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Antisymplectic involution and Floer cohomology
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The main purpose of the present paper is a study of orientations of the moduli spaces
of pseudoholomorphic discs with boundary lying on a real Lagrangian submanifold,
ie the fixed point set of an antisymplectic involution 7 on a symplectic manifold. We
introduce the notion of t—relative spin structure for an antisymplectic involution ©
and study how the orientations on the moduli space behave under the involution t.
We also apply this to the study of Lagrangian Floer theory of real Lagrangian
submanifolds. In particular, we study unobstructedness of the t—fixed point set
of symplectic manifolds and, in particular, prove its unobstructedness in the case
of Calabi—Yau manifolds. We also do explicit calculation of Floer cohomology of
RP2"+1 over AOZ, 1ov» Which provides an example whose Floer cohomology is not
isomorphic to its classical cohomology. We study Floer cohomology of the diagonal
of the square of a symplectic manifold, which leads to a rigorous construction of the
quantum Massey product of a symplectic manifold in complete generality.
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1 Introduction and statement of results

An antisymplectic involution T on a symplectic manifold (M, w) is an involution
on M which satisfies T*w = —w. Two prototypes of antisymplectic involutions are the
complex conjugation of a complex projective space with respect to the Fubini—Study
metric and the canonical reflection along the zero section on the cotangent bundle. (See
also Castafio-Bernard, Matessi and Solomon [2] for a construction of an interesting
class of antisymplectic involutions on Lagrangian torus fibrations.) The fixed point set
of 7, if it is nonempty, gives an example of Lagrangian submanifolds. For instance,
the set of real points of a complex projective manifold defined over R belongs to this
class. In this paper, we study Lagrangian intersection Floer theory for the fixed point
set of an antisymplectic involution.

Let (M, w) be a compact, or more generally, tame, 2n—dimensional symplectic man-
ifold and L an oriented closed Lagrangian submanifold of M. It is well known by
now that the Floer cohomology of a Lagrangian submanifold L cannot be defined
in general. The phenomenon of bubbling-off holomorphic discs is the main source
of troubles in defining Floer cohomology of Lagrangian submanifolds. In our books
[9] and [10], we developed the general theory of obstructions and deformations of
Lagrangian intersection Floer cohomology based on the theory of filtered A, algebras
which we associate to each Lagrangian submanifold. However, it is generally very
hard to formulate the criterion for unobstructedness to defining Floer cohomology,
let alone to calculate Floer cohomology for a given Lagrangian submanifold. In this
regard, Lagrangian torus fibers in toric manifolds provide good test cases for these
problems, which we studied in [11] and [12] in detail. For this class of Lagrangian
submanifolds, we can do many explicit calculations of various notions and invariants
that are introduced in the books [9] and [10].

Another important class of Lagrangian submanifolds is that of the fixed point set of
an antisymplectic involution. Actually, the set of real points in Calabi—Yau manifolds
plays an important role in the homological mirror symmetry conjecture. (See Walcher
[23], Pandharipande, Solomon and Walcher [20], and Fukaya [5]. See also Welschinger
[24] for related topics of real points.) The purpose of the present paper is to study
Floer cohomology of this class of Lagrangian submanifolds. For example, we prove
unobstructedness for such Lagrangian submanifolds in Calabi—Yau manifolds, and
also provide some other examples of explicit calculations of Floer cohomology. The
main ingredient of this paper is a careful study of orientations of the moduli spaces of
pseudoholomorphic discs.

Take an w—compatible almost complex structure J on (M, w). We consider the moduli
space M(J; B) of J—-holomorphic stable maps from a bordered Riemann surface
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Antisymplectic involution and Floer cohomology 3

(X,0%) of genus 0 to (M, L) which represents a class 8 € TI(L) = mo(M, L)/ ~,
where B ~ 8’ € mp(M, L) if and only if w(B) = w(B’) and ur(B) = ur(B’). Here
ur: ma(M, L) — Z is the Maslov index homomorphism. The values of @7 are even
integers if L is oriented. When the domain ¥ is a 2—disc D?, we denote by M™2(J; B)
the subset of M(J; B) consisting of smooth maps, that is, pseudoholomorphic maps
from the disc without disc- or sphere-bubbles. The moduli space M(J; ) has a
Kuranishi structure; see Proposition 7.1.1 in [10]. However, it is not orientable in the
sense of a Kuranishi structure in general. In Chapter 8 of [10], we introduce the notion
of relative spin structure on L C M and its stable conjugacy class, and prove that if L
carries a relative spin structure (V, o), its stable conjugacy class [(V, 0)] determines
an orientation on the moduli space M(J; B) (see Sections 2 and 3 for the precise
definitions and notations). We denote it by M(J; )[(V>! when we want to specify
the stable conjugacy class of the relative spin structure. If we have a diffeomorphism
f: M — M satisfying f(L) = L, we can define the pull-back f*[(V,0)] of the
relative spin structure. (See also Section 3.1.)

Now we consider the case that t: M — M is an antisymplectic involution and
L =Fix .

We assume L is nonempty, oriented and relatively spin. Take an w—compatible almost
complex structure J satisfying t*J = —J . Such J we call t—anti-invariant. Then
we find that ¢ induces a map

Tt MEE(J 1 ) > MT2(J: B)

which satisfies 74 o 74« = Id. (See Definition 4.2 and Lemma 4.4.) Here we note that
7+(8) = B in TI(L) (see Remark 4.3). We pick a conjugacy class of relative spin
structure [(V, )] and consider the pull-back t*[(V, 0)]. Then we have an induced map

Tu: Mreg(J; IB)r*[(V,U)] N Mreg(J; ﬂ)[(V’U)]-

We will prove in Proposition 4.5 that 7, is induced by an automorphism of M™&(J; 8)
as a space with Kuranishi structure; see Definition A.3. The definition for an auto-
morphism to be orientation-preserving in the sense of Kuranishi structure is given in
Definition A.6. The first problem we study is the question whether 4 respects the
orientation or not. The following theorem plays a fundamental role in this paper.

Theorem 1.1 (Theorem 4.6) Let L be a fixed point set of an antisymplectic in-
volution T on (M,w) and J a t-anti-invariant almost complex structure compati-
ble with w. Suppose that L is oriented and carries a relative spin structure (V, o).
Then the map t.: M™(J; B)7 V-] s aqree( g BV s orientation-preserving
if urp () =0 mod4, and is orientation-reversing it iz, (f) = 2 mod 4.
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4 Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta and Kaoru Ono

Remark 1.2 If L has a t—relative spin structure (see Definition 3.11), then
M'E(J; lg)r*[(V,G)] = M™¢(J; lg)[(V,a)]

as spaces with oriented Kuranishi structures. Corollary 4.7 is nothing but this case.
If L is spin, then it is automatically 7-relatively spin (see Example 3.12). Later in
Proposition 3.14 we show that there is an example of Lagrangian submanifold L which
is relatively spin but not t-relatively spin.

Including marked points, we consider the moduli space M1, (J; B) of J-holo-
morphic stable maps to (M, L) from a bordered Riemann surface (X, dX) in class
B € TI(L) of genus 0 with (k 4+ 1) boundary marked points and m interior marked
points. The antisymplectic involution t also induces a map s on the moduli space of
J —holomorphic maps with marked points. See Theorem 4.10. Then we have:

Theorem 1.3 (Theorem 4.10) The induced map
tt Mt (T2 )71 My (7 IV

is orientation-preserving if and only if % pwr(B)+k+1+4+m iseven.

When we construct the filtered Ao, algebra (C(L, Ag,nov), m) associated to a relatively
spin Lagrangian submanifold L, we use the component of My _1(J; B) consisting of
the elements whose boundary marked points lie in counterclockwise cyclic order on 0X.
We also involve interior marked points. For the case of (k 4 1) boundary marked points
on 0¥ and m interior marked points in Int X, we denote the corresponding component,
which we call the main component, by 2‘1“} w(J:B). Moreover, we consider the
moduli space M7 (J;B; P1,..., P;), which is defined by taking a fiber product

of fj‘r“} , (s ,[3]3+\i/1rtrlll smooth singular simplices Py, ..., P of L. (This is nothing
but the main component of (2-4) with m = 0.) A stable conjugacy class of a relative
spin structure determines orientations on these spaces as well. See Sections 2 and 3
for the definitions and a precise description of their orientations. Here we should note
that 7, above does not preserve the cyclic ordering of boundary marked points, and so

it does not preserve the main component. However, we can define the maps denoted by

o ML (BT S ()

and

(1-1) oo A (JBi Pr...., P)T WO pain (783 Py, ., PV

See (4-6), (4-7) and (4-10) for the definitions. We put deg’ P = deg P — 1, which is
the shifted degree of P as a singular cochain of L (ie deg P = dim L —dim P.) Then
we show the following:
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Theorem 1.4 (Theorem 4.12) Let

e=3uL(B)+k+1+m+ > deg'P; deg'P;.

1<i<j<k
Then the map induced by the involution t,

T MEAR (T B: Py Pt O i (5B Py PO,

is orientation-preserving if € is even, and orientation-reversing if € is odd.

See Theorem 5.2 for a more general statement involving the fiber product with singular
simplices Q; (j =1,...,m) of M.

These results give rise to some nontrivial applications to Lagrangian intersection Floer
theory for the case L = Fix t. We briefly describe some consequences in the rest of
this section.

In the books [9] and [10], using the moduli spaces /\/l,‘?f‘;‘} (J;B; P1,..., Pr), we
construct a filtered A algebra (C(L; Ao nov)» M) With m={my }x—¢ 12, . foranyrel-
atively spin closed Lagrangian submanifold L of (M, @) (see Theorem 6.2) and develop
the obstruction and deformation theory of Lagrangian intersection Floer cohomology.
Here A0 oy 18 the universal Novikov ring over Q; see (6-1). In particular, we formulate
the unobstructedness to defining Floer cohomology of L as the existence of solutions of
the Maurer—Cartan equation for the filtered A, algebra; see Definition 6.3. We denote
by M(L; AO hov) the set of such solutions. By definition, when M(L; AO nov) 7 9,

we can use any element b € M(L; A rlov) to deform the Floer’s “boundary” map and
define a deformed Floer cohomology HF((L, b), (L, b); Ao hov) - See Section 6.1 for
a short review of this process. Now, for the case L = Fix t, Theorem 1.4 yields the
following particular property of the filtered Ao, algebra:

Theorem 1.5 Let M be a compact, or tame, symplectic manifold and T an antisym-
plectic involution. If L = Fixt is nonempty, compact, oriented and t —relatively spin,
then the filtered Ao algebra (C(L; AR ), m) can be chosen so that

0,nov
(1-2) mg.B (Pl, ey Pk) = (—I)Elmk,t*ﬂ(Pk, ey Pl),

where
e1=3uL(B)+k+1+ Z deg' P; deg' P;.

