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ABSTRACT

This paper analyses the impact of competing opinion leaders on attracting followers in a social group
based on a bounded confidence model in terms of four characteristics: reputation, stubbornness,
appeal and extremeness. In the model, reputation differs among leaders and normal agents based on
the weights assigned to them, stubbornness of leaders is reflected by their confidence towards normal
agents, appeal of the leaders is represented by the confidence of followers towards them, and
extremeness is captured by the opinion values of leaders. Simulations show that increasing reputation,
stubbornness or extremeness make it more difficult for the group to achieve consensus, but
increasing the appeal will make it easier. The results demonstrate that successful opinion leaders
should generally be less stubborn, have greater appeal and be less extreme in order to attract more
followers in a competing environment. Furthermore, the number of followers can be very sensitive to
small changes in these characteristics. On the other hand, reputation has a more complicated impact:
higher reputation helps the leader to attract more followers when the group bound of confidence is
high, but can hinder the leader from attracting followers when the group bound of confidence is low.
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1. Introduction

Opinion dynamics in a group of interacting agents (individuals) has been studied for a long time
from a wide range of perspectives, e.g., sociology, physics, politics, economics and philosophy *©. In
these models of opinion dynamics, a group of agents who hold beliefs and opinions about a given
topic interact with each other to seek truth or reach consensus ’. In many real situations, there are

some agents, called opinion leaders, in a society who have more power on influencing the other
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agents’ opinions because of their expertise or positions 8%, In some cases, there are usually two or
more (groups of) opinion leaders holding competing opinions, e.g., political parties in elections,
experts in scientific research, opinion leaders in science and religion ' 2 In a society with
competing opinion leaders, questions such as, under what circumstances a) agents follow one of the
opinion leaders but reject the other, b) opinion followers switch from following one leader to another,
c) a sub-group of agents emerge that do not follow any opinion leader, immediately suggest

themselves.

The original definition of opinion leaders in social opinion dynamics was provided by Katz and
Lazarsfeld ** as “the individuals who were likely to influence other persons in their immediate
environment.” Although intuitively clear, this definition does not provide a specific mechanism
through which the opinion leaders influence the others. The well-known two-step flow model
described a process of the information influence “flowing” from the media through opinion leaders
to their respective followers 14, where the mechanics of the process itself remain unspecified. Based
on the two-step flow model, using different opinion update rules, a significant number of opinion
dynamics models have been built to analyse the function of opinion leaders in the context of party

elections, marketing, and diffusion of innovations 8131,

Despite the merits of these models, it is worth considering in more detail how to model the
mechanism and measure the power of opinion leaders to influence their followers. In reality, the
ways opinion leaders utilize their powers to affect the opinions of others are quite diverse due to
different scenarios, their personalities and backgrounds * ®. It is hardly possible to consider all of the
real characteristics in one mathematical model, but key characteristics can be included. Kurmysheve
and Jud&ez 1’ suggested reputation as a key characteristic reflecting the power of opinion leaders,
which is usually realized through higher weights assigned to leaders. Interestingly, however, Douven
and Riegler 8 reported that applying higher reputation to some elite agents does not produce a
discernible difference compared to the situation where all the agents are equally weighted. It was
also suggested 7 that opinion leaders should maintain invariable opinions in the process of opinion
dynamics, which is sometimes called stubbornness 1% 2°, More recently, Zhao and Kou #* proposed
an opinion leader-follower model which divides the whole group into two sub-groups, i.e., a leader
sub-group and a follower sub-group, and the information / influence transition is based on the
principle of a two-step flow model where the opinion update is based on a bounded confidence
model, the Hegselmann-Krause (HK) model 2223, Their results showed that the opinion followers are
strongly influenced by the leaders if they have higher confidence levels and trust degrees in the

leaders. The trust degree introduced in their model is defined by the weights of leaders, and so is
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actually a kind of reputation, while the higher confidence levels of followers towards opinion leaders

can be thought of as the appeal of the opinion leaders.

Most of the existing models on opinion dynamics with opinion leaders discuss only one leader
or a sub-group of opinion leaders who normally achieve consensus, while the phenomenon that two
or more (groups of) opinion leaders hold competing opinions in a social group is very common in
reality 12, and therefore it is important to explore how competing opinion leaders can attract more
followers. For potentially competing opinion leaders, their opinions usually go in polarized
directions due to the competing environment 24, Therefore, the opinion extremeness should also be
considered as an important characteristic of opinion leaders, especially in a competing environment.
Summing up, we conclude that the influential power of competing opinion leaders on their followers
in a social group can be measured by four characteristics: reputation, stubbornness, appeal and
extremeness. However, there are few studies that have analysed the impact of such characteristics on
opinion dynamics in a social group with competing opinion leaders systematically, and therefore this

will be the focus of the current paper.

