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1 Introduction: doubled-yet-gauged

Ever since General Relativity was established, it has been customary to adopt Riemannian

geometry as the mathematical framework to construct a theory of fundamental physics,

such as gravity and string theory. Accordingly, the Riemannian metric, gµν , has been

privileged to be the only geometric object which should characterize the nature of gravity.

All other fields are viewed as additional ‘matters’ which live on the geometric background

and, at the same time, source the gravitational field.

However, in string theory, the metric is only one segment of the massless NS-NS sector

which further includes a two-form gauge potential, Bµν , and a scalar dilaton, φ. Under

T-duality the three NS-NS fields transform to each other [1, 2]. This may well imply an

alternative gravitational theory where the whole massless NS-NS sector becomes geometric

as the gravitational unity. Namely, the three fields, {gµν , Bµν , φ}, ought to be the trinity

of ‘stringy gravity’. After series of pioneering works on doubled sigma models [3–8] and

Double Field Theory (DFT) [9–11], such an idea has been materialized recently.

First of all, the number of the spacetime coordinates is doubled from D to D+D [3],

by adding dual coordinates, x̃µ, to the conventional ones, xµ, to form doubled (D+D)-

dimensional coordinates,

xM = (x̃µ, x
ν) , M = 1, 2, 3, · · · , D+D . (1.1)
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On the doubled coordinate space, T-duality becomes a run-of-the-mill O(D,D) rotation.1

However, despite of the doubling, the physical dimension of the spacetime should be un-

doubled: the doubled coordinates must describe D-dimensional physics. One governing

geometric principle, proposed in [13] and pursued in this work, is the notion of doubled-

yet-gauged coordinate system: the doubled coordinate space is gauged by an equivalence

relation, called coordinate gauge symmetry,

xM ∼ xM + JMNΦs∂NΦt , (1.2)

such that it is a gauge orbit that represents a single physical point. Hereafter, Φs,Φt and

Φu denote arbitrary fields and their arbitrary derivative descendants which must belong

to the theory employing the doubled-yet-gauged coordinate system. Further, JMN is the

inverse of the O(D,D) invariant metric,

JMN =

(
0 1

1 0

)
, J LMJMN = δLN , (1.3)

which can freely raise and lower the O(D,D) vector indices, e.g. JMN∂N = ∂M .

In Double Field Theory, the equivalence relation, (1.2), is realized by requiring that

all the fields in the theory are invariant under the coordinate gauge symmetry shift,

Φu(x) = Φu(x+∆) , ∆M = Φs∂
MΦt . (1.4)

This invariance is then equivalent, i.e. necessary [13] and sufficient [14], to the ‘section

condition’ [10],2

∂AΦs∂
AΦt = 0 , ∂A∂

AΦu = 0 , (1.5)

which are the differential constraints required for the consistency of DFT.3 Upon the section

condition, the generalized Lie derivatives given by [10, 18] (cf. [19, 20]),

L̂VTM1···Mn :=VN∂NTM1···Mn+ω∂NVNTM1···Mn+
n∑

i=1

(∂MiVN−∂NVMi)TM1···Mi−1

N
Mi+1···Mn ,

(1.6)

are closed under commutations:
[
L̂U , L̂V

]
= L̂[U ,V]C , [U ,V ]MC := UN∂NVM − VN∂NUM + 1

2VN∂MUN − 1
2UN∂MVN .

(1.7)

That is to say, the generalized Lie derivative generates the diffeomorphisms on the doubled-

yet-gauged coordinate system (see [13, 21–26] for finite transformations). Then, in a par-

allel manner to Riemannian geometry, by taking the whole massless NS-NS sector as the

1Yet, we stress that the doubled coordinates are not restricted to the description of strings but equally

applicable to point-like particle dynamics, see e.g. [12].
2The equivalence basically follows from the power series expansion of (1.4). It is worth while to note

that the former (strong) constraint in (1.5) implies the latter (weak) one, since ∂A∂
BΦs ∂B∂

CΦs = 0 means

that ∂A∂
BΦs is a nilpotent matrix and hence is traceless. On the other hand, replacing Φu by the product,

ΦsΦt, the latter gives the former.
3Yet, cf. [15–17] for the discussion on alternative constraints.
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geometric fields, the relevant torsion-free diffeomorphism connection (i.e. “Christoffel sym-

bols”), covariant derivatives, a two-indexed curvature (i.e. “Ricci curvature”) and a scalar

curvature have been constructed [27] (cf. [28]).4 By now, the formalism has been well devel-

oped, such that D = 10 maximally supersymmetric DFT has been constructed to the full

order in fermions [30], and the Standard Model itself has been ‘double-field-theorized’ to

covariantly couple to the massless NS-NS sector of the gravitational DFT [31] (cf. [32–36]

for related earlier works). In particular, the maximally supersymmetric DFT not only

contains and unifies type IIA and IIB supergravities but can also feature ‘non-Riemannian’

geometry, as we review below.

The massless NS-NS sector enters (bosonic) DFT in the form of a symmetric O(D,D)

element, called “generalized metric”,

HMN = HNM , HK
LHM

NJLN = JKM , (1.8)

along with a scalar density, e−2d, having the weight of unity. Combined with the O(D,D)

invariant metric, the generalized metric can produce a pair of orthogonal and complete

symmetric projectors,

PMN = PNM = 1
2(JMN +HMN ) , PL

MPM
N = PL

N , PK
LP̄L

M = 0 ,

P̄MN = P̄NM = 1
2(JMN −HMN ) , P̄L

M P̄M
N = P̄L

N , PMN + P̄MN = JMN .
(1.9)

These O(D,D) covariant variables may be generically parametrized in terms of the con-

ventional variables, {gµν , Bµν , φ}, but there are also exceptions which do not allow such

parametrization even locally at all. This leads to the notion of ‘non-Riemannian’ back-

grounds [14, 37] (cf. [38]).

The unification of IIA and IIB is due to the facts that i) the local Lorentz spin group

in DFT is twofold, Spin(1, D−1)× Spin(D−1, 1) (basically one for PMN and the other for

P̄MN ), ii) the maximally supersymmetric DFT is chiral with respect to both spin groups,

Spin(1, 9) and Spin(9, 1), iii) hence, the theory is unique: it admits IIA, IIB and non-

Riemannian backgrounds as different types of solutions. In this sense, the last type might

deserve the nomenclature, type IIC.

