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Abstract

Classical results of the axiomatic quantum field theory — irreducibility of the set of field operators, Reeh
and Schlieder’s theorems and generalized Haag’s theorem are proven in SO(1, 1) invariant quantum field
theory, of which an important example is noncommutative quantum field theory. In SO (1, 3) invariant
theory new consequences of generalized Haag’s theorem are obtained. It has been proven that the equality
of four-point Wightman functions in two theories leads to the equality of elastic scattering amplitudes and
thus the total cross-sections in these theories.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Quantum field theory (QFT) as a mathematically rigorous and consistent theory was formu-
lated in the framework of the axiomatic approach in the works of Wightman, Jost, Bogoliubov,
Haag and others ([1-5]).
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Within the framework of this theory on the basis of most general principles such as Poincaré
invariance, local commutativity and spectrality, a number of fundamental physical results, for
example, the CPT-theorem and the spin-statistics theorem were proven [1-4].

Noncommutative quantum field theory (NC QFT) being one of the generalizations of stan-
dard QFT has been intensively developed during the past years (for reviews, see [6,7]). The idea
of such a generalization of QFT ascends to Heisenberg and it was initially developed in Sny-
der’s work [8]. The present development in this direction is connected with the construction of
noncommutative geometry [9] and new physical arguments in favour of such a generalization of
QFT [10]. Essential interest in NC QFT is also due the fact that in some cases it is a low-energy
limit of string theory [11]. The simplest and at the same time most studied version of noncom-
mutative field theory is based on the following Heisenberg-like commutation relations between
coordinates:

[x#, xV] =i 6", (1)

where 6%V is a constant antisymmetric matrix.

It is known that the construction of NC QFT in a general case (0 # 0) meets serious difficul-
ties with unitarity and causality [12—17]. For this reason the version with 8% = 0 (space-space
noncommutativity), in which there do not appear such difficulties and which is a low-energy
limit of the string theory, draws special attention. Then always there is a system of coordinates,
in which only 6'2 = —92! £ 0 [16]. Thus, when #% = 0, without loss of generality it is possible
to choose coordinates x* and x> as commutative and coordinates x! and x? as noncommutative.

The relation (1) breaks the Lorentz invariance of the theory, while the symmetry under the
SO(1,1) ® SO(2) subgroup of the Lorentz group survives [14]. Translational invariance is still
valid. Below we shall consider the theory to be SO(1, 1) invariant with respect to coordinates
x0 and x3. Besides these classical groups of symmetry, in the papers [18] and [19] it was shown,
that the noncommutative field theory with the commutation relation (1) of the coordinates, and
built according to the Weyl-Moyal correspondence, has also a quantum symmetry, i.e. twisted
Poincaré invariance. For further works on twisted Poincaré invariance, see e.g. [20-22].

In the works [23], [24] the Wightman approach was formulated for NC QFT. For scalar fields
the CPT theorem and the spin-statistics theorem were proven in the case 6% = 0. For related
works, see [25] and [26].

In [23] it was proposed that Wightman functions in the noncommutative case can be written
down in the standard form

Wxt, ... x0) = (Wo, o(x1) ... 0(xn) Wo ), 2

where W is the vacuum state. However, unlike the commutative case, these Wightman functions
are only SO(1,1) ® SO(2) invariant. In fact in [23] the CPT theorem has been proven in the
commutative theory, where Lorentz invariance is broken up to SO (1, 1) ® SO(2) symmetry, as
in the noncommutative theory it is necessary to use the x-product at least in coinciding points.

In [24] it was proposed that in the noncommutative case the usual product of operators in
the Wightman functions has to be replaced by the Moyal-type product both in coinciding and
different points:

] a 0
g x - xpG) = [ exp (59‘“ )w(xo...w(xn),

2 Kaxy
a<b<n axa 9 b

a=1,2,...n—1. 3)
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Such a product of operators is compatible with the twisted Poincaré invariance of the theory
[19] and also reflects the natural physical assumption, that noncommutativity should change the
product of operators not only in coinciding points, but also in different ones. This follows also
from another interpretation of NC QFT in terms of a quantum shift operator [27].

In [28] it was shown that in the derivation of axiomatic results, the concrete type of product of
operators in various points is insignificant. It is essential only that from the appropriate spectral
condition (see formula (10)), the analyticity of Wightman functions with respect to the commu-
tative variables x© and x3 follows, while x! and x? remain real. In accordance with eq. (3) the
Wightman functions can be written down as follows:

Wa (X1, .0 xn) = (Wo, @ (x1) * -+ * @ (xn) Wo). “4)

Note that actually there is no field operator defined in a point [29], (see also [3]). Only the
smoothed operators written symbolically as

<PfE/ ¢ () f()dx, (&)

where f (x) are test functions, can be rigorously defined. Further works on the axiomatic QFT
along similar lines have been done in [30], [31], [32].

In QFT the standard assumption is that all f (x) are test functions of tempered distributions.
On the contrary, in the NC QFT the corresponding generalized functions can not be tempered
distributions as the x-product contains infinite number of derivatives. It is well-known (see, for
example, [1]) that there could be only a finite number of derivatives in any tempered distribution.

The formal expression (4) actually means that the scalar product of, for instance the vectors
O =¢p -0 Voand ¥V, =@, - ¢, Yo is the following:

(P, Uk )
= [ WGt ) TG e w TG f i)+ i )y
Wxt, ... x0) = (Wo, @(x1) - - - 9 (xn) Vo). (6)
In paper [33] it was shown that the series
) f(y)=ex <£9“” ’ a)f()C)f() (N
Y)=exp 2 axH 9yY Y

converges if f (x) € S8, B < 1/2, S# is a Gel’fand-Shilov space [34]. The similar result was
obtained also in [35].

The difference of noncommutative case from commutative one is that action of the operator
@ is defined by the %-product.

In [28] it was shown that, besides the above-mentioned theorems, in NC QFT (with 6% = 0)
a number of other classical results of the axiomatic theory remain valid. In [19] on the basis of
the twisted Poincaré invariance of the theory the Haag’s theorem was obtained [36-38] (see also
[1] and references therein).

The present work is a continuation and the completion of our previous work published in [24]
and deals with further development of the axiomatic approach in NC QFT. In fact, our results are
valid for a wide class of SO(1, 1) invariant four-dimensional field theories.