As for opinion update mechanisms, there are generally two types of opinion dynamics models:
continuous opinion dynamics and discrete opinion dynamics * 8. In continuous opinion dynamics
models, the opinion is usually modelled as a real variable in the interval [0, 1], and the agents
interact with each other to update their opinions. The bounded confidence model is a representative
continuous opinion dynamics model, where agents only interact with neighbours whose opinions are
similar to theirs, and the similarity is decided by the bound of confidence or tolerance 2. Among
these models, the Deffuant-Weisbuch (DW) model and HK model have recently received
considerable attention 263, It has already been well established that these models have consensus
thresholds for the bound of confidence, above which a consensus in the group is always achieved
while the whole group may split into two or more non-interacting sub-groups with the same opinion
in each of them when below the consensus thresholds °. Furthermore, several interesting
modifications or extensions to these models have been introduced recently. Some of the
modifications introduce heterogeneous bounded confidence such that the assumption that all
individuals in a given society have the same level of confidence is no longer necessary 2. The impact
of external factors, e.g., mass media, on dynamics of opinions in real societies have also been
analysed recently 3435, In this paper we adopt the HK model as the basic opinion update mechanism
for the group opinion dynamics with competing opinion leaders, and use it to investigate the impact

of the four characteristics of opinion leaders identified above.



2. The HK model with opinion leaders

The HK model is based on a complete network consisting of n vertices, representing agents, i.e., all
the agents are linked to each other. Each agent holds an opinion about a given topic. The opinion xi(t)
that agent i has at time-step t is a real variable in the interval [0, 1], and it may change along a set of
discrete time points according to the given update mechanism. We adopt the extended HK model

proposed in 8 as the basic opinion update mechanism, which is

xi(t+1)=(g(i,t))7lzj€|(iyt)rjxj(t) . 1)
1(i,t) ={] :‘xi 0 —Xx (t)‘ <&} are epistemic neighbourhoods 2® of agent i at time t, and the parameters

g; is the bound of confidence in opinion. Here the weight rj > O represents the reputation that is

assigned to agent j, and the function g(i,t) = Zjel(i yTj sums the reputations of agents in I, t).

Since the original HK model does not consider opinion leaders, we need to incorporate their
characteristics into the model in order to study their impact on the opinion dynamics. Suppose that
there are two opinion leaders in a social group, who usually hold opposite opinions about a topic and
are denoted as L1 and L. The opinion leaders are assigned larger weights compared to normal agents
to reflect their reputation. The reputations of opinion leaders L; are denoted as Ri (i = 1, 2) and they
are usually larger than r, the weight of normal agents which will always be 1. The stubbornness of
opinion leaders is reflected by their small bounds of confidence, denoted as Si (i=1, 2), so that they
can influence the other agents but are not, or are less, influenced by them. We define the

stubbornness of opinion leaders as S; =1-T, (i=1, 2), where T, denotes the bound of confidence of

leader Li. On the other hand, the normal agents should have larger bounds of confidence towards the
leaders than that towards their peers (denoted as T), which are denoted as Ai (i = 1, 2), reflecting the
appeal of opinion leaders to the normal agents. Finally, the extremeness of opinion leaders is

reflected by how close they are to the extreme values, 0 and 1, of the opinion interval, and it is
defined as E, =2><‘0.5—x,ﬂ_‘ (i=1, 2), where x_ is the opinion value of leader Li. Note that

extremeness itself cannot make an agent an opinion leader, and so we do not investigate its impact by

itself but the combined effect with the other characteristics.

Since we are mainly interested in how the opinion leaders compete to attract followers, we adopt
the average number of stationary sub-groups of normal agents (i.e., we exclude groups consisting of
only opinion leaders), and the average number of followers of the opinion leaders as the quantities to

study the impact of these four characteristics. There are different ways to define what it means for an
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agent to be a follower of a given opinion leader. One might define followers as the agents with the
same opinion as the leader in the post transient regime. This definition seems too strict, however,
because some agents may have a similar, but not exactly the same, opinion as the leader and their
opinions may become identical to that of the leader if some conditions changed slightly. Therefore, a
more reasonable approach is to define opinion followers as the agents whose opinions are within a
certain range of the opinion of some opinion leader. Concretely, if one and only one opinion leader is
within the epistemic range, as defined in equation (1), of one agent when stability is achieved, then
this agent is called an opinion follower of that leader. If the two leaders are both within the epistemic
range of an agent, then the agent is being influenced by both leaders and cannot be called a follower

of either leader.