On the other hand, in doubled sigma models where the doubled coordinates are dy-

namical, the coordinate gauge symmetry (1.2) calls for the relevant gauge connection rather

explicitly [14],

DXM := dXM −AM . (1.10)

As in any gauge theory, the gauge potential, AM , should meet precisely the same property

as the gauge generator which is, in the present case, ∆M in (1.4). Hence, similarly to the

section condition (1.5), the coordinate gauge symmetry potential satisfies

AM∂M = 0 , AMAM = 0 . (1.11)

Respecting these constraints, the coordinate gauge symmetry is realized as

δC.G.X
M = Φs∂

MΦt , δC.G.AM = d
(
Φs∂

MΦt

)
, δC.G. (DXM ) = 0 . (1.12)

4Yet, there appears no four-indexed (“Riemann”) curvature [29].
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Further, while dXM is not a diffeomorphism covariant vector, DXM is so:

δVX
M = VM , δV(dX

M ) = dXN∂NVM , δV(DXM ) = (∂NVM − ∂MVN )DXN ,

δVAM = (∂NVM − ∂MVN )AN + ∂MVNdXN = −∂MVNAN + ∂MVNdXN . (1.13)

It is this gauged one-form, DXM , with the obvious kinetic term, DXMDXNHMN (X),

that can be used to construct O(D,D) T-duality, diffeomorphisms and coordinate gauge

symmetry covariant sigma models:

i) world-sheet action for a string [14],

Sstring =
1

4πα′

∫
d2σ

[
− 1

2

√
−hhijDiX

MDjX
NHMN (X)− ǫijDiX

MAjM

]
, (1.14)

ii) world-line action for a point-like particle [12],

Sparticle =

∫
dτ

[
e−1DτX

MDτX
NHMN (X)− 1

4m
2e

]
. (1.15)

The former result (1.14) was essentially a re-derivation of the doubled string action pro-

posed by Hull [8], with the coordinate gauge symmetry interpretation added. Especially

upon Riemannian backgrounds, the Euler-Lagrangian equation of the coordinate gauge

symmetry potential, AiM , implies the self-duality (i.e. chirality) over the entire doubled

spacetime, cf. (3.20),

DiXM + 1√
−h

ǫi
jHM

NDjXN = 0 , (1.16)

and the Euler-Lagrangian equation of XM gets simplified to give the stringy geodesic

equation,
1√
−h

∂i(
√
−hDiXMHML) + ΓLMN (P̄DiX)M (PDiX)N = 0 , (1.17)

where ΓLMN is the stringy Christoffel connection obtained in [27], and (P̄DiX)M =

P̄M
NDiX

N etc. It is worth while to note that the world-sheet topological term in (1.14)

transforms to total derivatives under the coordinate gauge symmetry (1.12) as well as under

the diffeomorphisms (1.13) [14],

δC.G.

(
ǫijDiX

MAjM

)
= −∂i

(
ǫijΦs∂jΦt

)
, δV

(
ǫijDiX

MAjM

)
= ∂i

(
ǫijVM∂jX

M
)
. (1.18)

The kinetic terms in (1.14) and (1.15) are invariant under the coordinate gauge symme-

try, and they transform ‘covariantly’ under the diffeomorphisms, δV
(
DXMDXNHMN

)
=

DXMDXN L̂VHMN , such that any Killing vector satisfying L̂VHMN = 0 induces a Noether

symmetry of the action.

In the above doubled sigma models, the gauge potentials are all auxiliary. After

they are integrated out, the doubled sigma models consistently reduce to the conventional

undoubled string and particle actions.

It is the purpose of the present paper to supersymmetrize the above doubled string

action (1.14), or equivalently to formulate the renowned Green-Schwarz superstring ac-

tion [39] on the doubled-yet-gauged spacetime, as the complementary world-sheet counter-

part to the maximally supersymmetric DFT [30].
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Our constructed action is going to be symmetric, with respect to

• O(10, 10) T-duality,

• Spin(1, 9)× Spin(9, 1) Lorentz symmetry,

• coordinate gauge symmetry,

• target-spacetime doubled-yet-gauged diffeomorphisms (over Killing directions),

• world-sheet diffeomorphisms,

• conformal symmetry under Weyl transformations,

and, in addition, restricted to flat NS-NS backgrounds,

• target-spacetime 16+16 global supersymmetry,

• 16+16 kappa-symmetry.

Since we do not include spin connections, the Spin(1, 9) × Spin(9, 1) Lorentz symmetry is

going to be global rather than local. Nevertheless, the global twofold spin structure ensures

to unify IIA and IIB superstrings: different choices of the NS-NS backgrounds give rise to

IIA or IIB, as well as non-Riemannian IIC superstrings. Once again, after the auxiliary

coordinate gauge symmetry potential being integrated out, our action reduces consistently

to the Green-Schwarz type IIA/B superstring action if the background is Riemannian.

Alternatively, upon a non-Riemannian background, our action leads to the supersymmetric

extension of the Gomis-Ooguri non-relativistic string [38].

For further inspiring precursors, we refer readers to [8, 40] for the world-sheet su-

persymmetries, [41] for the construction of chiral affine (super-)Lie algebras, [42] for the

T-duality supergroup, OSp(D,D|2s), as well as [43] for a doubled Hamiltonian sigma model

and [44, 45] for the Born reciprocity. We also refer the work by Bandos [46, 47] on the

construction of a PST superstring action in doubled superspace.

2 Green-Schwarz superstring in terms of doubled-yet-gauged coordi-

nates

In this section, firstly we present our main result, i.e. ‘the construction of the Green-

Schwarz superstring action on the doubled-yet-gauged spacetime’, and then provide the

relevant explanations, such as the conventions, the field contents, the target-spacetime

supersymmetry and the kappa-symmetry. The reductions to the undoubled type IIA, IIB

and non-relativistic IIC superstrings will be discussed in the next section.

2.1 Main result

We propose the Green-Schwarz superstring action on the doubled-yet-gauged spacetime,

Ssuperstring =
1

4πα′

∫
d2σ Lsuperstring , (2.1)

– 5 –
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with the Lagrangian,

Lsuperstring = −1
2

√
−hhijΠM

i ΠN
j HMN − ǫijDiX

M (AjM − iΣjM ) . (2.2)

Here, equipped with the map from the string world-sheet to the doubled-yet-gauged target-

spacetime,

σi −→ XM =
(
X̃µ , X

ν
)
, (2.3)

and a pair of Majorana-Weyl spinors, θα for Spin(1, 9) and θ′ᾱ for Spin(9, 1), we set

ΠM
i := DiX

M − iΣM
i , ΣM

i := θ̄γM∂iθ + θ̄′γ̄M∂iθ
′ . (2.4)

For an arbitrarily curved NS-NS background, the action possesses the manifest

O(10, 10) T-duality, the Spin(1, 9)× Spin(9, 1) global Lorentz symmetry, the coordi-

nate gauge symmetry, the target-spacetime doubled-yet-gauged diffeomorphisms over any

Killing direction, world-sheet diffeomorphisms and Weyl symmetry.

