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Abstract. We study the higher order difference equations of the following form
Am.Xn — anf(xg(n)) + bn.

We are interested in the asymptotic behavior of solutions x of the above equation. As-
suming f is a power type function and A"y, = b, we present sufficient conditions that
guarantee the existence of a solution x such that

Xp = Yn +0(n°),

where s < 0 is fixed. We establish also conditions under which for a given solution x
there exists a sequence y such that A™y,, = b, and x has the above asymptotic behavior.
Keywords: Emden—Fowler difference equation, asymptotic behavior.
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1 Introduction

We use the standard symbol IN to denote the set of all positive integers. Analogously R
denotes the set of all real numbers. In this paper we assume that

m e N, f:R—R, c:IN — N, lim o(n) = oo.

n—o0

We consider difference equations of the form

AN"xy = anf(Xg(ny) + bn (E)

where a,,b, € R. We say that a sequence x : IN — R is a solution of (E) if there exists an
index g such that (E) is satisfied for any n > q.

Asymptotic properties of solutions were investigated by many authors. Some classical
results on asymptotic behavior of solutions of differential equations can be found in [8,9,12,
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14,22-25]. For the case of difference equations, see, e.g., [6,7,15,17,18,26-36]. With respect to
dynamic equations on time-scales we refer the reader to [1-4].
The main purpose of this paper is to generalize the following theorem.

Theorem 1.1. Assume o :IN — N, y:IN — R, A"y =10b,s € (—c0,0], A € (0,00),

o]

lim o(n) =00, lim y, = oo, n" 175 g, | < oo,
n—oo n—oo =1

and f is continuous and bounded on [A,o0). Then there exists a solution x of (E) such that x,, =
Yn +o0(n°).

This theorem follows from [18, Theorem 4.7] or [20, Theorem 4.1]. Some specific cases have
been proved in [15, Theorem 5.1], [16, Theorem 5.1], or [19, Theorem 4.1]. The generalization
consists in replacing the condition “f is bounded on [A, )" by the condition “f is of power
type on [A, 00)”. The last condition means that there exists a constant u € [0,00) such that the
function t#f(t) is bounded on [\, 00), i.e. f(t) =O(t"). If o(n) =n, u € [0,00), and f(t) = t*
then equation (E) takes the form

A"x, = a,xh + b,

which is the “positive part” of discrete Emden—-Fowler equation
Amx;q - an|x”|y Sgnx;/l + bn.

Asymptotic properties of solutions to discrete Emden—-Fowler type equations were investi-
gated, for example, in [5,10,11,13,27,35].

The paper is organized as follows. In Section 2, we introduce notation and terminol-
ogy. In Section 3, in Theorem 3.1, we obtain our main result. In Theorem 3.1 the condition
Yo n"™17%a,| < oo from Theorem 1.1 is replaced by a stronger condition

Y g, | < oo (1.1)

n=1

where « is a non-negative constant dependent on the order of growth of f, the order of growth
of y, and the order of growth of ¢. In Section 4, in Theorem 4.2, we show that constant « is
properly chosen, i.e. that condition (1.1) is not too strong. Section 5 is devoted to the problem
of approximation of solutions. In Section 6 we give some remarks and additional results.

2 Preliminaries

We use the symbol RN to denote the space of all sequences x : N — R. If x € RN, then |x|
denotes the sequence defined by |x|(n) = |x,|. Moreover

Hxn::lel]II\)I‘an COZ{Z:N%R:]}E}OZH:O},

A(m) = {x c RN : ) n" x| < oo}, " A(m) — co,

n=1
o =3 (5 = (M e

It is not difficult to see that A(m) is a linear subspace of ¢y and #" is a linear operator. We will
use the following two lemmas.
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Lemma 2.1. Assume s € (—o0,0], p € N, and Y o0 " 17%|u,,| < co. Then
M(|u)(p) < Y K"l 1" (u)(n) = o(n®), and  A"(r"(u))(p) = (—1)"up.
k=p

Proof. This lemma follows from [17, Lemma 4.1 and Lemma 4.2]. O

Let us recall that a topological space X has a fixed point property if every continuous map
U : X — X has a fixed point.

