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A theoretical analysis is carried out for the recently developed three-pulse photon echo spectroscopy employing
dual frequency combs (DFC) as the light sources. In this method, the molecular sample interacts with three pulse
trains derived from the DFC, and the generated third-order signal is displayed as a two-dimensional (2D) spec-
trum that depends on the waiting time introduced by employing the asynchronous optical sampling method.
Through the analysis of the heterodyne-detected signal interferogram using a local oscillator derived from one of
the optical frequency combs, we show that the 2D spectrum closely matches the spectrum expected from a conven-
tional approach with four pulses derived from a single femtosecond laser pulse, and the waiting time between the
second and third field-matter interactions is given by the down-converted detection time of the interferogram. The
theoretical result is applied to a two-level model system with solvation effect described by solvatochromic spectral
density. The model 2D spectrum reproduces spectral features such as the loss of frequency correlation, dephasing,
and spectral shift as a function of the population time. We anticipate that the present theory will be the general
framework for quantitative descriptions of DFC-based nonlinear optical spectroscopy. © 2019 Optical Society of

America
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1. INTRODUCTION

Three-pulse photon echo (3PPE) spectroscopy [1-4] is one
of the most widely used two-dimensional (2D) spectroscopy
techniques, and it can overcome many limitations of linear and
time-resolved one-dimensional spectroscopy [5-8]. For exam-
ple, 2D spectroscopy can resolve congested spectral features in
2D frequency space, distinguish homogeneous and inhomo-
geneous line-broadening mechanisms, and detect couplings
between different optical transitions. In 3PPE spectroscopy, the
molecular system interacts with three coherent laser pulses in
a non-collinear four-wave-mixing scheme, and the signal in a
specific phase-matching direction is heterodyne detected with
a local oscillator field. The signal interferogram obtained from
this measurement is then Fourier transformed over two time
variables T and ¢, representing the delays between pulses 1 and
2 and between pulse 3 and the detection time, respectively, to
obtain the 2D spectrum in the conjugate frequency variables
; and w,. The spectrum parametrically depends on the wait-
ing or population time 7" between pulses 2 and 3 and thereby
conveys information on molecular dynamics and chemical and
biological processes occurring over 7.
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Currently, the experimental feasibility of 3PPE spectroscopy
by using dual frequency combs (DFC) as the light sources is
under investigation [9]. A frequency comb consists of a peri-
odic and coherent pulse train with a specific phase between
the optical carrier wave and the peak of the pulse envelope
[10,11]. By controlling the shift in this phase between successive
pulses separated by A7 =2 /w,, which is called the carrier-
envelope offset (CEO) phase A@e, it becomes possible to
obtain equally spaced spectral peaks or combs with frequencies
of (Apeeo /27 + n)w,, i.c., integer multiples of the repetition
frequency @, plus an offset determined by the CEO phase.
DFC spectroscopy [12-17] employs two frequency combs
with a slight mismatch dw, = w,1 — w,; in their repetition
frequencies, and this enables asynchronous optical sampling
(ASOPS) [14,18], that is, an automatic scanning of the delay
times between two pulses arriving at the sample. A precise and
ultrafast interferometric scan is possible with ASOPS only when
the carrier-envelope phases of the two laser oscillators as well
as their repetition rates are precisely stabilized. This approach
also enables the detection of optical resonances using radio
frequency (RF) electronics through the down-conversion of
the signal frequency from the optical to the RF range. DFC


https://orcid.org/0000-0002-4301-7529
https://orcid.org/0000-0002-2408-9295
https://orcid.org/0000-0003-1618-1056
mailto:mcho@korea.ac.kr
https://doi.org/10.1364/JOSAB.36.003196
https://crossmark.crossref.org/dialog/?doi=10.1364/JOSAB.36.003196&amp;domain=pdf&amp;date_stamp=2019-10-25

Research Article

has also been applied to various nonlinear spectroscopy studies
[16,17,19-24]. Compared to typical nonlinear spectroscopy,
DFC nonlinear spectroscopy provides fast data acquisition, high
frequency resolution, and relatively simple instrumentation
based on the unique properties of DFC.

In our DFC 3PPE spectroscopy [9], four pulse trains derived
from two frequency combs (combs 1 and 2) with slightly differ-
ent repetition frequencies are used as shown in Fig. 1. Comb 1
is split into two, and these two pulse trains arrive at the sample
with a time delay 7; and different propagation directions k; and
k;. The pulse train of comb 2 then arrives at the sample in yet
another direction k;. Since the first two pulse trains are derived
from comb 1, they have a fixed time gap 71, which is chosen to
be much smaller than the repetition period AT; =27 /w,1 of
comb 1. In contrast, the third pulse train comes from comb 2
and is therefore delayed by AT, — AT =27dw,/(w,10,2)
from the first two pulses after each repetition. Since the time
between the second and third pulses is the population time,
ASOPS is realized for the population time in this method [24].
This ensures uniform data quality over a long population time
up to the nanosecond (ns) range without the problem of wave
front variation that could arise when using optical delay lines.
The signal generated from the three field-matter interactions
is heterodyne detected with a local oscillator, which is comb
2 delayed by 7, and redirected in the k, = —k; + k, + ks
direction. To obtain the 2D spectrum, the measurement is
repeated with varying 77 and 7, up to the coherence decay
time (~100 fs), and the signal interferogram is 2D Fourier
transformed over 7y and 7,. A typical frequency comb has the
following parameters: the carrier frequencies w, ;~ 1 PHz,
w,; ~1 GHz, and dw, ~ 1 kHz. [Throughout this paper,
we express the numerical value of an angular frequency w in
either hertz (Hz) or centimeter (cm™') units that correspond
to v=w/(27) and V = w/(27c), respectively, where ¢ is the
speed of light.] Therefore, the effective interval of the waiting
time measurement is 2718w, /(w,1w,2) ~ 1 fs, while the labo-
ratory time of the measurement interval is A7] ~ AT, ~ 1 ns.
The ratio of these two quantities, dw, /w,; ~ 1079, is called
the frequency down-conversion factor of DFC spectroscopy.
This also alludes to the similar down-conversion relation
Ty ~ (B, Jw,j)t ~ 107°¢ between the measurement time ¢
of the signal interferogram and the waiting time 7;,. Lomsadze
and Cundiff have, for the first time, achieved two-dimensional
spectroscopy with two frequency combs [21,25,26]. They iso-
lated the photon echo signal in the frequency domain through
acousto-optic modulation, while conventional photon echo
experiments separate the signal spatially. Their approach could
be difficult to use for studying condensed-phase systems, not
only because the spectral bandwidth of each pulse should be very
broad (>100 THz) but also because it is currently limited to
the measurement of a two-dimensional spectrum at zero waiting
time. Therefore, frequency-resolving two-dimensional spec-
troscopy with collinear geometry is believed to be less general
than the method proposed here. A detailed theoretical descrip-
tion of their experiment and its relation to other approaches
were also discussed in Ref. [16].

In this paper, we refine the heuristic consideration presented
above through a theoretical analysis of DFC 3PPE spectros-
copy and aim to place the method on a solid theoretical basis.
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Fig. 1. Optical layout of DFC 3PPE experiment. The dashed line
indicates the photon echo signal along the ki, = —k; + k; + ks direc-
tion. BS, beam splitter; PD, photo diode; LO, local oscillator.

