,0,0]y*

=q*—q+1+H,(} )
) = 2aH, (50107

+qH (4)41 :2|

»-Nr—‘
-P Nl

*$

Finally, for (c) withg =1 (mod 8),

#Xraloy (Fg) = @° = 3q+5+Hy (3,3 150,001 ¥ ™") +aHy (3, 1505 [v ™)
+2gH, (30197 +20 ()7 gH, (3, 5503 1v*)

+2w )q/4qH ;8;0)4,|W)

a(5) +a ()

¢(%)
—%g(%)gch)g(%)—§g(3‘§x)g<7’gx>g(3‘ix>
o) e ()
+10g —6+2 i qx> ! +%g(§)g(§)g(sgx)
8§\ 7

B.3. The pencil L1,
Proposition B.3.1 The number of IF4-points on Lyl can be written in terms of hypergeo-
metric functions, as follows:

(@) Ifqg =3 (mod 4), then

#Xuby (Fy) =a* +q+1+H, (L 1,23,0001y7%) —gH, (3, 301 1y%).
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(b) Ifg=1 (mod 4), then

21wy et (5355011

o
<
L
+
B
—
R
Sl
L
D=
<
L
~

(B.3.3)

Remark B.3.4 Again, notice that the hypergeometric functions appearing in the point
count correspond to exactly one of the Picard—Fuchs equations in Proposition A.2.2. We
also see the appearance of eight additional trivial factors.

Step 1: Computing and clustering the characters
As with all the previous families, we first compute the set S of solutions to the system of
congruences given by Theorem 3.3.3:

(a) Ifg #1 (mod 4), and q is odd, then S consists of

(i) thesetS; =1{k(1,1,1,1,—-4):k €Z/q*Z}and
(ii) thesetSy = {k(1,1,1,1, —4) + %(0, 0,1,1,0):k € Z/q*Z}.

(b) Ifg=1 (mod 4), then

(i) thesetS; =1{k(1,1,1,1,—-4):ke€Z/q*Z},
(i) thesetSy = {k(1, 1,11 —4)+ %-(0,0,1,1,0) : k € Z/q*Z)}, and
(iii)  two sets of the form S15 = {k(1,1,1, 1, —4) + %(0, 2,3,1,2):k € Z/q"Z}.

Step 2: Counting points on the open subset with nonzero coordinates
Lemma B.3.5 Suppose Y € F;. For q, we have:

(a) Ifg =3 (mod 4), then

#lhatoy (Fg) = 4" =3q+1+Hy (53 5:0.0.0197%) —qHy (3 105 1v 7).

(b) Ifg =1 (mod 4), then

#ULLy (Fq) = 4* =34 +5+Hy (33 $:0,0,01¥ ™) +qH, (3, 3:0, 3
+2(-1)1"* o ()7 * qH, (g, 3,250,442 w‘4).

Proof We do this by cases. For (a), where ¢ = 3 (mod 4), then by using Theorem 3.3.3
with Lemmas 3.4.4 and 3.4.7 we have that

#ULLy (Fg) =Y 0@ c+ Y o@

s€ST SES,
=q" =3¢ +3+Hy (133
=q" =3¢ +1+Hy (153

;0)010| Ip_4) _2_qu (%’ %;O’ %'w_[})
70,0,01 ™) — qHy (3, 50,5 1¥7%).
(B.3.8)
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For (b) withg =1 (mod 4), by using Theorem 3.3.3 with Lemmas 3.4.4, 3.4.7,and B.3.10

below, we have that

#Uiplyy (Fg) =Y o@ e+ Y o@ a+2) w@™

seSl 5654 SGSu

=q*°—3q+5+H, (3 ;,i,o,o,owr‘* + qH,
20T ow) et (53550553107, B39)
Lemma B.3.10 Suppose that q = 1 (mod 4). Then
Y o@ e =0T o) et (5355041310,
€S2

Proof We start with the definition, factor out a)(lp)qx/ 2 and then use the Hasse—
Davenport relation (3.1.4) with N = 4 with respect to m = k to obtain:

q—2 x
> o@ e =— > o) gle (k+ 5 )¢ (k+ %)
56512 k=0
k+ 24 ) g (—ak + L
: ( /24q >2g ( ’ ) (B.3.11)
q7/2 1=
k

-g(%)g(%;)g(—4k+§>.