1<i<j<k

Using the results from [9] and [10], we derive that Theorem 1.5 implies unobstructedness
of L = Fix t in the following cases:
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Corollary 1.6 Let v and L = Fixt be as in Theorem 1.5. In addition, we assume
that either

(1) c1(TM)|zym) =0mod 4, or

(2) c1(TM)|zymy =0mod?2 and ix: m1(L) — (M) is injective. (Here ix is
the natural map induced by the inclusion i: L — M.)
Then L is unobstructed over AQ

(ie M(L; AR ) # @), and so

0,nov 0,nov

HF((L b) (L b) A0 nov)

is defined for any b € M(L; AQ
that the map

0. nov) - Moreover, we may choose b € M(L; A0 noy) SO

(1D (mg) . HEF((L.b). (L.b): AR,,) @ HFE((L.D). (L.b): AQ,,)
— HFF((L, D), (L, b); A,

induces a graded commutative product.

Remark 1.7 By symmetrizing the filtered Ao, structure my of (C(L, AO nov)> M),
we obtain a filtered Lo, algebra (C(L, A0 wov)s D) = (C(L, A0 nov)s Wk bk=0,1,2,...)
See Section A3 of [10] for the definitions of the symmetrization and of the filtered Lo
structure. In the situation of Corollary 1.6, the same proof shows that we have [ =
[k ® Ao oy if K is even. Here [k is the (unfiltered) Lo structure obtained by the
reduction of the coefficient of (C(L, A0 nov)» ) t0 Q. Note that over R we may choose
r=0fork>3 by Theorem X in Chapter 1 of [9]. On the other hand, Theorem A3.19
in [10] shows that [z = 0 for H(L; Q).

We note that we do not assert that the Floer cohomology HF ((L, b), (L, b); A 0, nOV)
is isomorphic to H*(L; Q) ® AO nov» 1D general. (Namely, we do not assert that
m=m® A0 ov-) Indeed, we show in Section 6.4 that for the case L = RP?"*+! in
CP2"*1 the Floer cohomology group is not isomorphic to the classical cohomology
group. (See Theorem 6.71.)

Moreover, if we also assume that ¢1(TM )|, ) = 0, we can show the following
nonvanishing theorem of Floer cohomology:

Corollary 1.8 Let t and L =Fix t be as in Theorem 1.5. Assume ¢1(TM )|z, p)=0.

Then L is unobstructed over A0 noy» and

HF ((L,b), (L,b); AQ ) #0
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for any b € M(L; AR ). In particular, we have

Y(L)NL #2
for any Hamiltonian diffeomorphism ¥: M — M.

0,nov

Theorem 1.5 and Corollaries 1.6 and 1.8 can be applied to the real point set L of any
Calabi—Yau manifold (defined over R) if it is oriented and t-relative spin.

Another application of Theorem 1.5 and Corollary 1.6 is a ring isomorphism between
quantum cohomology and Lagrangian Floer cohomology for the case of the diagonal
of a square of a symplectic manifold. Let (N, wy) be a closed symplectic manifold.
We consider the product

(M, wp) = (N x N, —prioy + pryon),

where pr; is the projection to the i™ factor. The involution 7: M — M defined by
(x,y) = (v, x) is antisymplectic, and its fixed point set L is the diagonal

Ay ={(x,x) | xe N} =N

As we will see in the proof of Theorem 1.9, the diagonal set is always unobstructed.
Moreover, we note that the natural map i«: H«(Ay, Q) > Hi(N x N;Q) is injec-
tive, and so the spectral sequence constructed in Chapter 6 of [9] collapses at the
E;—term by Theorem D (D.3) [9], which in turn induces the natural isomorphism
H(N;Q) ® Aonov = HF((L,b), (L, b); A0 noy) forany b € M(L; AO nov) - In the
proof of Theorem 1.9 in Section 6.2 we prove that m, also derives a graded commuta-
tive product

Ug: HF((L.b), (L,b); Agyo,) ® HE((L.b), (L. b); AG,,,)
— HF((L.b), (L. b); AOHOV)

In fact, we can prove that the following stronger statement.

Theorem 1.9 Let (N, wy) be a closed symplectic manifold.

(1) The diagonal set of (N x N, —priwn + prywy) is unobstructed over AQ

0,nov *

(2) There exists a bounding cochain b such that product Ug coincides with the
quantum cup product on (N, wy) under the natural isomorphism

HF((L b) (L b) AO nov) H(N Q) ® AO nov*
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If we use Corollary 3.8.43 in [9], we can easily find that the diagonal set is weakly
unobstructed in the sense of Definition 3.6.29 in [9]. See also Remark 6.72. We also
note that for the case of diagonals, the m; (k > 3) define a quantum (higher) Massey
product. It was discussed formally in Fukaya [4]. We have made it rigorous here:

Corollary 1.10 For any closed symplectic manifold (N, wy), there exists a filtered
Aoo structure my on H(N; Aé)Qinov) = H(N;:Q)® AL such that

0,nov
(1) mp=m; =0;
(2) Uyg defined by (6-13) using my coincides with the quantum cup product;

(3) the R-reduction (H(N;Q),m) ®g R of the filtered Ax, algebra is homo-
topy equivalent to the de Rham complex of N as an A, algebra, where
(H(N;Q),m) is the reduction of the coeftficient of (H(N; Agnov), m) to Q.

The paper is organized as follows: In Section 2, we briefly recall some basic material
on the moduli space of stable maps from a bordered Riemann surface of genus 0.
In Section 3, we also recall from [10] the notion of relative spin structure, its stable
conjugacy class and the orientation of the moduli space of pseudoholomorphic discs.
We describe how the stable conjugacy class of relative spin structure determines an
orientation on the moduli space. We introduce here the notion of t-relative spin struc-
ture for an antisymplectic involution 7: M — M, and also give some examples which
are relatively spin but not t—relatively spin Lagrangian submanifolds. In Section 4,
we define the map 7. on the moduli space induced by 7 and study how the induced
map Ty on various moduli spaces changes or preserves the orientations. Assuming
Theorem 1.1 holds, we prove Theorem 1.3 in this section. The fundamental theorems
Theorem 1.1 and Theorem 1.4 are proved in Section 5. Section 6 is devoted to various
applications of the results obtained above to Lagrangian Floer cohomology. After a
short review of the general story of Lagrangian intersection Floer theory laid out in
[9] and [10], we prove Theorem 1.5, Corollary 1.6 and Corollary 1.8 in Section 6.2.
Section 6.3 is devoted to the proofs of Theorem 1.9 and Corollary 1.10. In particular, we
introduce stable maps with admissible system of circles and study their moduli spaces in
Section 6.3.4. In Section 6.4, we calculate Floer cohomology of RP2"*1 over AOZ’ nov
coefficients by studying orientations in detail. The calculation shows that the Floer
cohomology of RP2"+1 over A%’ oy 18 not isomorphic to the usual cohomology. This
result contrasts with Oh’s earlier calculation [17] of the Floer cohomology of real
projective spaces over Z, coefficients, where the Floer cohomology is isomorphic to
the usual cohomology over Z5 . In the first two subsections of the Appendix, we briefly
recall form [10] the definition of orientation on the space with Kuranishi structure and
the notion of group action on a space with Kuranishi structure. In the third subsection
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of the Appendix, we present how to promote filtered A, g —structures keeping the
invariance under the involution.

Originally, the content of this paper appeared as a part of Chapter 8 in the preprint
version [7] of the books [9] and [10], and was intended to be published in a part of the
book. However, due to the publisher’s page restriction on the AMS/IP Advanced Math
Series, we took out two chapters, Chapter 8 and Chapter 10 from the preprint [7] and
published the book without those two chapters. The content of this paper is based on
the parts extracted from Chapter 8 (Floer theory of Lagrangian submanifolds over Z)
and Chapter 9 (Orientation) in the preprint [7]. We also note that this is a part of the
paper cited as [FOOOOQ9I] in the books [9] and [10]. The half of the remaining part of
Chapter 8 of [7] is published as [14].
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2 Preliminaries

In this section, we prepare some basic notation we use in this paper. We refer to
Section 2.1 of [9] and Section Al of [10] for more detailed explanations of moduli
spaces and the notion of Kuranishi structure, respectively. Let L be an oriented
compact Lagrangian submanifold of (M, w). Take an w—compatible almost complex
structure J on M. We recall Definition 2.4.17 in [9] where we introduce the relation ~
in mo(M, L): We define B ~ B’ in mp(M, L) if and only if w(8) = w(B’) and
ur(B) = ur(B’). We denote the quotient group by

2-1 (L) =m2 (M. L)/ ~ .

This is an abelian group. Let 8 € T1(L). A stable map from a bordered Riemann surface
of genus zero with (k + 1) boundary marked points and m interior marked points
is a pair ((Z,Z,Z7), w) = (Z,20,.-., 2k, 2] »---,Z), w) such that (£,Z,Z%) isa
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bordered semistable curve of genus zero with (k 4+ 1) boundary marked points and
m interior marked points, and w: (¥, 0X) — (M, L) is a J—holomorphic map such
that its automorphism group, ie the set of biholomorphic maps : ¥ — ¥ satisfying
V(zi)=zi, ¥(Z) = Z and wo ¢ = w, is finite. We say that ((£,Z,Z%), w)
is isomorphic to ((¥’, ﬁ’, Z17), w’) if there exists a biholomorphic map ¥: & — ¥/
satisfying ¥ (z;) =z}, ¥(Z;i) = Z" and w’ oy = w. We denote by My 41,m(J; )
the set of the isomorphism classes of stable maps in class 8 € I1(L) from a bordered
Riemann surface of genus zero with (k + 1) boundary marked points and m interior
marked points. When the domain curve ¥ is a smooth 2—disc D2, we denote the corre-
sponding subset by M€ . (J; B). We note that My 41 ,,,(J; B) is a compactification

k+1,m

of M8, (J:p). The virtual real dimension is

dimg My 1.m(J; B) =n+pur(B) +k +142m =3,

where n = dim L and pur (B) is the Maslov index (which is an even integer for an
oriented Lagrangian submanifold L). When we do not consider interior marked points,
we denote them by My11(J; ) and M8, (J; B), and when we do not consider any
marked points, we simply denote them by M(J; B) and M™(J; ). Furthermore,

we define a component MM (] B) of My11.m(J;p) by

k+1,m
MPEn (2 B) = {(Z.2.5).w) € My 1m(T: B) |
(zo, 21, ..., Zx) is in counterclockwise cyclic order on 82},

which we call the main component. We define M pl AR MPain (. B) and

k+1, k+1
Mpainreg 7+ B in a similar manner. ’ !
k+1 ’ :

We have a Kuranishi structure on My 11 ,,(J; B) so that the evaluation maps

evi: Mgt1m(J:B)—+L, i=0,1,... k,
evf:MkH,m(J;,B)—)M, j=1,....m

defined by ev; ((,Z,27), w) = w(z;) and evi" (£,Z,27), w) = w(z"') are weakly
submersive. (See Section 5 of [16] and Section Al.1 of [10] for the definitions of
Kuranishi structure and weakly submersive maps.) Then for given smooth singular
simplices (f;: P; — L) of L and (g;: Q; — M) of M, we can define the fiber
product in the sense of Kuranishi structure:

(2-3) Mys1m(J;8: 0, P)
= Mk—H m(J ﬂ)(ev"‘ ..... eV eV 5. es€Vk) X g1 X=X fx (1_[ Q] 2 1_[ P)
j=1 i=1
See Section A1.2 of [10] for the definition of fiber product of Kuranishi structures. We

define Mfﬂm(] ; B; O, P) in a similar way. When we do not consider the interior

(2-2)
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marked points, we denote the corresponding moduli spaces by My 1(J; B; }3) and

?iui (J: B; ﬁ), respectively. Namely,

k
Q) Misr (85 P)i= Micpr (3 B ennovn) X (1‘[ Pi).
i=1

In Section 3.3, we describe the orientations on these spaces precisely.