Lemma 2.2 ([17, Lemma 4.7]). Let y be an arbitrary real sequence and let <y be a sequence which is
positive and convergent to zero. Then the space {u € RN : |u —y| < v} with respect to the uniform
convergence topology has a fixed point property.

3 Solutions with prescribed asymptotic behavior

In this section, in Theorem 3.1, we present our main result. Next, in Corollary 3.5 we establish
conditions under which there exist asymptotically polynomial solutions of equation (E).

Theorem 3.1. Assumey : N — R, A"y =D, 1i_r>n Yn =00,5 € (—00,0], A € (0,00),
HE,®), Twe0wm), f(t)=O®), yu=0(), oln)=0(),

Y Tt g, ) < oo, (3.1)

n=1

and f is continuous on [\, 00). Then there exists a solution x of (E) such that
Xy = Yn +0(n°).
Proof. There exist positive constants L, Q such that
vl <Qn,  o(n) < Ln®
for n € IN. We may assume that there exists a positive constant K such that
£()] < Kt
for t € [A,00). Define a constant M and sequences «, p by
M = 2QLY)K, a, =n""|a,|, p=1r"(a). (3.2)

Then, by the conditions of the theorem and Lemma 2.1, we have « € A(m) and p, = o(1).
There exists an index p; € IN such that

Mp, <1, and y,>A+1
for n > p;. Let
S={xeRN: |x—y|<Mp and x,=y, for n<p}.
There exists an index py such that py > p; and o(n) > py forn > pp. If x € S, n > py, then

|xn —yn| < Mpy, <1 and y, > A+ 1
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Hence x, > y, —1 > A +1 —1 = A. Therefore
Xo(n) = A (3.3)
forany x € Sand any n > p,. Let x € S. If n > p», then
|f (o) < Ky = K(Xo(n) = Yoy + Vo) < K(IXo(n) = You)| + Vo))

< K(Mpg(n) + [Yom )" < KA+ Yo ) < K2[Yom)])"
< K2M(Qo(n))* < K2MQM(Ln®)™ = K2H QM L™nh™.

Hence
|f(x¢7(n))‘ < Mnht (3.4)
for any x € S and any n > p,. Let x € RN, for n € N let
x:; = anf(xa(n))' (3.5)

Let x € S. By (3.4), we have
%l < aul|f (o) | < Mnf™ay| = Ma,
for n > py. By (3.1) and (3.2), we get x* € A(m). Hence we may define a sequence U(x) by

forn < p,

U(x)(n) = {y” (3.6)

Yu + (=1)""(x*)(n) forn > ps.
If n > py, then
(U (x) (1) —yu| = [r"(x*)(n)| < 7" ([x*])(n) < Mr™(a)(n) = Mpy.

Therefore U(S) C S. We will show that the map U is continuous. Assume ¢ is a positive real
number. By (3.1),

oo
Y "™, | < co.
n=1

Select an index g > p> and a positive constant y such that

o 9
2M Y ™t g | <e and 7y Y 0" Ma,| <e. (3.7)

n=q n=1

Let
x€S, n=1+max(x,qy, .-, X)) W=[A1]

Since the function f is uniformly continuous on W, there exists a number ¢ € (0,1) such that
f(r)—fB)] <
for any r,t € W such that |r — t| < 4. Select a sequence z € S such that ||z — x|| < é. Then
[U(x) = U(z)|| = sup [r"(x")(n) — " (z")(n)| = sup [r"(x* —z")(n)]

nzpa nzp

< sup r"(|x" —2[)(n) = " (Ix" = 2*[)(p2) < Y} 0" x, — 2

gk

n>pp n=py
q 00
< Y " Haullf (o) = F o)+ Y0 0" Hanllf (X)) — f(Zom)]
n=py n=q

IN

q )
Yo " Hagly + Y 0" e, 2Mnt T < 2e,

n=1 n=q
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Hence U is continuous and, by Lemma 2.2, there exists a sequence x € S such that U(x) = x.
Then, by (3.6),