At first we formulate the basic properties of Wightman functions in space-space NC QFT.

In the present work, analogues of some known results of the axiomatic approach in quantum
field theory are obtained for the SO(1, 1) invariant field theory, of which an important example
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is NC QFT. We prove that classical results, such as the irreducibility of the set of field operators,
the theorems of Reeh and Schlieder [1—4] remain valid in the noncommutative case. It should
be emphasized that the results obtained in this paper do not depend on the SO (2) invariance of
the theory in the variables x! and x? and therefore can be extended to more general cases. The
irreducibility of the set of field operators remain valid in any theory, which is translation invariant
in commutative variables, if only eq. (27) is fulfilled. The first theorem of Reeh and Schlieder is
valid, if the Wightman functions are analytical in the variables x° and x3 in the primitive domains
of analyticity (“tubes”).

In the SO(1, 3) invariant theory new consequences of the generalized Haag’s theorem are
found, without analogues in NC QFT. At the same time it is proven that the basic physical
conclusion of Haag’s theorem is valid also in the SO (1, 1) invariant theory, and it is sufficient
that spectrality, local commutativity condition and translational invariance be fulfilled only for
the transformations concerning the commutating coordinates. The analysis of Haag’s theorem
reveals essential distinctions between commutative and noncommutative cases, more precisely
between the SO (1, 3) and SO(1, 1) invariant theories. In the commutative case, the conditions
(59) and (60), whose consequence is generalized Haag’s theorem, lead to the equality of Wight-
man functions in two theories up to four-point ones. In the present paper it is shown that in the
SO(1, 1) invariant theory, unlike the commutative case, only two-point Wightman functions are
equal and it is shown that from the equality of two-point Wightman functions in two theories it
follows that if in one of them the current is equal to zero, it is equal to zero in the other as well
and under weaker conditions than the standard ones. It is also shown that for the derivation of
eq. (60) it is sufficient to assume that the vacuum vector is a unique normalized vector, invariant
under translations along the axis x3. It is proven that from the equality of four-point Wightman
functions in two theories, the equality of their elastic scattering amplitudes follows and, owing
to the optical theorem, the equality of total cross sections as well. In derivation of this result the
local commutativity (LCC) is not used.

The study of Wightman functions leads still to new nontrivial consequences also in the com-
mutative case.”

The paper is arranged as follows. In section 2 the basic properties of Wightman functions in
space-space NC QFT are formulated; in section 3 the irreducibility of the set of field operators
is proven; in section 4 generalizations of the theorems of Reeh and Schlieder to NC QFT are
obtained; section 5 is devoted to generalized Haag’s theorem; in section 6 it is shown that in the
commutative case, the conditions of weak local commutativity (WLCC) and of local commuta-
tivity (LCC), which are valid in the noncommutative case ((24) and (22)), appear to be equivalent
to the usual WLCC and LCC, respectively.

2. Basic properties of Wightman functions in space-space NC QFT

As in the commutative case, we assume that every vector from the space of the complete set
of all physical states, J, can be approximated with arbitrary accuracy by the vectors of the

of - ef Yo. ¥

In other words the vacuum vector Wy is cyclic, i.e. the axiom of cyclicity of vacuum is fulfilled.

ZA partial result on the subject had been previously communicated in [40].
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Let us note that the vectors of the type (8) can be written formally as follows:

PhH o Ph \110:/ ©x1) @)W f1(x1) *---x fru (xp)dxy...dx,. )

It is naturally to assume that Wightman functions are tempered distributions with respect to
commutative coordinates as the x-product contains derivatives with respect to noncommutative
coordinates only. In accordance with this assumption we can use the standard arguments to prove
Wightman functions analyticity in “tubes” and extended “tubes”.

It is well known that in commutative case Wightman functions analyticity in tubes is a conse-
quence of the spectral condition, which implies that complete system of physical states (in gauge
theories also nonphysical ones) does not contain tahyon states in momentum space. It means
that momentum P, for every state satisfies the condition: P0 > |P |. This condition is usually
written as |, € V+. As Wightman functions in the noncommutative case are analytical function
only in commutative variables, it is sufficient to assume the weaker condition of spectrality. Pre-
cisely, we assume that any vector in p space, belonging to the complete system of these vectors,
is time-like with respect to momentum components P and P;, i.e. that

0> 1P (10)

The condition (10) is conveniently written as P, € V2+, where V2+ is the set of the four-
dimensional vectors satisfying the condition PO > | P3|.

For the results obtained below, translational invariance only in commuting coordinates is es-
sential, therefore we write down the Wightman functions as:

Wxt,....,xp) =W, ..., &1, X), an

where X designates the set of noncommutative variables xil, xiz, i =1,...n, and commutative
: C_(£0 £3 0_,0_ 0 3_.3_ .3 P _

variables &; —.{Sj,éj}, where éj =x; xjH,éj =X; =X )= I,...,n—1.
Thus at arbitrary X we can express scalar product (6) as follows:

(P, ¥ /W(élw -1, X) f G, B, X)d L d 8y, 12)

where f(£1,...,&,—1, X) given in (6), and use the completeness of the system of vectors Wp, ,
where P, = {P?, P!} is the two-dimensional momentum corresponding to the commutative co-
ordinates, multiindex »n denotes all other characteristics of the state. So

(@, W) = Z/dP (@, Wp, ) (Wp,. ¥). (13)
n
From the condition (10) and eq. (13) it follows that

/dae—ff’“<q>,U(a)\p>:o, if pe¢V,t, (14)
where a = {ao, a’ } is a two-dimensional vector, U (a) is a translation in the plane x% x3, and
@ and W are arbitrary vectors. The equality (14) is similar to the corresponding equality in the
standard case ([1], Chap. 2.6).

