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THE ROLE OF RHEOLOGY IN MODELLING ELASTIC WAVES WITH
GAS BUBBLES IN GRANULAR FLUID-SATURATED MEDIA

ADHAM A. ALI AND DMITRY V. STRUNIN

10 Elastic waves in fluid-saturated granular media depend on the rheology which includes elements rep-
1 resenting the fluid and, if necessary, gas bubbles. We investigated the effect of different rheological
schemes, including and excluding the bubbles, on the linear Frenkel-Biot waves of P1 type. For the
wave with the bubbles the scheme consists of three segments representing the solid continuum, fluid
continuum, and a bubble surrounded by the fluid. We derived the Nikolaevskiy-type equations describing
the velocity of the solid matrix in the moving reference system. The equations are linearized to yield the
decay rate A as a function of the wave number k. We compared the A (k)-dependence for the cases with
— and without the bubbles, using typical values of the input mechanical parameters. For the both cases,
— the A(k)-curve lies entirely below zero, which is in line with the notion of the elastic wave being an
— essentially passive system. We found that the increase of the radius of the bubbles leads to faster decay,
= while the increase in the number of the bubbles leads to slower decay of the elastic wave.

201/, —

- A list of symbols can be found on page 116.

— 1. Introduction
24

g The problem of wave propagation in porous media is of interest in various fields of science and engineer-
26 ing. Over the recent years, researchers studied diverse phenomena of this type in large-scale earthquakes,
27 soil mechanics, acoustics, earthquake engineering, and many other disciplines. The fundamentals of the
25 theory of the wave propagation in porous elastic solids can be found in [Biot 1956a; 1956b] or in a more
20 recent review [Frenkel 2005]. Biot [1956a; 1956b] generalized the first principles of linear elasticity and
30 today, most studies in acoustics, geophysical, and geological mechanics rely on his theory. Biot [1962a;
31 1962b] also deduced the dynamical equations for the wave propagation in poroelastic media. According
g to Frenkel-Biot’s theory, there are two types of longitudinal waves propagating in a saturated porous
33 medium. The wave of the first type is fast and weakly damped (P1-wave), whereas the wave of the
34 second type is slow and strongly damped (P2-wave). Yang et al. [2014] showed that the dispersion of
35 velocity and attenuation of the P1-wave are greatly affected by the viscoelasticity of the medium.
36 Liu et al. [1976] demonstrated that rheology based on the scheme often referred to as Generalized
37 Standard Linear Solid (GSLS) helps to better describe measured characteristics of seismic waves in earth
33 continua. The importance of complex multicomponent GSLS was acknowledged by Bohlen [2002] who
391/2£ employed the rheology with many Maxwell bodies connected in parallel. Nikolaevskiy [1989] used
40 complex stress-strain relations in a fluid-saturated grain, where the solid matrix and fluid are in contact.
41

42 Keywords: Frenkel-Biot’s waves, bubbles, rheology, porous media.
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1 This resulted, in the final analysis, in the nonlinear higher-order partial differential equation of the form

artly

5
UL (1)

ot dx dxptl’
p=1

where v is the particle velocity of the solid matrix, ¢ is the small parameter reflecting slow evolution
of the wave (this is discussed below), and A, are the coefficients linked to mechanical parameters of
the system. From the standpoint of wave dynamics, the even derivatives in (1) are responsible for the
9 dissipation and odd derivatives for the dispersion effects. Equation (1) assumes the form of the Korteweg—
10 de Vries-Burgers equation if the index p goes from just I and 2. But with the range of p going further
11 as shown, the equation manifests an extension of this classical equation to include high-order spatial
12 derivatives. As explained below, this extension results from the complex rheology of the system.

13 Experimental evidence indicates that the presence of gas bubbles changes the characteristics of the
14 wave [Dunin and Nikolaevskiy 2005; Van Wijngaarden 1968; Anderson 1980]. Typically, in rocks satu-
15 rated with fluids, the P1-wave is the only observable wave [Nikolaevskiy 2008]. However, the presence
16 of gas, even in small proportion, can affect the wave type [Nikolaevskiy and Strunin 2012], so that the
17 P2-wave may also be visible. Dunin et al. [2006] studied the effect of gas bubbles on linear P1- and P2-
18 waves, and derived the dispersion relation connecting the frequency and wave number. Of special interest
19 was the transformation of the wave type due to the bubbles. They found that the transformation was due
20 to the change in the motion of the liquid in the porous space. Instead of the overflow between the pores
21 incurring large Darcy friction, which is characteristic of the P2-waves, the liquid may be displaced into
22 the volume released when a bubble is compressed. In this case the oscillations of the porous matrix and
23 of the bubbles occur in phase and, as a result, the decay of the P2-wave diminishes due to the reduction
24 in the Darcy friction. As far as the rheology is concerned, Dunin et al. [2006] used a rather simple stress-
25 strain relation, o = Ee, in standard notations. Various aspects of the wave propagation in multifluid and
26 bubbly flows were studied in [Papageorgiou and Chapman 2015; Tisato et al. 2015; Brunner and Spetzler
27 2001; Collier et al. 2006]. For example, Collier et al. [2006] explored the influence of the gas bubbles
28 on attenuation in volcanic magma, where the bubbles grow not only due to gas expansion, but also due
29 to the exsolution of volatiles, such as water, from the melt into the bubbles. In our present study we do
30 not consider such kind of thermodynamic disequilibrium conditions.

31 The rheological scheme used in [Nikolaevskiy 1989], despite containing several Maxwell bodies, did

32 not include an element representing gas bubble. Nikolaevskiy and Strunin [2012] pointed out the place

33 in this scheme which the bubble element should occupy; see Figure 1. In the present work we aim to
34 include the bubble element into the rheological scheme and then derive and analyze the equation of the
35 type (1), where the coefficients A, too depend on the bubble-related parameters. The resulting equation
36 will describe the decay (or attenuation) of the freely propagating seismic wave. We will investigate the
37 influence of the bubble-related parameters, including their radius and concentration, on the decay rate.

