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A b s tra c t

The d if fu s io n  o f charged p a r t ic le s  by tu rb u le n t e le c t r o s t a t ic  

o s c i l la t io n s  in the  magnetosphere is in ve s tig a te d  as a p o s s ib le  

mechanism fo r  e n e rg iz in g  and t ra n s p o rtin g  r in g  cu rre n t p ro to n s . A 

sim ple model o f the magnetosphere is used to  c a rry  out the  in v e s t i ­

g a t io n . In the model the geomagnetic f ie ld  is  taken to  be an 

a z im u th a lly  symm etric a x ia l f i e ld ,  the  ionosphere is  taken to  be 

p e r fe c t ly  con d u ctin g , and the r in g  cu rre n t and plasmasphere plasmas 

are assumed to  have Maxwellian d is t r ib u t io n s  of v e lo c i t ie s .  The 

d if fu s io n  process is  assumed to  preserve the magnetic moment o r  f i r s t  

a d ia b a tic  in v a r ia n t  o f the p a r t ic le s .  The behavior o f low frequency 

(<< ion g y ro fre a u e n cy ), long wave length (>> ion g y ro ra d iu s ) 

e le c t r o s t a t ic  o s c i l la t io n s  is  s tu d ie d . The e le c t r o s ta t ic  o s c i l la t io n s  

are tre a te d  as na tura l modes o f the  magnetospheric c a v it y  d rive n  by 

f lu c tu a tio n s  in the e le c t r ic  p o te n tia l on the magnetopause, the 

m agnetospheric boundary. I t  is  concluded th a t d if fu s io n  o f r in g  

c u rre n t protons by th is  process is  not im portant in the  ma.gnetosphere.
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Chapter I

The purpose of th is  paper is  to  in v e s tig a te  the d if fu s io n  o f 

protons in  tu rb u le n t d r i f t  waves as a p o s s ib le  mechanism fo r  

e n e rg iz in g  and t ra n s p o rtin g  r in g  cu rre n t p a r t ic le s .  Since the 

r in g  c u rre n t seems to  p lay a bas ic  ro le  in the m agnetospheric 

substorm as both a p a r t ic le  and energy r e s e rv o ir ,  an understanding 

of the mechanism which su p p lies  r in g  cu rre n t p a r t ic le s  and energy 

is basic  to  an understanding o f the magnetospheric storm . A d iscu ss ion  

of the magnetospheric storm and the concept o f a substorm is  g ive n  by 

S . - I .  Akasofu (1968). Much of the fo llo w in g  general m ateria l on 

magnetospheric storms is  drawn from th is  re fe re n ce .

The magnetospheric storm is  a pp arently  the product o f the in te r ­

a c tio n  of the so la r wind w ith  the magnetosphere. The m agnetospheric 

storm can be d iv ided  in to  two p a rts , an in i t i a l  phase and a number cpf 

r e la t iv e ly  short magnetospheric substorm s. The r in g  c u rre n t p la ys  a 

ce n tra l ro le  in the magnetospheric storm in th a t the  phase or progress 

o f a storm  can be re la te d  to  the behavior o f the p a r t ic le s  in the r in g  

c u rre n t. O r ig in a l ly ,  the r in g  cu rre n t was concieved as a c u rre n t 

system surrounding the earth  o uts ide  the ionosnhere which accounted 

fo r  the main phase decrease o f the m agnetospheric storm . The r in g  

c u rre n t was considered a m athem atically conven ient re p re s e n ta tio n  of 

the main phase decrease mechanism and not necessari ly  a p h ys ica l 

r e a l i t y .  However, a ph ys ica l e n t it y  c a lle d  the storm  tim e ra d ia tio n  

b e lt  which behaves ve ry  much lik e  the r in g  c u rre n t has been detected 

by s a t e l l i t e  measurements. The storm tim e ra d ia t io n  b e lt  c o n s is ts
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p r im a r i ly  o f 1-50 Kev p ro ton s . The term " r in g  c u rre n t"  is  now 

g e n e ra lly  used in te rch an geably  w ith  the term "storm  tim e r a d ia t io n  

b e lt "  to  r e fe r  to  t h is  group o f m agnetospheric p ro to n s . The 

d is t r ib u t io n  and to ta l  in te n s it y  o f  r in g  c u rre n t p a r t ic le s  in  the  

magnetosphere is  g r e a t ly  e ffe c te d  by the number and d u ra tio n  o f 

p re v io u s m agnetospheric substorms.

The concept o f the  m agnetospheric substorm encompasses a number 

o f a p p a re n tly  in te r re la te d  phenomena which occur s p o ra d ic a lly  and 

la s t  fo r  1-3 hours. The aurora l substorm , p o la r m agnetic substorm , 

m ic ro p u ls a tio n  substorm , ion osp h eric  substorm , x - r a y  substorm , 

proton aurora substorm and the VLF em ission substorm are a l l  considered  

to  be p a rt  o f a la rg e r  whole, the m agnetospheric substorm . D uring  

a m agnetospheric substorm the to ta l  number o f protons w ith  e n e rg ie s  

between 1-50 Kev increases in s id e  the tra p p in g  re g io n . The increase  

in the to ta l  number o f p a r t ic le s  is  not un iform  in lo ca l t im e .

Indeed, the e f fe c t  o f the magnetospheric substorm seems to  be to  

increase  both the asymmetry and the to ta l  number o f r in g  c u r re n t  

p a r t ic le s .

During the course o f a m agnetospheric storm , the to ta l  number o f 

protons in the r in g  cu rre n t b u ild s  up f a i r l y  ra p id ly  v ia  the mechanism 

o f the m agnetospheric substorm and then decays s lo w ly  back to  p re -s u b ­

storm  le v e ls .  For a moderate storm  the b u ild  up o f r in g  c u r re n t  p a r t ic le s  

la s ts  about 10 hours. The decay takes about 5-15 days depending upon 

the s iz e  o f the  storm . The decay in the  to ta l  number o f r in g  c u rre n t  

p a r t ic le s  may be in te rru p te d  by the occurrence o f a d d itio n a l substorm s.

The fo rm ation  o f th e  storm tim e ra d ia t io n  b e lt  in v o lv e s  the t ra n s p o r t  

and/or e n e rg iz a tio n  o f la rge  numbers o f  protons in the magnetosphere 

on the tim e sc a le  o f the  magnetospheric substorm . ■
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3

Many tra n s p o r t  and e n e rg iz a tio n  mechanisms th a t  m ight be fu n c tio n in g  

in the magnetosphere have been in v e s tig a te d . Some o f the mechanisms 

proposed and sfu d ie d  a re : magnetohydrodynamic con vection  o f p a r t ic le s  

due to  a v isco u s  in te ra c t io n  between the s o la r  wind and the magneto­

sphere (A x fo rd  and Hines 1961); co n ve ctio n  o f p a r t ic le s  due to  a s t a t ic  

e le c t r ic  f i e ld  across the magnetosphere (K e llo g o . 1959; T a y lo r  and 

Hones, 1965); ro ta t io n a l and g ra d ie n t d r i f t s  (S w if t ,  1971); magneto­

sp h e ric  t a i l  in s t a b i l i t y  (A x fo rd  1967, Dungey 1968, P id d ington  1968); 

d if fu s io n  o f p a r t ic le s  due to  s to c h a s t ic  changes in the geomagnetic 

f ie ld  (P a rke r I960, Nakada and Mead 1965). None o f the mechanisms 

proposed to  date have been su ccess fu l in e x p la in in g  the form ation 

o f the storm tim e ra d ia t io n  b e l t .  However, some o f the mechanisms 

stud ied undoubtedly operate  to  some degree d u rin g  a magnetospheric 

substorm . Most l i k e l y ,  the m agnetospheric substorm invokes a 

complex com bination o f tra n s p o r t  mechanisms.

The tra n s p o r t  o f p a r t ic le s  in the magnetosphere due to  d if fu s io n  in 

random e le c t r ic  and m agnetic f ie ld s  has been e x te n s iv e ly  in v e s tig a te d . 

Many in v e s tig a to rs  (P a rk e r I960, Davis and Chang 1962, Dungey 1965,

Nakada and Mead 1965, Falthammar 1965, 1968; Conrath 1967, S ch u ltz  

and E v ia ta r  1969) have s tu d ied  d if fu s io n  d rive n  by pressure changes 

in  the s o la r  wind which su bsequen tly  cause changes in the p o s itio n  o f 

the magnetopause. Rad ia l d if fu s io n  o f p a r t ic le s  occurs through v io la t io n  

o f the th i r d  ( f lu x )  a d ia b a t ic  in v a r ia n t .  The d iffe re n c e s  in the t r e a t ­

ment o f the  problem are  u s u a lly  the method f o r  o b ta in in g  the d if fu s io n  

equation and the c o n d itio n s  imposed upon the m agnetospheric plasma. A 

d iscu ss ion  of th e  work o f Nakada and Mead (1965) and Schulz and E v ia ta r  

(1969) i l lu s t r a t e s  the d i f f e r e n t  approaches to  the  problem.
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Nakada and Mead use the Mead (1964) model o f the geom agnetic 

f i e ld .  The e ffe c t  on the main f ie ld  of the p o s it io n  o f the magneto­

pause is  taken in to  account in t h is  model o f the f i e ld .  The d if fu s io n  

mechanism is  assumed to  work in the fo llo w in g  manner. A compression 

o f the magnetosphere ( i . e .  an inward motion of the magnetopause) is  

assumed to  take place on a tim e sca le  sh o rt in comparison w ith  th e  tim e 

i t  takes an e q u a to r ia lly  trapped (J=0) p a r t ic le  to  d r i f t  around the 

e a rth . Depending upon the p a r t ic le 's  p o s it io n  in loca l tim e when the 

compression occurs , p a r t ic le s  which were d r i f t in g  on the same sh e ll 

o f constant B w i l l  fo llo w  the l in e  o f fo rce  to  a d if fe r e n t  value 

of B and d r i f t  on d if fe r e n t  s h e lls  o f con sta n t B -  thus v io la t in g  

the th ir d  a d ia b a tic  in v a r ia n t ,  i f  the decay o f the f i e ld  to  i t s  

o r ig in a l c o n fia u ra tio n  is  slow in comparison w ith  the tim e i t  takes a 

p a r t ic le  to  d r i f t  around the e a rth , the  t h i r d  in v a r ia n t  w i l l  be conserved 

and the p a r t ic le  w i l l  remain on i t s  new s h e ll o f constant B. The to ta l 

e f fe c t  is  to  spread o u t p a r t ic le s  on n e igh b orin g  s h e lls  o f constant 

B. That is ,  the p a r t ic le s  undergo ra d ia l d if fu s io n .

Such sudden compressions in the f ie ld  w ith  slow recovery  do 

indeed occu r. They a re  c a lle d  sudden impulses o r  sudden commencements. 

Nakada and Mead ca lcu la te d  a d isp e rs io n  c o e f f ic ie n t  by using an 

ensemble o f these impulses com piled from a ctua l o b s e rv a tio n s .

Nakada and Mead use a Fokker-P lank equation to  describe  the 

e v o lu t io n  o f the d is t r ib u t io n  o f p a r t ic le s  trapped in the magneto­

sphere. P a r t ic le  energy losses due to  Coulomb s c a tte r in g  and charge 

exchange c o l l is io n s  w ith  n e u tra ls  are taken in to  account in the 

so lu t io n  o f the equation . The c o e f f ic ie n t  o f dynamical f r i c t i o n  is  

assumed to  be p ro p o rtio n a l to  the  d isp e rs io n  c o e f f ic ie n t .  The va lue used

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



fo r  the d isp e rs io n  c o e f f ic ie n t  was .031 (|J^/L®) (e a rth  ra d ii)^ / d a y .

Lq  is  the d istance from the center o f the earth  to  the magnetopause 

along the earth sun l in e .  The equation was solved using measured . 

va lues of p a r t ic le  f lu x e s  > 100 Kev fo r  an in i t i a l  d is t r ib u t io n .

A lthough some q u a lita t iv e  agreement w ith  measured e q u ilib r iu m  p a r t ic le  

f lu x e s  was obtained fo r  high energy p a r t ic le s  (>50 Kev), a la rg e r  d is ­

p ers ion  c o e f f ic ie n t  than the one ca lcu la te d  is  needed to  ob ta in  q u a n ti­

t a t iv e  agreement between the theory and o b se rva tio n .

I t  was im p lic it  in the discuss ion o f the d if fu s io n  mechanism 

above th a t the compression of the magnetopause was so sudden th a t 

a l l  p a r t ic le s  on a f ie ld  lin e  moved w ith  i t ,  regard less o f th e ir  

y va lue (y  is  the magnetic moment). T h is ,  o f course, is  not s t r i c t l y  

t ru e  and a d if fu s io n  equation and d if fu s io n  c o e f f ic ie n t  f o r  which 

t h is  assumption is  not made has been d erived  by Schulz and E v ia ta r

(1969). They do, however, assume J=0 and E*B=0. The e v o lu t io n  o f the 

d is t r ib u t io n  fu n c tio n  is  given by a d if fu s io n  equation ra th e r than the 

Fokker-P lank equation . The d if fu s io n  equation is  d erived  using the 

Mead (1964) model o f the f ie ld ,  but the unperturbed d r i f t  o r b its  o f the 

p a r t ic le  around the earth  are assumed to  be n o n -c ir c u la r .  The d if fu s io n  

c o e f f ic ie n t  depends upon the power spectrum of the f lu c tu a tio n s  in 

the s ta n d -o ff  d istance  o f the magnetopause (L Q) .  I f  an inverse 

power law is  assumed fo r  the power spectrum the exp ress ion  fo r  the 

d if fu s io n  c o e f f ic ie n t  is  s im ila r  to  Nakada and Mead’ s fo r  L<<Lo .

A d if fe re n t  mechanism fo r  d if fu s io n  of p a r t ic le s  in the magneto­

sphere has been in ve s tig a te d  by Birmingham (1969). He suggests 

th a t  d if fu s io n  is  not d riven  by the induced e le c t r ic  f ie ld  caused .

by f lu c tu a tio n s  in the geomagnetic f ie ld  but by v a r ia t io n s  in the

5
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e le c t r ic  p o te n tia l f ie ld s  (Vx?=0 ) governed by +he dynamics o f low energy

(<8Kev) trapped p a r t ic le s .  The p o te n tia l nas wave lengths on the o rder of

the dimensions of the magnetosphere. That is ,  Birmingham assumes the low

energy component o f trapped p a r t ic le  f lu x e s  produces an e le c t r ic  p o te n tia l

V such th a t ? = -W  = -  ~  x  ^  where v is  the hydrom agnetic flo w  v e lo c it y  o f the

low energy plasma. Birmingham uses the c u t -o f f  energy o f  6 Kev because

p a r t ic le s  below th is  energy are dominated by e le c t r ic  f ie ld  d r i f t s  o f

" t y p ic a l "  f ie ld s  found in the magnetosphere w h ile  p a r t ic le s  above 8 Kev

are dominated by gra d ie n t and cu rva tu re  d r i f t s .  .

Birmingham uses a d if fu s io n  equation developed by Birmingham,

N orthrop and Faltnammar (1967). The equation is  v a lid  fo r  p a r t ic le s  w ith

a r b it r a r y  values o f p and J .  Again d if fu s io n  occurs as a re s u lt  of

v io la t io n  of the f lu x  in v a r ia n t . A sim ple model is  used to  d e r iv e  an

e x p l i c i t  expression fo r  the  d if fu s io n  c o e f f ic ie n ts .  A d ip o le  magnetic
2

f ie ld  is  assumed and a p o te n tia l o f the form V = A ( t ) r  sin<f>/sin 0 is

used to  describe  the e le c t r ic  p o te n tia l in sp h e rica l co ord in a te s . The

flow  pa tte rn  o f the low energy component o f the plasma Is  s im ila r  to  the

co n ve ctive  flow  patterns envisaged by Levy e t a l .  (1964) and, to  some

e x te n t, o th e r convective  flow  models (e .g .  A xfo rd  and Hines 1961). I t

is  shown th a t the d if fu s io n  c o e f f ic ie n t  is  p ro p o rtio n a l to  and the

va lue of the power spectrum o f the time dependent c o e f f ic ie n t  A ( t )

evaluated a t the azimuthal d r i f t  frequency, i f  the a u to c o rre la t io n

fu n c tio n  of A ( t )  ( i . e .  the inverse F o u r ie r  transform  o f the power

2 2spectrum) is  assumed to  have the form C exp ( . - t  where t c is

the c o rre la t io n  tim e , then the d if fu s io n  c o e f f ic ie n t  is  p ro p o rtio n a l
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+o L^Tcexp(-W p For p a r t ic le s  w ith  azim uthal d r i f t  fre q u e n c ie s

nip much less than —  i t  is  p ro p o rtio n a l to  and thus independant

o f y and J .

Birmingham so lves a one dimensional d if fu s io n  equation  w ith  no 

loss  terms using th e  approxim ation to  the d if fu s io n  c o e f f ic ie n t  

2 2w ith  UpTc «  I .  Thus the re s u lts  are a p p lic a b le  to  p a r t ic le s  w ith

d r i f t  p eriod s 2ir (.= 4 . 4*10^ CL x [e n e rgy  in Kev^)- - m inutes) much 
“ D

la rg e r  than the c o rre la t io n  tim e. Birmingham uses a va lu e  o f one

hour f o r  the c o rre la t io n  tim e . Choosing a va lu e  o f (2x10 ^ v/m)^ f o r  the

c o e f f ic ie n t  C in  the  c o rre la t io n  fu n c t io n , Birmingham shows th a t  an

in i t i a l  d e lta  fu n c tio n  d is t r ib u t io n  in number d e n s ity  a t  8 R (e a rth' e

r a d i i )  w i l l  y ie ld  a s ig n if ic a n t  number o f p a r t ic le s  a t 5 Rg in about 

18 hours (see Birmingham 1969, f ig u r e  1 ). A s im ila r  a n a lys is  

us ing th e  d if fu s io n  c o e f f ic ie n t  g ive n  by Nakada and Mead takes o ve r 

100 days to  produce the same r e s u lts .  Thus a s u b s ta n tia l increase 

in the  d if fu s io n  rates can be ob ta ined by using the v a r ia t io n s  in 

the  c o n ve c tive  e le c t r ic  f ie ld  a ssocia ted  w ith  th e  flo w  o f the  low 

energy component o f the magnetospheric plasma. The d if fu s io n  ra te s  

appear, however, to  be s t i l l  too  slow to  tra n s p o rt  p a r t ic le s  seve ra l 

e a rth  r a d ii on the time sca le  o f  the m agnetospheric substorm . I f  

d if fu s io n  processes are to  be im portant du rin g  a substorm  an increase  

in the  d if fu s io n  ra te  is necessary.

Most o f the  stu d ies  o f d if fu s io n  processes in  th e  magnetosphere 

have concen trated  on very  low frequency v a r ia t io n s  in  the  m agnetic 

f i e ld .  The frequencies are low enough th a t  the  second a d ia b a t ic  

in v a r ia n t  o f the p a r t ic le s  ( J )  can be assumed to  be conserved .

T h is  study w i l l  concentrate  on e le c t r o s t a t ic  o s c i l la t io n s  whose

- 7
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frequencie s are near the  bounce frequency o f a t y p ic a l r in g  c u rre n t 

p roton but much less than it s  g y ro fre cu e n cy . The in te ra c t io n  o f a 

p roton w ith  e le c t r o s t a t ic  o s c i l la t io n s  in t h is  frequency range w i l l  

v io la te  the second ( lo n g itu d in a l)  and t h ir d  a d ia b a tic  in v a r ia n ts  o f 

the  p a r t ic le .  The f i r s t  in v a r ia n t ,  y , is  assumed to  be conserved.

Such e le c t r o s t a t ic  o s c i l la t io n s  which can e x is t  in plasmas w ith  

number and/or tem perature g ra d ie n ts , such as the m agnetospheric 

plasma, are g e n e ra lly  c a lle d  d r i f t  waves. D r i f t  waves c h a ra c te r ­

i s t i c a l l y  have wave lengths p a ra lle l to  the magnetic f i e ld ,  3, 

much la rg e r  than t h e i r  wave lengths perp e n d icu la r to  B. T h is  is  an

Idea l p ro p e rty  in  th e  respect th a t  the requirem ent o f con serv in g  the

f i r s t  a d ia b a t ic  in v a r ia n t  demands th a t  the p a ra l le l  e le c t r ic  f ie ld

be small but f o r  s tro n g  d if fu s io n  the e le c t r ic  f ie ld  p e rp e n d icu la r

to  the magnetic f i e ld  must be la rge  so th a t  the  ExB d r i f t  o f the

p a r t ic le s  is  la rg e . The equation fo r  the e le c t r ic  p o te n tia l a ssocia ted

w ith  the d r i f t  waves w i l l  be developed under the assumption th a t  the

wave length p e rp e n d icu la r to  is  la rg e r  than an ion g y ro ra d iu s  and the

wave frequency is  less than the ion gyrofre quency but g re a te r  than

U  is  the azim utha l wave number in  th a t  is  th e  wave length  o f

the o s c i l la t io n  in  the  azim uthal d ire c t io n  and is  the  azim uthal ion 

2td r i f t  frequency s in ce  —  is  the tim e i t  takes an ion to  d r i f t  around 
UD '

the  e a r th .)  The energy source fo r  the d if fu s io n  is  assumed to  be near 

steady ( in  tim e) f lu c tu a tio n s  in  the e le c t r ic  p o te n t ia l a t the magnet­

o sp h e ric  boundary, the magnetopause. Thus the s o lu t io n s  o f p rim ary 

in te re s t  w i l l  be undamped o r  o n ly  s l i g h t l y  damped o s c i l la t io n s  which 

have s ig n i f ic a n t  e le c t r ic  f ie ld s  th roughout a la rge  p a rt  o f the mag­

netosphere.
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Chapter 2 

A Model Magnetosphere

The in te ra c tio n  o f the s o la r  wind w ith  the e a r th 's  magnetic f ie ld  

c reates a magnetic c a v it y .  The confinement o f  the  e a r th 's  f ie ld  by 

the s o la r  plasma was in ve s tig a te d  th e o r e t ic a l ly  as e a r ly  as 1931 by 

Chapman and F e rra ro . With the advent o f  the space age and s a t e l l i t e  

borne magnetometers the confinement o f  the e a r th 's  f ie ld - in space 

was demonstrated.

In te n s ive  in v e s tig a tio n  o f the p a r t ic le s  and f ie ld s  surrou nd ing 

the  earth  has revealed most o f  the  s a lie n t  fe a tu re s o f  the magneto­

s p h e ric  c a v i t y .  However, there  is  s t i l l  disagreem ent o ve r whether 

the  c a v it y  is  open (geomagnetic f ie ld  lin e s  connected to  in te rp la n e ta ry  

f ie ld  l in e s )  o r  closed (no co n n ection ). F u rth e r , some reg ions o f  the  

magnetosphere have yet to  be in v e s tig a te d . Several general fea tures 

o f  the magnetosphere have been f irm ly  e s ta b lis h e d , however.

The magnetosphere is g e n e ra lly  d iv id ed  up in to  va rio u s  reg ions 

such as the m agn etota il, the tra p p in g  re g io n , the pIasmasphere, 

e tc .  Regions in  the magnetosphere are id e n t if ie d  by changes in the 

ch a ra c te r o f the magnetic f ie ld  o r  by va rio u s  c h a ra c te r is t ic s  o f the 

local p a r t ic le  population o r  energy spectrum . Surrounding the 

magnetosphere is  a region c a lle d  the magnetosheath. The magnetosheath 

Is  e s s e n t ia l ly  a t ra n s it io n  between the reg ion  dominated by the 

geomagnetic f ie ld  and the ordered flew  o f  the  s o la r  w ind. The
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magnetosheath is  ch aracte rized  by th e .tu rb u le n t  nature o f  the m agnetic 

f ie ld  whose f lu c tu a tio n s  can be as large  as 100$ o f the  average f ie ld  

(Smith and D avis , 1970). The bow shock marks the o u te r  boundary o f  

the  magnetosheath on the sunward side  o f  the magnetosphere. The bow 

shock is  an e s s e n t ia lly  permanent, col I is io n le s s ,  s tand ing  shock 

wave whose th inness (much less than an ion c yc lo tro n  ra d iu s (Heppner 

e t  a l . ,  1967)) suggests th a t i t  is an e le c t r o s t a t ic a l ly  generated 

phenomenon. The inner boundary o f the magnetosheath, the magnetopause, 

separates the d isordered f ie ld  o f  the  magnetosheath from the ordered 

f ie ld  o f  the e a rth . On the day side  o f the magnetosphere the 

magnetopause is  e a s i ly  id e n t if ie d  by a change in f ie ld  magnitude 

and d ire c t io n  o ve r a d istance o f  a few hundred k ilo m e te rs . The 

magnetopause is  more d i f f i c u l t  to  id e n t if y  in the  t a i l  re g io n  o f 

the magnetosphere.

The geomagnetic f ie ld  c lo se  to  the earth is  almost d ip o la r  but 

devia tes co n sid e ra b ly  from a d ip o le  f ie ld  near the magnetopause 

and in the m agn eto ta il. On the day side  the f ie ld  is  compressed and 

lin e s  o f constant 3 in the e q u a to ria l plane are d isp laced  outward 

(away from the earth) from those o f a d ip o le  f ie ld .  In the a n t is o la r  

d ire c t io n  the f ie ld  is  in f la te d  and lin e s  o f constant B are d isp laced 

inward from those o f a d ipo le  f ie ld .  Near the m agnetospheric 

e q u a to ria l plane the f ie ld  changes d ire c t io n  a b ru p tly  form ing a 

reg ion  c a lle d  the neutral sheet. The neutra l sheet extends across 

most o f  the magnetospheric t a i l  in the magnetospheric e q u a to ria l 

p lane. The in n e r edge o f the neutra l sheet begins a t about 10-15 Rg
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in  the  a n t is o la r  d ire c t io n . The h igh  la t itu d e  f ie ld  l in e s  a l l  extend 

in the  a n t is o la r  d ire c t io n  and c o n s t itu te  most o f  the  m agnetic f ie ld  

in the  t a i I . '

P a r t ic le  populations in and near the magnetosphere are id e n t if ie d

by the shape o f t h e ir  energy sp ectra  and t h e i r  number d e n s it ie s .

U s u a lly , the in te rn a l energy o f  a plasma can be used to  d e fin e  a 

• 3kTtem perature ( -^ — = in te rn a l e n e rg y ). The actua l p a r t ic le  d is t r ib u t io n  

fu n c tio n  can then be approximated by a M axw ellian d is t r ib u t io n  o f 

v e lo c i t ie s  corresponding to  t h is  tem perature . The actu a l measured 

plasma v e lo c i t y  d is t r ib u t io n  can then be compared to  the  a ssocia ted  

M axw ellian d is t r ib u t io n .  For e xa m p le ,-th e  magnetosheath e le c tro n  

v e lo c i t y  d is t r ib u t io n  is  broader and has fewer low energy p a r t ic le s  

than i t s  associated M axw eIIian d is t r ib u t io n .  The magnetosheath proton 

d is t r ib u t io n  s im ila r ly  lacks low energy p a r t ic le s  and a ls o  has a 

sm all peak in the number o f  p a r t ic le s  located a t  about 2-3 tim es the 

average p a r t ic le  energy. The average proton energy is  a few hundred eV 

and the  average e lec tron  energy 1-2 hundred eV (Montgomery e t a l . ,  1970). 

The t r a n s it io n  from the s o la r  wind plasma to  the magnetosheath plasma 

which occurs a t o r  near the bow shock is  a ls o  d iscussed by Montgomery 

e t  a l .

Frank (1970) has id e n t if ie d  two c h a r a c te r is t ic  p ro ton  energy 

sp e ctra  in  the magnetotai I . One spectrum is  q u ite  s im i la r  to  th a t 

.of magnetosheath protons which suggests th a t magnetosheath p a r t ic le s  

have access to  the t a i l .  The o th e r group o f  p a r t ic le s  id e n t if ie d  

by Frank has a much broader c h a r a c te r is t ic  spectrum  w ith  an average

• 12
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energy near 5 Kev. Both o f these groups o f ions are  g e n e ra lly  taken 

to  be members o f the  plasma sheet. The plasma sheet is  a p a r t ic le  

po p u la tion  centered about the  n eutra l s h e e t. In the t a i l  re g io n  i t  

is  about 4-6 Rg t h ic k ,  measured p e rp e n d icu la r to  the n eu tra l sheet.

I t  extends near the e a rth  in to  the dawn and dusk s e c to rs  where i t  is  

6-12 Rg t h ic k .  The inner edge o f the  plasma sheet is  u s u a lly  

id e n t if ie d  by the beh a v io r o f th e  e le c tro n s . The e le c tro n  v e lo c i t y  

d is t r ib u t io n  is  ro u gh ly  M axw ellian but has a h ig h  energy t a i l .  The 

average e le c tro n  energy is  near 1 Kev but can range up o r  down by an 

o rd e r o f magnitude CVette , 19705. The best in d ic a to r  o f the  inner 

edge seems to  be a decrease in the  to ta l  energy d e n s ity  o r  a decrease 

in  the  number d e n s ity  o f a l l  p a r t ic le s  w ith  e n e rg ie s  g re a te r  than 

700 eV. The determ ination  o f the  in n e r edge depends upon the energy 

o f the  e le c tro n s  observed (S c h ie ld  and Frank, 1970). The inner edge 

o f the  plasma sheet has not been observed to  p en etra te  the plasmasphere 

even d u rin g  d istu rbed  tim e s . However, the c h a ra c te r o f the  e le c tro n  

energy d e n s ity  and the p o s it io n  o f th e  in n e r edge is  a p p a re n tly  q u ite  

d if fe r e n t  during  q u ie t and d is tu rb e d  tim e s . V a s y lin n a s  CI968) puts 

the  in n e r edge o f the  plasma sheet du rin g  q u ie t  tim es a t  I I  + I Rg .

S ch ie ld  and Frank place th e  inner edge 1-5 Rg from the plasmapause.