A direct consequence of the equality (14) is the spectral property of Wightman functions:

1

W (Py..., Pp—1, X) = @m0

/ PG W (E . k1 X)dE . dE =0,  (15)
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if P; ¢ \72+. The proof of the equality (15) is similar to the proof of the spectral condition in the
commutative case [1], [4]. Recall that in the latter case the equality (15) is valid, if P; ¢ V.
Having written down W (&1, ...,&,-1, X) as

1
2m)n=D/2
and taking into account that Wightman functions are tempered distributions with respect to the

commutative variables, we obtain that, due to the condition (15), W (vy, ..., v,—1, X) is analyti-
cal in the “tube” T, :

W (€., En—1, X) = /e*f Pi&iw(P,..., Py_1, X)d Py...d Py_y, (16)

vieT,, if vi=&—in, meVy, ni=nn) (17

It should be stressed that the noncommutative coordinates xl.l, xi2 remain always real.

Owing to SO (1, 1) invariance and according to the Bargmann-Hall-Wightman theorem [1-4],
W (vi,...,vy—1, X) is analytical in the domain 7,

T, =UA, Tn_, (18)

where A, € SO (1, 1) is the two-dimensional analogue of the complex Lorentz group. This
expansion is similar to the transition from tubes to expanded tubes in the commutative case. Just
as in the commutative case, the expanded domain of analyticity contains real points x;, which
are the noncommutative Jost points, satisfying the condition x; ~ x;, Vi, j, which means that

(x? —x?)z — ()cl3 —x;-)2 <0. (19)

It should be emphasized that the noncommutative Jost points are a subset of the set of Jost points
of the commutative case, when

(xi—x;)> <0 Vi, j. (20)

Let us proceed to the LCC in noncommutative space-space QFT.
First let us recall this condition in commutative case. In the operator form this condition is

lefi.9pl=0, if 01~ O, 21

where O = supp f1, O> = supp f2. The condition O ~ O, means that (x — y)2 <0Vx € 0
and y € O,. The condition (21) is equivalent to the following property of Wightman functions:

W, oo Xy Xig 1y oo X)) = WXL oo X 1, Xy ey X)), (22)

if suppf,- (S 0,’, suppf,-+1 (S 0i+1, 0,‘ ~ 0i+1-
In the noncommutative case we have the similar condition, but now O ~ O, means that

2 2
(xO_yO) —(x3—y3) <0, VxeO0y, yeO0;.

In terms of Wightman functions this condition means that

fW(xl,...,xi,xi+1,...,xn)f(xl)*---*f(x,') * f(xig1) *---x f(xp)dxy...dx,

:/W(xla-~~axi+17xi7~--7xn)f(xl)*"'*f(xi+1)*f(xi)*"'*f(xn)dxl---dxn,
(23)



M. Chaichian et al. / Nuclear Physics B 950 (2020) 114846 7

where W (x1,...,x,) = (Vo, @ (x1) ... ¢ (x) Yo).
Let us point out that in the noncommutative case WLCC

W, ..o,x) =Wy, ...,x1), if xi~x; Vi, j, 24)

has the same form as in the local theory with the same difference as for LCC.
3. Irreducibility of the set of field operators ¢ ; in NC QFT

The irreducibility of a set of field operators ¢ s implies that, from the condition

Agp e Yo=95 - 9p, AV, (25)
where f; = f; (x;) are arbitrary test functions and A is a bounded operator, follows that
A=CI CeC, (26)

where I is the identity operator.

In the noncommutative case the condition of irreducibility of the set of operators ¢ is valid
as well as in commutative case. The point is that for this it is sufficient to have the translational
invariance in the variable x° and the spectral condition, which can be weakened up to the condi-
tion

PY>0. (27)

Using condition (25) and the invariance of the vacuum vector with respect to the translations
U (a) on the axis x°, we obtain the following chain of equalities

(A*Wo, U (a) g, -~ @5, Vo) = (Yo, AU (a) @y, -~ @5, Yo )

= (Y0, 0 (xi+a) -+ Cf et AY0) =07 (v 4a) -+ P (1 4a) Y0, AV0)

= U D 9, qta) -+ Pfi (r+a) Y0 U (ma) A)

=(¢z - @5 Yo, U (—a) A¥p). (28)
So

(A*Wo, U@ @p, -+ 95, Wo) =(pz - @7 Vo, U (—a) AVp). (29)
In accordance with the eq. (14)

/dae—fp°“<A*wo,U(a)¢f. g, W) £,

only if p® > 0. However,
/dae_ipoa(wfn 7 Vo, U (—a) AWg) #0,

only if p® < 0. Hence, the equality (28) can be fulfilled only when p® = 0. As we assume the
absence of vectors noncollinear to the vacuum one and satisfying the condition P = 0, there is
no vector distinct from the vacuum one, which contributes to both left and right parts of eq. (28)
simultaneously. Taking into account the completeness of the system of vectors Wp, we come to
conclusion that

Ay = C ¥y, (30)
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as ¢f --- @y, Yo is an arbitrary vector. Thus owing to (25) and (30)

Agp 95, Yo=Cop - @5, Vo. (3D

The required equality (26) follows from eq. (31) in accordance with the boundedness of the
operator A and cyclicity of the vacuum vector.

4. Cluster properties and their consequences

It is known [1,3] that in commutative theory Wightman functions satisfy the following cluster
properties:

W (x1,...Xks Xkp1 +Aa, ... xy +2a) > W (xq, ... xi) W (X1, - - - Xn), (32)
if A — oo and a% = —1. Let us show how classical proof (see [1]) can be extended to space-space
NC QFT.

First let us point out that in commutative case translation vector can be arbitrary, but in non-
commutative case this vector has to belong to commutative plane. Surely in commutative case
we also can chose translation vector in this plane. If we do this the proof in NC QFT is similar
to the corresponding proof in usual QFT. As in [1] we give the proof for theories with mass gap.
In commutative case we use the following properties of Wightman functions:

i. corresponding Wightman functions are tempered distributions;
ii. LCC is valid.

But if in commutative case we make shift in the plane, which in noncommutative case is com-
mutative plane, then LCC coincide in commutative and noncommutative cases. Let us stress that
it is sufficient to do translation in only one direction as translation vector is not in the final result.
Taking into account that corresponding test functions in noncommutative case are tempered dis-
tributions in respect with commutative variables, we see that two crucial points in derivation of
cluster properties coincide in commutative and noncommutative cases in above mentioned case
of choosing translation vector.

Eq. (32) can be refined (see [1]). Namely, if we consider the theory, where only massive
particles exist, in addition to the eq. (32) we have:

C
[W (x1, ... Xk, Xkr1 +Aa, ... xp +2a) — W (xy, ... x0) W (Xgt1, ... X)) < R (33)

where n is arbitrary.