Moreover, when the background is flat, the action is invariant under 16+16 global

target-spacetime supersymmetry,

δεX
M = iε̄γMθ + iε̄′γ̄Mθ′ , δεθ = ε , δεθ

′ = ε′ , δεhij = 0 , δεAiM = 0 , (2.5)

as well as 16+16 local fermionic kappa-symmetry,

δκX
M = iθ̄γMδκθ + iθ̄′γ̄Mδκθ

′ , δκθ = h
ij
+ΠiMγMκj , δκθ

′ = h
ij
−ΠiM γ̄Mκ′j ,

δκ(
√
−hhij) = −8i

√
−h(hik+h

jl
+∂kθ̄κl + hik−h

jl
−∂kθ̄

′κ′l) ,

δκAiM = −2i
(
h+i

jhkl+∂j θ̄κl + h−i
jhkl−∂j θ̄

′κ′l

) [
Π̂kM

]
projected

. (2.6)

In the above, we set a pair of world-sheet projection matrices,

h
ij
+ := 1

2

(
hij + ǫij√

−h

)
, h

ij
− := 1

2

(
hij − ǫij√

−h

)
= h

ji
+ , (2.7)

and the self-dual part of ΠM
i ,

Π̂M
i := ΠM

i + ǫi
j

√
−h

HM
NΠN

j . (2.8)

Further,
[
Π̂kM

]
projected

means the projection of Π̂kM to the coordinate gauge symmetry

value, such that [
Π̂M

k

]
projected

× ∂M = 0 . (2.9)

Concretely, without loss of generality up to O(10, 10) rotations, if we choose the section as

∂M =
(
∂̃µ , ∂ν

)
≡ (0 , ∂ν) , AiM ≡

(
0 , Aiµ

)
, (2.10)

we have [
Π̂M

i

]
projected

=

[(
˜̂
Πiµ , Π̂

ν
i

)]

projected

≡
(
˜̂
Πiµ , 0

)
, (2.11)

– 6 –
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Index Representation Raising & Lowering Indices

M,N, · · · Target-space diffeomorphism & O(10, 10) vector JAB (1.3)

p, q, · · · Spin(1, 9) vector ηpq = diag(−++ · · ·+)

α, β, · · · Spin(1, 9) spinor Cαβ = Cβα, (γ
p)T = CγpC−1 (2.13)

p̄, q̄, · · · Spin(9, 1) vector η̄p̄q̄ = diag(+−− · · · −)

ᾱ, β̄, · · · Spin(9, 1) spinor C̄ᾱβ̄ = C̄β̄ᾱ, (γ̄
p̄)T = C̄γ̄p̄C̄−1 (2.13)

i, j, · · · World-sheet diffeomorphism vector hij

Table 1. Convention of the indices and the corresponding “metric” to raise or lower the positions.

and thus,

δκAiM =
(
0 , δκAiµ

)
= −2i

(
h+i

jhkl+∂j θ̄κl + h−i
jhkl−∂j θ̄

′κ′l

)
×
(
0 ,

˜̂
Πkµ

)
. (2.12)

Surely, ε, ε′ are constant Majorana-Weyl Spin(1, 9), Spin(9, 1) spinors having the same

chiralities as θ, θ′ respectively, while κi, κ′j are local Majorana-Weyl spinors with the

opposite chiralities. As stressed by Hull [8], the string tension on a doubled space should

be halved, i.e. (4πα′)−1. Further explanations are in order in the following subsections.

2.2 Conventions and field contents

Our conventions, especially for the indices, are identical to [30, 36] and summarized in

table 1.

Since the Spin group is twofold as Spin(1, 9)× Spin(9, 1), there exist a pair of gamma

matrices, (γp)αβ and (γ̄p̄)ᾱβ̄ . The corresponding charge conjugation matrices, Cαβ and

C̄ᾱβ̄ , satisfy for n = 0, 1, 2, · · · ,

(Cγp1p2···pn)αβ = (−1)n(n−1)/2 (Cγp1p2···pn)βα ,
(
C̄γ̄p̄1p̄2···p̄n

)
ᾱβ̄

= (−1)n(n−1)/2
(
C̄γ̄p̄1p̄2···p̄n

)
β̄ᾱ

. (2.13)

A well-known crucial Fierz identity is

(Cγpγ+)(αβ (Cγpγ+)γ)δ = 0 ,
(
C̄γ̄p̄γ̄+

)
(ᾱβ̄

(
C̄γ̄p̄γ̄+

)
γ̄)δ̄

= 0 , (2.14)

where γ+, γ̄+ denote the usual chiral projection matrices,

γ+ := 1
2

[
1 + γ(11)

]
, γ(11) := γ012···9 , (γ+)

2 = γ+ , (γ(11))2 = 1 ,

γ̄+ := 1
2

[
1 + γ̄(11)

]
, γ̄(11) := γ̄012···9 , (γ̄+)

2 = γ̄+ , (γ̄(11))2 = 1 .
(2.15)

The NS-NS background of the action is given by the DFT-vielbeins satisfying four

defining properties:

VMpV
M

q = ηpq , V̄Mp̄V̄
M

q̄ = η̄p̄q̄ , VMpV̄
M

q̄ = 0 , VMpVN
p + V̄Mp̄V̄N

p̄ = JMN .

(2.16)

– 7 –
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That is to say, they are normalized, orthogonal and complete. They correspond to the

“square-roots” of the projectors (1.9), as

PMN = VMpVN
p , P̄MN = V̄Mp̄V̄N

p̄ , (2.17)

while the generalized metric is given by the difference,

HMN = VMpVN
p − V̄Mp̄V̄N

p̄ . (2.18)

It follows then that

HM
NVNp = +VMp , HM

N V̄Np̄ = −V̄Mp̄ . (2.19)

In this way, the DFT-vielbeins simultaneously diagonalize JMN and HMN into ‘diag(η, η̄)’

and ‘diag(η,−η̄)’ respectively. As a solution to (2.16), they may be parametrized generically

by ordinary zehnbeins and B-field (3.2), (up to field redefinitions, e.g. [50]); or they may

not admit such a conventional i.e. Riemannian parametrization [14, 37].

