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Abstract Assuming O(D, D) covariant fields as the ‘fun-
damental’ variables, double field theory can accommodate
novel geometries where a Riemannian metric cannot be
defined, even locally. Here we present a complete classifi-
cation of such non-Riemannian spacetimes in terms of two
non-negative integers, (n, n̄), 0 ≤ n + n̄ ≤ D. Upon these
backgrounds, strings become chiral and anti-chiral over n
and n̄ directions, respectively, while particles and strings are
frozen over the n + n̄ directions. In particular, we identify
(0, 0) as Riemannian manifolds, (1, 0) as non-relativistic
spacetime, (1, 1) as Gomis–Ooguri non-relativistic string,
(D−1, 0) as ultra-relativistic Carroll geometry, and (D, 0)

as Siegel’s chiral string. Combined with a covariant Kaluza–
Klein ansatz which we further spell, (0, 1) leads to Newton–
Cartan gravity. Alternative to the conventional string com-
pactifications on small manifolds, non-Riemannian space-
time such as D = 10, (3, 3) may open a new scheme for the
dimensional reduction from ten to four.
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1 Introduction

Ever since Einstein formulated his theory of gravity, i.e. gen-
eral relativity (GR), by employing differential geometry à la
Riemann, the Riemannian metric, gμν , has been privileged to
be the only geometric and thus gravitational field. All other
fields are meant to be ‘extra matters’. On the other hand,
string theory suggests us to put a two-form gauge potential,
Bμν , and a scalar dilaton, φ, on an equal footing along with
the metric. Forming the massless sector of closed strings, this
triplet of objects is ubiquitous in all string theories. Further,
a genuine stringy symmetry, T-duality, can mix the three of
them [1,2], thus hinting at the existence of stringy gravity
which should take the entire closed string massless sector
as geometric and gravitational. After a series of pioneering
works on ‘doubled sigma models’ [3–8] and ‘double field
theory’ (DFT) [9–13] (cf. [14–16] for reviews), such an idea
of stringy gravity has materialized.1

The word ‘double’ above refers to the fact that doubled
(D +D)-dimensional coordinates are used for the descrip-

1 Strictly speaking, string theory does not predict general relativity but
its own gravity, i.e. stringy gravity.
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tion of D-dimensional physical spacetime. While such a
usage was historically first made in the case of a torus
background—by introducing a dual coordinate conjugate to
the string winding momentum—the doubled coordinates are
far more general and can be applied to any compact or non-
compact spacetime, and not only to string but also to particle
theories.

Stringy gravity of our interest adopts the doubled-yet-
gauged coordinate system [17] which meets two properties.
Firstly, an O(D, D) group is a priori postulated, having the
invariant constant “metric”,

JAB =
(

0 1
1 0

)
. (1.1)

Along with its inverse, J AB , the invariant metric can be used
to freely raise and lower the O(D, D) vector indices (capi-
tal letters, A, B, . . .). Secondly, the doubled coordinates are
gauged by an equivalence relation,

x A ∼ x A + �A(x), (1.2)

where �A is an arbitrary ‘derivative-index-valued’ vector.
This means that its superscript index must be identifiable
as that of a derivative, ∂ A = J AB∂B . For example, with
arbitrary functions, �1, �2 belonging to the theory, �A =
�1∂

A�2. The equivalence relation can be realized by requir-
ing that all the fields or functions in stringy gravity—such as
�1, �2, physical fields, local symmetry parameters, and their
arbitrary derivatives—should be invariant under the coordi-
nate gauge symmetry shift,

�(x + �) = �(x) ⇐⇒ �A∂A = 0. (1.3)

In this way, a single physical point is not represented by a
point, as in ordinary Riemannian geometry, but as a gauge
orbit in the doubled coordinate system.

The above coordinate gauge symmetry invariance is
equivalent to the so-called ‘section condition’ in DFT,

∂A∂ A = 0. (1.4)

With respect to the off-block-diagonal form of the O(D, D)

metric (1.1), the doubled coordinates split into two parts:
x A = (x̃μ, xν) and ∂A = (∂̃μ, ∂ν), such that ∂A∂ A = 2∂μ∂̃μ.
The general solution to the section condition is then given by
∂̃μ ≡ 0, up to O(D, D) rotations [10,11].

Diffeomorphism covariance in doubled-yet-gauged space-
time reads

δx A = ξ A, δ∂A = −∂Aξ B∂B = (∂ BξA − ∂Aξ B)∂B, (1.5)

and for a covariant tensor (or tensor density with weight ω),

δTA1···An = −ω∂Bξ B TA1···An

+
n∑

i=1

(∂BξAi − ∂Ai ξB)TA1···Ai−1
B

Ai+1···An .

(1.6)

The latter corresponds to the passive counterpart of the “gen-
eralized Lie derivative”, L̂ξ , à la Siegel [10].

The whole massless sector of closed strings, or stringy
gravitons, can be represented by a unit-weighted scalar den-
sity, e−2d , and a symmetric projector,

PAB = PB A, PA
B PB

C = PA
C . (1.7)

The complementary, orthogonal projector, P̄AB = JAB −
PAB , satisfies, from (1.7), P P̄ = 0, P̄2 = P̄ . Covari-
ant derivatives, ∇A = ∂A + 
A, scalar curvature S(0) and
“Ricci-like” curvature PA

C P̄B
D SC D are then expressed in

terms of {PAB, P̄AB , d} and their derivatives or equivalently
in terms of the stringy analog of the Christoffel symbol,

ABC (2.17) [18].2

The difference of the two projectors sets a symmetric
O(D, D) element, known as the DFT-metric (or “general-
ized metric”),

HAB = HB A = PAB − P̄AB satisfying

HA
CHB

DJC D = JAB . (1.8)

These O(D, D) covariant defining properties of the stringy
gravitational fields can be conveniently solved by the con-
ventional variables,

HM N =
(

gμν −gμσ Bσλ

Bκρgρν gκλ − Bκρgρσ Bσλ

)
. (1.9)

However, this is not the most general solution: counter exam-
ples have been reported where the upper left D × D block of
HAB is degenerate [20–22], and have been shown to provide
a natural geometry for the non-relativistic string theory à la
Gomis and Ooguri [23].3 Namely, by assuming the O(D, D)

covariant variables as the fundamental fields, DFT or stringy
gravity becomes more general than GR: it encompasses ‘non-
Riemannian’ spacetime where the Riemannian metric, gμν ,
cannot be defined, even locally. This includes various ‘singu-
lar’ limits of the Riemannian metric of which the inverse, gμν ,
becomes degenerate; cf. T-fold, ‘non-geometries’ or ‘waves’
in the global sense [6–8,26–32]).

2 However, a fully covariant four-indexed “Riemann-like” curvature
has been argued not to exist [18,19]. This absence is, in a way, consistent
with the fact that there exists no locally inertial frame for an extended
object, i.e. a string, where the stringy Christoffel connection (2.17)
might vanish completely: the equivalence principle holds for particles,
not strings.
3 For U-duality analogs, cf. [24,25].
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Scope of the paper
It is the purpose of the present paper to classify completely
DFT backgrounds, by deriving the most general solution to
the defining property of the stringy gravitational field, or
(1.8). Our classification is given in terms of two non-negative
integers, (n, n̄), 0 ≤ n + n̄ ≤ D. Except for the (0, 0) case,
these are generically non-Riemannian.

Since various DFTs and the relevant doubled sigma mod-
els have been constructed, strictly in terms of the O(D, D)

covariant fields without referring to the Riemannian ones
{gμν, Bμν, φ},4 our result can be readily and unambigu-
ously applicable to these models which include, e.g. cou-
pling to the standard model [33], higher spin [34], fluc-
tuation or Noether analyses [21,35–37], the doubled-yet-
gauged Green–Schwarz superstring action [22] and the max-
imally supersymmetric D = 10 DFT [38]. In particular,
this last example, with the Killing spinor equations therein,
may lead to a new scheme for dimensional reduction from
ten to four, by assuming the six-dimensional internal space
to be non-Riemannian, alternative to the traditional string
compactification on ‘small’ Riemannian manifolds [39]. Fur-
ther applications can be found in the holographic correspon-
dences between Newton–Cartan gravity and condensed mat-
ter physics; see e.g. [40,41].

Organization of the paper
The rest of the paper is structured as follows. In Sect. 2,
we classify the DFT-metric and spell the corresponding
DFT-vielbeins. We discuss the dynamics of point parti-
cle and string upon these backgrounds. We also spell a
path integral definition of the proper length in doubled-
yet-gauged spacetime as well as a covariant Kaluza–Klein
ansatz for DFT. In Sect. 3, we discuss various applica-
tions, such as Gomis–Ooguri non-relativistic string, non-
relativistic and ultra-relativistic geometries, Siegel’s chiral
string and Newton–Cartan gravity. The appendix contains
the technical derivation of the main result.

2 General results

2.1 Classification of the DFT-metric

As recalled in the introduction, the DFT-metric is by defini-
tion a symmetric O(D, D) element, satisfying the following
relation:

4 Yet, there are quite a few works in the literature which do not meet this
criterion, relying explicitly on the Riemannian variables. Our results are
thus not applicable therein.