Previously, there have been a few theoretical studies on DFC
nonlinear spectroscopy that provide the connection between
the measured spectroscopic signals and the underlying nonlin-
ear susceptibility or response function of the material system.
Glenn and Mukamel [27] analyzed the DFC transmission
signals in terms of single- and two-photon absorptions and
Raman resonances, and they theoretically demonstrated fre-
quency down-conversion. Later, Bennett ez a/. [28] derived
the third-order signal expected from general quad comb spec-
troscopy, which shows the difficulties in extracting nonlinear
susceptibilities from the measured signal. Recently, we have
developed a theory for the specific case of two-pulse photon
echo spectroscopy [29]. At the outset, the present approach is
similar to these theoretical studies. However, existing theories
cannot be directly applied to DFC 3PPE spectroscopy due to
different approaches (time domain versus frequency domain)
and detailed experimental conditions. Therefore, a new theory
needs to be developed that takes into account the presence of
four pulse trains with specific time delays and the time variables
arising from them. Through the nonlinear response function
formalism combined with a proper description of comb fields,
including the finite pulse width effect, here we show that the
measurement time of the signal is indeed connected to the pop-
ulation time of 3PPE by the down-conversion factor. It turns out
that the time-domain analysis of the pulse sequence is critical in
correctly identifying the dominant contribution to the observed
signal, which is not straightforward in the frequency-domain
approaches introduced and experimentally demonstrated
before, e.g., those works in Refs. [27,28]. The theoretical 2D
spectrum is calculated for a two-level model system (2LS),
where the solvent effect is incorporated by introducing a model
spectral density of the chromophore-bath coupling [8,30].

In the next section, we present the theory of DFC 3PPE spec-
troscopy. We calculate and present the theoretical 2D spectrum
for a 2LS in Section 3. Finally, a brief summary and concluding
remarks are given in Section 4.

2. THEORY
A. Experimental Configuration

We first specify the experimental condition of DFC 3PPE spec-
troscopy for which our theory is developed [9]. We employ two
frequency combs, each characterized by the repetition frequency
w,; and the carrier frequency w,.; (j =1, 2). For a coherent
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pulse train, they are related to each other by the following
relation [10,29,31]:

Wej = 7ejWyj +wceo,]‘a (1)

where 7,; is the integer mode number of the carrier frequency
and Weeo, j = APeeo, jwj/(277) is the CEO frequency defined in
terms of the CEO phase shift Agc., j between successive pulses
of the jth pulse train. To enable ASOPS, we introduce a slight
offset between the repetition frequencies of the two combs,

defined as
8(,(),, =Wyl — Wy2. (2)

In this case, the two carrier frequencies do not coincide in gen-
eral, even if A, j (j =1, 2) are precisely controlled to be
identical [29], and their difference is denoted as

Sw, = w,1 — W,). (3)

The pulse train of the jth comb is represented by the following
electric field [29]:

Eij(r,n)= % [Ej(r, t) +c.c.] ,

[o.¢]
Ej(r, r) = oK) (@) r—iwt Z Anjefinw,jx ()

n=—00

where c.c. denotes complex conjugate, k;(w,;) is the wave
vector of the jth comb, and A,; is the Fourier coefficient of
the pulse envelope function A;(#) of the jth comb, which is
given by

r inwy;t
Anj = E [m th]‘(l')e 77 (5)
The comb spectrum obtained by Fourier transform of Eq. (4)
has peaks at the following frequencies:

W =W + W, j = Wceo, j + mw,; (m, n=integers), (6)

where the second equality comes from Eq. (1).

In DFC 3PPE spectroscopy (Fig. 1), the sample interacts with
three sets of pulse trains: (i) comb 1 in the k; direction, (ii) comb
1 delayed by 7, from the original comb 1 field and redirected in
the k;, direction, (iii) comb 2 in the kj direction. The waiting
time 7,, between the second and third interactions is scanned
automatically by the pulse trains of combs 1 and 2, which have
slightly different pulse repetition rates as given in Eq. (2). The
signal field in the direction of —k; + k; + ks is heterodyne
detected with a time-delayed comb 2 field as the local oscillator
(LO), which is redirected in the signal direction and is delayed
by 7, from the third interaction. Note that 7; and 7, are explic-
itly controlled and scanned by, e.g., mechanical delay stages over
arange 0 < 7y, T < Tyax Where Tiyy is of the order of coherence
decay time and is therefore much shorter than the pulse rep-
etition periods A7; =27 /w,; of the two combs. In contrast,
the waiting time 7;, is determined implicitly by the repetition
frequencies of the two combs and their offset frequency dw,
given in Eq. (2) as will be shown below. In practice, the time
origin in the experiment is set to be the time when the second
and third pulses maximally overlap.
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With this proposition, the total electric field incident on the
sample is the superposition of the three sets of pulse trains men-
tioned above, written as

E(r, ) =E(r, ©) + Ex(r, ) + E5(x, 1), (7)

where E; (r, ) and E;(r, #) are derived from comb 1 field and
E;(r, 2) is the comb 2 field. They can be written in terms of com-
plex electric fields as in the first member of Eq. (4). Hereafter,
we take all electric fields as scalar quantities assuming a com-
mon direction of polarization. From Eq. (4), the three complex
electric fields are given as

(o]
El(l‘, l’) — eik]-l‘—ia)[](t-i-f]) E Anlf_inwr](t+r]),

n=—0oQ

)
Ez(l‘, t) =€zkz-r—lw[1t 2 Anle_mw”t,

n=—00
00
Eg(l‘, t) =€zk3-r—lw[2t Z Anze—znw,zt. (8)
n=—00

Note that the time argument of 4 7 is used in E(r, 1)
because £ (r, ¢) precedes E;(r, £) by 7;. In addition, E;(r, £)
and Ej3(r, ¢) overlap at r =0 (and, formally speaking, again
at t 2w n/8w, for integer #, even though such a long time
behavior is not needed here) as required by the above choice of
time origin. The LO field used in the heterodyne detection of
the signal can be similarly written as follows:

)
ELO(ra t)=€z’k,-r—iw[2(t—rz) Z Anze_inw'Z(t_TZ), (9)

n=—0o0

because it is assumed to be delayed by 7, from the comb 2 field
E;(r, £) and is redirected in the following direction to allow it to
interfere with the 3PPE signal field

k =k +ko + k. (10)

B. Third-Order Polarization

The third-order polarization generated by the incident elec-
tric field in Eq. (7) can be written in terms of the third-order
response function S®(#3, £, #,) as follows [32]:

PO, t):/ dt3/ dt2/ dr S¥ (5, 1, 1)E(r, £ — 13)
0 0 0

xE(@rt—6—0)EFx t—85—6n—1).

(11)

Since the signal is detected in the direction k, = —k; + k, +
ks, the polarization component P® (k, , #) responsible for this
signal has the following spatial dependence:

PO (k,, 1) = PP (r) exp(ik, - 1). (12)

After expanding Eq. (11) using Egs. (4), (7), and (8) and then
selecting terms with the factor exp(ik; - r), we can write Eq. (12)
as follows:
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1 o0 o0 o0
P“)(kx,t):gf dta/ da/ dn S5, 6, 1) {Ef(r, t — 5)Ex(r,t —t5 — ) Es(r, t — 15 — 1y — 11)
0 0 0

+E{(r,t =) Es(r,t — 55— ) Ex(t,t —t3—tp — 1) + Ex(r, t —B)Ej(r, t — 13 — ) Es3(t, t — 13— p — 1)
+Eyr,t—n)Es(r,t—t3—0)Ej(r,t —t5—t — 1)+ E3(r, t —B)E{(r, t — 3 — ) Ex(r, t —t3 — r — 11)

+Es(r t—B)Ey(r,t —t5— ) Ef (.t — 15— — 1) } .
(13)