If the theory contains the particle with zero mass, then in inequality (33) n <2.

The first case corresponds to the theories with short-range interaction, the second — to long-
range ones. For Coulomb law n =2 in inequality (33) [39].

Let us pass to the proof.

We consider two functions:

Fi=Wx1,....x, Xk41 +Aa, ..., xp+A2a) — W (xq, oo, i) W (X1, -0 Xn) (34)
and

Fo=W X1 +Ara,...,xp+Aa, x1, ..., x) = W(xg, oo, X)) W (X1, -0, X)) (35)
IfA—>ocanda’?=—1andac {xo,x3}, then owing LCC, in space-space NC QFT
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Fi=F. (36)

The simplest choice is: a = {0, 1} and it would be our choice. It is easy to see that F'; = F> =0 at
any A if P2 < M? as we consider theories with mass gap. Indeed let us put the complete system
of vectors Wp , between points x; and xi41. Then we have:

Z / dP (Vo0 (x1) - @x)Vpn) (WP, ¢ (k1 +4a) - @ (xn+Ara)Wo),  (37)
n
where n denotes all other quantum numbers. Then we have
Z /dP (Wo, ¢ (x1) -+ @ (xi)Wp ) (Wpn, Ura) @ (Xis1) - ¢ (xp) Wo), (38)
n
U (a) is a translation operator. Let us recall that U (a) Vo9 = Wo. Then

Z/dP (Wo, 9 (x1) -+ @ (x) Vpu) (U (=Aa)¥pn, ¢ (Xpt1) -+ ¢ (xn) Vo)

= Z/dP exp(—ira P)(Wo, ¢ (x1) - ¢ X)) WP n) (Vpn, ¢ (Xks1) -+ @ (x0)Wo).
(39)

Thus using as before translation along axis x3 we see that

Fr= Z/a’PeXP(—i AP3) (Wo, 9 (x1) -+ @ (x)Wp n) (WP n, @ (Xkg1) -+ @ (x2)Wo)

=W, ) WXt - Xn)- (40)

As P3 =0 for Wy, we see that F7 7 0 only if P2 > M?2. The same is true for function F5.
Now let us take into account that Wightman functions in space-space NC QFT are tempered
distributions in respect with commutative coordinates. It means that

/F(xl,...,xn)h(xl,...,xn)dxl...dxn

=/(DmG)(A,x1,...,xn)h(x],...,xn)dxl...dxn, 41

where h (xy,...,x,) is a test function and F = F; — F». As F| — F, =0 at A — o0, then
(D™ G) =0if L — oo. Let us show that actually

(D" G) (A, x1, ..., x) =0, (42)

. n 2 2
if R? < R(Z), where R? = Zl[(x?) + (x;) Jand Ry = %)\.
j=
Indeed,
(x; — x5 — )»a)2 = (x? — x,?)2 — (xl-3 — x,?)2 — A ZA(x? — x,?)

<2 ((x?)2 T (x,?)Z) +2h (|x§| + |x,§|) — 2 <2R*4+20R-22<0
1
if, for example, Ro= Zk at A — oo. 43)

So
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F:/DmG(A,xl,...,x”)h(xl,...,xn)dxl...dx,,. (44)
Ro

As Ry — oo at A — oo and integral in question converges, then F — 0 at A — oo. In order to

see that also F; — 0 at A — oo let us exchange % (x1, ..., x,) for h (x1,...,x,), Wwhere
Bh(xt, ..., xn) =0 h(x1,...,%n). (45)
k
Here ¢ is infinitely differentiable function of variable P = Y p; such that & =1 if P2 >
j=1

M?, Py>0; 9 =0,if Py<0.
In order to make the last step it is sufficient to notice that in accordance with spectral properties
of Wightman functions in space-space NC QFT F| # 0 only if Py > 0 and F> # 0 only if Py <O0.
Indeed,

Wt oo Xt XeprH2a, . xn+2ha) = (Wo, ¢ (x1) ... ¢ (i) U Q@)@ (xg11) - - . 9(xa) Wo)
(46)

and

W (xk+1+Aa, ..., xp +Aa, x1, ..., Xk)
= (Yo, ¢ (xn) ... ¢ (k1) U (=2a) ¢ (x1) ... ¢ (x1) Wo) - 47)
So

/Fz(xl,...,xn)ﬁ(xl,...,xn)dxl...dx,,:O.

Thus equation (44) is valid also for F; and cluster properties of Wightman functions in space-
space NC QFT are proved.

In order to obtain the stronger result (33) we have to do the calculations similar with ones
given in [1].

Let us recall that from cluster properties of Wightman functions important physical conse-
quences follow. One of them is the uniqueness of the vacuum state, that is the uniqueness of a
translation invariant state.

Let us show that this statement is valid also in space-space NC QFT. Precisely we show that
only one translation invariant state in respect with commutative coordinates can exist. In fact, if
there exist two vacuum states Wy and Wj, we can always put < Wo, W >=1, < ¥, ¥, >=
1, < Wy, ¥, >= 0. Then using cluster properties in respect with commutative coordinates, we
have < W, W) >=limy o < V), U (ha) V) >=< ¥, Yo > < Wo, ¥, >=0, if ag — a% =
—1.

The proof is completed if W, is a finite linear combination of vectors ¢y, --- ¢, Wo. If ¥y is
an infinite set of above mentioned vectors then:

n
‘-IJf):ZCkfﬂfl"'fﬂfk‘I’O‘f‘Sn, &, —> 0, if n - oo. (48)
0

S a = ,tene . 1S valid alSo 1or a . Owing to eqgs. an z
As U (ar) W) = W), then eq. (48) is valid also for U (a 1) ¥). Owing to egs. (48) and (32)

<V, U@m)Wy>=1+6, 8 —0,ifn— oo.
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Thus we come to the same contradiction as in the first case.

So we have proved that cluster properties in respect only with commutative coordinates lead
to the uniqueness of vacuum state just as cluster properties in respect with all coordinates in com-
mutative case. Another important consequence from cluster properties of Wightman functions,
which is valid in space-space NC QFT, is the statement that if ¢  satisfies LCC, but

o, 07,1 =0, {x,y}=xy+yx, 49)
then ¢ = 0 [3]. It gives us the possibility to extend the proof of spin-statistic theorem given in
[24] on complex scalar fields.

