-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by IBS Publications Repository

PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: September 19, 2016
REVISED: October 14, 2016
ACCEPTED: October 26, 2016
PUBLISHED: November 2, 2016

Green-Schwarz superstring on doubled-yet-gauged
spacetime

Jeong-Hyuck Park
Department of Physics, Sogang University,
35 Baekbeom-ro, Mapo-gu, Seoul 04107, Korea

B.W. Lee Center for Fields, Gravity and Strings, Institute for Basic Science,
Daejeon 34047, Korea

E-mail: park@sogang.ac.kr

ABSTRACT: We construct a world-sheet action for Green-Schwarz superstring in terms of
doubled-yet-gauged spacetime coordinates. For an arbitrarily curved NS-NS background,
the action possesses O(10,10) T-duality, Spin(1,9) x Spin(9, 1) Lorentz symmetry, coordi-
nate gauge symmetry, spacetime doubled-yet-gauged diffeomorphisms, world-sheet diffeo-
morphisms and Weyl symmetry. Further, restricted to flat backgrounds, it enjoys maxi-
mal spacetime supersymmetry and kappa-symmetry. After the auxiliary coordinate gauge
symmetry potential being integrated out, our action can consistently reduce to the original
undoubled Green-Schwarz action. Thanks to the twofold spin groups, the action is unique:
it is specific choices of the NS-NS backgrounds that distinguish ITA or IIB, as well as lead
to non-Riemannian or non-relativistic superstring a la Gomis-Ooguri which might deserve

the nomenclature, type I1C.

KEYWORDS: Superstrings and Heterotic Strings, String Duality, Supersymmetry and Du-
ality

ARX1v EPRINT: 1609.04265

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP11(2016)005


https://core.ac.uk/display/286775139?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:park@sogang.ac.kr
https://arxiv.org/abs/1609.04265
http://dx.doi.org/10.1007/JHEP11(2016)005

Contents

1 Introduction: doubled-yet-gauged 1
2 Green-Schwarz superstring in terms of doubled-yet-gauged coordinates 5
2.1 Main result 5
2.2 Conventions and field contents 7
2.3 Target-spacetime supersymmetry and Wess-Zumino term 8
2.4  Fermionic kappa-symmetry 9
3 Reductions to type IIA, IIB or IIC 11
3.1 Type ITA or IIB: Riemannian backgrounds 12
3.2 Type IIC: non-Riemannian and non-relativistic backgrounds 14
4 Discussion 16
A Useful identities 16

1 Introduction: doubled-yet-gauged

Ever since General Relativity was established, it has been customary to adopt Riemannian
geometry as the mathematical framework to construct a theory of fundamental physics,
such as gravity and string theory. Accordingly, the Riemannian metric, g,,, has been
privileged to be the only geometric object which should characterize the nature of gravity.
All other fields are viewed as additional ‘matters’ which live on the geometric background
and, at the same time, source the gravitational field.

However, in string theory, the metric is only one segment of the massless NS-NS sector
which further includes a two-form gauge potential, B, and a scalar dilaton, ¢. Under
T-duality the three NS-NS fields transform to each other [1, 2]. This may well imply an
alternative gravitational theory where the whole massless NS-NS sector becomes geometric
as the gravitational unity. Namely, the three fields, {g,., B, ¢}, ought to be the trinity
of ‘stringy gravity’. After series of pioneering works on doubled sigma models [3-8] and
Double Field Theory (DFT) [9-11], such an idea has been materialized recently.

First of all, the number of the spacetime coordinates is doubled from D to D+D [3],
by adding dual coordinates, Z,, to the conventional ones, z*, to form doubled (D+D)-
dimensional coordinates,

oM = (3,,2"), M=1,2,3,--- ,D+D. (1.1)



On the doubled coordinate space, T-duality becomes a run-of-the-mill O(D, D) rotation.!
However, despite of the doubling, the physical dimension of the spacetime should be un-
doubled: the doubled coordinates must describe D-dimensional physics. One governing
geometric principle, proposed in [13] and pursued in this work, is the notion of doubled-
yet-gauged coordinate system: the doubled coordinate space is gauged by an equivalence
relation, called coordinate gauge symmetry,

e~ M TN N Dy, (1.2)

such that it is a gauge orbit that represents a single physical point. Hereafter, ®y, ®; and
®,, denote arbitrary fields and their arbitrary derivative descendants which must belong
to the theory employing the doubled-yet-gauged coordinate system. Further, 7™¥ is the
inverse of the O(D, D) invariant metric,

1
Tuin = <(1’ 0) L TGy = ok (1.3)

which can freely raise and lower the O(D, D) vector indices, e.g. JMNoy = oM.
In Double Field Theory, the equivalence relation, (1.2), is realized by requiring that
all the fields in the theory are invariant under the coordinate gauge symmetry shift,

Dy(z) = Py(z+ A), AM = o 0M . (1.4)

This invariance is then equivalent, i.e. necessary [13] and sufficient [14], to the ‘section
condition’ [10],>
0AP04P; =0, 0404®, =0, (1.5)

which are the differential constraints required for the consistency of DFT.? Upon the section
condition, the generalized Lie derivatives given by [10, 18] (cf. [19, 20]),

n
ﬁVTMl---Mn ::VNaNTMl...Mn —f—w@NVNTMl...Mn +Z(aMiVN_8NVMZ~)TMl---MileMiH---Mn,
=1
(1.6)

are closed under commutations:

[ﬁu, ﬁv} — Lyvies U VIM = UNONVM — VN ONUM + YN oMYy — TUN My
(1.7)
That is to say, the generalized Lie derivative generates the diffeomorphisms on the doubled-
yet-gauged coordinate system (see [13, 21-26] for finite transformations). Then, in a par-
allel manner to Riemannian geometry, by taking the whole massless NS-NS sector as the

Yet, we stress that the doubled coordinates are not restricted to the description of strings but equally
applicable to point-like particle dynamics, see e.g. [12].

