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Abstract—A maximum likelihood for Bayesian estimator 

based on α-stable was discussed in our previous papers.  It is in 

terms of closer to a realistic situation, and unlike previous 

methods used for Bayesian estimator, for the case discussed here 

it is not necessary to know the variance of the noise.   The 

Bayesian estimator here is based on in a Nakagami fading 

channel.  Our previous research results has been extended to that 

Bayesian estimator that we investigated is still working well for 

the image noise removal in Nakagami fading channels.  As an 

example, an improved Bayesian estimator (soft and hard 

threshold methods), is illustrated in our discussion.  

Keywords—digital image, image noise removal, Bayesian 

estimator, wavelet,  wireless communications, Nakagami m- fading 

channels. 

I. INTRODUCTION  

 The Nakagami m-distribution has founded many 
applications in technical sciences.  It has been shown by 
extensive empirical measurement that this distribution is an 
appropriate model for wireless links [1-3].  A wide variety of 
fading effect can be modeled as Nakagami fading with 
different m parameters, including Rayleigh and one-side 
Gaussian fading as special cases when m equals to 1 and 0.5, 
respectively.  Nakagami distribution is also suitable for 
modeling the output statistics of diversity combining system 
that are employed extensively to mitigate multipath faded 
effect.  It is obvious that generation of correlated Nakagami 
fading channels is therefore an essential issue for a laboratory 
test of wireless systems or subsystems to operate in such a 
fading environment.  Some papers have shown it is possible to 
have flexible algorithm with the ability to generate correlated 
Nakagami fading branches with arbitrary fading parameters 
and correlations [2,3].        

Wireless telephones are not only convenient but are also 
providing flexibility and versatility.  According to the nature 
of a particular application, wireless communications can be 
used in home-based and industrial systems or in commercial 
and military environments.  One of major proposal of this 
paper is that what will happen when a image is communicated 
by a Nakagami-m distribution fading channels and whether 
the previous methods works for image noises removal via 
Bayesian estimator [4-7].     

It is well known that noise degrades the performance of 
any image compression algorithm.  In many cases, images 
degraded even before they are encoded.  It is obvious that 
linear filtering techniques used in many image-processing 
applications, are attractive due to their mathematical 
simplicity, and efficiency in the presence of additive Gaussian 
noise.  However, they also blur sharp edges, make some 
distortions of lines and fine image details, less effectively 
remove tailed noise, and poorly treat the presence of signal-
dependent noise.  For example, emission and transmission 
tomography images are usually contaminated by quantum 
noise, which is Poisson noise.  Unlike additive Gaussian noise, 
Poisson noise is signal-dependent, and separating signal from 
noise is difficult.  Several groups have discussed that wavelet 
sub band coefficients have highly non-Gaussian statistics and 
the general class of α-stable distributions has also been shown 
to accurately model heavy-tailed noise [8-10].     

Wavelet transform is a powerful tool for recovering signals 
from noise and has been of considerably interest [11-13].  In 
fact, wavelet theory combines many existing concepts into a 
global framework and hence becomes a powerful tool for 
several domains of application. 

Donoho gives some minimum thresholds for several 
threshold schemes, titled "universal thresholds" [14].  These 
explicitly depend on the standard deviation of noise, where the 
standard deviation is assumed to be known.  In practice, the 
standard deviation can be readily estimated using the methods 
discussed in [15], [16].  For some applications the optimal 
threshold can be computed.  An approach different from 
"universal thresholds" is presented by Nason [17], in which 
cross-validation is used.  Two approaches to cross validation 
are used, namely ordinary cross validation (OCV) and 
generalized cross validation (GCV): each is used to minimize 
the least-squares error between the original (which is the 
unknown value) function and its estimate based on the noisy 
observation.   

Modeling the statistics of raw images is a challenging task 
because of the high dimensionality of the signal and the 
complexity of statistical structures that are prevalent.  
Numerous papers discuss modeling the statistics of raw 
images, including Bayesian processing assuming proper 
modeling of the prior probability density function of the 
signal, but they dealt with the Gaussian noise, or with the 
symmetric stochastic distributions.    
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In this paper it is carefully discussed that a wavelet-based 
maximum likelihood for Bayesian estimator that recovers the 
signal component of the wavelet coefficients in original 
images from images contaminated by Nakagami fading 
channels that simulated by the method [2, 3].   