According to Eq. (8), within a time span 0 < ¢ < w/8w,, Ey always arrives first at the sample followed by E3, then by Ej. For
/8w, <t < 2mw/8w,, this time ordering cannot be regarded as valid. However, we can simply disregard # larger than the lifetime
of the relevant excited state that is in general much shorter than 77 /8w,. Nonetheless, the interaction times represented by the time
arguments in each £ in Eq. (13) do not necessarily follow this order. For example, the first term in the integrand corresponds to the sit-
uation where F5 interacts first with the sample at time # — 13 — 1, — #;, £, interacts next at r — #3 — #,, then E at # — 3, disregarding
minor exceptions due to finite 7j or 7,. From this consideration, only the sixth term above is consistent with the time ordering of the
pulses, and the remaining five terms will only contribute for very narrow time windows in #, (z = 1, 2, and 3) set by the pulse widths,
that is, when two or more pulses overlap significantly. Effectively, each of these five terms becomes non-negligible only if one or more
of 11, T, or the implicit waiting time 7, is smaller than the pulse width and becomes a delta-function-like single point contribution
in the impulsive limit. In particular, the fourth term, where only the interaction times of £, and E3 are not consistent with the pulse
time ordering, would be non-negligible only at small 7;, and therefore can be classified as a coherent artifact [16,24,33]. In general,
for a waiting time longer than the pulse width, this coherent artifact would contribute negligibly. In the following, we develop the
theory including all six terms for completeness but, in the model calculation, take into account only the sixth term, which is expected to
predominantly contribute to the observed signal for waiting times longer than the incident pulse duration time.
With this precaution, we expand the integrand of Eq. (13) to obtain

1 6 o) o]
1)(3)(1(_H t) zgeikf.r Z Z ;o;]m zwt qmn’em’rl,qmnrl

a=1 g,m,n=—00

(o] [Dl]
f dt3/ clt2/ 46 SD (5, 1y, 1)e' @ B o)

1 . ~ [a] [e]
:gelk:‘l' Z Z C;O;]m 5(3) (wga;mnv a)ga;mn’ w[la;mn)elw’ qm”t lwrl q,,mfl ’ (1 4)

a=1 gq,m,n=—00

where we have introduced the frequency-domain response function or nonlinear susceptibility as

o0 o0 o0
S (w3, wa, w)) = f dz f dsy / dty SO (53, 1y, 1) e (@352 to1n) (15)
0 0 0

and the following notations:

w?:w[j—i—nw,]-, (16)

et —A AmlAnZ’ qmn_A A Amas bl _A):nlA‘IlA”L

qmn qmn

(17)
4
,[1,,]1,, = Ay Ag1 A2, E,}m = Ay, An g, fq,,m = Ay AmAg2s
[1] [2] [3]
wtqmn:w?_w?_wgv wtqmn:w?_aﬂ_wg”! wtqmn:w{n_wi]_wg’ (18)
41 _ q [51  _ q (6] _ q
Wr gmn wl — W a)gn’ Wr gmn a)l - wl W5 Bt gmn a)l - a)l -,
[1] _ 2] _ .4 (3] _ 6] _m [4] _l6] _ .
wtl,qmn _a)rl,qmn _wl’ wrl,qmn _wrl,qmn _wl ) wrl,qmn _wrl,qmn —0)1, (19)
[1] _ 3] n [2] _ 5] [4] [6] .
W qmn =w qmn — =w;, W qmn = w; qmn =—w qmn — = —w qmn w1,
w[l] =" + o 0)[ ] ="+ o w[3] ="+ "
2,gmn — “°1 2 2,gmn — *71 20 2,gmn — 1 2 (20)
(1)[4] = —" + o a)[5] _w[G] —" + o
2,gmn — 1 20 qun_ 2qmn_ 1 1

[a] [o]
a)3aqmn = wtaqmn (Ol =1,---, 6)
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The electric field £ (k, , #) generated by P©® (k,, #) is, within
the slowly varying-amplitude approximation, given as [32,34]

E® Kk, 1) xi PPk, ). (21)

C. Heterodyne-Detected Signal

When the signal is heterodyne detected with the LO, which is
the redirected and delayed comb 2 field, the signal field at the
square detector is given as the superposition of E1o and the

third-order signal field £® as follows:
1(t) =|Ero(k,, 1) + EP (k,, 1)
=|Eiok,. > + |EV (k,, »)|?
+2Re[Ef ok, NEP (K, 1)]. (22)

In general, £® is much weaker than Eyo, making the second
term on the right-hand side of this equation negligible. After
subtracting the first term, which is a known quantity, we obtain
the last term, which is a time-dependent interferogram contain-
ing information on the material response. Using Egs. (9), (14),
and (21), it can be written as

2Re[Efolk, D EP (k, 1)]

o 2Im[ B (k,, ) PP (K, 1)]

1 6 )
=% Im|:2 Z A* [[Io;]m

a=1 p,q,m,n=—00

% §<3>< [o] [o] [o] )

w3 gqmn’ (1)2 gqmn? wy ,qmn

(o] [a] .
< e [wz +oy; q,,m] tezwrl gmnT1 ezw§r2j| . (23)

The dependence of this interferogram on # is determined by the

frequency factors w} + wi“q]mn in the exponent, which can be

written as follows using Egs. (2), (16), and (18):

o) + ol = (g — m)w, + (p+ g — m — nw,,
w5 —i—a)y] =(q —n)dw, + (p +g9 —m— n)w,,,
o} +a),[3] =—(g —m)dw, +(p —q +m — n)w,,
) +w£4] =—(g —mbw, +(p —q —m~+n)w,,,

o) + 0 = (m — m)dw, + (p — g +m — n)w,,

el _

o +w = —(m—n)dw, +(p —qg —m+nw,,. (24)

In the experiment, only the slowly oscillating interference terms
are selectively detected with a low-pass filter or a slow-response
detector. Under this condition, the terms with non-zero coef-
ficients of w,, would exhibit high-frequency oscillation due to
the relation w,, &~ 10° 8w, and therefore are not detected [29].
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Then, only the terms with the following values of p and associ-
ated frequency factors survive when detecting the signal in time
t as follows:

a=1: p=—q+m+n, a)2+w£1] (g — m)dw,,
a=2: p=—q+m+n, w2+w£2] (g — n)dw,,
a=3: p=qg—m+n o} +ol=—(q-mdo,,
a=4: p=g+m—n, w2+a)£4]_—(q—n)8w,,
a=5: p=qg-—m+n, wz—i—a)ES]_(m—n)Sw,,
a=06: p=gqg+m—n, w2+a)£6]——(m—n)5a),.
(25)

The heterodyne-detected signal in Eq. (23) can then be

written as
2Re[Efo(k, ) EV (k, )] o 2Im[ Ef (k. , 1) PP (K, £)]

:é1m|: >

BLMNeiLBw,teiw{”rle—iwévrz:|
9
L,M,N=—00

(26)
where the coefficient By yypy is given by

Bryun = Ay Ap—-11AN AL N2
[56)( Lot + @btV oML 4 ol TNl
+ 5(3)( Loy +wL+N M— +w2L+N M—L)
S(S)( Lo, +a)L+N _w{lfl_’_wzl-k—]\/’ w2L+N)

+ 8O (= Loy + i ™, —oM + Wf N — M)

ML)

+ 8O (—Law, + i ™, — Lo, o

+ 3(3)(_110),1 +w2L+N1 _Lwrh _w{v[):l .