2The equivalence basically follows from the power series expansion of (1.4). Tt is worth while to note
that the former (strong) constraint in (1.5) implies the latter (weak) one, since 949%®; 950 & = 0 means
that 940P @y is a nilpotent matrix and hence is traceless. On the other hand, replacing ®, by the product,
DDy, the latter gives the former.

#Yet, cf. [15-17] for the discussion on alternative constraints.



geometric fields, the relevant torsion-free diffeomorphism connection (i.e. “Christoffel sym-
bols”), covariant derivatives, a two-indexed curvature (i.e. “Ricci curvature”) and a scalar
curvature have been constructed [27] (cf. [28]).# By now, the formalism has been well devel-
oped, such that D = 10 maximally supersymmetric DF'T has been constructed to the full
order in fermions [30], and the Standard Model itself has been ‘double-field-theorized’ to
covariantly couple to the massless NS-NS sector of the gravitational DFT [31] (cf. [32-36]
for related earlier works). In particular, the maximally supersymmetric DFT not only
contains and unifies type IIA and IIB supergravities but can also feature ‘non-Riemannian’
geometry, as we review below.

The massless NS-NS sector enters (bosonic) DFT in the form of a symmetric O(D, D)
element, called “generalized metric”,

HunN =HNw s Hi!HMuN Ty = T (1.8)

along with a scalar density, e~2?, having the weight of unity. Combined with the O(D, D)
invariant metric, the generalized metric can produce a pair of orthogonal and complete
symmetric projectors,

$(Tun +Hun), PLMPyYN =PV, PP M =0, (L9)
$(Tun —Hun), PLMPyN =P, Pyn+ Pun = Jun-

Pyn = Pny =
Pyy =Py =

These O(D, D) covariant variables may be generically parametrized in terms of the con-
ventional variables, {g.., B, ¢}, but there are also exceptions which do not allow such
parametrization even locally at all. This leads to the notion of ‘non-Riemannian’ back-
grounds [14, 37] (cf. [38]).

The unification of ITA and IIB is due to the facts that i) the local Lorentz spin group
in DFT is twofold, Spin(1, D—1) x Spin(D—1,1) (basically one for Py;y and the other for
Pyrw), ii) the maximally supersymmetric DFT is chiral with respect to both spin groups,
Spin(1,9) and Spin(9,1), #4) hence, the theory is unique: it admits IIA, IIB and non-
Riemannian backgrounds as different types of solutions. In this sense, the last type might
deserve the nomenclature, type I1C.

On the other hand, in doubled sigma models where the doubled coordinates are dy-
namical, the coordinate gauge symmetry (1.2) calls for the relevant gauge connection rather
explicitly [14],

DXM .= ax™M — AM (1.10)

As in any gauge theory, the gauge potential, A, should meet precisely the same property
as the gauge generator which is, in the present case, AM in (1.4). Hence, similarly to the
section condition (1.5), the coordinate gauge symmetry potential satisfies

AM9y =0, AM Ay = 0. (1.11)
Respecting these constraints, the coordinate gauge symmetry is realized as

5CAGA XM == @SaMét 5 6C.G4 AM == d (@SaMét) 5 5CAGA (DXM) = 0 . (112)

*Yet, there appears no four-indexed (“Riemann”) curvature [29)].



Further, while dX* is not a diffeomorphism covariant vector, DXM is so:
XM =YM 5 dXx M) =dxNoyvM,  5,(DXM) = 0y VM — 9Myy) DXV,
S AM = (AN VM — MY AN + oMYA XY = MYy AN + M yd XN . (1.13)

It is this gauged one-form, DXM  with the obvious kinetic term, DX DXNH ,n(X),
that can be used to construct O(D, D) T-duality, diffeomorphisms and coordinate gauge
symmetry covariant sigma models:

i) world-sheet action for a string [14],

Suring = o / d*o [ — V=R D XM D XN M (X) — a’jDiXMAjM} . (1.14)
i1) world-line action for a point-like particle [12],
Spesen = [ a7 [ D XM DXV Hy(X) = e . (1.15)

The former result (1.14) was essentially a re-derivation of the doubled string action pro-
posed by Hull [8], with the coordinate gauge symmetry interpretation added. Especially
upon Riemannian backgrounds, the Euler-Lagrangian equation of the coordinate gauge
symmetry potential, 4;57, implies the self-duality (i.e. chirality) over the entire doubled
spacetime, cf. (3.20),

DiXu + e Har DjXn =0, (1.16)
and the Euler-Lagrangian equation of XM gets simplified to give the stringy geodesic
equation,

ﬁ&-(\/—thXM”HML) +Trun(PD;X)M(PDIX)N =0, (1.17)

where T'zyn is the stringy Christoffel connection obtained in [27], and (PD;X)M =
PMyD; XN ete. Tt is worth while to note that the world-sheet topological term in (1.14)
transforms to total derivatives under the coordinate gauge symmetry (1.12) as well as under
the diffeomorphisms (1.13) [14],

50(;‘ (GijDiXM.AjM) - —82‘ (ei@)s(‘)j([)t) s 51/ (eijDiXM.AjM) = 82 (GijVManM) . (1.18)

The kinetic terms in (1.14) and (1.15) are invariant under the coordinate gauge symme-
try, and they transform ‘covariantly’ under the diffeomorphisms, 4, (DX MpDXNH MN) =
DXMDXNﬁVHMN, such that any Killing vector satisfying LyHary = 0 induces a Noether
symmetry of the action.