Xp =Yn+ (_1)mrm(x*)(n)

for n > p,. Hence, using Lemma 2.1 and (3.5), for n > p,, we obtain
A"xy = A"y + (=1)"A" (" (x7))(n) = by + x;, = ”nf(xa(n)) + by

Moreover, since x € S, we get |x, — y,| < Mp, eventually. By Lemma 2.1, p, = o(n®). Hence
Xy — Yn = o(n°) and we obtain
Xy = Yn +0(n°). O

If the sequence b is “sufficiently small”, then in Theorem 3.1, in place of a solution y of
the equation A™y, = b, we can take a polynomial sequence. More precisely, we have the
following result.

Corollary 3.2. Assume ¢, is a polynomial sequence, lgn ¢pn =00,5 € (—00,0],
n—oo

pe0,0,0), we(0,00), TE(0,m), f(t)=0(), ¢,=0n"), ocn)=0nv),

oo e}
Y Al gy | < o, n" 1 by < oo, (3.8)
n=1 n=1

A € (0,00), and f is continuous on [A,00). Then there exists a solution x of (E) such that
Xy = ¢n +0(n°).

Proof. By [15, Lemma 2.3], there exists a sequence w such that w, = o(n°) and A™w = b. Let
y = ¢ +w. Then A"y = A"¢ + A"w = b and lim;, e ¥ = 0. By Theorem 3.1 there exists a
solution x of (E) such that x, = y, + o(n®). Hence

Xp = @n + Wy +0(n°) = ¢ + 0(n°). O

In the case of the classical Emden—-Fowler discrete equation we obtain the following corol-
lary.
Corollary 3.3. Assume y € [0,00), s € (—o0,0],

E n(y+1)(m_1)_5’an| < 0o, gnd Z nm—l—5|bn’ < 00, (3.9)

n=1 n=1

Then for any polynomial sequence ¢, such that deg ¢ < m, and lgn @n = 0o, there exists a solution
n—oo

x of the equation
A"x, = apxh + by, (3.10)

such that x, = ¢, + o(n®).

Proof. Let T = m —1 and w = 1. Applying Corollary 3.2 to equation (3.10) we get the
result. O

In particular, in the linear case, we obtain the following corollary.
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Corollary 3.4. Assume s € (—o0,0],
Y 22 gy, < oo, and Y n™10|by,| < oo
n=1 n=1
Then for any polynomial sequence ¢,, such that deg ¢ < m, and lim ¢, = oo, there exists a solution
n—o0

x of the equation A"x, = a,x, + by, such that x, = ¢, + o(n®).

The proof of the next theorem is similar to the proof of Theorem 3.1, therefore it will be
omitted.

Theorem 3.5. Assume y : N — R, A"y = b, lijn Yp = —00,5 € (—00,0], A € (—00,0),
n—00

HED,0), Twe(0,0), yn=0"), o(m)=0(n"), J nTHIa,] <o,

n=1

the function f is continuous on (—oo, A], and the function |t|~*f(t) is bounded on (—oo, A]. Then
there exists a solution x of (E) such that x,, = y, + o(n®).

Of course, Corollary 3.2, Corollary 3.3, and Corollary 3.4 can be reformulated and proven
in a similar way. We leave it to the reader.

4 Necessary conditions

In this section we show that the condition of strong convergence of the sequence a,, in Theorem
3.1 is not too strong. More precisely, we present conditions under which the condition (3.8) in
Corollary 3.2 is necessary for the existence of asymptotically polynomial solution of equation
(E). We present the main results in Theorem 4.2 (in the case s = 0) and in Theorem 4.6 (in the
case s < 0).