38 During its propagation the seismic wave decays due to the viscous friction both within individual
39 phases, e.g., fluid, and between the phases. The decay may be described in terms of the decay rate in
40 time as in [Nikolaevskiy 1989], or decay rate in space via the attenuation factor as in [Dunin et al. 2006].
41 These descriptions are closely connected and just correspond to different realizations of the wave. To
42 illustrate this, let us represent Fourier modes of the linear wave as exp(i&;), where §; = wt +kx, w is
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 _ the frequency, and k the wave number connected with each other via the dispersion relation. Writing this
5 relation in the form w = w(k) with k being real-valued, we can find the corresponding complex-valued w.
% Tts imaginary part determines how fast the wave decays in time. Physically this situation corresponds to
7 the wave in an unbounded medium, which decays as time goes. Alternatively, one may write down the
8 dispersion relation as k = k(w) and consider the real-valued frequency w as the argument, whereas the
19 wave number k becomes complex-valued. Imaginary part of k governs the decay of the wave in space.
20 From physical standpoint this realization can be associated with the wave which propagates, say, from
2! the surface into underground. The decay of such a wave against the distance is characterized by the
22 attenuation factor.

% Importantly, the dynamics of the fluid in porous media may exhibit boundary layers. They form when
24 the frequency of the seismic wave is relatively high. This contrasts the low-frequency waves where the
% viscous forces dominate throughout the fluid volume so that inertial effects may be neglected. However,
2% at high frequencies the inertial effects dominate in the bulk of the fluid, while the viscous friction con-
27 centrates within narrow boundary layers near solid walls due to the no-slip conditions. Allowing for the
2% boundary layers in the analysis significantly affects the frequency dependence of the attenuation of the
2% wave. Namely the low- and high-frequency branches of the attenuation curve become asymmetric. Mas-
30 son et al. [2006] confirmed this effect by numerical computations of the governing mechanics equations.
3! The model that we use in our present paper is one-dimensional; therefore, it disregards the boundary
32 Jayers.

3 Inour study of the wave decay we choose to analyze the decay in time, that is, the w = w(k) form of the
34 dispersion relation. We will execute a procedure similar to [Nikolaevskiy 2008], where one-dimensional
3 (x-dependent) dynamics are considered, and all the functions of interest are decomposed into series in
3¢ small parameter ¢ characterizing slow evolution of the wave in space and time. Let us denote the phase ve-

37 locity of the wave by c. Introducing the running variable £ and using ¢ to scale the distance x and time ¢ as
38

30 E=e(x—ct), T=(3)1, 2)
“ we seek the velocity of the solid matrix in the form
41

42 v=cv] +e v+



PROOFS - PAGE NUMBERS ARE TEMPORARY

104 ADHAM A. ALI AND DMITRY V. STRUNIN

1 We will show, in line with Nikolaevskiy [2008], that the complex rheology generates higher-order time
5 derivatives [Nikolaevskiy 1989]. They, in turn, translate into high-order derivatives in & in the resulting
3 equation (1) because, using (2),

1/

4
— (1,29 0 o0
L ar = (28) 57 5 ¥ g

6
~, where the quadratic term in the small parameter ¢ is neglected in comparison with the linear term. Once
g derived, (1) gives the dispersion relation, which is the main point of interest in this paper. Our focus is
5 on the dissipation controlled by the even x-derivatives. Therefore, we will study a truncated form of (1):
10
— av v v, 9t A 3%

1 —I— =Ar— +¢&°A Ag—. 3
2 9~ e 4854 056 3)

13 Equation (3) can be complemented by spatially periodic boundary conditions, leading to a spatially

14 periodic solution. Substituting the Fourier modes of the solution, v ~ exp(Af +ikx), into (3) gives
15

o A= —Agk? 4+ 2 Agk* — e* Agk®, (4)

ii with k being the wave number associated with the scaled length £. When analyzing (4) we remember
o that k is not allowed to be too large, otherwise the assumption of the slow variation of the wave in space
o will be violated. As we noted, the slowness is facilitated by the smallness of €. Therefore, in (4) the term

201/2* g2 A4k* should be treated just as a correction to the leading term A,k?, and the following term &*Agk®
; as a correction to the term 2 A4k*. Thus, the value of A remains negative at all plausible values of the
. mechanical parameters of the system (such as elastic moduli and viscosities). This reflects the essentially
e dissipative nature of the seismic wave, or, in other words, the impossibility of self-excitation of motion.
2 In view of the crucial presence of the small parameter ¢ in (3) and (4) we revise our earlier attempt
— [Strunin 2014] to guarantee this important property of the freely propagating seismic wave in the model.
- In [Strunin 2014] a popular form of (3) was considered where the small parameter € was omitted. It was
. reasoned that the mechanical parameters, of which A4 and Ag are composed, should therefore assume
o special limited values, in order to guarantee that A < 0. However, negativity of X is simply ensured by
o the smallness of &, which is the essential part of (3) as explicitly shown.

31

32

33 2.1. Conservation of mass and momentum. For a one-dimensional case the momentum and mass bal-
3% ance equations are [Nikolaevskiy 1990]

2. Basic equations of one-dimensional dynamics

35

) ) ad )
36 91— (5) 91— Oy = 2 5@ _ 1 )22 _
= 8t(1 m)pv+ ox (1—=m)p*vv axo (1—m) 9x ,
o Ny Oy — O
38 8tm'0 u—l—axm,o uu = m8x+1’ s
39
391/5 — 0 _ (s) d _ () gy —
20 _8t(1 m)p*’ + ax(l m)p*’v =0,

“ 9. HL0
P o gyme i u =0,
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.1 where the subscripts s and f label the solid and gas-liquid mixture respectively, p, v, and u are the
v >, corresponding densities and mass velocities, m is the porosity, o “/) is the effective Terzaghi stress, p is

3 the pore pressure, and I is the interfacial viscous force approximated by

4 N
- u’m
5 I=ém(—u), &= 7
% where 1) is the gas-liquid mixture viscosity and £ is the intrinsic permeability.
E 2.2. Dynamics of bubbles. The equation of the dynamics of a bubble [Dunin et al. 2006] has the form
9
9 92 3/ \>, 41 m \9 L
RR+2 —R) —(— —R)—R: - @,
2 TR <8t * oD \R T agR) 5 R=pe=p)/p ©

[

1
1» Wwhere R is the bubble radius, p is the pressure in the liquid, p, = po(Ro/R)”* is the gas pressure inside

13 the bubble (here x =3¢, and ¢ is the adiabatic exponent), p®) is the density of the liquid without the
1, bubbles, and u is the viscosity of the liquid without the bubbles. The density equations for the solid and
15 liquid without gas are

16 ) g ef)
: oV =0 (1= 00y = p [ 1489 p = BT ]~ g1+ 80p = 0P ()
19
oo The mean density of the gas-liquid mixture is
201/, —
2 PV = (=)o +pp, ©)
2 where
= ¢ = “Z R3n,.