In the above doubled sigma models, the gauge potentials are all auxiliary. After
they are integrated out, the doubled sigma models consistently reduce to the conventional
undoubled string and particle actions.

It is the purpose of the present paper to supersymmetrize the above doubled string
action (1.14), or equivalently to formulate the renowned Green-Schwarz superstring ac-
tion [39] on the doubled-yet-gauged spacetime, as the complementary world-sheet counter-
part to the maximally supersymmetric DFT [30].



Our constructed action is going to be symmetric, with respect to
e 0(10,10) T-duality,
e Spin(1,9) x Spin(9,1) Lorentz symmetry,
e coordinate gauge symmetry,
e target-spacetime doubled-yet-gauged diffeomorphisms (over Killing directions),
e world-sheet diffeomorphisms,
e conformal symmetry under Weyl transformations,
and, in addition, restricted to flat NS-NS backgrounds,
e target-spacetime 16416 global supersymmetry,
e 16+16 kappa-symmetry.

Since we do not include spin connections, the Spin(1,9) x Spin(9, 1) Lorentz symmetry is
going to be global rather than local. Nevertheless, the global twofold spin structure ensures
to unify ITA and IIB superstrings: different choices of the NS-NS backgrounds give rise to
ITA or IIB, as well as non-Riemannian I1C superstrings. Once again, after the auxiliary
coordinate gauge symmetry potential being integrated out, our action reduces consistently
to the Green-Schwarz type IIA/B superstring action if the background is Riemannian.
Alternatively, upon a non-Riemannian background, our action leads to the supersymmetric
extension of the Gomis-Ooguri non-relativistic string [38].

For further inspiring precursors, we refer readers to [8, 40] for the world-sheet su-
persymmetries, [41] for the construction of chiral affine (super-)Lie algebras, [42] for the
T-duality supergroup, OSp(D, D|2s), as well as [43] for a doubled Hamiltonian sigma model
and [44, 45] for the Born reciprocity. We also refer the work by Bandos [46, 47] on the
construction of a PST superstring action in doubled superspace.

2 Green-Schwarz superstring in terms of doubled-yet-gauged coordi-
nates

In this section, firstly we present our main result, i.e. ‘the construction of the Green-
Schwarz superstring action on the doubled-yet-gauged spacetime’, and then provide the
relevant explanations, such as the conventions, the field contents, the target-spacetime
supersymmetry and the kappa-symmetry. The reductions to the undoubled type IIA, IIB
and non-relativistic IIC superstrings will be discussed in the next section.

2.1 Main result

We propose the Green-Schwarz superstring action on the doubled-yet-gauged spacetime,

1 2
Ssuperstring - 47ra/ /d g Lsuperstring’ (21)



with the Lagrangian,
‘Csuperstring = 7% \% 7hhz]HiMH§VHMN - 6z]D’L‘)(J\4 (A]M - ZE]M) . (22)

Here, equipped with the map from the string world-sheet to the doubled-yet-gauged target-
spacetime,
ol s XM — (X“ ,X”) , (2.3)

and a pair of Majorana-Weyl spinors, 8¢ for Spin(1,9) and ¢’'® for Spin(9, 1), we set
oM .= D, xM —ixM M = 0yM5,0 + 0'4M 0,0 . (2.4)

For an arbitrarily curved NS-NS background, the action possesses the manifest
0(10,10) T-duality, the Spin(1,9) x Spin(9,1) global Lorentz symmetry, the coordi-
nate gauge symmetry, the target-spacetime doubled-yet-gauged diffeomorphisms over any
Killing direction, world-sheet diffeomorphisms and Weyl symmetry.

Moreover, when the background is flat, the action is invariant under 16+16 global
target-spacetime supersymmetry,

6 XM = igyMo 4 igyMe | S.0=¢, 6.0/ =¢, O:hyy=0, S.An=0, (2.5)
as well as 16416 local fermionic kappa-symmetry,
XM = i0yM 5,0 +i07M6,0", 5.0 = Wiy Mk, 0.0 = W Iy K,
85 (V=hhi) = —8ir/—h(hEhI 00k, + BER LK)
65-’42'M = -2 (hﬂjh’f&jém + h,ijhlilajéllig) [ﬁkM} . (26)

projected

In the above, we set a pair of world-sheet projection matrices,

=1 (hij n m) . h=1 (hij _ m) = h (2.7)
and the self-dual part of wa ,
=107 + S HM NI (2.8)
Further, [ﬁkM} means the projection of ﬁkM to the coordinate gauge symmetry
rojected
value, such thatp :
[HkM} X Oy = 0. (2.9)
projected

Concretely, without loss of generality up to O(10,10) rotations, if we choose the section as