In conclusion let us show how cluster properties can be obtained in the NC QFT if LCC is
absent. To demonstrate this let us repeat the proof of cluster properties in the book of Strocchi
[39]. The only remained problem is that this proof is valid for usual functions, not for distribu-
tions. In order to overcome this difficulty we have first to consider cluster properties in tubes.
Then we use the possibility to go to zero in the imaginary parts of corresponding variables, and
thus extend cluster properties on real variables. Let us point out that as before we have the above
mentioned consequence of cluster properties.

5. Theorems of Reeh and Schlieder in NC QFT

In the following we shall prove the analogues of the theorems of Reeh and Schlieder [1,2] for
the noncommutative case.

Theorem 1. Let supports of functions )7, belong to O x R?, where O is any open domain on
variables x? and xl.3 .
Then there is no vector distinct from zero, which is orthogonal to all vectors of the type

7 -+ 97 Vo, supp fi € O x R*.

Proof. First let us consider two vectors

by =g - 97 Yo, supp fi € O x R*> Vi, (50)
Yy =9¢f, ... 08 Yo oy
On supp f; no restrictions are imposed. We shall prove that ¥,,, = 0, if for any vector o,
(U, @) =0. (52)
For the proof it is sufficient to notice that the corresponding Wightman function
(Wo, o (y1) =@ (Ym) @ (x1) -+ @ (xp) Wo) = W (Y1, .. Ym, X1, ey Xn)
is an analytical function in the variables —x? —1i ;78, —xf —1i 71(3), vi=§& —in,i=1,...n—1,
if n; € V2+. According to the condition (52), this function is equal to zero on the border, if x; €

O x R?. As O is an open domain, W (y1, ...Vm, X1, ..., Xp) = 0. Thus the vector W is orthogonal
to all vectors of the type (8) and, according to the cyclicity of the vacuum vector, ¥,, = 0. Taking
into account that space J is a span of these vectors we obtain that

(W, W) =0, (53)

where W is arbitrary. As space J is nondegenerate, this equality implies that W, = 0.
To prove the absence of any vector W orthogonal to all vectors of the type (50) it is sufficient
to notice that function (W, ¥,,) is analytical in 7,;", and then use the arguments given above. O
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Remark that for the proof of the Theorem 1 only the analyticity of the Wightman functions in
the domain 7, has been used.

Theorem 2. Let the support of f € O x R?, where O is such a domain of commutative variables,
for which domain O ~ O, satisfying the condition of the Theorem I, exists. Then the condition

97 Yo=0 (54)
implies that

pr=0, (55)
if the operator ¢y satisfies the LCC.

Proof. In accordance with LCC
or &, =0, (56)

if vector ®, is defined as in eq. (50). Hence, for any vector W belonging to the domain of
definition of the Hermitian operator ¢ 7,

(pr W, &) = (W, 95 &) =0. (57)

According to the Theorem 1, the condition (57) means that ¢ y W = 0. As the domain of definition
of the operator ¢ is dense in J, this equality means the validity of the equality (55). O

Remark. Theorem 2 remains true for any densely defined operator ¥ ¢, mutually local with @7
i.e. if Theorem 2 remains true for any densely defined operator vy, mutually local with ¢ 7 ie.
if

Vror® = prd, (58)

if supp f € O x R%,supp f € O x R2, O ~ O, vector ® belongs to the domain of definition of
operators ¢ and .

6. Generalized Haag’s theorem

Recall the formulation of the generalized Haag’s theorem in the commutative case ([1], The-
orem 4.17):

Let go} (t) and (p%- (1), supp f € R3 be two irreducible sets of operators, for which the vacuum
vectors \If(l) and \11(2) are cyclic. Further, let the corresponding Wightman functions be analytical
in the domain T,.

Then the two-, three- and four-point Wightman functions coincide in the two theories if there
is a unitary operator V, such that

D ¢F()=Ve; @)V, (59)
2) Wi=CVW¥, CcecC, |C|=1. (60)

3 Remark that the required analyticity of the Wightman functions follows only from the spectral condition and the
SO(1, 3) invariance of the theory.
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It should be emphasized that actually the condition 2) is a consequence of condition 1) with
rather general assumptions (see the Statement below). In the formulation of Haag’s theorem it
is assumed that the formal operators ¢; (¢, X) can be smeared only on the spatial variables. This
assumption is natural also in noncommutative case if §% = 0.

Let us consider Haag’s theorem in the SO (1, 1) invariant field theory and show that the cor-
responding equality is true only for two-point Wightman functions.

For the proof we first note that in the noncommutative case, just as in the commutative one,
from conditions 1) and 2) it follows that the Wightman functions in the two theories coincide at
equal times

(WG, @1 (6, X1) %= @1 (1, %) W) = (W5, @2 (£, X1) %+ -~ 2 (£, %) WF). (61)

Having written down the two-point Wightman functions W; (x1,x2), i = 1,2 as W; (u1, v1;
uz, v2), where u; = {x?, xl.3}, v = {)cl.1 , xiz} we can write for them equality (61) as:

W1 (0,83 v1, v2) = W2 (0, €35 01, v2), (62)

where & = u| — up, vy and vy are arbitrary vectors. Now we notice that, due to the SO(1, 1)
invariance,

W; (0,8% v, v2) = Wi (§; vy, v2) (63)

hence,

Wi (&; v1, v2) = Wa (§; vy, v2), (64)

where & is any Jost point. Due to the analyticity of the Wightman functions in the commuting
variables they are completely determined by their values at the Jost points. Thus at any & from
the equality (64), it follows that

Wi (&5 v1,v2) = Wa (& v1, 02). (65)

As vy and v; are arbitrary, the formula (65) means the equality of two-point Wightman functions
at all values of arguments.

Thus, for the equality of the two-point Wightman functions in two theories related by the con-
ditions (59) and (60), the SO (1, 1) invariance of the theory and corresponding spectral condition
are sufficient.