Lemma 4.1. If z, = o(1) and the sequence A"z, is nonoscillatory, then
e}
Y " A"z,| < oo
n=1

Proof. This statement is a consequence of [17, Lemma 4.1 (f) and (b)]. O
Theorem 4.2. Assume w,K,L € (0,00), u € [0,0),

o(n) >Ln“, a,>0, b,>0 forlargen, f(t)> Kt" forlarget,

@ is a polynomial sequence, deg ¢ = T < m, 1131 @n = oo, and a solution x of (E) exists such that
n—oo

Xy = @u+0(1). Then

Yottt g, | <o and Y " Hby| < oo

n=1 n=1

Proof. There exists a positive number & such that x,, > en® eventually. Select p; € IN such that

a, >0, b, >0, o(n)>LnY, x,>en"
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for n > p1. Select pp > p1 such that o(n) > p; for n > p,. For n € N let

Up = aﬂf(xo(n)) + by.

Then
uy = A"x, = A" (pn+0(1)) = A" (0(1))

and u, is nonoscillatory. Hence by Lemma 4.1, we get

) "™ Huy,| < co. 4.1)
n=1

Since a, f (xa(n)) > 0 for large n, we have b, < u,, for large n. By (4.1) we obtain

(o]
Y 1" b, < co.

n=1

If n > py, then
f(Xemy) = Kxg(n) > K(eo(n)")"* > K(e(Ln®)")* = KelL™n“™,
Hence there exists a positive constant J such that
f(Xo(n)) = 607
for n > py. If n > po, then we get
"™y < 67 |an|f (xo(m) < 67 |uul.

Now, by (4.1), we obtain

oo
Z ny7w+m—l|an| < oo0. n
n=1

Using Theorem 4.2 to the case of classical discrete Emden—Fowler equation we get:

Corollary 4.3. Assume p € [0,00), a, > 0, b, > 0 eventually, ¢ is a polynomial sequence of degree
m —1, lim, e ¢ = 00, and there exists a solution x of the equation

A"x, = a,xh + by,
such that x, = ¢, + o(1). Then
Y o n g, < oo and Y 0™ by| < oo
n=1 n=1

The case s < 0 is, unexpectedly, more difficult. In this case we get a slightly weaker result.
First, we will prove two lemmas.

Lemma 4.4. Assume s € (—oo,0] and z, = o(n®), then for every € > 0 the series

. Az,

2 ns+€

n=1

is convergent.
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Proof. Let € be a positive real number and let t = —s —e. By [15, Theorem 2.2], we have
Ant = O(n'~1). Hence

n'Azy, =n'zy 1 —n'zy = nlz — M+ Dz + (n+ 1)z, — 'z,
= —z, 1A' + A(n'z,) = A(n'zy) + 2,100 1) = A(n'zy) + 2, n"1O(1).

Moreover

—1 —s—e —1 __ Zn+1 n—+1 s 1 o 1 - 1
Zyp' = Zypn T = i+ 1) < ” ) o —0(1)0(1)111+£ =0 e ) -

Therefore the series
o0 _ o0 1
Z Zn+1nt 10(1) = Z O <1+£>
n=1 n=1 n

is convergent. Since n'z, = o(1), the series
(o)
Y A(n'zy)
n=1

is convergent, too. Thus we obtain the convergence of the series

)y % =Y n'Azy =Y A(n'za) + ) zupan'TO(1). -
n=1

n=1 n=1 n=1

Lemma 4.5. Assume m € N, s € (—00,0), z, = o(n®), and the sequence A"z, is nonoscillatory for
large n. Then for every & > 0 the series

2 A"z,

Zlm

is convergent.

Proof. Induction on m. By Lemma 4.4, the assertion is true for m = 1. Assume it is true for
some m > 1 and the sequence A"tz s nonoscillatory for large n. Moreover, assume that
A"z, > 0 for large n. Let

Yn = A"z,.