3 t-relative spin structure and orientation

3.1 Review of relative spin structure and orientation

It is known that the moduli space of pseudoholomorphic discs with Lagrangian boundary
condition is not always orientable. To discuss orientability and orientation of the moduli
space, we first recall the notion of relative spin structure and its stable conjugacy class
introduced in [10]; we also briefly review how the stable conjugacy class of relative
spin structure determines an orientation of the moduli space of pseudoholomorphic
discs with Lagrangian boundary condition. See Section 8.1 of [10] for more details.
See also V de Silva’s work [21].

Definition 3.1 An oriented Lagrangian submanifold L of M is called relatively spin
if there exists a class st € H?(M; Z,) such that st|; = wo(TL).

A pair of oriented Lagrangian submanifolds (L1, L©) is called relatively spin
if there exists a class st € H?(M;Z,) satisfying st|;@) = wa(TL®) (i = 0,1)
simultaneously.

Remark 3.2 Using the relative pin structure, J] Solomon [22] generalized our results
about the orientation problem studied in [10] to the case of nonorientable Lagrangian
submanifolds.

Let L be a relatively spin Lagrangian submanifold of M. We fix a triangulation of M
such that L is a subcomplex. A standard obstruction theory yields that we can take
an oriented real vector bundle V' over the 3—skeleton M[3; of M which satisfies
w2(V) =st. Then wo(TL|Lp, ® VL) =0,andso TL @V carries a spin structure
on the 2—skeleton L) of L.

Definition 3.3 The choice of an orientation on L, a cohomology class st € H*(M;Z5),

an oriented real vector bundle V' over the 3—skeleton M[3) satisfying wa(V') = st,
and a spin structure o on (TL @ V)|L,, is called a relative spin structure on L C M.
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A relative spin structure on the pair (L1, L) is the choice of orientations on L,
a cohomology class st € H>(M;Z,), an oriented real vector bundle V over the
3—skeleton M3 satisfying w» (V) = st, and spin structures on (TL" @ V)| LY
(i=0,1).

In this paper we fix an orientation on L. If L is spin, we have an associated relative
spin structure for each spin structure on L as follows: Take s =0 and V' to be trivial.
Then the spin structure on L naturally induces the spin structure on 7L & V.

Definition 3.3 depends on the choices of V' and the triangulation of M. We introduce
an equivalence relation called stable conjugacy on the set of relative spin structures so
that the stable conjugacy class is independent of such choices.

Definition 3.4 We say that two relative spin structures (st;, V;,o0;) (i =1,2) on L
are stably conjugate if there exist integers k; and an orientation-preserving bundle
isomorphism ¢: V; ®R¥1 — V, @R*2 such that by 1®@|Lp: (TLOVI)L, &Rk —
(TL& V) Ly ® R¥2 | the spin structure o1 @ 1 induces the spin structure o, & 1.

Here R¥i denotes a trivial vector bundle of rank ki (i = 1,2). We note that in
Definition 3.4, we still fix a triangulation T of M such that L is a subcomplex.
However, by Proposition 8.1.6 in [10], we find that the stable conjugacy class of relative
spin structure is actually independent of the choice of a triangulation of M as follows:
We denote by Spin(M, L;T) the set of all the stable conjugacy classes of relative spin
structures on L C M.

Proposition 3.5 [10, Proposition 8.1.6] (1) There is a simply transitive action of
H?(M, L;Z,) on Spin(M, L;%).
(2) For two triangulations ¥ and ' of M such that L is a subcomplex, there exists
a canonical isomorphism Spin(M, L;¥) = Spin(M, L;X’) compatible with the
above action.

In particular, if a spin structure of L is given, there is a canonical isomorphism
Spin(M, L;T) = H*(M, L;Z,). Thus, hereafter, we denote by Spin(M, L) the set
of the stable conjugacy classes of relative spin structures on L without specifying any
triangulation of M.

Since the class st is determined by V', we simply write the stable conjugacy class of
relative spin structure as [(V, 0)], where o is a spin structure on (TL & V)L, -

The following theorem is proved in Section 8.1 of [10]. We denote by /ﬂreg(J ; B) the
set of all J —holomorphic maps from (D2, 3D?) to (M, L) representing a class 8. We
note that M™8(J; ) = M™8(J; B)/ PSL(2,R).
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Theorem 3.6 If L is a relatively spin Lagrangian submanifold, M™¢(J; B) is ori-
entable. Furthermore, the choice of stable conjugacy class of relative spin structure
on L determines an orientation on M™(J; §) canonically for all B € (M, L).

Remark 3.7 (1) Following Convention 8.2.1 in [10], we have an induced orientation
on the quotient space. Thus Theorem 3.6 holds for the quotient space M™28(J; ) =
M™2(J:B)/PSL(2,R) as well. Here we use the orientation of PSL(2,R) as in
Convention 8.3.1 in [10].

(2) Since M™8(J; B) is the top-dimensional stratum of M(J; f), the orientation
on M™8(J; B) determines one on M(J; B). In this sense, it is enough to consider
M™(J; B) when we discuss orientation on M(J; 8). The same remark applies to
other moduli spaces including marked points and fiber products with singular simplices.

(3) The moduli space M(J, ) may not contain a smooth holomorphic disc, ie
M™(J, B) = &. However, the orientation issue can be discussed as if M™2(J, B) # @.
This is because we consider the orientation of Kuranishi structure, ie the orientation
of det E* ® detTV, where V is a Kuranishi neighborhood around a point p =
[w: (£,0X) > (M, L)] in M(J,B) and E — V is the obstruction bundle. Even
though p is not represented by a bordered stable map with an irreducible domain, ie
a disc, V contains a solution of du = 0 mod E for u: (D2,9D?) — (M, L). The
determinant bundle of the linearized 5—operators parametrized by V is trivialized
around p, hence the orientation of the determinant line at [u] determines the one at p.

We recall from Section 8.1 of [10] how each stable conjugacy class of relative spin
structures determines an orientation on the moduli space of holomorphic discs. Once we
know the orientability of /Vlreg(J ; B), it suffices to give an orientation on the determi-
nant of the tangent space at a point w € Mreg(J ; B) for each stable conjugacy class of
relative spin structures. We consider the linearized operator of the pseudoholomorphic
curve equation

(3-1)  Dyd: WHP(D?,9D% w*TM L*TL) — L (D*1w*TM ® A%)).
Here { = w|yp2 and p > 2. Since it has the same symbol as the Dolbeault operator
g(w*TM,Z*TL)Z wbLP(D? dD%; w*TM,(*TL) — L?(D*; w*TM ®A°D»12 ,

we may consider the determinant of the index of this Dolbeault operator 5(w*T M,(*TL)
instead. We can deform w: (D?,9D?) — (M, L) to wo: (D?,0D?) — (M. L11))
by the simplicial approximation theorem. We put £y = wo|ap2.

Now pick [(V,0)] € Spin(M, L). It determines the stable homotopy class of the
trivialization of £3(TL @ V). The existence of the oriented bundle V' on M[3] induces
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a unique homotopy class of the trivialization of £ 1. Thus, we have a unique homotopy
class of trivialization of £57TL. Using this trivialization and Proposition 3.8 below
(applied to the pair of (E, 1) with E =wgTM, A ={§TL), we can assign an orientation
on the determinant of the index,

det Index 5(,”3 TMLSTL) -= det(coker 5(’”3 TM,L; r1))" ® detker 5(1”3 TML;TL)-

This process is invariant under the stably conjugate relation of relative spin structures.
Therefore, we obtain an orientation on M™&(J; 8), and so on M™(J; ), for each
stable conjugacy class of relative spin structure [(V, d)].

Proposition 3.8 [10, Proposition 8.1.4] Let E be a complex vector bundle over D?
and A a maximally totally real bundle over dD? with an isomorphism

Elosp2 = A ®C.

Suppose that A is trivial. Then each trivialization on A canonically induces an ori-
entation on Index d(g ). Here (g ) is the Dolbeault operator on (D?,0D?) with
coefficient (E,A):

d(E.a: WHP (D2, 0D? E L) — LP(D* E @ A%b).

Remark 3.9 To explain some part of the proof of Theorem 1.1 given in Section 5 in
a self-contained way, we briefly recall the outline of the proof of Proposition 3.8. See
Section 8.1.1 of [10] for more detail. For 0 <€ < 1, we put

A(e)={zeD?|1—-e<|z|<1} and Ci_¢={zeD?||z]=1—¢}.

By pinching the circle C to a point, we have a union of a 2—disc D? and a 2—sphere
CP! with the center O € D? identified with a point p € CP!. The resulting space
¥ = D?UCP! naturally has a structure of a nodal curve where O = p is the nodal point.
Under the situation of Proposition 3.8, the trivial bundle A — dD? trivially extends
to A(€), and the complexification of each trivialization of A — dD? gives a trivialization
on E|4.) — A(€). Thus the bundle £ — D? descends to a bundle over the nodal
curve ¥ together with a maximally totally real bundle over 3% = dD?. We denote them
by E/ — ¥ and A’ — 9%, respectively. We also denote by W -2 (CP1; E'|cp!) the
space of W17 —sections of E'|cpt — CP!, and by WP (D?; E'|p2,1") the space
of WP _gections &pa of E'|p2 — D? satisfying £2(z) € A, and z € dD? = 9%.
We consider a map

diff: WLP(CPY; E'|cpt) @ WP (D2,0D?; E'|p2,))) — C",
(Ecp1.&p2) = Ecpi(p) —§p2(0).
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We put WP (E’, 1) := diff 1 (0) and consider the index of operator
Ay WHP(E', )y — LP(CPY E'|cpt @ A% ) ® LP (D2, 0D E'| p2 @ A%

Then the orientation problem for Index 5( E,A) On (D?,0D?) is translated into the
problem for Index d(g+ 1) on (X, dX). Firstly, we note that the operator

0(E | p2,lap2): WHP(D?,0D* E'|p2,)) — L?(D* E'|p> ® A%S
is surjective. Each trivialization of A — dD? gives an identification
(3—2) kerg(Equ,)Vsz) =~ ker 8(D2ch ID2xR") = Rn

where kerg(sz(Cn’aszRn) is the space of solutions £: D2 — C" of the Cauchy—
Riemann equation with boundary condition

=0, £(z)er,=R" zedD?