The d if fe re n c e  in the two re s u lts  may be due t o  a la t i tu d in a l dependence 

(.Sch ield  and Frank, 1970).

The plasmasphere is  a co ld  dense plasma (compared to  the  r in g  

c u r re n t) th a t  c o ro ta te s  w ith  the e a rth . The o u te r  boundary o f the  plasma­

sphere , the  plasmapause, is  most e a s i ly  id e n t if ie d  by an abrupt change in the
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number d e n s ity  o f plasmasphere io n s . The change in the  number d e n s ity  

is  t y p ic a l l y  over an o rd er o f  magnitude. Several examples o f  plasmapause 

c ros s in g s  and rep resen ta tive  number d en s ity  p r o f i le s  are g iven by T a y lo r

e t  a l .  (1968) and Chappell e t  a l . (1970). The d e n s ity  o f  co ld  ions

3 4 3
(10 -10 °K) ju s t  o u ts id e  the plasmapause is  t y p ic a l l y  I-I0 /cm  and

in s id e  the  d en sity  r is e s  a b ru p tly  to  100- 1000/cm^ and contin ues to

increase a t a slow er ra te  w ith  decreasing L va lue. The s tu d ie s

by T a y lo r  and Chappell both in d ica te d  th a t the plasmapause

tended to  move inwards w ith  in c re a s in g  magnetic a c t i v i t y .  R e c e n tly ,

Russell and Thorne (1970) have reported th a t the  plasmapause a c tu a lly

co in c id e s  ve ry  c lo s e ly  w ith  the lo ca tio n  o f the maximum d e n s ity  o f

the storm tim e ra d ia tio n  b e lt .

The development o f s e n s it iv e  d if fe r e n t ia l  energy a n a lysers  by 

L .A . Frank has enabled him to  study ve ry  low energy protons in the 

energy range 200 eV to  50 Kev (Frank 1967, 1970). Protons in th is  

energy range were subsequently found to  be an im portant p a r t ic le  

p op u la tion  in the magnetosphere. The storm tim e ra d ia tio n  b e l t ,  p r im a r ily  

comprised o f p a r t ic le s  in the 1-50 Kev range, is  la rg e ly  resp o n s ib le  

fo r  the main phase decrease d uring  magnetic storms (F ran k , 1967) and 

thus can be c lo s e ly  id e n t if ie d  w ith  the r in g  c u rre n t . The r in g  c u rre n t 

p rotons in  the 1-50 Kev range are recognized by t h e i r  c h a ra c te r is t ic  

energy spectrum and ra d ia l number d e n s ity  p r o f i le .  The d i f f e r e n t ia l  

energy spectrum hardens s l i g h t l y  as L decreases. The spectrum at 6 o r 

7 Rg is  alm ost f la t  from 3 to  30 Kev. The average energy is  t y p ic a l l y  

between 5-20 Kev. The number d e n s ity  o f these low energy protons
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depends upon the magnetic a c t iv i t y  and the local t im e . S a t e l l i t e  

and ground based magnetometer measurements (Cummings e t  a l .1968) in d ic a te  

th a t du rin g  a m agnetospheric.substorm there  may be a decrease o f 

r in g  cu rre n t p a r t ic le s  in the m idnight to  dawn s e c to r (2400-0500 

local tim e) w h ile  in the e a r ly  evening to  m idnight s e c to r (1500-2400 

local tim e) an increase o f r in g  cu rre n t p a r t ic le s  has been d ir e c t ly  

measured by s a t e l l i t e  (Frank and Owens, 1970). Furtherm ore, Frank

(1970) has measured the number d e n s ity  a t d if fe r e n t  local times 

during va riou s phases of a magnetic storm and found th e re  e x is ts  an 

asymmetry in the number d ensity  d uring  a l l  phases o f a storm. The 

asymmetry appears to  be la rge st d uring  the e a r ly  development o f the 

main phase, Frank and Owens (1970) Have in v e s tig a +ed the proton 

d is t r ib u t io n  in the m idnight se c to r and found the p e rs is te n t presence 

o f  a "q u ie t  time r in g  c u rre n t" w ith  peak proton energy d e n s itie s  

near L=6.5. Several typ ic a l f lu x  p ro f i le s  i . e .  the L dependence o f 

the  f lu x  are given by Frank (1967b) fo r  va rious energy ranges. These 

p r o f i le s  a l l  have the same q u a lita t iv e  behavio r as fu n c tio n s o f L . Since 

the shape of the d if fe r e n t ia l  energy spectrum changes o n ly  s l i g h t l y  w ith  

L and is  n e a rly  f l a t ,  the number d en s ity  as a fu n ctio n  o f  L wi 11 be 

pro p o rtio n a l to  the f lu x  p r o f i le  fo r  energy ranges near the average energy. 

Thus the f lu x  p r o f i le  fo r the energy range 16-25 Kev should have the same 

L dependence as the number d e n s ity . Peak number d e n s it ie s  in the 

storm tim e b e lt  va ry  with the magnetic a c t i v i t y .  Frank (1967) 

rep orts  a measurement o f the peak number d e n s ity  o f 8 + 2 protons/cm^ 

a t magnetic la t itu d e  27° fo r  the main phase o f  a moderate storm . A .
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s l i g h t l y  la rg e r  value is excected fo r  the  eq u a to ria l number d e n s ity .

The e le c tro n  energy density  is  o n ly  about 75%  o f  the proton energy- 

d e n s ity  in  the storm time ra d ia tio n  b e lt .

The upper regions o f the e a r th 's  atmosphere are p a r t ia l l y  ion ized  

by s o la r  ra d ia tio n  and e n e rg e tic  p a r t ic le  bombardment form ing a 

conducting la ye r known as the ionosphere. The c o n d u c t iv it y  o f the 

ionosphere must be expressed as a te n s o r. The components o f  the 

c o n d u c t iv ity  te n so r are fu n ction s o f e le c tro n  d e n s ity , c o l l is io n  frequency, 

gyro fre qu e n cy, la t itu d e  and local tim e . Rather than use a complex model 

o f  the ionosphere, i t  w i l l  be represented in the model magnetosphere 

as a p e rfe c t conductor.

Id e a lly  a model o f the magnetosphere should r e f le c t  a l l  o f the 

s ig n i f ic a n t  features o f the actual magnetosphere but s t i l l  be sim ple 

enough to  work w ith . Models o f the geomagnetic f ie ld  in popular 

use are formed by a d ip o le , image d ip o le  and t a i l  c u rre n t and account 

fo r  the  gross features o f the magnetospheric f i e ld ,  the magnetopause 

and the m a gn eto ta il. However, such e ffe c ts  as f ie ld  in f la t io n  due 

to  p a r t ic le  population s are not taken in to  account.

To f a c i l i t a t e  the study o f d if fu s io n  in the magnetosphere i t  is  

best to  chose the sim plest model po s s ib le  which adequately describe s 

the ph ys ica l s itu a t io n . Thus Nakada and Mead as w ell as Schulz and 

E v ia ta r  chose a model which accounts fo r  the magnetopause sin ce  they 

are co n s id e rin g  d if fu s io n  d riven  by induced e le c t r ic  f ie ld s  produced 

by changes in the magnetopause p o s it io n . Birmingham, however, 

chooses a d ip o le  f ie ld  modol s in ce he is  con s id e rin g  d if fu s io n  ‘

d riv e n  by an in te r n a l ly  generated e le c t r ic  p o te n t ia l .  The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17

determ in ing fa c to r  inchoosing  a mode I . sui tab le fo r  t r e a t in g  c a v it y  

modes is .th e  ease w ith  which boundary c o n d itio n s  can be s p e c if ie d .

T h is  fa c to r  e lim in a te s  the co n s id e ra tion  o f  num erical models and 

discourages the use o f  complex geom etries .

The model th a t  w i l l  be used fo r  c a lc u la t in g  the fu n c tio n a l depen­

dence o f the c a v it y  modes is  rough ly  e q u iv a le n t to  a t in  can f i l l e d  

w ith  a lossy  d ie le c t r ic .  The model is  best describe d  in terms o f  the 

usual c y l in d r ic a l  coord inates ( r ,  0, z ) .  An a z im u th a lly  sym m etric 

a x ia l magnetic f ie ld  is  assumed. The f ie ld  is  taken to  be in the  z 

d ire c t io n  and thus i t s  magnitude is  a fu n c tio n  o f r  o n ly .  The 

magnetopause is  represented by the c y l in d r ic a l  s u rfa c e , r  = 10 Rg (e a rth  r a d i i ) .  

The ionosphere is  represented by p e r fe c t ly  co nducting  e ndp lates 

a t z = + A Rg . The plasmasphere is  an in n e r core o f  c o ld ,  M a xw e llia n ,

e le c tro n -p ro to n  plasma w ith  T . (th e  ion tem perature) = T (th e  i e
4

e le c tro n  tem perature) = 10 °K. The storm  tim e b e lt  is  represented

by a h o t, M axw ellian , e le c tro n -p ro to n  plasma w ith  T . = 10® °K.

The plasmapause is  assumed to  be located a t r  = 5.9 Rg

and is  represented by a sharp decrease in the  number d e n s ity

o f  the  co ld  plasma. The hot r in g  c u rre n t plasma number d e n s ity

has a maximum value at 6 Rg . The b ehavio r o f  the r in g  c u rre n t

number d e n s ity  on r  between the lo c a tio n  o f  the  peak number

d e n s ity  (6  Rg ) and the magnetopause (10 Rg ) is  g iven  by e i t h e r  an 

2 2exp onentia l model (k je xp  - ( r - 6Rg ) /a ) o r  a power law model 

(k | / ( r ^ ) ^ ) .  The use o f  these models is  discussed in C hapter 5.

A schem atic re p resen ta tion  o f  the b eh avio r o f  the  r in g  c u rre n t

and plasmasphere number d e n s it ie s  is  g iven in F ig u re  2 .1 . •
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F ig u re  2.1 A diagram of the model used to  represent 

the magnetosphere. The model is  a z im u th a lly  sym m etric .

The f ie ld  lin e s  are s t r a ig h t  and d ire c te d  p e rp e n d icu la r 

to  the ionospheres. The ionospheres are represented by 

p e r fe c t ly  conducting d isks a t e ith e r  end o f th e  c y l in d e r .

The o u te r  c y l in d r ic a l  su rface  represents the magnetopause 

and the in n e r c y l in d r ic a l  su rfaces in d ic a te  the lo c a tio n  

o f th e  plasmapause. The c a v it y  is  2A long and 20 Rg in 

d iam eter. The schem atic dependence o f the  number d e n s it ie s  

o f the  r in g  cu rre n t and plasmasphere plasmas on ra d ia l 

d is ta n ce  are g iven in  se m i-lo g  p lo ts .
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The c y l in d r ic a l  geometry o f the model makes i t  ve ry  easy to  apply 

boundary c o n d itio n s . Since the magnitude o f  the  magnetic f ie ld  ' 

depends upon r  o n ly ,  the gra d ie n t d r i f t  is  in the  azim uthal d ire c t io n  

o n ly .  Since the f ie ld  lin e s  are s t r a ig h t ,  th e re  is  no cu rva tu re  

d r i f t  nor m irro r force  on the p a r t ic le s .  The m ir ro r in g  motion of 

p a r t ic le s  in the magnetosphere is  sim ulated by co n s id e rin g  the 

ionosphere as p e r fe c t ly  e la s t ic .  That is ,  p a r t ic le s  are re f le c te d  at 

z = +_ A w ith  no loss o f energy. The question o f  whether o r  not t h is  

model adequately represents the esse n tia l fe a tu re s o f any d if fu s io n  

processes tha t might be driven  by d r i f t  modes in the magnetosphere is 

best taken up a f te r  th is  sim ple model has been in v e s tig a te d .
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Chapter 3 

The D iffu s io n  Equation 

D if fu s io n  in the magnetosphere is  assumed to  re s u lt  from the plasma’ s 

in te ra c t io n  w ith  wave turbulence present in the plasma. The tu rbu lence  

in the plasma is assumed to  be weak enough th a t i t  can be tre a te d  as a 

pe rtu rb a tio n  e ffe c t  on the p a r t ic le 's  behavior in the absence of tu rb u le n ce . 

Changes in the phase space d e n s ity  o f p a r t ic le s  due to  p e rtu rb a tio n s  in 

the p a r t ic le 's  o rb its  can be expressed by means o f a d if fu s io n  equation 

in a manner s im ila r  to  th a t used by Birmingham, Northrop and Falthammar 

(1967). The actual wave turbu lence in the  magnetosphere is represented 

by a s t a t is t ic a l  model in which the phases o f the va rio u s F o u r ie r  com­

ponents o f the pe rtu rb a tio n  wave f ie ld s  are assumed to  va ry randomly w ith  

tim e . The phase space o r b it  o f a te s t  p a r t ic le  is  expressed in terms of 

the am plitudes and phases o f the pe rtu rb in g  wave f ie ld s  and the d if fu s io n  

c o e f f ic ie n ts  used in the d if fu s io n  equation can then be expressed in terms 

of the  random phase v a r ia b le s . A f in a l expression fo r  the  d if fu s io n  

c o e f f ic ie n ts  is obtained by ensemble averaging.

The d if fu s io n  equation w i l l  be developed r e s t r ic t in g  the d iscuss ion  

to  the magnetic f ie ld  of the model magnetosphere and e le c t r o s ta t ic  o s c i l ­

la t io n s . The development o f the equation which is  based on Birmingham, 

Northrop and FSIthammar (1967) is  o u tlin e d  here and the d e ta ils  are given 

in Appendix A - l I . F i r s t  the magnetic f ie ld ,  B ( r )  T ^ , is  expressed in the 

usual E u le r coord inates a and 3: B (r )  = Va x 73. The r e s t r ic t io n  th a t 

the m agnetic moment o f the p a r t ic le ,  u, be conserved is  used to  o b ta in  

the H am iltonian (see appendix A - l )

21
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s is  the  measure o f d istance along a f i e ld  l in e  from  a f ix e d  re fe re n ce  

p lane . The f ie ld  lin e  is g iven by the in te rs e c t io n  o f su rfa ce s o f 

constant a and 6 . pg is  the momentum co n jugate  to  s .  The c o n t in u it y  

equation in th e  phase space ( a ,3 ,s ,p s ,p ) f o r  the  d e n s ity  o f g u id in g  ce n te rs  Q

$  + 5 ^ ’ + & iSq> + & ,iQ> + s i K 5’ = 0

can be w r it te n  as a L io u v i l le  equation

i  32. + + c + n -  0
3t 3a e3S 3s Ps3ps

s in ce  a , 3 and s , pg are canonical v a r ia b le s  (see appendix A - l ) .

I f  Q, , a, e tc .  are considered as random v a r ia b le s , they can be

c o n v e n ie n tly  w r it te n  in the form x  = <x> + <5x. The b ra cke ts  < >

in d ic a te  the ensemble average and 6 the f lu c tu a t in g  p a rt  o f  the

v a r ia b le s . I f  the  p e rtu rb a tio n s  in the p a r t i c le ’ s phase space o r b i t s

du rin g  a tim e in te rv a l which is  less than o r  equal to  th e  c o r r e la t io n

tim e o f the  random process are assumed smal I compared to  th e  sca le

s iz e  o f the  average phase space d e n s ity  <Q>, i t  can be shown (see

appendix A - l I )  th a t  <Q> s a t is f ie s  a d if fu s io n  e q u a tio n :

4 4 4
3 <Q>  V • ° <Q> _ v V 3 /n 3 <Q>  *

vF £ <* i> Tx ~ "  “ ay v x  3x
i= l 1 3xi i= l j= l  3 x i X i Xj  3xj

where the n o ta tio n  x (=a; x2=3; x^=:

phase space co o rd in a te s . The d if fu s io n  c o e f f ic ie n t s  D are
i J

g iven  by the exp ress ion
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Dv . - < 1 ^' « i < « . 6 . s ,p s , t )

The unperturbed o r  zero o rd er o r b i t s  o f  the  p a r t ic le  in phase space 

as a fu n c tio n  o f the param eter t ' - t  = x which measures tim e "backwards" 

a long the o r b i t  are denoted by w .. The w. must s a t is f y  c e r ta in  

c o n d it io n s :

The n o ta tio n  w in d ica te s  d i f f e r e n f ia t  ion w ith  re sp e ct to  th e  tim e 

argum ent. S ince the f lu c tu a tio n s  6x can be expressed in terms o f 

the  Hami I ton i an ( f o r  examp I e , 6 a = -  J j y  -  j ^ <H> J the  d if fu s io n  

c o e f f ic ie n ts  can be expressed in terms o f  the  H a m ilto n ia n . Before 

proceeding w ith  the c a lc u la t io n  o f the  d if fu s io n  c o e f f ic ie n t s ,  a 

s t a t is t ic a l  model o f the  tu rb u len ce  must be developed.

Suppose we are co n s id e rin g  the in te ra c t io n  o f  a group of p a r t ic le s  

w ith  a coherent e le c t r o s ta t ic  plane wave o f wave length  X = 2m/k and 

frequency w. Suppose a lso  th a t the p a r t ic le s  have a v e lo c i t y  

d is t r ib u t io n  g (v )  and g(to/k) i 0 . ' Then some o f the  p a r t ic le s  w i l l  

undergo s u b s ta n tia l tx3  d r i f t s  since' they see the wave as an alm ost 

con stan t e le c t r ic  f ie ld .  A f te r  a tim e T , the  number o f  p a r t ic le s  

th a t  undergo a su b s ta n tia l d r i f t  is  ro u gh ly  g(oi/k) X/J. So the 

number o f  p a r t ic le s  th a t  see the wave as constant becomes a r b i t r a r i l y  

sm all a f t e r  a s u f f ic ie n t l y  long tim e . As a r e s u lt  e s s e n t ia l ly  no 

p a r t ic le s ,  on the average, are tra n sp o rte d  by the wave. Turbu lence 

e f f e c t iv e ly  puts an upper l im it  Tc on T , so th a t  even f o r  long tim es
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a group o f rough ly  g (^0 j ~  p a r t ic le s  in te ra c ts  w ith  the wave and is  
c

tra n sp orted  by i t .  T h is  e f fe c t  can be reproduced by us ing a s t a t is t ic a l  

model to  represent the tu rbu lence. A common p ra c tic e  is  to  assume th a t  

the  phase of the wave is  changing randomly. An example o f  a 

rep re se n ta tio n  of turbulence w ith  a random wave phase s t a t is t ic a l  

model is  g iven in a d iscussion o f plasma heating  by s to c h a s tic  e le c t r ic  

f ie ld s  by P uri (1966). Puri assumes th a t the wave phase can change 

by an a r b it r a r y  amount a t in te rv a ls  o f tim e which are randomly 

d is t r ib u te d . The s ta t is t ic a l  model employed here wi I I be s im ila r  in 

th a t the wave phase w i l l  be considered a random v a r ia b le  but the  phase 

w i l l  be assumed to  change on ly  a smalI amount in a smalI tim e .

I t  w i l l  be shown la te r  th a t the e le c t r ic  p o te n tia l a ssocia ted  w ith  

the e le c t r o s ta t ic  flu c tu a tio n s  in the model magnetosphere can be 

w r it te n  as

$ ( r , 0 , z , t )  = £ A (£ ,m ,n ,r) exp i (wt+jt,0-kz+i{i(ll,m,n) ) 3-1
£,m,n

k = ^  ' s The p a ra lle l wave number, o = u)(£,m,n) is the  wave frequency 

and i|i(2,,mf n) is  the  phase o f the wave. I t  is  convenient to  in troduce 

the shorthand nota tion

£ f ( U  and g (L ) fo r £ f(£ ,m ,n ) and g(£ ,m ,n)
L £,m,n

The phase 4i(L) is  considered a random v a r ia b le . The random process can be 

com plete ly  described by g iv in g  e x p l ic i t  expressions f o r  the  h ie ra rch y  o f 

p ro b a b i l i ty  d is t r ib u tio n s

W (* ,( ! ) ,< » ,  (2) ,111,(3) •••t( ; i|i2 <l),i|i2 (2 ) ,* 2 ( 3 ) - - - t 2; 

♦n ( l ) , * n (2 ) ,* n( 3 ) - + n )
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(see Wang and Uhlenbeck, 1945 as a general re fe re n c e ). Again i t  is 

'co n ve n ie n t to  in troduce a sh ort hand n ota tion  and w i l l  be used to  denote

«  ( I ) , 4 (2 );*  (3) ( » )m m m m

I t  w i l l  be assumed, as is  usual, th a t the e n t ire  process is  

s ta t io n a ry  and M arkoff. So the h e ira rch y  of p r o b a b i l i t y  d e n s it ie s  

can be expressed in terms of the second o rd e r p r o b a b i l i t y  d e n s ity

|»11 ; Rt/2 , t 2) .  A ls o , i t  is  assumed th a t the second o rd er 

p ro b a b i l i ty  d e n s ity  fo r  the whole process can be w r it te n  as a product 

o f the  second o rd e r p ro b a b il ity  d e n s it ie s  fo r  in d iv id u a l wave 

components:

W2 (R ^|, t |; R<|>2 , t 2) = 7T W2 ( iji j ( i ) ,  t ! ;^ 2 ( i ) , t 2) 3-2

W2 (i|i|( L ) , t 1;^ 2 C L ) , t 2 )di|i|(L) dif»2 ( L ) is the p ro b a b il i ty  th a t the phase o f 

the  component has a value between tpj ( L) and ij>| (L)+d<i>| (L ) a t the time 

t j  and a value between anc* 0 2 ^-)+diJJ2 (L ) "*"'me ^2 ' P h y s ic a lly

the assumption 3-2 means the p a r t ic le s  see the phase o f each component 

independently o f any o th e r . Let i|)|,^2» ’ denote th e  phase angles 

o f any p a r t ic u la r  component at t| »+2’ "iV  ‘ * r e s p e c t iv e ly .  Then i t  

fo llo w s  from assumption 3-2 and the assumption th a t th e  e n t ire  

process is  M arkoff th a t the process fo r  an in d iv id u a l wave component is  

a lso  M arkoff, sin ce

W3(W  W  W  = / W3 (R ^|, t |;R^2 , t 2 ;R ^3 , t 3)

= /  W2 <R^j , t j  ;R 02 , t 2 )P2 (R^2 , t 2 | R4»3 ,+ 3 )

-  W2 |>t | ;^ 2 *^7 ) ?2 (^2 ' t 2 I ^3*^3  ̂

where / denotes in te g ra tio n  over the phase v a r ia b le s  o f a l l  

components except | *^2*^3 anc* ‘ s second o rd e r c o n d itio n a l
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p r o b a b il i t y  d e n s ity . P(ipj ,t|  | , t ^ ) dip0 is  the p r o b a b il ity  th a t the

phase has a va lue between ^  2nd ij>2+dij;2 a t tim e t^  g iven  th a t the  . 

phase had the vaI ue ^  a t tim e t^ . A sim i I ar re la t io n  hoi ds fo r  a l l  

Wn (ip j ,t|  • • •'!;n» t n ) and thus the e n t ire  h e ira rch y  of p ro b a b i l i ty  

d e n s it ie s  fo r  an in d iv id u a l wave component can be expressed in terms o f 

W2 ^ |  anc* so " ^ e Process ' s M arko ff. The e n t ire  process can

be described once the second o rder co n d itio n a l p ro b a b il ity  d e n s ity  

P 2 ^ \  » + | is  9 'ven* Si nee W2 (^ 1 , t ( ;^ 2 , t 2) is  M arko ff, P2 <’J»| , t j  ;<p2

must s a t is f y  the Smoluchowski equation as w e ll as the c o n d itio n

P2Clf,| '  + | i^ 2»t*2 ) ■v ° (^2" ^ | ) as V ” + l 3-3

I f  i t  is  assumed th a t in a time in te rv a l o f length 6t  the phase 

can change by o n ly  0 o r  + A then the Smoluchowski equation becomes 

a fa m il ia r  p a r t ia l d if fe r e n t ia l  equation (Wang and Uhlenbeck, 1945)

9T P2(V  + | I W  = D ~ 2  P2( ^ 1 *+ 1 I V V

A 2where t  = t 2~ tj and ¥ = ^2~>l'| ana D is g iven  by Lim
A->0
6t-HD

The s o lu t io n  to  the above equation which s a t is f ie s  co n d itio n  3 -3 is
1 12

P t  | * t  ) = --------------[72 - exp -  3-4
/ l i  2 z ( 47i[>f) 4UT

Equation 3-4 is  sometimes c a lle d  the random walk d is t r ib u t io n

because the s o lu t io n  to  the random walk problem in which a step o f

f ix e d  s iz e  is  taken a t f ix e d  in te rv a ls  o f tim e goes o ve r in to  3-4 in

the continuous case. Using the random w alk as an ana logy, the

phase is  considered to  change by Aip every step and each step occurs
, ( A^) 2v-

e ve ry  I/ k seconds and D = -------^—  . So k w i l l  be c a lle d  the dephasing

frequency and is  an in d ic a to r  o f the stre n gth  o f  the  tu rb u le n ce .
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Wj (i!>| , + | )d£| is  the  p r o b a b il i t y  th a t  th e  phase has a va lu e  between 

and ipj+dipj a t  tim e t ( . I f  the phase is  e v e n ly  d is t r ib u te d  between 

0 and 2m

W | ( j , t  j ) = I /2m 

and W2 ( ^ j , t |;^ 2 , t 2) = Wj (ifr, , t ,  JP ^ * , , t ,  | i|»2 , t 2>

= ---------  I---------- exp -------^ L -  3-5
(2m)J/ A<»/et 2(Ai|») <t

In the  exp ress ion  3-5 th e  phase a t t 2 can have any va lu e  between

- »  and °°. U s u a lly  the phase angle  o f a wave is  r e s t r ic te d  between

0 and 2m. An exp ress ion  fo r  W2 which is  a p p ro p r ia te  f o r  t h is

r e s t r ic t io n  is  00

W W V  = --------- 3/2' y  e><P " ( ^+2niT2- 3-6
2 1 1 z 2 (2m) A^/tet 2<t(A\[»)

When ensemble averaging the exp ress ion  3-5 is  more con ven ien t to  use 

and g iv e s  the same re s u lts  as 3-6 as long as th e  in te g ra t io n  o ve r 

11>2 is  c a r r ie d  o u t before  the in te g ra t io n  o v e r ip( . U s in g  3-5 and 3-2 

the second o rd e r p r o b a b i l i t y  d e n s ity  fo r  the  e n t ir e  process can be 

w r it te n

¥ R t  t  S4  t  ) '  7T  . o ( - ( » 2 a ) - V L » W c L > . ( L > »
2 1 1 2 2  (2m) L A<J;(L)/ k  ( L ) t

3-7

The d if fu s io n  c o e f f ic ie n t  D fo r  th e  model magnetosphere can

now be c a lc u la te d  using 3-7 as the p r o b a b il i t y  d e n s ity  fo r  the ensemble.

The d e ta i ls  o f the c a lc u la t io n  are g iven  in appendix A - l I  I .  For

p a r t ic le s  whose bounce period s are  somewhat la rg e r  than the in ve rs e

o f the dephasing frequency the d if fu s io n  c o e f f ic ie n t  D can beaa
w r it te n  fo r  a steady s ta te  s o lu t io n  as (see eq u a tio n  A - l 1 1-18)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28

Daa = J~  ̂ * 2 |C ( £ ,m , n , c x )  j 2 G U , m , n , v „ , s )
' £ ,m , n

3-8

'T h e  c o e f f ic ie n ts  C (£ ,m ,n ,e ) are the F o u r ie r  c o e f f ic ie n t s  o f the 

e le c t r ic  p o te n t ia l defined by

<J>(a,B,s,t) = £ C (£ ,m ,n ,a ) expi (w t+^B-kstij;)

The G (£ ,m ,n ,v „ ,s ) 's  are com plicated fu n c tio n s  o f  the  in i t i a l  c o n d itio n s  

o f th e  p a r t ic le .  The p o s it io n  o f a p a r t ic le  on a f ie ld  l in e  is  an 

im portant fa c to r  in the d if fu s io n  c o e f f ic ie n t  because the p a r t ic le  w i l l  

see an abrupt change in the  phase o f the wave when i t  r e f le c ts  from 

the end p la te s  in the model. A ls o , s in ce  th e  dephasing

frequency is  assumed to  be h ig h e r than the bounce fre q u e n cy, the 

p a r t ic le  w i l l  have "seen" the  wave a t a l l  phase ang les in a few bounce 

p e rio d s . Thus the f i r s t  one o r  two bounces o f the  p a r t ic le  w i l l  make 

the la rg e s t  c o n tr ib u t io n  to  the  d if fu s io n  c o e f f ic ie n t .  G (£ ,m ,n ,v „ ,s ) 

is  g iven  bv

where T = 2A/|v„| is  the  p a r t ic le 's  bounce p e r io d , t Q = A /| v „| -s / v „  

is  the  tim e to  the f i r s t  r e f le c t io n  o f the  p a r t ic le  from the ionosphere, 

and
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£,m,n

a>+ (£ ,m ,n ) = u)(£,m,n) + £,<ojp(a)> + kv„ 

u)_U ,m ,n ) = u>(£,m,n) + £<ujD(a)>  -  kv„



The dephasing frequency k and the phase change Aip have been w r it te n  

so th a t they can be d if fe re n t  fo r  each wave component. Equation 3-8 

is  g iven  under the  assumption th a t K?U ,m ,n ) > T_ l fo r  al I £ ,m ,n.

The d if fu s io n  c o e ff ic ie n ts  can be expressed in terms o f the  

am plitude o f the flu c tu a tio n s  o f the p o te n tia l on the magnetopause 

once the e le c t r ic  po te n tia l in the model magnetosphere is  c a lc u la te d . 