(27)

D. Two-Dimensional Spectrum

To obtain a 2D spectrum from the heterodyne-detected signal in
Eq. (26), we first define a complex function S(#; 7y, 72) as

oo

1
S(#; 7—’1772)=§ Z

L,M,N=—0o0

iLdwyt iw{wrl —l'a)év‘lz

e e

Bryne
(28)

The imaginary part of S(#; 7y, 72), which we denote as
S1(#; 71, T2), isdirectly related to the signal as follows:

2Im[Ef ok, 1) PO (k,, 1)1 =25,(r; 71, T2). (29)

We then perform the 2D Fourier transform of S(¢; 71, 7,) with
respect to 77 and 7, to obtain
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S(#; we1, wr2)

o0 o0 . .
E/ dt1/ dr,S(2; 11, Ty) e’ @I 7022
—0oQ —0Q0

o]

o0
:l Z BLMNeiLSwyt/ dflei(wrl-‘rwfw)tl
L,M,N=—00 -

o0 N
X / dfzgi(wrz—wz )2
—00
2 oo

=% Z Brun

L,M,N=—00

e S (wp) 4+ 0!8 (wry — ).

(30)

From Eq. (29), the 2D signal can be defined as the 2D Fourier
transform of 28;(#; 71, 72). It can be written in terms of
S(t; w1, wyy) above as follows:

281(#; w1, wr2)
o0 o0 . .
EZ/ dn/ dr, S;(2; T1, Tp) e’ @I g2 T2
—o0 —00

=Im I:S‘(t; Wr1, Wr2) + S(t; —Wry, _wrZ)]

—iRe [S(t; Wr1, ©12) — S(8; —we1, _wrZ):I . (31)

From Egs. (30) and (31), we find that the 2D signal
28,(¢; we1, wr2) has peaks at (w1, W) = :l:(—a){"[, a)év)
for integers M and N, displaying a 2D comb-like peak arrange-
ment with comb spacings of @,1 and w,, along the w;; and w,,
axes, respectively. Moreover, the amplitude of the signal at a

given frequency point (®;1, ®2) is determined by By with
the following values of M and V:

(A_/[, N) = ((Fwr — 01 /w1, (£ —wn)/w,), (32)

where the upper signs come from S(t, wy1, ) and the lower
signs come from S(t, —we1, —wp2) in Eq. (31).

The 2D signal in Eq. (31) depends on the detection time vari-
able r according to Eq. (30). Because the # dependence is present
only in the factor exp(i Léw, £), we focus on the summation over
L and approximate it as an integral over a frequency variable ®
using the correspondence w <> Lw, as follows:

. 1 *© - .
Z BLMNKZL&U’[ >~ — / da)BMN(a))e"‘”
dwr J_ oo

2r 1 % - ,
=——— / do Byn(w)e 0
Sw, 2w J_o

2
Sw,

= Byn(—1) (33)
where Byn(w) = Bw/sw,ymn and B wun(2) denotes the inverse

Fourier transform of B y(w). Then, S(¢; w,1, wy2) in Eq. (30)
can be rewritten as
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3 o0 _
~ T =
S(t; w1, w2) = E Byn(—=1)
Sw,
M, N=—o0

X 8(wr1 + 0M(wry — o). (34)

Similarly, the time-domain function S(#; 71, 72) in Eq. (28) can
be expressed as

T

ST, 1) = 5w

[o.¢]

= .M . N
E BMN(—Z')EZ(UI r1€71w2 7.’2.
" M,N=—c0

(39)

As in our previous study [29], we also introduce the amplitude
function F (¢; @1, @) of the 2D signal as

3
o =
F(t; wr1, 0r2) = QBM(CUH)N(&),Z)(_”’ (36)

where M(w;;) and N(wqy) depend on w;; and wq,
respectively, through the following relations:

M(wr) = — (w1 + @01) /0,1,

N(we2) = (012 — ©02) ] @2, (37)

which correspond to the upper set of signs in Eq. (32). Finally,
the 2D spectrum S,p(#; @71, wr2), which is the amplitude of
the signal at a given point (@;1, ®¢2) in the 2D frequency space,
can be constructed using F (¢; w;1, wr2) as follows:

Sop(t; w1, wr2)
=Im [F(t; Wr1, (1)12) + F(t; —Wr1, —(1)12)]
—iRe [F(t; w1, wr2) — F(t; —wr1, —wr2)] (38)

in analogy with Eq. (31). Note_that F(t; —w;1, —wy3) in this

equation is given by (T[3/8wr)BM(—(url)N(—w-[2) (—1) according
to Eq. (30).

E. Waiting Time Dependence of the 2D Spectrum

We now further simplify the 2D spectrum derived above
and investigate its dependence on the waiting time 7.
We first consider Byn(w) introduced above in Eq. (33)
and write it explicitly as follows using Eq. (27) and the
correspondence w <> Léw,:

BMN(a)) = Gyny(w) [3(3)(505\/ —w, w{w + a)év —w, a)év
+ wp0/bw,) + 5P (@) — 0, oM + ol
—w, a)fw —ww/éw,) + 5(3)(0)?’ —w, —a)fw

+ a)év + w,w/dw,, wév + w,w/dw,)

+ 89l — 0, —oM + o + w0 /50, —o™

+ 5(3)(0)5\[ —w, _a)rla)/awrv a){w - wrlw/aa)r)

+§(3)((1)év —w, _wrlw/swr» _wfw):l ’ (39)
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where we have introduced the function G 47y (w) as
Gun(@) = Ay 1 Ari—w/sw, 1 AN 2 Awjswo, +N.2- (40)

For a pulse envelope with finite width, the Fourier coefficient
A,; of the envelope function is nonzero only for a limited range
of 7 centered at zero. This effectively determines the range of @
to consider in Eq. (39). To be concrete, we assume that the pulse
envelope is given by a Gaussian function of the form

1 e, (@1)

Ai(r) =
0=

Then, A,j can be written as follows using Eq. (5):
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Bun(®) = Gy (@) [5’(3) @Y, 0 + 0, 0 + v 0/80,)
+ 3(3)(a)év, oM + ol oM — v 0/80,)
+ 59y, —0!" + 0) + wr0/80,, ©) + v 0/50,)
+ .§<3>(a)év, —a)f‘/’—i— wév—l—a),za)/(ﬁa),, —a)f‘/’)
+ 3‘(3)(0)?’, —w, w/8w,, w{w —w, 0/éw,)

+5(@V, —w0/80,, —wfw:l

(48)

Using this result, B mn(2) introduced in Eq. (33) can be calcu-
lated by inverse Fourier transform as

Wrj 6202,
Anj = —]6‘ U/ w’]/z’ (42) - 1 00 _ )
2 Bunt) =5 [ doBun@e . a9)
m J_
and G yy(w) in Eq. (40) becomes =
DAY o202, (Moo/ 50,)V 03ty (N+eo] B5op) (2 Bor D ofay +odly)
GMN(C()) — e O'l (1)71 w Wy Uzwrz (0] Wy w Wy Ul wrl azwrz X (43)

1674

We define the range of x in which the function G(x) =

2

exp(—(ffa)r]-xz/Z) is non-negligible as

—a/(o;w,;) <x Za/(0jw,;) (a>0) (44)

using the parameter 2 (~2 to 5) that controls the range and fur-
ther note that 07 > 0, and 0,1 =~ w,,. Then, the corresponding
ranges of w/8w,, M, and N, over which G yn(w) in Eq. (43) is
non-negligible, can be found as

—a/(0jw,;) <w/éw, <a/(0jw,)),

—3a/ («/Eaja),]) <M, N<3a/ (\/Eajw,j) . (45)

Therefore, the range of @ where Byn(w) is non-negligible is
given by

—adw, [(0jw:;) < ® < adw, [(0jw,). (46)