24
25 Here o is the true stress, ¢ is the volume gas content and ng is the number density of the bubbles per
26 unit volume. In (9) we can neglect the density of the gas p(¢ due to the low gas content. The change in
27 ¢ is due to the change in the bubble radius R. Then (9) becomes

28 3
p " = pg" (14 B p) (1 — % Rino). (10)

29
30 Similarly to [Dunin et al. 2006] we also assume that the pore pressure p is equal to the pressure in the

31 liquid far from the bubble.

32
— 2.3. Stress-strain relation. In this section we derive the stress-strain relation for the viscoelastic medium

; based on the rheological Maxwell-Voigt model, which includes the gas bubble. The model includes two
o friction elements with viscosities w and w;, three elastic springs with the elastic moduli E;, E;, and
o E3, and three oscillating masses M, M5, and M3. The total stress in denoted o. We also denote the
- displacements of the elements of the model by e with respective subscripts as shown in Figure 2. Now
we write the second Newton’s law for the elements and the kinematic relations:

38

1, mEa e Eyei—E +estest
> — —— =0 —Eje1 — Ezey, e=e)=e|+esz+estes,
392 10 275 1€1 282 r=e1+e3+es+es .
41 d2€3 d€4 dej ( )
M = Eje1 — Ezes, Ezes =po—— = u1——

42 dr? dt dt
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12 Figure 2. Rheological scheme including a gas bubble.
13

. Equations (11) generate the following relation between the stress and strain:
15

16 1 1 do d’c
v [E]E3(M1 +M2)] +(E3+E1)dt + M; pTe
18 11 de 1 1\1d%
o =BV EaEBs (- + ) [+ (B2t EDEs + E B 55 + | B Esho (- + ) |5
il M1 M2 dt mr o 2/ dde
201/23 d3e de
21 +[((E2+E1)M3+(E3+E1)M2)+E3M1]ﬁ+[(M2+M1)M3]ﬁ- (12)

22
>3 Generalizing (12) using a similar approach to [Nikolaevskiy 2008], we get

24
Digeh) Die
(ef) _ (s)
25 o+ E by Dt = Eye+ BV kpp+n E g pg (13)
26 q=1,3 q=1,2,3,5

% where o ©/) is the effective stress, n = [E1E3(1/p1 + 1/p2)]17", kp is the bulk elastic module of the

— porous matrix, and the coefficients a, and b, are expressed as
29

30 a1 =[(Ex+ENEs+ EEy], ay=M>, a3 =[(Ex+ E\ )Mz + (Ez+ E\)M> + EsMy],

31
. as = [(My+ M) M3], by =(E3+Ey), by=Ms.

g Finally, we add the closing relation between the deformation e and the velocity v of the solid:
34

. De _0e ,  de 0dv
. Dr ot TVax T ax (14)
36

37

38 3. Elastic waves in saturated media including gas bubbles

301/,>2 Following the approach of Nikolaevskiy [2008], we consider the P1-wave in a porous media under the

9 full saturation. Accordingly we assume that the mass velocities v and u have the same sign:

41

42 v=1u-+ O(ev), (15)
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1 where ¢ is the small parameter. The Darcy force has the order as shown:

1o—
2
S I=¢"é6m(—u)=¢e"8mv, S=mu/k=0(Q). (16)
4
. Describing a weakly nonlinear wave we use the running coordinate system with simultaneous scale
. change:
7 1.2 ad ad ad 1.0 0
% EIS(X—CZ‘), TZEFJ t, £:8£’ E:8<§8¥_C£) (17)
_° Thus, the constitutive law (13) transforms into the form
10
1

q
@ 4y Z bqsq(%8%+(v—c)%> oleh

— q=1,3

13 0 d \?

= — (s) q(1. % —)—

5 — Exe+BY%p+n Y age <288T+(v c)ag> e. (18)

— =123

B

16 Now, we seek the unknown functions as power series:

17

E v:sv1+82v2+--~, u=8u1+82u2+~~,

% O‘ef:o’éef)+801(€f)+8202(ef)+---, p=po+8p1+82p2+---, 19
202 - m=mo+emi+&my+---, e=ey+eei+elert+ -,

2 p=do+ep+e g+, R=Ro(1+eRi+& Ry+---).

23

g 3.1. The first approximation. Using series (19) in the mass and momentum equations (5), (6), and the

25 stress-strain relation (13) and collecting linear terms ~ ¢, we eventually arrive at the system

26

2 (1= BY Ex)vi + (B — kB B pox Ric =0, (20)

2 (E2 — poc®)vi — (A = k) pox Ric = 0. 1)

29

g We address the reader to Appendix A for details of derivation of (20) and (21).

31 Equations (20) and (21) must coincide, therefore,

32

N (1=BOE)  (B—kof*B)pox | _ o)

3 (Ex—poc®)  —(A—kpB“) pox

35

2 Equation (22) gives the velocity of the wave,

37

- A—kyBZ +E

v 2 A=kpNZ 4By 03
P £0

/ZE where
a 1—BYWE,

“a Zj=— .
2 "T B kpypOp®
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1 Thus, all the variables are expressed through any one selected variable; for example, the velocity v;:

11—

2

_ U1 V1 U1 Zl U1
3 ev=——, oV =—(E2-kpVZ)—~. p=Z1—, Ri=-——,
i c c c pPox ¢
4 V|

5 = [((1 =mo) —kpB™)BM Z1 + B Er — (1 —mo)l—,

6 3
_ K247TnoR U1

; o) = o210+ 2 2,
? PoX c
i (4]

8 o = 0 BO1Z1(1 — ko) + Eal

10

i 3.2. The second approximation. In the second approximation, we collect quadratic terms ~ &2 in the
12 mass and momentum equations (5), (6), and stress-strain relation (13) and come to the followmg system:

13 0 2 (s) or (s)

12 g[(Ez—poc Yo — (1 =B kp) pox Rocl = ExF —cZ +CE_ c(1-p k) 5 (24)

15 3

— d drmonoR

16 o [(1 — B2y — (wl pox — —0) ch}

— 5 K1

i JR2

= B EyF —cB 0 —cw) 8$+ca)2_85 (25)
201 /23 The details of the derivation of (24) and (25) are provided in Appendix B. The determinant of the left-

21 hand side of the system of equations (24) and (25) coincides with the determinant of (22), which equals

22 zero. A nonzero solution for v, exists only if the following compatibility condition takes place:
23

e (Er=poc®) o (BoF —ex+eih — (1— ke dE )

2 JE 0 0

25 2 =0 (26)
2% (1— E2B%) KRN —BYE F—cﬂ(”—— co 2L 1 co Ry

26 2 JE 2 JE 185 2 oE

27
28 (see Appendix C). This is the evolution equation with respect to v = v;:
29

2

- R

30 emdL _ on2T +ewny—r + Ay +cE(1 — E29) — E,FN =0, (27)
. o 0& 0

gwhere

2 U= (Ex—poc?), M=(1-p%)1—EB9)—wyy, N=(1-Dpc?)

34

35 Now, we rewrite (27) in terms of v and regroup:

36

o 4noR>
37 %[Y1+W((1—K1K2)n_11—E2,3(S)—<Y2+ 0 0)21)}8—1)
— PoX 0t

38

30 MZjuc? moR2\79%v a3
301/, —|:N77€2(a1 —bi(Ey — kB9 Z1)) + p;x (4+ . 0)] 75 +eNnc? @53
40
a1 94 6
41 ) 0% 9
a2 — e?Nnc'las — bs(Ex — ke Z1)] 8—§4—84N’76150 g6 —[¢1+ &l av; 0, (28)
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1 Where
11—
2
B iy = ((1=mo)—kp ) B Z1+B% Ex—(1—m),
a Y1 = (EaN+c?po(1—E2)),  Ya=mo(k1 BP =) +BY (1-BVks).
5
3 = w(n‘u—(l—mo)ﬁ@zl+ﬂ“>(Ez—kbﬂ“>zl>(1—n‘u)—ﬁ“)zlrhl
T VA ZZ
— +K1,3(L)Z177_11—K1K2+47TnOK2R8_1(ml—mo)_mOKI,B(L)Zl'HUZ 12>,
& Pox (pox)
9 Zy
0 L= (1=EBY) (Po—p0K1ﬁ21 —,Oéx)ﬁ(s)(Ez—kb,B(S)Zl)—molcg,o(L)p—X—l-m] (,O(S)—Kﬂczp(L)))
— 0
11
o +M2f—i—E2N.
— 2pox
3
14 In short, the evolution equation (28) can be written as
15
e v 9%v 93 9% 9% ovv
0 Cl— —Cy—+6C3— —e°C4— —*'Cs— —— =0, 29
- 9 " e T YoE 956 ° B 29
18 where
19 3
20 1 _ 47TI’lQR
201/, Cl=§[Y1+W<(1—K1K2)m1—E2,3(S)—<Y2+ 0)&)},
21 PoX

2 MZquc? moR>

= Cy = | Nnc2(ar — by (B2 — kB9 Z)) + —— 25 (4 + 2250 | 03 = Nindas,
23 PoX 14

% Cis=Nnc*(az —b3(E; — kB Z1)), Co=Nnasc®, ¢=¢+¢.

26

- 4. Elastic waves in saturated media without gas bubbles

28 Our goal is to study the effect of inclusion of gas bubbles into the rheological scheme on the elastic wave
29 decay. For this purpose we will remove the bubble-representing segment from Figure 2 and rederive the
30 wave equation (note that our rheological scheme consists of only two branches: one for the solid and the
31 other for the bubble-fluid mixture). This differs from the original Nikolaevskiy scheme, which includes

32 three parallel branches [Nikolaevskiy 1989; 2008].
33

34 4.1. Stress-strain relation. By removing the bubble segment from the rheological scheme, we get Figure 3.
35 The second Newton’s law for the scheme and the kinematic relation are

36

37 M —261 +M —26 =o0—FEjei—E =e;+ E = a8 (30)
o e e, e=e+e3, e )

z 12 273 1e1 — Ep 1+e3 e =

301 /22 Equations (30) lead to the well-known stress-strain relation [Nikolaevskiy 1985]

40
a do de d%e d?e
. 0+QE—E26+(E1+E2)9E+M2W+(M1+M2)9ﬁ, (31)
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o Figure 3. Rheological scheme without gas bubble.
12
. where 6 = 11/ E. Hence, the constitutive law (31) will be written as
“ 5 5 : 3 5 \¢
o (ef) (1 9 4y _) ) — g s) q (1 9 L _> 2
15 o +be 2881_—1-(1) 0)85 o4 e+ p kbp+2aqe 2887—1-(v c)aé_ e, (32)
16 q=1
17 where
18 ar=(E1+E)0, ax=M, a3=M+M)0, b =6,
g
20 4.2, First approximation of the system without gas bubbles. Following the approach of Section 3.1, in
21 the first approximation for the system without bubbles we arrive at the system
22
-~ (1= BYE)v = (B—BY BV ks)cpi, (33)
2 (00c? = E2)vr = (1= BVky)cpr. (34)

25
. Appendix D provides the derivation details of these equations. The determinant of the system of equations

P (33) and (34) gives the wave velocity c:

= (1-BWEy) —(B—BVBVky)| _, G35)
29 (poc* —E»)  —(1—BWky)
30 Thus,
Ex+Zr(1— B9k
% C2 — 2 + 2( ﬂ b) , (36)
> £0
33 where
" L, _ _(1=BYEy)
5 P B BBk
36 Again we can express all the variables through the velocity v;:
37
— V1 V1 V1
® er==— p=Zr— p" =pYBV 120~ k) + E2]—.
9 Vi V|
w i =P BP =11 = m0)pVZa+ B (Er — Bk Z2) — (1 = mo)] .