3. Simulation results and discussion

We consider a society with two competing opinion leaders and investigate the impact of the four
characteristics one by one. In addition, these two opinion leaders do not interact with each other due
to the nature of competition, i.e., they are completely stubborn towards each other. Before going into
the detail of the simulations, we briefly discuss the real world interpretations of some parameter

settings.

Number of agents — It is possible for a real world network to have a very low number of agents
or a large number of agents. In the performed simulations, the number of agents is chosen as 200,
and two of the agents are designated opinion leaders based on the specifically assigned opinions as
described in the following paragraph. We have implemented the simulations on the network with up
to 1000 agents and found that there was no significant difference in the results compared to the

network with 200 agents.

Initial opinion values are generated randomly on the interval [0, 1] (uniformly distributed) for
each agent, while that of the opinion leaders are set to some specific values, i.e., a smaller value of
0.2 for leader L1 and a symmetric larger value of 0.8 for leader L, when exploring the impact of
reputation, stubbornness and appeal. The symmetry in leaders’ opinions helps to see clearly the
impact of these three characteristics. We also vary the opinion of leader L1 from 0 to 0.5 and leader
L> from 1 to 0.5 when investigating the impact of extremeness. It is worth mentioning that when
testing the impact of the four characteristics of opinion leaders, we use the same initial opinions and

apply different values to the parameters corresponding to these characteristics.



Repeated runs — Given the fact that the initial opinions are generated randomly, simulations
might show variant results even with the same parameter settings. For this reason, we have
implemented 200 and 500 runs with all the other conditions being the same, and found that 200 runs

were sufficient to obtain reasonable results.

3.1. Impact of reputation on opinion dynamics

As stated previously, it has been reported that reputation does not produce a discernible difference in
agent dynamics by applying higher weights to some elite agents compared with the situation where
all the agents are equally weighted *8. We therefore let the reputation of opinion leaders R vary in a
wider range, from 1 to 400 in steps of 10, to see its impact, while keeping the values of other
characteristics the same as that of the normal agents except for the starting initial opinion values.

Thatisweset T, =A =T, Ei = 0.6, where T is the bounds of confidence of normal agents.

First we investigate the average number of stationary sub-groups of normal agents with the
reputations of both opinion leaders varying simultaneously from 1 to 400 in steps of 10 while the
group bound of confidence T takes values from 0.05 to 0.5 in steps of 0.01. First of all, as has been
studied in the literature, Fig. 1 (a) shows that increasing the group bound of confidence will make the
agents more likely to achieve consensus. As for the impact of reputation, Fig. 1 (a) demonstrates that
increasing reputation will slightly increase the number of sub-groups, i.e., make it harder for the

agents to achieve consensus, when the group bound of confidence T € (0.15,0.3). For most values of

T, this effect is significant only when the reputation is smaller than 50, as is further shown in Fig. 1
(b), while there is little effect in terms of the number of sub-groups by further increasing the
reputation, which confirms the findings in 8. However, even small changes might be significant in
certain respects. For example, the figures also show the change of consensus threshold from 0.25
when there is no opinion leader (Ri=1) to around 0.32 when the leaders have a higher reputation
Ri=50 (i = 1, 2). The reason for this is that when is the opinion leaders have a sufficiently high
reputation, e.g., 50, their neighbours converge to them more quickly because of the higher reputation
and the others that fall outside their epistemic range will have less chance to be influenced by them
either directly or indirectly via their neighbours. However, when the group bound of confidence is
larger than 0.32 as shown in the figures, there will be an overlap between the epistemic ranges of the
two leaders, which makes the leaders affect each other via their common neighbours and makes the

group achieve consensus.
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Fig. 1. Average number of sub-groups with respect to (a) group bound of confidence T with different reputation values,
and (b) reputation R; with different bounds of confidence, where S; =1-T, Ai =T, E; = 0.6. Averages taken over 200 runs.

In order to see the impact of reputation for the two opinion leaders on attracting followers, we
then explore the average number of followers of the two opinion leaders as shown in Fig. 2 by fixing
the reputation of opinion leader L> to, R2 =50, and varying the reputation of leader L1 from 1 to 400
in steps of 5, while keeping the values of other characteristics the same as in the above simulations.

We have also investigated the case where R2 =100, and the simulation results show a similar pattern.