Then y, = o(1) and Ay, > 0 for large n. Hence A"z, = y, < 0 for large n. Obviously, we
may assume, that

eventually. Select an ¢ > 0 and let
A€ (0,e) N (0, —s). (4.3)

By inductive hypothesis the series

y Y
= ns+tA—m+1
is convergent. Let

t=m—-1-s—A.
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By (4.3), t > 0. Using de 1'Hospital Theorem we obtain the following known limit

) Ant—H ) (n + 1)t+1 _ nt+1 ) (1 + n—l)t—H -1

lim = lim = lim

n—oo nt n—co n—1pt+l n—s00 n-1

—INt( -2
_ i YDA 2) (=)
n—co —n—
Hence, by the Cesaro-Stolz theorem, we obtain

I o e o L (7o ) L 47 I o DL 1
r}glolo nttl N nh—>oo Ant+tl n—>oo( n ) Anttl 41 (44)

Letup=0,c1 =0,5 =Y, k'ys. Forn > 1let

n

n
un =Y Ky, bo=vy;" cpy1 =Y (bke1 — be)ug.
k=1 k=1

Then

. Cpy1—Cn .. (bn+1 - bn)un s .
L ML 49

eventually. Hence the sequence b, is eventually monotonic and lim; . b, = —o0. Using (4.5)
and Cesaro-Stolz theorem we get

Note that lim, .y, = 0. Moreover, by assumption Ay, > 0 eventually. By (4.2), y, < 0

. . cC
lim y,c, = lim 2 =3.
n—oco n—o by,

Since by (u — ux_1) = k', we have

n

Yn YK =yn Y bi(ug — upe—q)
k=1 k=1

= Yn(b1 (w1 —uo) +ba(u2 —ur) + - -+ + by (Un — ttn—1))
= Yn(=brug — (b2 — b1)uy — (b3 — b)ua + - -+ — (by — by—1)up—1+ bytn)
= Ynbnlln — YnCn = tn — YnCn.
Hence "
J@Oyngkf=5—s=o.
Therefore, by (4.4) we get
lim n'y, = lim ?,1:7“ (i kt> yn = (t+1)0=0.
e SRR\ &
Thus y, = o(n~*"!) = o(n***~™) and, by Lemma 4.4, the series
o Amtly 2@ Ay,

st+e—m - Z s+A—m+(e—A
n=1 n n=1"1 ( )

is convergent. O

Using Lemma 4.5 in place of Lemma 4.1 in the proof of Theorem 4.2 we obtain the follow-
ing result.
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Theorem 4.6. Assume w,K,L € (0,00), u € [0,00), s € (—00,0]
o(n) >LnY, a,>0, b,>0 forlargen, f(t) > Kt" forlarget,

@ is a polynomial sequence, deg p = T < m, ligr1 @n = oo, and there exists a solution x of (E) such
n—oo

that x, = @, + o(n®). Then for any e > 0 we have

(o] [ee]
Yo prretmlTsTe g <o and Y n™ TS |by| < oo (4.6)

n=1 n=1

Remark 4.7. The problem of whether condition (4.6) in Theorem 4.6 can be replaced by

(e} (o]
Y b1 ) <o and Y "1, < oo,
n=1 n=1

remains open.

5 Approximation of solutions

In this section we establish conditions under which a given solution x of (E) can be approxi-
mated by solutions of the equation A™y,, = b,. More precisely, we present conditions under
which for a given solution x of (E) and a given nonpositive real number s there exists a se-
quence y such that A"y, = b, and x, = y, + o(n®).

Lemma 5.1. Assume b, x,u:IN — R, s € (—00,0],

A"xy = O(up) + by, and Y 10" 17y, | < co.
n=1

Then there exists a sequence y such that A"y, = b, and x,, = y, + o(n®).
Proof. This statement follows from [17, Lemma 3.11 (a)]. O

Theorem 5.2. Assume s € (—c0,0], a € [0,00), and

oo
Z na+m—1—s’an| < oo.

n=1

Then for any solution x of (E) such that f(xy,)) = O(n") there exists a sequence y such that A™y, =
by, for any n and x, = y, + o(n®).