HAB = HB A, HA
BHB

C = δA
C . (2.1)

Our main result consists in providing a full classification for
DFT-metrics by solving the above defining properties: the
most general solution is characterized by two non-negative
integers, (n, n̄), 0 ≤ n + n̄ ≤ D, and assumes the following
form:

HAB =
(

Hμν −Hμσ Bσλ + Y μ
i X i

λ − Ȳ μ
ı̄ X̄ ı̄

λ

Bκρ Hρν + Xi
κY ν

i − X̄ ı̄
κ Ȳ ν

ı̄ Kκλ − Bκρ Hρσ Bσλ + 2Xi
(κ Bλ)ρY ρ

i − 2X̄ ı̄
(κ Bλ)ρ Ȳ ρ

ı̄

)
(2.2)

where i, j = 1, 2, . . . , n and ı̄, j̄ = 1, 2, . . . , n̄. The vari-

ables,
{

Hμν, Kμν, Bμν, Xi
μ, Y ν

j , X̄ ı̄
μ, Ȳ ν

j̄

}
, must meet the

following properties:

– Hμν and Kμν are symmetric tensors

Hμν = H νμ, Kμν = Kνμ, (2.3)

whose kernels are spanned by
{

Xi
μ, X̄ ı̄

ν

}
and

{
Y μ

j , Ȳ ν
j̄

}
,

respectively,

Hμν Xi
ν = 0, Hμν X̄ ı̄

ν = 0;
KμνY ν

j = 0, Kμν Ȳ ν
j̄ = 0; (2.4)

– a completeness relation,

Hμρ Kρν + Y μ
i X i

ν + Ȳ μ
ı̄ X̄ ı̄

ν = δμ
ν; (2.5)

– the skew-symmetry of the B-field,

Bμν = −Bνμ. (2.6)

While the derivation is carried out in the appendix, some
comments are in order. From (2.4), (2.5) and the linear inde-
pendency of

{
Xi

μ, X̄ ı̄
ν

}
, orthonormal as well as algebraic rela-

tions follow,

Y μ
i X j

μ = δi
j , Ȳ μ

ı̄ X̄ j̄
μ = δı̄

j̄ , Y μ
i X̄ j̄

μ = Ȳ μ
ı̄ X j

μ = 0,

HρμKμν H νσ = Hρσ , KρμHμν Kνσ = Kρσ . (2.7)

With the choice of the section, ∂̃μ ≡ 0, the doubled-yet-
gauged diffeomorphisms (1.5), (1.6), or the generalized Lie
derivative of the DFT-metric, cf. (A.4), imply that the vari-
ables transform covariantly as

δXi
μ = Lξ Xi

μ, δ X̄ ı̄
μ = Lξ X̄ ı̄

μ,

δY ν
j = Lξ Y ν

j , δȲ ν
j̄ = Lξ Ȳ ν

j̄ ,

δHμν = Lξ Hμν, δKμν = Lξ Kμν,

δBμν = Lξ Bμν + ∂μξ̃ν − ∂ν ξ̃μ, (2.8)

where Lξ denotes the ordinary, i.e. undoubled, Lie deriva-
tive with the local parameter, ξν , being part of the doubled
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vector field, ξ A = (ξ̃μ, ξν). Our (n, n̄)-classification of the
DFT-metric having the explicit parametrization (2.2) is par-
ticularly useful for the choice of the section, ∂̃μ ≡ 0. For
example, the action for a massless scalar field reads (cf. [43])

∫
section

e−2d HAB∂A�∂B� ≡
∫

dDx e−2d Hμν∂μ�∂ν�.

(2.9)

For couplings to generic tensors or Yang–Mills fields, we
refer to [18,21,36,44,45]. However, if the (n, n̄) DFT-
metric (2.2) admits an isometry direction, there appears
arbitrariness in choosing the section. In this case, our
parametrization (2.2) may be modified; see e.g. [32,46].

Clearly, constant (n, n̄) DFT-metric (2.2) and DFT-
dilaton, d, solve the equations of motion of DFT. Thus,
our (n, n̄) classification also accounts for non-Riemannian
‘flat’ backgrounds. It is worthwhile to note that the char-
acteristic value, (n, n̄), may change point-wise in a given
doubled-yet-gauged curved spacetime, typically at a “Rie-
mannian singular point”. Further, O(D, D) rotations (along
isometry directions) can also change the value of (n, n̄), for
example, the (0, 0) fundamental string background à la Dab-
holkar et al. [47] can be mapped to (1, 1) by certainO(D, D)

rotations [20] (cf. [24]). However, the trace of a DFT-metric,

HA
A = 2(n − n̄), (2.10)

remains invariant underO(D, D) rotations and further point-
wise if we fix the underlying spin group (2.50).

It is instructive to note that the B-field contributes to the
DFT-metric by an O(D, D) conjugation,

HAB =
(

1 0
B 1

)(
H Yi (Xi )T − Ȳı̄ (X̄ ı̄ )T

Xi (Yi )
T − X̄ ı̄ (Ȳı̄ )

T K

)

×
(

1 −B
0 1

)
, (2.11)

such that the contribution is ‘Abelian’, in the following sense:(
1 0
B1 1

)(
1 0
B2 1

)
=
(

1 0
B1 + B2 1

)
. (2.12)

Further, the precise expression of the (n, n̄) DFT-metric (2.2)
as well as the fundamental algebraic relations (2.4), (2.5),
(2.6), are invariant under several transformations.

Firstly under obvious GL(n) × GL(n̄) rotations,(
Xi

μ, Y μ
i , X̄ ı̄

μ, Ȳ ν
ı̄

)

�−→
(

X j
μ R j

i , R−1
i

j Y ν
j , X̄ j̄

μ R̄j̄
ı̄ , R̄−1

ı̄
j̄ Ȳ ν

j̄

)
; (2.13)

secondly under the transformation of only the B-field hav-
ing two arbitrary skew-symmetric local parameters, mi j =
−m ji , m̄ı̄ j̄ = −m̄ j̄ ı̄ ,

Bμν �−→ Bμν + Xi
μ X j

ν mi j + X̄ ı̄
μ X̄ j̄

ν m̄ı̄ j̄ ; (2.14)

and lastly under the following somewhat less trivial transfor-
mations of {Y μ

i , Ȳ μ
ı̄ , Kμν, Bμν}:

Y μ
i �−→ Y μ

i + HμνVνi ,

Ȳ μ
ı̄ �−→ Ȳ μ

ı̄ + Hμν V̄ν ı̄ ,

Kμν �−→ Kμν − 2Xi
(μKν)ρ Hρσ Vσ i − 2X̄ ı̄

(μKν)ρ Hρσ V̄σ ı̄

+
(

Xi
μVρi + X̄ ı̄

μV̄ρ ı̄

)
Hρσ

(
X j

ν Vσ j + X̄ j̄
ν V̄σ j̄

)
,

Bμν �−→ Bμν − 2Xi[μKν]ρ Hρσ Vσ i + 2X̄ ı̄[μKν]ρ Hρσ V̄σ ı̄

+2Xi[μ X̄ ı̄
ν]Vρi Hρσ V̄σ ı̄ , (2.15)

where Vμi and V̄μı̄ are arbitrary local parameters. In fact, the
latter two transformations, (2.14) and (2.15), can be unified
into

Y μ
i �−→ Y μ

i + HμνVνi ,

Ȳ μ
ı̄ �−→ Ȳ μ

ı̄ + Hμν V̄ν ı̄ ,

Kμν �−→ Kμν − 2Xi
(μKν)ρ Hρσ Vσ i − 2X̄ ı̄

(μKν)ρ Hρσ V̄σ ı̄

+
(

Xi
μVρi + X̄ ı̄

μV̄ρ ı̄

)
Hρσ

(
X j

ν Vσ j + X̄ j̄
ν V̄σ j̄

)
,

Bμν �−→ Bμν − 2Xi[μVν]i + 2X̄ ı̄[μV̄ν]ı̄
+ 2Xi[μ X̄ ı̄

ν]
(
Y ρ

i V̄ρ ı̄ + Ȳ ρ
ı̄ Vρi + Vρi Hρσ V̄σ ı̄

)
.

(2.16)

Note that in (2.15) the local parameters appear only through
the contractions with Hμν , i.e HμνVνi and Hμν V̄νi . On
the other hand in (2.16), the B-field transformation contains
orthogonal contributions. Substituting Vμi = − 1

2 mi j X j
μ and

V̄μı̄ = 1
2 m̄ı̄ j̄ X̄ j̄

μ into (2.16) reproduces (2.14). Alternatively,
if we replace Vμi and V̄μı̄ in (2.16) by Kμν H νρVρi and
Kμν H νρ V̄ρ ı̄ , we recover (2.15).

The dynamics of the DFT-metric and the DFT-dilaton
is dictated by the Euler–Lagrange equations of DFT. The
expression of the (n, n̄) DFT-metric (2.2) may then be
inserted into the known stringy extension of the Christoffel
symbol to lead to covariant derivatives and curvatures [18].
Yet, the trace (2.10) of the (n, n̄) DFT-metric can be nontriv-
ial, and this calls for some revision of the previous result:


C AB = 2
(
P∂C P P̄

)
[AB] + 2

(
P̄[A

D P̄B]E − P[A
D PB]E

)

× ∂D PEC − 4
(

1
PM

M −1
PC[A PB]D

+ 1
P̄M

M −1
P̄C[A P̄B]D

) (
∂Dd + (P∂ E P P̄)[E D]

)
,

(2.17)

which now allows for generic values for the traces of the
projectors,

PM
M = D + n − n̄, P̄M

M = D − n + n̄. (2.18)
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2.2 Particle and string on (n, n̄) doubled-yet-gauged
spacetime

While the notion of doubled-yet-gauged spacetime might
sound somewhat mysterious, it is possible to define proper
length and hence to show that it is a ‘metric space’. To do
so, we first note that the usual infinitesimal one-form, dx A,
is neither diffeomorphism covariant (1.5), (1.6),

δ(dx A) = dx B∂B V A 
= dx B(∂B V A − ∂ AVB), (2.19)

nor coordinate gauge symmetry invariant (1.3), since

d�A = dx B∂B�A 
= 0. (2.20)

Thus, the naive contraction with the DFT-metric, dx Adx B

HAB , cannot give any sensible definition of proper length
in doubled-yet-gauged spacetime. To cure the problem, we
need to gauge dx A explicitly, introducing a connection, AA,
which should satisfy the same property as the coordinate
gauge symmetry generator, �A (1.3),

Dx A := dx A − AA, AA∂A = 0, AAAA = 0. (2.21)

Provided the connection transforms appropriately, Dx A

becomes a well-behaved i.e. covariant vector [20],

δx A = ξ A,

δAA = ∂ AξB(dx B − AB)

�⇒ δ(Dx A) = (∂Bξ A − ∂ AξB)Dx B;
δx A = �A,

δAA = d�A �⇒ δ(Dx A) = 0. (2.22)

We propose then to define the proper distance in doubled-
yet-gauged spacetime by the path integral [48],

||x1, x2|| := − ln

[∫
DA exp

(
−
∫ 2

1

√
Dx ADx BHAB

)]
.