Onr = (éﬂ,ay) =(0,8,),  Am=(0,4), (2.10)

projected

projected

we have



Index Representation Raising & Lowering Indices
M, N, .- | Target-space diffeomorphism & O(10, 10) vector Jap (1.3)
D.q, - Spin(1,9) vector Npg = diag(— ++---+)
a, B, - Spin(1,9) spinor Cop = Cpa, (P)T = CyPC~1 (2.13)
DG, Spin(9, 1) vector Npg = diag(+——---—)
a, B, Spin(9, 1) spinor Cas = Caar ()T = CHPC1 (2.13)
Ty, World-sheet diffeomorphism vector hij

Table 1. Convention of the indices and the corresponding “metric” to raise or lower the positions.

and thus,
SeAint = (0,0:4;,) = —2i (hﬂjh’ﬂajém + h,ijh’ﬁajé’m;) X <0,ﬁ,w> : (2.12)

Surely, ¢, ¢’ are constant Majorana-Weyl Spin(1,9), Spin(9,1) spinors having the same
chiralities as 6, 0 respectively, while r;, &/
opposite chiralities. As stressed by Hull [8], the string tension on a doubled space should

be halved, i.e. (47a’)~!. Further explanations are in order in the following subsections.

are local Majorana-Weyl spinors with the

2.2 Conventions and field contents

Our conventions, especially for the indices, are identical to [30, 36] and summarized in
table 1.

Since the Spin group is twofold as Spin(1,9) x Spin(9, 1), there exist a pair of gamma
matrices, (v7)%g and (’777)@3. The corresponding charge conjugation matrices, Cng and

C@B’ satisfy forn =0,1,2,---,

(Cryplpz“'pn)aﬁ — (_l)n(nfl)/2 (C,yplp?"pn)

(C_'r}/ﬁlf)?“ﬁn)dg — (_1)"(”*1)/2 (C_';yﬁlﬁz f)n)B& (2.13)
A well-known crucial Fierz identity is
(CY74)(ap (C1pY+))5 =0, (C9P34) (a5 (CTp74) 55 = 0, (2.14)

where v, 4+ denote the usual chiral projection matrices,

(L4700 A0 =029 ()2 =y ()2 =1,
[1+50D], 4D .=50129 (3 )2=5,, (3ID)2=1.

T (2.15)

T+ =

NI—= N

The NS-NS background of the action is given by the DFT-vielbeins satisfying four
defining properties:

VMpVMq = Tpq » VMﬁVMcY = Tpg 5 VMpVMq =0, VupVnP+ VMﬁVNﬁ =JuN .
(2.16)



That is to say, they are normalized, orthogonal and complete. They correspond to the
“square-roots” of the projectors (1.9), as

Pyn = VupVn?, Py = Vs Va?, (2.17)
while the generalized metric is given by the difference,
Hun = Varp VP — Vg VaP (2.18)
It follows then that
Hu"Vp = +Varp,  HuN Vg = V. (2.19)

In this way, the DF T-vielbeins simultaneously diagonalize Jy;n and H sy into ‘diag(n,77)’
and ‘diag(n, —7)’ respectively. As a solution to (2.16), they may be parametrized generically
by ordinary zehnbeins and B-field (3.2), (up to field redefinitions, e.g. [50]); or they may
not admit such a conventional i.e. Riemannian parametrization [14, 37].

Contracted with the DFT-vilebeins, the gamma matrices can carry O(10,10) vector
indices, such as yM = VM 7P and AM = M 57P which satisfy then

All the spinors are fermionic Majorana-Weyl spinors for either the Spin(1,9) or the
Spin(9, 1) Lorentz group, in particular to meet

0=~1Dg,  G=0TC=—-0y1D, ¢ =50D¢g  §=¢TC=—-051. (2.21)

It is worth while to note that, using the properties of the coordinate gauge symmetry
potential (1.11), we may rewrite the world-sheet topological term as

EijDiXM (.AJM — ’iZjM) = ¢ (HZM.A]‘M — iaiXMZjM) . (2.22)
2.3 Target-spacetime supersymmetry and Wess-Zumino term

For flat NS-NS backgrounds where the DFT-vielbeins are all constant, wa is target-
spacetime supersymmetry invariant, under (2.5),

6.1M =0, (2.23)
and the Lagrangian transforms to total derivatives, implying the invariance of the action,

56£superstring - Eij (8ZXM8]58XM + waéaE]M) (2 24)
— 0, (0, XM 5. X o1 + 164P007,0,0 + L/4P0'0/7,0,0) . '

In the above, the second equality follows essentially from the Fierz identity (2.14) which
enables us to write

€INP9;007,0,0 = 50; (€777007,0;0) ,  ¢97P0,0'0'750;0" = 30 (€7470'0'350;6") . (2.25)



In fact, extending the two-dimensional world-sheet to a fictitious three-dimensional

space and using identities due to (2.14) like
€T*9P0;0 007,00 = 0, eIRG'3P0,0' 0,0/ ;010" = 0, (2.26)
we may straightforwardly compute the ‘exterior derivative’ of the topological term,
TR [D; XM (Ajnr — iSjn) | = €IFIIM (i0;0v000k0 + 00,070 0k0' — $Fjins) »  (2.27)

where we set the field strength of the coordinate gauge symmetry potential, Fjxys =
0; A — O Ajnr. The resulting ‘three-form’ on the right hand side of the equality in (2.27)
then corresponds to the Wess-Zumino term [48] for Green-Schwarz superstring [49] now
on doubled-yet-gauged spacetime. As desired, it is manifestly invariant under the global
target-spacetime supersymmetry (2.5).