41 U1
o o\ = —(Ey — Bk Zy)—.
42 c
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1 4.3. Second approximation for the system without gas bubbles. Following the approach of Section 3.2,

11/ 22— . . . .
> 1in the second approx1mat10n we arrive at the system

[(Es— poc)va + (1 — BOkp)epa] = ExF — ¢S + oL (37)

ag 85

@[(1 EZIB(S))UZ_(ﬁ_ﬁ(S)ﬁ(S))CPZ]=A_ﬂ(S)E2F Cﬁ(s) %’é

See Appendix E for the derivation details. In analogy to (26), the compatibility condition for the system
of equations (37), (38) has the form

(38)

(Es — poc?) 3 <E2F > +ca§)

—=0. (39)
_p.pe)y 9 (s) _pdT
(1— E2B9) €<A BOELF — cB g)

Then the evolution equation for v = v is

Al/f—cN—s—f—cE(l E»,BY)) — E;FN =0. (40)

., Rearranging, we arrive at

18 2 _ WOV A2 _ )
EC/OO(I Exp™) 5 —Net(ar —bi(E2 — B kaz))852

20 831) 5 84 Jvv Al
21 —I—eNazc 3_53_8 Na3c ¥+[G1+G2] 9% =0, @4

where

20 =1 —=me)BY Zy+ BO(Er — B9%pZ2) — (1 —my),

A

—(1 - )> + B Zarmy —moﬂ(L)Zz)
—mo

= Gy=cA(1— Ea) (00— poBZa — p B (Ey — Bk Z2) 4+ 111 () — p D)) + Ex (1 — B poc?).

% Gi1= w(—«l —mo) + 1B Z, — B0 (Ey — Ig(s)kbzz)(l +

30 2 3 4

il v 0°v d0°v 5 . 07V
DI Dy oDy — 2Dy + G = 42

31 13‘[ > +¢ 38‘53 e 48§4+G8§ 0, 42)

2 where

33

s Dy =c?po(1 — E2B), Dy = Nc*(ay — b1 (Ex— B9k 22)),

35 Dy =Naxc®, Di=Nasc*, G=G,+G,.

36

p— We remark that for the wave propagating to the left, that is, with & = e(x + ct), one obtains (as we

o checked) the same equation (42).

39 . .
391/, — 5. Linearized model
40

E In this section we investigate the linearized versions of the model with and without the bubbles, that is,
42 (29) and (42). Our particular interest is in its dissipative part responsible for decay of the wave.
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L1 5.1. Evaluation of the parameters and the wave velocity. From [Dunin et al. 2006; Nikolaevskiy 1985;

v/ >7, 2016; Sutton and Biblarz 2016; Carcione 1998; Mikhailov 2010; Smeulders 2005], the values of the
3 parameters are: the density p(()L) = 1000 kg/m? for water, p'¢) = 2kg/m? for gas, p(()s) = 2500 kg/m? for
4 solid; porosity mg = 0.25; bulk modulus k;, = 1.7 x 10° Pa for the matrix, k;, = 30 x 10° Pa for the solid;
s compressibility 8% =2 x 1072 Pa~! for water, ) =2.4 x 10~°Pa~! for gas, 8¢) =2 x 10710 Pa~!
6 for solid; steady pressure pg = 10° Pa; bubble radius Ry = 5 x 107> m; volume gas content ¢y =
7 1073; viscosity p; = 1073 Pa-s for water, 1, =2 x 107> Pa-s for gas; adiabatic exponent ¢ = 1.4, and
s permeability £ =2 x 107! m?. Using the data from [Nikolaevskiy and Strunin 2012; Nikolaevskiy
9 1985; 2016; Nikolaevskiy and Stepanova 2005], the values of the parameters of the rheological scheme
10 in Figure 2 are

% My =pPL?=10"%kg/m, M, =p®L?=0.02kg/m, M;=p®L>=2x10"Ckg/m,

13

4 (a) Ei =1/ =4x10°Pa, Er=c’pp=2x10"Pa, E3=3xpy=4x 10" Pa,

15

1o Where we used, just for the purpose of evaluating of E; and M;, the typical velocity ¢ ~ 100 m/s and

e the linear size of the oscillator Ly = 0.3 cm from [Nikolaevskiy 1985; Vilchinska et al. 1985]. Note that

g the above values of E; are known only approximately. With this in mind, in the present study we also

o explore other the values of E; that are considerably different from variant (a):

201,20 (D) E;=5x10°Pa, E;=5x10°Pa, E3;=5x10"Pa,
2 (0 Ei=6x10°Pa, E,=2x10°Pa, E;=5x 103Pa.

22

23 The reason for this choice is that the two different rheological schemes that we use (for the wave with
-4 and without the bubbles) give close values of A when we put Ry = 0 and ny = 0.

o5 Now we apply the formulas for the wave velocity (23) and (36) to show that they give reasonable
26 orders of magnitude. For variant (a) formula (23) for the wave with the bubbles gives ¢ ~ 577 m/s, and
o7 formula (36) for the wave without the bubbles gives ¢ ~ 2100 m/s. For variant (b) the wave with the
23 bubbles has the velocity ¢ &~ 726 m/s and the wave without the bubbles the velocity ¢ &~ 2000 m/s. For
59 variant (c) the wave with the bubbles has ¢ ~ 1100 m/s, and the wave without the bubbles ¢ ~ 1800 m/s.
30 This illustrates, in line with the previous studies, that the bubbles may result in a considerable change of
31 the wave velocity. However, our main interest in this study is the dissipation rate of the wave, which we

3> explore in the next section.

and

33
; 5.2. Dispersion (dissipation) relation. Analyzing the linearized model, we are interested in the influence

o of the bubbles on the wave dissipation. This effect is controlled by the even derivatives, so we truncate
o the linearized equations (29) to the form