As an example, a color image and its image contaminated 
by Poisson noise will be shown using the discussed method. 

II. ALPHA-STABLE DISTRIBUTIONS AND LOG 

LIKELIHOOD 

It is well known that the symmetric alpha-stable distribution 
(SαS) distribution is defined by its characteristic function: 

),||exp()( αωγδωωφ −= j                                      (1) 

The parameters α, γ, and δ describe completely a SαS
distribution.  The characteristic exponent α controls the 
heaviness of the tails of the stable density.  α can take values 
in (0,2]; while α = 1 and 2 are the Cauchy and Gaussian cases 
respectively.  There is not closed-form expression known for 
the general SαS probability density function (PDF).  Thus, it is 
useful when using the principle of maximum likelihood 
estimation.  The dispersion parameter γ (γ >0) refers to the 
spread of the PDF.  The location parameter δ is analogous to 
the mean of the PDF, which, for our following discussion, will 
be the same assumption as that in [8].    

If a variable θ̂  is unbiased it follows that  

0=− )ˆ( θθE                                                              (2) 

which can be expressed as: 
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The function );(ln ; θθ xfx  is well known as the “log 
likelihood” function of θ  (LLF).  Its maximum likelihood 
estimate can be obtained from the equation: 
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The first order of differential log likelihood function with 
respect to θ is called the maximum likelihood (ML) estimate.  
If the efficient estimate does not exist, then the ML estimate 
will not achieve the lower bound and hence it is difficult to 
ascertain how closely the variance of any estimate will 
approach the bound.  

It is noted that the value of about 1.5 is strongly 
recommended if there is no information about α due to the 2

nd

order simulations of the LLF for an alpha-stable [7].   

III. NAKAGAMI FADING CHANNEL AND WAVE-BASED 

BAYESIAN ESTIMATOR  

If we take the probability density of θ as p(θ); and the 
posterior density function as ),...,|( nxxf 1θ , then the updated 
probability density function of θ is as follows: 
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If we estimate the parameters of the prior distributions of 
the signal s and noise q components of the wavelet 
coefficients c, we may use the parameters to form the prior 
PDFs of Ps(s) and Pq(q), hence the input/output relationship 
can be established by the Bayesian estimator, namely, let 
input/output of the Bayesian estimator = BE, we have: 

=
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sq
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                                             (7) 

Ps(s) is the prior PDF of the signal component of the 
wavelet coefficients of the ultrasound image and Pq(q) is the 
PDF of the wavelet coefficients corresponding to the noise. 

In order to be able to construct the Bayesian processor in 
(7), we must estimate the parameters of the prior distributions 
of the signal (s) and noise (q) components of the wavelet 
coefficients (d).  Then, we use the parameters to obtain the 
two prior PDFs Pq(q) and Ps(s) and the nonlinear input-output 
relationship BE.

 Consider the moments of the Nakagami distribution 
NK(m,Ω).  Following [2], we have the probability density 
function (PDF) of NK(m,Ω) as below: 
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and we also have  
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The Gamma function Γ(m) is defined by 

∞
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The following methodology is that following the way that 
introduced in [2] to obtain a Nakagami source, then build our 
BE by equation (7).  We, in the next section, take an example 
to illustrate the processing for noise removal.      
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Figure 1 shows our BE in terms of various m values of 
Nakagami fading channels.  We follow the equation (7) and 
pick four different m values, namely m = 0.6, 1.0, 2.5 and 15.  
The corresponding Nakagami PDFs are shown in Figure 2.   

Figure 1: The output of BE for different Nakagami m values, 
namely m = 0.6, 1.0, 2.5 and 15. 

Figure 2: The PDFs of Nakagami fading channels for different 
m values shown in Figure 1. 