2.4 Fermionic kappa-symmetry

For the systematic derivation of the kappa-symmetry, we start with generic variations of
the spinors, §60, §¢’, and the auxiliary fields, 6.4;ys, dh;j, while we set, with the opposite
sign compared to the target-spacetime supersymmetry (2.5),

OXM = igyM50 + i0'3M 50" = —is0yM0 — is6'3M e’ (2.28)
It follows straightforwardly upon flat backgrounds,
STIM = —2i50vM 9,0 — 2i60'7M 0,6 — 5 AM (2.29)
and the kinetic term transforms as
5 (—%MhijngwnijMN) (2.30)
=~ 30 (VAR ) I Hagy + V=R (20007 9,0 - 20005 0,60' + HM N6 Ay )
On the other hand, the Fierz identity (2.25) implies for arbitrary §6 and €',

€0;(07P30)0,0;0 = 0; (eijéfydeéfypan) + 2695077 0,00~,0,0

o o . (2.31)
€70;(6'3P60")0'750;0" = 0; (6”9’71’59'9’%@0’) + 2€700'73P0;0'0' 70,0,
which in turn enable us to organize the variation of the world-sheet topological term as

8 [T D; XM (Ajns — iS50)] (2.52)
= 2ieiniM ((557}\4(%9 + (59_/’_)/]\/[3]9/) + GZJ(S.AZMH?/[ — 81 |:€ij (HjM + Ay) 5XM:| . '
Combining (2.30) and (2.32), with (2.7), (2.8), we obtain

O L spersrns = — 30 (VZRRT) TN Mgy + div/=RTTg (h 507 00 — n760'5M 9,0')
+e 5 ALY — 0; [V (M + A} 6X ] (2.33)



where the world-sheet projection matrices, hiﬁ (2.7), naturally appear. They satisfy

hi B = R

L =Ry hih?, = hiy, hih?, =0, W+ ht; =6 (2.34)

IE

There are four terms on the right hand side of the equality in (2.33). The last term is total
derivative and hence harmless. The first term is quadratic in II;3; and needs to be canceled
by other two terms (i.e. second and third). For this, the variations of the fermions need to
be linear in wa , such as

6,0 = Miny™M (", 8x0" = Ty ¢ (2.35)
Substituting this ansatz into (2.33), from (A.3), (A.4), (A.6) and through an intermediate
step (A.7), the variation of the Lagrangian further reduces to
OLsspemns = —20 (W 007N G + Wi 0,0 Gaan ¢ ) (TN
1[5 (VERRY) + 8iv=R (0¢C) + 0,0 )| TN TN s
69 [0 Aing + 20 (B *O0C + hFORF'C) gy | TN
~ 0, [e (M 4 AN 6Ky

(2.36)

Except the last harmless term, each line on the right hand side should vanish by itself. The
vanishing of the first line requires

W =0, BLCT=0 = (=hik, (T=hYR, (2.37)

which fix the kappa-symmetry transformations of the fermions, §.60,0.6, completely
as (2.6). Consequently the second line determines the variation of the world-sheet met-
ric (2.6), up to Weyl transformations, which we rewrite here,

b (V=RRT) = —8iv/=h (RERL00r, + HF1' 00 k1) (2.38)
For consistency with
S(vV=hh'1) = —v/=h (h““hﬂ - %hklh”) Sh (2.39)
the variation (2.38) is, from (2.34), (A.4), symmetric and traceless,
5 (VRI) = Su(V TR, hygbu(/TRR) = 0. (2.40)

With (2.37) and (2.38) assumed, the variation of the Lagrangian spelled in (2.36) simplifies,
through some intermediate step (A.8), to

5£superstring + a’b [6” (H]M + Aj\/[) 6XM}
= ¢ |:(5.A¢M +i (h-i-ikhTakQ_Hm + h_i’“hl_’”ﬁké’f%) ﬁ,M} . (2.41)

The vanishing of the right hand side of the above equality then should fix the kappa-
symmetry transformation of the coordinate gauge symmetry potential. Yet, since the

,10,



potential is constrained to satisfy AM 9y = 0 and AM A5 = 0 (1.11), it does not take the
naive form one might be tempted to put:

6Ains # —i (i R O Brom + b R0, k) Thias (2.42)
Instead, we must “double” this and project ﬁl M to the coordinate gauge symmetry value,

SuAing = —2i (h+ikhlf‘8k§nm n h_ikhmké'n;n) [ﬁlM] , (2.43)

projected
such that
[HIM} X Oy = 0. (2.44)

projected

Concretely, the off-block diagonal form of the O(10, 10) invariant metric, Jyn (1.3) natu-
rally decomposes all the doubled variables into two parts, such as

XM = ()N(H,X”>, Oyt = (5#,@) ;T = (ﬁw,ng), M = (ﬁHﬁV> . (2.45)
Without loss of generality up to O(10, 10) rotations, if we choose the section by

a]\4 - (0 Y 8V) bl A’LM = (O 9 Alu) 9 (246)

we get

|:ﬁlMi| = <0, ﬁl#) s (247)
projected

and thus, the kappa-symmetry transformation of the coordinate gauge symmetry poten-
tial (2.43) reads explicitly,

O i = =20 (i WO Ok + bW 00, ) Ty (2.48)
After all, under the kappa-symmetry, the Lagrangian transforms to the total derivative,