Contracted with the DFT-vilebeins, the gamma matrices can carry O(10, 10) vector

indices, such as γM = V M
pγ

p and γ̄M = V̄ M
p̄γ̄

p̄ which satisfy then

γMγN + γNγM = 2PAB , γ̄M γ̄N + γ̄N γ̄M = 2P̄AB . (2.20)

All the spinors are fermionic Majorana-Weyl spinors for either the Spin(1, 9) or the

Spin(9, 1) Lorentz group, in particular to meet

θ = γ(11)θ , θ̄ = θTC = −θ̄γ(11) , θ′ = γ̄(11)θ′ , θ̄′ = θ′T C̄ = −θ̄′γ̄(11) . (2.21)

It is worth while to note that, using the properties of the coordinate gauge symmetry

potential (1.11), we may rewrite the world-sheet topological term as

ǫijDiX
M (AjM − iΣjM ) = ǫij

(
ΠM

i AjM − i∂iX
MΣjM

)
. (2.22)

2.3 Target-spacetime supersymmetry and Wess-Zumino term

For flat NS-NS backgrounds where the DFT-vielbeins are all constant, ΠM
i is target-

spacetime supersymmetry invariant, under (2.5),

δεΠ
M
i = 0 , (2.23)

and the Lagrangian transforms to total derivatives, implying the invariance of the action,

δεLsuperstring = ǫij
(
∂iX

M∂jδεXM +ΣM
i δεΣjM

)

= −ǫij∂i
(
∂jX

MδεXM + 1
3 ε̄γ

pθθ̄γp∂jθ +
1
3 ε̄

′γ̄p̄θ′θ̄′γ̄p̄∂jθ
′) .

(2.24)

In the above, the second equality follows essentially from the Fierz identity (2.14) which

enables us to write

ǫijγp∂iθθ̄γp∂jθ = 1
3∂i

(
ǫijγpθθ̄γp∂jθ

)
, ǫij γ̄p̄∂iθ

′θ̄′γ̄p̄∂jθ
′ = 1

3∂i
(
ǫij γ̄p̄θ′θ̄′γ̄p̄∂jθ

′) . (2.25)

– 8 –
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In fact, extending the two-dimensional world-sheet to a fictitious three-dimensional

space and using identities due to (2.14) like

ǫijkθ̄γp∂iθ ∂j θ̄γp∂kθ = 0 , ǫijkθ̄′γ̄p̄∂iθ
′ ∂j θ̄

′γ̄p̄∂kθ
′ = 0 , (2.26)

we may straightforwardly compute the ‘exterior derivative’ of the topological term,

ǫijk∂k
[
DiX

M (AjM − iΣjM )
]
= ǫijkΠM

i

(
i∂j θ̄γM∂kθ + i∂j θ̄

′γ̄M∂kθ
′ − 1

2FjkM

)
, (2.27)

where we set the field strength of the coordinate gauge symmetry potential, FjkM :=

∂jAkM −∂kAjM . The resulting ‘three-form’ on the right hand side of the equality in (2.27)

then corresponds to the Wess-Zumino term [48] for Green-Schwarz superstring [49] now

on doubled-yet-gauged spacetime. As desired, it is manifestly invariant under the global

target-spacetime supersymmetry (2.5).

2.4 Fermionic kappa-symmetry

For the systematic derivation of the kappa-symmetry, we start with generic variations of

the spinors, δθ, δθ′, and the auxiliary fields, δAiM , δhij , while we set, with the opposite

sign compared to the target-spacetime supersymmetry (2.5),

δXM = iθ̄γMδθ + iθ̄′γ̄Mδθ′ = −iδθ̄γMθ − iδθ̄′γ̄Mθ′ . (2.28)

It follows straightforwardly upon flat backgrounds,

δΠM
i = −2iδθ̄γM∂iθ − 2iδθ̄′γ̄M∂iθ

′ − δAM
i , (2.29)

and the kinetic term transforms as

δ
(
−1

2

√
−hhijΠM

i ΠN
j HMN

)
(2.30)

= −1
2δ

(√
−hhij

)
ΠM

i ΠN
j HMN +

√
−hhijΠiM

(
2iδθ̄γM∂jθ − 2iδθ̄′γ̄M∂jθ

′ +HMNδAjN

)
.

On the other hand, the Fierz identity (2.25) implies for arbitrary δθ and δθ′,

ǫij∂i(θ̄γ
pδθ)θ̄γp∂jθ = ∂i

(
ǫij θ̄γpδθθ̄γp∂jθ

)
+ 2ǫijδθ̄γp∂iθθ̄γp∂jθ ,

ǫij∂i(θ̄
′γ̄p̄δθ′)θ̄′γ̄p̄∂jθ

′ = ∂i
(
ǫij θ̄′γ̄p̄δθ′θ̄′γ̄p̄∂jθ

′)+ 2ǫijδθ̄′γ̄p̄∂iθ
′θ̄′γ̄p̄∂jθ

′ ,
(2.31)

which in turn enable us to organize the variation of the world-sheet topological term as

δ
[
−ǫijDiX

M (AjM − iΣjM )
]

= 2iǫijΠi
M

(
δθ̄γM∂jθ + δθ̄′γ̄M∂jθ

′)+ ǫijδAiMΠM
j − ∂i

[
ǫij

(
Πj

M +AM
j

)
δXM

]
.

(2.32)

Combining (2.30) and (2.32), with (2.7), (2.8), we obtain

δLsuperstring = −1
2δ

(√
−hhij

)
ΠM

i ΠN
j HMN + 4i

√
−hΠiM

(
h
ij
+δθ̄γ

M∂jθ − h
ij
−δθ̄

′γ̄M∂jθ
′
)

+ǫijδAiM Π̂M
j − ∂i

[
ǫij

(
Πj

M +AM
j

)
δXM

]
, (2.33)
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where the world-sheet projection matrices, hij± (2.7), naturally appear. They satisfy

hi+jh
j
+k = hi+k , hi−jh

j
−k = hi−k , hi+jh

j
−k = 0 , hi+j + hi−j = δij . (2.34)

There are four terms on the right hand side of the equality in (2.33). The last term is total

derivative and hence harmless. The first term is quadratic in ΠiM and needs to be canceled

by other two terms (i.e. second and third). For this, the variations of the fermions need to

be linear in ΠM
i , such as

δκθ = ΠiMγMζi , δκθ
′ = ΠiM γ̄Aζ ′i . (2.35)

Substituting this ansatz into (2.33), from (A.3), (A.4), (A.6) and through an intermediate

step (A.7), the variation of the Lagrangian further reduces to

δLsuperstring = −2i
(
hi−j∂iθ̄γMNζj + hi+j∂iθ̄

′γ̄MNζ ′j
) (

ǫklΠM
k ΠN

l

)

−1
2

[
δ
(√

−hhij
)
+ 8i

√
−h

(
∂kθ̄ζ

(ih
j)k
+ + ∂kθ̄

′ζ ′(ih
j)k
−

)]
ΠM

i ΠN
j HMN

+ǫij
[
δAiM + 2i

(
h+i

k∂kθ̄ζ
l + h−i

k∂kθ̄
′ζ ′l

)
ΠlM

]
Π̂M

j

−∂i

[
ǫij

(
Πj

M +AM
j

)
δXM

]
.