37 C, 9* C4 0 Ce 3°
— v _ L2070 2040V 4C60V (43)
38 ot C; 0&?2 C, 084 C, 086
39
391/23 For the Fourier modes v ~ exp(At 4 ikx), we get the dispersion (or dissipation) relation
a € 2C 4 4Cop6
— AMky=——Fk"+e"—k"—"—k", 44
- (k) c, + c c, (44)
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11—
2
3
4
5
6
7
8
9
10
11
12
13 Figure 4. The decay rate by formula (44) for variant (a), k, = 0.25 m~.
14 -
o o 210 3
15 -0.2
16 04
17 -0.6
-0.8
18 - Ry=5x10"m
19 :Afl.()
-12F
20
201/, — —14F
21 el
22 ~18F
23 . I I ; ; ; 50 I I I ; }
0 0.05 0.10 0.15 0.20 0.25 0 0.05 0.10 0.15 0.20 0.25
24 km™ km™!
25 Figure 5. The decay rate by formulas (44) and (46) for variant (a). Left: ng varies,
26 Ro =5 x 1073, Right: Ry varies, no = 4 x 108,

27
g where A is the decay rate and k is the wave number. For the model without the bubbles, the linearized
29 form of (42) is

0 v - & 82_1) 82& 84_” (45)
31 T Dl 852 Dl 8%‘4
32 (we again consider only even derivatives). Accordingly, the dispersion relation is
33
Dy, 2D4 4
34 Ak)=——k —k". 46
(k) D, +e D, (46)

35

£ Figure 4 shows the decay rate by formula (44) at fixed k, = 0.25m~! [Nikolaevskiy 1989] against
37 Ro and ng. See that the increase in Ry significantly affects the decay rate and makes its absolute value
38 larger due to the bubbles increasing their role through the pressure p; = —pox Ry. As for ngp, one should
39 disregard the region of small n¢ in Figure 4 since the equations of continuum mechanics in the form
40 adopted in the model become invalid when there are too few bubbles. This is because one can no longer
41 assume that every fluid particle contains its own bubble (as suggested by (6)) because this would imply
42 that the fluid particles are no longer small and, hence, the continuum mechanics description fails.

39%/>
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Figure 6.

x1073

—_
— —

-05F

Ry=5x10"m
201/, —

-20F

23

—6 L L L L 4 25 L L L L 4
24 0 0.05 0.10 0.15 0.20 0.25 0 0.05 0.10 0.15 0.20 0.25

— km km™!
25

o Figure 7. The decay rate by formulas (44) and (46) for variant (b). Left: ng varies,

- Ro =5 x 1073, Right: Ry varies, ng =4 x 108,

28

2 Figure 5 compares the dispersion curves of the wave with the bubbles and the wave without the bubbles.

3% The dashed line describes the case without the bubbles and the solid lines correspond to the wave with
3! the bubbles. The figure on the left is for varying n¢ and fixed Ry; the figure on the right is for varying Ry
32 and fixed ng. The decay rate depends on the number and radius of the bubbles. We note that this result
33 agrees with the conception discussed in [Strunin 2014; Strunin and Ali 2016] about the passive nature
34 of the freely propagating elastic wave. Similar results are obtained for variants (b) and (c) as shown in
% Figures 6-9.

3°  For a different k, = 0.52m~! [Beresnev and Nikolaevskiy 1993], the results are similar; see Figures

3" 10 and 11.
38

39 .
391/, — 6. Conclusions
40

E We studied the effect of rheology with and without gas bubbles and of the bubble dynamics on the
42 dissipation of elastic waves in porous solids. The Frenkel-Biot waves of P1 type are analyzed in the
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201/,
2

—_— 0 0.05 0.10 . 0.15 0.20 0.25 0 0.05 0.10

25 k, m k, m
26 Figure 9. The decay rate by formulas (44) and (46) for variant (c). Left: ng varies,
27 Ry =5 x 107>, Right: R varies, ng =4 x 108.

39—

42 Figure 10. The decay rate by formula (44) for variant (a), k, = 0.52m™".
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0 0
1
11— ~0.001 F ~0.001 |
i ~0.002 |- —0.002 |-
i —0.003 =0.003 - Ry=0mh J
4 ~0.004 | —0.004 F
i (':2;0‘005 + :;01)05 + R0:5x10*5m
6 —0.006 | —0.006 [~
T ~0.007 ~0.007
7
- —0.008 |- —0.008 |
8
_ —0.009 —0.009 |
9 0010 A NS N (R S NN (. W S B 001 A N (S SR AN (R N S S
0 0.05 010 0.5 020 025 030 035 040 045 0.50 0 0.05 0.10 0.5 020 025 030 035 040 045 0.50
10 ko km™
11
1 Figure 11. The decay rate by formulas (44) and (46) for variant (a). Left: ng varies,
5 Ry =5 x 1075 Right: R varies, ng =4 x 108.
14

®_ fluid-saturated environment. Using the three-segment rheological scheme (with the bubbles) and two-
o segment scheme (without the bubbles), we derived the Nikolaevskiy-type equations for the velocity of
" the solid matrix. The linearized versions of the equations are compared in terms of the decay rate A (k)
® of the Fourier modes. For the both cases — with and without the bubbles — the A(k)-curve lies entirely

 below the zero. We found out that IA(k)! increases with the increase of the radius of the bubbles but

201/23 decreases with the increase of the number of the bubbles.

21
2 :

a List of symbols

2 B® . compressibility of solid (Pa~") M; : masses (kg/m)

o5 B 1 compressibility of water and gas (Pa™!) k, : bulk modulus (Pa)

2 pés) density of solid (kg/m?) p pressure (Pa)

7 péL) density of water (kg/m?) o . effective stress (Pa)
28 ,oég) density of gas (kg/m?) ¢ volume gas content
29 Ro bubble radius (m) m porosity

0 & : small parameter ¢ adiabatic exponent
. no : number of bubbles (m~3) k : wave number (m~")
. % viscosity (Pa-s) c wave velocity (m/s)
— l permeability (m?) v particle velocity (m/s)
3 E; elastic moduli (Pa) A decay rate (s~1)

% Appendix A

E Using equations (19), we collect the linear terms ~ ¢ in system (5):

38
38 (ef)
ov oo 0
1,39 —(- ©O% %% 2Pt
302 (I =mo)p,y ¢ T 08 (I —myg) TR
; 8u1 d 1
a2 A A
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(s) (s)

1 ony 8,0

11— (s) —(1- (1= (Y) 1— 0
2i Po C—85 (1 —mo)c 35 (1 —=mo)py 35 —5( mo)
3 .
i )] D)
3,0 om | ou| 3,0

4 —myc—— — (f)c——l-m NI _ 1y .