When the group bound of confidence T is 0.2 as shown in Fig. 2 (a), increasing the reputation of
leader L, actually decreases the number of his followers while increasing the number of followers of
leader L. The two leaders are always attracting the same number of followers when T = 0.3 as
shown in Fig. 2 (b), but increasing the reputation of leader L increases the number of followers of
both leaders dramatically until Ry = R2 = 50 and thereafter all the agents are divided equally into two
groups of followers of the two leaders. When T = 0.35 as shown in Fig. 2 (c), neither leader can
attract any followers when R: < 100, and when R; increases from 100 to 230, the number of
followers of both leaders increases quickly, but leader L1, who has higher reputation, is able to gain
more followers now. The state that neither leader can attract any follower lasts longer when T = 0.4
as shown in Fig. 2 (d) until Ry = 300 and thereafter both leaders start to attract a few followers with

increasing reputation of leader L.

The counterintuitive result that higher reputation results in fewer followers in some cases can be
explained by reasoning along the lines stated earlier. The opinion leader with higher reputation is
able to persuade their epistemic neighbours converge to them more quickly and the others that fall
outside their epistemic range will have less chance to be influenced by them either directly or

indirectly. On the other hand, the leader with lower reputation can work with their epistemic



neighbours and persuade the agents that were outside of their epistemic range to follow them via
their common neighbours although the process may take a bit longer. As a result, when the group
bound of confidence T takes a smaller value as shown in Fig. 2 (a), the opinion leader with higher
reputation can only influence the agents in a narrow range and gain less followers. However, when T
becomes larger as shown in Fig. 2 (b), the leader with higher reputation is able to influence a wider
range of agents, which overcomes the previous negative impact of reputation gradually. When T is
larger still as shown in Fig. 2 (c) and (d), all of the normal agents are able to be influenced by both
leaders and will normally achieve consensus, and only when one leader has a much higher reputation
than the other can this enable that leader to attract more followers. The consensus can be achieved
because of the emergence of an intermediate group that brings the two opinion leaders and their
followers together. However, for higher reputations this intermediate group can instead be
incorporated into the followers of the opinion leader with the highest reputation.
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Fig. 2. Average number of followers of opinion leaders Li and L, with respect to reputation of leader L;, where R, =50, S;
=1-T, Ai=T, E; = 0.6 and group bound of confidence T is (a) 0.2, (b) 0.3, (c) 0.35 and (d) 0.4. Averages taken over 200
runs.



3.2. Impact of stubbornness on opinion dynamics

To study the impact of the stubbornness of opinion leaders on the group opinion dynamics, taking a
similar strategy as when investigating the impact of reputation, we first let Ai= T, Ri = 1, and S; vary
simultaneously from 0.8 to 1 in steps of 0.01 (the corresponding bounds of confidence for the

opinion leaders T change from 0.2 to 0) while the group bound of confidence T takes values from

0.05 to 0.5 in steps of 0.01, and explore the average number of sub-groups of the normal agents. The

simulation results are shown in Fig. 3.
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Fig. 3. Average number of groups with respect to (a) group bound of confidence T with different stubbornness values,
and (b) stubbornness S; with different bounds of confidence, where Ri =1, A = T, E;j = 0.6. Averages taken over 200 runs.

Overall, the simulation results in Fig. 3 show that stubbornness has little effect on the group
opinion dynamics in terms of average number of sub-groups. Increasing stubbornness of the leaders
results in a slight increase in the number of sub-groups only when the group bound of confidence T is
around 0.1 as shown in Fig. 3 (a). Fig. 3 (b) also illustrates that the average number of groups is
almost independent of stubbornness and only when the stubbornness increases from 0.95to 0.96 at T
= 0.25, does the average number of sub-groups become slightly larger. For example, where the same
number of sub-groups are formed under different stubbornness degrees, it takes a longer time (about
60 to 100 times longer) for the agents to reach stationary state if the leaders are completely stubborn

than if the stubbornness is 0.9.

In order to see the impact of stubbornness of opinion leaders on attracting followers, we
similarly explore the average number of followers of the two opinion leaders by letting opinion
leader L> be Sz = 0.95 and varying the stubbornness degree of leader L1 from 0.8 to 1 in steps of 0.01.

The simulation results are shown in Fig. 4.
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Fig. 4. Average number of followers of opinion leaders L; and L, with respect to stubbornness of leader L1, where R; =1,
$,=0.95, Ai = T, E; = 0.6 and group bound of confidence T is (a) 0.2, (b) 0.25, (c) 0.3 and (d) 0.35. Averages taken over
200 runs.