It is impossible to extend this proof to three-point Wightman functions. Indeed, let us write
down W; (x1, x2,x3) as W; (u1,uy, us; vy, v, v3), where vectors u; and v; are determined as
before. Equality (62) means that

W1 (0,£,0,65; v1, v2, v3) = W2 (0, &7, 0, &5 vy, v2, v3), (66)

v1, U2, v3 are arbitrary. In order to have equality of the three-point Wightman functions in the two
theories from the SO(1, 1) invariance, the existence of transformations A € SO(1, 1) connect-
ing the points (0, 513) and (0, 523) with an open vicinity of Jost points is necessary. That would
be possible, if there existed two-dimensional vectors £ and &, (& = A (0, Sf)), satisfying the
inequalities:

ED’ <0, B <0, |ELE) <V E) @
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These inequalities are similar to the corresponding inequalities in the commutative case (see
equation (4.87) in [1]). However, it is easy to check that the last of these inequalities can not be
fulfilled, while the first two are fulfilled.

Let us show now that the condition (60) actually is a consequence of the condition (59).

Statement. Condition (60) is fulfilled, if the vacuum vectors \1'6 are unique, normalized, transla-

tionally invariant vectors with respect to translations U; (a) along the axis x°.

It is easy to see that the operator U~ ! (@) V' U, (a) V commutes with operators (p}' (t) and,
owing to the irreducibility of the set of these operators, it is proportional to the identity operator.
Having considered the limit a = 0, we see that

UM @ V' Uh(@)V =1 (67)
From the equality (67) it follows directly that if

Uy (@) W) = ¥, (68)
then

Uz (a) VW=V W, (69)

i.e. the condition (60) is fulfilled. If the theory is translationally invariant in all variables, the
equality (69) is true, if the vacuum vector is unique, normalized, translationally invariant in the
spatial coordinates.

The most important consequence of the generalized Haag theorem is the following statement:
if one of the two fields related by conditions (59) and (60) is a free field, the other is also free.
In deriving this result the equality of the two-point Wightman functions in the two theories and
LCC are used. In [19] it is proved that this result is valid also in the noncommutative theory, if
0% =0.

Here we obtain the close result in the SO (1, 1) symmetric theory using the spectral conditions
and translational invariance only with respect to the commutating coordinates. In this case the
equality of the two-point Wightman functions in the two theories leads to the conclusion that if
LCC (22) is fulfilled and the current in one of the theories is equal to zero, for example, j } =0,

then j/% =0 as well; j} =0+ m?) (p} Indeed as Wy (x!, x2) = W (x!, x2),

<, j}j} Wl >=< w2, j}% J Vg >=0, (70)
since j} = 0. Hence,

J7¥=0.
Here we assume that J is a positive metric space. It is sufficient to take advantage of the The-
orem 2 from which follows that j’% = 0 (see the Remark after Theorem 2), since LC implies
mutual local commutativity of a field operator and the corresponding current.

Let us proceed now to the SO(1,3) symmetric theory. In this case we show that from the

equality of the four-point Wightman functions for the fields go} (t) and (p?c (1), related by the
conditions (59) and (60), which takes place in the commutative theory, an essential physical con-

sequence follows. Namely, for such fields the elastic scattering amplitudes of the corresponding
theories coincide, hence, due to the optical theorem, the total cross-sections coincide as well. In
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particular, if one of these fields, for example, ¢ ]1( is a trivial field, i.e. the corresponding S matrix

is equal to unity, also the field ¢ is free. In the derivation of this result the local commutativity
condition is not used. The statement follows directly from the Lehmann-Symanzik-Zimmermann
reduction formulas [41]. Here and below dealing with the commutative case in order not to com-
plicate formulas we consider operators ¢ (x) and ¢> (x) as they are given in a point.

Let < p3, p4lp1, p2 >i, i = 1,2 be an elastic scattering amplitudes for the fields ¢ (x) and
@ (x) respectively. Owing to the reduction formulas,

< Pp3, palp1, pa >i~ / dxi---dxge TPNITPEP TP

4
< [T@+m» <0IT @i (x1) -+ i (x4)|0 >, (71)
j=1

where T ¢; (x1) --- ¢; (x4) is the chronological product of operators. From the equality

Wo(x1, ..., x4) = Wi (x1,...,X4)

it follows that

< p3, palp1, p2 >2=< p3, palp1, p2 >1 (72)

for any p;. Having applied this equality for the forward elastic scattering amplitudes, we obtain
that, according to the optical theorem, the total cross-sections for the fields ¢ (x) and ¢; (x)
coincide. If now the S-matrix for the field ¢; (x) is unity, then it is also unity for field ¢7 (x).
We stress that the equality of the four-point Wightman functions in the two theories related
by the conditions (59) and (60) are valid only in the commutative field theory but not in the
noncommutative case.

7. Equivalence of various conditions of local commutativity in QFT

Let us show that in the commutative case, when Wightman functions are analytical ones in
the usual domain, the conditions (24) and (22) are equivalent to the standard conditions of WLC
and LC, i.e. the latter remain valid if the condition (20) is fulfilled. In effect, (24) is a sufficient
condition for the theory to be CPT invariant [23]. However, in the commutative case, from CPT
invariance the standard condition of WLC follows [1-4].

The equivalence of LCC (22) with the standard one follows from the fact that, for the va-
lidity of usual LCC its validity on arbitrary small spatially divided domains is sufficient (see
[4], Proposal 9.12). Indeed, validity of “noncommutative” LCC (22) in the commutative case
means validity of standard LCC in the domain (x° — yo)2 — (= y3)2 <0, xk,y* k=1,2are
arbitrary. This domain satisfies the requirements of the above mentioned statement.

Besides we can replace (22) with the formally weaker condition, requiring that it is valid only
when

2 2
(9 =0) = (=)} <=2 Vi 7

where [ is any fixed fundamental length. Indeed, in the commutative theory, according to the
results of Wightman, Petrina and Vladimirov (see [42], [43], [44] and [45], Chapter 5 and refer-
ences therein) the condition
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[p(x), e MNI=0, (x—y)?<-1% (74)

for any finite /, is equivalent to standard LCC (I = 0). Similarly if (22) is fulfilled at (73), then it
is fulfilled also at [ = 0.