Simplify with Lemma 3.1.3(b) to get

x x -2
_ <—1>q Pow)y? 5 ~ .
3 w@ e = Zw )4kg(4k)g(%)g(—4k+q7>.
56512
(B.3.12)
Now, we use the Hasse—Davenport relation again with N = 2 and m = —4k to find:
2
B (=174 ( N
> @ e = Lo —)* g kg (%)
SESlz q
g(-8hg (%) e (2)8k
(B.3.13)

g (—4k)

We now simplify using Lemma 3.1.3(b) again and then expand the summation to get:

> wl@) e = (1) o) g
56512

q-2 (B.3.14)

4 1 -
=t > oly)¥qg@h’e(—8k)
q q k=0

4k#0 (mod g*)
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We finally reindex the sum with m = —k, yielding

Y w(@) e = (1) o)

86512

-2

4 1 1

|t Y. o) g g(—4m) g(8m)
m=0

4m=#£0 (mod g*

= () o) g, (53,3504, 531w

(B.3.15)
relating back to the finite-field hypergeometric sum. O

Step 3: Count points when at least one coordinate is zero
Lemma B.3.16 Let g be an odd prime that is not 7. Then

(a) Ifg =3 (mod 4), then
#XLsz,Ill(Fq) - #ULQLQ,III(IFq) = 4q‘
(b) Ifg=1 (mod 4), then

#XL2L2,¢(Fq) — #ULng,l//(]Fq) =12q — 4.

Proof Suppose that x; = 0 and the rest are nonzero. Then, by using Theorem 3.3.3, we
can see that there are (g — 1)((=1)77% + 1) such points. Since there are four choices of
one coordinate being zero, this counts 4(g — 1)((—1)7 /2 4 1) points.

Suppose now that x; = x3 = 0 and the rest nonzero, then by Theorem 3.3.3 again, we
have ((—1)77/2 + 1) points. By symmetry, this is the same as the case where x3 = x4 = 0
and the rest nonzero, so we now count 2((—1)77/2 + 1).

Next, suppose x; = x3 = 0 and the rest nonzero. Automatically, the polynomial van-
ishes, hence there are ¢ — 1 such points. There are 4 such cases from choosing one of x;
and x, and another from x3 and x4 to equal zero, hence we count 4(g — 1) points. Finally,
the four points where three coordinates are zero are all solutions, hence we count 4 more

points. Thus,
Xty (Fg) = #Uiiy (F) = 4 — 1) (D772 + 1) +2 (<177 4 1)
+4(g—1)+4.

If g = 3 (mod 4), then (—1)772 = —1, 50 #X, 1,y (Fy) — #Ui,L,,y (F,) = 4q. If g = 1
(mod 4), then (—1)77/2 = 1, 50 #X1, 1,y (Fq) — #Ui, 1,y (Fg) = 129 — 4. O

Step 4: Combine Steps 2 and 3 to reach the conclusion
Proof of Proposition 3.6.2 If ¢ # 1 (mod 4), then by Lemmas B.3.5 and B.3.16, we have
that

Xy (Fy) = (4 — 3¢+ 1+ Hy (51,200,019 — qH, (1, 30,1 1y )
+4q=q"+q+1+Hy (33 3000y
4).
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Ifg =1 (mod 4), then by Lemmas B.3.5 and B.3.16, we have that
13,
(50317
|y ) +12g—4
13.01,-4
(3 3031v7")
| w*“) . (B3.18)

#Xyloy (Fg) =q* =3¢ +5+H, (1. 1,2,0,0,0| v %) + qH,
+2(-D" o) g, (535 504 L

N
NI

0
3 —4
=q*+9g+1+H;(3 12000y ") +qH,
+2 (=0 0 ) qH, (533 50

00IN
SIS

>

NI=

’

W=

Y%

B.2. The pencil L4
Proposition B.4.1 The number of ¥, points on Ly for q odd is given in terms of hypergeo-
metric functions as follows.

() Ifqg #1 (mod 5), then
#XL,y(Fy) =q* +3q+1+Hy (% 3,2:0,00[y7%).
(b) Ifg =1 (mod 5), then
#XLy(Fy) = > +3q+ 1+ Hy (5,1, 3000 y7%
4.0 1134
+4qHy (33,3 5035 3 197).
Remark B.4.2 As before, we can identify the parameters of the hypergeometric function
1234.0113,4
Hy (5% %503 2119%)
with the parameters of the second Picard—Fuchs equation in Proposition A.3.2. If we
use Theorem 3.4 of [3] again to shift parameters, then we see that in fact all of the
Picard—Fuchs equations satisfied by the non-holomorphic periods correspond to this
same hypergeometric motive over Q.
Also notice that in the discussion following Proposition A.3.2, we see two periods that

are “missed” by the Griffiths—Dwork method, and here they clearly correspond to the two
additional trivial factors coming from the 3g term in the point count.