5H£supcrstring — _al [El] (HJM + A;‘J) 5/@XM:| . (249)

3 Reductions to type ITA, IIB or IIC

One of the characteristics in our construction of the superstring action (2.1) — as a coun-
terpart to the maximally supersymmetric DFT [30] — is the usage of not the conventional
Riemannian variables, {g.., Bu,, ¢}, but the O(10,10) covariant genuine DFT variables:
in particular, the DFT-vielbeins. They represent the doubled-yet-gauged spacetime NS-NS
background on which the Green-Schwarz superstring propagates. As long as their defin-
ing algebraic relations (2.16) are satisfied, our superstring action, as well as the target-
spacetime supersymmetric DFT, all work autonomically without resorting to the Rieman-
nian geometry or parametrization. The connection to the conventional Riemannian for-
mulations, such as supergravities and the original Green-Schwarz superstring action, may
follow if we solve the defining relations in terms of zehnbeins and B-field. Yet, there ex-
ists a class of configurations which do not admit such a Riemannian parametrization even
locally at all [14, 37] (cf. [51]).

Hereafter, for concreteness, yet without loss of generality, we fix the section as (2.10):

o= (04,0,)=(0,0,),  Awr=(0,44). (3.1)

— 11 —



3.1 Type ITA or IIB: Riemannian backgrounds

The DFT-vielbeins, Vi, and VMﬁ, are 20 x 10 matrices. If their first half 10 x 10 square

blocks are non-degenerate, we may parametrize them as %(e_l)p“ and %(é_l)ﬁ“ re-
spectively with some invertible matrices, e,” and €,. Then, the defining relations of
the DFT-vielbeins (2.16) determine the remaining 10 x 10 blocks with one common free

skew-symmetric field, B, = —B,,, [27, 36],

(e )y ¥ @
VMF%((BH)V,,)’ VMﬁ:Jﬁ((Bﬁ)V,;) ’ (3:2)

while e,? and €, must meet

e Pe,npy = —€,Pe, M - (3.3)
In (3.2), we set, as usual, By, = By, (e™),”, By = Bu (671" and ey = €,Mgp, €vp =
&,97gp, ete. Of course, with respect to the choice of the section 3.1, ¢,?, e, and B,, are
identified as a pair of zehnbeins corresponding to the common Riemannian metric, g,.,
and the NS-NS B-field. It follows that the DFT-metric, or “the generalized metric”, is of

the well-known form,
B o _ g—l 79—1B
Hun = VupVn? — VupVa? = Pun — Pun = B B . (3.4)

This is the most general parametrization of the DFT-metric satisfying the defining prop-
erty (1.8), i.e. ‘a symmetric O(D, D) element’, if the upper left D x D block is invertible.
The existence of the pair of zehnbeins reflects the very fact that the local Lorentz
symmetry in DFT is twofold,” i.e. Spin(1,9) x Spin(9,1). It follows that (e7'€),? is a

Lorentz rotation,
(6_1é)pﬁ(€_lé)qq_ﬁ¢7 = ~Mpq > (3.5)

and in particular,
det(e te) = +1. (3.6)

Now, assuming the Riemannian parametrization of (3.2), from (A.10), our master
Lagrangian (2.2) reduces to

EIIA/IIB = _% V _hhl] [ﬁfﬁ;g,ﬂ/ + (ﬁzu - Ai‘u + ﬁ':\B)‘U) (ﬁjy - AJV + ﬁprll) g“y}
et (11 Ay — 0, X155, - 10,X, 1)
= —V=hhIT LY g, + 2090, XS, + €98LS5, + VTN B,y + €70;X,,0, X"

o k
2 o €; °
—1v/—hh" (Hw +1I})By, + —— %hnggw - Aw>

o l
2 o €' o
< (L 1B+ et — 43, ) . (3.7)

SThe fact that the spin group is twofold can lead to a phenomenological prediction to the Standard

Model: the quarks and the leptons may belong to the distinct spin groups [31].
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where we put, like (2.45),
o = (izp, Ez‘”) : (3.8)

and we set without the coordinate gauge symmetry potential,
M= 0, —iwM = (T 1) Ty = 0%, — i, T =0,X4 —isl . (3.9)

The on-shell value of the coordinate gauge symmetry potential is, from the last line of (3.7)
which is a ‘perfect square’ of the potential,

2 . & o
Ay =10, +112By, + N LA (3.10)

Therefore, after the auxiliary potential being integrated out, our action reduces to

SIIA/IIB = Qﬂla//dZO' - % v _hhijﬁé‘f{;’gm/ + Eij (i@;X” + %Zf) i]ﬂ
+LEVINTLY B,y + 1690,X,0; X7, (3.11)

1

where the standard string tension, (2ra’) ™!, is restored. The last term, as total derivative,

is the topological term introduced in [52] and [8].
In order to compare with the original Green-Schwarz action, i) we perform a Pin(9,1)
rotation to let

P=gP, (3.12)

Cu

i1) truncate the twofold Lorentz symmetry to the diagonal subgroup,

Spin(1,9) x Spin(9,1) = Spin(1,9) (3.13)

Diagonal »

and i77) do not distinguish the unbarred and barred spin group indices anymore: in partic-
ular, we may identify

Tpg = —Tpg, A =21P, D =_40D, (3.14)

Then depending on the sign value of det(e~'€) prior to the Pin(9,1) rotation for (3.12),
the conventional classification of type ITA and type IIB can be recovered [30],

type IIA for det(e™!e)
type 1IB for det(e~'e) = —1.