Typical magnitudes of the repetition frequency variables
are ®,;~1 GHz and dw,/w,;~ 107°. Then, choos-
ing 2~3 and 0; =10 fs, we have 2/(0;w,;) ~ 10° and
adw,/(0;w,;) ~0.3 GHz or 0.01 cm™'. Therefore, the
extremal values of @ to consider are somewhat smaller than w, ;.
Based on this analysis, we can safely simplify the arguments in
the response functions as follows:

N N
W, — 0>,

oM+ ol — v~ + ol (47)

Then, to avery good approximation, Byn(w)in Eq. (39) canbe
written as

Because the frequency variable @ appears in the second and
the third arguments of the response functions in Eq. (48),
the inverse Fourier transform can be carried out analytically
only for some of the terms. In particular, as pointed out in
Section 2.B, the sixth term is expected to make the largest con-
tribution to Bn(w) considering the time ordering of pulses.
In addition, according to Eq. (45), the extremal values of M
and N to consider are about -10°, and therefore @ and @’
appearing in Eq. (48) are rather narrowly distributed around the
mid-points of w,; and ., respectively. Then, the sixth term
G un(w) §® (a)év, —w,w/dw,, —a){”) represents a rephas-
ing quantum transition pathway consistent with the signal
wave vector k; = —k; + k; + k3 because the signs of the two
frequencies in the first and third arguments of S are opposite.
From these considerations, we hereafter focus on the sixth term
and write its inverse Fourier transform as

= 1 o0 - .
B =— f dw Bl (w)e "
2 J_ oo
oo

1 )
>~ — dw e ™" GMN(CU)
21 J_oo
x SV (@Y, —ww/8w,, —olh), (50)

where the superscript “[6]” denotes the contribution of the sixth
term. We also introduce the inverse Fourier transform g /n(2)

of Gy n(w), defined as

1 o0 .
gmn(?) =5 [W do G yn(w)e™"

2,2 2
_n% 1 e%f-im/ Q@) ,~#/(ha) (51)
1674 V dma

wherea, B8,and y are given as
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2,2 2,2
_ 01w T o0,
= =2,
2(8w,)
2.2 2,2
p= Mo{w;, — Nosw;,
Sw, ’
—_A2s2,2 2 2 2
Yy =—Mojw;, — Nojw,,. (52)

Then, Eq. (50) can be written as follows:

= Ba)r e -
B == / dr ga(r = DS@Y, — (o, /0.1, —0l)
7l J—o0
dw, [* o N M
= ® dr gMN(t+ t)S(wz ) (Bwr/wrl)tv —w )7
rl JO

(53)
where S(ws, t,, w1) is the 2D Fourier transform of the time-
domain response function § O (13, 1, 1) with respect to 1 and

#3.In Eq. (53), we have utilized the convolution theorem for two
functions with scaled variables as follows:

Flaw)G(cw) = / dtf(t)ei”’”’ / dl,’g(t/)ei:wt/

:L/ dr’e"“”// drf(t/a)g(T _T),
|df| —00 —00 c

(54)

and the condition that S(ws, £, 1) =0 for £, < 0 was also
used [8]. We can see that, for the sixth term, the 2D signal can
be expressed as the convolution of the function S(ws, tr, w1)
with a Gaussian function. This indicates that the waiting time
dependence of the response function could be extracted from
the # dependence of the signal, but its amplitude might be
modulated by the Gaussian pulse envelope. We also note that
this effective waiting time 7;, is scaled down from the labora-
tory detection time ¢ by the frequency down-conversion factor
3w, /w, asfollows:

Iy = (8w, /w,1)t. (55)

The 2D spectrum due to the sixth term, Sgg(t; W1, Wr2), can
be obtained from the following amplitude function, which is

derived from Egs. (36), (37),and (53):

FI%; w,1, 072)

3 _
=T gy
Sw, M(we1)N(wr2)

3 o0
T
= f AT & it ) Nwe (T T)
0

Wy
x S(we2 + N(@e2) w2, o, J0,1)T, —w,1 — M(w71)w,1)

3

[o.¢]
= f 7 & it Nwen) (T2 +T)
Wr1 Jo

X SV(a)l’Zv (560,/0),1)‘[, wrl)

(56)
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by applying Eq. (38) as follows:
S (£ @r1, we2)
=Im [F[G](t; Wr1, (1)1'2) + F[G](t; —Wry, _(1)1'2)]

— i Re[Ft; wr1, wr2) — FI9t —wr1, —0r2)].
(57)

3. MODEL CALCULATION
A. Model Description

We demonstrate the theory of the DFC 3PPE developed above
by calculating the derived 2D spectrum using a model response
function for a two-level system (2LS). In this model composed
of the ground state g and the excited state e (see Sections 5.2—
5.4, 7.6 of Ref. [8]), the third-order response function has the

following expression:

.\ 3
(55, 13, 11) = (%) 0(13)0(22)0 (1)

4
X Z [Rn(tfis B, tl) - RZ(%? B, tl)] (58)

n=1

in terms of R,,, given by
Ri(53, 1y, 1y) = ple "0 Fy (13, 1y, 1y),
Ro(ts, 1y, 1) = ple "B By (13, 1y, 1y),
Rs(t5, 1y, 1y) = ple a5 Fy(n3, 15, 1y),

R/l(t_’)v B, tl) = M4€_iwfgl3_iw[gt1 F4(t37 B, tl)' (59)

Here 14 = |tog| is the absolute value of the transition dipole
moment, @,, is the ensemble-averaged transition frequency,
and F, (23, o, i) is the line shape function given as follows
under the second-order cumulant expansion approximation
[32] and the short-time approximation for the coherence time
variables #; and 3 [35]:

InF, (5, 1, 1) = fo(1) — 82(02)87 /2 — A2 (12)83 /2
+ H,()nts +1Q,(1)t. (60)

Explicit expressions of f,(2), 8,(2), A,(2), H,(¢), and Q,(z)
can be found in Egs. (5.36)—(5.41) of Ref. [8] for a general
multi-level system. For the current 2LS, they are simplified
as follows:

fo(®)=0

S =28,0)=Cee(0)  (n=1,---,4),

(ﬂzl,"' a4)1

Hi(t) = —Hy(¢) = — H3(t) = Hy(2) = —Re[C,e ()],
Ql (1) = QZ(t) =Im [2€et(0) - Cee () — Cee(_t)] ’
Q5(2) = Q4(2) =0, (61)
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where the frequency-frequency time correlation functions
(FFCFs) and related quantities are defined as follows:

Cu(?) = (8 Vtzg (£)é ‘/bg (O)>Bath/h2 = <8wﬂg (t)swbg (O)>Bath’
ga6() = / dr / d5, Cup(12) = / dri (2 — 1) Cap(T1),
0 0 0

Cos(t) = / d7Cyy() = dg;ﬂ
0 t
(62)

in terms of the fluctuations in the energy gap 8V, (¢) =
Vig (£) = (Vig (£)) Bath-

To specify the FFCE we introduce the spectral density p(w),
representing the chromophore-bath couplings [30] as follows:

6//
pw)= 2,
Tw
M) =i /Oo drCr(1)e™ = iC)(w) = —Im [Cj(w)] ,
- (63)

where C;() is the imaginary part of C(z) = C,,(#). Note that
C"(w) and p(w) are real and odd functions of w due to the
general relation C(—z) = C*(z) for a quantum time correlation

function C(¢). The FFCF can be written in terms of p(w) as
follows [8]:

C@) = / ” dw w? coth (Bhw/2) cos(wt) p(w)
0

—i / ~ dw o sin(wt) p(w), (64)
0

which stems from the detailed balance relation C(—w) =
¢ P C () for the Fourier transform C(w) of C(¢) [32], where
B! = kg T, with the Boltzmann constant kg and the absolute
temperature 7. The quantities in Eq. (61) can then be expressed
in terms of p () as follows:

Q' = C(0) =5,(2) = A(»)
=/Ooo dw w? coth (Bhw/2) p(w) (n=1,---,4),
H(t) =Re[C(1)] = —Hi (1) = Hy(¢) = H3(t) = — Hy(2)
= /O ) dw @? coth (Bhw/2) cos(w?) p(w),
QH=—Qi(1)/2=-Q1®)/2

= /00 dw w cos(wt) p(w) — )»/ h,
’ (65)

where the solvent reorganization energy A is defined as

A:h/oo dw wp (w). (66)
0
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Now, the four response function components in Eq. (59) can be
written as

Ri(ts, 12, 1)) = 'u/4€*l'a)ggt1*i[w3g+2Q(t2)]t36792112/2*92232/2*1‘[(!2)1‘]t3,

Rots, 1y, 1)) = M4€iw3gt1—i[w,g+2Q(t2)]t3g—92t12/2—92t§/2+1'1(t2)t1z3’

7 7 _02.2/9_02,2
R3(t37 t, tl) — M4€zw3gn zm,gzae Q7 /2—-Q 13/2+H(tz)t1t3’

; : 2,2 2,2
Rz,(ty,, b, tl) 4€—zw,gt1—zwfgt3€—9 1 /2—K t3/2—H(t2)t1t3’

using the quantities in Eq. (65).
In the model calculation, we employ the Ohmic spectral den-
sity with an exponential cutoff function [8] as follows:

A e—@/@o
Oh) w
which yields
L2
= g
P
T B 1+ Wi
L Wit
S 69
Q0 h1+ wjt? (69)

where we have taken the high temperature limit (8 — 0) for Q?

and H(z), which is expected to introduce at most 1% error at

room temperature with the choice of wy = 30 cm ™.

B. Model Response Function

To evaluate the 2D spectrum Sg%(t; we1, c_otz) in Eq. (57), we
first consider the 2D Fourier transform S(wj, %, w;) of the
third-order response function

—_ 00 o0 .
S(ws, &, w1) Z/ dfa/ dn SO (13, 1y, 1)@t
0 0
(70)

Since @ (13, n, 1) is given by Egs. (58) and (67) in the
present model, S(ws, 7, w;) is composed of integrals of the
following form:

[e.¢] [o.¢]
[(XS Xl) 2/ dtﬁf dtleixltl+l')(3t3efﬂzt%/Zfﬂztg/Zthlt3
9
0 0

o0
22/ dzlei(x1+X3)z1/ﬁeﬂ\1Z%/2
0

21
X / dz3 cos [(Xl — X3)Z3/\/§:| e_)““%/z,
0
(71)
where we have transformed the integration variables in the

second step to eliminate the cross term in the exponent as shown
in Appendix A. Taking the upper limit of the inner integral to



Research Article

infinity, we can obtain an approximate expression of this integral
as follows:

oo
I(x3, x1) = 2/ dzlei(X1+X3)zl/ﬁg—k1z%/2
0

X / dz; cos [(X1 — X3)Z3/«/§] €7x3z§/2
0

— T —tu-)?/Er)

A,

- 2 xi+x
x | e~at?/@n ¢ £ p < )} ,
[6 J7 \2um
(72)

;

where D(x) = (1/2) fooo dre "/ sinxt = fox dre® is
the Dawson function [36]. Compared to some previous
approaches [8], the response function evaluated with Eq. (72)
would be more desirable because it can capture the correlation
between the two frequency variables.

The eight terms in Eq. (58) can be expressed in the form of
Eq. (72) with different x; 3 and 1 3 as follows:

Rt 1= — o,
Ry xi=ow1+o,
Ry:  J1=w1+ .y,
Ryt Y1=w1 — o,
RY:  X1=w1 + .y,
R;: X1 = W1 — Weyg,s
R;: X1 = W1 — Weyg,s
Ry: x1=wi+ W,

X3 = W3 — Weg — ZQ(Q)a
X3 = W3 — Weg — ZQ(tz),
X3 = W3 — Wy,
X3 = W3 — Weg,
X3 =ws3 + Weg +2Q(1n),
X3 =w3+ Weg +2Q(1n),
X3 = W3+ Wy,
X3 =0w3 +weg7

(73)

Ry, Rs, RY, R::
Rz, R3, R;, R;

From Eq. (69), we note the following inequalities:
—h/A < Q(n) <0,
0< H(ty) <%,
Q< Q2+ (h/}) Q)] <297,
0< - (/1) Qn) <%, (75)

which show that both A1 and A3 are non-negative. With the fol-
lowing choice of parameters:

wee = 10000 cm ™' =299.8 THz,

A/h =500 cm™!,

wy =30 cm ™,

kpT/h=1/(Bh)=208.5 cm (7T =300 K), (76)
we obtain
Q=456.6 cm™",
—500 cm™!' < Q(#) <0 cm™. (77)
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== (/1) Qn),
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From Egs. (72), (75), and (77), we can see that S(ws, &, @)

is the sum of eight terms that have peaks at or around one of

(£w,q, £w,,) with width on the order of 500 cm™'. For
example, since x; £ x3 should be small to produce large signal
according to Eq. (72), the signal from R; would appear in the
first quadrant near (@,,, w.; + 2 Q(22)) according to Eq. (73).
Proceeding analogously, we can establish the location of signals
from the eight terms of S(ws, tr, 1) as follows: R and R4 in
the first quadrant, R; and Rj; in the second, R} and R in the
third, and R} and R} in the fourth. On the other hand, terms
of S(—ws, t, —w;) would appear as follows: Ry and R4 in
the third quadrant, R, and Rj in the fourth, R} and R} in the
second, and R} and Rj in the first. Since the signal amplitude
is modulated by g i, ) Mw,,) (#) according to Eq. (56), we also
need to consider its behavior. From Egs. (37), (51), and (52),
we can see that g i, ) Nw,,) (#) is non-negligible only in the
second quadrant and g i/, ) M(—w,,) (#) in the fourth quad-
rant. Therefore, the 2D spectrum in Eq. (57) would arise only
from the rephasing pathways R, and R3, and it would appear in
the second and fourth quadrants with inversion symmetry with
respect to the origin.

C. Model 2D Spectrum

Based on the model described above, we calculate the 2D spec-
trum expected from the DFC 3PPE experiment. We first note
that the summation over the comb indices M and NV appear-
ing in Eq. (26) is not necessary because of the two Dirac delta
functions obtained in Eq. (30) thatimpose the relation between
these indices and the frequency variables (w;1, ;) as given

A =—02 (h/A) Q(n),

b= Q22+ (h/2) Qo). (4)

by Eq. (37). In addition, the summation over the index L in
Eq. (26) is replaced by the integral over w in Eq. (33). Therefore,
we will directly evaluate the 2D spectrum using Eq. (57) without
intermediate calculation of a time-domain interferogram.