The c a lc u la t io n  o f the e le c t r ic  p o te n tia l w i l l  be the su b je c t o f 

the next few chap ters.
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CHAPTER 4

DRIFT MODES IN THE MODEL MAGNETOSPHERE

The th e o re tic a l in v e s tig a t io n  o f e le c t r o s ta t ic  o s c i l la t io n s  in

plasmas w ith number end temperature gra d ie n ts  has been developed to

the po in t where general magnetic c o n fig u ra tio n s  can be tre a te d  (K ra i I

and Rosenbluth, 1965; R utherford and Friem an, 1968). The sim ple magnetic

f ie ld  c o n fig u ra tio n  used in the model magnetosphere a llo w s  a d if fe r e n t ia l

equation fo r  the e le c t r ic  p o te n tia l to  be developed w ith o u t re s o r t in g  to

th e  procedures used in the co n sid e ra tion  o f general f ie ld  c o n f ig u ra t io n s .

A d if fe r e n t ia l  equation fo r  the p o te n tia l associated w ith  e le c t r o s ta t ic

o s c i l la t io n s  in a c y l in d r ic a l  plasma column w ith  an a x ia l ,  a z im u th a lly

symmetric constant magnetic f ie ld  has been developed by S w ift  (1967).

The method used by S w ift  to  develop the equation can be e a s i ly  m odified

under ce rta in  r e s t r ic t io n s  to  a llow  fo r  the magnitude o f  the f ie ld  to

be a function o f ra d iu s . The development o f the d if fe r e n t ia l  equation

f o r  the e le c t r ic  p o te n tia l and the assumptions under which i t  is  derived

are g iven in Appendix 3 -1 . '

A d if fe r e n t ia l  equation fo r  the e le c t r ic  p o te n t ia l,  4>, is  derived

by so lv in g  the col I is io n le s s  V lasov equation and P o iss o n 's  eq u a tio n .

The term con ta in in g  the e le c t r ic  f ie ld  in the V lasov equation is  tre a te d

as a p e rtu rb a tio n . The p e rtu rb a tio n  e le c t r ic  f ie ld  is  assumed to  be

e le c tro s ta t ic  in nature and thus a r is e s  from a p o te n tia l determined

by Poisson's equation. The electrostatic.acceleration 2. |v$| is
m 1 1 . .

considered to  be small compared to  the Lorentz a cc e le ra tio n  ^  I^ xeT) .
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The e le c t r ic  p o te n tia l is  assumed to  va ry on a sca le  s iz e  la rg e r  than the 

ion gy ro ra d iu s  so th a t the expansion o f equation B - l-6 is  v a l id .  The 

in f la t io n  o f the magnetic f ie ld  caused by the diam agnetic c u rre n t a r is in g  

from the g ra d ie n ts  in the plasma is ignored. The wave frequency is

assumed to  be between the ion gyrofrequency and fca>D U  is  the  azim uthal

wave number and is  the azim uthal d r i f t  frequency o f th e  io n s ) . The

e le c t r ic  p o te n tia l is  expressed as

< t(r ,6 , z , t )  - I f dw A(8, ,m ,r,w ) exp i (u t+ AS -kz) 4-1

Since the ionosphere of the  model magnetosphere is  represented by a
urn

p e r fe c t ly  conducting d isk  a t z = +A, k can be w r it te n  as 2 A (where 

m is  an in te g e r ) .

Before g iv in g  the d if fe r e n t ia l  equation which determines <J>, a 

d iscuss ion  o f the n o ta tion  used is  h e lp fu l in understanding the 

e quation . The s u b s crip t i w i l l  be used to  denote the p a r t ic le  species 

( i= l  fo r  ions and i=2 fo r  e le c tro n s ) . The s u b s c rip t j  w i l l  be used 

to  denote whether the v a r ia b le  re fe rs  to  the r in g  c u rre n t plasma 

o r  the plasmasphere plasma ( j= l denotes the plasmasphere and j =2 

denotes the r in g  c u r re n t) . The zero o rd e r o r unperturbed number

2
d e n s ity  w i l l  be denoted by n . and it s  d e r iv a t iv e  w ith  resp ect to  r  

Is  denoted by n ^ .. A graph o f the unperturbed number d e n s it ie s  fo r  

the plasmasphere and the r in g  cu rre n t as a fu n c tio n  o f rad ius is  

g iven in f ig u re  2.1. The v e lo c it y  space d is t r ib u t io n  o f both the 

plasmasphere and r in g  cu rren t plasmas is  assumed to  be M axw e llian .

The plasmas are a llow ed to  have d if fe r e n t  tem peratures p a ra lle l and 

p erp en d icu la r to  the magnetic f ie ld .  The p a ra lle l tem perature o f
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the plasma is  denoted by T „ . j  and the p e rp e n d icu la r tem perature  is  

g iven  by TA j j .  The p a ra lle l thermal v e lo c i t ie s  o f  th e  p a r t ic le s  w i l l  

be g iven  by V ^ j . The charge, the s ig n  o f  the  ch arg e , the  mass and the

. 2
t i v e l y .  <pj> denotes the ion g y ro ra d iu s  and <coD>.^. denotes th e  azim utha l

m * k, Tj_. . j □
d r i f t  frequency o f the p a r t ic le s  (<cur.>. . = e .  —  where kL

M X H D . j  , 2 rB 2 d r b

denotes Bo ltzm ann's c o n sta n t). The r a t io  o f  the  p a ra ll.e l phase 

v e lo c i t y  o f  the  wave to  the p a ra l le l  thermal ion v e lo c i t y  is  an

the plasma d is p e rs io n  fu n ctio n  a n a ly t ic a l ly  contin ued  from th e  lower 

h a lf  o f the  complex to plane.

The d i f f e r e n t ia l  equation fo r  the e le c t r ic  p o te n t ia l w ith  

T „ j j  = T j j j  = T . j  is  g iven  by equation 4 -2 . The eq u a tion  a p p ro p ria te  

fo r  T „ j j  f T j j j  is  g iven by equation B - l -1 2.

I d dr- - -  A U ,r  d r  d r ’l,m ,r,to) = |~2  +  DTrjjj = U (r )A (i .,m ,r ,to )

0 n 2Jie.n'. £<ton>. .
N(r> = k2 ♦ 4 « 2 I  I { (Z (5 ) + - J L U - Z 'U  > )

I J  t I I J  J  I J  J

n . £<to >. .

w ’J 4-2

b ij

2!UV i i  1
W ’j

gyro fre qu en cy o f  the p a r t ic le s  are g iven  by e , e . ,  m ., and n . ,  re sp e c -
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Equation 4-2 can be put in the  form o f  a fa m il ia r  d i f f e r e n t ia l  e quation , 

the  S ch rod in g er equation , by the  tra n sfo rm a tio n  r  —> eX . The s in g u la r i t y  

in equation  4-2 a t r  = 0 is  removed to  - »  by the  tra n s fo rm a tio n  and 

4-2 becomes

H2 2 _
{2 -_  -  (z + U(x)>  } A( £,m,<jj,x) = 0 4-3

dx

— N ( e X) H _
where U (x ) = ------------ e . I f  —  I n U (x ) is  smal I f o r  al I x ,  th e  W.K.B.

D(e ) dX .
o r  s h o r t  wave length app roxim ation  may be used to  s o lv e  4 -3 . The

s o lu t io n s  to  equation 4 -3  ob ta ined  by us ing the W .K.B. method and a

b r ie f  d iscu ss io n  o f t h e i r  beh a v io r when Qil2 + U (x )3  changes phase o r

goes through ze ro  is  g iven  in appendix B - l I .  The s o lu t io n s  to  4-2

obta ine d  by us ing the s h o rt  wave length app roxim ation  have th e  form

' A (J l,m ,r,w ) = AQ(Jl,m,(o) exp J  q d r 4-4

where q^ = - U ( r ) .  Equation 4-4 a c tu a lly  g ive s  two s o lu t io n s  to  4-2

s in ce  the phase o f a has two v a lu e s . .

The b eh avio r of the  s o lu t io n s  to  equation 4-2 is  determ ined by

the b e h a v io r o f U ( r ) .  The v a r ia t io n s  in U ( r )  f o r  a g ive n  Z and m

are determ ined m ainly by the changes in nQ and n^. Except f o r  the

in n e r edge o f the  r in g  c u rre n t and a t the plasmapause ng and ng change 

s ig n i f ic a n t l y  o n ly  over d istances on the o rd e r o f  I Rg . In the  d e r iv a t io n  

o f equation 4-2 i t  was assumed th a t the wavelength o f  the  s o lu t io n

was seve ra l tim es la rg e r  than the ion g y ro ra d iu s . In the magnetosphere

near th e  magnetopause the ion g y ro ra d iu s  can be as la rg e  as .02 Rg .

S ince in  the s h o rt  wave length approxim ation $ is  assumed to  va ry  

more ra p id ly  than U (r )  the s o lu t io n s  to  equation 4-2 can be expected 

to  have wave lengths in the range o f about .05 to  .5 Rg .
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A study o f the behavior o f U ( r )  is  f a c i l i t a t e d  by w r i t in g  U (r )  =

A+iB where A and B are real fu n c tio n s  o f r .  The fu n c tio n  q ( r )  =

I /2 '( —U ( r ) )  can be w r it te n  as q = C+iD (where C and D are a lso  real

fu n c tio n s  o f r )  and

C = ( A 2+B2 -  A ) 1/2 ; D =  T T ^  T77 4-5
72  / 2 ( A ^ -  A )172

F ra c tio n a l powers of p o s it iv e  rea l q u a n t it ie s  are taken to  be p o s it iv e .  

The s ig n  n o ta tion  means th a t i f  the p lus s ign  is  chosen fo r  C , then 

the minus s ig n  must be used f o r  D and v ic e  ve rsa . From the form o f 

the s o lu t io n s  given by equation 4 -4 , i t  is  apparent th a t  C determines 

the ra d ia l wavelength o f  the s o lu t io n s  and D determ ines the "s k in  

depth" o r  ra d ia l damping fa c to r .

From equation 4 -2 , i t  can be seen th a t fo r  sm all va lues o f SL and

V12
the  magnitude of U is  roughly

T "22  <p2>

in the frequency range 0 < w < 10 k V j. 

requirem ent th a t the sca le  s iz e  o f  $ be la rg e r  than an ion g y ro ra d iu s , 

<p.>, (so th a t equation 4-2 is  a v a lid  d e s c r ip t io n  o f the  b ehavio r o f 

the  p o te n t ia l)  £, m and oj must be va rie d  so th a t the  magnitude o f  U 

is  small enough th a t C and D, as g iven  by equation 4—5, s a t is f y  the  

requirem ents C<p.> <_ I and D<p.> I .  T h is  im p lies th a t  an SL, m and 

u must be chosen such th a t U (r )  = 0 a t ,  say rQ, so th a t  h o p e fu lly  

C<p.> and D<p.> w i l l  be less than I fo r  a wide range o f r  about r  .
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Thus i t  is  d e s ira b le  to  know which values o f  £, m and w g iv e  U a value

of zero at a given r  and how the magnitude o f  U changes as r  is  v a r ie d .

A lso  from equation 4-2 i t  can be seen th a t ,  fo r  k2 small enough th a t

i.t is  n e g lig ib le  in the  express ion fo r  N ( r ) ,  the fu n c tio n s  N (r )  and

D (r) have the same values a t £, m, to and n£, nm, no) (where n is  some 

. 2 2in te ge r small enough th a t n k is  s t i l l  n e g l ig ib le  compared to  the

o th e r terms o f N C r)) . So, i f  a t some r  = r  , U has a zero  fo r  £ = £ ,o ' t o '

m = rn , and to = to then i t  a lso  has a ze ro  a t  n£ . nm , nio as lonq

n2£2 N (ro ) ° ° °
a s — i s n e g lig ib le  in comparison w ith  ^   ̂ .

r  r °
Tt is not always po s s ib le  to  chose an £, m and to such th a t  fo r

the lm(to)=0 , U (r )  = 0 a t a g iven r  s in ce  £, m and to are lim ite d  by the

assumptions made in d e r iv in g  equation 4 -2 . The l im ita t io n s  on £ a r is e

from the requirement th a t the pe rp e n d icu la r wave length  be la rg e r

than the ion gyro rad iu s and 2'<Wp> < to. The p e rp e n d icu la r wave number
I

is  kx = — so the r e s t r ic t io n  ki <p.> < I puts an upper l im it  on the

magnitude o f £. For small values o f k ( i . e .  la rge  values o f A and

2 2 2small values o f m) the requirem ent to >> £ <tOp> can be more r e s t r ic t iv e
. £

on £ than the requirement — < I -  For a g iven  k and a f ix e d

p a ra lle l ion temperature ? is  lim ite d  by the requirem ent th a t

2 2to «  ft. ( th is  is  a necessary r e s t r ic t io n  on the wave frequency i f

the magnetic moment is  to  be conserved ). S ince ? = - j^ - t h is  requirem ent 

2 2becomes x, << (fi.kV ) . So the la rg e s t va lue o f t, f o r  which U is  

in ve s tiga te d  depends upon the magnitude o f k. A lower l im it  is  put 

on k by the value chosen fo r  2A which is  the  d ista n ce  between the 

ionospheres in the model magnetosphere. 2A should be a c h a ra c te r is t ic
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f ie ld  l in e  length fo r  the magnetosphere and thus is  a d i f f i c u l t  param eter 

to  choose.

S o lu tio n s  to  equation 4-2 which s a t is f y  the assumptions made in 

d e r iv in g  i t  are sought by look ing  fo r  zeros o f U a t f ix e d  va lues o f 

r .  The re s t r ic t io n s  on the parameters I, m and oi l im it  the  re g io n  o f 

parameter space which must be in ve s tig a te d  in a ttem pting to  f in d  a ze ro  

o f U. The methods used to  fin d  the  zeros o f U and the be h a v io r o f 

U as a fu n c tio n  o f r ,  £, m, w are discussed in the next ch ap te r.
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CHAPTER 5 

The S o lu t io n s

The d if fu s io n  of protons in the magnetosphere by e le c t r o s t a t ic  

waves re q u ire s  th a t the  e le c t r ic  p o te n tia l g ive n  by the s o lu t io n s  

to  equation 4-2 y ie ld  s u b s ta n tia l e le c t r ic  f ie ld s  th roughout most 

o f the  r in g  c u rre n t re g io n . Using the W.K.B. s o lu t io n s  to  equation  

4-2 th is  re q u ire s  th a t D (th e  im aginary p a rt o f  q ( r ) )  be sm all (on 

the o rd e r o f  I/severa l ea rth  r a d i i ) .  From eq u ation  4-5 i t  can be 

seen th a t  the  requirem ent th a t D be sm all can be met by making both 

A , the  R e ( - U ( r ) ) f and B, the lm ( -U ( r ) ) ,  s m a ll; o r  B sm all and A 

n e ga tive . The d i f fe r e n t ia l  equation 4-2 is  an adequate d e s c r ip t io n  

o f the e le c t r ic  p o te n tia l o n ly  i f  the p o te n t ia l has p e rp e n d icu la r 

wave lengths., in  both the  azim uthal and ra d ia l d i r e c t io n s ,  se ve ra l 

tim es la rg e r  than the ion g y ro ra d iu s . Thus both A and B must be 

small enough to  s a t is f y  th is  requirem ent. As d iscussed  a t th e  end 

o f Chapter 4, the most l ik e ly  reg ions o f th e  com plex frequency 

plane in which the p o te n tia l is  adequately d escribe d  by equation  

4-2 is  near the  zeros o f U ( r ) .  For these reasons , i t  is  necessary 

to  fin d  values of the parameters u , k = and £ fo r  which U ( r )  

is  ze ro .

S ince U (r )  is  such a com plicated fu n c tio n  o f  r ,  to, I, and m 

(see equation 4 -2) a computer program was used to  f in d  the  ze ros 

o f U. A ze ro  o f  U is  sought in the complex ze ta  (c = ) plane a t

f ix e d  va lues o f r ,  I, and m by v a ry in g  the va lu e  o f to. The program 

is  designed to  te s t  th e  va lues o f U a t p o in ts  o f  a g r id  se t up to  

cover a c e r ta in  range o f the complex zeta  p la n e . S ince the magnitude
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o f U can va ry  c o n s id e ra b ly  in the  ze ta  p lane , the  method used to  f in d  

a ze ro  o f U was to  look fo r  a s im ultaneous s ig n  change in both the 

rea l and im aginary p a rts  o f  U from one g r id  p o in t to  the  n e x t. When 

a sim ultaneous s ig n  change is  detected f o r  some reg ion  o f  the  zeta  

p la n e , the  g r id  is  sca led  down to  the s iz e  o f an o r ig in a l g r id  

square and the area o f the  ze ta  plane where th e  s ig n  change was 

detected is  searched using t h is  s m a lle r g r id .  The process can be 

repeated u n t il  the ze ro  o f U is  located to  w ith in  any d e s ire d  accu racy. 

Once a ze ro  of U is  found fo r  a p a r t ic u la r  va lu e  o f  the  wave frequency 

the  b e h a v io r o f U as a fu n c tio n  o f r  is  ob ta ine d  by us ing another 

program . The d e ta i ls  o f the computer program s, em ploying an e xp on en tia l 

number d e n s ity  model fo r  the  r in g  c u rre n t  and th e  e xp re ss io n  fo r  U ( r )  

g iven  by equation B—1—12, a re  g iven  in  appendix C.

The s o lu t io n s  to  equation 4-2 depend upon th e  rea l and im aginary 

p a r t s ’o f the wave freq u en cy. The d if fu s io n  process in th e  magnetosphere 

is  hypothesized to  be a steady s ta te  ( in  tim e ) process . The p o te n tia l 

f lu c tu a t io n s  at th e  magnetopause are assumed t o  be the energy source 

fo r  the process and w i l l  be denoted by 4 > g (0 ,z ,t) . Thus the  i n i t i a l  

c o n d itio n s  of the problem w i i l  not be im portant and the s o lu t io n s  to

4-2 which are o f in te re s t  w i l l  be those w ith  p u re ly  rea l freq u en cy. 

Equation 4-2 has two s o lu t io n s  which can be c a te g o r iz e d  as grow ing 

and deca y in g . The decaying s o lu t io n  has been chosen as the prop er 

• s o lu t io n  f o r  two reasons. F i r s t ,  s in ce  the plasmasphere is  a co ld  

dense plasma i t  can be expected to  a c t l ik e  a good conductor and the 

e le c t r ic  f ie ld  should decay as the plasmapause is  c rossed . Second
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the decaying s o lu t io n  a lso  y ie ld s  a decrease in the wave energy f lu x

as r  decreases, which is c o n s is te n t w ith  the energy source fo r  the

process being a t the magnetopause. The boundary c o n d itio n  imposed

upon the s o lu t io n  is

<5>(r=r , 0, z , t )  = $ ( 0 , z , t )  m B

where r^  denotes the p o s itio n  o f the magnetopause. W ritin g

= J  / doi B(£,m,a)) exp i (o t+Jl'Q -m 'irz/ZA)
2,1 ,m'

th is  re q u ire s , using the exp ress ion  fo r  < i> (r,9 ,z ,t) from equation 4 -1 ,

th a t A ( r m, 2.,m,io) = B Q ,m ,u j). Using the W.K.B. s o lu t io n s  g iven  by

equation 4 -4 , t h is  requirement becomes

A (£,m,co) — 7—r;— r- = B(£.m,aj) o '  r  v q (r  ) '  'm  ̂ m

where the in te g ra l in the s o lu t io n s  has been w r it te n  
r

/ q ( r )d r  = / m q ( r )d r  .
• r  r

So
r  v'qCr ) r

A (£ ,m ,o j,r) = B(£,m ,u) -2  exp i / m q ( r ) d r
r»/q ( r )  r

where B(£,m,to) is the F o u r ie r  c o e f f ic ie n t  of the boundary f lu c tu a tio n s .

The f i r s t  attempt to  fin d  c a v it y  modes th a t e x is t  in the model 

magnetosphere was made using the exponentia l model o f  the r in g  c u rre n t 

number d e n s ity  as shown in F igure  5.9 and T , ^  = T± 22 = 

f ie ld  l in e  length (2A) and the behavior o f  the magnetic f ie ld  magnitude 

as a fu n c tio n  o f  r  are discussed below. In d e r iv in g  the equations th a t  

govern p a r t ic le  motion in the magnetosphere, the e f f e c t  o f  the p a r t ic le  cu rren ts  

on the s t a t ic  permanent magnetic f ie ld  were ignored . A c tu a l ly ,  o f  course ,
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the number grad ients and tem perature g ra d ie n ts  in the plasma c reate  

diam agnetic currents which tend to  in f la te  the geomagnetic f i e ld .  -The 

e f fe c t  o f  f ie ld  in f la t io n  and boundary cu rre n ts  on the geomagnetic 

f ie ld  is  to  change the dependence o f the magnetic f ie ld  magnitude

3 2from l/ r  fo r  a d ip o le  f ie ld  to  something more l ik e  I / r  in the  r in g

c u rre n t region of the magnetosphere (see f ig u re  5 .1 ) . In the fo llo w in g
2

c a lc u la t io n s  the magnetic f ie ld  magnitude was chosen to  va ry  as l/ r  .

The f ie ld  a t the magnetopause was taken to  be 100 gamma ( I0 - ^ gauss).

The f ie ld  lin e  length o f a d ip o le  f ie ld  lin e  is  about 3.5 tim es

the eq u a to ria l c ross ing  d ista n ce . So at the lo c a tio n  o f the maximum

number d e n s ity  of r in g  cu rre n t p a r t ic le s  (6  FM  a d ip o le  f ie ld  lin e

has a length of about 21 Rg and a t the magnetopause (10 Rg ) the  f ie ld

lin e  has a length of about 35 R . Since the geom agnetic f ie ld

devia tes from a d ip o le  f i e ld ,  the maximum f ie ld  l in e  length is

probably somewhat la rg e r than 35 Rg and w i l l  a r b i t r a r i l y  be chosen

to  be 50 R . Thus the minimum value of k = ^  is  10 cm ' f o r  m=l. e 2 A

For the magnetic f ie ld  used in the c a lc u la t io n s  the la rg e s t ion 

gy ro ra d iu s  occurs at the magnetopause and is  1.34 x 10  ̂ cm. So, in 

o rd e r fo r  the azimuthal wave length ( -£ —) to  be s u f f ic ie n t l y  la rg e r  

than the ion gyro rad ius a t the magnetopause, I must be less than 10^. 

S ince the perp end icu lar tem perature o f the plasma is  taken to  be 

independent o f r ,  the azim uthal d r i f t  frequency o f the p a r t ic le s  

= G i "  y ?B Hr- * ' S ' nciePenden"t’ °'f r  f° r  a magnetic f ie ld  w ith  

a l/ r^  dependence. The azim uthal d r i f t  frequency fo r  r in g curre n t  

protons w ith  v e lo c it ie s  equal to  the thermal v e lo c i t y  ( y  — ------ ) is
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F ig u re  5.1 The magnitude o f the magnetic f ie ld  o f the
2

model magnetosphere is  taken to  va ry  as l/ r  ra th e r than 

l/ r^  (as fo r  a d ip o le  f ie ld  m agnitude). T h is  f ig u re  

i l lu s t r a t e s  th a t in the rin g  cu rre n t region o f the  magne+o-
2

sphere the magnetic f ie ld  does behave more lik e  l/ r  than 

l/ r ^ .  The measured f ie ld  was obtained from a s a t e l l i t e  

pass almost a long the earth -sun lin e  (a f te r  Freeman, 1964).
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4.28 x I0-5 Hz, The sm a lle st ion gyro fre quency occurs  a t  the

magnetopause and is  9.6 Hz.

The re s u lts  o f the c a lc u la t io n s  fo r  an exp o n e n tia l number d e n s ity

in d ic a te  th a t  no s o lu t io n s  e x is t  to  equation 4-2 which have s u b s ta n tia l

e le c t r ic  f ie ld s  throughout the r in g  c u rre n t reg ion  o f th e  magnetosphere. 

-9For example w i t h m = 5 ( k = . 5 x l 0  ) the fu n c tio n  U ( r )  does not have

any zeros f o r  6 R  < r  < 10 R , £ < I0"5 and u rea l (£<oi > < w < 0 . ) .
' e e d i

The va lues o f U ( r )  and q ( r )  shown fo r  I = - I  and c = 1.6 in f ig u re  5.2 

are t y p ic a l  o f the  b eh avio r o f these fu n c tio n s  in the  r in g  c u rre n t 

reg ion  o f  the  magnetosphere. I f  i t  is  assumed th a t  equation  4-2 

c o r r e c t ly  d escribe s the e le c t r ic  p o te n tia l in  the m agnetosphere, then

t h is  means the r in g  c u rre n t plasma acts as a ve ry  good conductor fo r

waves o f t h is  frequency and wave len g th . However, the  assumptions 

made in  d e r iv in g  the  equation are not s a t is f ie d  in t h is  case. Thus 

i t  can o n ly  be concluded th a t  no s o lu t io n s  w ith  p e rp e n d icu la r wave 

lengths la rg e r  than the ion g y ro ra d iu s  e x is t  fo r  these  param eter 

va lu e s.

A ze ro  o f U can be found fo r  rea l values o f the  frequency w ith  

m = I .  The ze ros o f U occur near the  magnetopause and an example is 

shown in f ig u re  5 .3 . The d i f f e r e n t ia l  equation 4-2 adequ ate ly  

describe s the  beh a v io r o f the  p o te n tia l ( i . e .  C<p.> < I and D<p.> < I)  

o n ly  o ve r a small range o f r values (8 .5  -  10 Rq ) .  The s o lu t io n s  

ob ta in e d , th e re fo re , adequately d escribe  the p o te n t ia l o n ly  o ve r a 

loca l re g io n . However, s in ce  the s o lu t io n s  (as shown in f ig u r e  5.6a) 

are  con fin ed  to  th e  region where equation 4-2 adequ ate ly  d e sc ribe s the
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F igu re  5.2 Th is f ig u re  i l lu s t r a t e s  the ty p ic a l b eh avio r 

o f the fu n c tio n s  U (r )  and q ( r )  (defined  in chapter 4) fo r  

the exponentia l number d e n sity  model and values o f m g re a te r  

than I .  The values o f the parameters used to  ob ta in  the 

fu n ctio n s shown were £. = - I ,  t, - o/kv,, = 1.6, and m = 5.

The a ngu la r wave length is  g iven  by 2irr/l  and m g ive s  the 

number of ant inodes o f the e le c t r ic  p o te n tia l a long the 

f ie ld  l in e .  Note th a t the fu n ction s C and D are too  large  

to  s a t is f y  the c r it e r ia  g iven fo r  the v a l id i t y  o f equation

4.2 (C<p.> < I and D<p.> < I ) .  In the model magnetosphere 

the plasmapause is assumed to  be a t 5.9 Rg , the peak r in g  

cu rre n t d e n s ity  at 6 Rg and the magnetopause a t 10 Rg .

Thus th is  f ig u re  i l lu s t r a te s  the behavior o f the fu n c tio n s  

across the region of the magnetosphere dominated by th e  r in g  

cu rre n t plasma.
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F igu re  5.3 Th is  f ig u re  i l lu s t r a t e s  th e  behavior o f the 

fu n c tio n s  U (r ) and q ( r )  fo r  parameter va lues fo r  which a 

tu rn in g  p o in t o f U was found near the magnetopause. The 

exp onentia l number d e n s ity  model of the  r in g  c u rre n t was 

used. The parameter values used were I = -100, m = I ,  and

? = 1.52. The W.K.B. s o lu t io n  fo r  th is  case is  shown in

f ig u re  5.6a. The u n it  on the o rd in a te  sc a le  is  changed to  

a la rg e r  value a t 9 Rg so th a t the beh a v io r o f the  fu n c tio n  

at sm a lle r r  values can be e a s ily  i l lu s t r a t e d .  In the p lo t  

o f U i t  is changed from . 5 x  10 * ^ to  I x 10 and fo r  the

p lo t  o f q i t  is  changed from I0-7 to  10 6 .
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p o te n t ia l th ey  can be considered to  be v a l id .  The s o lu t io n s  o f  t h is

typ e  w i l l  not produce any s ig n if ic a n t  d if fu s io n  o f p a r t ic le s  because

these s o lu t io n s  produce su b s ta n tia l e le c t r ic  f ie ld s  o n ly  o ve r a

lo c a liz e d  area o f the magnetosphere and are n e g l ig ib le  th roughout

most o f the r in g  c u rre n t re g io n .

The va lues o f the  parameters which re s u lt  in a ze ro  o f  U using

the e xp on en tia l number d e n sity  model can be used to  determ ine a

number d e n s ity  model fo r  which the s o lu t io n s  to  4-2 w i l l  produce

d if fu s io n  th roughout most o f the  r in g  c u rre n t re g io n . The ze ro  o f

U (r )  f o r  the case shown in f ig u re  5.3 occurs because the rea l p a rt
n

o f  N (r )  due to  th e  e le c tro n s  ( i . e .  the — 2— ( I  + c Z (?  ) ) term )2 b e e
p lu s - J  is  balanced by the rea l p a rt o f N (r )  due to  the

2ln'
 ^  z(c +  —  ). m£)kV  ̂ kV

term  o f the io n s . The im aginary p a rt o f N (r )  due to  the nQ and n^

ion term  and th e  nQ e le c tro n  term is  compensated fo r  by th e  n^

e le c tro n  term . The s o lu t io n s  obtained using the exp onentia l number

d e n s ity  model are  confined  to  a small reg ion  o f the magnetosphere 
n'

because the r a t io  between n and —  changes co n s id e ra b ly  as r  changes.