— 05 TP Cpg TP e T Mo

6 The system (47) gives the integrals

7

8 ¢! —mo)p“)cvl = —o!" + (1 =mp)p1, mop" cuy =mopy,

9 (s) O)) D)

(11— mo)p v = ((I —mo)p, pés)ml)c, mopy’ u1 = (py’ "mi +mop1f))6-
11 According to (7) and (10) the terms ~ ¢ in the density series are

12

13 © _ () BYo| " () _ (L) p(L 3
— o, = (B pr——L—), p/" =py (BPKk1p1 —dwnoaRGRY),
14 (I —mo)
15 and also
0 f) _ (L)
17 100 =Ki1k2 /00 ’
15 Where
19 ki =1—22Rino, ka=1+p"p
20
20%/ 25, Inserting (49) and (50) into the last two equations in (48) (mass equations), we get

.
— (1 —mo)vy =[(1 —me)B® p1 — B9 —m)]e,

23
24 mopPp1 4nn0m0R8R1]C

— mou| = [mﬁ—

25

26

- The combination of (51) and (52) gives

28

29 (I —mo)vy +mouy = [

30
g where B = (1 —mg)B® +mopL.
32 The condition (15) means v; = uj, therefore (53) becomes

33
o — (s) g(L) 3
4 vy = |:(,3 + (A —mo)B B po)p1 ,B(S)Gl(ef) _ 4mnomoRy R, i|c'

K2 K1

B+ =mo)B®BY po)p1 B _ dngmoRI R ]c
1 ’
K2 K1

35 K2 K1

36
-, Due to the conditions vy = uy, po = (1 —mo)p(s)

. equations (48) give
30 pocvy = -\ + Apy,
391/, —

40 where

41
— A=(1—mp)+ .
42 K1k2

117

(47)

(48)

(49)

(50)

D

(52)

(53)

(54)

+ mo,o(()L) and using (50), the first two of the momentum

(55)
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1 Now, the linear terms ~ ¢ in relations (14) and (18) give

12—
i 1 36’0 8e1 360 . 31)1
3 29t 9E | laE g’
4
o o\ — Ezer — B kyp1 =T,
5 where
! de 310D
— = _)dgq—12 0 q,9-12_70
B T_r;|: Z aq(—c)le 957 + qucs 354 i|
9 =123 q=1,3
10 The linear terms ~ ¢ in the bubble (6) give
11
7 uc 4 moRy | 9Ry
2 _73_{5' ¢ }8 =~ (PoxRi+po.
13 Py ez Lo §  py k2

i Equations (56), (57), and (58) lead to the integrals

15

U1 .
16 e =——, Ul(ef)=Eze1+/3(“)ka1, P1=—poxRy.
17 ¢
18 The effective stress ol(ef ) in (59) can be rewritten as
19
Esv;
m%§, Gfﬂ=—[c +pmﬁmh&}

g Substituting (60) and the value of p; from (59) into (54) leads to
23

24 (1= B9 Ex)vi + (B — kB B pox Ric =0,
25 where

% g B U=m)BYBDpy)  4wnomoR;
27 K2 K1PoX

*_ Now, from (55) and using the value of p; from (59), we obtain the effective stress as
29

0 01(ef) = —(pocvi +A)pox R1.

31
. The combination of (60) and (62) results in

3 (E2 — pocP)vy — (A —kpB) pox Ric = 0.
34

S Appendix B

36
37 Collecting the quadratic terms ~ &2 in (18), we get

= oD — Ezes — BVkppr = T.

"y 39
2
20 Where

(ef)
0%¢ %0
a1 -1 1970,
4 T = 77[ Z ag(—c)le?™ ' — + Z bycle? —}
42 q=1.2.3.5 084 g=13 084

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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119

1 Note that here we keep (as Nikolaevskiy [2008] did) the higher powers of ¢ to represent small corrections
5 to the leading terms. These corrections will eventually translate into small corrections in the derived
"3 Nikolaevskiy equation further in this paper; they will be the object of our study. Thus,

=
Ol |0 | N |lOo |0 | P&

11

12

13

14

15

16

2

From (14) in the order ~ ¢°, we

—(Cez +v) =

€

Therefore,

0 O'z(ef )

9§

get

Substituting (67) into (65) we obtain

€

9 (cof®D + Eyvs — cpkypa) =

3P2
0§

dey
£,222 0

9§

el

—,B(s)k

1 9vy
2 8r

den

¥=

E>F

E From the momentum equations (5) for the solid and liquid, we get

18

19

(1 —mo)py

1 20
20 /2; where

39—

o Equations (68) and (71) result in

22

23

24

25

26

28

29

10v;

2 9t

%= (1—mo)p “)(

and

where
1 duy
2 9t

)

2= mo P

€

8v1v1

0§

3u1u1

€

(s)

mop,

)_

2y
c_
&

)—( —mope

(), 2
35

aPz
—mo
0

() Our

001 Cag o €

g Due to the condition (15), the combination of (69) with (70) gives

31

32

33
34

35

36

37

38

39

41

42

~, Where ¥ = X + X», so that

8v1v1

&

+cp

85

Loc ¥+

0

) —c((1=mo)py” B +mopg” B k1)
(ef)

(s)ﬂ(s) do; v
85

[(E2 — poc vy + (1 —

(ef)
v, 00,

&

o
0§

op
9

BOkp)epa] = EoF

—(1—mo)8—

() duy
9§

0
+ c,o(()L)47'r nomoky RS

T

g

8v1v1

9§

)

oT
+C¥

X1,
&

d
m 2t op1
0§

1V1

§
R1U1

9§

+c(p,

—cX —I—ca—T

0§

(65)

(66)

(67)

(68)

—¢gv 18m0u1.