(2.23)

By letting ∂̃μ ≡ 0 and thereforeAA ≡ (Aμ, 0), we may solve
the constraints and write

Dx A ≡ (dx̃μ − Aμ, dxν
)
. (2.24)

That is to say, only half of the doubled coordinates, i.e. the
x̃μ directions, are gauged. Furthermore, with the Riemannian
DFT-metric (1.9), we get [20]

Dx ADx BHAB ≡ dxμdxνgμν + (dx̃μ − Aμ + dxρ Bρμ

)
× (dx̃ν − Aν + dxσ Bσν

)
gμν. (2.25)

Thus, after integrating out the auxiliary connection, our
proposal (2.23) reduces—at least classically—to the con-
ventional, i.e. Riemannian proper distance,

∣∣∣∣xμ
1 , xμ

2

∣∣∣∣ =

∫ 2
1

√
dxμdxνgμν . Being independent of the gauged x̃μ coor-

dinates, i.e.
∣∣∣∣x A

1 , x A
2

∣∣∣∣ ≡ ∣∣∣∣xμ
1 , xμ

2

∣∣∣∣, indeed Eq. (2.23) mea-
sures the distance between two ‘gauge orbits’.

The exponent in (2.23) immediately sets the action for a
point particle in doubled-yet-gauged spacetime, or its square-
root free einbein formulation [42],

Sparticle =
∫

dτ e−1 Dτ x ADτ x BHAB(x) − 1
4 m2e. (2.26)

It also easily extends to (Nambu–Goto type) area and vol-
ume, which in turn provides the doubled-yet-gauged string
action [20] (cf. [8] and also [22] for an extension to the
Green–Schwarz superstring),

Sstring = 1
4πα′

∫
d2σ Lstring,

Lstring = − 1
2

√−hhαβDαx ADβ x BHAB(x)−εαβDαx AAβ A.

(2.27)

These two actions are fully covariant under O(D, D) rota-
tions, coordinate gauge symmetry (1.3), target-spacetime
diffeomorphisms (1.6), world-volume diffeomorphisms and
Weyl symmetry in the string case.

Besides the constraint imposed by the auxiliary poten-
tial, AA, the equation of motion of the former particle action
can be spelled in terms of the stringy Christoffel connec-
tion (2.17),

e
d

dτ
(e−1HABDτ x B) + 2
ABC (P̄Dτ x)B(PDτ x)C = 0.

(2.28)

On the other hand, for a string propagating on the (0, 0) Rie-
mannian background, the auxiliary potential, AA, implies
the self-duality (i.e. chirality) over the entire doubled space-
time [20],

DαxA + 1√−h
εα

jβHA
BDβ xB = 0, (2.29)

and the Euler–Lagrangian equation of x A gets simplified to
give the stringy geodesic equation,

1√−h
∂α(

√−hHABDαx B) + 
ABC (P̄Dαx)B(PDαx)B = 0,

(2.30)

which extends (2.28), yet with a different numerical factor
in front of the connection, 2 versus 1.

For a generic non-Riemannian background, the analysis
is more subtle, which we investigate hereafter. We substitute
the generic (n, n̄) DFT-metric (2.2) into the covariant actions,
and move from doubled to undoubled formalism. One useful
identity which generalizes (2.25) from Riemannian (0, 0) to
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a generic (n, n̄) case is, with Dαx A = (∂α x̃μ − Aαμ, ∂αxν),

Dαx M Dβ x NHM N = ∂αxμ∂β xν Kμν + (Dα x̃μ − Bμκ∂αxκ
)

× (
Dβ x̃ν − Bνλ∂β xλ

)
Hμν

+ 2Xi
μ∂(αxμ

[
Dβ) x̃ν − Bνρ∂β)x

ρ
]

Y ν
i

− 2X̄ ı̄
μ∂(αxμ

[
Dβ) x̃ν − Bνρ∂β)x

ρ
]

Ȳ ν
ı̄ ,

(2.31)

which reads more explicitly for particles,

Dτ x M Dτ x NHM N = ẋμ ẋν Kμν +
( ˙̃xμ − Aτμ − Bμκ ẋκ

)

×
( ˙̃xν − Aτν − Bνλ ẋλ

)
Hμν

+ 2Xi
μ ẋμ

( ˙̃xν − Aτν − Bνρ ẋρ
)

Y ν
i

− 2X̄ ı̄
μ ẋμ

( ˙̃xν − Aτν − Bνρ ẋρ
)

Ȳ ν
ı̄ .

(2.32)

Note that, in accordance with the completeness relation (2.5),
the auxiliary vector potential decomposes as

Aαμ = Kμν

(
H νρ Aαρ

)+ Xi
μ

(
Y ρ

i Aαρ

)+ X̄ ı̄
μ

(
Ȳ ρ

ı̄ Aαρ

)
.

(2.33)

– Particle dynamics.
Integrating out Hμν Aτν gives the on-shell relation,

Hμν Aτν ≡ Hμν
( ˙̃xν − Bνλ ẋλ

)
or equivalently

Hμν
(
Dτ x̃ν − Bνλ ẋλ

) ≡ 0, (2.34)

which implies that the ‘dual’ conjugate momenta are triv-
ial along D − n − n̄ of the x̃μ directions.
On the other hand, integrating out the remaining compo-
nents, Y ρ

i Aτρ and Ȳ ρ
ı̄ Aτρ , we acquire constraints on the

xμ coordinates,

Xi
μ ẋμ ≡ 0, X̄ ı̄

μ ẋμ ≡ 0. (2.35)

Namely, the particle freezes over n + n̄ directions on the
physical section formed by xμ coordinates.

– String dynamics.
In the string case, combining the useful identity (2.31)
with the topological term in the action (2.27), we can
reduce the world-sheet Lagrangian,

1
4πα′Lstring = 1

2πα′L′
string,

L′
string = − 1

2

√−hhαβ∂αxμ∂β xν Kμν

+ 1
2εαβ∂αxμ∂β xν Bμν + 1

2εαβ∂α x̃μ∂β xμ

− 1
2

√−hhαγ
[

Xi
μ

(
∂αxμ + 1√−h

εα
β∂β xμ

)]

× (
∂γ x̃ν − Aγ ν − Bνρ∂γ xρ

)
Y ν

i

+ 1
2

√−hhαγ
[

X̄ ı̄
μ

(
∂αxμ − 1√−h

εα
β∂β xμ

)]

× (
∂γ x̃ν − Aγ ν − Bνρ∂γ xρ

)
Ȳ ν

ı̄

− 1
4

√−hhαβ
(Cαμ − Aαμ

) (Cβν − Aβν

)
Hμν,

(2.36)

where for short notation we set

Cαμ := ∂α x̃μ − Bμν∂αxν + 1√−h
εα

β Kμν∂β xν . (2.37)

Now, integrating out Hμν Aαν we obtain the on-shell rela-
tion,

Hμν Aαν ≡ HμνCαν or equivalently

Hμν
(

Dα x̃μ − Bμν∂αxν + 1√−h
εα

β Kμν∂β xν
)

≡ 0,

(2.38)

and integrating out Y ν
i Aαν , Ȳ ν

ı̄ Aαν , we obtain chiral con-
straints,

Xi
μ

(
∂αxμ + 1√−h

εα
β∂β xμ

)
≡ 0,

X̄ ı̄
μ

(
∂αxμ − 1√−h

εα
β∂β xμ

)
≡ 0. (2.39)

Namely, the string becomes chiral over n directions and
anti-chiral over n̄ directions on the section coordinatized
by xμ. The chirality further implies that strings which
meet boundary conditions (periodic, Neumann or Dirich-
let) are also frozen, or localized, over the n+n̄ directions,
similarly to the particle case (2.35).

2.3 DFT-vielbeins for (n, n̄) doubled-yet-gauged spacetime

In order to couple to fermions [33,49] or to the RR-
sector [50], as well as for supersymmetrizations [38,51,52],
it is necessary to introduce a pair of DFT-vielbeins, VAp and
V̄A p̄, from which one can construct the projectors,

PAB = 1
2 (JAB + HAB) = VApVBqηpq ,

P̄AB = 1
2 (JAB − HAB) = V̄A p̄ V̄Bq̄ η̄ p̄q̄ , (2.40)
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where ηpq and η̄ p̄q̄ are the two constant metrics of twofold
local Lorentz symmetries for two distinct locally inertial
frames, one for the left and the other for the right closed string
modes [53].5 To ensure the symmetric, orthogonal and com-
pleteness properties of the projectors (1.7), the DFT-vielbeins
must satisfy their own defining properties:

VApV A
q = ηpq , V̄A p̄ V̄ A

q̄ = η̄ p̄q̄ , VApV̄ A p̄ = 0,

VApVB
p + V̄A p̄ V̄B

p̄ = JAB . (2.41)

Essentially, with HAB = VApVB
p − V̄A p̄ V̄B

p̄, the DFT-
vielbeins diagonalize JAB and HAB simultaneously, with
the eigenvalues (η,+η̄) and (η,−η̄).