° no
I t  is  shown below th a t  i f  nQ is  chosen to  be p ro p o rtio n a l to  then

is  e s s e n t ia l ly  independent o f changes in nQ and the- va lues o f

change by less than an o rd e r o f  magnitude across the r in g  c u r re n t .

law number d e n s ity  model (n = k . / ( r  ) ^ ) .  I f  n ( r )  is  chosen to  be
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N (r )  and I is  n e g lig ib le  in comparison w ith  the o th e r terms o f  D (r )

, then i t  can be seen from equation 4-2 th a t

I I L l U  _ i _ rc  + ic  i
D (r ) 2 L t | 2<p. >

2
With the magnetic f ie ld  va ry in g  as l / r  , C ( and C2 are independent o f 

r .  Since — 'v vai~ies as I/ r ^ . So A , the real p a rt o f
<p > -

02 C
U, has the form: A ^ y + —  and B, the im aginary p a rt  o f U, has the 

c , r r
2

form: B y  . In the r in g  c u rre n t from 6 R to  10 R the real and

DC r)

two constants in the power law exp ress ion  fo r  nQ ( kj and p) are d e te r­

mined by s p e c ify in g  a value o f nQ and n^ a t some r  = Tp. Denoting the

s p e c if ie d  values o f  n and n1 as n ( r  ) and n ’ ( r  ) r e s p e c t iv e ly ,  ther  o o o p  o p K 7 *
2

exponent p in the power law can be determined from p = “ ( nQ (r p^/n0 ^r p ^ r p*

The s o lu t io n s  to  equation 4-2 which w i l l  g ive  a s u b s ta n tia l

p o te n tia l across the rin g  cu rre n t are those w ith  small D (q = C + iD ).

. £2 C!
Since A 'v —  + i t  can change con sid era b ly  in the r in g  c u rre n t

*2 C l C2region (when y  -  —— ) whereas B n, —  changes by less than an o rd e r
r r r

o f  magnitude. The so lu tio n s  w ith  small D throughout the  r in g  c u rre n t

w i l l  be those w ith  small B and somewhat la rg e r  n e gative  A . Fo r, in

th a t case, C v a rie s  as /A and D as B//2A (see equation 4 -5 ) and so D

is  small throughout the r in g  c u rre n t re g io n . I f ,  on th e  o th e r  hand,

A is  p o s it iv e ,  C va rie s  as B/2/A and D as /2A. In t h is  case D wi I I be

N (rm)la rge  a sh o rt d istance from the magnetopause s in ce  R ( jrr— r- ) is  on 
• e D ( r  )

the o rd e r o f  y  . For example, i f  the values o f  th e  param eters
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(£., nQ, n^, w, m) near the  zero  o f U shown in f ig u re  5.3 are used

along w ith  a power law number d e n s ity  d is t r ib u t io n ,  the fu n c tio n  U (r )

behaves as shown in f ig u re  5.4 and leads to  s o lu t io n s  th a t  are s u b s ta n tia l

across the e n t ire  r in g  c u rre n t. The values o f the parameters nQ and

n^ near the tu rn in g  p o in t in the  exponentia l number d e n s ity  model

re q u ire  th a t p equal 20 fo r  the power law number d e n s ity . T h is  value

o f the exponent not o n ly  leads to  extrem ely h igh  number d e n s it ie s  in

the r in g  c u rre n t but, i f  the ionosphere is  not p e r fe c t ly  conducting ,

the power law number d e n s ity  d is t r ib u t io n  w ith  such a la rge  va lue o f

p would be unstable to  the  interchange ( f lu t e )  in s t a b i l i t y  (Chang e t

a l . ,  1965; S w if t ,  1967). With the magnetic f ie ld  chosen fo r  the  model

(B n, -I—  ) the max i mum a I I owab I e va I ue o f  p fo r  stab i I i t y  in the 
r

magnetohydromagnetic l im it  w ith  a zero c o n d u c t iv ity  ionosphere is

2 .0  ( i . e .  n ^ i — ) .  o 4

A sm a lle r value o f p can be used i f  n ' ( r  ) is  reduced o r  n ( r  ) r  o p  o p

is  increased. From the b ehavio r o f Z (? ) shown in f ig u re  5.5 i t  can

be seen th a t Z (?  + — ) wi  I I remain n e a rly  constant i f  £ is

decreased as I is  increased. Then n ' can be decreased and I increased o

by the same amount and i f  t; is  decreased s u f f ic ie n t l y  the  va lues of 

N NReCg) and Im(g-) used in the  example above w i l l  remain unchanged s in ce  

2Zn' N
— -  ■ and the o th er terms in =r remain the same. I t  should be noted 
mfiKV U

.th a t  i f  I is  increased the approxim ation used in  d e r iv in g  B - l - l l  
Aco

(Z (?  + — ) = Z(C ) + - j ^ i - Z 'U )  ) is  not adequate and the average over 

the perp end icu la r v e lo c it ie s  ind icated in equation B - l -9  must be 

performed n u m e rica lly . I t  is  easy to  see from f ig u re  5.5 th a t fo r
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F igu re  5.4 T h is  is a p lo t  o f U (r )  and q ( r )  f o r  a power 

law number d en s ity  and parameter values such th a t  B is  small 

and A is smalI and negative . The u n its  o f the  o rd in a te  

s ca le  are d if fe r e n t  fo r  A and B and fo r  C and D so th a t  both

fu n c tio n s  can be p lo tte d  to g e th e r. The o rd in a te  u n it  fo r

. -17 -14B is  10 and fo r  A i t  is 10 . The o rd in a te  u n it  fo r

C is  I0” 7 and fo r  D i t  is  I 0 '10.
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va lues o f £ la rge  enough, ? must be made so small to  keep the im aginary
£Og

p a rt o f  <Z(s+-|-ry— )> (< > is  used to  in d ic a te  the average o ve rkv vx v_j_

p e rp e n d icu la r v e lo c i t ie s )  constant th a t  a t some va lue o f £ the real

£^p a rt o f  <Z(?+— -)> decreases. A ls o  — increases as £ is  increased.
KV Vj, ^  .

Thus, fo r  some va lue o f £, A w i l l  become p o s it iv e  and s o lu t io n s  fo r

la rg e r  values o f £ decay s u b s ta n t ia l ly  in a few tenths o f an earth

ra d iu s . So th ere  is  a maximum va lu e  o f  £ (and thus a minimum value

o f p) fo r  which s o lu t io n s  o f th e  typ e  d iscussed can be o b ta in e d . The

maximum va lue  o f £ which produces a fu n c tio n  U (r )  as shown in f ig u re

5.4 is  280 (w ith  £ = 1.65) and thus p = 7 .0 . T h is  va lu e  o f p is

s t i l l  much too  la rge  fo r  the  r in g  c u rre n t to  be s ta b le  a g a in s t the

in terchan ge in s t a b i l i t y .

S lo w ly  decaying ra d ia l s o lu t io n s  A (£ ,m ,u ,r )  can not be found to

e quation 4,2 fo r  a power law number d e n s ity  d is t r ib u t io n  w ith  p < 7.0

because A is  p o s it iv e  when the im aginary p a rt  o f  U is  sm all and the

im aginary p art o f U is  la rge  when A is  n e g a tiv e . I f  a tem perature

a n is o tro p y  (T„ i T^) is  assumed to  e x is t  in  the r in g  c u r re n t , another

Nterm is  in troduced in to  the e xp re ss io n  fo r  ^  (see equation B - l -1 2 ) .

For la rge  £ the ion tem perature a n is o tro p y  term is  comparable to  the 

o th e r  terms in ^  w h ile  the e le c tro n  a n is o tro p y  term is  n e g l ig ib le  

s in ce  i t  is  much s m a lle r. In tro d u c in g  a tem perature a n is o tro p y  in 

the  ions w ith  T „ j < Tx j w i l l  add a term  w ith  a n e ga tive  re a l p a rt to

N (assum ing £ is  n e g a tive ) but i t  a ls o  in troduces a f a i r l y  la rge

D Nn e ga tive  c o n tr ib u t io n  to  the  im aginary p a rt  o f jj. T h is  would then

g iv e  o n ly  r a p id ly  decaying ra d ia l s o lu t io n s  unless £ were decreased
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F igu re  5.5 T h is  f ig u re  i l lu s t r a t e s  th e  b eh av io r o f the  rea l 

and im aginary parts o f the plasma d is p e rs io n  fu n c tio n  Z and i t s  

d e r iv i t iv e  Z ' as fu n ctio n s o f a real argument. Zeta  (? ) is the  

ra t io  o f the p a ra lle l phase v e lo c ity  o f the  wave to  the  ion 

para I le i v e lo c it y .
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and n^ increased, which leads to  la rg e r ra th e r than sm a lle r values o f 

p. I f  T„j > Tj,j the c o n tr ib u tio n  from the ion a n iso tro p y  term makes 

A an even la rg e r  p o s itiv e  number. Increasing  the p a ra lle l e le c tro n  

tem perature, on the other hand, a llo w s  A to  be n egative  when B is

small i f  n’ is  decreased and n is  increased ( i . e .  p is  made s m a lle r).0 o r
Using a d is t r ib u t io n  w ith  p = 2 (so th a t i t  is  ju s t  s ta b le  to  

the f lu t e  in s t a b i l i t y )  and a number d e n sity  o f . 2/cm^ a t the magneto­

pause, s o lu t io n s  o f the form shown in f ig u re  5.6b and c can be 

obtained when the p a ra lle l e le c tro n  temperature is  increased by a

fa c to r  o f 4. The dependence o f the fu n ction s

| A U ,m ,u ),r ) i
1 rm/ q (rm) 3U,'m ,'u) |

on the azim uthal wave number and the wave frequency u a t r  = 8 Rg is  

shown in f ig u re  5.7. The behavior o f the ra d ia l s o lu t io n s  shown in 

f ig u re  5.7 in d ica te s th a t energy can be tra n s fe rre d  in to  8 Rg over the 

frequency range ^ .5 x 10  ̂ Hz to  ^ 4.5 x 10  ̂ Hz by va riou s d r i f t  

modes. However, the ra d ia l wave length o f most o f the  h igh e r Z modes 

is  so s h o rt  th a t C<p.> > I (a lthough the wave length is  s t i l l  severa l 

g y r o ra d i i )  and equation 4.2 is  a questionab le  d e s c r ip t io n  o f the 

p o te n tia l in  these cases. The behavior o f the ra d ia l and azim uthal 

wave lengths o f the various modes a t 8 Rg is shown in f ig u re  5 .8 . 

S o lu tio n s  fo r  sm a lle r values o f Z and thus longer azim uthal wave lengths 

can be obtained fo r  the p = 2 d is t r ib u t io n  used above by in c re a s in g  the 

p a ra lle l e le c tro n  temperature even fu rth e r .
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F ig u re  5.6 Radial wave fu n c tio n s  fo r  the  e le c t r ic  p o te n ti

a. A p lo t  o f the  W.K.B. s o lu t io n  fo r  the  ra d ia l p a rt  o f the  

e le c t r ic  p o te n tia l fo r  a case where U has a tu rn in g  p o in t  nea 

the magnetopause and the exp onentia l number d e n s ity  model is  

used fo r  the r in g  cu rre n t. U (r )  and q ( r )  f o r  t h is  case are 

shown in f ig u re  5 .3 .

b. A p lo t  o f the  absolute va lue o f the  ra d ia l wave fu n c tio n  

fo r  va rio u s va lues o f the parameter zeta (c = ui/kv,,) and I - 

m = I fo r  the  case in which th e  power law number d e n s ity  is  

used and the e le c tro n  tem perature is  increased by a fa c to r  o f 

fo u r . The b eh av io r o f U ( r )  and q ( r )  fo r  c = 1.875 in t h is  

case and ? = 2 .0  in the case i l lu s t r a t e d  below is v e ry  much 

l ik e  th a t shown in f ig u re  5.4.

c . A p lo t  o f the ra d ia l wave fu n c tio n  as in 5,6b but f o r  

I = -250.

-260 ,
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F igu re  5.7 The r a t io  o f the absolute value o f the  ra d ia l 

wave fu n c tio n  fo r  the e le c t r ic  p o te n tia l a t 8 Rg to  i t s  va lue 

a t the magnetopause (10 FM is  p lo tte d  as a fu n c tio n  o f wave 

frequency f o r  various values o f Z and m. The ra d ia l wave 

fu n c tio n s  p lo tte d  are fo r  the case in which a power law 

number d e n s ity  was used fo r  the r in g  cu rre n t and the p a ra lle l 

e le c tro n  tem perature was increased by a fa c to r  o f fo u r over 

measured va lu e s . Th is case was s p e c i f ic a l ly  considered so 

th a t s lo w ly  decaying ra d ia l wave functions could be ob ta in e d . 

The p o te n tia l a t the magnetopause fo r  a g iven Z and m is 

assumed to  be constant fo r  a l l  va lues of w. Thus the f ig u re  

i l lu s t r a t e s  the response o f the c a v it y  to  an impulse ( in  

tim e) d r iv in g  fu n c tio n , m is  the number of antinodes o f the 

p o te n tia l a long the f ie ld  lin e  and JI g ives the va lue o f the 

azim uthal o r  angular wave length (2-ar/Z). The fu n c tio n  p lo tte d  

here is denoted by M(8Re ,S,,m,a)) in chapter 6 . •
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F igu re  5.8 The behavior of the ra d ia l and azim uthal wave 

lengths o f the e le c t r ic  p o te n tia l fo r  the  s o lu t io n s  shown in 

f ig u re  5.7 as functions of I and m fo r  r  = 8 Rg . S o lu tio n s  

w ith  wave lengths below the l in e  C<p.> = I f a i l  to  s a t is f y  

the c r i t e r ia  g iven in chapter 4 fo r  the v a l id i t y  o f the 

d if f e r e n t ia l  equation used to  ob ta in  the e le c t r ic  p o te n tia l 

(C<p.> < I ) .  The re la t io n  o f the wave lengths to  the  ion 

g y ro ra d iu s  at 8 Rg is  ind icated  by the l in e  4<p.> which 

in d ica te s  the value of fo u r times the ion g y ro ra d iu s .
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In summary, the e xp onentia l number d e n s ity  model does not have any 

s o lu t io n s  to  equation 4-2 which w i l l  lead to  d if fu s io n  o f r in g  cu rre n t 

p ro to n s . The in tro d u c tio n  o f a power law number d e n s ity  d is t r ib u t io n  

f o r  the  r in g  c u rre n t a llo w s  s o lu t io n s  t o  equation  4-2 which w i l l  

d if fu s e  r in g  c u rre n t protons but the  minimum va lu e  of the power law 

exponent is  so la rge  th a t  the d is t r ib u t io n  would be unstab le  to  the  

interchange in s t a b i l i t y .  S lo w ly  decaying  ra d ia l s o lu t io n s  can be 

found fo r  a s ta b le  power law d is t r ib u t io n  i f  i t  is  assumed th a t  the  

p a ra l le l  e le c tro n  tem perature is  much g re a te r  than has been measured. 

A ls o  the power law d is t r ib u t io n s  th a t  are  s ta b le  to  the  in terchan ge 

in s t a b i l i t y  have peak number d e n s it ie s  somewhat lower than th a t  

assumed in Chapter 2. The e xp o n e n tia l number d e n s ity  model and two 

power law d is t r ib u t io n s  are compared in  f ig u r e  5 .9 . The model used 

to  o b ta in  the s o lu t io n s  shown in f ig u re s  5.7 and 5.8 has a peak 

number d en s ity  o f 1.5/cm^.
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F ig u re  5.9 A comparison of the models used to  represent the 

r in g  c u rre n t number d e n s ity . The exponentia l number d en s ity  

i l lu s t r a t e d  has a peak value o f 7.5/cm^ a t 6 Rg and a va lue of 

0.1/cm^ a t the magnetopause (10 Rg ) .  The power law number 

d e n s ity  model used to ob ta in  the s o lu t io n s  i l lu s t r a t e d  in 

f ig u re s  5 . 6b and c, 5 .7, and 5.8 was chosen so th a t  th e  r in g  

cu rre n t would be stab le  a ga in st the interchange in s t a b i l i t y
4 3

and is  g iven  by the l/ r  cu rve . I t  has a peak va lu e  o f  1.5/cm

at 6 Rg and a value of 0.2/cm^ a t the magnetopause. As 
9

in d ic a te d , a power law of roughly l/ r  must be used to  ob ta in  

the same peak values and magnetopause values o f th e  number 

d e n s ity  th a t  were used in the exponentia l model.
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CHAPTER 6 

Results and Conclusions

The re s u lts  o f the c a lc u la t io n s  described in Chapter 5 in d ic a te  

th a t e le c t r o s ta t ic  o s c i l la t io n s  w ith  wave lengths perpendicu la r  to  the 

m agnetic f ie ld  o f several ion g y ro ra d ii o r more and frequencie s w e ll 

below the ion gyrofrequency are not very e f fe c t iv e  in tra n s p o r t in g  

energy in to  the magnetosphere. For the exponentia l number d e n s ity  

model o f the r in g  c u rre n t, energy from the magnetopause could  o n ly  

be tra n sp o rte d  in a few tenths o f an earth  ra d iu s . To o b ta in  ra d ia l 

wave fu n c tio n s  th a t tra n s p o rt wave energy across most o f  the  r in g  

c u rre n t re g io n , i t  was necessary to  c a r e fu l ly  choose the fu n c tio n a l 

b e h a v io r o f the plasma number d e n s ity . In the  model used, fo r  example, 

the use o f a power law number d e n sity  g ives s lo w ly  decaying ra d ia l 

wave fu n c tio n s . The power law dependence does not a r is e  from any 

o f the p h ys ica l p ro p e rtie s  inherent to  the magnetosphere but works 

because o f c e rta in  p ro p e rtie s  o f the model. The assumptions th a t 

the  tem perature is  constant across the magnetosphere, th e  magnetic 
2

f ie ld  v a r ie s  as l/ r  and the f ie ld  lin e  length is  constant are 

necessary in o rder th a t a power law number d e n s ity  y ie ld  s o lu t io n s  

as shown in f ig u re  5 .7. These assumptions a re  not n e c e s s a rily  accurate  

re p re s e n ta tio n s o f the magnetosphere. Furtherm ore, in o rd e r to  o b ta in  

a number d en s ity  d is t r ib u t io n  fo r  the r in g  c u rre n t which is  s ta b le  

to  the  interchange in s t a b i l i t y  i t  was necessary to  use a p a ra lle l 

e le c tro n  temperature fo u r times g re a te r than has been d ir e c t ly  measured 

by s a t e l l i t e .  These con sid era tion s in d ic a te  the model o f  the  magneto­

sphere used to  obtain rad ia l wave fu n c tio n s  which y ie ld  su b s ta n tia l

66 ’
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e le c t r ic  f ie ld s  across most o f  the  r in g  c u rre n t is  not an a ccu ra te  

re p re s e n ta tio n  o f the magnetosphere.

For a d if fu s io n  mechanism to  be im portant in  the substorm  p ro ce ss , 

i t  must have a d if fu s io n  c o e f f ic ie n t  about equal to  the  Bohm d if fu s io n  

c o e f f ic ie n t .  Bohm d if fu s io n  is  a d if fu s io n  process in which p a r t ic le s  

a re moved on the average o f  one ion g y ro ra d iu s  in  one g y ro p e r io d . So 

the Bohm d if fu s io n  c o e f f ic ie n t  is  a p p roxim a te ly  ^ 7  o r  (5 R ) 2/day

f o r  5 Kev p a r t ic le s .  I t  is  in te re s t in g  to  note th a t  even i f  the 

parameters o f the model magnetosphere are s p e c i f ic a l l y  chosen to  

ob ta in  s lo w ly  decaying ra d ia l wave fu n c tio n s , th e  d if fu s io n  d r iv e n  by 

the propagatin g modes is  ve ry  in e f fe c t iv e  in  t ra n s p o r t in g  r in g  c u r re n t  

■ protons. To i l lu s t r a t e  th is  the va lue o f the  ra d ia l d if fu s io n  c o e f f ic ie n t  

a t 8 Rg w i l l  be estim ated and the d if fu s io n  w i l l  be approxim ated by 

c o n s id e rin g  a one dimensional d if fu s io n  e q uation  f o r  the  ra d ia l 

di f fu s io n .

One procedure fo r  o b ta in in g  a one dim ensional d if fu s io n  e quation

from equation A - l 1-7 would be to  average equation  A - l 1-7 o v e r  Vi ,

V „ , 0, z w e ig h tin g  the averages w ith  the i n i t i a l  d is t r ib u t io n  fu n c t io n .

Then i t  tu rn s  out th a t the  averaged d if fu s io n  c o e f f ic ie n t  Doa is  much

la rg e r  than the o ther averaged d if fu s io n  c o e f f ic ie n t s .  S ince  the  average

o f D ove r the  i n i t i a l  d is t r ib u t io n  fu n c tio n  is  no t easy to  do and 
aa

o n ly  an approxim ation to  the  ra d ia l d if fu s io n  is  be ing con sid ered  a

rough estim ate  o f the ra d ia l d if fu s io n  c o e f f ic ie n t  w i l l  s u f f ic e .  From

the  b a s ic  d e f in it io n  o f a d if fu s io n  c o e f f ic ie n t  and from equation

A - l I  1-1. D can be d i r e c t ly  re la te d  to  D'  aa 1 r r
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Since the ra d ia l wave fu n c tio n s  o f Chapter 5 are g iven  as fu n c tio n s  

o f r  the  d if fu s io n  c o e f f ic ie n t  Dr r  w iI I be c a lc u la te d .

2
Dr r  = ^ — j  £ | A (£ ,m ,n ,r)| ^  G (£ ,m ,n ,v „ ,s ) 6-1

r  B £,m,n

U sing the e xp re ss io n  fo r  G (£ ,m ,n ,v „ ,s ) g ive n  in equation A—I I 1 — 18

-2  - i f ’ Tand assuming th a t  k 1 -  10 so th a t e is  f a i r l y  sm all ("u.05),

GU,m,n,v„,s) = — ^--- j
+{!)_

For the  s o lu t io n s  shown in f ig u re  5 .7 , oj is  between .5 x  10 ^ Hz and

- 2  - 2  -4.5 x  10 Hz and so to-kv„ can range between 3 x  10 Hz and - I  x  10

H z. S ince ^<̂ D> is  p o s it iv e  fo r  protons and ranges between 1.5 x  10

Hz and 3.5 x I0 -  ̂ H z, = to + £<“ q> ~ kv„ has a minimum va lu e  o f 
_2

about 2.5 x  10 Hz. So a re p re s e n ta tive  va lue o f G f o r  most va lues 

o f I is  about 15 Hz *.

P re c is e  in fo rm a tio n  on the behavior o f the  e le c t r ic  p o te n t ia l

a t  the magnetopause in the  frequency ranges shown in f ig u re  5.7

-2  -2
(.5  x  10 Hz to  4.5 x  10 H z )is  not a v a ila b le  from s a t e l l i t e

measurements and so a va lue  fo r  the c o e f f ic ie n ts  in equation  6-1 

w i l l  have to  be taken a r b i t r a r i l y .  I t  is  assumed th a t the  p o te n t ia l 

f lu c tu a t io n s  on th e  magnetopause correspond to  an in f in i t e  ( in  tim e) 

c is o d a l ( e ' wave t r a in  o s c i l la t in g  a t some frequency in  the 

_2
range .5 to  4.5 x  10 Hz. The o s c i l la t io n  is  assumed to  be such 

th a t  f o r  each va lu e  o f  I and m shown in  f ig u re  5.7 the am p litu de o f
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the  e le c t r ic  f ie ld  produced by the p o te n tia l f lu c tu a tio n  is  .1 mv/m 

—  s ta tv o lts / c m ). Th is is  a p o te n tia l e q u iva le n t to  about 15 

k i lo v o l t s  across the model magnetosphere and the e le c t r ic  f ie ld  g ive s 

an tx S  d r i f t  ra te  o f I km/sec at the magnetopause. Thus i t  is  assumed 

fo r  each £ and m

— / du B(£,m,io) e

so th a t

i cot = i to 01

B(£,m,u)) = j  —  <5(u) -  uQ) s ta tv o I t s  (cm -H z) " 1

Then the c o e f f ic ie n ts  A (£ ,m ,n ,r) = /d(iiA(£,,m ,u,r) are

/ q (r  )
A (£ ,m ,n ,r )  = /du B(£,m,to) r / q “ exp i / m q dr

fdw B(£,m ,u) M (r,w ,£,m ) = M(r,aj ,£,m ) s ta tvo lts/cmj '  3 £ o

The behavior o f the  function  M(8Re ,w,£,m) is  shown in f ig u re  5 .7.

M(8R ,to,£,m) is a ve ry  sharp ly  peaked fu n c tio n  o f ui fo r  most £

equation 6-2 w i l l  be zero except fo r  one value o f £ and m. I f  oi

to  the d if fu s io n  c o e f f ic ie n t  s in ce  values o f £ between -245 and -260 

have non-zero  in te g ra ls . So in the case where to is  between .5 and
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I f  the function  M(8Re ,(i),£,m) were not such a sh a rp ly  peaked fu n c tio n  

o f to fo r  most I va lu es, the d if fu s io n  c o e f f ic ie n t  could be la rg e r .

The s o lu t io n  to  the d if fu s io n  equation w ith  a constant d if fu s io n  

c o e f f ic ie n t  and a d e lta  fu n c tio n  i n i t i a l  d is t r ib u t io n  is

I r 2
27nD t  exp "  4D t  

r r  r r

So w ith  the la rg e st value o f Drr. (^ ( .2  Re ) 2/day) an i n i t i a l  "s p ik e "  

o f p a r t ic le s  at 8 Rg in the magnetosphere would spread out in a 

Gaussian shaped d is t r ib u t io n  w ith  a d istance  between the e - fo ld in g  

p o in ts  o f about .8 Rg in one day. That is ,  less than h a lf  o f  the 

p a r t ic le s  i n i t i a l l y  a t 8 Rg are moved inwards an average d istance  

o f about ,4 Rg in a day. D if fu s io n  o f  t h is  s o r t  is  much too  slow 

to  be o f any s ig n if ic a n c e  during  the rap id  b u ild  up o f r in g  c u rre n t 

p a r t ic le s  during a substorm. Thus even in the  u n r e a l is t ic  model 

used to  obta in  so lu t io n s  which tra n s p o rt energy in to  the magnetosphere 

from the magnetopause the re s u lt in g  d if fu s io n  process has a sm all 

d if fu s io n  c o e f f ic ie n t .

Since long wave length e le c t r o s ta t ic  o s c i l la t io n s  do not produce 

d if fu s io n  in the magnetosphere the question  m ight a r is e  as to  whether 

th e  s h o rt  wave length o s c i l la t io n s  are im p ortan t in producing d if fu s io n .
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Although the d if fu s io n  c o e f f ic ie n t  g iven  in equation  3-8 does not

in d ic a te  i t ,  the d if fu s io n  c o e f f ic ie n t  should be ve ry  small fo r  most

p a r t ic le s  when the wave length o f  the o s c i l la t io n  is  less than the

ion g y ro ra d iu s . The reason fo r  th is  is  th a t when the wave length o'f

the e le c t r o s ta t ic  o s c i l la t io n  is  on the o rd er o f th e  ion gy ro ra d iu s

o r  s m a lle r, the  grea t m a jo r ity  o f the ions "se e " the wave e le c t r ic

f ie ld  as ra p id ly  f lu c tu a tin g  s im ply because t h e i r  g y ra t io n  motion

c a r r ie s  them over one wave length of the wave e ve ry  g y ro p e rio d . For

the tx S  d r i f t  to  move a p a r t ic le  a la rge  d istan ce  the p a r t ic le  must

"se e " the  wave as ne a rly  constant. O n ly a ve ry  small number o f

p a r t ic le s  w ith  a narrow range o f phase v e lo c it ie s  would see the s h o rt

wave length osc i I la tio n s  as n e a rly  constant and so most o f th e  p a r t ic le s

would not be d iffu se d  by the wave. Equation 3-8 fo r  the d if fu s io n

c o e f f ic ie n t  D does not show t h is  e f fe c t  because i t  has been d erived  aa

under the assumption th a t the wave length o f the wave is  much longer 

than the ion gy ro ra d iu s . So the longwave length osc i I la t io n s  

in ve s tig a te d  are the ones which would produce s ig n i f ic a n t  d if fu s io n  

fo r  most o f the p a r t ic le s  in the plasma.

Although i t  seems reasonable to  assume th a t long wave le n g th , 

low frequency e le c tro s ta t ic  o s c i l la t io n s  would be very  e f fe c t iv e  in 

t ra n s p o rtin g  and e n e rg iz in g  r in g  c u rre n t protons i t  has been found 

th a t th is  is  not the case because energy can not be tra n sp o rte d  in to  

the hot r in g  current plasma by these waves. Even a d ju s t in g  the 

param eters o f the model so th a t energy a t the magnetopause is
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tra n sp o rte d  in to  the magnetosphere i t  has been found th a t  the  waves 

t ra n s p o rt  ve ry  l i t t l e  of the energy avai lab Ie a t th e  magnetopause in to  

the magnetosphere and thus are not e f fe c t iv e  in  r a p id ly  d if fu s in g  

p a r t ic le s .  Any d if fu s io n  process o f the nature proposed which 

operates in the  magnetosphere should a ls o  opera te  in th e  sim ple  model 

used to  represent the magnetosphere. Since d if fu s io n  is  not e f f e c t iv e  

even in the  sim ple model i t  is  concluded from t h is  s tu d y  th a t  d if fu s io n  

o f p a r t ic le s  by tu rb u le n t e le c t r o s t a t ic  o s c i l la t io n s  in  th e  magneto­

sp h e ric  c a v it y  d rive n  by p o te n tia l f lu c tu a tio n s  on th e  magnetopause is  

not an e n e rg iz a tio n  and t ra n s p o rta t io n  mechanism f o r  r in g  c u rre n t 

p a r t ic le s .
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APPENDIX A - l

In t h is  appendix the Ham ilton ian a p p ro p ria te  to  d e sc ribe  the 

motion o f a charged p a r t ic le  in the e le c t r ic  and m agnetic f ie ld s  o f  

the  magnetosphere w i l l  be d e rive d . The e le c t r ic  and m agnetic f ie ld s  

are assumed to  v a ry  s lo w ly  enough th a t the f i r s t  a d ia b a t ic  in v a r ie n t  

o f  the p a r t ic le  is conserved. The development o f  the  H am ilton ian 

is  pa tterned  a f t e r  the  general approach o f Gardner (1959). The 

Lagrangian in e .g .s .  u n its  fo r  a p a r t ic le  o f charge e and mass m 

in an e le c tro m a g n e tic  f ie ld  w ith  e le c t r ic  p o te n tia l and v e c to r  

p o te n tia l A can be w r it te n  in C a rte s ia n  co ord in a te s (p j , P3 ) as

v = p is  the  p a r t ic le 's  v e lo c i t y .  Thus a component o f  the  can on ica l 

momentum is  w r it te n

The H am ilton ian fo r  the p a r t ic le  is

I  m v2 -e%  + e

K 5 I p .p . -  L = (p -  — /C ) + e $

73
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I t  is  assumed th a t the s p a tia l v a r ia t io n s  in the e le c t r ic  and 

magnetic f ie ld s  are small over d istances on the o rd e r o f the  p a r t ic le 's  

gy ro ra d iu s  and the temporal v a r ia tio n s  in the f ie ld s  are sm all du rin g  

a gyro p e rio d . These requirements may be more e x p l i c i t l y  w r it te n

- ( ep, e t ) ;  $ = $ (e p, e t)

e is  a dimension less parameter which sca les the v a r ia t io n s  in the

f ie ld s .  For example, e can be taken to  be the la rg e s t o f  the  ra t io s

between the gy ro ra d iu s  and the f ie ld  sca le  s iz e  and the gyro p e rio d  to  

the wave p e rio d .