Thus the solution must be a real constant vector. This implies that we have a canon-
ical isomorphism in (3-2). Then the argument in Section 8.1.1 of [10] shows that
the orientation problem can be reduced to the orientation on ker 5( E'\p2,M|ap2) and
Index 0 g/|p1 - The latter one has a complex orientation. By taking a finite-dimensional
complex vector space W C L?(CP'; E'|cpt ® A%p1) such that

LP(CPY E'|cp' ® A?é}pl) = Ing/\(cpl + W,

a standard argument (see the paragraphs after Remark 8.1.3 in [10], for example)
shows that the orientation problem on Index 5E’|<c p1 18 further reduced to one on
ker 0 E’|cp1 Which is the space of holomorphic sections of E'|cpt — CP!, denoted
by Hol(CP!; E’|cp1).

We next describe how the orientation behaves under the change of stable conjugacy
classes of relative spin structures. Proposition 3.5 shows that the difference of relative
spin structures is measured by an element ¢ in H?(M, L; Z,). We denote the simply
transitive action of H2(M, L; Z>) on Spin(M, L) by

(;3 [(V’ G)]) = [(V’ G)]

When we change the relative spin structure by t € H2(M, L; Z»), then we find that
the orientation on the index of the operator Dy, d in (3-1) changes by (—1)*%]. The
following result is proved in Proposition 8.1.16 in [10] and is also obtained by Cho [3]
and Solomon [22]. This proposition is used in Sections 6.3 and 6.4.
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Proposition 3.10 The identity map
M(J; ﬂ)[(V,U)] N M(J;IB)I'[(V,U)]

is orientation-preserving if and only if t[f] = 0.

For a diffeomorphism v: (M, L) — (M’, L’) satisfying ¥ (L) = L’, we define the
pull-back map

(3-3) V*: Spin(M’, L") — Spin(M, L)

by v*[(V',0")]=[(¢*V',y¥*0’)]. That is, we take a triangulation on M’ such that L’
is its subcomplex and v: (M, L) — (M’, L’) is a simplicial map. Then ¥ *V’ is a
real vector bundle over M3}, and ¢’ induces a spin structure on (7L & y*V’)| L -
Then it is easy to see that

Yar M(B: M. L )V 1N o My i MY, L5y )00

is orientation-preserving.

3.2 t-relative spin structure and an example

After these general results are prepared in the previous subsection, we focus ourselves
on the case L = Fix t, the fixed point set of an antisymplectic involution 7 of M.
We define the notion of t—relative spin structure and discuss its relationship with the
orientation of the moduli space. Note that for 7 such that L = Fix t is relative spin, ©
induces an involution 7* on the set of relative spin structures (V, o) by pull-back (3-3).

Definition 3.11 A t—relative spin structure on L is a relative spin structure (V, o)
on L such that t*(V, o) is stably conjugate to (V,0), ie t*[(V,0)] = [(V,0)] in
Spin(M, L). We say that L is t-relatively spin if it carries a t—relative spin structure,
ie if the involution t*: Spin(M, L) — Spin(M, L) has a fixed point.

Example 3.12 If L is spin, then it is t—relatively spin: Obviously, t preserves the
spin structure of L since it is the identity on L. And we may take V' as needed in the
definition of relative spin structure to be the trivial vector bundle.

Remark 3.13 We would like to emphasize that a relative spin structure (V, o, st)
satisfying t*st = st is not necessarily a t-relative spin structure in the sense of
Definition 3.11. See Proposition 3.14 below.
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Now we give an example of L = Fix t that is relatively spin but not t—relatively spin.

Consider M = CP" with the standard symplectic and complex structures and L =
RP"™ C CP", the real point set. The real projective space RP" is oriented if and
only if n is odd. We take the tautological real line bundle £ on RP”" such that the 1%
Stiefel-Whitney class w1 (£) := x is a generator of H!(RP";Z,). Then we have

TRP" @R = B0+
and so the total Stiefel-Whitney class is given by
w(TRP™) = (14 x)"tL.
Therefore, we have

x2 if n is even,

3_4 RPZIH-I —
-4 wa( )=V0 ifnis odd.

From this, it follows that RP#”*3 (1 >0)and RP! are spin and hence are t—relatively
spin by Example 3.12. On the other hand, we prove:

Proposition 3.14 The real projective space RP#"+1 c CP*"*1 (n > 1) is relatively
spin but not T —relatively spin.

Proof The homomorphism
H2(<CP4n+l : ZZ) — HZ(RP4I’I+1; ZZ)

is an isomorphism. We can construct an isomorphism explicitly as follows: Let 1 be
the tautological complex line bundle on CP*#**1 such that

c1(n) =y e H*(CP*" 1. 7)
is a generator. We can easily see that

Nigpant1 =& SE,

where £ is the real line bundle over RP#"*! chosen as above. Since c1(n) is the
Euler class which reduces to the second Stiefel-Whitney class under Z,—reduction,
y > x2 under the above isomorphism. But (3-4) shows that xZ = w, (RP***1)_ This

proves that RP4"*+1 is relatively spin: for st, we take st = y.

Now we examine the relative spin structures of RP4"*1 Tt is easy to check that
H2(CP4+1 RP4"+1:7,) = 75, and so there are two inequivalent relative spin

structures by Proposition 3.5. Let st = y and take

V = n@2n+1 @R
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for the vector bundle V', noting wa(V)=c1(V)=2n+ 1)y =y = st mod 2.
Next we have the isomorphism
5 TRP*H g R2 ~ §®(4n+2) PR =~ 77619(2n+1)|]muerl SR,
and so it induces a trivialization of
(TRP" 1 g V)eR2 = TRPY 1 @ R2a V
= ("D g panit OR) & (PP g panit R).

We note that on a 2—dimensional CW complex, any stable isomorphism between two
oriented real vector bundles V7 and V5, induces a stable trivialization of V] & V5.
In particular, (p®@" V| panst @ R) & (n®2"+ V| pant1 ® R) has a canonical
stable trivialization on the 2—skeleton of RP#*T1 which in turn provides a spin
structure on TRP*"*t1 @ V denoted by o. This provides a relative spin structure on
RP4n+1 C (CP4I1+1 .

Next we study the question on the t—relatively spin property. By the definition of the
tautological line bundle 1 on CP#"*1  the involution t lifts to an anticomplex linear
isomorphism of 71, which we denote

c:n—1.

Then
C®(2n+1) ® (_1): 7769(211-1—1) SR — n®(2n+1) &R

is an isomorphism which covers 7. Therefore, we may identify
V=V = n®(2n+1) ®R

on RP4"*1 and also
‘E* — c®(2n+l) D (_1)

Then we have
™*(V,0,st) = (V,0, s1),

where the spin structure ¢’ corresponds to the isomorphism
(c®(2n+l) D (_1)) 0F.

Therefore, to complete the proof of Proposition 3.14 it suffices to show that the restric-
tion of ¢®27+D g (1) to (RP 4”"‘1)[2] is not stably homotopic to the identity map
as a bundle isomorphism.

Note that the 2-skeleton (RP4”+1)[2] is RP2. We have m,(SO(m)) = Z, and
w2(SO(m)) =1 for m > 2. Hence an oriented isomorphism of real vector bundles
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on (RP4"+1)[2] is stably homotopic to the identity if it is so on the 1-skeleton
1 _ (RP4n+1)[1] .

It is easy to see that ¢ @ ¢ is homotopic to the identity. So it remains to consider
c®—-1:n®R - n@R on S'. Note that n|g1 = £ ® £ and this bundle is trivial.
The splitting corresponds to the basis (cost/2,sint¢/2), (—sint/2,cost/2). (Here
t € S'=R/277Z.) The map c is givenby ¢ = (1, —1): £ D& — EP E. So when we
identify @ R =~ R3 on S!, the isomorphism ¢ @ —1 is represented by the matrix

cost/2 sint/2 0\ /1 0O O\ [cost/2 —sint/2 0
—sint/2 cost/2 0|0 =1 O] | sint/2 cost/2 0
0 0 1/\0 0-1 0 0 1

cost —sint 0O
= | —sint —cost O
0 0 -1

cost sint 0O 1 0 O
= | —sint cost O 0-1 0
0 0 1 0 0 -1

This loop represents the nontrivial homotopy class in 71 (SO (3)) = Z, . This proves that
the involution t*: Spin(CP4*+1 RP4"+1) _ Spin(CP*"+1 RP*"+1) is nontrivial.
Since Spin(CP4"+t1 RpP4"+1) ~ 7, the proof of Proposition 3.14 is complete. [

Using the results in this section, we calculate Floer cohomology of RP2"+1 over AOZ nov
in Section 6.4 (see (6-2) for the definition of A0 nov)» Which provides an example of

Floer cohomology that is not isomorphic to the ordinary cohomology.

3.3 Orientations on Mz‘i“;(J 5B 13) and M',:’f‘l:‘l‘ (I3 B Q, 13)

In this subsection, we recall the definitions of the orientations of ?jf‘i J; B; };) and

?i”i w3 B; Q P ) from Sections 8.4 and 8.10.2 of [10]. Here L is not necessarily
the fixed point set of an antisymplectic involution 7.

When we discuss the orientation problem, it suffices to consider the regular parts of
the moduli spaces. See Remark 3.7(2). By Theorem 3.6, we have an orientation on
Mee(J; B) for each stable conjugacy class of relative spin structure. Including marked
points, we define an orientation on M€ . (J; ) by

k+1,m
;figi-l m(‘] 'B)
= (M™8(J; B) x D x D} x-+-x D2 x dD2, 1 x---x D2 )/ PSL(2, R).

Geometry & Topology, Volume 21 (2017)



20 Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta and Kaoru Ono

Here the subindices in D and 0D2_,; (resp. D?) stand for the positions of the
marked points zo and z; (resp. zj+ ). (In Section 8.10.2 of [10] we write the above
space as My k),m(B).) Strictly speaking, since the marked points are required to be
distinct, the left-hand side above is not exactly equal to the right-hand side but is an
open subset. However, when we discuss the orientation problem, we sometimes do not
distinguish them when no confusion can occur.