In the computation, we employ the molecular parameters
defined in Egs. (76) and (77) and the following comb field

par ameters:

o1 =0, = 10 fs (FWHM bandwidth = 23 THz or 1270 cm ™)
@ = (w1 + w2)/2=10000 cm~' =299.8 THz,

Sw, =w, —we; =1.5%x 1072 cm™! =44.97 MHz,

w,1 =0.01 cm™' =299.8 MHz,

Sw, =1.5%x 1077 cm™! =44.97 Hz.
(78)

The computation was performed using the GNU Octave
program [37], which provides means to evaluate the Dawson
function and the convolution integral in Eq. (56). The 2D
spectra obtained with these parameters are displayed in Fig. 2
for the effective waiting times 7, = 100, 200, 300, 400, 500 fs,

El
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Fig.2. Theoretical 2D spectra of DFC 3PPE of a two-level system. (a)—(e) Real parts at population time 7;, = 100, 200, 300, 400, 500 fs, respec-
tively. (f)—(j) Imaginary parts at 7;, = 100, 200, 300, 400, 500 fs, respectively. The contour lines are drawn in increments of 1 x 107 in (a)—(e) and

inincrements of 5 x 107" in (f)—(j).

corresponding to laboratory detection time # = 0.6667, 1.333,
2.000, 2.666, 3.333 ns, respectively. Since the spectrum appears
in the second and fourth quadrants with inversion symmetry as
shown above, we only plot the unique spectrum in the second
quadrant as a function of (—wr1, wr2). The real parts of the
spectra in Figs. 2(a)-2(e) show characteristic absorptive spectral
line shape, and the imaginary parts in Figs. 2(f)-2(j) exhibit
dispersive line shape with a nodal line between the positive and
negative signals. As the waiting time 7;, increases, the signal
loses its diagonal correlation, and also the amplitude decreases
due to dephasing. The peak positions are slightly red-shifted
along the w,; axis, which arises from the solvation dynamics
described by Q(#,). These numerical calculation results show
that DFC 3PPE spectroscopy reproduces all the spectral features
expected in a conventional 2D photon echo spectrum obtained
by using a single mode-locked femtosecond laser.

4. SUMMARY AND A FEW CONCLUDING
REMARKS

In summary, we have presented a theory of DFC 3PPE spectros-
copy to understand the expected spectral features in terms of
the underlying third-order response function. The theory is an
extension of our previous work on photon echo spectroscopy,
which employs two optical frequency comb lasers. Here, we
have shown that the detection time of the heterodyne-detected
signal interferogram is transparently related to the population
or waiting time of 3PPE spectroscopy by the frequency down-
conversion factor of DFC. In addition, the calculated 2D model
spectra closely resemble the 2D spectra expected from conven-
tional 3PPE measurements employing a single mode-locked
laser and a non-collinear spectral interferometric detection
scheme. It is therefore shown that DFC 3PPE spectroscopy
could be a robust alternative to conventional 3PPE methods.

In the experimental configuration considered here, the
ASOPS enabled by the repetition frequency offset §w, appears
in the measurement time of the interferogram, which is related
to the population time. It would be possible to devise modified
configurations that could better exploit the ASOPS feature of

DEFC. For instance, by temporally interlocking the pulse trains
in an alternating order, i.e., combl-comb2-combl-comb2
or combl-comb2-comb2-combl, ASOPS could be realized
for the coherence times between the first and second pulses or
between the third pulse and the detection time. It would also
be worthwhile to explore the applicability of DFC to 2D spec-
troscopy in the collinear pump-probe geometry [38,39], which
is another method of widespread use. The theory presented in
this paper could be applied to these cases and promote further
development of DFC nonlinear spectroscopy.

APPENDIX A: INTEGRAL IDENTITY FOR
RESPONSE FUCNTION EVALUATION

Here we derive an integral identity for /(x3, x1) in Eq. (71) as
follows:

o0 [e}e]
I(x3, X1)=/ dg/ dtlezxm+z‘xar3e—szf/z_szg/z—ng,
0 0
(A1)

which is a 2D half Fourier transform of a Gaussian with bilin-
ear coupling. If we introduce a symmetric real matrix A and a

column vector tas
Q? H
A= ( H 92) : (A2)

t! = (1, 85),

I(x3, x1) can bewritten as

](X3’ Xl) :/ dl’3 / dtleint1+i)(3t3€—tTAt/2' (A3)
0 0

There exists an orthogonal matrix M that diagonalizes A as fol-
lows:

D = diag(A1, 1,) = M7AM,

z=M't. (A4)

These quantities can be found from Eq. (A2) as
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«

v
S~

Fig. 3.
nate (z1,23) = (61 + 13, 51 — 13)/ /2 indicated by dotted arrows.

Integration ranges of /(x3, x1) in the transformed coordi-

Then, 7(x3, x1) becomes
[(X37 Xl) = / df3 / dtlgiX”l‘HXStje—ZTDz/Z
0 0

[ee] 21
— / dz, dz3£,i[(X1+X3)Zl+(X1*Xa)ZS/ﬁ]e*)LlZf/Z*)\Szg/z
0

—z1

o0
:f dzlei()er)(a)zl/ﬁg*MZf/Z
0
21
X/ dzyei 0 —x)5/V2 2553 /2
—a
(o]
:2/ dzlfi(xﬁxs)m/ﬁg*MZ%/Z
0

X / 1 dz; cos [(Xl - Xa)z3/*/§] f_mg/z,
' (A6)

where the change of integration limits in the second step can be
understood from Fig. 3.

Funding. Institute for Basic Science (IBS-R023-D1).

Disclosures. Theauthorsdeclare that there are no conflicts
of interest related to this paper.

Vol. 36, No. 11 / November 2019 / Journal of the Optical Society of America B

3207

REFERENCES

1.

15.

16.

18.

19.

20.

21.

22.

23.

24.

25.

. 0. Golonzka, M. Khalil,

. I. Coddington,

J. D. Hybl, A. W. Albrecht, S. M. Gallagher Faeder, and D. M. Jonas,
“Two-dimensional electronic spectroscopy,” Chem. Phys. Lett. 297,
307-313(1998).

.M. C. Asplund, M. T. Zanni, and R. M. Hochstrasser, “Two-

dimensional infrared spectroscopy of peptides by phase-controlled
femtosecond vibrational photon echoes,” Proc. Natl. Acad. Sci. USA
97, 8219 (2000).

N. Demirdoven, and A. Tokmakoff,
“Vibrational anharmonicities revealed by coherent two-dimensional
infrared spectroscopy,” Phys. Rev. Lett. 86, 2154-2157 (2001).

. J. B. Asbury, T. Steinel, C. Stromberg, K. J. Gaffney, I. R. Piletic, A.

Goun, and M. D. Fayer, “Ultrafast heterodyne detected infrared multi-
dimensional vibrational stimulated echo studies of hydrogen bond
dynamics,” Chem. Phys. Lett. 374, 362-371 (2003).

. S. Mukamel, “Multidimensional femtosecond correlation spectro-

scopies of electronic and vibrational excitations,” Annu. Rev. Phys.
Chem. 51, 691-729 (2000).

. D. M. Jonas, “Two-dimensional femtosecond spectroscopy,” Annu.

Rev. Phys. Chem. 54, 425-463 (2003).

. M. Cho, “Coherent two-dimensional optical spectroscopy,” Chem.

Rev. 108, 1331-1418 (2008).

. M. Cho, Two-Dimensional Optical Spectroscopy (CRC Press, 2009).
. J.Kim, J. Jeon, T. H. Yoon, and M. Cho, manuscript in preparation.
. S. T. Cundiff, “Phase stabilization of ultrashort optical pulses,” J.

Phys. D 35, R43 (2002).

. S. T. Cundiff and J. Ye, “Colloquium: femtosecond optical frequency

combs,” Rev. Mod. Phys. 75, 325-342 (2003).

. I. Coddington, W. C. Swann, and N. R. Newbury, “Time-domain

spectroscopy of molecular free-induction decay in the infrared,” Opt.
Lett. 35, 1395-1397 (2010).

. B. Bernhardt, E. Sorokin, P. Jacquet, R. Thon, T. Becker, I. T.

Sorokina, N. Picqué, and T. W. Hansch, “Mid-infrared dual-comb
spectroscopy with 2.4 um Cr?*:ZnSe femtosecond lasers,” Appl.
Phys. B 100, 3-8 (2010).