The problem is e a s ie s t to  handle in the usual magnetic coord in a tes 

( a , 8, s ) .  a , 3 determine the magnetic f ie ld  and ve c to r p o te n tia l

Vo x  V6 = B* ; A = aV0

and s is  the measure o f d istance along a f ie ld  l in e . In the  sim ple magnetic

f ie ld  c o n fig u ra tio n  used in the model magnetosphere any p o in t in the space

(P | ,P 2 jP -j) is  un iquely re la ted at any t in e  to  a s in g le  p o in t  in  the space 

(a ,8 ,s )  and v ic e  versa . Thus a ,0 ,s  can be used as s p a tia l coord in a tes 

and are w r it te n  in terms o f p and t  as

o = |  (ep , e t)  ; 0 = teP, e t) ; s = (eP, e t)

The motion o f the p a r t ic le  can be separated in to  a g u id in g  ce n te r

motion and a g y ra t io n  by a ju d ic io u s  choice o f a ge n e ra tin g  fu n c tio n

f o r  a canonical transform ation from the phase space ( p, ]?) in to  a

new phase space (q , p ) . The genera ting  fu n c tio n  to  use is

c -  / e  “ '  _ l/s" & '  , s ' 'F (p.p) - / -  -  Pj + / -  -  Pj + _  p2 - p|Pj
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/ f a '  = epi + eq3 ; /jr B' = eq!+ep3 ; s' = eq2 A-1-1

The tran sfo rm ation  equation p. = and the equations

w =. c  C A_1" 2

where e'= / -^  e. F in a l ly  the new H am ilton ian , H, is  obta ined from

— 9Fthe la s t o f the transform ation equations H = K + —  o r

'  A - I - 3

H = e * + [ p / s '  + p3Vc,' - q / 6 ' ]  + ^  | f  + | f  + ^  i | _

' a '  ' ^
where $ ( j  , — , , e t) = $ (e P «e t) is  the e le c t r ic  p o te n tia l

expressed in magnetic co ord in a te s . o ' , B ' , s '  are g iven in terms o f

q and p through the re la t io n s h ip s  given in equation A—1 — I . I t  is

apparent from the equations A - l -2  th a t p2, p3 and q3 are

e s s e n t ia lly  v e lo c ity  components and thus can be considered to  be o f

ze ro  o rd e r in e, o r o f o rder I While from A - l - l  i t  is

apparent th a t e p i, eqj., eq2 are e s s e n t ia lly  s p a tia l coord in a tes w ith

a small pe rtu rb a tio n  in the f i r s t  two given by eq3, ep3. Thus

A - I - 3  can be expanded in powers o f  e by using the app ro xim a tio n s:

/ e ’ .  7 ^ " '
/ c ° o  = epl ; / c Bo = eql ; so = eq2

I t  w i l l  become apparent th a t a ' ,  B' , s '  a re the g u id in g  ce n te r
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coord ina tes o f  the p a r t ic le  w h ile  q3, p3 represent the g y ra t io n  

m otion. With the d e f in it io n

- ^ ’ 6o + - l l p2 - c I B2

A-1 -4

E * - ft - ir e  . _______ ____________ .............................
3t r >■" s e e

3$ 9$ —
+ eq3 3cT' + EP3 J i T  ’ H can be exPanded ' n 't' he form

o o

H = ~  , + H + eH. + . . . .  When H is  expanded in t h is  form

H_j -  ee$ +

and

_ m 2 m e 2
" o -  2 - 2  (E x B) +

2mp2 3s'

/ + —  <-F +

W ritin g  v ,  in th e  form

~ 1 var

’ m?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



in d fca te s  th a t  ~  H_| + Hq is  constant on an e llip s e  in the

q3 , p3 p lane ( i . e .  when q i ,  q2, P i ,  p2 are held c o n s ta n t) . The 

e llipses on which ^  H_| + Hq is  constant have the equation s

(VB ' ) 2 (q 3+h) 2 -2  VS'(Cl3+h) (p3+ g) + (V a ' ) 2 (p 3+ g) 2= constant

Another canonical tra n sfo rm a tio n  from the phase space (q , p) to  

the  phase space ( q \  p r) which is  alm ost th e  id e n t it y  tra n s fo rm a tio n  

can be made so th a t the new H am ilton ian is  constant on c o n c e n tr ic

c i r c le s  in the q3 , P3 p lan e . The new H am ilton ian , H, w i l l  depend
2 2 ^  ^

o n ly  on the q u a n tity  q§ + P3 and the tra n sfo rm a tio n  from  (q , p )

to  (q ' , p ')  is  eq u iva le n t to  averaging o ve r the  angle <p in v e lo c i t y  

space (v±  , V| j , J>). Under the tra n sfo rm a tio n  the new c o o rd in a te s  

qf* Q2> Pf> P z  w i '' be sarne as +he co ord in a te s q j ,  q 2, P i ,  P2> 

to  o rd e r e- A lso , the new Ham ilton ian w i l l  have the same c o e f f ic ie n t s  

H _ j, Hq as the old  H am ilton ian , to  o rd e r e . In c o n s tru c t in g  the 

gen e ra tin g  fu n ctio n  fo r  the tra n sfo rm a tio n  i t  is  assumed th a t  

Vet"o* V &' 0= 0- T h is  is  not a necessary assumption and is  made 

sim ply  because the c a lc u la t io n s  are less cumbersome. The g e n e ra tin g  

fu n c tio n  used is  

-  -
F' (q , p ' )  = q i p f  + q2 P2 + * ~ — . <q3 + h) P3 "  9 d3
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The tra n sfo rm a tio n  equations

q* = -
3 F'
9pf '  P i = 9Qj 

are used to  o b ta in  exp ress ion s o f the  new c o o rd in a te s  in terms o f 

th e  o ld .  For example

3F' H = H + 3t

a 0 .
apf "  H3 3pf ' qi - EP3

.  3h 3qq - —  ̂ -  eq3 .3epf 3epf

However, s in ce  h is  a fu n c tio n  o f e p f, - — i s o f o rd e r I as is  
I 3ePl

| -2 -> . Thus eq j = eq^ t  0 (e2) .  From s im ila r  argumentsdepi

eq£ = eq2 +0(e2) ; epi = epi + 0 (e 2) ; p£ = P2 + 0 (e )

F in a l l y  q£ and p£ can be expressed in terms o f  03 and P3 as

q3 =
r ^ ; i

I ’ “o'!
(q 3 + h) ; p£ * h»;i

|Ts:l
(p 3 + g)

v? = |Va'| 17 6 '| p  (P32t  q£2) = B (q32+p32) = p p

Since h and g are fu n c tio n s  o f  e t ,  ~  =eg -p  is  o f o rd e r e and

H = — H . + H . to  o rd e r e. Thus, to  o rd e r e, e - 1 o '  ' ’

d _ 3H _ t 3H _ 3H _ t 3H
^3 - °3 - gp| - mP3 gp i P3 - ' "iq3 g^

3T (- ^ * ) -  2 (q| q i + P3 P3 ) = 2 m (q£ p 3 “ P3 q| |“  ) = 0
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So y = ^  m g—  i s conserved to  o rd er e ( i . e .  y = 0 , to  o rd e r e ) .  

The exp ress ion  fo r  the perp end icu la r v e lo c i t y  is  o iven in A - l - 4  and 

is  the  usual express ion fo r  the p a r t ic le 's  v e lo c it y  o f  g y ra t io n .

a o s "
Let a = —  and 3 = —  and s = , then toe e e

o rd e r e the  Ham iltonian is  (w ith  pg = p2 )

Ps , _ ,3s . c (E  x  B) ^  , mc2 (?  :
' 2 ^ + ps ( a t + — 12— V s) + 2----------- i

;  _ -3H d , fe “ o , -3H .

1 '  9<H dt >  £ “ - I f  •

S im ila r ly  e xp ress ions fo r  g , ps , s can be obtained from H a m ilto n 's  

e q u a tion s, and

i  ^  i t l  • s -  £  M  A - l - f i
“  e 3(3 ' 3 "  e A 1 6

3H
9P.
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APPENDIX A - l I

In th is  appendix a d if fu s io n  equation fo r  the  average g u id in g  

ce n te r density  o f  p a r t ic le s  in phase space w i l l  be developed under 

the assumption th a t the f i r s t  a d ia b a tic  in v a r ie n t  o f the p a r t ic le s  is  

conserved. The method used is  a s l ig h t  g e n e ra liz a t io n  o f the develop­

ment o f  a d iffu s io n  equation governing the g u id in g  center d e n s ity  by 

Birmingham, Northrop and Falthammar CI967) under the assumption th a t 

the f i r s t  two a d ia b a tic  in va rie n ts  o f the  p a r t ic le s  are conserved.

The s ta r t in g  po in t fo r  the development is  the  c o n tin u ity  equation fo r  

the gu id in g  center density  Q (a ,S ,s ,p s , p , t )  in the  phase space 

g iven by a ,8 ,s ,p  , p

0

In Appendix A - l  i t  is  shown th a t to  the o rd e r p is  conserved ( i . e .  

p=0) a Ham iltonian function  H can be found such th a t:

• = i£ iti • « - £ ill ' - zM • c - ItL
“ e 38 e 3a ' Ps '  3s ' 3pfi *

The above equations imply

J .  rn ) = ; £  _ l L H -  -  _ !  (£  l i i i  -  _ _JL ( o)
3a e 3a3S 38 e 3a 38

and simi I arIy ‘

80
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So the c o n tin u ity  equation becomes a L io u v i l le  equation

3Q ;. 3 Q  • 3Q - 3Q - 3Q
y F + a 3 ^ + 6 3e "3s- ^s 3p"s ~

The phase space d e n sity  and phase space v e lo c i t ie s  are tre a te d  

as randomly f lu c tu a tin g  v a ria b le s  and i t  is  convenient to  w r ite  them 

as x = < x  > + Sx. The symbol< x >denotes an ensemble average over 

the  ensemble o f flu c tu a tio n s  and 6 denotes the v a r ia t io n  of the 

v a r ia b le  from it s  average va lue.

W i th the  notat i on :

X,  -  « ,  x2 = 6 ;  X j  = s; X,, =  ps ;

the  L io u v i i le  equation can be w ritte n

_ 3  <Q> J i  6Q 4 . <Q> 4 ( - ^  ) _3 6 Q  = 0
3t  + 3t  . + |I| 1<V  + 3x. +i l | l< x i > + 6V  3x.

A-1 I - 1

The ensemble average o f th is  equation and the observa tion  

<6x> = 0 g ives

3 <Q> 4 . 3 <Q> 4 .• 3
n  S T  = -il|<{xi

S u b trac tin g  equation 11-2 from equation M - l  g ive s  a d i f fe r e n t ia l  

equation fo r  6Q, namely

iQ - ,1, <v
I f  the  f lu c tu a tin g  pa rts  o f the va ria b le s  6x are considered small 

compared to  <x> so th a t the f i r s t  term on the r ig h t  hand side o f
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equation 11-3 is  small in comparison to  the  second te rm , equation  

I 1-3 can be w ritte n

taken along the phase space o r b i t  w ith  the v e lo c i t y  v e c to r

So, assuming the f lu c tu a tio n s  are turned on a t t= 0 ,

+ -  s -
6Q = -  / d t '(£  fix. ( w , t ' )  - f -  < Q (w ,t -)> )

o 1 3xi

where the n o ta tion  ( w , t ' )  means th a t the q u a n tity  is  e va lu a ted  a t

t 'a n d  along a s p e c if ic  phase space o r b i t  where w = u. The components

o f the  proper phase space o r b i t  are s o lu t io n s  to  th e  fa m ily  o f

equations p p -  = <><.> w ith  the proper i n i t i a l  c o n d itio n  th a t  a t t '  = t  

the component o f the o r b i t  have the va lue x . ( t ) .  The components o f  

the proper o r b i t  are denoted by w . ( t ' ) ,  where:

W j ( t ' ) =  x . ( t ) +  y . ( t ' )  -  y . ( t )

Using th is  so lu t io n  fo r  5Q in equation 11-2 g iv e s

A-1 I -4

The symbol p p  on the le f t  hand s id e  denotes a c o n ve c tive  d e r iv i t iv e

dV;

Si nee

_ 3 < Q ( w ,t ')K
3x .

A - l 1-5

<x.> + Sx.
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9 <a> + 3_ 6a_ _̂3_ <6>
3a 3a 36 38

Equating the f lu c tu a t in g  p a rts  g ive s

3 6a_ -3  66
da 36

s im i la r ly

_ i  6P. ___
9ps b-  3s i i j S x ,
a  *h-- z l  S ’s o r  r  i x i = 0

Thus

f 3 6V  + )6*j(+")dt'^= ^ <5xj(t')dt2>

+ E <Jx. - r ~ - /  6x.(t')dt;> = E \6x--~- /+ Sx.Ct'Jdt^
J 1 dX| O j I x ldxj o J .

So equation 11-5 becomes

_d
dt• <Q> = E E <7 5x; ( t )  < Q (w ,t ')>  d t j >  A-1 1-6

i j  i J dXj

The q u a n t ity  x = <x> + 6x can be viewed as deve lo p in g  on two

separate tim e s c a le s . The ensemble average q u a n t ity  <x> w i l l  change

as the re s u lt  o f many sm all cum ula tive  changes in 6x. The q u a n tity

6x changes on the same tim e sca le  as the f lu c tu a t io n s . Thus <x> w i l l

change much more s lo w ly  than 5x o r  the f lu c tu a t io n s .  The time in te g ra l

in  A - l l - 6  is  e f f e c t iv e ly  l im ite d  to  tim es on th e  o rd e r  o f  the c o r re la t io n

tim e o f  the  f Iu c tu a t io n s ,T r , because / ^ d t '6 x . ( t ) 5 x . ( t " ) is  e f f e c t iv e ly  
. o 1 J
a c ross c o r re la t io n  fu n c tio n  and c o r re la t io n  fu n c tio n s  are small f o r  

tim es la rg e r  than the c o r re la t io n  tim e . S ince <Q> v a r ie s  on a 

much la rg e r  s c a le , both te m p o ra lly  and s p a t ia l l y ,  than 6Q o r  5x
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the  in te gra l in A - l 1-6 w i l l  be dominated by the behavior o f  Sx. 6x^. 

So the q u a n tity  ~  <Q(w,t)> ins ide the in te g ra l s ign  in A - l  1-6 can 

be replaced by <0(ct,8 ,s,ps , u ,t)>  and equation A - l  1-6 can then be
j

w r it te n

3<Q> . r - - r J L  n 3
at oi ax. i,j 3x. X .x . 3x .

where

Dx . x .  = ̂ *  6*i (ot> 3,s ,ps , p , t )  6Xj(W| ,w2,w3,w4 , u , t ' ) d t ^  A - l  1-7

w. ( t ' )  = x . ( t ) + H " - t )  x  .

where xq . denotes the value o f x . in the absence o f  f lu c tu a t io n s . 

The <5x. can be expressed in terms o f the H am iltonian given in 

Appendix A - l  as:

{i = J -<i> = ,|_H Z||H>, . 6(U _ J
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A P P E N D I X  A - l I  I

In t h is  appendix the d if fu s io n  c o e f f ic ie n t  D w i l l  be c a lc u la te d  r aa

in d e ta il to  i l lu s t r a t e  the technique used in c a lc u la t in g  a l l  o f the  

c o e f f ic ie n t s .  The expression g iven  fo r  the d if fu s io n  c o e f f ic ie n ts  in 

A - l 1-7 re q u ire s  expressions fo r  the zero o rd e r o r b i t  components w. 

g ive n  in equation A - l 1-8 in terms of the magnetic co ord in a te s a , 3 ,s.

The c a lc u la t io n  of w i l l  be re s t r ic te d  to  the  geom etry o f the  model 

magnetosphere. In the model magnetosphere the m agnetic f ie ld  is  taken 

to  be s t a t ic  and so the magnetic coord ina tes a ,8 ,s  do not depend e x -  

pl i c i t l y  on tim e. Thus |^- = ||- = — • = 0. The E u le r p o te n t ia ls  a and 

8 are such th a t Va x Vg = BCr) |^. S ince the magnetic f ie ld  is  o n ly  a 

fu n c tio n  o f r  and po in ts in the z d ire c t io n  a ju d ic io u s  ch o ice  o f 8 is ,  

8 = 0 .  Then a can be chosen as a fu n c tio n  o f r  o n ly  and is  obtained 

from the d if fe r e n t ia l  equation

d Q, , A - l1 1 -I■5— a = r  B (r )  
d r

The s o lu t io n  to  A—I I I — I can a lso  be used to  ob ta in  r  as a fu n c tio n  o f 

a . The o th e r magnetic coord ina te  s is taken to  be id e n t ic a l ly  z (s = z ). 

S ince B is  a function  o f r  o n ly  the g ra d ie n t d r i f t  wi I I have o n ly  an 

azim uthal component and

Thus the f i r s t  two components of the zero o rd e r o r b i t  a re

W( ( t ' ) =  a ;  w2 ( t ' ) =  8 +  U p C t ' - t ) A - l I  1-2
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In the model magnetosphere the p a r t ic le s  are assumed to  be e la s ­

t i c a l l y  re f le c te d  from the ionospheres a t s = -  A . The v e lo c it y  o f a 

p a r t ic le  w il l 'c h a n g e  a b ru p tly  from v| j to  - V j j  whenever i t  reaches 

the ionosphere. S ince s is  taken to  be id e n t ic a l ly  z , the momentum 

conjugate to  s is  g iven  by

11 n  b2 v s i i

Thus which represents the zero o rder behavior o f pg is  g iven  by

mv| | 0 < f  < t 0

w4 ( t ' )  = ( - 1) n mv ( j (n -| )T + t Q < t '  <nr + t Q

( — I .)N mV| j (N - I ) T  + t Q < t* < t  A - l l l - 3

where v j j is  the v e lo c it y  o f the p a r t ic le  a t f  = 0. The tim e i t

takes a p a r t ic le  to  reach the ionosphere from it s  p o s it io n , S q , a t

t ! = 0 is  g iven  by t  = — r  —  . A t tim e t  the p a r t ic le  re f le c tso | v M| v |( o

from the ionosphere and i t s  p a ra lle l v e lo c it y  changes s ig n . A f te r  a

time T the p a r t ic le  again r e f le c ts  from the ionosphere and the s ign  o f

it s  p a ra lle l v e lo c i t y  is  again changed. The tim e T is  c a lle d  the

bounce period and depends upon the p a ra lle l v e lo c i t y  o f a p a r t ic le  and

the d istance between ionospheres: T = — —  . The bouncing motion of
V 11

the p a r t ic le  is  represented by equation A - l l l - 3  from t '=  0 up to  t '= t .  

The in te ge r N is  the la rg e s t p o s it iv e  in te g e r such th a t t — (N — I ) T - t Q>0, 

and thus g ive s  the c o rre c t  s ign  fo r  the p a ra lle l v e lo c i t y  a t t '  = t .

The zero o rd e r motion o f the p a r t ic le  a long the f ie ld  can be
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found from A - l I  1-3 and is  g ive n  by

( N - I ) T  + t < t '< t  o
A - l I  1-4

where sq is  the p o s itio n  o f the p a r t ic le  a long the f i e ld  l in e  a t t '= 0  

and s n = — ( Cn— I )T + t Q + — |) ( - l ) n v j j . w^ alw ays has a va lu e  be­

tween +a and -A  since the p a r t ic le  is  confined  between the ionosp heres.

The v a r ia t io n s  in the p a r t ic le  v e lo c i t ie s ,  6*, due to  the f lu c t u ­

a t io n s  can be expressed in terms of the H am ilton ian  by u s in g  equation

A—11—9. To use the equations A - l  1-9 ^ H ^ ,a n d  th u s< ^$ ^,^yB ^ a n d ^ E ^ ^ . 

a re  needed. In c a lc u la t in g  the ensemble average q u a n t it ie s  i t  is  con­

ve n ie n t to  use the shorthand no ta tion  introduced in  ch ap te r 3. That 

is ,  the t r i p l e  (£ ,m ,n) is  replaced by L and ^Z^ n is  rep laced  by Z . 

Furtherm ore the n o ta tion  I t J d x t U f C L )  w i l l  be used t o  denote 

J "d x ( I ) ^J"dx(2) J d x ( 3 ) • • -Hf (z ,m ,n ) . A lso  the statem ent L * = L w i l l

mean I ' = I and m' = m and n ' = n.

From the d e f in it io n  o f '.^(Rq j , t  ( ; ^ 2 ^ 2 ) g ive n  in  equation 3-7 

and from equation 3-1

= Z n, }3/2 J dtf(L')W2(t(L ’ ),t;*f(L* ),tf)

L L' 0 :  1
A(L,r) exp i Go (L)f + Z Q -k z  + *'(L)) )  A-l I 1-5
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iJi(L) is  the  phase of the L component o f the p o te n t ia l a t tim e t ,  ip' ( L ) 

is  the  phase a t  t '  and f  = t ' - t .  Terms in the in tegran d  o f equation 

A—I I I —5 f o r  which L 1 t L are o f the form

2ir

> 7 / * /

allow ed to  depend upon L so th a t  i t  can be taken to  be d if f e r e n t  fo r  

each component o f the wave. Equation A—I 1 I —5 can be w r it te n

< $ >  = Z A ( L *yj;  exp iC M L H  + S L G - k z I  d tf)(L )f d '/ ( L )e  2 a (L) e '^
L (2rr) a (L ) 4  J

2 , . f 2"  -
The in te g ra t io n  o ve r ^ * ( L ) g iv e s  e a and\J d ^e '^  = 0.

Thus the ensemble average over the p o te n tia l is  ze ro  : <T£>= 0. T h is  

is  c o n s is te n t  w ith  the assumption th a t  th e re  is  no ze ro  o rd e r e le c t r ic  

f i e ld .

To ca I cu I a te  < C t^ >' f i r s T  no he th a t  is  o f th e  form 

R e C A ie '^1 5 • Re (A,, e '^ 2 ) .  The no ta tion  "Re" means " th e  rea l p a rt  o f " ;

" Im " w i l l  be used to  mean "th e  im aginary p a rt o f " ;  and A* w i l l  denote 

the complex con ju ga te  of A. From the d e f in i t io n  o f  the  complex co n ju ­

gate i t  fo llo w s  th a t

R e (A |e is5l)R e (A 2e i252) = i ( A |e i ^ l +Al *e- i ^ 1)^ ( A 2e '^ 2 + A 2*e_,z52*)

= i ( A lA2e i(c5l +^ + A l V e " i ( ^ +z52> + +

A ^ e  A-1 I I -6
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Since the e l e c t r i c  f i e l d  is given by f  = -v V ,E  can be wr it ten  in 

the form

E = Z (E ( L , a ) f  + E J L . a l f  A-1 I 1-7
l_ a a B p

+ Es (L,a)'J*s ) exp i ( u ( L ) t  + fcB-ks + t̂ C L ) )

and so

< E I > = n  J  * 6 * ( l " )J a  d * f < L " } A - l l l -8

Re |Z  Ea(L,ct)exp i(dj(L)+ + 2,S-ks + i> '(L ))J

Re < Z E (L* ,cx)exp i ( w(L » )+  + i 'S - k ’ s + ip ’ C L *) )> W2 ( ^ ( L " ) ,  t ; ^ r ( L” ) ,  t 1)

LL’ J .
+ a s im ila r  term fo r  E^.

A ccordin g t o  the  equation A - l l l - 6 ,  the  integrand in A - l l l - 7  

must have terms o f the  form f

i f  r  / , 1 I \ 2 0 f° r  + s ign
 L ( d t  d ’/  exp i (ij;1 (L)fiJj1 (L 1 ) )exp -  ^  ={
(2tt) a J  2a |9LL , ^°r  "  s '^ n

E a(L ,a ) | 2 + |Ee ( L , : « ) ! ?j r 2 ,< L lt

where y (L )  = lm(<*>(U). The imaginary p a rt o f the  wave frequency,

y d ) ,  g iv e s  the damping o r growth rate o f the L component o f the

wave. To c a lc u la te  o n ly  the q u a n tity  s& is  needed and

^  = *e 1Tb Since B depends o n ly  on a and p is  an inde­

pendant variable ,_3 _ ( pB) = 0. From equation A -M I -9  i t  can be seen
,  2 ^  3S 2

th a t< E x > i s  a fu n c tio n  o f a o n ly  and thus 3 <J[,^>= 0. So
36
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e |_ 2 38 c 36

W ritin g  the expansion of the p o te n tia l t  in a ,B ,s  space as

9 = I C (L ,a ) exp i ( u ( L ) t  + ^6 -ks + (i(L )J=  Z C (L ,a )e  l5*( U  g ive s  
L L

3_ 9 = Zil C ( L , a-) exp i«5(L) A
33 .

where «SC L) = a>(L)t + 5,6 -  ks + ip( L )
2 • 

Using equations A - l I  1-6 and 7 to  w r ite  Ej_ g ive s

—  = I  L L ' I  i ^ H ' ) E a(L )E a ( L ' )  e ^ + ( t )  -  i (5 + * ' ) .

A-l I 1-12 * -j
E (L )E  ( L ' J e ' ^ - ^ 5 a a J

t  s im ila r  terms fo r  

where «5+ ( t )  = (W(L ) + to C L T) )t  + (5+5, ' )3 -  (k+ k?)s + ^ ( L) + ip (L ')

rf_Ct) = (u (L ) -  u ( L ' ) ) t  + a - i ' ) S  -  ( k - k ' ) s  + * (L ) -  0< L*) 

Using the expansions fo r  w . ( t ' )  from equations A - l I  1-2,3 and 4 

to ge th e r w ith  the observa tion  th a t Wj = a im p lies  th a t any fu n c tio n  

of w( is  s im ply a fu n c tio n  of a , 6u(w( ,w2,w3#w4,t  ' )  = 6 a (w ,tT) 

can be w r it te n  from equations A-11 I - 10, I I  and 12 as

SaCvT.t') = 6 a (t?) = — S t  I  { i  (&+£,» )E (L ,a )E  ( L ' ,a ) e is5+(+ ’ )
8eB" |_L L* a a

- r a H ' ) E V , 0)E * (L ',a )e -, ! i t ' < t ' > - !  (C -i ')E * tL ,<1)Ea ( L ;a ) e- ieS- t1- 

+ i C j[-£ ' )  Ea < L>a) Eq ( L r ^J+ a s im ila r  term fo r  E ^ j /v— 111 — 13
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-c  E i* C (L ,a )e xp  i ( u ( L ) t T + IB  +*a»D ( f  ' - t  )-k w 3( t » )  + C L )) 

where

« M + ?) = CtuCL) + a ( L ' ) ) t '  + U + A ')  ^6+u)d ( t ' - t ) ]  -  ( k+ k 1 )w3( t f )+^ ’ (L )+ ^ ' ( L 1) 

{$_(+' ) = ( to* (L)-w (L ’ ) ) t ’ + (£ -£ ')  Js+uD( + f - t )  - ( k - k ’ )w3( + ’ ) ( L ) - ^ ’ ( L 1)

In c a lc u la t in g  i t  is convenient to  use the fo llo w in g  theorem

(K om olg oroff) to  interchange the ensemble average and tim e in te g ra t io n .

Theorem: For a bounded ensemble Y ( t )  a l l  o f whose members, y ( t ) ,  are

Riemann in te g ra b le

<  (  f  [ y ( t ' ) ]  = f < f  [ y ( t ' ) ] > d f
o /  -v. o

provided th a t N ^ fC y t t ' is  Riemann in te g ra b le .