(2.36)

Except the last harmless term, each line on the right hand side should vanish by itself. The

vanishing of the first line requires

hi−jζ
j = 0 , hi+jζ

′j = 0 ⇐⇒ ζi = h
ij
+κj , ζ ′i = h

ij
−κ

′
j , (2.37)

which fix the kappa-symmetry transformations of the fermions, δκθ, δκθ
′, completely

as (2.6). Consequently the second line determines the variation of the world-sheet met-

ric (2.6), up to Weyl transformations, which we rewrite here,

δκ

(√
−hhij

)
= −8i

√
−h

(
hik+h

jl
+∂kθ̄κl + hik−h

jl
−∂kθ̄

′κ′l

)
. (2.38)

For consistency with

δ(
√
−hhij) = −

√
−h

(
hikhjl − 1

2h
klhij

)
δhkl , (2.39)

the variation (2.38) is, from (2.34), (A.4), symmetric and traceless,

δκ(
√
−hhij) = δκ(

√
−hhji) , hijδκ(

√
−hhji) = 0 . (2.40)

With (2.37) and (2.38) assumed, the variation of the Lagrangian spelled in (2.36) simplifies,

through some intermediate step (A.8), to

δLsuperstring + ∂i
[
ǫij

(
Πj

M +AM
j

)
δXM

]

= ǫij
[
δAiM + i

(
h+i

khlm+ ∂kθ̄κm + h−i
khlm− ∂kθ̄

′κ′m

)
Π̂lM

]
Π̂M

j . (2.41)

The vanishing of the right hand side of the above equality then should fix the kappa-

symmetry transformation of the coordinate gauge symmetry potential. Yet, since the
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potential is constrained to satisfy AM
i ∂M = 0 and AM

i AjM = 0 (1.11), it does not take the

naive form one might be tempted to put:

δAiM 6= −i
(
h+i

khlm+ ∂kθ̄κm + h−i
khlm− ∂kθ̄

′κ′m

)
Π̂lM . (2.42)

Instead, we must “double” this and project Π̂lM to the coordinate gauge symmetry value,

δκAiM = −2i
(
h+i

khlm+ ∂kθ̄κm + h−i
khlm− ∂kθ̄

′κ′m

) [
Π̂lM

]
projected

, (2.43)

such that [
Π̂M

l

]
projected

× ∂M = 0 . (2.44)

Concretely, the off-block diagonal form of the O(10, 10) invariant metric, JMN (1.3) natu-

rally decomposes all the doubled variables into two parts, such as

XM =
(
X̃µ , X

ν
)
, ∂M =

(
∂̃µ , ∂ν

)
, ΠM

i =
(
Π̃iµ ,Π

ν
i

)
, Π̂M

i =

(
˜̂
Πiµ , Π̂

ν
i

)
. (2.45)

Without loss of generality up to O(10, 10) rotations, if we choose the section by

∂M = (0 , ∂ν) , AiM ≡
(
0 , Aiµ

)
, (2.46)

we get [
Π̂lM

]
projected

≡
(
0 ,

˜̂
Πiµ

)
, (2.47)

and thus, the kappa-symmetry transformation of the coordinate gauge symmetry poten-

tial (2.43) reads explicitly,

δκAiµ = −2i
(
h+i

khlm+ ∂kθ̄κm + h−i
khlm− ∂kθ̄

′κ′m

) ˜̂
Πlµ . (2.48)

After all, under the kappa-symmetry, the Lagrangian transforms to the total derivative,

δκLsuperstring = −∂i
[
ǫij

(
Πj

M +AM
j

)
δκXM

]
. (2.49)

3 Reductions to type IIA, IIB or IIC

One of the characteristics in our construction of the superstring action (2.1) — as a coun-

terpart to the maximally supersymmetric DFT [30] — is the usage of not the conventional

Riemannian variables, {gµν , Bµν , φ}, but the O(10, 10) covariant genuine DFT variables:

in particular, the DFT-vielbeins. They represent the doubled-yet-gauged spacetime NS-NS

background on which the Green-Schwarz superstring propagates. As long as their defin-

ing algebraic relations (2.16) are satisfied, our superstring action, as well as the target-

spacetime supersymmetric DFT, all work autonomically without resorting to the Rieman-

nian geometry or parametrization. The connection to the conventional Riemannian for-

mulations, such as supergravities and the original Green-Schwarz superstring action, may

follow if we solve the defining relations in terms of zehnbeins and B-field. Yet, there ex-

ists a class of configurations which do not admit such a Riemannian parametrization even

locally at all [14, 37] (cf. [51]).

Hereafter, for concreteness, yet without loss of generality, we fix the section as (2.10):

∂M =
(
∂̃µ , ∂ν

)
≡ (0 , ∂ν) , AiM ≡

(
0 , Aiµ

)
. (3.1)
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3.1 Type IIA or IIB: Riemannian backgrounds

The DFT-vielbeins, VMp and V̄Mp̄, are 20× 10 matrices. If their first half 10 × 10 square

blocks are non-degenerate, we may parametrize them as 1√
2
(e−1)p

µ and 1√
2
(ē−1)p̄

µ re-

spectively with some invertible matrices, eµ
p and ēµ

p̄. Then, the defining relations of

the DFT-vielbeins (2.16) determine the remaining 10× 10 blocks with one common free

skew-symmetric field, Bµν = −Bνµ [27, 36],

VMp =
1√
2

(
(e−1)p

µ

(B + e)νp

)
, V̄Mp̄ =

1√
2

(
(ē−1)p̄

µ

(B + ē)νp̄

)
, (3.2)

while eµ
p and ēν

p̄ must meet

eµ
peν

qηpq = −ēµ
p̄ēν

q̄η̄p̄q̄ . (3.3)

In (3.2), we set, as usual, Bµp = Bµν(e
−1)p

ν , Bµp̄ = Bµν(ē
−1)p̄

ν and eνp = eν
qηqp, ēνp̄ =

ēν
q̄η̄q̄p̄, etc. Of course, with respect to the choice of the section 3.1, eµ

p, eν
p̄ and Bµν are

identified as a pair of zehnbeins corresponding to the common Riemannian metric, gµν ,

and the NS-NS B-field. It follows that the DFT-metric, or “the generalized metric”, is of

the well-known form,

HMN = VMpVN
p − V̄Mp̄V̄N

p̄ = PMN − P̄MN =

(
g−1 −g−1B

Bg−1 g −Bg−1B

)
. (3.4)

This is the most general parametrization of the DFT-metric satisfying the defining prop-

erty (1.8), i.e. ‘a symmetric O(D,D) element’, if the upper left D ×D block is invertible.