The figures when the group bound of confidence is smaller than 0.2 are not shown here since the
normal agents would be more stubborn than the leaders at some points. It can be seen from Fig. 4
that the less stubborn leader is usually able to attract more followers, and the impact is more
significant when the group bound of confidence T = 0.25 and 0.3 as shown in Fig. 4 (b) and (c).
When T = 0.25, the number of followers of leader L1 decreases dramatically from 100 to around 20
while that of leader L. increases from 20 to around 80 when the stubbornness of leader L increases
from 0.92 to 0.98. When T = 0.3, the number of followers of leader L. increases dramatically from 0
to 100 while that of leader L; keeps around 80 when the stubbornness of leader L1 increases from
0.92 to 0.96. The transition between having more followers and fewer followers occurs at S; = 0.95
since that is the point where S; = S,. The reason that lower stubbornness leads to more followers in
general is that a less stubborn leader is more likely to learn the opinions of the normal agents by
changing his opinion to be closer to theirs, and when the group bound of confidence is at certain

range, e.g., 0.25 or 0.3, which is in the region of the consensus threshold when the leaders are
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equally stubborn as shown in Fig. 3 (a), the less stubborn leader is able to affect a sufficient range of
agents and attract them as followers. When the group bound of confidence becomes larger than 0.35
as in Fig. 4 (d), both the leaders cannot attract followers anymore because all the normal agents are
influenced by both the leaders (directly or indirectly) and this normally results in a consensus at the
average opinion of the leaders. We have also carried out the simulations with Aj= T and R; = 50 and
found that stubbornness has no discernible impact on attracting followers for the two leaders. The
reason is that higher reputation of leaders makes their epistemic neighbours converge to them more
quickly as stated in the previous section and the effect of stubbornness becomes irrelevant as a
consequence since the opinions of the leaders do not change much even for low values of

stubbornness.

We let the leaders to be completely stubborn, i.e., Si = 1 when investigating the impact of appeal
and extremeness in the following sections, because it helps to see their impact more clearly by fixing
the leaders’ opinions. For consistency, we also fix the reputation of opinion leaders to be R; = 50, as

it has been shown in Fig. 1 that much higher reputations makes little difference.

3.3. Impact of appeal on opinion dynamics

This section shows the impact of the appeal of opinion leaders on group opinion dynamics and
attracting followers. With a similar strategy as before, we first investigate the average number of
sub-groups of the normal agents by letting the appeal of both the leaders vary simultaneously from
0.25 to 0.5 in steps of 0.01 and the group bound of confidence T from 0.05 to 0.5 in steps of 0.01,
while Ri=50and Si = 1 (i = 1, 2). The simulation results are shown in Fig. 5.

The results in Fig. 5 show that increasing the appeal of both the leaders makes it easier for the
normal agents to achieve consensus (i.e. it lowers the consensus threshold), which confirms the
findings in 2, because they are more likely to be influenced by both leaders which makes them
achieve consensus roughly at the average opinion of the leaders. There is a common pattern for most
of the appeal values in Fig. 5 (a): with increasing group bound of confidence, the average number of
sub-groups keeps stable at two or three at first, and rises to a peak with less than one additional sub-
group on average, and then falls back to one normally (i.e., the agents achieve consensus). When the
appeal of leaders is 0.3 as shown in Fig. 5 (a), the normal agents will usually be divided into two
groups following the corresponding leaders. When the appeal is larger than 0.3 and the group
confidence is low, the normal agents whose original opinions are around 0.5 are affected by both the
leaders and will normally achieve consensus in the middle, but those who are far from the middle can

only be affected by one of the leaders and become their followers resulting in three sub-groups in
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total. It is also shown in Fig. 5 (b) that, for several cases, the number of sub-groups changes from
about three to two, when the appeal increase from 0.25 to 0.3, but back to three again with larger
appeal. When the group bound of confidence T is 0.25, the number of sub-groups stays at 2 until the
appeal is around 0.38 at which point it rises to the peak of four and gradually back to one again. This
is because 0.3 is the distance between the middle of opinion interval and the opinions of the two
leaders. When the leaders’ appeal is between 0.25 and 0.3, the leaders can only attract the nearby
normal agents quickly to become their followers because of their higher reputation, while the agents
around the middle will not be affected by them.
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Fig. 5. Average number of groups with respect to (a) group bound of confidence T with different appeal values, and (b)
appeal A; with different group bounds of confidence where R; = 50, Si = 1, Ei = 0.6. Averages taken over 200 runs.

We can then investigate the impact of appeal on attracting followers for the leaders via the
average number of followers of the opinion leaders, by fixing the appeal of opinion leader L2 to be A2
= 0.4, and varying that of leader L1 from 0.2 to 0.5 in steps of 0.05, while Ri=50and Si=1 (i = 1, 2).

The simulation results are shown in Fig. 6.