C e r ta in ly  the  v a r ia tio n s  in the phase space v e lo c i t ie s ,  <5x, are 

bounded and Riemann in te gra b le  and is then g ive n  by

f t
Daa= JQ < ^ ( c t, 0 ,s , v |1,M ,t)6 d (w i ,w2,w3,w4, p , t ' ) >  d+ '

=  \ <^5d(t)5d(t' )̂ > df /\_| ||_|4 •
o

The two terms needed fo r  6 d (t) are g iven  by equation s A - l 11-11 and 12;

5 d ( t ' ) is  g iven  by equation A - l  I 1-13. The exp ress ion  ^<Sd(+)6d(+’ 

has in te g ra ls  of the form: 2

I )  From m u lt ip ly in g  the3 Ei -

n J'dtfd) Jdt' (I) exp^(D;(L)+^(L')]+ C;'(L")+ii»(L’M
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r  , .  T . i c h c d - h d )
where W2( i f j ( I ) , t ;  ' H ( I ) , t ' )  = --------- — ------------e x p --------------------2---------------

(27t)--/ 2 a ( I )  2a ( I )

and a2( I )  = k Ci , j , k )  (AiH i , j , k )  ) 2( + '-+ )  ; i , j , k )

In the  fo llo w in g  in te g ra ls  the index I  w i l l  be le f t  ou t f o r  th e  sake 

o f b re v ity  but exoressions such as W2( ’p , t ; iH  , + ' )  should be under­

stood to  stand fo r  W2( i J j ( I ) , t ;  ' . / ( ! ) ,+  ' ) .  O ther in te r g r a ls  from the

3j g —  terms are

II |<fy I dip1 exp< i (C ^ ( L ) - J j ( L , )]± D 4 ''(L ")+ ^ ’ (L " ') ] )> W 2(i|;,t. Tp1 , t 1 > = 0Jd'p Jdip ' e x p ^ i  ( C H D - t d - ' ) ] ± D H  (L " )+ H  d " 1 )U ^W 2(ip,t. 

dip e x p ^ i  (DM L)+ ip(L? ) ]  ± [(j/ ( L " ) - ^ '  ( L " '  ) ] ^ W 2(ip ,t ; ip ' , t  * )= 0

Jdij, Jdip* exp< i(D H L)- 4»(L* )3 ± DH<L")-H (Lm, )])> W 2

5, , ,6 .........6 , „ . r .  j

n J  dip j dipT exp^ i (DM L)+ ip(L?) ]  ± F ^ ' ( L " + Mb'.+ ' )  

and

I l jd ip  Jdipf exp^ i (D H L ) -  ip( L ’ )3 ± DH ( L 'H - ’p* ( L" ’ )H) ^  V/2Cip,t ; ipT,+ ’ ) = 

5L L ' V l "° L "L ”

2) From the c ross terms between -|g E?_ and ^  <5 

n jd *  Jd'p* exp ( i [ ± ^ ( L )  ± ( ip '(L ’ ) + IP' ( l " ) ) j }  w2( 'P ,t ; ’p1 , t f > = 0 

fo r  any o f the  e ig h t  p o s s ib le  com binations o f s ig n s , and

n jd ip  J V  exp |  iC± ( ip( L ) ± $ (L M ) ± tp» (L» ) ] J  W2 C ip ,t;'p ’ , t

. . - s 2 ( L ) I .0 f o r  + s ig n
n jd  Ip Jd-P' exp J i C v '  (L)±ipf ( L* f j]  W2 ( - ; , t ; ip1 , t  *)=e 2 \

l6 L L , f o r  -  s ig n

Denoting the q u a n tity  s ( + ) - W3(+ ») by s ( t ) w ith  T=t - + », 

the q u a n tity  < od (t) 6 a (t?)> can be w r it te n
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^ 6 d (f  )6 a ( t ' )^> = —  Zo— 2'(L ) i 2 jC (L ,a )  |2 | e x p [ - i  ( a id J x + ^ t c O x - k s i i  )

y ( L ) x  - 2 y ( L ) t

- j - 2  e 2 Yto --- &2|C(L,a)| e ^  c o sGd ’ ( L ) x - k s ( x ) )

The in te g ra t io n  over tim e in equation A - l I 1-14 is . best d iv id e d  

up in to  tim e in te r v a ls  when the p a r t ic le  is  between the ionospheres. 

Equation A - l I  1-14 can then be w r it te n

Daa= y ~ 2 e 2Y ( L ) t  £?-|c(L,a|2| '^  dx e ^ eyT c o s [(d > '-k v ( ( )xH

n nT+t0 C+
+ E d te  eYTco s [u ’ x -k ( s  + ( - l ) nv . , T ) t k s ] t  1 h x  e eYT
n=l ln -1  JT+t 0 "  "

T )+ k s ]^

I I  - 1 5 a re  a I I 

■}

t Q

cosQo 1 ( U x-kC s^  + ( - l ) Nv 1(x ) +k s ^  A - l  11-15

The in te g ra ls  in equation A - l I  1-15 a re  a I I o f th e  form 

r 2 Tri I f +2<J
I e u cos(bx+c)d  x=  \e  Qd c o s (b t2+c)+b sin(bt->+c)3
) + d2+b2 '  “

-e T | c o s (b t1+ c)tb  sinCbt^ + c)3 ^

where w ' ( L )  = to (L ) + Auj pCa) .
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In equation A - I I  I -1 5

td = -  + Y* = ( - < ( L )  Aip2 ( L) + y ( L ) ) t  = -< k  ' ( D - y ( D ) t
z 2

b = u ' ( L )  -  (-1 i V j !

c = -k s  -k s  = k( (n-1 )T + t + 4 —  | ) ( - l ) nv -k s
n ° lv 7 | ! , ,

The terms in A - l  11-15 can be combined a f te r  the tim e in te g ra t io n  is  

performed since the summation conta in s terms l ik e :

e- ( K ' - Y ) ( ( n - l ) T + t o ) }
   —  -J coslKoi' - ( - I )  kv. . )  ( ( n-1 )T+ t )
Ck ' - y ) 2 + < « ’ -  ( - l ) n k v . . ) 2  1 11 "

+ ( - 1 ) nkv, , C (n - l  )T + t ^— ) + ks]
11 0 I'M |

0 r m

where the f i r s t  term is  from the lower l im it  of- the  tim e in te g ra t io n  

o f the  n*  ̂ term o f the summation and the second term is  from the 

upper l im it  o f the (n - l  term. Equation A-1 I I -1 6 can be w r it te n

4 ( - l )  (K '-Y )o k v
I l r

• v | |
where a = -r -— r  is  the sign  o f the  para I le i v e lo c i t y .  Simi la r l y  theI I I 1
terms in the summation in equation A - l I  1-15 which co n ta in  s in e  terms

A-1 I I - 16

o
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a f te r  the  tim e in te g ra tio n  is  performed combine as:

t - l ) nk v ||o / - ( k v ||) 2 - k ' - Y )2 ,e- (*: ' - l '> < < " - ') T + +0)

--------------------------------------- ----------------------------------------------------■—   s in Q ,]' ( L ) (  (n - l  )T  + to )

[ ( i c ' - y ) 2 +  (to' - k v f j ) 2] [ ( < ' - y ) 2 + ( u ’ + k V j  ( ) 2]

+ ( - | ) n akA +ks]

Using the no ta tion

df = k » ( L ) - y (L ) ; k ( (-1 ) n crA+s )= kr ; nT+ to= tn n

w_ = u ’ -k V j j ; to+ = to' + kv j j

equation A—I I 1 — 15 can be w r it te n

Da a = r  f |  e - ^ ^ , 2 | C ( L , « ) | 4 ^ ------------
L L  ( d '2+u_2

-2 kv  . N -l - d ' t
 C2d'u Z ( - l ) ne n c o s (u 't  - k r  )+ (to,to - d ' 2)
Cdf 2+to_2) (d ’ 2+to+2) n=0 n n + -

N_l „ “ d ’ t,, - d ' t .  ,. , ,
Z ( - 1 ) e s in (a j 't  - k r  ) ]  -    d ' co s ^ ' t - k r:^)

n=o n n d '2+ ( o '+ ( - l ) k v ( j ) 2

+ ^ '  + ( - l ) ,'lk v ||) s in  4o ' t - k r N ) ) j j  ■ A_ m _|7

Equation A-1 11 -1 7 hoids fo r  any value o f ic ' and y .  A convenient

. approxim ation to  A—111-17 can be made when y =0 (s te ady s ta te  case)

and exp-K* T < < l. These requirements on y  and k ' mean th a t  the wave 

components are undamped and the wave tu rbu lence is  such th a t the
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p a r t ic le s  see a phase change o f app roxim ate ly  Aip in a tim e somewhat 

less than the bounce p e rio d . Under these r e s t r ic t io n s  A - l I  1-17 can be 

w r it te n

96

V r r f  l2lC(L'«>la G (L ,v ||>S)

where

G(L,v
K '2- ^ . 2 ^ 1 2 ^ 2 ^ 1 2 ^  2] f'

ih(a)+T+u)_to ) ^e K cos(w+T+u_to ) ]  + (u)+co -K ,2 )[sin(co t Q) -e  K

Equation A - l1 1-18 shows th a t, fo r  t Q la rge  ( i . e .  alm ost equal to  a

bounce p e r io d ) , D is  la rg e s t fo r  = I .  T h is  means, o f course, aa kv(1

th a t  p a r t ic le s  w ith  p a ra lle l v e lo c it ie s  such th a t —  = V|| see the 

wave as almost constant fo r  n e a rly  a bounce p e rio d . I f  t Q is  small 

the  p a r t ic le  is  q u ic k ly  re f le c te d  from the ionosphere and p a r t ic le s

w ith  p a ra lle l v e lo c i t ie s  such th a t —  = -l see the wave most fa v o ra b ly .
11

The in i t i a l  co n d itio n s  o f the p a r t ic le  are v e ry  im portant in equation

A-1 I I - 18 because o f the vaIue o f < ' .  < ’ is  taken to  be so Ia rge  i n

d e r iv in g  A - l1 1-18 th a t  the p a r t ic le  motion is  com ple te ly  randomized

in a ve ry  few bounce p e rio d s . I f  < ’ is  taken to  be small so th a t

e K ^ is  nearly  u n ity  then from equation A - l I  1-17 i t  is  c le a r  th a t  most
2

terms in  Daa w i l l  have the denominator l2+w£3. Thus the in i t i a l

re la t io n s h ip  of the  p a r t ic le  to  the wave is  r e la t iv e ly  unim portant and 

Dao d o e sn 't peak s h a rp ly  about any p a r t ic u la r  va lue o f — ■—  . F in a l ly  

in the  case in which y  is  on the order o f the  bounce frequency o f a 

p a r t ic le  (2tt/ T ) , Daa is  q u ite  small in a few bounce period s due to  

the  fa c to r  e x p -y t  which appears in every term o f A - l1 1-17.
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Appendix B -l

In t h is  appendix e le c t r o s ta t ic  o s c i l la t io n s  in a c y l in d r ic a l  

geometry ( r ,9 , z )  w ith  a magnetic f ie ld  g iven by B = B(r)tz w i l l  be 

in v e s tig a te d . The treatm ent w i l l  be re s t r ic te d  to  the  freauency 

range < w < The ion gyrofrequency is  denoted by f i j ,

<iiip> . is  the azimuthal d r i f t  frequency of an ion w ith  a v e lo c i t y

V  m.
B oltzm ann's constant. Both the ion gy ro ra d iu s  and th e  azim uthal d r i f t

frequency can be fu n ction s o f  r  and the frequency r e s t r ic t io n  must

be s p e c if ie d  fo r  a g iven range o f r .  The m agnetic f i e ld  is  a fu n c tio n

o f r  but is  assumed to  va ry s lo w ly  o ve r d istances on the o rd e r  o f  an

ion g y ro ra d iu s . The development o f the d if fe r e n t ia l  eq u ation  f o r  the

e le c t r ic  p o te n tia l w i l l  c lo s e ly  p a ra lle l the  work o f S w if t  (1967) who

did  s im ila r  c a lc u la t io n s  in a c y l in d r ic a l  geometry but w ith  B = co n sta n t.

The problem is  solved by using a p e rtu rb a tio n  techn ique to  f in d  th e

s in g le  p a r t ic le  d is t r ib u t io n  fu n c tio n  from the col I is io n le s s  V la so v

equation w ith  the e le c t r ic  p o te n tia l being g iven by P o is s o n 's  eq u a tio n .

The e le c t r o s ta t ic  a cc e le ra t io n  is  assumed to  be of h ig h e r  o rd e r ( i . e .

sm a lle r) than the Lorentz a c c e le ra t io n . The zero  o rd e r o r  unperturbed

d is t r ib u t io n  fu n ction  can be chosen to  be an a r b it r a r y  fu n c tio n  o f  the

2 2 2
th ree  constants o f the zero o rd e r motion vz , = v r  + v Q, and 

pQ = = mrvQ + ~  r  A ( r ) .  The momentum conjugate  to  0, pg , is

constant s in ce  the Laarangian, L , o f the p a r t ic le  does not depend 

upon 6 ( i . e .  0 is  c y c l i c ) .  In th e  model magnetosphere a t w o  component 

M axw ellian plasma w ith  perp e n d icu la r and p a ra lle l tem peratures g ive n  

• 97 .
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by Ta  and T„ is  assumed so the ze ro  o rd e r d is t r ib u t io n  fu n c tio n  is  

w r it te n  as •

K TJ k 0 1,29<rf o = 1 2 ^ 1 1 2 ^ ) ' “  9<rA ( r ,  + ^ i , e x p - ( ^ 4 - + 2 ^ - ,  
—  b i  b m

f | ( t )  = • — 2. d t '  B - l -2

B - l - l

S ince th e  ze ro  o rd e r number d e n s ity  o f the  plasma is  o b ta in e d  by 

in te g ra t in g  B - l - l  over v e lo c i t y  space g is  re la te d  to  nQ . T h is  

r e la t io n s h ip  w i l l  be s p e c if ie d  la te r .  The f i r s t  o r d e r - d is t r ib u t io n  

fu n c tio n  can be expressed as

+  ^  3 f „
/ vo • —  
t 0 3 v

The in te g ra l in  equation B - l -2  is  eva luated  a long the ze ro  o rd e r  

o r b i t s  o f  the  p a r t ic le  in phase space. The low er l im i t  o f  in te g ra t io n , 

t Q, is  taken as - 00 fo r  grow ing o s c i l la t io n s  (Im  co < 0 ) .  The a n a ly t ic  

c o n tin u a tio n  o f  f ( ( t )  in to  the upper h a lf  o f  the com plex a) plane 

g iv e s  th e  s o lu t io n s  fo r  damped o s c i l la t io n s .

As discussed in appendix A - l  the  motion o f the  p a r t ic le s  to  

f i r s t  o rd e r  can be represented as a g u id in g  ce n te r d r i f t  and a g y ra t io n  

motion about the  gu id in g  c e n te r. S ince the magnitude o f  the  m agnetic 

f i e ld  is  a fu n c tio n  o f r  o n ly ,  the g ra d ie n t d r i f t  w i l l  be in  the 

azim uthal d ir e c t io n .  So a t tim e t the p a r t ic le  is  located  a t the

c a rte s ia n  coord in a tes
— £v, -

x ( t ) = r  c o s 0 ------ — ■ sin«S

y ( x )  = - r  s in ’s + cos6  B - l -3

z ( t ) = -V  T + z (0 )
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where t = t - t 1; 6 = + 9^; <1 = 4> + c f it .  The g u id in g  ce n te r

coord inates are g iven  by r ,  9 and z. The g y ro ra d iu s  is  defined  by 

P = j p  , 0Q and <t> are in i t i a l  phases and e denotes the p a r t ic le  s ig n . 

In the fo llo w in g , unless s p e c if ie d  o th e rw ise , and fi a re assumed to  

be evaluated a t the  gu id in g  c e n te r. The p o s it io n  o f the p a r t ic le  a t 

tim e t ' ,  r ( t ' ) is  obtained from equations B - l -3

r 2( t ' )  = r ’ 2 = x 2( f >  + y 2( t ' )  = 72 + e s in ( F -2S)+—  

C o nsidering  p- << I and using the expansion ( l+ x ) 2 = l+2x

- c o s 2 ( F - ^ )  ) B - l -4

The v e lo c ity  v ^ l t ' )  is  obtained from B - l -4  by d i f fe r e n t ia t io n

~ 2
r 1 = r  ( I + e s in C F -d ) + j  ^  c— 2' ”

v ' “ v ( f )  = Vj, cos(0-«5) [ ( I -  e 7T  ( s i nCe- ^)  )D r  r  u r

The azimuthal v e lo c i t y ,  v^ , can be obta ined from v^ = -v ^ s in 0 ’ + v^cosO' 

and s in e ' = p -  ; cos6' = — y  by s t ru g g lin g  through some a lgebra

vl  — — v.  s i n ( F - ^ )  -  e — V, cos2(F-j$) B - l - 59 r  r  *

The e le c t r ic  p o te n tia l w i l l  be w r it te n  as

< f ( r ,0 ,z , t )  = /doj £ A U ,m ,r ',u i)  exp i (ait -  k z ' + H9 ') 
l,m

and the in d iv id u a l components o f the p o te n t ia l are expanded in terms

o f _£. fo r use in  equation B - l - l .  
r

A(£,m,rT ,oj) = AU,m,r,(u) + Cr'-rD ~  AC£,,m, r,ai) + 
dr

1 - 2 d 2 -
2 [ r ' - r ]  — 2 B - i -6
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Using equation B - l -4  and the n o ta tion  6 = —  g ives ( re ta in in g  the 52
r

terms o n ly ) the  fo llo w in g  expression fo r  the component A (J t ,m ,r1 ,<d)

A U ,m ,r,u )) + 1/2 ?2 S2 s in 2(e-«$) ^  A U ,m ,r ,a j)  
d? d?2

i —y  = e 10 [ I  -  1/2 62 + i<5e' (

6) (1-3/2 S2) ]

is  used a long w ith  the approxim ation ( l - x ) n = I -  nx + n ( n - l ) x 2 [ x 2« l ]  

to  ob ta in  .

«

The integrand in equation B - l -2  can now be w r it te n  as 

i ((jot’ - k z ' )..£12. = 
3v

) I" ' kvz m m d . £mc g 1 1 . , .  ,
[ t ^ T  - k 715F +|—  g J ACt.m.r-

where -rrv- A U ,m ,r ' = Cv* i - A U ^ r ' , w )  + — A ( £ , m, r ’ ,w ) ] e 1'd ft * * » l. r  d r ' » > » r i , , ,

and g ’ is  the d e r iv it iv e  o f g w ith  resp ect to  i t s  argument. The f i r s t  

o rd e r number d e n sity  is obtained by in te g ra t in g  the f i r s t  o rd e r d is t r ib u t io n  

g iven  by equation B - l -2  over v e lo c ity  space. S ince the average o f

/ A (£ ,m ,r ',w )e '^ 0 = 2Tre'^0(A (£ ,m ,r,ijj) +
'o

I 2 r l d - d *2 -|fl, n -j p  I -  -=■ r  - j -  -  ]  A U ,m ,r ,u )  )4 r dr dr p2
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^•p- £ A(£,m , r 1 ,u))e' 66  = 2Tri£u)p A (£ ,m ,r ' ,o))e' ^  d6

the f i r s t  order p e rtu rb a tio n  in the number d e n s ity  can be w r it te n

"l ‘ 2î  Ldt' L^  !0 VldVl e'<"t'‘k2'‘l5 1
i m J  L - T m  d_ - d_

1 kb V *  = 9 j  4  -1 l ? d ?  dr

- “^jj Atfc.m,?,!!)) B-l-8

In eva lu a tin g  the f i r s t  o rder p e rtu rb a tio n  o f the  number d e n s ity  

the tim e in te g ra tio n  is done f i r s t ,  the in te g ra tio n  over the  p a ra lle l 

v e lo c it ie s  second and the in te g ra tio n  ove r the  p e rp e n d icu la r v e lo c it ie s  

la s t . Using the express ions z* = v ^ t ’ - t J + z  and 0 = u ^ t t ' - t H e  the 

tim e in te g ra tio n  y ie ld s  terms o f the form 

- i  e x p i(u t -k v  +£6)

assuming tha t the !m u < 0. The in te g ra tio n  over the p a ra lie l

v e lo c it ie s  then g ive s  „
mvj.

ee r V x r r * .  ,T!C t m 1 ■7fu~r&CJDs
n l '  irkbT„ V i 1 6 [ [ k v  e 9 “  9 kv k ^  J Z( kv }

B-l-9
(o+£(n u+£to ■) 2

+ J ! L -  . ( !  + (_ -— 2.) zt-^TT-^.)) g [ I  + ^ r  L -  ]  A U ,m ,r f w) k T„ kv kv a j 4 r » » f

2
where the 'U f fe r e n t ia l  opera to r I is  defined by L~ =  r  “ o’ ;

a. r  _x 2 r  r  d? d r r l
v = v ., , and Z U )  = 4 -  / —  is  the plasma d isp e rs io n

„thermal ^  X~Z
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fu n c tio n  defined fo r  Im to < 0.

Before c a rry in g  out the in te g ra tio n  o ve r the  p e rp e n d icu la r • 

v e lo c it ie s  the dependence o f g and Z on the p e rp e n d icu la r v e lo c i t y  

is  in ve s tig a te d . The v e c to r p o te n tia l in  th e  argument o f g s a t is f ie s  

the re la t io n

+ —  A ( r )  = r A ( r )  = B ( r )  = 2 ( r A ( r ) )  B -l-1 0
r dr r  d r d r

The assumptions th a t  A ( r )  v a r ie s  s lo w ly  o ve r d is ta n ce s on the o rd e r  

o f p and —  i 0 g iv e

A ( r ' )  = ACr) + ep s i n(0-cS) —  A C r) 
d?

and
_ _  _ ev, _ _ _ _ . _

r 'A ( r ' )  = r  ACr) + r  -z—  s in (9 -«$ )| lA (r)+ r —  A C r ) ]
“  d r

o r  using equation B— I—10 r 'A C r ' ) = rACr) + re v A ~  s in ( 0 -^ ) .  U s in g

the expansion r 'V g ' = - v x  stn(0-s5) -  which is  obta ine d  by

m u lt ip ly in g  equation B - l -4  by B - l -5 ,  the  argument o f g can be 
_ _ v ^mc

w r it te n  as r 'A C r ')  + ~  r ' v  ' = r A C r )  —  . So th a tee 0 fie
o

me — — Vi
g C r 'A ( r ' ) + ^ | r 'v Q' )  = g C rA C r)) -  -  .

_ _ 2v 2 d2 -  -
g C r A ( r ) ) ---------— ^ g C r A ( r )  ^ g C r A C r ) )

fi dr

is  independent o f the  perp en d icu la r v e lo c i t ie s  to  the  f i r s t  o rd e r 

in p and gC rACr)) = nQ( r ) .  A lso  the d e r iv i t iv e  o f  g w ith  re sp e ct 

t o  i t s  argument can be expressed as
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g i = d g = d r2 dg = 2 d

d rA ( r )  d r A ( r )  d r 1 B ( r )  d r2

T  12

£(JJnThe plasma d is p e rs io n  fu n c t io n , Z , is  expanded in powers o f ------

For th e  im aginary p a rt  o f to equal to  ze ro  both the rea l and im aginary 

p a rt  o f  Z* are about the  same magnitude as th e  rea l and im aginary 

p a rts  o f Z . A lso  o ve r much o f the range o f ~  the d is p e rs io n  fu n c tio n  

does not v a ry  ra p id ly .  Thus the app roxim ation  made should be a good
£(0d 2

re p re s e n ta tio n  of Z(to+^tOp) fo r  ) <<: •• For va lues o f near

to the approxim ation may s t i l l  be f a i r l y  good i f  Z v a r ie s  s lo w ly  in

the range o f be ing in v e s tig a te d . The f i r s t  o rd e r  number d e n s ity  
u+£ton o>+£u)n

U sing the above expansions fo r  g and Z the in te g ra t io n  o ve r the

p e rp e n d icu la r v e lo c i t ie s  can now be e a s i ly  perform ed by n o tin g  th a t  
oo 7 7k T

* / V l2P+l d v , = f i  ( - i - ) P
2irk^T o 2tt m

The f i r s t  o rd er number d e n s ity  can then be w r it te n
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kv

2  ̂ / 2£en’

2£<un> 2£<u > 2£<wr >
 EL z* (-SL)) +  EL n (Z(iiL) +  EL z ’ (J i.) )

[ I  -  f -  :  + T - V  n I + ^  ( Z ( ^ )  + - k^T „ k^T,, o \  kv kv

l ( lw ) ) ) }  Lr  A U »m»r ,w ) ]

u d r u

Using equation B - l - l l  and the fa c t  th a t the e le c tro n  g y ro ra d iu s

is  much sm a lle r than the ion g y ro ra d iu s , P o iss o n 's  equation fo r  a s in g le

component o f the e le c t r ic  p o te n tia l w r it te n  in the form 
2 -

(L_ -  k ) A (£ ,m ,r,w ) = -47re C n .( io n s ) -  n . (e le c tro n s  )H 
r  1 1

can be expressed as (re p la c in g  r  by r )

—  4— r  4“  A (£ ,m ,r ,u ) = ( ^ r  + ht~ V  * A U ,m ,r ,w )  r  d r d r ' ’ '  f  D (r )  '  ’ '

U sing the no ta tion  introduced in  chapter 2 where the s u b s c r ip t  i

denotes the p a r t ic le  species and the su b s c rip t j  re fe rs  to  the  plasma

typ e , N (r )  and D (r )  are

Z

where n 1 = —
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The zero  o rd e r d is t r ib u t io n  fu n ction  has been w r it te n  as
, 2

f 0 "  J .  no j ( r )  ( 2wk T . . )  ' ( 2 -k T  . r )i , J  J N b h iy  \ b 11j I

2k, T . . 2k T : ; b u l l  b J
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APPENDIX B - l I

The o b je c t o f th is  appendix is  to  review  the method fo r  o b ta in in g  

s o lu t io n s  to  the d if fe r e n t ia l  equation 4 -3 . The method employed is  the 

fa m il ia r  W.K.B. approxim ation but the procedure m erits  review  because 

the function  q2 = - U 2 + U (x ) )  in equation 4-3 (which is  u s u a lly  a rea l 

fu n c tio n  o f x  since i t  corresponds to  the p o te n tia l energy in the 

Schrodinger equation ) is  complex. Assuming the s o lu t io n s  to  the equation 

have the form k exp i S (x ) equation 4-3 can be regarded as an equation 

fo r  S ( x ) .

i S " (x )  -  [ S ! ( x ) ] 2 t  q2(x )  = 0 B - l 1-1

The assumption th a t S (x ) is  an almost l in e a r  fu n c tio n  o f x  so th a t S " (x )  

is  n e g lig ib le  g ives a f i r s t  approxim ation to  S (x ) :  Sq (x ) = J r'q (x ) d x .

The fu n ction  q (x ) a [ - U 2 + L K x ))]* ^ 2 has two p o s s ib le  phases. In the 

fo llo w in g  discuss ion a p a r t ic u la r  value o f the phase o f q is  assumed to  

have been chosen and used c o n s is te n t ly  th rou gh ou t. Using t h is  f i r s t  

approxim ation to  express S" in terms o f q (x )  g ive s  another equation fo r  

S (x )

i q ' ( x )  -  [ S 'C x ) ] 2 = -q 2(x )  

which has the s o lu t io n  S|(x) = ^  /q2(x )  + i q ' ( x )  dx. The fu n c tio n  q2(x ) 

is  assumed to  be s lo w ly  va ry in g  so th a t | q '(x )|  << |q2Cx)| and the ra d i­

cal in the expression fo r  S| can be expanded to  g ive

S| (x )  = J 'c q  t  1  3 _ ] dx = J q d x  + j  In q . Thus the s o lu t io n s  to  equation 

4-3 can be w r it te n  as

i(i+. = — exp ± iC q ( x ) d x  B - l I -2
” /q J

The plus and minus s ign  are used to  denote the two independant so lu t io n s

to  equation 4-3 th a t a r is e  from the two p o s s ib le  choices o f the phase
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These s o lu t io n s  are s in g u la r  a t the va lues o f  x  f o r  which q2( x )  = 0 

(these va lues o f x w i l l  be c a lle d  the tu rn in g  p o in ts  o f  q2 in ana logy  

to  the usual te rm in o lo g y ). The s in g u la r i t ie s  in the  s o lu t io n s  are  a r t i -  

f i c a l l y  c re a te d 'b y  the approxim ation used s in ce  the d i f f e r e n t ia l  e q uation  

is  re g u la r  a t the  values o f x  fo r  which q2(x )  = 0 . Thus the  a ctu a l so­

lu t io n s  to  the equation near the tu rn in g  p o in ts  may be found by us in g  

a d i f fe r e n t  approxim ation. Suppose th a t  q2(x )  = 0 a t  x  = x q . S ince 

q2(x )  is  assumed to  be s lo w ly  v a ry in g  i t  is  a p p ro xim a te ly  l in e a r  in the 

v i c i n i t y  o f a tu rn in g  p o in t  and q2(x )  = q ( x -x ^ ) .  The s lo p e  o f  q2( x )

eva luated a t x q  is  g iven  by q = y + 16 = ~  Cq2 Cx) □ | x _x  .
o

So near the  tu rn in g  p o in ts  the s o lu t io n s  to  equation 4 -3 a re  governed 

d2
by the equation + n ( x -x Q)iJ> = 0 which has the s o lu t io n s

/x -  x „  J . , , ( 4  / n (x -x  ) 3//2) and / x -x  J ,/ ,(■ ! / n (x -x  ) ^ \  These s o lu -  0 1 / 3  3 o 0 - 1 / 3  3 o '

t io n s  which are v a lid  in  the v i c in i t y  o f the tu rn in g  p o in ts  can be re ­

lated to  those g iven by B - l 1-2 which are v a l id  e lsew here. N otin g  th a t

X q (x )d x  reduces to  2 /q ( x - x  ) 3/̂ 2 as x  ■* x  s in ce  q2 q ( x - x  ) ,
3 o o ^ o

Ao

the s o lu t io n s  v a lid  near the tu rn in g  p o in ts  can be w r it te n  in a con­

v e n ie n t ly  expandable form:

. . /f7q (kj J |/3( f )  + k2 J _ (/ 3 (f> )  B - l 1-3

where f = J^  q (x )d x .  The a sym totic  expansions o f the  s o lu t io n s  g ive n  

xo
in B - l 1-3 depend upon the phase o f f  in the v i c i n i t y  o f  the  tu rn in g  

p o in t (and thus on the phase of q ( x ) ) .  The a sym to tic  expansion f o r  the 

Bessel fu n c tio n  J y (z ) fo r  v a rio u s  ranges o f the  phase <>z , o f z is

. j  ( Z ) .  e '"* (v + l/ 2 )  / T cos [2  .  * (v + l/ 2 )]
V V Z Z
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where n is  an in te g e r . The apparent d if fe re n c e  in the  phase term  o f 

the cosine  in  equation B - l 1-4 f o r  the upper l im i t  o f  the phase range 

fo r  n=m and the lower l im it  o f the  phase range f o r  n=m+l is  taken care  

o f by the dominance o f the term e x p C ( - l ) n+* i(z  -  ( - l ) n j  (v+ l/2 )H  in 

the cosine a t  va lues o f ^  = (n + l/ 2 )n . The a p p ro p r ia te  s o lu t io n s  in 

the re g io n s x  >> x q can be re la te d  to  those in th e  re g io n  x << x q by 

us ing the a sym to tic  expansion o f  the approxim ate s o lu t io n  v a l id  near 

the tu rn in g  p o in t  xq . S ince the a sym to tic  expansions o f the s o lu t io n s  

depends upon the phase of q a t the tu rn in g  p o in t  the  phase o f q must 

be chosen and held f ix e d .