In (2-3) and (2-4), we define My (J;B: P) and Myy1m(J:B: O, P) by fiber
products. Now we equip the right-hand sides in (2-3) and (2-4) with the fiber prod-
uct orientations using Convention 8.2.1(3) in [10]. However, we do not use the
fiber product orientations themselves as the orientations on My 1(J; B; ﬁ) and
Mis1m(J; B Q, 15), but we use the following orientations twisted from the fiber
product orientation: We put deg P; = n —dim P; and deg Q; = 2n —dim Q; for
smooth singular simplices f;: P; — L and g;: Q; — M.

Definition 3.15 [10, Definition 8.4.1] For given smooth singular simplices f;: P; — L,
we define an orientation on Mg 1(J;B; P1,..., Py) by

k
Mis1(J: B Py Pr) = (=D P M1 (T2 B) e evi) X1 xoex i (1_[ Pi)»
i=1

where
k—1 J

e(P)=(n+1)) > degP;.

j=1i=1

Definition 3.16 [10, Definition 8.10.2] Given smooth singular simplices f;: P; — L
in L and g;: Qj — M in M, we define

Mis1m(J:B; 01, ..., Qmi P1,..., Py)

m k
= (—I)E(P’Q)Mk—i-l,m(‘]; 'B)(ev}" v evi o evi) XEIXX fi (1_[ Q; x 1_[ P,'),

..........

j=1 i=1
where
k—1 Jj m
(3-5)  e(P.Q)=@+1)) Y degP;+(k+D(n+1)+1)) deg0;.
j=1li=1 Jj=1

Replacing My 1(J;B) and My 41 ,(J; B) on the right-hand sides of above defini-

tions by M?j‘r”i (J; B) and M?ﬁ‘;‘i (S B) respectively, we similarly define orientations

on the main components

(T B Py P and M (T3 Q. O P P).
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When we do not consider the fiber product with g;: Q; — M, we drop the second
term in (3-5). Thus when m = 0, the moduli space in Definition 3.16 is nothing but
M +1(J; B; P1, ..., Py) equipped with the orientation given by Definition 3.15.

When we study the map ™" in (1-1), we have to change the ordering of boundary

marked points. Later we use the following lemma which describes the behavior of
orientations under the change of ordering of boundary marked points:

Lemma 3.17 [10, Lemma 8.4.3] Let o be the transposition element (i,i + 1) in
the k™ symmetric group &y fori =1,...,k — 1. Then the action of o on the moduli
space My41(J;B; P1,..., Pi, Piy1,..., Pr) changing the order of marked points
induces an orientation-preserving isomorphism

o: Mgp1(J:B: Py, P, Py, ..., Py)
— (—1)Uee PitDee Picit D pg, o (J:B: Py, ..., Piy1, Pi,.... Py).

4 The induced maps 7, and 7™M

Let (M, ®) be a compact, or tame, symplectic manifold, and let 7: M — M be an
antisymplectic involution, ie a map satisfying 72 = id and t*(w) = —w. We also
assume that the fixed point set L = Fix t is nonempty, oriented and compact.

Let J, be the set of all w—compatible almost complex structures and 7,0 its subset
consisting of rT—anti-invariant almost complex structures J satisfying 7.J = —J.

Lemma 4.1 ([6, Lemma 11.3]; see also [24, Proposition 1.1]) The space J, is
nonempty and contractible. It becomes an infinite-dimensional (Fréchet) manifold.

Proof For a given J € 7, its tangent space T, consists of sections Y of the
bundle End(7'M) whose fiber at p € M is the space of linear maps Y: T,M — T, M
such that

YJ+JY =0, ov,w)+ol Yw)=0, %Y =-Y.

Note that the second condition means that JY is a symmetric endomorphism with
respect to the metric g5 = w(-,J-). It immediately follows that 7] becomes a
manifold. The fact that 7} is nonempty (and contractible) follows from the polar
decomposition theorem by choosing a r—invariant Riemannian metric on M. a
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4.1 The map 7, and orientation

We recall the definition of T1(L) = (M, L)/ ~ where the equivalence relation is

defined by B ~ B’ € mo(M, L) if and only if w(B) = w(B’) and ur(B) = ur(B);
see (2-1). We notice that for each € I1(L), we defined the moduli space M(J; 8)
as the union

(4-1) MUI:p=|J MU:B).

Bem>(M,L)
[B]=B€II(L)

We put D? ={z € C ||z| <1}, and Z denotes the complex conjugate.

Definition 4.2 Let J € JF. For J-holomorphic curves w: (D?,dD?) — (M, L)
and u: S — M, we define @ and # by

4-2) w(z)=(tow)(z), u(z)=(rou)(2).
For (D%, w) € M™&(J;pB) and ((D2%,Z,Z2%),w) € MES | (J: B), we define

@3) (D% w)=(D%L®), w((D%::7),w)=(D*Z.27),B),
where

Z=(Z0.....7k). zt =@ .....5).

Remark 4.3 For 8 = [w], we put 74« = [W]. Note if ty: mo(M, L) — m2(M, L) is
the natural homomorphism induced by t, then

B = —ip.
This is because z — z is of degree —1. In fact, we have
() =45

in TTI(L) since 74« preserves both the symplectic area and the Maslov index.
Lemma 4.4 The definition (4-3) induces the maps
Tut MO B) > MEE(J: B). w ME (S B) > MK L (T3 B),

which satisfy T« o T« = id.

Proof If (w,(Zo.....zk). (z{ ... 2h)) ~ (W (), ..., 2), (oo zpD)), we
have ¢ € PSL(2,R) = Aut(D?) such that w’ = wog™1, 7/ = ¢(z;) and zlf"' = go(zl.’")
by definition. We define @: D? — D? by

(4-4) o(z) = (p(@)).
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Then g € PSL(2,R), ' = T og ', Z/ = (Z;) and Z,T = @(Z;"). The property
Tx O Ty = id is straightforward. a

We note that the mapping ¢ — @, PSL(2, R) — PSL(2, R) is orientation-preserving.

Proposition 4.5 The involution t, is induced by an automorphism of M™2(J; B) as
a space with Kuranishi structure.

Proposition 4.5 is a special case of Theorem 4.10(1). The proof of Theorem 4.10(1)
is similar to the proof of Theorem 4.11 which will be proved in Section 5. See
Definition A.3 for the definition of an automorphism of a space with Kuranishi structure
and Definition A.6 for the definition for an automorphism that is orientation-preserving
in the sense of Kuranishi structure. In this paper, we use the terminology orientation-
preserving only in the sense of Kuranishi structure. We refer to Section A1.3 of [10]
for a more detailed explanation of the group action on a space with Kuranishi structure.

In Section 3, we explained that a choice of stable conjugacy class [(V, 0)] € Spin(M, L)
of relative spin structure on L induces an orientation on My 11, (J; B) for any given
B € I1(L). Hereafter, we equip My 41, (J; B) with this orientation when we regard
it as a space with oriented Kuranishi structure. We write it as My 1, (J; ﬂ)[(V"’)]
when we specify the stable conjugacy class of relative spin structure.

For an antisymplectic involution 7 of (M, ), we have the pull-back t*[(V,0)] of
the stable conjugacy class of relative spin structure [(V, 0)]; see (3-3). Then from the
definition of the map 7« in Lemma 4.4, we obtain the maps

T Ml‘eg(J;lB)r*[(V,o’)] N Mreg(J; IB)[(V,O’)]’

e M, (BT g ()

Here we note that t«J = —J, and we use the same t—antisymmetric almost complex
structure J in both the source and the target spaces of the map . If [(V,0)] is 7—
relatively spin (ie t*[(V,0)] = [(V,0)]), T« defines involutions of M™8(J; ﬂ)[(V"’)]
and Mfil,m(J : B)IV-9)] with Kuranishi structures.

Theorem 4.6 Let L be a fixed point set of an antisymplectic involution T and J € JJ.
Suppose that L is oriented and carries a relative spin structure (V, o). Then the map
To: M™E(J; B)T IV s pqree( g B9 s orientation-preserving if puy (B) =
0 mod 4 and is orientation-reversing if yuy () = 2 mod 4.

Corollary 4.7 Let L be as in Theorem 4.6. If, in addition, L carries a t—relative
spin structure [(V,o)], then the map t.: M™(J; LV 5 pqreg( g g)lV-oll g
orientation-preserving if y (8) = 0 mod 4 and is orientation-reversing if juy (8) =
2 mod 4.
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We prove Theorem 4.6 in Section 5. Here we give a couple of examples.

Example 4.8 (1) Consider the case of M = CP", L = RP". In this case, each
Maslov index pyz (8) has the form

pL(B) =Lgn+1),

where 8 = (g times the generator. We know that when #n is even, L is not orientable,
and so we consider only the case where n is odd. On the other hand, when # is odd,
L is relatively spin. Moreover, we have proved in Proposition 3.14 that RP4"+3
(n > 0) is t—relatively spin (indeed, RP*"*+3 is spin), but RP***1 (n > 1) is not
t—relatively spin. Then using the above formula for the Maslov index, we can conclude
from Theorem 4.6 that the map 74: M™(J; B)[V-O] 5 pqreg(7: gLV s always an

orientation-preserving involution for any t—relative spin structure [(V,0)] of RP4* 13,

Of course, RP! is spin and so t-relatively spin. The map 74 is an orientation-
preserving involution if £g is even, and an orientation-reversing involution if £g is odd.

(2) Let M be a Calabi—Yau 3-fold, and let L C M be the set of real points (ie the
fixed point set of an antiholomorphic involutive isometry). In this case, L is orientable
(because it is a special Lagrangian) and spin (because any orientable 3—manifold is
spin). Furthermore, pz (8) =0 for any B € mo(M, L). Therefore, Theorem 4.6 implies
that the map z,: M™¢(J; )LV 5 pree( g g)I(V:9)] is orientation-preserving for
any t-relative spin structure [(V,0)].

We next include marked points. We consider the moduli space M;f%"_l,m(J : B).

Proposition 4.9 The map t.: M (J: )T (Wl — ppee (g gLVl

orientation-preserving if and only if uy,(8)/2+k + 1+ m is even.

Proof Assuming Theorem 4.6, we prove Proposition 4.9. Let us consider the diagram:

(Sl)k-l-lX(DZ)m ¢ (Sl)k+1X(D2)m
inclusion inclusion
(SHFFx (D2)M)g ———— ((SHEF1 x (D2)™),
~re * Proposition4.9  ~
M (T BT I M (T3 B
forget forget

Theorem 4.6

Mreg(J; )T Vol Mreg(J; p)l(Vo)]
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Here c is defined by

c(zo,zl,...,Zk,zfr,...,z;,t)=(EO,El,...,Ek,El‘",...,E,;t),

the forget are forgetful maps of marked points, and we let ((S1)¥+1x (D2)™), denote

the set of all ¢(zo,21,...,2k, 21", ..., Z,}) such that z; # z; and z;* 752]7" fori # j.