The results in Fig. 6 overall demonstrate that appeal plays a straightforward role for opinion
leaders, i.e., increasing appeal normally helps the leader to attract more followers or lower the
number of followers of the opposite leader. The reason is that the leader with higher appeal is
normally able to affect a wider range of agents. However, if the group bound of confidence is large
enough as shown in Fig. 6 (b) and (c), increasing the appeal will make more normal agents be
influenced by both leaders and achieve consensus by themselves, and therefore reduce the number of
followers of both leaders, especially in the sensitive appeal interval (0.35, 0.45) where the number of
followers of leader L> decreases dramatically. When the group bound of confidence becomes larger

still as shown in Fig. 6 (d), all the agents will be affected by both leaders and achieve consensus at
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the average opinion when the appeal of leader L; is greater than 0.4, and so neither leader can attract
followers anymore. However, when the appeal of L1 is smaller than 0.35, leader L. attracts all the
normal agents as followers. This dramatic change in support for leader L. as the appeal of leader
changes L1 from 0.35 to 0.4 can be explained as follows. When the appeal of L1 is smaller than that
of leader Lo, A2 = 0.4, and the group bound of confidence T = 0.4, the normal agents with opinions
smaller than 0.4 will be pulled to the middle of the opinion interval at first due to the effect of both

leaders (indirectly in the case of L) and other normal agents, but then further pulled up by L» and
other normal agents, and become followers of L. subsequently.
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Fig. 6. Average number of followers of opinion leaders L; and L, with respect to appeal of leader Li, where R; =50, Si=1,

A2=04,E =
runs.

3.4. Impact of extremeness on opinion dynamics

0.6 and group bound of confidence T is (a) 0.25, (b) 0.3, (c) 0.35, and (d) 0.4. Averages taken over 200

Similarly, we first investigate the average number of sub-groups of the normal agents by letting the

opinion of leader L, change from 0.5 to 1 and that of leader L; vary symmetrically from 0.5 to 0 in

steps of (0.025, which means that the extremeness of both leaders E; vary simultaneously from 0 to



1 in steps of 0.05, and the group bound of confidence T vary from 0.05 to 0.5 in steps of 0.01, while
Ri=50,Si=1,and Ai=0.4 (i=1, 2).
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Fig. 7. Average number of groups with respect to (a) group bound of confidence T with different extremeness values, and
(b) extremeness E; with different group bounds of confidence where R; = 50, S; = 1, Ai = 0.4. Averages taken over 200
runs.

Overall the results in Fig. 7 show that in most cases it is easier for normal agents to achieve
consensus when the leaders are less extreme. The reason is that, when the two leaders are moving
simultaneously from the completely extreme opinions, 0 and 1, to the middle of the opinion interval,
more normal agents will be affected by both of them and are more likely to form consensus. Apart
from the overall effect, some critical extremeness values are worth discussing due to their interesting
behaviour. When the extremeness is 0.2 as in Fig. 7 (a), i.e., opinion of leader L; is 0.4 and that of
leader L is 0.6, all the normal agents can be influenced by both leaders sooner or later given the fact
that the appeal of the leaders is 0.4, and so the normal agents can always achieve consensus. When
the extremeness is 0.8, i.e., opinion of leader L1 is 0.1 and that of leader L> is 0.9, the normal agents

will usually be divided into two sub-groups of followers of the leaders.

In order to investigate the impact of extremeness on attracting followers, we explore the average
number of followers of the two opinion leaders by varying the extremeness of leader L1 from 0 to 1
in steps of 0.05, and fix that of leader L> to be 0.6, i.e., E2 = 0.6. The following figures show the
simulation results for the average numbers of followers of opinion leaders L1 and L, with respect to

different group confidence levels where R; =50, Si =1, and Ai= 0.4 (i = 1, 2).
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Fig. 8. Average number of followers of opinion leaders L; and L, with respect to extremeness of opinion leader L, where
Ri =50, Si =1, A =0.4, E; =0.6 and group bound of confidence T being (a) 0.2, (b) 0.25, (c) 0.35 and (d) 0.4. Averages

taken over 200 runs.

Clearly, the extremeness of leader L1 being 0.6 is a point where the numbers of followers of the
two leaders are always the same since they have the same value for all four characteristics. When the
extremeness of the two leaders differs, we can conclude from the above figures that the less extreme
opinion leader is generally more capable of attracting followers. It is also shown that there are some
critical extremeness values so that neither leader can attract any follower if E1 is smaller than the
critical value, but there will be dramatic increase in the number of followers of both leaders if Ex
becomes larger than the critical value, e.g., E1 = 0.4 when T = 0.25 as in Fig. 8 (b), and E1 = 0.6
when T = 0.4 as in Fig. 8 (d). This is because more agents will be able to be affected by both leaders
indirectly with a larger group bound of confidence provided the opinion leaders are not too extreme
and then they will normally achieve consensus by themselves and are not treated as the followers of
any leader according to the definition. Only when the leaders are more extreme as stated above, do

they depart from this state and the normal agents are broken from consensus into two sub-groups of
followers.
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4. Conclusions