Figure 2 clearly shows that the m values are associated with 
the PDFs of Nakagami fading channels.  From Figure 1 we 
can see that the different m values make the output of BE are 
different.  It is well know that the smaller value is the more 
fading effects would be for the Nakagami fading channels.  If 
we take the identity 2 in Figure 1, we may observe that the 
curve makes the output of the BE “soft threshold” like and the 
cure corresponding to m = 0.6 closer to the “hard threshold”.  
In fact the curves of the output of the BE based on Nakagami 
with different m values for the fading channels are different, 
in terms of shapes, from that in our previous results [4-7], 
which is inspected.  But the tendencies of those curves of the 

BE for the different m values are similar to those previous 
results in comparison of that in [4-7].   The following example 
will support this belief.   

IV. AN EXAMPLE

We first to have a Nakagami fading channels resources built 
by the methodology introduced in [2] (or [3]).  Hence, it is it is 
expected to generate an n-by-1 correlated Nakagami vector z
with fading parameter m and covariance matrix Rz.

When we make measurements, we have no information 
about the noise value of the image we obtained.  The only 
information one may have is from experience in judgment of 
the noise level, which becomes the outline of the denoising 
strategy.  

Figure 3: An Image of the “Arms” of a University. (a) 
original (b) the contaminated (a) by Nakagami fading channel. 

The Nakagami fading channel contaminate the image shown 
in Figure 1 as shown in Figure 2 (a), where the m deliberately 
chose 2.5 but just we knew it not the BE.  As we previously 
described that in our papers [4-7] we used the so-called blind 
“noise removal” to denoise the contaminated image by 
Nakagami fading channel via the designed BE as shown in 
Figure 1.  The result of the blind noise removal is shown in 
Figure 4.  

Figure 4: (a): the output of BE by the “blind noise removal” 
for the Figure 2; (b) the result of for the “matched BE” for the 
Figure 2 

If we know some information about the natures of 
Nakagami fading channel, which is possible even we did not 
show this in this paper.  Note that we can estimate the m value 
we are facing for the particular situation via the methods 
discussed in [18-20].  Then we can apply a almost matched 
BE to the contaminated image by the Nakagami fading 
channel.  For this example, we use the matched BE for the m = 

          (a)                                              (b) 
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2.5 and the result is shown in Figure 4 (b), which is better than 
Figure 4 (a) shown by Table 1. 

TABLE 1: THE RESULTS FOR THE NOISE REMOVAL OF THE 

CONTAMINATED BY THE NAKAGAMI FADING CHANNEL VIA “BLIND 

NOISE REMOVAL” AND “MATCHED NOISE REMOVAL”. 

METHOD 1 2     3 4 5 

S/MSE 14.21 14.11  13.51 14.87 15.68 

Note: Comparison of denoising results with BE in signal to mean 

square error (S/MSE) in dB.  Here 1= soft thresholding; 2 = Hard 

thresholding; 3 = Homomorphic Wiener; 4 = BE (blind), 5 = BE 

(matched). 

In order to make a comparison, a noise removal by 
traditional hard thresholding is shown in Figure 5.  

Figure 5: The noise removal of the Figure 2 by hard 
thresholding.  

V.  CONCLUSION

The technique using the wavelet-based Bayesian estimator 
has been extended to Nakagami fading channels with different 
m parameters. The statistician's Bayesian estimator theory is 
used not only to simplify the selection of parameters but also 
in some situations to provide more precise images than other 
methods.  It is noted that if we use the so-called matched BE 
with an estimation of m parameter, the result would be most 
encouraging as shown in this paper.  

VI. REFERENCES 

[1]  M. Nakagami, “The m-distribution—A general formula of intensity 
distribution of rapid fading,” Statistical Methods in Radio Wave 
Propagation, 1960. 

[2]    Zhefeng Song, Keli Zhang, and Yong Liang Guan, “Generating 
Coorelated Nakagami Fading Signals with Arbitrary Correlation and 
Fading Parameters,” pp1363-1367, IEEE 2002. 

[3]     Q. T. Zhang, “A Decomposition Technique for Efficient Generation of 
Correlated Nakagami Fading Channels,” IEEE Journal on selected areas 
in commun. vol. 18, no.11 pp2385-2392.  Nov. 2000. 