The main result of this subsection is the construction of
the DFT-vielbeins, VAp and V̄A p̄, for the general (n, n̄) DFT-
metric (2.2). They are given by 2D × (D + n − n̄) and 2D ×
(D − n + n̄) matrices, respectively,

VAp = 1√
2

( Yp
μ

Xν
qηqp + BνσYp

σ

)
,

V̄A p̄ = 1√
2

( Ȳ p̄
μ

X̄ν
q̄ η̄q̄ p̄ + Bνσ Ȳ p̄

σ

)
. (2.42)

HereXμ
p,Yp

μ, X̄ν
q̄ and Ȳq̄

ν are, respectively, D×(D+n−
n̄), (D +n − n̄)× D, D × (D −n + n̄) and (D −n + n̄)× D
matrices, such that 1 ≤ p ≤ D + n − n̄ and 1 ≤ p̄ ≤
D − n + n̄. Explicitly, with the smaller range of indices,
1 ≤ a, ā ≤ D−n − n̄ and 1 ≤ i ≤ n, 1 ≤ ı̄ ≤ n̄ as before,
the matrices read

Xμ
p :=

(
kμ

a Xi
μ X j

μ

)
,

X̄μ
p̄ :=

(
k̄μ

ā X̄ ı̄
μ X̄ j̄

μ

)
,

Yp
μ :=

⎛
⎝ ha

μ

Y μ
i

Y μ
j

⎞
⎠ ,

Ȳ p̄
μ :=

⎛
⎝ h̄ā

μ

Ȳ μ
ı̄

Ȳ μ
j̄

⎞
⎠ ,

(2.43)

where {ha
μ, kν

b} and {h̄ā
μ, k̄ν

b̄} are two sets of the “square-
roots” of Hμν and Kμν ,

5 Ensuring the twofold spin groups in the maximally supersymmet-
ric DFT [38] and the doubled-yet-gauged Green–Schwarz superstring
action [22], the conventional IIA and IIB theories are unified into a
single theory that is chiral with respect to both spin groups. The distinc-
tion of IIA and IIB then refers to two different types of (Riemannian)
‘solutions’ rather than ‘theories’.

Hμν = ηabha
μhb

ν = −η̄āb̄ h̄ā
μh̄b̄

ν,

Kμν = kμ
akν

bηab = −k̄μ
ā k̄ν

b̄η̄āb̄. (2.44)

The ‘total’ twofold local Lorentz symmetry group is clearly
Spin(t+n, s+n)×Spin(s+n̄, t+n̄), with t+s+n+n̄ = D,
where (t, s) is the signature of Hμν and Kμν . The corre-
sponding constant metrics are ηpq and η̄ p̄q̄ , respectively,
while ηab and η̄āb̄ are (t + s) × (t + s) sub-blocks of them,
of which the signatures are numerically opposite to each
other [18],

ηpq =
⎛
⎝ηab 0 0

0 −δi j 0
0 0 +δi j

⎞
⎠ ,

ηab = diag(− − . . . − −︸ ︷︷ ︸
t

+ + . . . + +︸ ︷︷ ︸
s

),

η̄ p̄q̄ =
⎛
⎝ η̄āb̄ 0 0

0 +δı̄ j̄ 0
0 0 −δı̄ j̄

⎞
⎠ ,

η̄āb̄ = diag(+ + . . . + +︸ ︷︷ ︸
t

− − . . . − −︸ ︷︷ ︸
s

). (2.45)

There are defining properties of {ha
μ, kν

b} and {h̄ā
μ, k̄ν

b̄},
in accordance with (2.4) and (2.5):

ha
μ Xi

μ = 0, ha
μ X̄ ı̄

μ = 0, Y μ
i kμ

a = 0, Ȳ μ
ı̄ kμ

a = 0,

h̄ā
μ Xi

μ = 0, h̄ā
μ X̄ ı̄

μ = 0, Y μ
i k̄μ

ā = 0, Ȳ μ
ı̄ k̄μ

ā = 0,

kμ
aha

ν + Xi
μY ν

i + X̄ ı̄
μȲ ν

ı̄ = δμ
ν, ha

μkμ
b = δa

b,

k̄μ
ā h̄ā

ν + Xi
μY ν

i + X̄ ı̄
μȲ ν

ı̄ = δμ
ν, h̄ā

μk̄μ
b̄ = δā

b̄.

(2.46)

It follows that

Xμ
pYp

ν = δμ
ν + Xi

μY ν
i − X̄ ı̄

μȲ ν
ı̄ ,

X̄μ
p̄Ȳ p̄

ν = δμ
ν − Xi

μY ν
i + X̄ ı̄

μȲ ν
ı̄ ,

Yp
λXλ

q =
⎛
⎝ δa

b 0 0
0 δi

k δi
l

0 δ j
k δ j

l

⎞
⎠ ,

Ȳ p̄
λX̄λ

q̄ =
⎛
⎜⎝

δā
b̄ 0 0

0 δı̄
k̄ δı̄

l̄

0 δj̄
k̄ δj̄

l̄

⎞
⎟⎠ , (2.47)

and
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PAB =
( 1

2 H Yi (Xi )T + 1
2 H(K − B)

Xi (Yi )
T + 1

2 (K + B)H 1
2 (K + B)H(K − B) + BYi (Xi )T − Xi (Yi )

T B

)
,

P̄AB =
( − 1

2 H Ȳı̄ (X̄ ı̄ )T + 1
2 H(K + B)

X̄ ı̄ (Ȳı̄ )
T + 1

2 (K − B)H − 1
2 (K − B)H(K + B) + BȲı̄ (X̄ ı̄ )T − X̄ ı̄ (Ȳı̄ )

T B

)
, (2.48)

where the superscript T converts column vectors to row ones.
As expected, PAB and P̄AB are, respectively, free of the
barred and unbarred variables, {X̄ ı̄ , Ȳj̄ } and {Xi , Y j }.

In a parallel manner to (2.11), the B-field contributes to
the DFT-vielbeins through O(D, D) multiplications,

VMp = 1√
2

(
1 0
B 1

)(YT

Xη

)
,

V̄M p̄ = 1√
2

(
1 0
B 1

)( ȲT

X̄ η̄

)
. (2.49)

For consistency, the trace of the DFT-metric reads

HA
A = ηp

p − η̄ p̄
p̄ = (t + s + 2n) − (t + s + 2n̄)

= (D + n − n̄) − (D − n + n̄) = 2(n − n̄). (2.50)

The symmetry of the DFT-metric (2.16) extends to DFT-
vielbeins:

Y μ
i �−→ Y μ

i + HμνVνi ,

Ȳ μ
ı̄ �−→ Ȳ μ

ı̄ + Hμν V̄ν ı̄ ,

kμ
a �−→ kμ

a − Xi
μηabhb

νVνi − X̄ ı̄
μηabhb

ν V̄ν ı̄ ,

k̄μ
ā �−→ k̄μ

ā − Xi
μη̄āb̄ h̄b̄

νVνi − X̄ ı̄
μη̄āb̄ h̄b̄

ν V̄ν ı̄ ,

Bμν �−→ Bμν − 2Xi[μVν]i + 2X̄ ı̄[μV̄ν]ı̄
+ 2Xi[μ X̄ ı̄

ν]
(
Y ρ

i V̄ρ ı̄ + Ȳ ρ
ı̄ Vρi + Vρi Hρσ V̄σ ı̄

)
.

(2.51)

As seen from the doubled-yet-gauged actions for particle and
string (2.32), (2.36), as well as the coupling to a scalar field
(2.9), it is not the full signatures of the spin group,

Spin(t + n, s + n) × Spin(s + n̄, t + n̄), (2.52)

but the signature of Kμν and Hμν , i.e. (t, s), that matters
for unitarity. The choice of t = 1 then amounts to the usual
Minkowskian spacetime.

2.4 Kaluza–Klein ansatz for DFT

The ordinary Kaluza–Klein ansatz for a Riemannian metric
can be ‘block-diagonalized’,

ĝ =
(

g′ + agaT ag
gaT g

)
= exp

[
â
] ( g′ 0

0 g

)
exp
[
âT
]

where âμ̂
ν̂ =

(
0 aμ′ν

0 0

)
. (2.53)

In a similar fashion, we propose the Kaluza–Klein ansatz for
the DFT-metric, ĤM̂ N̂ ,

Ĥ = exp
[
Ŵ
](H′ 0

0 H
)

exp
[
Ŵ T

]
, (2.54)

for which we decompose D̂ = D′ + D, such that

O(D̂, D̂) → O(D′, D′) × O(D, D), Ĵ =
(J ′ 0

0 J
)

,

(2.55)

and we set an off-block-diagonal so(D, D) element,

Ŵ =
(

0 −W
W̄ 0

)
∈ so(D, D),

W̄M
M ′ := W M ′

M = JM N WN ′ NJ ′N ′ M ′
. (2.56)

Further, we impose a constraint on the 2D′ × 2D matrix,
WM ′ N ,

W̄ W = 0 or explicitly WL ′ M W L ′ N = 0, (2.57)

which sets half of its components trivial. At least for the Rie-
mannian, i.e. (0, 0) case, this constraint makes the counting
of the degrees of freedom consistent: gμν and Bμν have D2

degrees of freedom, while WM ′ N has 2D′ D degrees, such
that

D̂2 = (D′ + D)2 = D′2 + D2 + 2D′D, (2.58)

matching the degrees of freedom between Ĥ and {H′,H, W }.
Essentially, ĝμ′ν and B̂μ′ν constitute WM ′ N .

Explicitly, we have Ŵ 3 = 0 and

Ĥ =
(

(1 − 1
2 W W̄ )H′(1 − 1

2 W W̄ )T + WHW T −WH + (1 − 1
2 W W̄ )H′W̄ T

−HW T + W̄H′(1 − 1
2 W W̄ )T H + W̄H′W̄ T

)
, (2.59)

which is classified by four non-negative integers: (n, n̄) for

HAB and (n′, n̄′) for H′
A′ B′ , with the total trace, Ĥ Â

Â =
2(n + n′ − n̄ − n̄′).
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Especially, in the maximally non-Riemannian case of
H′ = J ′, i.e. (n′, n̄′) = (D′, 0), the above expression dra-
matically simplifies

Ĥ =
(J ′ − 2W P̄W T 2W P̄

2 P̄W T H
)

. (2.60)

Intriguingly, the resulting field content, HAB, P̄AB WA′ B ,
coincides with the ansatz for heterotic DFT proposed by
Hohm et al. [54]. We leave it as a future work to explore
the tantalizing connection between heterotic string and non-
Riemannian doubled-yet-gauged spacetime, possibly using
the Scherk–Schwartz reduction scheme in DFT [52,55–63].