This paper has introduced opinion leaders holding competing opinions, and analysed the impact of
four characteristics of the opinion leaders — reputation, stubbornness, appeal and extremeness — on
the group opinion dynamics and the ability of the opinion leaders to attract followers. It has been
shown that increasing the reputation of opinion leaders may make it more difficult for the normal
agents to achieve consensus, and the leader with higher reputation will make the neighbours
converge to his opinion more quickly, and so attract more followers, when the group bound of
confidence is larger, but fewer followers when the group bound of confidence is smaller.
Stubbornness has no discernible effect on the number of sub-groups, but less stubborn leaders are
usually able to attract more followers. On the other hand, increasing appeal of opinion leaders makes
it easier for the normal agents to achieve consensus. It normally makes more agents begin to follow
the opinion leader more quickly if a higher appeal is applied to that leader. The simulation results
also demonstrate that increasing extremeness makes it more difficult for the agents to achieve
consensus, and a less extreme opinion leader is usually able to attract more followers. While the
general dependence on stubbornness, appeal and extremeness might be expected, the number of
followers attracted by the opinion leaders can be very sensitive to these characteristics of the
respective leaders. For example, in some cases a leader who is only slightly less (more) stubborn
than the competing leader can attract a lot more (less) followers.

Note that since there are four characteristics for the two competing opinion leaders under
discussion, it is impossible to explore the complete parameter space in one paper. As a result, we
usually fix the values of other characteristics when investigating the impact of one of the
characteristics. On the other hand, opinion leaders could of course try to strengthen one aspect when
they are weak in the other aspect, and there will be compensation among different characteristics on
their impact on group opinion dynamics. For instance, the opinion leader who does not have higher
reputation but does have stronger appeal compared to the other leader might also be able to attract
more followers. We leave this kind of compensation among different characteristics for future work.
Note also that the values of the four characteristics are invariant during the opinion update process in
this paper, but in reality the opinion leaders might change their strategies with respect to the four
characteristics at certain stages in order to attract more followers. We are exploring some models

with dynamic parameter settings to investigate this case.

It is also worth mentioning that the impact of external information, e.g., mass media %, is not

explicitly considered in our model, because it can be treated as a completely stubborn opinion leader.

16



Higher connectivity is also considered as a characteristic of opinion leaders in some papers 2°, but as
suggested in 7, it might not be an intrinsic feature of a leader but a topological property of the
network reflecting a social position of the hub. We will discuss the impact of connectivity or
different network structures relating to opinion leaders in future work. Although it seems out of
control of opinion leaders, the group bound of confidence is definitely an important characteristic
affecting group opinion dynamics, as it determines to what extent normal agents are ‘open-minded’
towards their peers. It has been shown in this paper that there is usually a tradeoff between the group
bound of confidence and the four characteristics, and it is worth further exploring this relationship in

future work.

Acknowledgements

This publication was made possible by a grant from the John Templeton Foundation (Grant no.
40676). The opinions expressed in this publication are those of the authors and do not necessarily
reflect the views of the John Templeton Foundation. The first author was partially supported by the
National Natural Science Foundation of China (Grant No. 61175055 and 61305074).

References

1. French, J.R.P. A formal theory of social power. Psychological Review, 63, 181-194 (1956).

2. Harary, F. A criterion for unanimity in French’s theory of social power, In: Cartwright, D. (ed.) Studies in Social
Power. Institute for Social Research, Ann Arbor. (1959).

3. Fortunato, S., Latora, V., Pluchino, A., & Rapisarda, A. Vector Opinion Dynamics in a Bounded Confidence
Consensus Model. Int. J. Mod. Phys. C. 16 (10), 1535-1551 (2005).

4. Jacobmeier, D. Multidimensional consensus model on a Barabasi-Albert network. Int. J. Mod. Phys. C. 16, 633-646
(2005).

5. Lorenz, J. Continuous Opinion Dynamics under Bounded Confidence: A Survey. Int. J. Mod. Phys. C. 18(12), 1819-
1838 (2007).

6. Acemoglu, D., & Ozdaglar, A. Opinion dynamics and learning in social networks. Dynamic Games and
Applications, 1, 3-49 (2011).

7. Lorenz, J. Fostering Consensus in Multidimensional Continuous Opinion Dynamics under Bounded Confidence. In
Helbing, D. (ed.) Managing Complexity, pp. 321-334. Springer, Berlin, (2008).

8. Roch, C. H. The dual roots of opinion leadership. Journal of Politics. 67, 110-131 (2005).

9. Ramirez-Cano, D., & Pitt, J. Follow the leader: profiling agents in an opinion formation model of dynamic
confidence and individual mind-sets. Proceedings of the IEEE/WIC/ACM International Conference on Intelligent
Agent Technology (IAT’06), pp. 660 — 667, (2006).