Proposition 4.9 then follows from Theorem 4.6 and the fact that the Z,—action ¢ — @
on PSL(2,R) given by (4-4) is orientation-preserving. a

We next extend 7« to the compactification Mg y1,,(J;B) of M5,  (J;p) and
define the continuous map (4-5).

Theorem 4.10 (1) The map ta: ME (J:B)" [V — ppiee - (J; pyl(V:0)]

extends to an automorphism t4« between spaces with Kuranishi structures, de-
noted by the same symbol:

(4-5) T M1 (J: BT W 5 My (T PO,

(2) It preserves orientation if and only if % ur(B)+k+ 14 m iseven. In particular,
if [(V,0)] is a T—relative spin structure, it can be regarded as an involution on
the space My y1.m(J; BV with Kuranishi structure.

Proof (1) The proof of (1) is given right after the proof of Theorem 4.11 in Section 5.

(2) The statement follows from the corresponding statement on M}fil,m(J ;B) in

Proposition 4.9. For ((2,Z,Z%), w) € Mg41.m(J, B), we denote by
(i, 2D 210wy € ME (S Ba) and ((E}g, YD) ) e Mzgh(“)
the irreducible disc components and the irreducible sphere components, respectively.

* By Proposition 4.9, we find that 7. respects the orientation of M;f[_g ' 1m; (J,Buy)
if and only if %M(,Bi) + ki + 1+ m; is even.

¢ In the same way, we find that 74 respects the orientation of ./\/lzi?h (o) if and only
if n+ci1(M)[a] +4€; —3 is even.

e m=)Y,;mi+3) ;{;mod2,and k + 1=}, (ki + 1) mod2.

¢ The number of interior nodes is equal to the number of sphere components since
Y is a bordered stable curve of genus 0 such that d¥ is connected.

e The involution 4 acts on the space of parameters for smoothing interior nodes,
and is orientation-preserving if and only if the number of interior nodes is even.

e The fiber product is taken over either L or M. The involution t respects the
orientation of M if and only if 7 is even.
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Combining these with Lemma 8.2.3(4) in [10], we obtain that 7, respects the orientation
on Mgy1.m(J,B) if and only if %/L(,B) +k + 14+ m is even. Hence we obtain the
second statement of the theorem. m|

4.2 The map t™™" and orientation

We next restrict our maps to the main component of My 4 ,,(J: B). As we mentioned
before, we observe that the induced map 7x: My 41, (J: B) = Mgy1,m(J; B) does
not preserve the main component for k£ > 1. On the other hand, the assignment given by

4-6) (w,z,z%) = (w. (z0,21.22, -+ -+ Zk—1. Zk): G .,z;;))
= (@,2,2%) = (@, (0, 2k Zko15 - 22,20, G )
respects the counterclockwise cyclic order of S' = dD? and so preserves the main

component, where W is as in (4-2). Therefore, we consider this map instead, which we
denote by

(4_7) Tfain: ?jjli,m(‘]; ﬂ)f*[(V,o)] — M?iri,m(‘]’ ﬂ)[(V’a)]-

We note that for k = 0, 1, we have
(4—8) _[;nain = Ty.

Theorem 4.11 The map t™™" is induced by an automorphism between the spaces

with Kuranishi structures and satisfies T o t™3" — id. In particular, if [(V,0)]

is T-relatively spin, it defines an involution of the space Mglf‘ﬁ‘im(J : WO with

Kuranishi structure.

The proof will be given in Section 5.

We now have the following commutative diagram:

(Sl)k-i-l X(D2)m c (Sl)k—H X(DZ)m
inclusion inclusion

(SHF*1 x (D2)™)99 —<— ((SHF*1 x (D2)™)g0

AR (5 By = Ry (75 )0

forget forget

M BTVl = (g glVo)]
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Here ¢’ is defined by

c’(zo,zl,...,Zk,zfr,...,z,jl')=(EO,Ek,...,El,EfF,...,E,;t),

and the forget are the forgetful maps of marked points. Also, ((S1)¥1 x (D2)™)g
is the open subset of (S hk+l s (D2ym consisting of the points such that all the z;
and ZJ-"' are respectively distinct.

Let Revg: LKT1 — L*k+1 pe the map defined by
Revi(xo, x1,....x5) = (X0, Xk, ..., X1).
It is easy to see that
4-9) ev otf‘ain =Revi oev.
We note again that Revy =id and ™" = 7, for k =0, 1.

Let Pq,..., P be smooth singular simplices on L. By taking the fiber product and
using (4-6), we obtain a map
(4-10) T MPAR (S B Py P)T WO ppan ()i B Py, )0

which satisfies 7" o 7" =id. We put

(4-11) e=3urL(B)+k+1+m+ Y deg'P;deg P;.

1<i<j<k

Theorem 4.12 The map (4-10) preserves orientation if € is even and reverses orienta-
tion if € is odd.

The proof of Theorem 4.12 is given in Section 5.

5 Proofs of Theorems 4.6, 4.10(1), 4.11 and 4.12

In this section, we prove Theorems 4.6 (1.1), 4.10(1), 4.11 and 4.12 (1.4) stated in the
previous sections.

Proof of Theorem 4.6 Pick J € J, a r—anti-invariant almost complex structure
compatible with . For a J—holomorphic curve w: (D2, 3dD?) — (M, L), we recall
that we define w by

w(z) = (tow)(2).
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Moreover, for (D%, w) € M™¢(J;B) and (D%,Z,Z7),w) € M (T3 B), we
define
(D% w)) = (D%, ®), w((D?%Z77),w))=(D2%Z,27), ),
where
Z=(20,....7k), z =5, ....50.

Let [D2, w] € M™8(J; B). We consider the deformation complexes

(5-1)
(5-2)

Dy d: T(D?,0D% : w*TM, w|ip>TL) — I'(D* A% @ w*TM),

Dg0: T'(D2,0D? : W*TM, |5p2TL) — T(D%; A% @ 5*TM),
where Dy, d is the linearized operator of the pseudoholomorphic curve equation as in
(3-1). (Here and hereafter, A1 = A% @ A%! is the decomposition of the complexified
cotangent bundle of the domain of pseudoholomorphic curves.)

We have the commutative diagram

(W*TM, w|ip2TL) — (F*TM, ®|}p2TL)
(5-3) l l
(D2,0D?) —— <, (D2,0D?)
where ¢(z) =z, and we denote by 7't the differential of t. It induces a bundle map
Homg (TD?, w*TM) — Homg (TD?, #*TM),
which covers z — Zz. This bundle map is fiberwise anticomplex linear, ie
Homg (T; D?, Tyy(zyM ) — Homg (T5 D2, Ty ()M )

is anticomplex linear at each z € D? with respect to both of the complex structures
ar Joa and a — a o j. Therefore, it preserves the decomposition

(5-4) Homg (TD?, w*TM)QC = (A"’ Q w*TM) & (A% @ w*TM)

since (5-4) is the decomposition to the complex and anticomplex linear parts. Hence
we obtain a map

(5-5) (Tw,17)«: T(D% A" @ W*TM) — T'(D?; A% @ B*TM),
which is anticomplex linear. In a similar way, we obtain an anticomplex linear map

(Tw.o7)x: T(D?,0D? - w*TM, w|5p2TL) — T'(D?,0D? : 5*TM, @ |}p2TL).
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Since 7 is an isometry, it commutes with the covariant derivative. This gives rise to
the following commutative diagram:

Dyd
['(D2,0D? : w*TM, w|3p2TL) —— ['(D?; A% @ w*TM)
(Tw,OT)*l (Tw,lf)*l
D0 _
[(D2%,0D? : 5*TM, |52 TL) —— T(D?; A% @ T*TM)

We study the orientation. Let w € M™(J; B) and consider i € M™¢(J; ). We
consider the commutative diagram (5-3). A trivialization

®: (W*TM,w|}p2TL) — (D?,dD%;C", A)
naturally induces a trivialization
®: (T*TM, W|}p2TL) — (D2,dD%;C", A),

where A: S~ 9D? — A(C") is a loop of Lagrangian subspaces given by A(z) :=
Ty (z)L in the trivialization, and A is defined by

(5-6) A(z) = AGZ).

With respect to these trivializations, we have the commutative diagram

(D2,0D%Cn, A) 2T (p2 gp2.cn K)
(D2,3D?) ‘ (D2,0D?)

and the elliptic complexes (5-1) and (5-2) are identified with 5( D2,9p2;cn,A) and
8( D2.8D2:Cn K)> respectively. The relative spin structure *[(V,0)] (resp. [(V,0)])
determines a trivialization A = dD?xR" (resp. A 2 dD?xR") unique up to homotopy.
These trivializations are compatible with ® o 7t o @1 in the above diagram.

We recall the argument explained in Remark 3.9. We have the complex vector bundle E’
over the nodal curve ¥ = D2 U CP! with a nodal point D?>> O = p € CP'. The
topology of the bundle E’|cpt — CP! is determined by the loop A of Lagrangian
subspaces defined by A(z) = Ty, ;)L in the trivialization. The Cauchy—Riemann
operator d(p2xcn gp2xRrn) 18 surjective, and the Cauchy-Riemann operator

0g/cpr: T(CPY E'|cp1) » T(CPY A% ® E|cpt)

is approximated by a finite-dimensional model, namely O—map: H°(CP!; E'|cp!) —
HY(CP'; E’|cp1), where H(CP!; E’|cp!) is regarded as the obstruction bundle.
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For a later purpose, we take a stabilization of this finite-dimensional model so that the
evaluation at p is surjective to E’ . Namely, we take a finite-dimensional complex
linear subspace VT C I'(CP!; A% fD(X)E 'lcp1) such that the Cauchy—Riemann operator
8E/|CP1 is surjective modulo V¥, and the evaluation ev): (8E/|<cp1) vty - E'|,
at p is surjective. Set

V =V N3gcpi CT(CPLAM @ E|cpr).

Then we have an isomorphism V>~ V@ H ! (CP!; E'|cp1), and (3E’|<cpl) vty =
€ry lep1)” 1(V). The Cauchy—Riemann operator 0 lcp1 has a finite-dimensional
approximation by

5t (Og/ep1) N (V) > V@ HY(CPY E cpr),  s(E) = 0p/0p1 (), 0).

We use the notation in Convention 8.2.1(3)(4) in [10] to describe the kernel of the opera-
tor B(E/ A7) as the zero set of s in the fiber product of the kernel of a(DZX(Cn ap2xRn) and
0 E'lcpl)” 1(V). We decompose it as follows:

(5E’|(CP1)_1(V) = Ell) S o(gE’kcpl)_l(V)'

Here °(0g/|p1)~ (V) is the space of sections in (3 g|p1)~(V), which vanish at p.
(See (8.2.1.6) in [10] for the notation used here.)