3 Applications

The case of (0, 0) admits a well-defined Riemannian met-
ric and hence corresponds to Riemannian geometry, or to
“generalized geometry” [64–69] when equipped with the pair
of DFT-vielbeins. In this section, we discuss various appli-
cations of other (n, n̄) backgrounds and identify the corre-
sponding geometries.

3.1 Maximally non-Riemannian (D, 0): Siegel’s chiral
string

In the maximally non-Riemannian case of (D, 0), with i =
1, 2, . . . , D, we can view Xi

μ as a non-degenerate D × D
square matrix. Then, from (2.7) and
(

X j
λY μ

j

)
Xi

μ = Xi
λ, (3.1)

we conclude that X j
λY μ

j is actually an identity,

X j
λY μ

j = δλ
μ. (3.2)

Thus, in the case of (D, 0), we have

JAB = HAB = PAB, P̄AB = 0. (3.3)

The corresponding DFT-vielbein, VAp (2.42) and the
Spin(D, D) metric are also 2D × 2D square matrices,

VAp = 1√
2

(
1 1

−1 1

)
, ηpq =

(−δi j 0
0 +δi j

)
. (3.4)

On the other hand, V̄A p̄ is trivial.
The resulting string action is completely chiral on the D-

dimensional section (2.36) [20],

Sstring = 1
4πα′

∫
d2σ εαβ∂α x̃μ∂β xμ,

∂αxμ + 1√−h
εα

β∂β xμ = 0. (3.5)

From the conventional (0, 0) set-up, noting the sign differ-
ence,

JAB = VA
pVB

qηpq + V̄A
p̄ V̄B

q̄ η̄ p̄q̄ ,

HAB = VA
pVB

qηpq − V̄A
p̄ V̄B

q̄ η̄ p̄q̄ , (3.6)

we may regard the substitution of theO(D, D) invariant met-
ric, JAB , into the DFT-metric, HAB , inside the doubled-yet-
gauged string action (2.27) as the flipping of the spin group
signature,

η̄ p̄q̄ −→ −η̄ p̄q̄ , (3.7)

such that ηpq and −η̄ p̄q̄ assume not opposite (as in (2.45))
but rather identical signatures. That is to say, there are no
right modes: only left modes exist. This is consistent with
(3.5), and it realizes the chiral string theory à la Siegel [70]6

in a rather geometric set-up.

3.2 D = 10, (3, 3): non-Riemannian dimensional
reduction from ten to four

If we set n = n̄, then the DFT-metric is traceless and the two
spin groups become commonly D-dimensional,

Spin(t + n, s + n) × Spin(s + n, t + n) where

t + s + 2n = D. (3.8)

Thus, the maximally supersymmetric D = 10 DFT [38] and
the doubled-yet-gauged Green–Schwarz superstring [22],
both of which assume the Minkowskian spin group,
Spin(1, 9)×Spin(9, 1), can accommodate (0, 0) and (1, 1).
However, the theories constructed in [22,38] can be readily
generalized to an arbitrary signature, Spin(t̂, ŝ)×Spin(ŝ, t̂),
with t̂ + ŝ = 10, by relaxing the Majorana condition on the
spinors and employing their charge conjugations only, with-
out involving the complex Dirac conjugations. In this case,
the theory can describe (n, n) non-Riemannian doubled-yet-
gauged spacetime with n = 0, 1, 2, . . . , min

(
t̂, ŝ
)
.

An interesting choice then appears to be Spin(4, 6) ×
Spin(6, 4). Such a choice can encompass six-dimensional
(3, 3) non-Riemannian ‘internal’ spacetime, while maintain-
ing the ordinary four-dimensional Minkowskian ‘external’
spacetime. As analyzed in Sect. 2.2, point particles and
strings freeze on the (3, 3) internal spacetime and this may
imply a natural dimensional reduction of string theory from
ten to four, alternative to the conventional compactification
on ‘small’ Riemannian manifolds; e.g. CY3. The latter will
be of interest in order to analyse the Killing spinor equations
[38] for the D = 10 (3, 3) DFT-vielbeins (2.42). Certainly,
constant ‘flat’ backgrounds are maximally supersymmetric.

6 See also [71,72].
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3.3 (1, 1): non-relativistic limit à la Gomis–Ooguri

In this subsection, we identify (1, 1) as the non-relativistic
limit à la Gomis–Ooguri [23]. We start by considering a
generic Riemannian metric which depends explicitly on the
speed of light, c,

gμν = −c2TμTν(1 − Sρ Sσ �ρσ ) + 2cT(μ�ν)ρ Sρ + �μν,

(3.9)

where Tμ and Sν are orthogonal time-like and space-like
vectors,

TμSμ = 0. (3.10)

Essentially, (3.9) is the ‘covariantized’ form of the ordinary
Kaluza–Klein ansatz for the Riemannian metric (2.53) as

gμν = (δμ
ρ + cTμSρ)(δν

σ + cTν Sσ )(−c2TρTσ + �ρσ ),[
exp(cT ·S)

]
μ

ν = δμ
ν + cTμSν . (3.11)

The inverse of the metric is then given by

gμν = ϒμν − SμSν + 2
c N (μSν) − 1

c2 NμN ν

= (δμ
ρ − cSμTρ)(δν

σ − cSνTσ )(− 1
c2 Nρ Nσ + ϒρσ ),

(3.12)

where the variables, N ν and ϒμν , meet by construction,7

TμNμ = 1, Tμϒμν = 0, Nμ�μν = 0,

TμN ν + �μρϒρν = δμ
ν. (3.13)

Now, we introduce an ansatz for the B-field in a similar man-
ner,

Bμν = 2cT[μ Bν] + B0
μν, (3.14)

and we require that the Riemannian DFT-metric (1.9) should
be non-singular in the non-relativistic, large c limit. In (3.14),
without loss of generality we may set Bμ to be orthogonal to
N ν , i.e. NμBμ = 0. Further, B0

μν denotes the zeroth order
in c, which is arbitrary and should survive once the limit is
taken, as expected from the ‘Abelian’ nature of the B-field
from (2.11) and (2.12).

Clearly in the limit of c → ∞, the inverse, gμν , is regular.
We only need to ensure both g−1 B and g−Bg−1 B to be non-
singular. The former implies

(
ϒμν −SμSν

)
Bμ = 0, lim

c→∞gμρ Bρν = (ϒμρ − SμSρ)B0
ρν

+ Sμ Bν − (Sρ Bρ)NμTν. (3.15)

In turn, Bg−1 B cannot be quadratically singular, and hence,
for the regularity of g − Bg−1 B, the leading power of g must

7 In Sects. 3.4 and 3.5, {Tμ, N ν , ϒμν,�μν} will be identified as either
Carroll or Newton–Cartan variables.

be first order in c, i.e. the apparent second order term in (3.9)
must be trivial,

Sρ Sσ �ρσ = 1. (3.16)

Therefore, the nontrivial cancellation of diverging terms
inside g − Bg−1 B takes place at the first order, reading

c ×
[ (

�μρ Sρ − Bρ Sρ Bμ

)
Tν

+ (
�νρ Sρ − Bρ Sρ Bν

)
Tμ

]
= 0. (3.17)

Contraction of the quantity inside the square bracket with N ν

gives

Bρ Sρ Bμ = �μρ Sρ. (3.18)

Hence from (3.16) and (3.18), we obtain

Bρ Sρ = ±1. (3.19)

It follows that g − Bg−1 B is non-singular as

lim
c→∞

(
gμν − Bμρgρσ Bσν

)
= �μν − BμBν − B0

μρ(ϒρσ − Sρ Sσ )B0
σν

∓ (TμNσ − �μρ Sρ Sσ )B0
σν

± B0
μσ (Nσ Tν − Sσ Sρ�ρν). (3.20)

After all, the DFT-metric becomes completely regular,

HAB =
(

1 0
B0 1

)

×
(

ϒ − SST ± (SST � − N T T
)

± (�SST − T N T
)

� − �SST �

)

×
(

1 −B0

0 1

)
, (3.21)

which can easily and precisely be identified as the (1, 1) type
of the classification (2.2) as

ϒμν − SμSν ≡ Hμν, �μν − �μρ Sρ�νσ Sσ ≡ Kμν,{
Tμ, �νρ Sρ

} ≡ {Xμ, X̄ν

}
. (3.22)

As demonstrated in [20], a constant flat background belong-
ing to this type generates the Gomis–Ooguri non-relativistic
string [23] (see also [22] for its Green–Schwarz superstring
extension). Thus, a generic (1, 1) DFT-metric provides a
curved spacetime generalization of the non-relativistic string.