N. Newbury, and W. Swann,
spectroscopy,” Optica 3, 414-426 (2016).

B. Cho, T. H. Yoon, and M. Cho, “Dual-comb spectroscopy of
molecular electronic transitions in condensed phases,” Phys. Rev. A
97,033831 (2018).

J. Kim, J. Jeon, T. H. Yoon, and M. Cho, “Dual frequency-comb spec-
troscopy of chromophores in condensed phases,” Chem. Phys. 520,
122-137 (2019).

“Dual-comb

. N. Picqué and T. W. Hansch, “Frequency comb spectroscopy,” Nat.

Photonics 13, 146-157 (2019).

P. A. Elzinga, F. E. Lytle, Y. Jian, G. B. King, and N. M. Laurendeau,
“Pump/probe spectroscopy by asynchronous optical sampling,”
Appl. Spectrosc. 41, 2-4 (1987).

T. Ideguchi, S. Holzner, B. Bernhardt, G. Guelachvili, N. Picqué, and T.
W. Hansch, “Coherent Raman spectro-imaging with laser frequency
combs,” Nature 502, 355 (2013).

A. Asahara and K. Minoshima, “Development of ultrafast time-
resolved dual-comb spectroscopy,” APL Photon. 2, 041301
(2017).

B. Lomsadze and S. T. Cundiff, “Frequency combs enable rapid and
high-resolution multidimensional coherent spectroscopy,” Science
357, 1389 (2017).

S. A. Meek, A. Hipke, G. Guelachvili, T. W. Hansch, and N. Picqué,
“Doppler-free Fourier transform spectroscopy,” Opt. Lett. 43,
162-165 (2018).

J. Kim, B. Cho, T. H. Yoon, and M. Cho, “Dual-frequency comb
transient absorption: broad dynamic range measurement of fem-
tosecond to nanosecond relaxation processes,” J. Phys. Chem. Lett.
9, 1866-1871 (2018).

J. Kim, T. H. Yoon, and M. Cho, “Interferometric measurement of tran-
sient absorption and refraction spectra with dual frequency comb,” J.
Phys. Chem. B 122, 9775-9785 (2018).

B. Lomsadze and S. T. Cundiff, “Frequency comb-based four-wave-
mixing spectroscopy,” Opt. Lett. 42, 2346-2349 (2017).


https://doi.org/10.1016/S0009-2614(98)01140-3
https://doi.org/10.1073/pnas.140227997
https://doi.org/10.1103/PhysRevLett.86.2154
https://doi.org/10.1016/S0009-2614(03)00643-2
https://doi.org/10.1146/annurev.physchem.51.1.691
https://doi.org/10.1146/annurev.physchem.51.1.691
https://doi.org/10.1146/annurev.physchem.54.011002.103907
https://doi.org/10.1146/annurev.physchem.54.011002.103907
https://doi.org/10.1021/cr078377b
https://doi.org/10.1021/cr078377b
https://doi.org/10.1088/0022-3727/35/8/201
https://doi.org/10.1088/0022-3727/35/8/201
https://doi.org/10.1103/RevModPhys.75.325
https://doi.org/10.1364/OL.35.001395
https://doi.org/10.1364/OL.35.001395
https://doi.org/10.1007/s00340-010-4080-0
https://doi.org/10.1007/s00340-010-4080-0
https://doi.org/10.1364/OPTICA.3.000414
https://doi.org/10.1103/PhysRevA.97.033831
https://doi.org/10.1016/j.chemphys.2018.12.012
https://doi.org/10.1038/s41566-018-0347-5
https://doi.org/10.1038/s41566-018-0347-5
https://doi.org/10.1366/0003702874868025
https://doi.org/10.1038/nature12607
https://doi.org/10.1063/1.4976730
https://doi.org/10.1126/science.aao1090
https://doi.org/10.1364/OL.43.000162
https://doi.org/10.1021/acs.jpclett.8b00886
https://doi.org/10.1021/acs.jpcb.8b09262
https://doi.org/10.1021/acs.jpcb.8b09262
https://doi.org/10.1364/OL.42.002346

26

27

28

29

30

31

32

33

3208

. B. Lomsadze and S. T. Cundiff, “Multi-heterodyne two dimensional
coherent spectroscopy using frequency combs,” Sci. Rep. 7, 14018
(2017).

. R. Glenn and S. Mukamel, “Nonlinear transmission spectroscopy
with dual frequency combs,” Phys. Rev. A 90, 023804 (2014).

. K. Bennett, J. R. Rouxel, and S. Mukamel, “Linear and nonlinear
frequency- and time-domain spectroscopy with multiple frequency
combs,” J. Chem. Phys. 147, 094304 (2017).

. J. Jeon, J. Kim, T. H. Yoon, and M. Cho, “Dual frequency comb pho-
ton echo spectroscopy,” J. Opt. Soc. Am. B 36, 223-234 (2019).

. G. R. Fleming and M. Cho, “Chromophore-solvent dynamics,” Annu.
Rev. Phys. Chem. 47, 109-134 (1996).

. S. K. Lee, N. S. Han, T. H. Yoon, and M. Cho, “Frequency comb
single-photon interferometry,” Commun. Phys. 1, 51 (2018).

. S. Mukamel, Principles of Nonlinear Optical Spectroscopy (Oxford
University, 1995).

. W. T. Pollard, C. H. B. Cruz, C. V. Shank, and R. A. Mathies, “Direct
observation of the excited-state cis-trans photoisomerization of bac-
teriorhodopsin: Multilevel line shape theory for femtosecond dynamic
hole burning and its application,” J. Chem. Phys. 90, 199-208 (1989).

Vol. 36, No. 11 / November 2019 / Journal of the Optical Society of America B

34
35

36.

37.

38.

39.

Research Article

. Y. R. Shen, The Principle of Nonlinear Optics (Wiley, 1984).

. K. Kwac and M. Cho, “Two-color pump-probe spectroscopies
of two- and three-level systems: 2-dimensional line shapes and
solvation dynamics,” J. Phys. Chem. A 107, 5903-5912 (2003).

M. Abramowitz and |. A. Stegun, Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, 9th
Dover printing, 10th GPO printing (Dover, 1964).

J. W. Eaton, D. Bateman, S. Hauberg, and R. Wehbring, GNU
Octave Version 4.4.0 Manual: A High-Level Interactive Language
for Numerical Computations (CreateSpace Independent Publishing
Platform, 2018).

S.-H. Shim, D. B. Strasfeld, Y. L. Ling, and M. T. Zanni, “Automated
2D IR spectroscopy using a mid-IR pulse shaper and application of
this technology to the human islet amyloid polypeptide,” Proc. Natl.
Acad. Sci. 104, 14197 (2007).

L. P DeFlores, R. A. Nicodemus, and A. Tokmakoff, “Two-
dimensional Fourier transform spectroscopy in the pump-probe
geometry,” Opt. Lett. 32, 2966-2968 (2007).


https://doi.org/10.1038/s41598-017-14537-z
https://doi.org/10.1103/PhysRevA.90.023804
https://doi.org/10.1063/1.5000375
https://doi.org/10.1364/JOSAB.36.000223
https://doi.org/10.1146/annurev.physchem.47.1.109
https://doi.org/10.1146/annurev.physchem.47.1.109
https://doi.org/10.1038/s42005-018-0051-2
https://doi.org/10.1063/1.456658
https://doi.org/10.1021/jp034727w
https://doi.org/10.1073/pnas.0700804104
https://doi.org/10.1073/pnas.0700804104
https://doi.org/10.1364/OL.32.002966