Proof. Assume x is a solution of (E) such that f(x,(,)) = O(n*). There exists a positive constant
M such that the condition |f(x,(,))| < Mn" is satisfied for any n. Define a sequence u by the
formula
Un = anf(xtr(n))-
Then . .
Z nmflfs’un’ < M Z na+mflfs‘un| < 0.
n=1 n=1

Since x is a solution of (E), we have A™x,, = u, + b, eventually. Hence, A"x,, = O(u,) + by,
and, by Lemma 5.1, there exists a sequence y such that A"y, = b, and x, = y, + o(n°). O
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Corollary 5.3. Assume s € (—o0,0], u € [0,0), T,w, € (0,00),
f(t)y=0(t"), o(n)=0(n"), and Y nt™T"17%g,| < co.
n=1

Then for any solution x of (E) such that limy, e X, = c0 and x,, = O(n") there exists a solution y of
the equation A™y,, = by, such that x, = y, + o(n®).

Proof. 1t is easy to see that f(x,(,)) = O(n*™). Taking « = pTw in Theorem 5.2 we obtain the
result. O

Theorem 5.4. Assume s € (—00,0], « € [0,0),

Yo g, < oo, and Y n™TE|by| < oo

n=1 n=1
Then for any solution x of (E) such that f(x,,)) = O(n") there exists a polynomial sequence ¢ such
that deg ¢ < m and x, = ¢, + o(n°).
Proof. Assume x is a solution of (E) such that f(x,,)) = O(n"). Define a sequence u by
U, = anf(xg(n)) + b,,. Then A"x, = O(u,) and

[ee]
Z nm7175|un| < oo.
n=1

By Lemma 5.1, there exists a solution ¢ of the equation A" ¢, = 0 such that

Xn = @n +0(n%). O

6 Remarks and additional results

The convergence of a series can be difficult to verify. In the classical mathematical analysis,
various criteria are known to check the convergence of a given series. Some of these criteria
have been generalized in [18]. These generalized criteria can be used to check the convergence
of series (3.1) or (3.8). In this way we can get a number of new results. Four of them are
presented below.

Corollary 6.1. Assume y :IN — R, A"y = b, lim y, = oo, s € (—00,0], A € (0,00),

pel0eo), Twe(0e0) f(t)=0("), y.=0(m"), o) =0(n),

lim inf 7 ( 2] 1> > utw +m—s, 6.1)

N300 |11 a

and f is continuous on [A,00). Then there exists a solution x of (E) such that
Xn = Yn +0(n°).

Proof. By [18, Lemma 6.3] we get

[e0]
2 nyrw+m—1—s|an‘ < oo.
n=1

Hence the result follows from Theorem 3.1. O
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Using [18, Lemma 6.3] and Corollary 3.2 we obtain the following result.
Corollary 6.2. Assume ¢, is a polynomial sequence, lgn ¢Pn =00,5 € (—00,0],
n—o0
pel0o), we(0,0), Te(0,m), f(t)=0{"), ¢,=0(n"), oc(n)=0(nv),

|an| _

|an+1|

liminfn (

n—00

1> > putw+m—s, liminfn ( b — l) >m—s,
n—eo |bn+1’

A € (0,00), and f is continuous on [A, 00). Then there exists a solution x of (E) such that

Xy = ¢n +o(n?).

Corollary 6.3. Assume s € (—o0,0], « € [0, 00), and

liminfn< 2| —1) >a+m—s.

n—reo |ap41]

Then for any solution x of (E) such that f(xy(,)) = O(n") there exists a solution y of the equation
A™y, = by such that x, = y, + o(n®).

Proof. This corollary follows from [18, Lemma 6.3] and Theorem 5.2. O
Using [18, Lemma 6.4] and Corollary 3.3 we obtain the following corollary.
Corollary 6.4. Assume p € [0,00),s € (—o0,0],

. ||
liminfnln >(u+1)(m—1)4+1—s5,
minfin > (1) (m 1)
and ;
liminfnln 6] > m —s.
n—eo ’anrl‘

Then for any polynomial sequence ¢, such that deg ¢ < m, and lim ¢, = oo, there exists a solution
n—oo
x of the equation A" x, = a,xh + by, such that x, = ¢n +o(n°).
We can also receive some new consequences of Theorem 5.2.