3.4 (D − 1, 0): ultra-relativistic or Carroll

The Riemannian metric (3.9) in the previous section defines
the proper length. Rescaling the metric by an overall factor of
c−2, it becomes the Riemannian metric for the proper time:
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gμν = −TμTν(1 − Sρ Sσ �ρσ ) + 2

c
T(μ�ν)ρ Sρ + 1

c2 �μν,

gμν = c2 (ϒμν − SμSν
)+ 2cN (μSν) − NμN ν, (3.23)

where the variables should satisfy (3.10) and (3.13), which
we recall here:

TμSμ = 0, TμNμ = 1, Tμϒμν = 0,

Nμ�μν = 0, TμN ν + �μρϒρν = δμ
ν. (3.24)

Clearly, the expression of gμν in (3.23) indicates the pos-
sibility of taking a small c i.e. ultra-relativistic limit, as
the inverse remains non-singular, yet degenerate having rank
one,

lim
c→0

gμν = −NμN ν . (3.25)

In this subsection, we propose a (D − 1, 0) DFT-metric as
the ultra-relativistic ‘completion’ of the above degenerate
inverse (3.25),

HAB =
(

1 0
B 1

)(−N N T ϒ�

�ϒ − T T T

)(
1 −B
0 1

)
,

(3.26)

where all the variables are from (3.24). It is easy to check
that this ansatz satisfies the defining properties of the DFT-
metric (2.1) and HA

A = 2ϒμν�μν = 2(D − 1). Note the
identification

Hμν ≡ −NμN ν, Kμν ≡ −TμTν,

D−1∑
i=1

Xi
μY ν

i ≡ �μρϒρν. (3.27)

From (2.35), particles freeze over almost all the directions
except one,

�μν ẋν ≡ 0. (3.28)

This is in agreement with the ultra-relativistic limit of Rie-
mannian geodesics à la Bergshoeff et al. [73]. Namely, par-
ticles cannot move faster than light, and thus must freeze in
the ultra-relativistic limit, c → 0.

In fact, (D − 1, 0) forms a Carroll structure [74,75]: �μν

is known as a Carrollian metric, i.e. a rank (D −1) covariant
metric whose kernel is spanned by the Carroll vector, N ν , and
Tμ is a principal connection. The Carrollian boost symmetry
[75] is given, with an arbitrary local parameter, V μ, by

Tμ �−→ Tμ + �μνV ν,

ϒμν �−→ ϒμν − 2N (μϒν)ρ�ρσ V σ + NμN ν�ρσ V ρV σ ,

Bμν �−→ Bμν + 2T[μ�ν]ρV ρ, (3.29)

which leaves our (D − 1, 0) DFT-metric (3.26) invari-
ant, and can be identified with the symmetry of the DFT-
vielbein (2.51) for the case of (D − 1, 0).

3.5 Least non-Riemannian (1, 0) or (0, 1): Non-relativistic
or Newton–Cartan

The ordinary Kaluza–Klein ansatz (2.53) treats the two
block-diagonal Riemannian metrics, g and g′, asymmetri-
cally. Exchanging the two will lead to an alternative Kaluza–
Klein ansatz. In this subsection, we consider such an alter-
native ansatz for the Riemannian metric (3.9), which reads

gμν = (δμ
ρ − c−1�μκU κ Nρ)(δν

σ − c−1�νλUλNσ )

× (−c2TρTσ + �ρσ )

= −c2TμTν +2cT(μ�ν)ρUρ +�μν − �μρUρ�νσ Uσ ,

(3.30)

with the inverse,

gμν = (δμ
ρ + c−1 NμU κ�κρ)(δν

σ + c−1 N νUλ�λσ )

× (−c−2 Nρ Nσ + ϒρσ )

= ϒμν + 2c−1 N (μU ν) − c−2 NμN ν

× (
1 − Uρ�ρσ Uσ + 2cTρUρ

)
. (3.31)

Clearly the inverse of the Riemannian metric allows a non-
singular large c limit,

lim
c→∞ gμν = ϒμν, (3.32)

of which the rank is D − 1.
The DFT-metric which completes this degenerate inverse

is then

HAB =
(

1 0
B 1

)(
ϒ ± N T T

±T N T �

)(
1 −B
0 1

)
,

(3.33)

with HA
A = ±2. Here the upper and lower signs correspond

to (1, 0) and (0, 1), respectively.
Satisfying (3.13), which we recall,

TμNμ = 1, Tμϒμν = 0, Nμ�μν = 0,

TμN ν + �μρϒρν = δμ
ν, (3.34)

{Tλ,ϒ
μν} forms a Leibnizian structure (cf. e.g. [76,77]): Tλ

is the absolute clock andϒμν is a collection of absolute rulers
with non-negative signature, i.e. ηab = δab from (2.44). Fur-
ther, the vector Nμ corresponds to a field of observers, and
the covariant rank D − 1 metric, �μν , provides the associ-
ated transverse metric. The transformation (2.15) reduces to
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Nμ �−→ Nμ + Uμ,

�μν �−→ �μν − 2T(μ�ν)ρUρ + Uρ�ρσ Uσ TμTν,

Bμν �−→ Bμν ∓ 2T[μ�ν]ρUρ, (3.35)

with Uμ = ϒμνVν ∈ Ker(T ); this is sometimes referred to
as a Milne transformation or a Galilean boost in the litera-
ture [78].

From (2.35), particles freeze over the time direction only,

Tμ ẋμ = 0. (3.36)

Thus, the observer ẋμ is said to be space-like. This is naturally
dual to the ultra-relativistic Carroll dynamics (3.28) where
time flows but all spatial directions freeze.

In order to account for the dynamics of time-like observers
(for which time flows), one needs to introduce external forces,
as done in the following subsection within the ambient frame-
work of a null Kaluza–Klein reduction.

3.6 Embedding (0, 1) into ambient (0, 0) Kaluza–Klein
ansatz: Carroll or Newton–Cartan

We start by considering the D̂ = 1 + D Kaluza–Klein
ansatz (2.60) for a Riemannian ambient DFT-metric, i.e.
(n̂, ˆ̄n) = (0, 0). As for the ‘internal’ space, we assume
D′ = 1, (n′, n̄′) = (1, 0) with H′

A′ B′ ≡ J ′
A′ B′ . Then the

‘external’ DFT-metric, HAB , must be of the (n, n̄) = (0, 1)

type8, i.e. the lower sign in (3.33), which ensures Ĥ Â
Â =

2(n̂ − ˆ̄n) = 2(n + n′ − n̄ − n̄′) = 0. We let (ỹ, y) denote
the primed coordinates, (x̃ ′

1, x ′1), and write for the ambient
doubled coordinates

Dτ x Â = (Dτ ỹ, ẏ,

Dτ x A) = ( ˙̃y − Aτ ỹ, ẏ, ˙̃xμ − Aτμ, ẋν). (3.37)

We solve the constraint on WM ′ N (2.57) by putting Wμ′ N ≡
0, such that, for the present case of D′ = 1, we simply have

WM ′ N ≡
(

W N , 0
)

, (3.38)

where the O(D, D) vector, W N , carries no hidden index.
By choosing this—instead of letting e.g. W μ′ N vanish—we

8 The alternative choice of (n′, n̄′) = (0, 1) obtained by setting
H′

A′ B′ ≡ −J ′
A′ B′ will involve replacing P̄ by −P in (2.60), and accord-

ingly the external DFT-metric, H, will need to be of (1, 0) type.

ensure a null Killing vector, ξ Â = (ξ̃μ̂, ξ ν̂) (2.8), (A.4) with
ξ μ̂∂μ̂ = ∂y , satisfying from (2.23),9

ln

[∫
DA exp

(
−
√

(ξ Â − A Â)(ξ B̂ − AB̂)Ĥ Â B̂

)]
= 0.

(3.39)

The ambient DFT-metric (2.60) then takes the following
form:

Ĥ Â B̂ =
⎛
⎝−2Wp̄W p̄ 1 2V̄B p̄W p̄

1 0 0
2V̄A p̄W p̄ 0 HAB

⎞
⎠ , (3.40)

where, using the notations of Sect. 2.3, we set a (D + 1)-
dimensional Spin(s + 1, t + 1) vector,10

W p̄ = W AV̄A
p̄

≡
(

W ā, 1√
2
(W+ + W−), 1√

2
(W+ − W−)

)
, (3.41)

such that, from (2.42),

P̄ A
B W B = V̄ A

p̄W p̄ =
(

1√
2

k̄μā W ā + TμW−

+ Bμρ

(
1√
2

W b̄h̄b̄
ρ + W+Nρ

)
,

1√
2

W b̄h̄b̄
ν + W+N ν

)
,

Wp̄W p̄ = WAWB P̄ AB = Wā W ā + 2W+W−. (3.42)

It is also convenient to define based on (2.43) and (2.45)

Wμ := √
2X̄μ

p̄Wp̄ = √
2k̄μā W ā + 2W−Tμ. (3.43)

Note the identification of the conventions

�μν ≡ Kμν = −k̄μ
ā k̄ν

b̄η̄āb̄,

ϒμν ≡ Hμν = −η̄āb̄ h̄ā
μh̄b̄

ν . (3.44)

Now, with the lower sign choice of (3.33), plugging (3.40)
into the master doubled-yet-gauged action for a point parti-
cle (2.26), we obtain in a similar fashion to (2.32),

S =
∫

dτ e−1 Dτ x ÂDτ x B̂Ĥ Â B̂ − 1
4 m2e

=
∫

dτ e−1
[
2Dτ ỹ

(
ẏ + 2Dτ x AV̄A p̄W p̄ − Dτ ỹWp̄W p̄

)
+ Dτ x ADτ x BHAB

]
− 1

4 m2e

=
∫

dτ

[
e−1
[
ẋμ ẋν�μν + 2Dτ ỹWμ ẋμ − 4(Dτ ỹ)2W+W− + 2 ẏDτ ỹ

]
− 1

4 m2e

−2e−1
(
Tμ ẋμ − 2Dτ ỹW+

)
� − e−1h̄ā

μ�μh̄āν�ν

]
, (3.45)

9 In terms of the ordinary Lie derivative, Lξ ĝμ̂ν̂ = 0, Lξ B̂μ̂ν̂ =
−2∂[μ̂ξ̃ν̂], and (3.39) means ξ μ̂ξ ν̂ ĝμ̂ν̂ = 0.
10 If we had chosen (n, n̄) = (1, 0), from (2.42), the expression (3.41)
would have reduced to ‘W p̄ = W ā’ without W±.
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where we set for short notation as well as for a convenient
field redefinition to replace Aτμ,

�μ := ˙̃xμ − Aτμ − Bμκ ẋκ − Dτ ỹWμ,

� := �μNμ + 2Dτ ỹW−. (3.46)

Note that the very last term in (3.45) is a perfect square which
vanishes after h̄ā

μ�μ having been integrated out as

h̄ā
μ�μ ≡ 0. (3.47)

Since y is the coordinate for the isometry direction, it serves
as a Lagrange multiplier: it forces the conjugate momentum
of y, or p, to be constant,

d

dτ

(
e−1Dτ ỹ

)
≡ 0 �⇒ 2Dτ ỹ =ep with constant p.