To i l lu s t r a t e  the method used to  connect the  s o lu t io n s  through 

a tu rn in g  p o in t  i t  is  best to  co n sid e r a s p e c i f ic  exam ple. F o r the 

example the phase o f / n  (and thus q) fo r  x > xq is  chosen to  l i e  be­

tw e e n -^ - and Then, under th e  convention th a t  th e  phase o f a f ra c ­

t io n a l power o f a p o s it iv e  q u a n t ity  is  ze ro , th e  phase o f f is  between 

and

f = i q ( x ) d x  = / ti (x - x q )'

f  = I ^  /q ( x - x  J 1̂ 2 dx = | / i i  ( x - x  ) 3^2 : j o  o 0 o
-'x

±3T .
e 2 |  /n (x  - X ) 3/23 O

For the  example the phase o f  f  f o r  x  < x q is  chosen to  be between it 

and 2tt. S ince the s lop e o f q2 in the v i c i n i t y  o f  th e  tu rn in g  p o in t
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has been w r it te n  as n = y  + i 6 (where y and 5 are r e a l ) ,  the rea l

and im aginary p a rts  o f /n are g iven  by

Re(/ri) = + ~tL  (y  + /y2+ 62') *^2 ; lm(/n) = — —   ; ■ ' -  1 — rp~.---------
"  /2 /2(y + yy^+S^)

The s ign  convention is  sim ply th a t  the Re(/q) > 0 means th a t  the p lus

s ig n  is  used to  f in d  the lm(/n) and Re(/n) < 0 means th a t  the minus s ign

is  used to  fin d  lm (/n ). So choosing Re(/n) >0 is  s u f f ic ie n t  to  guarantee

the phase o f /n (and thus f )  is  between —  and The s ig n  o f 6, the

im aginary p a rt o f n, fu rth e r  r e s t r ic t s  the phase o f A ) . Fo r 6 > 0

the phase o f /n is  between 0 and ir/2 and fo r  6 < 0 the phase o f /n

between —it/ 2 and 0. The asym totic  so lu t io n s  fo r  x  > Xq a re  obtained

from B -l I -4  w ith  n = 0 and v = ± ^

* ’ /l| Ckl C?s(f- #  + k2 cos(f- I?’3 * ”
s in ce  6 has been chosen less than zero the a sym totic  expansion fo r  x  

< x q is  obta ined from B -1 1-4 w ith  n=l and v = ± 1/3

-  1 5rr 1 I

* = C e 6 k ,cosC f + j? )  + e k2cos(f + T2) ]  x<< ><0

The phase o f f  in the regions away from the tu rn in g  p o in ts  w i l l  depend

upon the behavior o f q2 in these re g io n s . The po s s ib le  changes in the

phase o f q when the rea l o r imaginary parts  o f q2 change s ig n  (b u t not

s im u lta n e o u sly ) is  discussed la te r .  The s o lu t io n  fo r  x  << x  can be
o

w r it te n

  ' I  1 5lL t_!L_
* = (e 4 (k 2 -  kj )e I f  + (k (e 12 + k2e l2 ) e“ ' f ) B -l 1-5
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A p p ro p ria te  choices o f the constants kj and k2 can be made to  s a t is f y  

c e rta in  r e s t r ic t io n s  th a t may be placed on the s o lu t io n s . For example 

' i f  i t  is  des ired  th a t no e xp o n e n tia lly  growing terms be included in the

must be exc luded . T h is  can be accomplished sim ply by s e t t in g  kj = k^. 

Then the s o lu t io n  fo r  x  > x q which is  re la te d  to  t h is  p a r t ic u la r  s o lu t i 

has the form

T h is  procedure can be used to  e s ta b lis h  o th e r connections through the 

tu rn in g  p o in ts  fo r  p a r t ic u la r  requirements on the s o lu t io n s . The te ch ­

niques used in  the example can be app lied  to  any g iven  s itu a t io n  to  

fin d  the proper asym totic  expansions of the s o lu t io n  v a l id  near the 

tu rn in g  p o in t.

I t  is  a ls o  o f in te re s t to  in v e s tig a te  the case where Re(q2) o r

lm(q2) equals zero but |q2| Is  not equal to  ze ro . In t h is  case the

so lu t io n s  obtained by the standard W.K.B. method are not s in g u la r  and

thus can be taken to  be v a lid  so lu tio n s  to  equation 4 -3 . The phase o f

q can change a t these poin ts and i t  is  im portant to  determ ine ju s t  how

i t  changes. W ith the d e f in it io n  q2 = - ( 12 + L K x)) = -(A *  + IB*) the

rea l and im aginary pa rts  of q fo r  A V O  and B'^0 can be w r it te n

Re(q)=+ - L  C/A,2+ B '2 -  A ' ) i/2 ; lm (q )= + ----------------------------------^  B -l 1-6
/2C/A' +B,2- A ' )

I f  B'=0 the rea l and imaginary p arts o f q are

Re(q)=0; lm (q)=±/Af i f  A ' >0: R e(q)=±/|A '|; lm(q)=0 i f  A '<0 B -l 

and I f  A ' = 0  they are

2
So, once a p a r t ic u la r  p a ir  o f signs in B - l 1-6 are chosen and the phase 

o f q thus s p e c if ie d , the sign  o f the im aginary p a rt  o f q can change

s o lu t io n  fo r  the reg ion  x < x q then the e '*  term In equation B - l 1-5

Re(q) = ± / | 3 'l;  lm(q) = +/|BjJ i f  B*> 0; Re(q) = ± / | B j ;
2

lm(q) = ± / | B j i f  B* < 0
2 2

B - l 1-8
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Ill

o n ly  i f  B' goes through zero and A ' < 0. The real p a rt  o f  q2 going

through zero  does not a f fe c t  the s ign s o f the p a rts  o f q nor does the

im aginary p a rt  of q2 go ing through zero  i f  A* > 0. Thus the s o lu t io n s

to  equation 4-3 change from a growing to  a decaying s o lu t io n , o r  v ic e

ve rsa , o n ly  i f  3' changes sign when A ' < 0.

The s o lu t io n s  discussed in th is  appendix as fu n c tio n s  o f  x  are

e a s i ly  viewed as functions of r  by using the re la t io n s h ip  x  = In r

and the d e f in it io n  q2( r )  = -  (—  + ) +° ob ta in2 D ir )

q (x )d x  =Xo o

q ( r )d r  and ^ 2 x̂ ^ x = x  ^ = ^ r cTr ^r2(:i2( r ) )  j r = r
o °

o
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APPENDIX C

In t h is  appendix the computer programs th a t  were used to  in v e s tig a te

the b eh av io r o f  the function  U (r,£ ,m ,w ) g iven in equation 4-2 are g iven

in d e t a i l .  The f i r s t  program given  below is -u s e d  to  c a lc u la te  the

values o f  U fo r  v a rio u s  values o f  the dimens ion I ess complex param eter ze ta

fo r  f ix e d  values o f  r ^ m .  As discussed in Chapter 4 the ze ros o f  U are

the p o in ts  o f  in te re s t .  The zeros o f U occur at the p o in ts  where the

numerator o f  U is  z e ro . The program searches fo r  zeros o f  U in  the

complex ze ta  p lane . The g rid  has a s ta r t in g  p o in t s p e c if ie d  in the

program by (ZEROWR, ZEROWI). The real and im aginary p a rts  o f  ze ta  can

be incremented from th is  po in t in any o f the fo u r p o s s ib le  d ire c t io n s

by s p e c ify in g  the parameters QR and Q l.  I f  the real p a rt  o f  ze ta  is  to

be increased from the s ta r t in g  p o in t va lu e , QR is  s p e c if ie d  as +1.

I f  i t  is  to  be decreased QR is g iven  as a - I . 01 c o n tro ls  the increm ent

o f  the im aginary p a rt in a s im ila r  fa sh io n . The to ta l number o f  g r id  

2"squares" o r  meshes is  IEND . The s iz e  o f a g r id  mesh is  s p e c if ie d  by 

the param eter STEP. The increment of the real p a rt o f  ze ta  in one g r id  

mesh is  . l ‘ (STEP) and the increment o f the im aginary p a rt  is  . I ‘ (STEP)" 

(R AT IO ). In the  program the g r id  is  tra ve rse d  by increm enting the real 

p a rt o f ze ta  u n t i l  the end of the g r id  is  reached and then in c re a s in g  

the im aginary p a rt by one step and again running through the g r id  row 

by increm enting the real part o f z e ta , e tc . A t each g r id  p o in t  the 

s ign  o f  the  im aginary p a rt  o f the  numerator o f U is  te s te d  fo r  a s ig n  change. 

I f  a s ign  change is  found the real p a rt o f .th e  num erator o f  U is  te s te d  

fo r  a s ign  change between the two g r id  po in ts  a t which the im aginary
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part o f  the num erator o f U had a s ign  change. I f  a s ig n  change in both 

the real and im aginary p a rts  o f  the num erator o f  U is  detected a sm a lle r 

g r id  w ith  as many squares as th e  o r ig in a l g r id  but the s iz e  o f one g r id  

square is  se t up in th is  v i c i n i t y  o f the complex zeta  plane and U is  

tested  f o r  zeros in  the same manner as b e fo re  but us in g  t h is  sm a lle r 

g r id .  Th is  procedure is  repeated (JUMP-1) t im e s . The values o f  the 

numerator of U at each g r id  p o in t  are p r in te d  f o r  re fe re n c e .

The second program g iven  below is  used to  c a lc u la te  the behavior 

o f  U as a fu n c tio n  o f  r .  The va lues o f  S.,m, and w are held f ix e d . The 

program a lso  searches fo r  tu rn in g  p o in ts  o f U ( i . e .  where both the real 

and im aginary p a rts  o f  U are equal to  ze ro ) and g ive s  the lo ca tio n  o f 

any tu rn in g  p o in ts  th a t are found. The v a r ia b le  names used in both 

programs and the procedures used are exp la in e d  by comment cards in the  

program s.
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MAINPROGRAM 1

C IN THIS PROGRAM THE NUMERATOR OF U IS TESTED FOR ZEROS BY LOOKING
C FOR SIMULTANEOUS SIGN CHANGES IN THE REAL AND IMAGINARY PARTS OF
C THE NUMERATOR OF U.
C THE SIGN CHANGES IN THE PARTS OF U(ZETA) ARF ASSUMED TO OCCUR ON A SCALE
C SIZE GREATER THAN ?*STEP IN THE COMPLEX ZETA PLANE. A GRID HAVING
C A MESH SIZE DETERMINED BY STEP IS USED TO LOOK FOR SIGN CHANGES IN U.
C IF A SUSPECTED ZERO OE U IS FOUND, A SMALLER MESH IS SET UP A30UT THIS
C POINT, AND SIMULTANEOUS SIGN CHANGES APE AGAIN SOUGHT. THE NUMBRE OF
C TIMES THIS SMALLLER MESH IS SET UP IS = (JUMP-1). THERE IS ASSUMMED TO
C BE,AT MOST, ONE ZERO OF U IN EACH GRID SQUARE.

C THIS PROGRAM CHECKS THE IMAGINARY PART OF U FIRST FOR A SIGN CHANGE

C THE MFANINGS OF THE VARIABLE NAMES ARE GIVEN WHEN THEY ARE REAO IN.
C THE ORDER OF THE DATA CARDS IS
C TEMP 190 FORMAT!AE 10. 3)
C TEMP IS THF PARALLEL TEMPERATURE OF THE PLASMA
C ISGN 191 FORMAT (2131
C ISGN IS THE SIGN OF THE PARTICLE'S ELECTRONIC CHARGE —  -
C PMASS 19? FORMAT (2E10.4)
C PMASS IS THE PARTICLE'S MASS
C TPFRP I? FORMAT UE10.3)
C TPERP IS THE PERPENDICUlAR TEMPERATURE OF THE PLASMA
C CHARG,POWER,BFLO.SPO 7 FORMAT (E 10.3,F6.2,2E10.3)
C CHARG IS THE ELECTRONIC CHAGE IN E.S.U. BFLD IS THE VALUE OF THE
C MAGNETIC FIELD AT THE WAGNETOHAUSc AN*) THE FIELD IS ASSUMED TO VARY '
C AS I 1/RI**P0WER. SPD IS THE SPEED OF LIGHT IN C.G.S. UNITS
C KAY,KAPPA 6 FORMAT (2E10.4) .
C KAY IS BOLTZMANN'S CONSTANT
C KAPPA IS THE PARALLEL WAVE NUMBER
C Nl,N2,REP 30 FORMAT (?F6.1,F8.3)
C N1 IS THF VALUE OF THE PLASMASPHERF NUMRFR DENSITY AT THE MAGNETOPAUSE
C N2 IS THE VALUE OF THE PEAK RING CURRENT NUMBER DENSITY.
C IRAD1 8 FORMAT (513)
C I RADI GIVES THE VALUE OF R AT WHICH U IS TO BE TESTED FOR ZEROS
C THE FOLLOWING ARE INITIAL VALUES OF PARAMETERS USED TO CONTROL
C THE PROGRAM AND THEIR FUNCTIONS ARE EXPLAINED WHEN THEY FIRST OCCUR
C IN THE PROGRAM.
C M0NE1 B FORMAT (513)
C MTWO 5 FORMAT (513) .....................  -
C MTHREE 8 FORMAT C5I3)
C MFOUR 8 FORMAT (513)
C ZEROWR 18 FORMAT!5G10.AI ......... ..................
c zcrowi is rnR:;:,Tt ggio.a)
C ICNT 8 FORMAT(513)
C JCNT 8 FORMAT!513) .........
C IJEND 60 FORMAT(13)
C IJEND GIVES THE NUMBER OF THF VALUES OF R AT WHICH U WILL DF INVESTIGATED
C FOP EACH VALUE OF IJEND NEW VALUES OF THE FOLLOWING GROUP OF PARAMETERS
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C ARF READ IN AND THUS THERE MUST BE IJEND GROUPS OF THESE CAROS.
C STEP , JUMP 10 FORMAT (F5.I»121
C I END* IFNOl 8 FORMAT (5131
C OR.01 A5 FORMAT (2F3.0)
C L 61 FORMAT (15)
C t IS THE AZIMUTHAL WAVF NUMBER. 2*PI*R/L IS THE AZIMUTHAL WAVE LENGTH 
C RATIO 6 FORMAT I2F10.4)
C ARRAYS ARF GIVEN WITH THE RAOJAl INDEX FIRST ( IF ONE IS NEFOEDJ.THE
C PART I CL F INDEX SECOND, AND THF PLASMA TYPE INOEX LAST.

IMPLICIT COMPLEX (C,Z1, REAL (K)
EXTERNAL OISP.ZET 
REAL N1,N2/i
REAL CHARG ' ................
RFAL ZEROWR(5). ZEROWI(5)
COMPLEX YOU.OISP 
DIMENSION If.MT(5), JCNT(5)
01 MENS I ON G!100,2),GP(100.2),TEMPI 2, 21 ,ISGNI2),PMASS<2),RAO(2001 
DIMENSION GYROt1OD,2), GYRA0(100,2).COMFGA(1001
DIMENSION NONE(5), MTW0I5I -..... - - .......
OIMFNSION MTHRFFI5), MF0URI51 
DIMENSION IRA0K5)
DIMENSION VPFRPI 2,2)
CnMMDN /COHl/VEL(2,2),ZETA(2,2)
COMMON /C0M2/ G,GP,PMASS, GYRO,GYRAQ,TEMP,RAD,KAY,KAPPA,ISGN.L 
COMMON /C0M3/ TD08IG -
COMMON /C0M5/ OMEGAOI100,2,2), TPERP(2,21 
OATA C0M EGA/I00*10.0,0.0)/

C THE PARALLEL TEMPERATURE OF THE PLASMA IS GIVEN BY TEMP(J,I).
C J=1 DENOTFS IONS J=2 , ELECTRONS
C 1=1 DENOTES PLASMASPHERE PARTICLES 1=2 , RING CURRENT PARTICLES
C TEMP IS A 2 X 2 ARRAY IN FORMAT AE10.3 CONTAINING THE PARALLEL TEMPERATURE

REA0(l,190l TEMP
190 FORMAT I4E10.3)

C ISGN IS AN ARRAY OF SIZE 2 IN FORMAT 213 CONTAINING THE PARTICLE SIGNS 
R EADI1,191) ISGN

191 FORMAT(213)
C PMASS IS A SIZE 2 ARRAY IN FORMAT 2E10.4 CONTAINING THE PARTICLE MASSES 

READ!1,19?) PMASS
192 FORMAT!2E10.4)

C THE PERPENDICULAR TEMPERATURE OF THE PLASMA IS GIVEN BY TPERP 
C TPERP IS A 2X2 ARRAY IN FORMAT 4E10.3 CONTAINING THE PERPENDICULAR TEMPERATURE

RE AD(1,12) TPERP 
I? FORMAT(4E10.3)

KRITE(3, 12 I TPERP 
9 FORMAT (4E8.1,2I2,?E10.4/4E10.2)

—  C CHARG AND SPD ARF THE FlfCTRONIC CHARGE AND THE SPEED OF LIGHT IN CGS
C UNITS. BFID IS THE VALUE OF THF MAGNETIC FIELD AT THE MAGNETOPAUSE IN GAUSS 
C B IS ASSUMEO TO VARY AS (1/P)**P0WER '

READ (1,7) CHARG,POWER,BFLD.SPO 
7 FORMA! m o .  S.ro.Z./t 10.3)

C TOOBIG IS USFO TO MODULATE THE VALUE OF THE ARGUMENT OF THE SINE ANO COSINE 
C IN THE SUBROUTINE DISP TO KEEP THEM FROM BECOMING TOO LARGE 

TOOBIG = .823549E*06 
KON = SPD/CHARG

C KAY,KAPPA ARE THE PARALLEL WAVELENGTH ANO BOLTZMANN'S CONSTANT IN FORMAT
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C 2F10.4
READ 11,6) KAY,KAPPA 

6 FORMAT (2E10.4)
C N1 IS THE PL ASM ASPHFR E NUMBER DENSITY AT ITS OUTER BtlUNDRY N2 IS 
C THE PFAK RING CURRENT NUMBER DENSITY. THE PFAK IS ASSUMED TO OCCUR 
C AT 6 RE IN THIS KOOEL. REP IS THE RADIAL DISTANCE TO THE BEGINNING 
C OF THE PLASMA PAUSE GIVEN IN RE. IN THIS MODEL A VALUE OF 5.9 RE IS 
C USEO SINCE RUSSFL AND THORNF HAVE FOUND THAT THE PLASMAPAUSE CLOSELY 
C COINCIDES WITH THE PEAK RING CURRENT NUMBER DENSITY 

READ!1,30) N1,N2,REP 
30 FORMAT (2F6.1.F8.2)

WRITE (3,171
17 FORMAT ('IS* THE FOLLOWING IS A PRINT OUT OF DATA CAROS 5-7 AND 

1 1-3, THE ARRAY VEL (I.JI, AND DATA CARDS 8-17, IN THAT ORDER'///) 
WRITE (3,7) CHARG,POWER,BFLD.SPD 
WRITE (3,61 KAY,KAPPA 
WRITE(3,30) N1,N2,RFP 

C THE THERMAL VELOCITIES ARE CALCULATED 
DO 15 1=1,2 
00 15 J = 1,2

C VEL GIVES THE PARALLEL VELOCITIES AND VPERP THE PERPENDICULAR VELOCITIES 
C WITH THE FIRST INDEX GIVING THF PARTICLE SPIECE AND THE SECOND GIVING 
C THE PLASMA GENRE

VEL (J,II = SORT ( ?*KAPPA*TEMP(J,II/PMASS(J)>
VPERP(J,l)= SORT{?*KAPPA#TPERP(J»I)/PMASS(J)) . . .

15 CONTINUE
C THE GYRORADIUS FOR THE IONS AND THE GYROFREOUENCIES ARE CALCULATED 
C B IS ASSUMED TO VARY AS <l/R)**POWER

RO = RFLD*((6.35E9)**POWER)
DO 5 14 = 1,100
R= (6.350F71*16 -....................................... ...

. R0= R**POWER
BE = BO/RD 
00 5 15=1,2
GYROt14,15)= CHARG*RF/(PMASS(I5)*SP0)
GYRAOt14,15)= VPERPI I,I5)/GYR0(14,1)
00 5 16=1,2 -

C OMFGAO IS A 100 X 2 X 2 ARRAY WHICH GIVES THE AZIMUTHAL DRIFT FREOUECIES 
C OF THE PARTICLES

5 OMEGADI14,16,I 5)=(-.5 I*1SGN(16 I*<VPERPI 16,151**2)*PMASS(161*(l/BFI 
1*KON*I POWER/(R**2I I 
WRITE13,9) TEMP,ISGN,PMASS,VEL

C FROM THIS POINT TO STATFMENT NUMBER 150 - -.............. -
C THF MOOEL NUMBER DENSITY, G , AND ITS DERIVITIVF WITH RESPECT TO
C R**2 , GP , ARE GENERATED

PEAK=6*(6.350E8) . . .
RE2=(6.35E8J **?
A2=(16./AL0GI10.*N2I)*RE2

- A=SORT(A2I............................................. ..........
82=(1•/ALOGI 10.11*RE2 
B=S0RT(B2)
R E° = REP*t 6.35E81
0=(.5/ALOGl10.*N1))PRE2
REP?=REP*REP
DO 150 13=1, 100 ............. .
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  R ADt 131= ( 6.350F7) *13.........  .... .............
EX=-(RAD(I3I-PEAK) •
EX2=EX*EX
IF (FX) 50,50,51

50 G(!3,2)=N?*EXP(-EX2/A2)
OP( 13,2)=2*EX*G(I3,2)/(A2*RAD(I311 
GO TO 53

51 GI 13,2) = N2*FXP(-EX2/B2I
GPI 13,2)=?*EX*G(13,2)/(B2*RAD(13))

53 IFIRAOII3I-REP1 54,54,55
54 G(I3,1)=N1*RFP?/(RA0(I3)**21

GPI 13,1)= -l*G(13,1>/(RADII3»**2)
GO TO 150 . . . . .

55 IFIRAOII 3J-PEAKI 58,58,59 
59 GI 13,1)=0.0

GP!13,I»= 0.0 
GO TO 150 

58 EXX=-(RAD(I3I-REPI
EXX2=EXX*EXX ........
GI 13, 1I=N1*EXP(-EXX?/0J 
GPI 13, 1) = 2*EXX*G(I3,l)/ID*RAD(I3)I 

150 CONTINUE .
C ZEROS OF U ARE SOUGHT AT FIXED VALUES OF R. IR ADI IS AN ARRAY IN WHICH 
C THE VALUES OF R ARE GIVEN IN TENTHS OF EARTH RADII. E.G. 5.5 RE IS 
C GIVFN AS 55. IJEND MUST EQUAL THE DIMENSION OF IRA01 I.LE. 51
C THIS ALLOWS U TO BE INVESTIGATED AT SEVERAL VALUES OF R.

READ!1,81 -IRAQI 
8 FORMAT!513)

C Ml AND M2 DETERMINE AT WHICH POINT IN THE GRID OF MESH SIZE STEP
C THE SEARCH FOR ZEROS IS TO BEGIN. M2*STEP*.1= REAL PART OF ZETA
C Ml*ST EP*.1= IMAGINARY 0ART OF ZETA. THE VALUES OF Ml AND M2 ARE STORED IN 
C THE ARRAYS MONE ANO MTWO.

READ (1,81 MONE 
READ (1,8) MTWO 
WRITE (3,8) MONE 
WRITE (3,81 MTWO

C MTHREE ANO MFOUR ARE USED TO INSURE THAT ANY ZERO FOUND IN THE FIRST GRID
C ELEMENT WILL BE RECORDED. THEY SHOULD INITIALLY HAVE THE VALUES OF
C MONE ANO MTWO.

READ!1,8) MTHREE 
WRITE (3,8) MTHREE 
READ (1,8) MFOUR 
WRITE (3,8) MFOUR

C ZEROWR ANO ZEROW! ARE THE REAL PART ANO IMAGINARY PART, RESPECTIVELY,
C OE THE ORIGIN OR STARTING POINT OF THE GRID IN THE COMPLEX ZETA PLANE.

REAO (1,181 ZEROWR .
WRITE (3,181 ZEROWR 
READ!1,18) ZEROWI 
WRITE13,18) ZEROWI 

18 FORMAT (5G10.4)
C ICNT IS A SIZE 5 ARRAY WHICH CONTAINS THE INITIAL VALUES OF ICOUNT FOR 
C EACH RUN THAT IS TO BE MADE AT A DIFFERENT VALUE OF R.
C ICOUNT COUNTS THE NUMBER OF TIMES THAT THE GRID HAS BEEN REDUCED IN SIZE
C FOR A GIVFN TEST OF THE SIGNS OF U
C IF IC0UNT=0 THEN ZEROW SHOULO EQUAL (ZEROWR,ZEROWII
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READI I»81 ICNT 
WRITE (3,B> ICNT

C JCNT IS THE INITIAL VALUE OF JCOUNT, THE COUNTER OF THE NUMBER OF
C ZEROS OF U FOUND ON A GIVEN RUN

READ (1,BJ JCNT
WRITE (3,8) JCNT . .

C IJFNO GIVFS THF NUMBER OF DIFFERENT VALUE’S OF R FOR WHICH U IS TO
C BE INVESTIGATED. THE MAXIMUM VALUE THAT IT CAN HAVE IS 5.

READ (1,60) IJEND
60 FORMAT (13)

00 ?10 IJ= I,IJEND 
IRA0=IRAD1(IJ)

C STEP IS THE SIZE OF THE REAL SIDE OF A GRID ELEMENT. THAT IS, THF AMOUNT 
C THE REAL PART 3F ZETA IS INCREASED IN EACH GRID ELEMENT.
C STEP MUST BE EVENLY DIVISIBLE INTO IENO.
C JUMP GIVES THE NUMBER OF TIMES THE GRID IS REOUCEO AND THUS THE ACCURACY
C TO WHICH A ZERO OF U IS FOUND CAN BE EXPRESSED IN TERMS OF JUMP.
C A ZERO OF U LIFS SOMEWHFPE WITHIN AN AREA OF THF COMPLEX ZETA PLANE
C OF STEP/(IENO**IJUMP-l11 BY STEP*RAT!0/1(I END-I)**(JUMP-1)»

READ!1,10) STEP,JUMP
10 FORMAT( F5 • I, 12)

READ (1,8) IFND,IEND1 
C OR GIVES THE SIGN OF THE REAL PART OF ZETA, 01 THE SIGN OF THE
C IMAGINARY PART. F.G. QR=-1. MEANS THE REAL PART OF ZETA IS NEGATIVE
C NOTE THAT A OR ANO A 01 IS READ FDR EACH VALUE OF R. ..........

READ (1,45) QR,OI 
45 FORMAT ( 2F3.0)

C L IS THE AZIMUTHAL WAVE NUMBER 
R EAQ(1,611 L

61 FORMAT(15)
WRITE 13,14) L

14 FORM AT(11 * *' THE VALUE OF L FOR THIS RUN IS *,15///)
WRITE(3,ll)

11 FORMAT!• THE DATA SET PER TINATE TO THIS RUN IS GIVEN IN THE OROE 
1R STEP,JUMP IENO,IEND1 RATIO QR,QI*RATIO. •///)
WRITEI3.10) STEP,JUMP
WRITE 13,0) I END, I ENOl   ......

C RATIO IS THE RATIO OF THE IMAGINARY EXTENT OF A GRIO ELEMENT TO THE 
C REAL EXTENT OF THE ELEMENT
C IEN0*STEP IS THE LARGFST REAL VALUE OF ZETA ANO (IENOl- 11*STEP*RAT10
C IS THE LARGEST IMAGINARY VALUE OF ZETA AT WHICH U IS TESTED FOR ZEROS

R E AD(1,6) RATIO
WRITF ( 3,61 RATIO  - — ........................

. QIR=QI
' 01= 0 1 *RAT 10 
WRITE (3,61 OR,QI 
FL = (L/RADI IRAD>)**2 
WRITE (3,161 

16 FORMAT Cl')
C THE PARAMETERS FOR A GIVEN VALUE OF R ARE INITIALIZED.

I COUNT = ICNTlIJ)
JCPUNT =JCNT(IJ)
ZEROW= CMPLX ( ZEROWRUJI.ZEROWIIIJ))
Ml= MONEtIJ)

- M2= MTWO( IJ)     - -     -
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M3= MTHRFEl I J I ............  ..-..................
M4 = MFOUR(IJ) ■

C SCALER AND SCUEI ARE SCALE FACTORS THAT RFDUCF THE WHOLE GRID TO THE SIZE
C OF A SINGLE GRID ELEMENT SO THAT U CAN BE TFSTFn FOR ZEROS ON A FINER
C SCALE. SCALER REDUCES THE REAL VALUES, SCALEI THE IMAGINARY VALUES 

102 SCALER= STEP/(I END**I COUNT)
SCALEI = STEP/I(IFN01-1)**I COUNT I 

C A GRID IS SET UP IN THE COMPLEX ZETA PLANE.
105 DO 202 11= Ml,IEND1 

1=11-1
ZAP = ZEROW+ I*(0.,.11*Q!*SCALEI ( M2-1) *QR*I . 1, 0. I *SC AL ER
ZT=ZAP

C THE VALUE OF THE NUMERATOR OF U AT GRID POINT II,M2-1) IS OBTAINED 
C YOU IS A SUBROUTINE WHICH CALCULATES THE VALUES OF THE NUMERATOR OF U.
C OISP IS A SUBROUTINE WHICH CALCULATES THE PLASMA DISPERSION FUNCTION.
C ZET IS A SUBROUTINE WHICH CALCULATES THE VALUE OF ZETA FOR EACH PARTICLE 

ZTEST=YOU(ZFT,DISP,ZT,IRAO)
WRITEI3,4001 ZTEST , ZT 

400 FORMAT!• THE NUMERATOR OF U HAS THE VALUE •,G12.5,' •,G12.5,
1* FOR ZETA= N2G10.4) .
TEST= AIMAG1ZTESTI
IF I ICOUNT .EQ. 0) M3=II .