The existence of the pair of zehnbeins reflects the very fact that the local Lorentz

symmetry in DFT is twofold,5 i.e. Spin(1, 9)× Spin(9, 1). It follows that (e−1ē)p
p̄ is a

Lorentz rotation,

(e−1ē)p
p̄(e−1ē)q

q̄η̄p̄q̄ = −ηpq , (3.5)

and in particular,

det(e−1ē) = ±1 . (3.6)

Now, assuming the Riemannian parametrization of (3.2), from (A.10), our master

Lagrangian (2.2) reduces to

LIIA/IIB = −1
2

√
−hhij

[
Π̊µ

i Π̊
ν
j gµν +

(
˚̃
Πiµ −Aiµ + Π̊λ

i Bλµ

)(
˚̃
Πjν −Ajν + Π̊ρ

jBρν

)
gµν

]

−ǫij
(
Π̊µ

i Ajµ − i∂iX
µΣ̃jµ − i∂iX̃µΣ

µ
j

)

= −
√
−hhijΠ̊µ

i Π̊
ν
j gµν + 2iǫij∂iX

µΣ̃jµ + ǫijΣµ
i Σ̃jµ + ǫijΠ̊µ

i Π̊
ν
jBµν + ǫij∂iX̃µ∂jX

µ

−1
2

√
−hhij

(
˚̃
Πiµ + Π̊λ

i Bλµ +
ǫi
k

√
−h

Π̊λ
kgλµ −Aiµ

)

×
(
˚̃
Πjν + Π̊ρ

jBρν +
ǫj

l

√
−h

Π̊ρ
l gρν −Ajν

)
gµν , (3.7)

5The fact that the spin group is twofold can lead to a phenomenological prediction to the Standard

Model: the quarks and the leptons may belong to the distinct spin groups [31].
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where we put, like (2.45),

ΣM
i =

(
Σ̃iµ , Σi

ν
)
, (3.8)

and we set without the coordinate gauge symmetry potential,

Π̊M
i := ∂iX

M − iΣM
i =

(
˚̃
Πiµ , Π̊

ν
i

)
,

˚̃
Πiµ = ∂iX̃µ − iΣ̃iµ , Π̊µ

i = ∂iX
µ − iΣµ

i . (3.9)

The on-shell value of the coordinate gauge symmetry potential is, from the last line of (3.7)

which is a ‘perfect square’ of the potential,

Aiµ ≡ ˚̃
Πiµ + Π̊λ

i Bλµ + ǫi
k

√
−h

Π̊λ
kgλµ . (3.10)

Therefore, after the auxiliary potential being integrated out, our action reduces to

SIIA/IIB = 1
2πα′

∫
d2σ − 1

2

√
−hhijΠ̊µ

i Π̊
ν
j gµν + ǫij

(
i∂iX

µ + 1
2Σ

µ
i

)
Σ̃jµ

+1
2ǫ

ijΠ̊µ
i Π̊

ν
jBµν +

1
2ǫ

ij∂iX̃µ∂jX
µ , (3.11)

where the standard string tension, (2πα′)−1, is restored. The last term, as total derivative,

is the topological term introduced in [52] and [8].

In order to compare with the original Green-Schwarz action, i) we perform a Pin(9, 1)

rotation to let

eµ
p ≡ ēµ

p̄ , (3.12)

ii) truncate the twofold Lorentz symmetry to the diagonal subgroup,

Spin(1, 9)× Spin(9, 1) =⇒ Spin(1, 9)Diagonal , (3.13)

and iii) do not distinguish the unbarred and barred spin group indices anymore: in partic-

ular, we may identify

ηpq ≡ −η̄p̄q̄ , γ̄p̄ ≡ γ(11)γp , γ̄(11) ≡ −γ(11) . (3.14)

Then depending on the sign value of det(e−1ē) prior to the Pin(9, 1) rotation for (3.12),

the conventional classification of type IIA and type IIB can be recovered [30],

type IIA for det(e−1ē) = +1 ,

type IIB for det(e−1ē) = −1 .
(3.15)

Essentially, when det(e−1ē) = +1 we can ensure the identification (3.12) using Spin(9, 1)

group without flipping the chirality of θ̄′, but when det(e−1ē) = −1 we have to use a

chirality flipping Pin(9, 1) rotation.

In this way, setting Bµν = 0, up to the world-sheet topological term and constant

rescaling of the fermions, θ, θ̄ → 4
√
2 θ, 4

√
2 θ̄′, the reduced action (3.11) can be identified as

the original undoubled Green-Schwarz superstring action.
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Self-duality over the entire doubled-yet-gauged spacetime. Since Π̊µ
i = Πµ

i , (3.10)

is equivalent to

gµνΠ̃iν − (g−1B)µνΠ
ν
i +

ǫi
j

√
−h

Πµ
j = 0 . (3.16)

This gives, contracting with Bλµ,

(Bg−1)λ
νΠ̃iν − (Bg−1B)λνΠ

ν
i +

ǫi
j

√
−h

BλµΠ
µ
j = 0 , (3.17)

and further separately, contracting with gλµ
ǫk

i
√
−h

,

ǫi
j

√
−h

(
Π̃jλ −BλνΠ

ν
j

)
+ gλνΠ

ν
i = 0 . (3.18)

Adding (3.17) and (3.18), we obtain

(Bg−1)λ
νΠ̃iν + (g −Bg−1B)λνΠ

ν
i +

ǫi
j

√
−h

Π̃jλ = 0 . (3.19)

Then, as in the case with the bosonic string action of [14], (3.16) and (3.19) imply that

the full set of the self-duality relations hold over the entire doubled-yet-gauged spacetime

coordinate directions — although the coordinate gauge symmetry is a constrained field —

when the NS-NS background is Riemannian,

Π̂iM = ΠiM + ǫi
j

√
−h

HM
NΠjN =

(
Π̂µ

i ,
˜̂
Πiν

)
= 0 . (3.20)

In the generic cases, i.e. not necessarily Riemannian, the equation of motion of the coor-

dinate gauge symmetry potential gives a priori only the half of the self-duality relations,

from (2.33),

ǫijδAiM Π̂M
j = 0 =⇒ Π̂µ

i = 0 . (3.21)

Then the above result (3.20) tells us that when the NS-NS background admits Riemannian

interpretation, the other half of the self-duality relations is automatically satisfied,
˜̂
Πiν = 0.