(3.48)

Integrating out � gives a constraint,

E� := Tμ ẋμ − epW+ ≡ 0, (3.49)

such that the time is generically not frozen; cf. (3.36). Fur-
ther, integrating out the auxiliary field, Aτ ỹ , inside Dτ ỹ deter-
mines the velocity, with (3.47), (3.48), and (3.49),

ẏ = epWp̄W p̄ − 2Dτ x AV̄A p̄W p̄

= −2W+� − Wμ ẋμ + 2epW+W−. (3.50)

The einbein imposes the Hamiltonian constraint,

Ee := �μν ẋμ ẋν + e2 p2W+W− − 2epW+� + 1
4 e2m2 ≡ 0.

(3.51)

From (3.50) and (3.51), it follows that

−pẏ = e−1�μν ẋμ ẋν + pWμ ẋμ − ep2W+W− + 1
4 m2e.

(3.52)

That is to say, whenever p 
= 0, ẏ is completely fixed by the
dynamics of the xμ coordinates. The auxiliary variable, �,
is fixed in the same manner.

Making use of the world-line diffeomorphisms, we here-
after normalize the einbein:

e ≡ 1, (3.53)

such that τ coincides with the proper length.
The equation of motion for xμ reads now

Eμ := �μν ẍν + (∂ρ�σμ − 1
2∂μ�ρσ

)
ẋρ ẋσ

+ (
Tμν� − 1

2 pWμν

)
ẋν + 1

2 p2∂μ(W+W−)

− p�∂μW+ − Tμ�̇, (3.54)

where we defined for simplicity the field strengths

Tμν := ∂μTν − ∂νTμ, Wμν := ∂μWν − ∂νWμ. (3.55)

Computing the contractions, NμEμ, ẋμEμ, respectively, we
obtain the time derivative of the auxiliary variable,

�̇= Nμ
[ (

∂ρ�σμ − 1
2∂μ�ρσ

)
ẋρ ẋσ +(Tμν�− 1

2 pWμν

)
ẋν

+ 1
2 p2∂μ(W+W−) − p�∂μW+

]
, (3.56)

and a consistency relation among the constraints (3.49) and
(3.51),

ẋμEμ + �̇E� − 1
2 Ėe = 0. (3.57)

While (3.54) determines partially the acceleration, ẍμ, the
time derivative of the constraint (3.49) can provide the miss-
ing component,

Ė� = Tμ ẍμ + ∂(μTν) ẋ
μ ẋν − pẋμ∂μW+ = 0. (3.58)

All together, the combination ϒλμEμ + NλĖ� fully deter-
mines the acceleration,

ẍλ + γ λ
μν ẋμ ẋν + [ϒλμTμν� − p

(
Nλ∂νW+

+ 1
2ϒλμWμν

)]
ẋν + 1

2 p2ϒλμ∂μ(W+W−)

− p�ϒλμ∂μW+ = 0, (3.59)

where γ λ
μν denotes the following coefficients:

γ λ
μν := Nλ∂(μTν) + 1

2ϒλρ
(
∂μ�νρ + ∂ν�ρμ − ∂ρ�μν

)
.

(3.60)

We emphasize that the dynamics of the D-dimensional coor-
dinates xμ as prescribed by (3.59) is independent of the
Kaluza–Klein direction, y. Geometrically, this means that
one can interpret xμ as coordinates on the quotient manifold
of the ambient spacetime by the light-like direction along the
vector field, ξ μ̂∂μ̂ = ∂y .

In the special case where Tμν vanishes (i.e. the one-
form, Tμ, is closed) and W+ is a (non-vanishing) constant,
Eq. (3.59) simplifies to

ẍλ + γ λ
μν ẋμ ẋν = 1

2 pϒλμ
[
Wμν ẋν − p∂μ(W+W−)

]
,

(3.61)

of which the right-hand side can be interpreted as the Lorentz
plus Coulomb forces. In this particular case, the coeffi-
cients (3.60) are the ones associated to the so-called ‘spe-
cial Galilean connection’ for the field of observers, Nμ, (cf.
e.g. [77]). In accordance with the usual Riemannian ambient
approach of [80–82] (cf. also [75,83,85,86]), the resulting
dynamical trajectories (3.61) can be interpreted as Newton–
Cartan geodesics. These are of two different types, depending
on the value of p:
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• p = 0 (space-like observer).
In this case, the constraint,11 Tμ ẋμ = 0, holds as a con-
sequence of (3.49), so that we recover the case inves-
tigated in Sect. 3.5 for which time freezes. Geometri-
cally, the observer trajectory is restricted to a (D − 1)-
dimensional hypersurface (absolute space). The abso-
lute spaces are Riemannian spaces (of Euclidean signa-
ture), since the degenerate metric �μν becomes invertible
on Ker T (cf. e.g. [77]). Equation (3.61) thus describes
geodesics associated to the spatial Riemannian metric
and the Hamiltonian constraint (3.51) can be solved as
e = 2

|m|
√

�μν ẋμ ẋν ≡ 1.
• p 
= 0 (time-like observer).

In this case, τ is parametrized to ensure e = 1
pW+ Tμ ẋμ ≡

1 such that the observer ẋμ is time-like. Equation (3.61)
can thus be reformulated as

ẍλ + γ̂ λ
μν ẋμ ẋν = 0, (3.62)

where the coefficients γ̂ λ
μν are defined as

γ̂ λ
μν := γ λ

μν + ϒλρ T(μFν)ρ, (3.63)

with Fμν := ∂μ Aν − ∂ν Aμ and Aμ := 1
2 W+

(
Wμ−

W− Tμ

)
.

The connection associated to the coefficients (3.63) is
naturally interpreted as a Newtonian connection [79],
i.e. a torsion-free connection compatible with the Leib-
nizian structure (ϒμν, Tμ) such that the associated field
strength, Fμν , is closed.

In summary, assuming the triviality of Tμν and W+, the
doubled-yet-gauged particle action (2.26) with the ambient
(D+1)-dimensional Kaluza–Klein ansatz (2.60) reproduces
the full content of Newtonian dynamics (unifying the space-
like and time-like cases) on the D-dimensional manifold quo-
tient along the light-like direction, y.

In principle, the assumption regarding the triviality of the
variables, Tμν and W+, should be examined by consider-
ing the on-shell dynamics of the DFT-metric, i.e. the Euler–
Lagrangian equations of DFT. In the present work, we have
focused on the kinematical side of the DFT-metric and the

11 From the ambient perspective, the constraint, Tμ ẋμ = 0, implies
that the dynamics becomes restricted to a D-dimensional hypersurface
of the ambient manifold, transverse to the null isometry vector field,
ξ μ̂∂μ̂ = ∂y . Such a light-like hypersurface is naturally endowed with
a Carrollian metric structure [74], and the equations of motion (3.61)
together with (3.50) and (3.56) can be naturally interpreted as geodesics
associated to a suitable Carrollian connection induced by the ambi-
ent metric structure (cf. [74,84] for details). The role of Carrollian
time is then played by y and the ‘space-like’ directions are generi-
cally unfrozen, thus generalizing the Carrollian dynamics discussed in
Sect. 3.4.

subsequent particle and string dynamics on the background.
We leave the investigation of the dynamical aspect of the
(n, n̄) DFT-metric for future work. From our perspective, the
DFT action and its full equations of motion determine uni-
versally and unambiguously all the dynamics of the (n, n̄)

backgrounds, including (0, 0) Riemannian general relativity
and (0, 1) Newton–Cartan gravity, in a unifying manner.
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Appendix: Derivation of the most general form of the
DFT-metric, Eq. (2.2)

By definition, see (2.1), the DFT-metric is a symmetric
O(D, D) element, such that it satisfies

HM N = HN M , HL
MHM

N = δL
N . (A.1)

With respect to the O(D, D) metric (1.1) and the choice of
the section, ∂̃μ ≡ 0, we decompose the DFT-metric,

HM N =
(Hμν Hμ

λ

Hκ
ν Hκλ

)
. (A.2)

The defining condition (A.1) reads explicitly

Hμν = Hνμ, Hμν = Hνμ, Hμ
ν = Hν

μ,

H(μ
ρHν)ρ = 0, Hρ(μHρ

ν) = 0,

Hμ
ρHρ

ν + HμρHρν = δμ
ν. (A.3)

The generalized Lie derivative of the DFT-metric, cf. (1.6),

L̂ξHAB = ξC∂CHAB + (∂AξC − ∂CξA)HC
B

+ (∂BξC − ∂CξB)HA
C , (A.4)

leads to

δHμν = LξHμν,

δHκλ = LξHκλ + (∂κ ξ̃ρ − ∂ρξ̃κ )Hρ
λ

− Hκ
ρ(∂ρ ξ̃λ − ∂λξ̃ρ),

δHμ
λ = LξHμ

λ − Hμρ(∂ρ ξ̃λ − ∂λξ̃ρ),

δHκ
ν = LξHκ

ν + (∂κ ξ̃ρ − ∂ρξ̃κ )Hρν. (A.5)
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Viewed as a D × D matrix, if Hμν is non-degenerate,
we may identify it as the inverse of a Riemannian metric.
It is easy to see then that the remaining constraints are all
solved by a skew-symmetric B-field, such that the most gen-
eral DFT-metric in this case takes the well-known form (1.9).
Henceforth, we look for the most general form of the DFT-
metric, where Hμν is degenerate. Firstly, we focus on the
case where the rank of Hμν is D−1, admitting only one
zero-eigenvector, Xμ,