I
+
—_

(3.15)

Essentially, when det(e~'€) = +1 we can ensure the identification (3.12) using Spin(9,1)
group without flipping the chirality of #’, but when det(e !'€) = —1 we have to use a
chirality flipping Pin(9, 1) rotation.

In this way, setting B,, = 0, up to the world-sheet topological term and constant
rescaling of the fermions, 0,0 — /26, v/2 ¢, the reduced action (3.11) can be identified as
the original undoubled Green-Schwarz superstring action.
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Self-duality over the entire doubled-yet-gauged spacetime. Since Hf =1I¥, (3.10)
is equivalent to

g Ty, — (g By LY+ ST — 0. (3.16)
This gives, contracting with B),,,
(Bg™ )"y — (Bg ™' B)n 1Y + 2By, 11 = 0, (3.17)
and further separately, contracting with g)\#%,
S (M = Bl ) + ga I = 0. (3.18)

Adding (3.17) and (3.18), we obtain

(Bg™")a"Thiy + (9 — Bg™ ' B) I} (3.19)

+ %ﬁ] y=20.
Then, as in the case with the bosonic string action of [14], (3.16) and (3.19) imply that
the full set of the self-duality relations hold over the entire doubled-yet-gauged spacetime
coordinate directions — although the coordinate gauge symmetry is a constrained field —
when the NS-NS background is Riemannian,

HzM 1Ly + \/— ]N = (ﬁf, ﬁu,) =0. (3.20)

In the generic cases, i.e. not necessarily Riemannian, the equation of motion of the coor-
dinate gauge symmetry potential gives a priori only the half of the self-duality relations,
from (2.33),

gAY =0 = I=0. (3.21)

Then the above result (3.20) tells us that when the NS-NS background admits Riemannian
interpretation, the other half of the self-duality relations is automatically satisfied, ﬁi,, = 0.
It is useful to note that, contracting with the DFT-vielbeins, the self-duality (3.20) decom-
poses into

R, =0, h7TLi; = 0. (3.22)
The self-dual part of M satisfies, from (A.3), (A.4),
]N , eijﬁjM = GinjM + \/ThhinMNHjN . (3.23)

~

Ly =

F

3.2 Type IIC: non-Riemannian and non-relativistic backgrounds

While the non-Riemannian NS-NS background was first noted in [14] and subsequently
shown in [37] to lead to the Gomis-Ooguri non-relativistic bosonic string [38], until now
there is no systematic classification of it. Decomposing the DFT-vielbeins in terms of
10 x 10 square matrices, such as Vi, = (V#,, 17,,p) and Vi = (VF5,V,5), the defining
relations of them (2.16), especially the last one, imply

VI VY Pl = VIV il (3.24)

This shows that V#, is invertible if and only if ‘7“]5 is so.
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In this subsection, we focus on the non-Riemannian background for the Gomis-Ooguri
non-relativistic string. For this, we need to decompose O(10,10) into O(2,2) x O(8,8),
such that the doubled coordinates decompose as M = (aM M /), where including the
time directions we set zM = (iﬂ,xf’) = (t,%1,t,2'), while M’ denotes the remaining
16 spatial part of the doubled-yet-gauged coordinates. With respect to the choice of the

section 3.1, the DFT-metric for the non-Riemannian NS-NS background reads [14]

0 0 & 0
0 & 0 0
Hun = . 5 .
—€4 0 Uh 0
0 0 0 Oy

: (3.25)

where we set a two-dimensional flat Minkowskian metric, 7, = diag(—+), and a skew-
symmetric Levi-Civita symbol, 5, with é%; = 7™¢,, €37 = 3577, etc. The upper left
2 x 2 block is vanishing completely and hence clearly non-Riemannian in nature, in contrast
to the Riemannian generalized metric (3.4).

The corresponding DFT-vielbeins are essentially,

1 -1 1 1
N -1 1 IS 1 1
o= L = L
Viirp = V2| -1 0|’ Vi V2 [1 0 (3.26)
0 1 0-1

As 4 x 2 matrices, these represent the genuinely non-Riemannian ‘hatted’ part of the full
DFT-vielbeins. The remaining 16 doubled-yet-gauged ‘primed’ coordinates is flat Rieman-
nian: assigned the flat Euclidean kronecker-delta symbol, é,/,/, as the spacetime metric
with constant B-field.

The master Lagrangian (2.2) reduces, upon the non-Riemannian NS-NS background, to

Luc = —V =R g + €7 (200, X" + S1)S5, + €90,X,0; X" + I 1Y By,

2 . A o0 oA €’L.j o A
_ L~ ij oh TTV fi
“V=h (AW Hw> <h eI + \/fhnf')
. k
~ ° y/ €; ° \/ o
_%\/ —h ‘ Hiul + H;\ B)‘/H, + ﬁﬂg I\ — Ai“/
where we set a ten-dimensional target-spacetime constant metric,
guy = (%ﬁﬂg, (5#11,/) . (328)

The resulting superstring action is then,

Sic = o [ — WG+ & (050 4 190,

, (3.27)

+%eij8i)~(M6jX“ + %Eijﬁéblﬁ?/BM/,,/ , (3.29)
and is subject to the chirality condition for the hatted untilde directions, 2# = (¢, z'):
o~ J Ny EPN
I 4 Se, 112 = 0. (3.30)