Since ker 5( D2xC",9D2xR") = R™ by (3-2), the complex con]ugate induces the trivial
action on ker 5( D2xCn ap2xRn) - Lherefore, (T'7)x: det Dy, 9 —> det D9 is orientation-
preserving or orientation-reversing if and only if the same is true of the complex
conjugation action on

det(V @ H'(CPY; E'|cp1))* @ det °((0g/cp1) 1 (V)),
which is isomorphic to
det(V @ H'(CP'; E'|cp1))* @ det(E'[%) @ det((D g/ 1) (V).
On the other hand, we observe that
det(V @ H'(CPY; E'|cp1))* @ det((0g/ip1) (V)
is isomorphic to
det(H'(CP'; E'|cp1))* ® det(H(CP'; E'|cp1)).

(A)/2+n

on which the complex conjugation acts by the multiplication by (—1)* , since

dim¢ H®(CP'; E'|cpt) —dimg H'(CPY; E'|cp1) = Su(A) +n.
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Here n is the rank of E’ as a complex vector bundle. Note also that complex conjugation
acts on E’|, via multiplication by (—1)". Combining these, we find that complex
conjugation acts on

det(V @ H (CPY; E'|cp1)* @ det (05 cp1) "1 (V)

via multiplication by (—I)M(A)/ 2. Note that the action of Ty, T on the determinant
bundle of Dy, is isomorphic to the conjugation action explained above. Therefore,
this map is orientation-preserving if and only if % w(A)=0mod?2,ie u(A)=0mod4.
We note that pz,(8) = w(A) by definition. This finishes the proof of Theorem 4.6. O

The argument above is an adaptation of Lemma 8.3.2(4) in [10] with

X = Indexg(szCn’aszRn), X, = Index(gE/kCP] )y X(V) and Y = E'l,.

The complex conjugation action on X; (resp. X, or Y ) is a +1-oriented (resp.
— — or (—1)"—oriented) isomorphism. Hence the action on X1 xy X5 is

1)#(A)/2+n 1)"—oriented) isomorphism. H he acti X1 xy X» i
a (—=1)*M/2_griented isomorphism.

Proof of Theorem 4.11 We will extend the map r,‘,}lain (see (4-7)) to an automorphism
of Kuranishi structure by a triple induction over w(f) = [ PXCE k and m. Namely, we
define an order on the set of triples (8, k, m) by the relation

(5-7a) w(B') < w(B):
(5-7b) o) =w(p), k' <k;
(5-7¢) oB)=wB), kK'=k, m <m.

We will define the extension of (4-7) for (8, k,m) to an automorphism of Kuran-
ishi structure under the assumption that such an extension is already defined for all
(B'.k’,m’) smaller than (B, k, m) with respect to this order.

First, we consider the case that the domain is irreducible, ie w: (D?,0D?) — (M, L) is

a pseudoholomorphic map. Let ((D?,Z,Z 1), w) be an element of M?j_“} m (J; p)lV-ol,

We consider ((D2,Z/,z%"),w’), where (D?,Z’,Z") is close to (D?,Z,Z1) in the
moduli space of discs with k 4+ 1 boundary and m interior marked points. We use a
local trivialization of this moduli space to take a diffeomorphism (D?,Z) 2= (D?2,7').
(In case 2m + k < 2, we take additional interior marked points to stabilize the domain.
See the Appendix of [16] and Definition 18.9 in [13].) We assume w’: (D?,9D?) —
(M, L) is C'—close to w using this identification. To define a Kuranishi chart in a
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neighborhood of [((D2,Z,Z7), w)], we take a family of finite-dimensional subspaces
E((p2.2:+)a)(D*. 2. Z1), w') of T(D?* A% @ (w")*TM) such that
Im Dy d + E(p2z 30y.0 (D22, 27),w) = (D% A% @ (w)*TM).

The Kuranishi neighborhood Vj(p2 z 3+) ) is constructed in Section 7.1 of [10], and
is given by the set of solutions of the equation

(5-8) 9w’ = 0mod Ej(p2 z 34y ) (D> 2.2, w).
Moreover, we will take it so that the evaluation map
k
V223000~ L
defined by (D22, Z1"), w') — (w'(z}), ..., w'(z}). w'(z()) is a submersion.
main

We choose Ef(p2: :+), w)]((D2 z’ *‘H) w’) so that it is invariant under in

the following sense. We define W, @', ZT and Zt asin (4- 3) We also define Z™
and z'™ as in (4-6). (So r;nai“([((Dz,*,*Jr),w)]) = [((Dz,_re",_Jr),w)].) Then
we require:
(DZ’ ?/rev’ ?-ﬁ-/)’ a/)])

= (Tw 1D (E(p2.z 310 (D> 2. Z27), ).

Here (Ty,17)« is as in (5-5). If (5-8) is satisfied, then it is easy to see the following:

(5_9) E[((D2,?rev’?+),ﬁ)]([(

(%) If w’ satisfies (5-8) then 9’ = 0 mod E{(p23w 5+).5))

This implies that the map [((D2,Z/,Z%), w')] — [(D%,Z™,Z%"), &')] defines a
diffeomorphism from a Kuranishi neighborhood of [((D?,Z,ZT), w)] to that of
[(D?,Z™,Z7T), W)]. Moreover, the Kuranishi map

(D22 ZH) w)] > s((D2. 2. ZH),w))]) = 3w’

mam main

commutes with Therefore, t;

structure on qujfim (J; pB).

induces an isomorphism of our Kuranishi

In order to find E(p2z z+)4) (D22, Z), w') satisfying (5-9) in addition, we
proceed as follows. First we briefly recall the way we defined it in the Appendix of
[16], pages 423424 of [10], and Section 18 of [13]. We take a sufficiently dense
subset {((DZ.Zs.2]). wq) | a € A} C MPE m(J3B). We choose a finite-dimensional
vector space

E, CT(D% A% @ (wy)*TM)

Geometry & Topology, Volume 21 (2017)



Antisymplectic involution and Floer cohomology 33

of smooth sections whose supports are away from node or marked points, and satisfies
Im Dy, 0 + Eq = T'(D? A% @ (wo)*TM).
Moreover, we assume

P devz,: (ImDw, ) Y (E) > D Twuel
i=0,....k

is surjective. See Lemma 7.1.18 in [10].

We take a sufficiently small neighborhood W, of each w, such that

U Wo=MPL5 (2 B).

aed
Let [(D?%,Z,Z27), w)] € W,, ((D?,2',Z), w’) be as above. We take an isomorphism
(5-10) Iy q: T(D?%0D?:wXTM,wy|3p2TL) = T'(D%3D*: (w')*TM,w'|3p-TL).
Then we define

(5-11) E[(p2.z3+)0 (D% 2 27) w') = @ Ly o(Eq).

aeA, w' eW,

(It is easy to see that we can perturb E, (a € 2l) a bit so that the right-hand side is a
direct sum. See Section 27 of [13], for example.)

We now explain the way we take E(p2 .z z+)4) (D22, ZT), w’) so that (5-9)
is satisfied.

We first require that:

i e se ,Za,2T), wq) | @ € A is invariant under the 7™M action.
The set {((D2,Za,Z;}), wq 2 t under the T act

(i) If (D2, Zp. 2 ). wp) = TMN((D2, 24, Z7), wq) for a # b, then we have Ej, =
(Tw, 17)«(Eq). Moreover, T (W,) = W,.

(iii) If ((D2,Z4,Z}), we) = tM(D2,Z,,ZF), wq), then Eq = (Ty,,17)x(Eq)-
Moreover, T3 (W,) = W,.
It is easy to see that such a choice exists.
Next we choose Iy, 4 such that the following hold:
(D) If (D?, Ze, E;’), Wp) = rj}‘ai“((Dg,Za,Za‘*), wq) for a # b, then

(5-12) (Tw1t)x 0 lyra = Iz b0 (T, 17)«.
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(D) If (D2,Z4,2), wg) = t((D2,Z,,Z}), w,), then
(5-13) (Twat)s o lyra= T q0 (T, 17)x.

We can find such [, 4 by taking various data to define this isomorphism (see Defi-
nition 17.7 in [13]) to be invariant under the 7 action.

It is easy to see that (i), (ii), (iii), (I) and (II) imply (5-9).

We have thus constructed the Kuranishi neighborhood of the point M?i“i , (S B)

corresponding to a pseudoholomorphic map from a disc (without disc or sphere bubbles).

Let us consider an element ((X,Z,Z7), w) € Mﬁfﬁm(], B) such that ¥ is not irre-
ducible. (Namely, ¥ is not D?.)

Lemma-Definition 5.1 In order to obtain ((¥,Z,Z7),w), we glue elements of
?,afl ' (J /3) with (B’,k’,m’) < (B, k,m) and sphere bubbles. Also, we define
ma‘m((E Z,ZT), w) using t" on M (J; By with (B, k’,m’") < (B.k,m).

k'+1,m
Proof First we suppose that ¥ has a sphere bubble S? C ¥. We remove it from I
to obtain Xy. We add one more marked point to ¢ at the location where the sphere
bubble used to be attached. Then we obtain an element

((Z0,2,2'%), wo) € MPYY 113 B).

Here £ is the number of marked points on S2. By the induction hypothesis, 7" is
already defined on M,‘?fi ma1—e(J: B’) since w(B) > w(B’), and if w(B) = w(B),
£ >2. We define

main

(20, 2,2 wp) i= 1 (((0, 2,2 ), wo)).

We define v: S — M by
v(z) = Tow|g2(2).

We assume that the nodal point in X¢ N S? corresponds to 0 € C U {oo} = S?. We
also map ¢ marked points on S? by z — Z whose images we denote by Z‘I’ € §2.
We then glue ((S2,Z1),v) to ((},7,7), w}) at the point 0 € S? and at the last
marked point of (Xy,Z’, Z®’)and we obtain a curve which is to be the definition of
(2, 2,2), w)).

Next suppose that there is no sphere bubble on ¥. Let 3¢ be the component containing
the 0 marked point. If there is only one irreducible component of ¥, then " is
already defined there. So we assume that there is at least one other disc component.
Then ¥ is a union of ¥¢ and %; fori =1,...,m (m > 1). We regard the unique
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point in Xo N X; as a marked point of ¥¢ for i = 1,...,m. Here each %; itself is
a union of disc components and is connected. We also regard the point in ¥¢ N X; as
1 € D? =~ HU{oo} where D? is the irreducible component of ¥; joined to X, and also
as one of the marked points of X;. This defines an element ((Z;,Z%,Z %), wq))
for each i =0, ..., m. By easy combinatorics and the induction hypothesis, we can
show that " is already constructed on them. Now we define ™" (((X,Z,Z7), w))
by gluing T (3,20, 20+) w;))) to Thn((Sg, 2@, 2O0F) 1)), o

Thus we proved that, if ¥ is not irreducible, then ((2,Z,Z%), w) is obtained by gluing
some elements corresponding to (B8, k’,m’) < (B, k,m) and sphere bubbles.