C THIS JUST INSURES THAT THE REAL PART OF ZETA IS NOT OUTSIDE THE RANGE OF THE 
C GRID

IF (M2-IEND .GT. 0) GO TO 204
DO 200 J = M2,1 END
ZETA2I= I .1,0.)*QR*J*SCALER * I 0.»•11*QI*I*SCALEI + ZEROW 
ZT=ZETA2I
ZTEST=YOU(ZET,DISP,ZT,IRAD) '

C THE VALUE OF THE NUMERATOR OF U AT EACH GRID POINT IS PRINTED OUT
C FOR REFFRENCE. --... .... ..............

WRITEI 3,400) ZTEST , ZT 
BFT A = AIMAG!ZTESTJ 
IF (TEST .EQ. 0 I GO TO 101 

C THE VALUE OF THE IMAGINARY PART OF THE NUMERATOR OF U AT GRID POINT 1J, 11
C IS COMPARED TO ITS VALUE AT THE GRID POINT (J+1,II

IF (BETA/TEST .GT. 0) GO TO 200 ......
101 IF I ICOUNT .EQ.0 I M4= J 

C IF THERE IS A SIGN CHANGE IN THE IMAGINARY PART OF THE NUMERATOR OF U
C THE REAL PART OF THE NUMERATOR OF U IS TESTED FOR A SIGN CHANGF IN THE
C SAMF GRIO SQUARE AT ELEVEN DIFFERENT POINTS ALONG THE GRID ELEMENT.

DO 201 12 = 1,11
ZET1 = ZETA2I - OR*! I2-1)*I.01,0.I*SCALER - 01* (0.,.05)*SCALEI 
ZET2 = ZET1 + 9I*!0.,.1)*SCALEI 
ALPHl=EL+REAL(YOU(ZET.DISP.ZETl,IRAQI)

  ALPH2=EL*REAL(Y0U(ZET,DTSP,ZET2,IRAQI).....................
IF!ALPHI.EO.OI GO TO 300 

C IF A SIGN CHANGF IS FOUND A FINER GRID IS SET UP IN THIS AREA OF THE COMPLEX
C Z FT A PLANE

IF (ALPH2/ALPHI.LE.0) GO TO 300 
201 CONTINUE

C THIS IS THE END OF THE DO LOOP WHICH INCREMENTS THE REAL PART OF ZETA 
200 TEST = RETA

IF ( ICOUNT .NE.OJ GO TO 202 
204 M2=1
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120

C THIS IS THE END OF THE DO LOOP IN WHICH THE IMAGINARY PART OF
C ZETA IS INCREMENTED.

202 CONTINUE
C THIS TESTS WHETHER THE ENTIRE GRID HAS BEEN SEARCHED.

?L1 IF IM3-1END1) 212,213,213
212 ICOUNT = 0

— C THE FOLLOWING STEPS ALLOW THE ORIGINAL GRID TO BE REENTERED AT THE 
C NEXT GRID POINT AFTER THE ONE AT WHICH IT WAS LEFT.

M1 = M3 
M2= M V M
ZEROW = CMPL X(ZEROWRIIJ)«ZEROWI(IJI)
SCALER = STEP 
SCALFI = STEP 
GO TO 105 

300 ICOUNT= ICOUNT*1 
Ml = l 
M?=l
ZEROW = ZETA2 I- 01*10.,.05) * SCALEI - 0R*l. 1,0.I*SCALER

  WRITE 13,301) ALPH1,ALPH?,ZET1,ZET2
391 FORMAT I//, • THE REAL PARTS OF U DENOTING A SIGN CHANGE WERE 1 ,

1GL2.6,' ANO ',012.6,/,' AT ZETA= ',G10.4,' , '.GIO.A,' AND
2 •,G10.A,• , • ,010.4//)
IFI I COUNT—JUMP) 102,230,230 

160 WRITE 13,1) OR.OIR
  I FORMAT!• NO ZEROS FOR THE IMAGINARY PART OF U WERE FOUND FOR

1QR= AND 01= •,T62,F*.1,T77,F4.1>
GO TO 210 

230 JCOUNT =JC0UNT*1 
C THE PROGRAM IS TERMINATED IF MORE THAN 100 ZEROS OF U HAVE BEEN FOUNO 

IF IJCOUNT.GT.100) GO TO 151
 — .......... IC0UNT=0 -       -.......................

K1*M3 '
M2= M9+1

  ZEROW = CMPLXIZEROWRIIJ),ZEROWII IJ ))
C COMEGA SIMPLY STORES THF VALUES OF ZETA AT WHICH A ZERO OF U HAS BEEN FOUNO 

COMEGAIJCOUNT) = ZET1 * 01* 10.,.05)* SCALEI
 — ...  WRITE (3,29) COMFGAIJCOUNT) - - ---  ----

29 FORMAT (• A ROOT OF U IS AT OMFGA EQUAL TO '/2G12.4I 
SCALER = STEP
SCALEI = STEP ...........................  -.......... - .-
GO TO 203

203 IF(MI-IENDl) 105,105,210
151 WRITE!3,33) QR,QIR,L,ZEROW ..........................................  -
33 FORMAT!1H1, • THERE ARE MORE THAN 100 RDOTS OF U IN QUAORANT ,

1 FOR L = . THE VALUE OF ZETA WAS • ,T49,F3.0,T52,F3.0,T62,13,
2T91.2G12.6)
GO TO 210

213 IF (JCOUNT) 210,160,210
C THIS IS THF FND OF THE DO LOOP FOR A GIVEN VALUE OF R. THAT IS
C A NEW VALUE OF R IS READ IN

210 CONTINUE
152 STOP  -- • ■ -......

END
C

 j  - ........     - •    ************** - .............. ........... ...............................
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C SUBPROGRAM 01SP
C
C THIS SUBROUTINE IS A GFflPHYSICAL INSTITUTE LIBRARY SUBROUTINE
C THIS’ SUBROUTINE GIVES THE »LASMA DISPERSION FUNCTION FOR VARIOUS VALUES 
C OF ZETA. THE FUNCTION IS SIMILAR TO THE ONE TABULATED BY FRIED ANO CONTE 
C BUT THE FUNCTION IS ANALYTICALLY CONTINUED FROM THE LOWER HALF OF THE 
C ZETA PLANE.
C A POWER SERIES EXPANSION IS USED TO CALCULATE THE DISPERSION FUNCTION
C FOR VALUES OF ZFTA LESS THAN OR EQUAL TO 3. AN ASYMTOTIC EXPANSION IS USED
C FOR VALUFS OF ZETA LARGER THAN 3.
C OF .1 (

COMPLEX FUNCTION OISPIZOI 
C0MM0N/C0M3/ TOOBIG 
COMPLEX ZO

REAL X(2),A(2l,8I2)tC(2>,D 
X1=RE AL(ZO)
X2= A I MAGIZO)
XI1>=X1 
XI 21 =X2 
Y=X1*X1 
U=X?*X2 
YU=XI*X2
AI 11 = 2•*(Y-U) ..................
AI 21=4.*YU 
RX=Y*U
EX=-Y »U .......
AR=2.*YU
AR=AMOOIAR.TOOBIGJ 

3 IFI EX-100.I 30,30,31...........
31 pXP=l.E30 

GO TO 32
30 PXP=1.772454*EXP(EXI
32 Zl=-PXP*SINtAR)

Z2=-PXP*C0S(AR)
IF IRX-9.) 13,13,14 

14 IFIXI 2 )) 16,17,18
16 SlGMA=0.

GO TO 19
17 SIGMA=1.

GO TO 19
18 S I GMA=2.  ............  .......
19 C( 11 = 1.

C(21=0.
  Zl=Zl*SIGMA----------------

Z2=Z2*SIGMA
CALL COIV (C,A,3,KE)
IEIKE-1)7,8,7 

8 WRITEI3,201 
CALL EXIT 

7 C(I)=8U )*5. ♦ I.
C(21=8(21*5.
A( 1) = (Rfl)*CIl)-R(2)*Ct2)>*3.*l. 
A(2}=IB(2)*C(ll*C(2)*8I1)1*3.

FUNCTION IS CALCULATED TO AN ACCURACY
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cm=*m*Am-B(2i*A(2)+i.
CI?I=B<2(*A( 1I+A<2)*3(1)
CALL CDIV(C» X,A,KEI 
IF (KE-1115,8,15 

15 Z 1=-A( 1) ■*■2 1 
Z 2=-A(2) +Z2 
GO TO 6

n  R m = -2 .* x m
Bt 2)=-2.*X(2>
D=3.
Z1=ZUB(1)
Z2=Z2*BI2>

‘t CC I)=-< B11 )*A( 1 l-B( ?I*A( 21 I/O 
C m = - < R m * A ( 2 I * B ! 2 ) * A U ) J / D  
zi=zi*cm
Z2=Z2*C12)
IF (ICl1)*C(l)+C(2I*C(?))-l.E-6>6,6,5

5 0=0*2.
...............  B ( i i= c m  .........................

Bl ?I=CI2 1 
GO TO A

- 20 FORMAT(• OIVIDE BY ZERO RESULTING IN PROGRAM TERMINATION*)
6 DISP=CMPLXIZl,Z2>

RETURN
  ENO -

C THIS LITTLE SUBROUTINE IS USED TO OIVIOE TWO COMPLEX NUMBERS. THIS 
C SUBPROGRAM WAS WRITTEN BEFORE THIS FEATURE WAS AVAILABLE IN THE
C FORTRAN COMPILER.

SUBROUTINE CDIV!A,B,C,KEI •
REAL A,R,C,R

- -.... DIMENSION AI2),BI2),C(2I .... .......................  ....
R=t)m**2f3( 21**2 
IF (R )1,1,2

1 KE=1
GO TO 3

2 KE=2
  C m  = ( A m * B { l H A I 2 ) * R I 2 n / R  .................  -  —  -

Ct2)=(A(2)*R(ll-A(l)*B(2))/R
3 RETURN

• • —  ENO    -......  -
Cc **************

c
C SUBPROGRAM ZET

  C
C THIS SUBROUTINE CALCULATES THE RATIO OF THE PHASF VELOCITY OF THE WAVE 
C PARALLEL TO THE MAGNETIC FIELD TO THE PARALLEL THERMAL VELOCITIES OF THE

  C PARTICLES I PARALLEL VELOCITIES= SORTI 2*KAPPA* TEMP I I,J)/PMASSI I
SUBROUTINE ZETIX1 
COMMON /C0M1/V(?,2I,ARRAY I 2,21 
COMPLEX X,ARRAY 
00 10 1=1,2 
DO 10 J=1,2

  10 ARRAY!I,J)= X*Vt1,21/V!I, J )   -..................................  .........
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  RETURN ........   —        - -
END

C
C **************
C .
C
C SUBPROGRAM YOU
C
C THIS SUBROUTINE CALCULATES THE VALUES OF THE NUMERATOR OF THE FUNCTION 
C U FOR A FIXED VALUE OF R AND A VARIABLE VALUE OF ZETA. THE FORMULA 
C USFO IS GIVEN IN FQUATION B-I-12

COMPLEX FUNCTION YOU I Z ET , DI SP, X , I RADI 
IMPLICIT COMPLEX (C,Z), REAL 4 K >
COMPLEX DISP.X
COMMON /COM2/ G! 100,2),GP( 100,2)/COM1/VELI 2,2),ZETA(2,2 I/C0M2/ 
LPMASSt?),GYRO(100,21.GYRADI100,2 *,TEMPI 2,2»,RAUI200 I,KAY,KAPPA,
2 1 S GNI 2 ) ,L
COMMON /C0M5/ OMEGADI100,2,2), TPERP12,2)
KONST=A.0*3.14159*14.802E-10)**2 ................
CNUMU= KAY**2 
CALL ZET(X)
DO 11 1=1,2 
DO 11 J = l» 2 
ZO=ZETA(J,I»
CNi= d i s p (z o ) ...............
CN?=-2*{ UZ0*CN1)
CN3= K AY*VELIJ,I)
CN4= L*OMEGAD(IRAD,J,I1/CN3
CNUM1= KONST* 2*L*ISGN(J)*GP(IRAD,I )* ICN1+CN4*CN2I/ IPMASSIJJ*GYROC 

11 RAO,J)*CN3)
CNUM2=K0MST*G(IRAD, I)* 11+Z0*CN1+CN4*ZO*CN2)/tKAPPA*TEMP(J,I)) 
CNUM3=K0NST*G(IRAD, 1)*CN4* I CN1*CN4*CN2)* Il-TEMPIJ,I 1/TPERPIJ,11)/ I 
1KAPPA*TEMP|J,I))

11 CNUMU=CNUMU+CNUMI+CNUM2+CNUM3 
YOU = CNUMU 
RETURN
END -- - ............................
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C ...............
c
C MAINPROGRAM 2
C
c
C THIS PROGRAM CALCULATES THE COMPLEX FUNCTION U AS A FUNCTION OF R FOR
C A GIVEN VALUE OF ZETA ( THE RATIO OF THE WAVE PARALLEL PHASE VELOCITIY
C TO THE PARALLEL ION VELOCITY*.
C THE SUBPROGRAMS CALLED BY THIS MAINPROGRAM ARE DISP. COIV, ZET ANO YOU1
C MOST OF THE VARIABLE NAMES USED IN THIS PROGRAM ARE THE SAME AS IN
C MAINPROGRAM 1
C THE PROGRAM SEARCHES FOR TURNING POINTS OF U I IE WHEN BOTH THE REAL
C PART AND THE IMAGINARY PART OF U ARE EQUAL TO ZERO) AND GIVES THE VALUES
C OF R AT WHICH THEY OCCUR.
C THE PROGRAM CALCULATES THE VALUES OF UIR) AT INTERVALS OF I ONE EARTH
C RAO I U S )*SK AL E . THE PROGRAM TESTS FOR ZEROS OF U BY LOOKING FOR
C SIMULTANEOUS SIGN CHANGES IN BOTH THE REAL AND IMAGINARY PART OF U
C BETWEEN TWO ADJACENT VALUES OF R. IF A SIMULTANEOUS SIGN CHANGE IS
C FOUND U IS CALCULATED AT NUMBRE OF EVENLY SPACfcD VALUES OF R BETWEEN
C THE TWO VALUES OF R FOR WHICH THE SIGN CHANGE WAS OETECTEO. IF
C ANOTHER SIMULTANEOUS SIGN CHANGE IS DETECTED THE PROCESS IS
C REPEATED LIMIT TIMES.
C UIR) CAN BE CALCULATED FOR SEVERAL VALUES OF ZETA. THE NUMBER OF VALUES OF
C ZETA TO BE READ IN ARE SPECIFIED BY JENO.
C
c

IMPLICIT COMPLEX(CfZI.REALIK)
COMPLEX YOUl.OISP 
REAL CHARG,N1.N2 
COMMON /COM1/ VEL(2,2),ZETA(2,2)
DIMENSION GYRO I 100,2),GYRADI 100,2)
DIMENSION VPERP(2,2)
COMMON /C0M2/ G1100,2),GP1100,2).PMASS12),GYRO,GYRAO,TEMPI2
1,2),RADI 200),KAY,KAPPA,ISGN(2),L 
COMMON /C0M3/ TOOBIG 
COMMON /COMA/ CFREOI2,2), CDISP 12,2)
COMMON /C0M5/ UMEGAOl100,2,2), TPERPI2.2I 

C THE PARALLEL TEMPERATURE OF THE PLASMA IS GIVEN BY TEMPIJ,I).
C J=I DENOTES IONS J=2 , ELECTRONS
C 1=1 DENOTES PLASMASPHERE PARTICLES 1=2 , RING CURRENT PARTICLES
C TEMP IS A 2 X 2 ARRAY IN FORMAT 4E10.3 CONTAINING THE PARALLEL TEMPERATURE

READ!1,190) TFMP
190 FORMATI4E10.3)

C ISGN IS AN ARRAY OF SIZE 2 IN FORMAT 213 CONTAINING THE PARTICLE SIGNS 
READ!1,191) ISGN

191 FORMATI 2 1 3)
C PMASS IS A SIZE 2 ARRAY IN FORMAT 2E10.4 CONTAINING THE PARTICLE MASSES 

READl1,192) PMASS
192 F0RMATI2E10.4)

C THE PERPENDICULAR TEMPERATURC OF THE PLASMA IS GIVEN BY TPERP 
C TPERP IS A 2X2 ARRAY IN FORMAT 4E10.3 CONTAINING THE PERPENDICULAR TEMPERATURE 

REAL)! 1,12) TPERP 
12 FORMATI4E10.3)

WKITEI3.12) TPERP 
9 FORMAT (4E8.1.2I2,2E10.4/4E10.2)
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C CHARG AND SPD ARE THE ELECTRONIC CHARGE AND THE SPEED OF LIGHT IN CGS 
C UNITS. 8FLD IS THE VALUE OF THE MAGNETIC FIELD AT THE MAGNETOPAUSE IN GAUSS 
C B IS ASSUMED TO VARY AS Il/R)**POWER 

READ (1,71 CHARG,POWER,BFLD,SPD 
7 FORMAT IE10.3,F6.2,2E10.3I 

C TOOBIG IS USED TO MODULATE THE VALUE OF THE ARGUMENT OF THE SINE AND COSINE 
C IN THE SUBROUTINE DISP TO KEEP THEM FROM BECOMING TOO LARGE 

TOOBIG = .823599E+06 
KON = SPD/CHARG 

C KAY IS BOLTZMANN'S CONSTANT 
C KAPPA IS THE PARALLEL WAVE NUMBER
C L IS THE AZIMUTHAL WAVE NUMBER

READ!1,6) KAY,KAPPA,L 
6 FORMAT (2E10.9/I5)

C N 1 IS THE PLASMASPHERE NUMBER DENSITY AT ITS OUTER BOUNDRY N2 IS 
C THE PEAK RING CURRENT NUMBER DENSITY. THE PEAK IS ASSUMED TO OCCUR 
C AT 6 RE IN THIS MODEL. REP IS THE RADIAL DISTANCE TO THE BEGINNING 
C OF THE PLASMA PAUSE GIVEN IN RE. IN THIS MODEL A VALUE OF 5.9 RE IS 
C USED SINCE RUSSEL ANO THORNE HAVE FOUND THAT THE PLASMAPAUSE CLOSELY 
C COINCIDES WITH THE PEAK RING CURRENT NUMBER DENSITY 

READ!1,30) N I ,N2,REP 
30 FORMAT <2F6.1,F8.2)

WRITEI3,7) CHARG,POWER,BFLO,SPD 
WRITEI 3,6) KAY,KAPPA,L 
WRITE(3,30) N 1,N2,REP 

C THE THERMAL VELOCITIES ARE CALCULATED 
DO 15 1=1,2 
00 15 J = 1,2

C VEL GIVES THE PARALLEL VELOCITIES AND VPERP THE PERPENDICULAR VELOCITIES 
C WITH THE FIRST INDEX GIVING THE PARTICLE SPIECE ANO THE SECOND GIVING 
C THE PLASMA GENRE

VEL (J,I) = SORT ( 2*KAPPA*TEMPtJ,I)/PMASS<J11 
VPERPIJ,11= SORT(2*KAPPA*TPERPIJ,I)/PMASSIJ) I 

15 CONTINUE
C THE GYRORADIUS FOR THE IONS AND THE GYROFREQUENCIES ARE CALCULATED 
C B IS ASSUMED TO VARY AS (1/R)**POWER 

BO = BFLD*((6.35E9)**P0WER)
DO 5 19 = 1,100 
R= I 6.350E7)* IA 
RD= R**POWER 
BF = BO/RO 
00 5 15=1,2
GYR01 1.9,15 ) = CHARG*BF/( PMASS( 15 )*SPO)
GYRAD1I 9,1 5)= VPERP11,1 5)/GYRO!19,1)
00 5 16=1,2

C OMEGAD IS A 100 X 2 X 2 ARRAY WHICH GIVES THE AZIMUTHAL DRIFT FREOUECIES 
C OF THE PARTICLES

5 OMEGAD! 19,16,15 ) = (-.5)*ISGN(I 6)* IVPERPI16,1 5 )**2)*PMASS(16)*(L/BF) 
1*KON*(POWER/(R**2I)
WRITfcI 3,9) TEMP, ISGN,PMASS,VEL 

C FROM THIS POINT TO STATEMENT NUMBER 150
C THE MODEL NUMBER DENSITY, G , AND ITS DERIVITIVE WITH RESPECT TO
C R**2 , GP , ARE GENERATED
C AN EXPONENTIAL MODEL IS USED FOR THE NUMBER DENSITY 

PEAK=6*(6.350E8)
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RE2=I6.35E8)**2
A2=l16./AL0G(10.*N2)>*RE2
A=SQRTIA2)
B2=(1./ALOGI10.))*RE2
B=SQRTI821
REP = REP*I6.35E8)
D=I•5/ALOGI10.*NI))*R£2 
REP2=REP*REP 
00 150 13=1,100 
RADt131=16.350E7)*I3 
EX=-IRAD(131-PEAK)
EX2=EX*EX
IF (EX) 50,50,51

50 GI13,21=N2*EXP(-EX2/A2)
GP(13,2) =2*EX*Gl13,21/IA2*KAD(I3H 
GO TO 53

51 Gl)3,2>=N2*EXP(-EX2/B2)
GPII3,2)=2*EX*G<13,2)/(B2*RAD(13))

53 IFIRAOII3I-REP) 54,54,55
54 GI 13,ll=Nl*R£P2/lRA0(I3)**2)

GP(13,11= -1*G(13,11/1 RADII3)**2)
GO TO 150

55 IF1RADI131-PEAK) 58,58,59 
59 G(I3,l)=0.0

GP 113,1 ) = 0.0 
GO TO 150 

58 EXX=-(RA0(I3)-REP)
EXX2=EXX*EXX '
GI13,l)=Nl*EXP(-EXX2/0)
GP113,1) = 2*EXX*G(13,1)/(0*RA0I13))

150 C UNUNUE
READ 11,1060) SKALE, NUMBRE.LIMIT,JENO

1060 FORMAT IF6.2,13,12,12)
WRITE 13,10601 SKALE,NUMBRE,LIMIT, JENO 
DO 1051 NN=1,JENO 
READ I 1,1061) COMEGA 
WRITE (3,1061 ) COMEGA

1061 FORMAT I 2G12.6)
C I HOLD, ITAB AND N H C N T  ARE SIMPLY COUNTERS USED TO KEEP TRACK
C OF THE LOOP THAT SEARCHES FOR ZEROS OF U.

IH0LD=1 
ITAB=0 
KNIL=0.
NILCNT=0
DO 1080 1=1,2
00 1080 J=l,2 -
CALL ZETICOMEGA)
CFREOIJ,I) = Z£TAIJ, I )
C0ISP1 J,n=DISP(CFREO!J, I ))

1080 CONTINUE
1001 CYOUI=YOU1(KNIL)

STPSIZ=(6.35E8)*SK4LE
11= IHOLD
KNIL=0.
MEND=IFIXI10/SKALE) •
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ITAB=0 
GO TO 1002 

1013 L 1=1
1002 00 1021 N=L11 MEND 

ARE=KNIL ♦STPSIZPN 
CY0U2=Y0U1(ARE)
ARE! = ARE/6.35E8 
WRITE < 3,20) CY0U2,ARE 1

20 FORMAT 1' U HAS THE VALUE , AT R= •
l,T20,G12.6,T36,G12.6,T57,G10.5,T69,'R.E.*)
UIl= AIMAGICYOUl)
UI2=AIMAG(CY0U2)
IF 1U I 2 ) 1003,1009,1003

1009 IF(RtAL(CYGU2I) 1005,1030,1005
1030 IHOLD=IHULD+l 

GO TO 1033
1003 SIN1 = UT1/UI2

C THE IMAGINARY PART OF U IS TESTED FOR A SIGN CHANGE 
IF (SIN1) 1005,1010,1020

1010 IF (REAL ICYOUI)) 1005,1031,1005
1031 IHOLO=IHOLD+1 

GO TO 1032
1005 UR1=REAL(CY0UI)

UR2= REALICY0U2)
IF CUR2) 1007,1020,1007 

C THE REAL PART OF U IS TESTED FOR A SIGN CHANGE IF ONE HAS BEEN FOUNO
C FOR THE IMAGINARY PART OF U.
1007 SIN2=URl/UR2

IF (SIN2) 1011,1020,1020 
C THE NEXT FEW STEPS SET UP THE PROGRAM SO THAT U CAN BE TESTEO
C FOR A ZERO BETWEEN THE R VALUES WHERE A SIMULTANEOUS SIGN CHANGE HAS
C BEEN FOUNO
1011 ITAB = ITAB+-1 

KNIL = ARE-STPSIZ 
STPSIZ=STPSIZ/NUM8RE 
MEND = NUMBRE
IF(I TAB -LIMIT ) 1013,1013,1030

1020 IF IITAB .GT. 0) GO TO 1022 
CYOU1=CYOU2
I HOLD =N+1 
GO TO 1021 

1022 CYOU1=CYOU2
1021 CONTINUE

IF I ITAB .GT. 0 ) I HOLD = IHOLD +1 
GO TO 1050 

1033 WRITE (3,1090) ARE
1090 FORMAT (• U HAS A TURNING POINT AT R= *,E10.5)

NILCNT=NILCNT*1 
GO TO 1050

1032 WRITE (3,1090) KNIL 
NILCNT =NILCNT H

1050 IF ( I HOLD— 10/SKALE) 1052,1052,1051 
1052 KNIL = ( IH0LD-1)*(6.35E8I* SKALE

GO TO 1001
1051 CONTINUE
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STOP
ENO

C **************
c
c
c
C SUBPROGRAM Y0U1
C
C
C THE SUBROUTINE YOU1 CALCULATES THE VALUES OF THE FUNCTION UIR) FOR A
C VARIABLE VALUE OF R AND A FIXED VALUE OF ZETA.
C

COMPLEX FUNCTION YOUl(R)
IMPLICIT COMPLEX IC,Z),KEALIK)
COMMON /COMl/ VEL(2,2),ZETAI2,2)
DIMENSION GYROI 100,2),GYRADI 100,2)
COMMON /C0M2/ GI100,2),GP(100,21.PMASSI2),GYRO,GYRAD,TEMPI2
1,2),RADI 2001,KAY,KAPPA,ISGN12),L 
COMMON / C O M W  CFREQ12,2), COISP 12,2)
COMMON /C0M5/ OMEGAOI100,2,2), TPERPI2.2)
DIMENSION XI2),Y(2)
KONST = 4.0*3.14L59*14.802E-10)**2 
IFIR.LT. 6.35E7) GO TO 5 
CNUMU= I L/R) **2 * KAY**2 
COENU=l.
IRAD = IFIXlR/6.35E7)
FRAC = AMOO IR,6.35E7»/6.35E7 
DO 10 1= 1,2

C A LINEAR INTERPOLATION IS USED TO FIND THE VALUES OF G AND GP
C WHEN R IS NOT AN INTEGRAL MULTIPLE OF ONE TENTH OF AN EARTH RADIUS.
C THIS INTERPOLATION MUST BE USEC SINCE G AND CP ARE ARRAYS IN WHICH THE
C VALUES OF THE NUMBER DENSITY AND ITS DERIVITIVE ARE STORED FOR 100
C VALUES OF R EVENLY SPACED BETWEEN .1 AND 10 EARTH RADII THAT IS,
C EVERY TENTH OF AN EARTH RAOIUS

XI I>= GIIRAD , I)-IGIIRAD,I)-GIIRAO*1,11)*FRAC 
' Y( I )•= GP tIRAD,I)-(GP(IRAO,I )—GP (IRAD+1» I ) 1 *FRAC

DO 11 J=l,2 
ZO=CFREQIJ,I )
CN1=CDISPIJ,II 
CN2=-2*I l*ZO*CNl)
CN3= KAY*VELIJ,I)
CN4= L*OMEGADtIRAD,J,I)/CN3
CNUM1=-K0NST*2*L*ISGNI JI*Y(I>*ICN1*CN4*CN2>/1PMASSIJ)*GYRO11 RAD,J> 
1*CN3)
CNUM2=K0NST*XIt)*tl*Z0*CNl*CN4*Za*CN2)/IKAPPA*TEMP(J,I)> 
CNUM3=K0NST*XI1)*CN4*1CN1*CN4*CN2)*11-TEMPIJ,n/TPERPIJ,t))/tKAPPA 
1*TEMP(J, I I I 

11 CNUKU=CNUMU*CNUMl+CNUM2*CNUM3 
Z0=CF9E0( 1,1 )
CD1= CDISP11,1)
C02= - 2*11*Z0*CD1>
C03=KAY*VELI 1,1)
CD4= L*0MEGADIIRAD,1, D /CD3
CDENI=KQNST*2*L*YII)*ICD1+2*CD4*CD2)/IPMASSI1)*GYR01IRAD»1)*CD3)

C

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CDEN2=K0NST*X( I) *( l«-ZO*< CDl «-2*CD4*CD21 )/<KAPPA*TEMP(1,I) I 
CDEN3=KnNST*2*X{I ]*CD4*<C01+2*CD4*C02)*< l-TEMPI1,I I/TPERPI1,111/
1(KAPPA*TEMPI 1,1)1 

10 C0ENU=CDENU-«.25 l*CGYRAOURAD, I 1**2)*{ CDEN1 +CDEN2*CDEN3)
Y0U1= CNUMU/COENU 
GO TO 6

C THIS VALUE IS ASSIGNED TO YOU IF R IS LESS THAN ONE TENTH OF AN
C EARTH RADIUS. THIS IS DONE SINCE THE VALUE OF YOU AT ZERO IS INFINITY
C AND THE FUNCTION CAN NOT BE INTERPOLATED IN THIS REGION.

5 Y0U1= 1-1.,0.)
6 RETURN 

END
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