Step 1: Computing and clustering the characters
Again, we compute the solutions to the system of congruences given by Theorem 3.3.3.
We obtain

(a) Ifg #1 (mod 5), the solution set is
(i) thesetS; =1{k(1,1,1,1,—-4):k €Z/q*7Z}.
(b) Ifg=1 (mod 5), then clusters of solutions are
(i) thesetS; =1{k(1,1,1,1,—-4):k € Z/q*Z}and
(i)  four sets of the form S13 = {k(1, 1, 1,1, —4) + & (1 2,4,3,0): k € Z/q*Z}.
Step 2: Counting points on the open subset with nonzero coordinates
Lemma B.4.3 Suppose ¥ € F;. For q odd, we have:

() Ifg #1 (mod 5), then

#UL,y(Fy) =q*—3q+3+Hy (L 3, 3,000y 7%). (B.4.4)
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(b) Ifg=1 (mod 5), then

#ULy (Fg) = 4 =3q+3+Hy (3,3, 330,001y ")+4qH, (5,3 3, 550,35 317,

Proof When g # 1 (mod 5), we know that there is only one cluster of characters, S;. By
Lemma 3.4.4, we know that

#UL,y(Fg) = Y wl@)Scs =q> =3¢ +3+Hy (1, 3, 3:00,0[y7%). (B.4.6)

3651

When ¢ = 1 (mod 5), we have two types of clusters of characters. By Lemmas 3.4.4
and B.4.8,

#UL,,y (Fq) = Z w(a) " cs+ 4 Z w (@)~ ¢

SE€S) s€813
=q*—3q+3+H,; (3 33000y ™%
+4qH, (322 50,357 19%). (B.4.7)

We now just need a hypergeometric way to write the point count associated to the
cluster S;3.

Lemma B.4.8 Ifqg =1 (mod 5) and q is odd, then

Y @ Sc=qHy (52235015 21v7). (B.4.9)

s€S13
Proof By using the hybrid hypergeometric definition, this equality is found quickly:
q—2

Z w(a) ¢ = ! Zw (—44W4)g (k + %)g <k+ %)

X
s€S13 11 k=0

g(k+%)g(k+%)g(—4k)

_ q;x gw (44y*) g (k+ %)g (" + ZqT)
.g<k+3’1 )g(k+ )g(—4k)
q-2
q
N q_xk=0w(44w4)
g<k+%)g<k+i)q2(k+ 3¢~ )g(k+ “ )g(_4k)
q—2
. w (4*y?)
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;0,113 y4), (B.4.10)

The last line uses the hybrid definition (Definition 3.2.7) of the hypergeometric function

1234.011 3,4
Hq(§’§'§’§'0’4’2'4|w )

Even though the hypergeometric function is defined over Q, we can get to the relation
much more quickly using the hybrid definition.

Step 3: Count points when at least one coordinate is zero.
Lemma B.4.11 Ifq is odd and not 7, then

#XL4,,/,(Fq) - #UL4)¢(Fq) =6qg—2

Proof First, we count the number of rational points when exactly variable equals zero.
Without loss of generality, assume x; = 0. Then we want solutions of
xgxg + xgxz; =0

which we can solve for x4. Since x4 is completely determined by xy and x3, we can normalize
%2 = 1 and see there are exactly g — 1 solutions when only x; is zero. By symmetry,
this shows that there are 4g — 4 solutions when exactly one variable equals zero. If two
consecutive variables are zero (say x; = x; = 0), then we want solutions of the form
x§x4 = 0 which implies that a third variable equals zero. Thus, there are 4 solutions with 3
variables equaling zero and no solutions when exactly two variables equal zero and those
variables are consecutive. Lastly, if two non-consecutive variables are zero then any other
solution works. For any pair of non-consecutive variables (of which there are two), we
then have g — 1 solutions. Therefore,

#X iy (Fy) —#UL,y(Fy) =49 —4+4+2(q—1) =6 — 2.

O
Step 4: Combine Steps 2 and 3 to find conclusion
We now prove Proposition 3.6.3.
Proof of Proposition 3.6.3 Combining Lemmas B.4.3 and B.4.11, we have
(a) Ifg #1 (mod 5), then
XLy (Fg) = (¢~ 393+ Hy (4,1, 3:0.0,019) + (6q - 2
=q*+3q+1+Hy (% 32000y ). (B.4.12)
(b) Ifg=1 (mod 5), then
#Xiy (Fg) = (4 = 3q +3+Hy (3,2, 550,001y %)
+agHy (32,3, 50 13,3 1v%) + (67 - 2)
=q*+3¢+1+H, (% 33000y %
+aqH, (332,30 15 3197, (B.4.13)

This completes the proof. O

XXX 7K
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