This is the action for the Green-Schwarz superstring on the non-Riemannian background
which supersymmetrizes the Gomis-Ooguri non-relativistic string.
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4 Discussion

In this work, we have constructed a world-sheet action for Green-Schwarz superstring which
propagates on doubled-yet-gauged spacetime. For an arbitrarily curved NS-NS background,
the action possesses manifest O(10, 10) T-duality, Spin(1,9)xSpin(9, 1) global Lorentz sym-
metry, coordinate gauge symmetry, target-spacetime doubled-yet-gauged diffeomorphisms,
world-sheet diffeomorphisms and Weyl symmetry. Restricted to flat backgrounds of con-
stant DFT-vielbeins, the action is further invariant under maximal spacetime global super-
symmetry and also under local fermionic kappa-symmetry. After the auxiliary coordinate
gauge symmetry potential being integrated out, the action can consistently reduce to the
undoubled original Green-Schwarz action upon a Riemannian background. Thanks to the
twofold spin groups, the action is unique: the two fermions, #* and 6'“, are Majora-Weyl
spinors for Spin(1,9) and Spin(9, 1) respectively. It is then specific choices of the NS-NS
backgrounds that distinguish Riemannian ITA, IIB and non-Riemannian IIC. Upon the
Riemmanian ITA /TIB backgrounds, the Euler-Lagrangian equation of the coordinate gauge
symmetry potential implies the self-duality over the entire doubled-yet-gauged spacetime.

It will be of interest to couple our action to the Spin(1,9) x Spin(9,1) bi-spinorial
R-R sector [36]. Investigating the supersymmetry, the Killing spinor equations of the
maximally supersymmetric DFT [30] should appear naturally. The computations of the
one-loop beta function and the partition function are worth while to perform: we expect
to derive the equations of motion of the maximally supersymmetric DFT [30]. Related
to this, we refer readers to earlier works [53-55] on bosonic doubled sigma models, along
with [37] for the matching of the fluctuation spectrum between DFT and the bosonic world-
sheet action (1.14) around the non-Riemannian background for the Gomis-Ooguri string.
Promoting the global Spin(1,9) x Spin(9, 1) Lorentz symmetry to the local symmetry seems
desirable. We leave quantization as for future work.
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A Useful identities
In addition to (2.31), the Fierz identity (2.25) implies for arbitrary d6 and 66’,
€90;(04750)07,0,0 = 10; (€967P500~,0;0) + 20 (9;60)07,0,0 ,
€10;(0'7P60")0'750;0' = £0; (e90'7P50'0'5;0;0') + 2904 (9;60")0' 70,0’ ,
and
€167P(0;00) 67p0;0 = 0; (€967P660~,0,0) + 3€Y60~70;00,0;0 ,
€10'47(9;60") 0'750;0" = 0; (€90'3P560'0'750;0') + 3€1150'3P 0,00/ 750;0' .
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It is worth while to note

it — p, (h“fhﬂ . hjkh“> : e 6 = h ™ (hachjy — hyyha)

€ el = €™y by, = —hd',, e;; = —h " hihje = —h7le;,  (A.3)

it]j]i—ih - hitj(hjk h]k) +hE ) \/jhhiﬁe_kl - j:h:lzlc )

ha gt = AR V=he Wl = £hyi
R RE = nipkd RERIE (6, — €"8,) =0, (A.4)
=1, det(h?) =0, (A.5)

and

VpgIT¥ H 2 le Moy IIPTIY ’yququ =—lele 'yququ . (A.6)
Substituting the ansatz (2.35) into (2.33), the variation of the Lagrangian reduces to
5£superstring (A?)

=1 [5 (\/—hh"j) +4ivV—h (akédih?’“ + aké’g’@hj)’“)} M TN Moy
— 207/ (00N — 08O ) ipg T - (VERRIHM NTLY + €T ) 6 iy
= 2i (00w + B0 7€) (HTRTY) = 0, [ (M + AM) 0]
~1 [5 (\/—hhif) 4 8iv—h (akéc(ihi)’“ + aké’g’(ihj_)’“)} M TN Moy
i (\/—hhiﬂ"HMNH;V + e ) [MiM npy (h+ﬁak§gl n h,i’fake"g’l) HZM}
— 21 (hi_jaié")/MNCj + hij&ﬂ_’f‘yMN(’j) <€le£4H{V> — 0; [6” (HjM + .A;VI) 5XM] .
This further becomes, with (2.37) and (2.38),
O Lsperssns + O |9 (T 4+ AM) 5 |

— |98 Aing + 2i7/=R (=R OB + W ROk, ) Ty | 1M1

= |98 Aing +iv/=h (~h R OB + W RIm 00k, ) Thyag | TEA1 Y
— €03 Aing + i (R RO + hiE B0 ,) T | T
where for the second equality we have used identities,
WER T TIM = LRIFREP T M RO R T I = LRI R , TM . (AL9)

One useful relation to establish the second equality in (3.7) is
—%\/—hhij(ffi — Ai) (Y — Aj)) g — €9Z;# A,
[ Ll ~
hZJ ( Zk I\ + Y;u Azu) (%legpu + }/ju - Aju) g,ul/ (Al())
—5\/—th Zil 23 gy — €9 20T,

This identity is true for arbitrary ﬁ-# and Z;"
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