It is useful to note that, contracting with the DFT-vielbeins, the self-duality (3.20) decom-

poses into

h
ij
+Πjp = 0 , h

ij
−Πjp̄ = 0 . (3.22)

The self-dual part of ΠM
i satisfies, from (A.3), (A.4),

Π̂iM = ǫi
j

√
−h

HM
N Π̂jN , ǫijΠ̂jM = ǫijΠjM +

√
−hhijHM

NΠjN . (3.23)

3.2 Type IIC: non-Riemannian and non-relativistic backgrounds

While the non-Riemannian NS-NS background was first noted in [14] and subsequently

shown in [37] to lead to the Gomis-Ooguri non-relativistic bosonic string [38], until now

there is no systematic classification of it. Decomposing the DFT-vielbeins in terms of

10 × 10 square matrices, such as VMp = (V µ
p, Ṽνp) and V̄Mp̄ = (V̄ µ

p̄,
˜̄V νp̄), the defining

relations of them (2.16), especially the last one, imply

V µ
pV

ν
qη

pq = −V̄ µ
p̄V̄

ν
q̄η̄

p̄q̄ . (3.24)

This shows that V µ
p is invertible if and only if V̄ µ

p̄ is so.
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In this subsection, we focus on the non-Riemannian background for the Gomis-Ooguri

non-relativistic string. For this, we need to decompose O(10, 10) into O(2, 2) × O(8, 8),

such that the doubled coordinates decompose as xM = (xM̂ , xM
′

), where including the

time directions we set xM̂ = (x̃µ̂, x
ν̂) = (t̃, x̃1, t, x

1), while xM
′

denotes the remaining

16 spatial part of the doubled-yet-gauged coordinates. With respect to the choice of the

section 3.1, the DFT-metric for the non-Riemannian NS-NS background reads [14]

HMN =




0 0 ǫ̂λ̂ν̂ 0

0 δλ
′ρ′ 0 0

−ǫ̂µ̂
ρ̂ 0 η̂µ̂ν̂ 0

0 0 0 δµ′ν′


 , (3.25)

where we set a two-dimensional flat Minkowskian metric, η̂µ̂ν̂ = diag(−+), and a skew-

symmetric Levi-Civita symbol, ǫ̂µ̂ν̂ , with ǫ̂λ̂ν̂ = η̂λ̂µ̂ǫ̂µ̂ν̂ , ǫ̂µ̂
ρ̂ = ǫ̂µ̂ν̂ η̂

ν̂ρ̂, etc. The upper left

2×2 block is vanishing completely and hence clearly non-Riemannian in nature, in contrast

to the Riemannian generalized metric (3.4).

The corresponding DFT-vielbeins are essentially,

V̂M̂p̂ =
1√
2




1 −1

−1 1

−1 0

0 1


 , ˆ̄VM̂ ˆ̄p =

1√
2




1 1

1 1

1 0

0 −1


 . (3.26)

As 4 × 2 matrices, these represent the genuinely non-Riemannian ‘hatted’ part of the full

DFT-vielbeins. The remaining 16 doubled-yet-gauged ‘primed’ coordinates is flat Rieman-

nian: assigned the flat Euclidean kronecker-delta symbol, δµ′ν′ , as the spacetime metric

with constant B-field.

The master Lagrangian (2.2) reduces, upon the non-Riemannian NS-NS background, to

LIIC = −
√
−hhijΠ̊µ

i Π̊
ν
j g̊µν + ǫij(2i∂iX

µ +Σµ
i )Σ̃jµ + ǫij∂iX̃µ∂jX

µ + ǫijΠ̊µ′

i Π̊ν′

j Bµ′ν′

+
√
−h

(
Aiµ̂ − ˚̃

Πiµ̂

)(
hij ǫ̂µ̂ν̂Π̊

ν̂
j +

ǫij√
−h

Π̊µ̂
j

)

−1
2

√
−h

∣∣∣∣
∣∣∣∣
˚̃
Πiµ′ + Π̊λ′

i Bλ′µ′ +
ǫi
k

√
−h

Π̊λ′

k g̊λ′µ′ −Aiµ′

∣∣∣∣
∣∣∣∣
2

, (3.27)

where we set a ten-dimensional target-spacetime constant metric,

g̊µν :=
(
1
2 η̂µ̂ν̂ , δµ′ν′

)
. (3.28)

The resulting superstring action is then,

SIIC = 1
2πα′

∫
d2σ − 1

2

√
−hhijΠ̊µ

i Π̊
ν
j g̊µν + ǫij

(
i∂iX

µ + 1
2Σ

µ
i

)
Σ̃jµ

+1
2ǫ

ij∂iX̃µ∂jX
µ + 1

2ǫ
ijΠ̊µ′

i Π̊ν′

j Bµ′ν′ , (3.29)

and is subject to the chirality condition for the hatted untilde directions, xµ̂ = (t, x1) :

Π̊µ̂
i + ǫi

j
√
−h

ǫ̂µ̂ν̂Π̊
ν̂
j = 0 . (3.30)

This is the action for the Green-Schwarz superstring on the non-Riemannian background

which supersymmetrizes the Gomis-Ooguri non-relativistic string.
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4 Discussion

In this work, we have constructed a world-sheet action for Green-Schwarz superstring which

propagates on doubled-yet-gauged spacetime. For an arbitrarily curved NS-NS background,

the action possesses manifest O(10, 10) T-duality, Spin(1, 9)×Spin(9, 1) global Lorentz sym-

metry, coordinate gauge symmetry, target-spacetime doubled-yet-gauged diffeomorphisms,

world-sheet diffeomorphisms and Weyl symmetry. Restricted to flat backgrounds of con-

stant DFT-vielbeins, the action is further invariant under maximal spacetime global super-

symmetry and also under local fermionic kappa-symmetry. After the auxiliary coordinate

gauge symmetry potential being integrated out, the action can consistently reduce to the

undoubled original Green-Schwarz action upon a Riemannian background. Thanks to the

twofold spin groups, the action is unique: the two fermions, θα and θ′ᾱ, are Majora-Weyl

spinors for Spin(1, 9) and Spin(9, 1) respectively. It is then specific choices of the NS-NS

backgrounds that distinguish Riemannian IIA, IIB and non-Riemannian IIC. Upon the

Riemmanian IIA/IIB backgrounds, the Euler-Lagrangian equation of the coordinate gauge

symmetry potential implies the self-duality over the entire doubled-yet-gauged spacetime.