Thus, the analysis of Wightman functions in NC QFT, carried out in this and our previous
works [24], [28], [19], shows that the basic axiomatic results are valid (or have analogues) in NC
QFT as well, at least in the case when 0% =0,

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal rela-
tionships that could have appeared to influence the work reported in this paper.

Acknowledgements

The support of the Academy of Finland under the Projects No. 136539 and No. 140886 is
acknowledged.

References

[1] R.F. Streater, A.S. Wightman, PCT, Spin and Statistics and All That, Benjamin, New York, 1964.
[2] R. Jost, The General Theory of Quantum Fields, Amer. Math. Soc., Providence, R.I., 1965.
[3] N.N. Bogoliubov, A.A. Logunov, I.T. Todorov, Introduction to Axiomatic Quantum Field Theory, Benjamin, Read-
ing, Mass, 1975.
[4] N.N. Bogoliubov, A.A. Logunov, A.I. Oksak, I.T. Todorov, General Principles of Quantum Field Theory, Kluwer,
Dordrecht, 1990.
[5] R. Haag, Local Quantum Physics, Springer, Berlin, 1996.
[6] M.R. Douglas, N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977, arXiv:hep-th/
0106048.
[7] R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rep. 378 (2003) 207, arXiv:hep-th/0109162.
[8] H.S. Snyder, Quantized space-time, Phys. Rev. 71 (1947) 38.
[9] A. Connes, Noncommutative Geometry, Academic Press, New York, 1994.
[10] S. Doplicher, K. Fredenhagen, J.E. Roberts, Spacetime quantization induced by classical gravity, Phys. Lett. B 331
(1994) 39;
The quantum structure of spacetime at the Planck scale and quantum fields, Commun. Math. Phys. 172 (1995) 187.
[11] N. Seiberg, E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032, https://
doi.org/10.1088/1126-6708/1999/09/032, arXiv:hep-th/9908142.
[12] J. Gomis, T. Mehen, Space-time noncommutative field theories and unitarity, Nucl. Phys. B 591 (2000) 265, https://
doi.org/10.1016/S0550-3213(00)00525-3, arXiv:hep-th/0005129.
[13] N. Seiberg, L. Susskind, N. Toumbas, Space/time non-commutativity and causality, J. High Energy Phys. 06 (2000)
044, arXiv:hep-th/0005015.
[14] L. Alvarez—Gaumé, J.L.F. Barbon, Non-linear vacuum phenomena in non-commutative QED, Int. J. Mod. Phys. A
16 (2001) 1123, arXiv:hep-th/0006209.
[15] M. Chaichian, K. Nishijima, A. Tureanu, Spin-statistics and CPT theorems in noncommutative field theory, Phys.
Lett. B 568 (2003) 146, arXiv:hep-th/0209008.
[16] L. Alvarez—Gaumé, J.L.F. Barbon, R. Zwicky, Remarks on time-space noncommutative field theories, J. High En-
ergy Phys. 05 (2001) 057, https://doi.org/10.1088/1126-6708/2001/05/057, arXiv:hep-th/0103069.
[17] K. Fujikawa, Path integral for space-time noncommutative field theory, Phys. Rev. D 70 (2004) 085006, https://
doi.org/10.1103/PhysRevD.70.085006, arXiv:hep-th/0406128.
[18] M. Chaichian, P.P. Kulish, K. Nishijima, A. Tureanu, On a Lorentz-invariant interpretation of noncommutative
space-time and its implications on noncommutative QFT, Phys. Lett. B 604 (2004) 98, https://doi.org/10.1016/j.
physletb.2004.10.045, arXiv:hep-th/0408069.


http://refhub.elsevier.com/S0550-3213(19)30332-3/bib5357s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib4A6F7374s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib424C54s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib424C54s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib424C4F54s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib424C4F54s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib48616167s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib444Es1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib444Es1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib537As1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib536E79646572s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib436F6E6E6573s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib444652s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib444652s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib444652s2
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1016/S0550-3213(00)00525-3
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib535342s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib535342s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib4142s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib4142s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib434E54s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib434E54s1
https://doi.org/10.1088/1126-6708/2001/05/057
https://doi.org/10.1103/PhysRevD.70.085006
https://doi.org/10.1016/j.physletb.2004.10.045
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1016/S0550-3213(00)00525-3
https://doi.org/10.1103/PhysRevD.70.085006
https://doi.org/10.1016/j.physletb.2004.10.045

M. Chaichian et al. / Nuclear Physics B 950 (2020) 114846 17

[19] M. Chaichian, P. PreSnajder, A. Tureanu, New concept of relativistic invariance in NC space-time: twisted Poincare
symmetry and its implications, Phys. Rev. Lett. 94 (2005) 151602, https://doi.org/10.1103/PhysRevLett.94.151602,
arXiv:hep-th/0409096.

[20] A.P. Balachandran, A. Pinzul, B.A. Qureshi, Twisted Poincare invariant quantum field theories, Phys. Rev. D 77
(2008) 025021, https://doi.org/10.1103/PhysRevD.77.025021, arXiv:0708.1779 [hep-th].

[21] A.P. Balachandran, M. Martone, Twisted quantum fields on Moyal and Wick-Voros planes are inequivalent, Mod.
Phys. Lett. A 24 (2009) 1721, https://doi.org/10.1142/S021773230903 1156, arXiv:0902.1247 [hep-th].

[22] A.P. Balachandran, A. Ibort, G. Marmo, M. Martone, Covariant quantum fields on noncommutative spacetimes, J.
High Energy Phys. 1103 (2011) 057, https://doi.org/10.1007/JHEP03(2011)057, arXiv:1009.5136 [hep-th].

[23] L. Alvarez-Gaumé, M.A. Vazquez-Mozo, General properties of noncommutative field theories, Nucl. Phys. B 668
(2003) 293, https://doi.org/10.1016/S0550-3213(03)00582-0, arXiv:hep-th/0305093.

[24] M. Chaichian, M.N. Mnatsakanova, K. Nishijima, A. Tureanu, Yu.S. Vernov, Towards an axiomatic formulation
of noncommutative quantum field theory, J. Math. Phys. 52 (3) (2011) 032303, https://doi.org/10.1063/1.3567411,
arXiv:hep-th/0402212.