Corollary 6.5. Assume s € (—00,0], & € [0,00), and

n |ay|

lim sup

<s—m—ua.
oo Inn

Then for any solution x of (E) such that f(x,(,)) = O(n*) there exists a sequence y such that A"y, =
b, for any n and x, = y, + o(n®).
Proof. Using [18, Lemma 6.2] and Theorem 5.2 we obtain the result. O

Corollary 6.6. Assume s € (—o0,0], a € [0,00), u € (0,00), B = a/p, and

1
lim sup n | <s—m—u.

noeo N

Then for any positive solution x of the discrete Emden—Fowler equation
A"x, = a,xh + by,

such that x, = O(nP) there exists a sequence y such that A™y, = b, for any n and x, = y, + o(n®).
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Proof. If x, = O(nP), then x}, = O(n*). Hence the result follows from Corollary 6.5. O

Corollary 6.7. Assume s € (—o0,0], u € [0,00), T, w, € (0,0),

f(t)=0(t"), o(n)=0(n"), and limsup In |LZ1| <Ss—m— UTw.

noeo N

Then for any solution x of (E) such that lim,_, x, = 00 and x, = O(n") there exists a solution y of
the equation A™y,, = by, such that x, = y, + o(n®).

Proof. This corollary follows from [18, Lemma 6.2] and Corollary 5.3. ]

Remark 6.8. In Corollary 3.2, due to assumptions T € (0,m), 1i_1>n ¢n = o0 and ¢, = O(n7),
n o0

the degree m of equation (E) fulfills the condition m > 1. On the other hand, in Theorem 3.1,
the case of m = 1 is not excluded.

Example 6.9. Assumem =1, f(t) =t%, y,=n,b,=1,0(n)=n,u=2,71=1,w=1,5=0,

and
n

(m+1)(n*—2n+1)

Then Ay, = b, and ytw +m —1 —s = 2. Hence, by Theorem 3.1 there exists a solution x of
the equation

ay =

2
nx;

(n+1)(n*—2n+1)

such that x, = n + o(1). We leave the reader to check that the sequence x, = n + 1/n is such
a solution.

+1

Ax;/l —

Our results in Sections 3 and 4 relate to unbounded solutions. Below we present three
facts about bounded solutions.

Theorem 6.10. Assume y is a bounded solution of the equation A"y, = b,, s € (—c0,0],

geEN, a€(0,0), U= Jyn—ayn+al, Y n"1%a, <o
n=q n=1
and f is continuous on U. Then there exists a solution x of (E) such that x, = y, + o(n®).

Proof. The assertion is a consequence of [18, Corollary 4.8]. O

Corollary 6.11. Assume ¢ € R, s € (—c0,0], U is a neighborhood of c,
> 1" (|| + [ba]) < oo,
n=1

and f is continuous on U. Then there exists a solution x of (E) such that x, = ¢ + o(n®).
Proof. We omit the proof which is analogous to the proof of Corollary 3.2. O

The next example shows that in the above corollary the continuity of f on U can not be
replaced by the continuity at the point c.
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Example 6.12. Let Q be the set of all rational numbers. Assume
m=1, s=0, o(n)=n, b,=0, ac(0,1), a,=a>, c=1,

and f is defined by

_J1 forteQ
f<t>_{t fort ¢ Q.

Then f is continuous at the point c,

(o]

Yo " (| + o) = ) o < oo,

n=1 n=1
but, by [21, Example 1], there is no solution to equation (E) convergent to c.

Theorem 6.13. Assume a, > 0 and b, > 0 eventually, c € R, U is a neighborhood of ¢, § € (0, 0),
f(t) > 6 forany t € U, and there exists a solution x of (E) such that x, = ¢ + o(1). Then
11 (] + [bal) < co.
n=1
Proof. For n € IN let
Up = anf(xo(n)) + by.

Then u, = A"x, = A™(c+0(1)) = A™(o(1)) and u, is nonoscillatory. By Lemma 4.1
Y 0" | < oo
n=1

Since 0 < b, < uy, for large n, we get Yoo ; n"!|b,| < co. Since f(xa(n)) > § eventually, we
get |a,] < 67 an|f(xp(n)) < 671 uy|. Hence Y07y ™ 1a,| < co. O
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