[4]    X. Huang, A.C. Madoc, and A.D. Cheetham, “Image Multi-Noise 
Removal by Wavelet-based Bayesian Estimator”, 2005 IEEE 
International Symposium on Circuits and Systems, Kobe, Japan, May 
23-26, 2005. Accepted (informed on 29/12/04). 

[5]    X. Huang, A.C. Madoc, and A.D. Cheetham, “Multi-Noise Removal 
from Images by Wavelet-based Bayesian Estimator”, IEEE Sixth 
International Symposium on Multimedia Software, Miami, FL, USA, 
December 13-15, 2004. pp.258-264. 

[6]    X. Huang, A. C. Madoc, and A.D.Cheetham, “Wavelet-based Bayesian 
estimator for Poisson noise removal from images”, IEEE International 
Conference on Multimedia and Expo, Maryland, U.S. July 6-10, 2003. 
Vol.I, pp593.  

[7]    X. Huang and A. C. Madoc, “Maximum Likelihood for Bayesian 
Estimator Based on α−stable for Image”, IEEE International Conf. 
ICME2002, Proc. Vol.I, pp709-712, 2002. 

[8]     A. Ben Hamza and Krim, “Image Denoising: A Nonlinear Robust 
Statistical Approach”, IEEE Tran. On Signal Proc. Vol.49, no.12, 
pp3045-3054, 2001. 

[9]     M. Popescu, P. Cristea, and A. Bezerianos, “Multiresolution distributed 
filtering: A novel technique that reduces the amount of data required in 
high resolution electrocardiography,” Future Gen. Comp. Sys., no. 15, 
pp. 195-209, 1999. 

[10] M. Shao and C. L. Nikias, “Signal processing with fractional lower 
order moments: Stable processes and their applications”, Proceeding of 
the IEEE, vol.81, no. 7, pp986-1010, July 1993. 

[11] Imola K. Fodor and Chandrika Kamath, “Denoising Through Wavelet 
Shrinkage: An Empirical Study”, Lawrence Livermore national 
Laboratory technical report, UCRL-JC-144258, July 27, 2001. 

[12] Y. XU, J.B. Weaver, D.M. Healy, and J. Lu, “Wavelet transform domain 
filtration technique”, IEEE Transactions on Image Processing, vol. 3, 
747-758, 1994. 

[13] D.L. Donoho and I.M. Johnstone, “Wavelet shrinkage: 
Asymptopia?”, Journal of the Royal Statistical Society, Series 
B, vol. 57, 301-369, 1995.

[14] D.L. Donoho and I.M. Johnstone, “Wavelet shrinkage: Asymptopia?”, 
Journal of the Royal Statistical Society, Series B, vol. 57, 301-369, 
1995. 

[15] Y. XU, J.B. Weaver, D.M. Healy, and J. Lu, “Wavelet transform domain 
filtration technique”, IEEE Transactions on Image Processing, vol. 3, 
747-758, 1994. 

[16] D. L. Donoho and I. M. Johnstone, “Ideal spatial adaptation by wavelet 
shrinkage”, Biometrika, Also Tech. Report of Statistics, July, 1992, 
revised April 1993. 

[17] G. P. Nason, “Wavelet regression by cross-validation”, Technical 
Report 447, Stanford University, Statistics Department, March 1994. 

[18] Q. T. Zhang, “A note on the Estimation of Nakagami-m Fading 
Parameter,” IEEE Commn. Lett. vol.6 No.6 pp237-238. June 2002. 

[19] Yunfei Chen, Norman C. Beaulieu, and Chintha Tellambura, “Novel 
Nakagami-m Parameter Estimator for Noise Channel Samples,” IEEE 
Commn. Lett. vol.9, pp1-3, May 2005. 

[20] Julian Cheng and Norman C. Beaulieu, “ Maximum-Likelihood Based 
Estimation of the Nakagami m Parameter,”  IEEE Commn. Lett. vol.5, 
pp101-103.  March 2001. 

Proceedings of the Third IEEE International Workshop on Electronic Design, Test and Applications (DELTA’06) 
0-7695-2500-8/05 $20.00 © 2005 IEEE 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