Hμν ≡ Hμν, Hμν Xν = 0. (A.6)

From (A.3), Hμ
ρ Hρν is skew-symmetric, and hence

XμHμ
ρ Hρν = −Hν

ρ Hρμ Xμ = 0. (A.7)

Without loss of generality then, introducing a skew-symmetric
B-field,12 we may put

Hμ
ρ Hρν ≡ −Hμρ Bρσ Hσν, Bμν = −Bνμ. (A.8)

It follows that, with some vector field, Y μ, Hμ
ν takes the

form

Hμ
ν = −Hμρ Bρν + Y μ Xν . (A.9)

We proceed with a new symmetric variable, Kμν = Kνμ,

Hμν ≡ Kμν − Bμρ Hρσ Bσν + 2X(μ Bν)ρY ρ. (A.10)

The last relation in (A.3) gives

Hμρ Kρν + (Y ρ Xρ)Y μ Xν = δμ
ν. (A.11)

Contracting this with Xμ shows

Y μ Xμ = ±1. (A.12)

Lastly we impose the skew-symmetric condition ofHμρHρ
ν ,

which gives with (A.11)

KμρY ρ Xν + KνρY ρ Xμ = 0, (A.13)

and hence in particular, contracting with Y μ, we have

KνρY ρ = ∓(Y μKμρY ρ)Xν . (A.14)

Substituting this back into (A.13), we conclude that Y μKμρY ρ

must be trivial, and hence in fact from (A.14),

KνρY ρ = 0. (A.15)

We may perform a field redefinition, Y μ → ±Y μ, in order to
remove the sign factor in the normalization of (A.12). After

12 The ambiguity in introducing the B-field through (A.8) amounts to
the symmetry of the final result (2.16).

all, the most general form of the DFT-metric in the ‘least’
degenerate case takes the form

HM N

=
(

Hμν −Hμσ Bσλ ± Y μ Xλ

Bκρ Hρν ± XκY ν Kκλ − Bκρ Hρσ Bσλ ± 2X(κ Bλ)ρY ρ

)
,

(A.16)

of which the variables must meet

Hμν Xν = 0, KμνY ν = 0, Y μ Xμ = 1,

HλμKμν + Y λ Xν = δλ
ν, Bμν = −Bνμ. (A.17)

The above analysis can be straightforwardly extended to the
most general degenerate cases, where there are N linearly
independent zero-eigenvectors, Xi

μ, i = 1, 2, . . . , N , such
that the rank of Hμν is D − N ,

Hμν ≡ Hμν, Hμν Xi
ν = 0. (A.18)

From

H(μ
ρ H ν)ρ = 0, Hμ

ρ Hρν Xi
ν = 0,

Xi
μHμ

ρ Hρν = 0, (A.19)

Eqs. (A.9) and (A.10) generalize, defining Y μ
i and Mμν , to

Hμ
ν ≡ −Hμρ Bρσ + Y μ

i X i
ν,

Hμν ≡ Mμν − Bμρ Hρσ Bσν + 2Xi
(μBν)ρY ρ

i , (A.20)

such that the DFT-metric assumes the following intermediate
form:

HM N

=
(

Hμν −Hμσ Bσλ + Y μ
i X i

λ

Bκρ Hρν + Xi
κY ν

i Mκλ − Bκρ Hρσ Bσλ + 2Xi
(κ Bλ)ρY ρ

i

)
.

(A.21)

In the above, the repeated index, i , is surely summed from
1 to N . The remaining constraints in (A.3) give

Hμρ Mρν + (Y ρ
i X j

ρ)Y μ
j X i

ν = δμ
ν, (A.22)

MμρY ρ
i X i

ν + MνρY ρ
i X i

μ = 0. (A.23)

Contraction of (A.22) with Xk
μ leads to

Xi
ν(Yi ·X j Y j ·Xk) = Xk

ν , (A.24)

where we set Yi ·X j ≡ Y μ
i X j

μ. Since k = 1, 2, . . . , N is arbi-
trary and the Xk

ν are independent, the above result actually
implies that Yi ·X j is an involutory N × N matrix,

Yi ·X j Y j ·Xk = δi
k . (A.25)

On the other hand, contraction of (A.23) with (Y j ·Xk)Y μ
k

leads to

MνρY ρ
j = −(Y j ·Xk)(Yk ·M ·Y i )Xi

ν, (A.26)
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where we set Yk ·M ·Y i ≡ Y ρ
k Mρσ Y σ

i for short notation. Sub-
stituting into (A.23), we get

(Y j ·Xk)(Yk ·M ·Y i )Xi
μ X j

ν + (Y j ·Xk)(Yk ·M ·Y i )Xi
ν X j

μ = 0,

(A.27)

which, after contraction with Y μ
l Y ν

m and from (A.25), can be
seen to be equivalent to

(Yl ·Xi )(Yi ·M ·Y m) = −(Ym ·Xi )(Yi ·M ·Y l). (A.28)

It follows from (A.22), (A.25), and (A.26) that (Yi ·X j )Y μ
j X i

ν

and Hμρ Mρν are mutually orthogonal and complemen-
tary (A.22) projection matrices,

(Yi ·X j )Y λ
j X i

μ (Yk ·Xl)Y μ
l Xk

ν = (Yi ·X j )Y λ
j X i

ν,

Hλρ Mρμ Hμσ Mσν = Hλρ Mρν,

(Yi ·X j )Y λ
j X i

μ Hμσ Mσν = 0,

Hλρ Mρμ (Yk ·Xl)Y μ
l Xk

ν = 0. (A.29)

Now, we may recast (A.26) into[
Mμν + Xi

μ

{
Xl

ν(Yl ·Xk)(Yk ·M ·Y j )X j
ρ

}
Y ρ

i

]
Y ν

m = 0.

(A.30)

It is crucial to note, from the symmetric property, Yk ·M ·Y j =
Y j ·M ·Y k , that the free indices, μ and ν, are symmetric in

Xi
μ

{
Xl

ν(Yl ·Xk)(Yk ·M ·Y j )X j
ρ

}
Y ρ

i

= Xi
ν

{
Xl

μ(Yl ·Xk)(Yk ·M ·Y j )X j
ρ

}
Y ρ

i , (A.31)

and furthermore, from the skew-symmetric property (A.28),
that the free indices, ν and ρ, are skew-symmetric in

Xl
ν(Yl ·Xk)(Yk ·M ·Y j )X j

ρ = −Xl
ρ(Yl ·Xk)(Yk ·M ·Y j )X j

ν .

(A.32)

Therefore, if we perform a field redefinition,

Bμν −→ Bμν + 1
2 Xi

μ(Yi ·Xk)(Yk ·M ·Y j )X j
ν , (A.33)

among the components of the DFT-metric spelled in (A.21),
Hμσ Bσλ, Bκρ Hρσ , and Bκρ Hρσ Bσλ remain invariant, but
Mκλ + 2Xi

(κ Bλ)ρY ρ
i transforms as follows:

Mκλ + 2Xi
(κ Bλ)ρY ρ

i −→ Mκλ

+ Xi
(κ

{
X j

λ)(Y j ·Xk)(Yk ·M ·Y l)Xl
ρ

}
Y ρ

i + 2Xi
(κ Bλ)ρY ρ

i .

(A.34)

We then let

Kκλ := Mκλ + Xi
(κ

{
X j

λ)(Y j ·Xk)(Yk ·M ·Y l)Xl
ρ

}
Y ρ

i ,

(A.35)

which nicely satisfies

KκλY λ
i = 0, Hμρ Kρν + (Yi ·X j )Y μ

j X i
ν = δμ

ν. (A.36)

Finally, we perform a similarity transformation, (Xi
μ, Y ν

j ) →
(Si

k Xk
μ, Y ν

k S−1k
j ), which leaves Y μ

i X i
ν invariant but diago-

nalizes Y ρ
i X j

ρ with the eigenvalues of either +1 or −1. We
then let N = n + n̄ in order to denote the numbers of the +1
and −1 eigenvalues of Y ρ

i X j
ρ . If the corresponding eigen-

value is −1, we furthermore perform a field redefinition,
(X̄ ı̄

μ, Ȳ ν
ı̄ ) := (Xi

μ,−Y ν
i ), which involves the change of the

index from i to ı̄ . In this way, we arrive at the most general
form of the DFT-metric, (2.2), classified by two non-negative
integers, n, n̄.

It is also worthwhile to decompose the B-field utilizing
the completeness relation (2.5),

Bμν = βμν + Bμj X j
ν − Bν j X j

μ + B̄μj̄ X̄ j̄
ν

− B̄νj̄ X̄ j̄
μ + Xi

μ X j
ν bi j + X̄ ı̄

μ X̄ j̄
ν bı̄ j̄

+ 2Xi[μ X̄ j̄
ν]bi j̄ , (A.37)

for which we set

βμν := (K H)μ
ρ(K H)ν

σ Bρσ , bi j := Y μ
i Y ν

j Bμν,

Bμi := BμνY ν
i − X j

μb ji + X̄ j̄
μbi j̄ ,

bi j̄ := Y μ
i Ȳ ν

j̄ Bμν, bı̄ j̄ := Ȳ μ
ı̄ Ȳ ν

j̄ Bμν,

B̄μı̄ := Bμν Ȳ ν
ı̄ − X̄ j̄

μbj̄ ı̄ − X j
μb j ı̄ . (A.38)

The variables, Bμi , B̄μı̄ and βμν are completely orthogonal
to the vectors, Y μ

j and Ȳ μ
j̄ ,

Bμi Y
μ
j = 0, Bμi Ȳ

μ
j̄ = 0, B̄μı̂ Y

μ
j = 0,

B̄μı̂ Ȳ
μ
j̄ = 0, βμνY μ

j = 0, βμν Ȳ μ
j̄ = 0. (A.39)
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