[25] E. Akofor, A.P. Balachandran, S.G. Jo, A. Joseph, Quantum fields on the Groenewold-Moyal plane: C, P, T and CPT,
J. High Energy Phys. 0708 (2007) 045, https://doi.org/10.1088/1126-6708/2007/08/045, arXiv:0706.1259 [hep-th].

[26] A.P. Balachandran, G. Mangano, A. Pinzul, S. Vaidya, Spin and statistics on the Groenewold-Moyal plane: Pauli-
Forbidden levels and transitions, Int. J. Mod. Phys. A 21 (2006) 3111, https://doi.org/10.1142/S0217751X06031764,
arXiv:hep-th/0508002.

[27] M. Chaichian, K. Nishijima, A. Tureanu, An interpretation of noncommutative field theory in terms of a quantum
shift, Phys. Lett. B 633 (2006) 129, https://doi.org/10.1016/j.physletb.2005.11.051, arXiv:hep-th/0511094.

[28] Yu.S. Vernov, M.N. Mnatsakanova, Wightman axiomatic approach in noncommutative field theory, Theor. Math.
Phys. 142 (2005) 337.

[29] A.S. Wightman, La theorie quantique locale et la theorie quantique des champs, Ann. Inst. Henri Poincaré A, Phys.
Théor. 1 (1964) 403.

[30] Michael A. Soloviev, Axiomatic formulations of nonlocal and noncommutative field theories, Theor. Math. Phys.
147 (2006) 660, https://doi.org/10.1007/s11232-006-0068-7, arXiv:hep-th/0605249.

[31] Michael A. Soloviev, Failure of microcausality in noncommutative field theories, Phys. Rev. D 77 (2008) 125013,
https://doi.org/10.1103/PhysRevD.77.125013, arXiv:0802.0997 [hep-th].

[32] Harald Grosse, Gandalf Lechner, Noncommutative deformations of Wightman quantum field theories, J. High En-
ergy Phys. 0809 (2008) 131, https://doi.org/10.1088/1126-6708/2008/09/13 1, arXiv:0808.3459 [math-ph].

[33] M. Chaichian, M.N. Mnatsakanova, A. Tureanu, Yu.S. Vernov, Test functions space in noncommutative quan-
tum field theory, J. High Energy Phys. 09 (2008) 125, https://doi.org/10.1088/1126-6708/2008/09/125, arXiv:
0706.1712v1 [hep-th].

[34] I.M. Gel’fand, G.E. Shilov, Generalized Functions, vol. 2, Academic Press Inc., New York, 1968, Chapter IV.

[35] M.A. Soloviev, Star product algebras of test functions, Theor. Math. Phys. 153 (2007) 1351, https://doi.org/10.1007/
s11232-007-0119-8, arXiv:0708.0811 [math-ph].

[36] R. Haag, On quantum field theories, Dan. Mat.-Fys. Medd. 29 (12) (1955) 3.

[37] P.G. Federbush, K.A. Johnson, The uniqueness of the two-point function, Phys. Rev. 120 (1960) 1926.

[38] R. Jost, Properties of wightman functions, in: E.R. Caianiello (Ed.), Lectures on Field Theory and Many-Body
Problem, Academic Press, New Jork, 1961.

[39] E. Strocchi, Selected Topics on the General Properties of Quantum Field Theory, World Scientific, 1993.

[40] M. Chaichian, M.N. Mnatsakanova, A. Tureanu, Yu.S. Vernov, Classical theorems in noncommutative quantum
field theory, arXiv:hep-th/0612112.

[41] H. Lehmann, K. Symanzik, W. Zimmermann, Nuovo Cimento 1 (1955) 205, Nuovo Cimento 6 (1957) 319.

[42] A.S. Wightman, Quantum field theory and analytic function of several complex variables, J. Indian Math. Soc. 24
(1960-1961) 625.

[43] D.Ya. Petrina, On the impossibility of constructing a non-local field theory with positive spectrum of the energy-
momentum operator, Ukr. Mat. Zh. 13 (1961) 109.

[44] V.S. Vladimirov, Construction of envelopes of holomorphy for a special kind of region, Sov. Math. Dokl. 1 (1960)
1039.

[45] V.S. Vladimirov, Methods of the Theory of Functions of Several Complex Variables, MIT Press, Cambridge, Mas-
sachusetts, 1966.


https://doi.org/10.1103/PhysRevLett.94.151602
https://doi.org/10.1103/PhysRevD.77.025021
https://doi.org/10.1142/S0217732309031156
https://doi.org/10.1007/JHEP03(2011)057
https://doi.org/10.1016/S0550-3213(03)00582-0
https://doi.org/10.1063/1.3567411
https://doi.org/10.1088/1126-6708/2007/08/045
https://doi.org/10.1142/S0217751X06031764
https://doi.org/10.1016/j.physletb.2005.11.051
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib564D3035s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib564D3035s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib5769676874s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib5769676874s1
https://doi.org/10.1007/s11232-006-0068-7
https://doi.org/10.1103/PhysRevD.77.125013
https://doi.org/10.1088/1126-6708/2008/09/131
https://doi.org/10.1088/1126-6708/2008/09/125
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib475368s1
https://doi.org/10.1007/s11232-007-0119-8
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib486161675468s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib4665644A6F686Es1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib4A6F73744C656374s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib4A6F73744C656374s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib5374s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib434D5456s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib434D5456s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib4C535As1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib57696768746D616Es1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib57696768746D616Es1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib50657472s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib50657472s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib566C6164s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib566C6164s1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib566C6164626F6F6Bs1
http://refhub.elsevier.com/S0550-3213(19)30332-3/bib566C6164626F6F6Bs1
https://doi.org/10.1007/s11232-007-0119-8

	Towards an axiomatic formulation of noncommutative quantum ﬁeld theory. II
	1 Introduction
	2 Basic properties of Wightman functions in space-space NC QFT
	3 Irreducibility of the set of ﬁeld operators ϕf in NC QFT
	4 Cluster properties and their consequences
	5 Theorems of Reeh and Schlieder in NC QFT
	6 Generalized Haag's theorem
	7 Equivalence of various conditions of local commutativity in QFT
	Acknowledgements
	References