(71)

(s) omyv;

(L)
) 0

— K1K20

(72)
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1 From the bubble equation (6), in the order ~ &2,

2 2 (L) (L)
- - moR5\ OR 1 1

’ (L;;c <4 ' 0) = (L) [ﬂ pOXP1R1+ﬁ P1+pOX(X+ ) poXRz—pz}-
. Py k2 ¢ 35 Po K2 K2 K2 2
5 We rewrite (73) as
aE p2=1 —poxRa,

7
. where ,
— moR;\ dR,  BLp,
B F=uc(4+ i 0) 5% + p (POXR1+P1)+2POX(X+1)R2
10

1 Now we substitute the value of p, from (74) into (72) to get

B = poct)v = (1= B = EoF — T _ ®)
B @KEZ poct)v2 = (1 = Bks) pox Rac] = ExF —cE +ee —c(1 =%k )aS
14

. In the second order, the mass balances (5) for the solid and liquid-gas mixture have the form

= O = moyvs — 11 =) pr — BV~ male) = A /.

17 a&
B9 moBL) ps 4nm0n0R8(R2 + Rf) 47‘[mol’l()R0p()X,3(L)R% A(L)
10 mouy — | mo + — c @
= 85 K2 K1 K1K2 P
20
»1 where
2 ) _  ©ld 1 ) ) )
- A = p, 397 [(m) — (1 —mg)B* p1+ B )]
on (ef)
24 8 o
2 +p T [mlvl —((1 =mo)p1 +o0, CNBO Y — B, (Pl — (li—mo))]
26 .
5 AP = ,03 )28 [ic1 (myica +moB™E p1) — drnoia Ry R ]
28 omiu
g + SL) F [(BPk1 p1 — dmnoka RIRy) (cmy — mouy)] —Klep(()L)T-
% The combination of (76) and (77) gives
32 O, _(¥B£d —mo)BY B po) pa _ gD
SRrH i 2
34 _ 4nm0n0R8(R2 + Rlz) 471m0n0R0p0)(,3(L)R12 cl=na
35 K1 K1k S
36
37 where
39 From (68) we have
40
— (ef)
do ) E 1
41 2 (s) (s)
il =—\|T+k I -k Ry, — — —E>F.
" T 35( +kpB b8 Pox Ra Cvz)+c 2

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)
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1 Now we insert (81) and the value of p, represented by (74) into (80),

11/27
el 4rmonoR?
3 (= E2 D) — (wlpox ———— )R
" o0& K1
4 2
5 _ (s) (s)aT ol 8Rl
5 =A-BYEF — Ol - 82
v B EL,F —cp TR T: + can 5% (82)
" where
8
< , 1— (s) g(L) drmonoR3 8L 4rmonoR?
2 a)1=kb,3(s)/3(“)+'3+( mo)fF . wy = 0o RoP”"pox _ —0
0 K2 K1Kk2 K1
1
Appendix C

[
N

13 Equation (26) can be illustrated by the following simple example
14

15 vi+cRi =0, 2vi+4R;=0.

A nonzero solution of the system exists only if ¢ = 2 (the eigenvalue of the problem). Here v, and R are
o analogous to the first approximation from our main text. The second approximation, v, and R;, satisfies

2 the system
19

. vy +cRy = flvi], 2v2+4Ry = g[v1],

201/, —
23 which is solvable only if the right-hand sides satisfy the condition g[v;] = 2 f[v;]. This solvability
22 condition is the analogy to the Nikolaevskiy-type equation that we aim to derive.
23
24 Appendix D
25
o6 The first approximations for the momentum and mass-balance equations without gas bubbles are the
,; same as for the system (5). As for the density equations, the solid density remains unchanged but for
s gas-liquid mixture we neglect the volume gas content ¢ in (9):
— P = =" 1+ ). (83)
g The first approximation of (83) is
2 i =r B p1. (84)
33
52 Inserting this into the mass equation for the fluid (48), we get
= mouy = [my +moB™ pilc. (85)
E Now, the combination of (51) and (85) yields
38 :
o (1= mo)vy +nour = [(1 =mo)* p1 = (" +mop ™ pile. (86)
39°/o—

% Due to the condition (15), Equation (86) becomes
41

22 vi =[(1=mo)B® p1 — B9 +meBL pile. (87)
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1 After we apply the conditions

11—

2

o vp=uy, po=(1-— mo)p(gs) +m0/0(gL),

Z the first two equations in (48) give

L pocvy = —o{ + py. (88)
6

. The first approximation of relation (32) is

8 . . d%eq 3o )

) o = Erer = pOkopr = ) Jag (o)et S b= (89)

10 =1

11 Equations (89) and (56) result in the integral

2 - E>v

13 ol = ——26 L+ Bk 1. (90)

14

E Substituting (90) into (87), we get

1 (1= BY Ex)vy = c(1 —mo) p1 +cmoB™ p1 — B9 BV kpcp. 1)

17

15 As B=(1—mo)BY +moBL), (91) becomes

= (1= BV Evy = (B— BV BV kp)epr. (92)

201/2; From (88) we obtain

2 " = p1 — pocvy. (93)

23 Therefore, the combination of (93) with (90) yields

24

- (poc® = E)vr = (1 = BVkp)cpr. (94)

26

a7 Appendix E

** In the second approximation for the system without the bubbles we again arrive at an equation of the

2 form (72), except the formulas for ¥ and 7 are changed:
30

= GE1(E2 = e a4 (1 = Bk )epr) = ExF — eS¢ (95)
32
— where
33
(ef)

34 10v;  dviv; ap1vy ) a( do; vy ) (L), 0myv
— D - _ ) s)_ 1 71 _ -
5 po<2 ar + 08 ) cpop T +cpy B 08 +clpy” —py ) T
36 3 (ef)

aqel do
37 T:E —0)lg? ' —— 4 p !
w 2 T g He T

391/2g The second approximation of the mass balance for the solid is the same as (76), while for the fluid it

%9 takes the form ;
41
= 3 Moz = 2+ moB ™ pa)el = AV /g, (96)
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1 Where
11/27 5 3

o AP = —%P(()L)E[m1 +moBY p11+ ,O(()L)£[Cm15(L)P1 —moBY pruy —miui].

_* The combination of (76) and (96) results in
5

B sglv2 = (B2 = V0 el = A, 97)
7

. where

" A=A /") + (8D /o).

E From (68) we find
(ef)

1 802 0 () E, 1
2 T —g(Tﬁ-kbﬂ PZ—Tvz +EE2F. (98)
13
E Substituting (98) into (97) we get
0 oT
= == E28)vy— (B—BY B )epal = A — BYELF — S 2. (99)
16 € 9
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