It will be of interest to couple our action to the Spin(1, 9) × Spin(9, 1) bi-spinorial

R-R sector [36]. Investigating the supersymmetry, the Killing spinor equations of the

maximally supersymmetric DFT [30] should appear naturally. The computations of the

one-loop beta function and the partition function are worth while to perform: we expect

to derive the equations of motion of the maximally supersymmetric DFT [30]. Related

to this, we refer readers to earlier works [53–55] on bosonic doubled sigma models, along

with [37] for the matching of the fluctuation spectrum between DFT and the bosonic world-

sheet action (1.14) around the non-Riemannian background for the Gomis-Ooguri string.

Promoting the global Spin(1, 9)×Spin(9, 1) Lorentz symmetry to the local symmetry seems

desirable. We leave quantization as for future work.
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A Useful identities

In addition to (2.31), the Fierz identity (2.25) implies for arbitrary δθ and δθ′,

ǫij∂i(θ̄γ
pδθ)θ̄γp∂jθ = 1

3∂i
(
ǫij θ̄γpδθθ̄γp∂jθ

)
+ 2

3ǫ
ij θ̄γp(∂iδθ)θ̄γp∂jθ ,

ǫij∂i(θ̄
′γ̄p̄δθ′)θ̄′γ̄p̄∂jθ

′ = 1
3∂i

(
ǫij θ̄′γ̄p̄δθ′θ̄′γ̄p̄∂jθ

′)+ 2
3ǫ

ij θ̄′γ̄p̄(∂iδθ
′)θ̄′γ̄p̄∂jθ

′ ,
(A.1)

and

ǫij θ̄γp(∂iδθ) θ̄γp∂jθ = ∂i
(
ǫij θ̄γpδθθ̄γp∂jθ

)
+ 3ǫijδθ̄γp∂iθθ̄γp∂jθ ,

ǫij θ̄′γ̄p̄(∂iδθ
′) θ̄′γ̄p̄∂jθ

′ = ∂i
(
ǫij θ̄′γ̄p̄δθ′θ̄′γ̄p̄∂jθ

′)+ 3ǫijδθ̄′γ̄p̄∂iθ
′θ̄′γ̄p̄∂jθ

′ .
(A.2)
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It is worth while to note

ǫijǫkl = h
(
hikhjl − hjkhil

)
, ǫ−1

ij ǫ−1
kl = h−1 (hikhjl − hjkhil) ,

ǫijǫ
j
k = ǫilǫjmhljhmk = −hδik , ǫ−1

ij = −h−1hikhjlǫ
kl = −h−1ǫij , (A.3)

hi±j
ǫjk√
−h

= hi±j(h
jk
+ − h

jk
− ) = ±hik± ,

√
−hh

ij
±ǫ

−1
jk = ±hi±k ,

ǫij√
−h

h±j
k = ±hik± ,

√
−hǫ−1

ij h
jk
± = ±h±i

k ,

h
ij
±h

kl
± = hil±h

kj
± , hik±h

jl
± (ǫk

mδ n
l − ǫl

nδ m
k ) = 0 , (A.4)

hi±i = 1 , det(hij±) = 0 , (A.5)

and

γpqΠ
p
iΠ

q
j = −1

2ǫ
−1
ij ǫklγpqΠ

p
kΠ

q
l , γ̄p̄q̄Π

p̄
iΠ

q̄
j = −1

2ǫ
−1
ij ǫklγ̄p̄q̄Π

p̄
kΠ

q̄
l . (A.6)

Substituting the ansatz (2.35) into (2.33), the variation of the Lagrangian reduces to

δLsuperstring (A.7)

=− 1
2

[
δ
(√

−hhij
)
+ 4i

√
−h

(
∂kθ̄ζ

(ih
j)k
+ + ∂kθ̄

′ζ ′(ih
j)k
−

)]
ΠM

i ΠN
j HMN

− 2i
√
−h

(
∂kθ̄ζ

(ih
j)k
+ − ∂kθ̄

′ζ ′(ih
j)k
−

)
ΠiMΠM

j +
(√

−hhijHM
NΠN

j + ǫijΠM
j

)
δAiM

− 2i
(
hi−j∂iθ̄γMNζj + hi+j∂iθ̄

′γ̄MNζ ′j
) (

ǫklΠM
k ΠN

l

)
− ∂i

[
ǫij

(
Πj

M +AM
j

)
δXM

]

=− 1
2

[
δ
(√

−hhij
)
+ 8i

√
−h

(
∂kθ̄ζ

(ih
j)k
+ + ∂kθ̄

′ζ ′(ih
j)k
−

)]
ΠM

i ΠN
j HMN

+
(√

−hhijHM
NΠN

j + ǫijΠM
j

) [
δAiM + 2i

(
h+i

k∂kθ̄ζ
l + h−i

k∂kθ̄
′ζ ′l

)
ΠlM

]

− 2i
(
hi−j∂iθ̄γMNζj + hi+j∂iθ̄

′γ̄MNζ ′j
) (

ǫklΠM
k ΠN

l

)
− ∂i

[
ǫij

(
Πj

M +AM
j

)
δXM

]
.

This further becomes, with (2.37) and (2.38),

δLsuperstring + ∂i

[
ǫij

(
Πj

M +AM
j

)
δXM

]

=
[
ǫijδAiM + 2i

√
−h

(
−h

jk
+ hlm+ ∂kθ̄κm + h

jk
− hlm− ∂kθ̄

′κ′m

)
ΠlM

]
Π̂M

j

=
[
ǫijδAiM + i

√
−h

(
−h

jk
+ hlm+ ∂kθ̄κm + h

jk
− hlm− ∂kθ̄

′κ′m

)
Π̂lM

]
Π̂M

j

= ǫij
[
δAiM + i

(
h+i

khlm+ ∂kθ̄κm + h−i
khlm− ∂kθ̄

′κ′m
)
Π̂lM

]
Π̂M

j ,

(A.8)

where for the second equality we have used identities,

h
jk
+ hlm+ Π̂jMΠM

l = 1
2h

jk
+ hlm+ Π̂jM Π̂M

l , h
jk
− hlm− Π̂jMΠM

l = 1
2h

jk
− hlm− Π̂jM Π̂M

l . (A.9)

One useful relation to establish the second equality in (3.7) is

−1
2

√
−hhij(Ỹiµ −Aiµ)(Ỹjν −Ajν)g

µν − ǫijZi
µAjµ

= −1
2

√
−hhij

(
ǫi

k
√
−h

Zk
λgλµ + Ỹiµ −Aiµ

)(
ǫj

l
√
−h

Zl
ρgρν + Ỹjν −Ajν

)
gµν

−1
2

√
−hhijZi

µZj
νgµν − ǫijZi

µỸjµ .

(A.10)

This identity is true for arbitrary Ỹiµ and Zj
ν .
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