10. Estrada, E., & Vargas-Estrada, E. How peer pressure shapes consensus, leadership, and innovations in social groups.
Sci. Rep. 3, 2905 (2013).

11. Zhao, J., Liu, Q. & Wang, X. Competitive dynamics on complex networks. Sci. Rep. 4, 5858 (2014).

12. Chen, S., Glass, D.H., & McCartney, M. Dynamics of conflicting beliefs in social networks. In: Proceedings of the
6th Workshop on Complex Networks (CompleNet 2015), New York, Springer, Studies in Computational
Intelligence, vol. 597, pp.171-178 (2015).

13. Katz, E., & Lazarsfeld, P. Personal Influence. Glencoe: Free Press. (1955).

17



14,

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.
25.

26.

217.
28.

29.

30.

31.
32.

33.

34.

35.

Katz, E. The two-step flow of communication: an up-to-date report on a hypothesis. Public Opinion Quarterly.
21(1), 61-78 (1957).
Watts, D. J., & Dodds, P. S. Influentials, networks, and public opinion formation, Journal of Consumer Research.
34, 441-458 (2007).

Bass, B. M. & Bass, R. The Bass Handbook of Leadership: Theory, Research and Managerial applications. 4"
edition, Free Press, (2008).

Kurmyshev, E., & Juaez, H. A. What is a leader of opinion formation in bounded confidence models?
arXiv:1305.4677, (2013).

Douven, 1., & Riegler, A. Extending the Hegselmann—Krause Model I. Logic Journal of the IGPL, 18, 323-335
(2010).

Mobilia M. Does a single zealot affect an infinite group of voters? Phy. Rev. Lett. 91, 2, (2003).

Yildiz, E., Ozdaglar, A., Acemoglu, D., Saberi, A., & Scaglione, A. Binary opinion dynamics with stubborn agents.
ACM Transactions on Economics and Computation, 1(4), Article 19, (2013).

Zhao, Y., & Kou, G. Bounded confidence-based opinion formation for opinion leaders and opinion followers on
social networks. Studies in Informatics and Control, 23(2), 153-162 (2014).

Krause, U. A discrete nonlinear and non-autonomous model of consensus formation. In: Elaydi, S., Ladas, G.,
Popenda, J., & Rakowski, J. (eds.) Communications in Difference Equations, pp. 227-236. Gordon and Breach
Publ., Amsterdam, (2000).

Hegselmann, R., & Krause, U. Opinion dynamics and bounded confidence: models, analysis, and simulations. J.
Artif. Soc. Soc.Simul. 5 (3), 1-33 (2002).

Ramos, M. et al. How does public opinion become extreme? Sci. Rep. 5, 10032 (2015).

Zollman, K.J. Social Network Structure and the Achievement of Consensus. Politics, Philosophy and Economics,
11(1), 26-44 (2012).

Deffuant, G., Neau, D., Amblard, F., & Weisbuch, G. Mixing beliefs among interacting agents. Advances in
Complex Systems 3, 87-98 (2000).

Weisbuch, G., Deffuant, G., & Amblard, F. Persuasion dynamics. Physica. A. 353, 555-575 (2005).

Pluchino, A., Latora, V., & Rapisarda, A. Compromise and synchronization in opinion dynamics. Eur. Phys. J. B. 50,
169-176 (2006).

Riegler, A., & Douven, I. Extending the Hegselmann—Krause model Ill: From Single Beliefs to Complex Belief
States. Episteme 6, 145-163 (2009).

Kou, G., Zhao, Y., Peng, Y., & Shi, Y. Multi-level opinion dynamics under bounded confidence. PLOS One, 7 (9),
e43507, (2012).

Liu, Q., & Wang, X. Opinion dynamics with similarity-based random neighbours. Sci. Rep. 3, 2968 (2013).

Fu, G., Zhang, W., & Li, Z. Opinion dynamics of modified Hegselmann—Krause model in a group-based population
with heterogeneous bounded confidence. Physica. A. 419, 558-565 (2015).

Wang, H., & Shang, L. Opinion dynamics in networks with common-neighbours-based connections. Physica. A. 421,
180-186 (2015).

Quattrociocchi, W., Caldarelli, G., & Scala, A. Opinion dynamics on interacting networks: media competition and
social influence. Sci. Rep. 4, 4938 (2014).

Pineda, M. & Buend &, G.M. Mass media and heterogeneous bounds of confidence in continuous opinion dynamics.
Physica. A. 420, 73-84 (2015).

18