We define the map u +— U by the same formula as (4-2) on the moduli space of spheres.
Then we can regard this map as an involution on the space with Kuranishi structure
in the same way as in the case of discs. (In other words, we construct t—invariant
Kuranishi structures on the moduli space of spheres before starting the construction
of the Kuranishi structures on the moduli space of discs.)

Let us consider an element ((Z,Z,Z7), w) € M?ﬁ‘ﬁ’i’m(]; B) such that ¥ is not irre-
ducible. By Lemma-Definition 5.1 and the above remark, the involution of its Kuranishi
neighborhood is constructed by the induction hypothesis on each irreducible component
(which is either a disc or a sphere). A Kuranishi neighborhood of ((£,Z,Z%), w) is
a fiber product of the Kuranishi neighborhoods of the gluing pieces and the space
of the smoothing parameters of the singular points. By definition, our involution
obviously commutes with the process to take the fiber product. For the parameter
space of smoothing the interior singularities, the action of the involution is complex
conjugation. For the parameter space of smoothing the boundary singularities, the
action of involution is trivial. The fiber product corresponding to a boundary node is
taken over the Lagrangian submanifold L, and the fiber product corresponding to an
interior node is taken over the ambient symplectic manifold M. Hence the fiber product
construction can be carried out in a t—invariant way. It is easy to see that the analysis
we worked out in Section 7.1 of [10] (see also Parts 2 and 3 of [13] for more detail)
of the gluing is compatible with the involution. Thus 7" defines an involution on

?j_"i . (J: B) with Kuranishi structure. The proof of Theorem 4.11 is complete. O

Proof of Theorem 4.10(1). The proof is the same as the proof of Theorem 4.11 except
for the following point. Instead of ?fﬁ w(J:B), we will construct a Kuranishi
structure on My 1 ,(J; B). We want it invariant under 4« instead of Tnain - (Note

?j_"i »(J: B) is not invariant under 7. .) Taking this point into account, the proof of
Theorem 4.10(1) goes in the same way as the proof of Theorem 4.11. a
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Note we actually do not use Theorem 4.10(1) to prove our main results. (It is
Theorem 4.11 that we actually use.) So we do not discuss its proof in more detail.

Proof of Theorem 4.12 To prove the assertion on orientation, it is enough to consider
the orientation on the regular part M?j_i’i”r;g(J ;B; P1,..., Pr). See Remark 3.7(2).
By Theorem 4.6,

Ta: Mreg(J; IB)-:*[(V,U)] N Mreg(J; IB)[(V,U)]

is orientation-preserving if and only if % ir(B) is even. Recall that when we consider
the main component M?f‘;‘i’;‘;g(l ; B), the boundary marked points are in counterclock-
wise cyclic ordering. However, by the involution 7, in Theorem 4.12, each boundary
marked point z; is mapped to z;, and each interior marked point Zj+ is mapped
to Zj+. Thus the order of the boundary marked points changes to clockwise ordering.
Denote by Mgf’:]f e B )[(V:9)] the moduli space with the boundary marked points
(zo,z1, ..., zx) with the clockwise orientation and interior marked points Z1 e ,Z,j; .
Since z + Z reverses the orientation on the boundary and zt > z+ reverses the
orientation on the interior, the argument in the proof of Proposition 4.9 shows that
Ty Mma‘“ reg(J BT V.ol MCIOCk reg(J BLV-0] respects the orientation if and

only if 2,uL(,B) +k + 1+ m is even. Thus we have

MRS .y 0
’ _ (—1)ML(ﬂ)/2+k+l+mMg3_C]f’;Zg(J; B:Pi,..., Pk)[(V’G)]-

Recall that Lemma 3.17 describes how the orientation of My 1, (J; B; P1, ..., Px)

changes by changing the ordering of boundary marked points. Thus, using Lemma 3.17,

we obtain Theorem 4.12 immediately. a
main

Since the map 7" preserves the ordering of interior marked points, we also obtain the
following. When we study bulk deformations [7; 9] of the A, algebra for L = Fix t,
which we do not discuss in this article, we need the next theorem.

Theorem 5.2 Let Q1,..., O be smooth singular simplices of M. Then the map
T M (B Q1 Qi P, P)T )
. V,
> M (BT (Q1). - T(Om): Pr.... P
preserves orientation if and only if

=suL(B)+k+1+m+nm+ Z deg' P; deg' P;

I<i<j<k

is even.
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Proof Note that t preserves the orientation on M if and only if %dimR M =nis
even. Taking this into account, Theorem 5.2 follows from Theorem 4.12. See also
Lemma 6.76. o

6 Applications

Using the results obtained in the previous sections, we prove Theorem 1.5, Corollary 1.6
and Corollary 1.8 in Section 6.2, we prove Theorem 1.9 and Corollary 1.10 in Section 6.3

and we calculate Floer cohomology of RP2"*+1 over AZ

0.noy 1N Section 6.4.

6.1 Filtered A, algebra and Lagrangian Floer cohomology

In order to explain how our study of orientations can be used for the applications to
Lagrangian Floer theory, we briefly recall the construction of the filtered Ao, algebra
for the relatively spin Lagrangian submanifold and its obstruction/deformation theory
developed in our books [9; 10].

See the survey paper [19] for a more detailed review.

Let R be a commutative ring with unity. Let e and T be formal variables of degree 2
and 0, respectively. We use the universal Novikov ring over R as our coefficient ring:

oo
6 A= { D aiThiel
i=0

ai€R, u;€Z, i R, lim A; =400y,

1—>00

)
(6-2) AIg,nov = { ZaiTAie'ui € Anov | Ai > 0} .
i=0

We define a filtration FAAR = TAAR (A €Rxp) on AR which induces a

0,nov 0,nov 0,nov

filration FAAR, (A € R) on AR,. We call this filtration the energy filtration. Given
these filtrations, both A(Ifnov and AR, become graded filtered commutative rings. In
the rest of this subsection and the next, we take R = Q. We use the case R = Z in

Section 6.4.

In Section 2, we define ?i"} (J; B; P1,..., Py) for smooth singular simplices ( P;, f;)
of L. By the result of Section 7.1 of [10], it has a Kuranishi structure. Here we
use the same notation for the Kuranishi structure as we use in the Appendix of the
present paper. The space M‘,?jr”i (J; B; P1,..., Py) islocally described by sp_1 0)/Tp.
If the Kuranishi map s, is transverse to the zero section, it is locally an orbifold.
However, if T', is nontrivial, we can not perturb s, to a I',—equivariant section

transverse to the zero section in general. Instead of single valued sections, we take a
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I'p—equivariant multivalued section (multisection) s, of E, — V), so that each branch
of the multisection is transverse to the zero section and 5;1 (0)/ 'y, and sufficiently
close to s, 1(0)/T. (See Sections 7.1 and 7.2 of [10] for Fhe precise statement.) We
denote the perturbed zero locus (divided by I'p) by M (J: B; Pr, ..., Pr)®. We
have the evaluation map at the 0™ marked point for the perturbed moduli space:

evo: ?ﬂ(];ﬁ;Pl,---,Pk)sﬁL-

Then such a system s = {s,} of multivalued sections gives rise to the virtual fun-
damental chain over Q as follows: By Lemma 6.9 in [16] and Lemma A1.26 in
[10], M?i“i (J;B; P1,..., Py)® carries a smooth triangulation. We take a smooth
triangulation on it. Each 31mplex Ad of dimension d = dim 5;1 (0) in the triangulation
comes with multiplicity mul Ad € Q. (See Definition A1.27 in [10] for the definition
of mult1p11c1ty) Restricting evg to A , we have a singular simplex of L denoted
by (Aa,ev()). Then the virtual fundamental chain over Q, which we denote by

( main (J, 'B; Pl, RN Pk)ﬁ, CV()), is defined by

k+1
(MEES (T3 B5 P, P)® evo) = ) mulyg - (A, evo),
a

When the virtual dimension is zero, ie when d = 0, we let

HME (T B Pr..... Pp)® =) mulyo € Q.
a

Now put TI(L)o = {(@(). uz.(B)) | B € TI(L)., M(J: B) # 2}; see (2-1) for TI(L).
Let G(L) be a submonoid of Rx¢ x2Z generated by IT(L)o. Put o =(0,0) € G(L).

Definition 6.1 For smooth singular simplices P; of L and 8 € G(L), we define a
series of maps my g by

s (1) — %wlu . B)". evo) igﬁ #ggz
[ (MTE(J; B; P)®,evg) for B # Bo,
mptP) = {(—SnaP for B = fo.

and

M g(Pr..... P) = (MP (T B Pro... Pr)’ evo), k=2
Here 0 is the usual boundary operator, and n» = dim L. Then one of main results
proved in [9] and [10] is as follows: For a smooth singular chain P on L, we put the
cohomological grading deg P =n—dim P and regard a smooth singular chain complex
S«(L;Q) as a smooth singular cochain complex S”~*(L;Q). For a subcomplex
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C(L;Q) of S(L;Q), we denote by C(L; AO nov
with respect to the filtration induced from the one on A
shift the degree by 1; ie define

)a completlon of C(L;Q)® AO nov

0.nov introduced above. We

C(L AO nov)[l] _C(L A0 nov).+1’

where we define deg(P T*e*) = deg P + 21 for PT*el € C(L; A0 hov) - We put
(6-3) mp= Y my TPt B2 f=01,.. .
BeG(L)
To simplify notation, we write C = C(L; A0 noy) - Put
(6-4) B(Cll) =C[1]®---®C[1],
k

and take its completion with respect to the energy filtration. By an abuse of notation,
we denote the completion by the same symbol. We define the bar complex B(C[1]) =
PBreo Bx(C[1]), and extend my to the graded coderivation @ on B(C[1]) by

n—k+1
(6-5) Mp(x1®--®x) = Y (=D*x1 @ @mp(Xi..... X 1p—1) ® @ Xn,
i=1

where * =degx; +---+degx;—1 +i—1. We put

(6-6) d= Z 1 B(C[1]) — B(C[1]).

Theorem 6.2 [9, Theorem 3.5.11] For any closed relatively spin Lagrangian sub-
manifold L of M, there exist a countably generated subcomplex C(L; Q) of a smooth
singular cochain complex of L. whose cohomology is isomorphic to H(L;Q), and
a system of multisections s of ?jr”i (J;B; P1,..., Pr) (s is chosen depending on
P; € C(L;Q)) such that

mg: C(L: AR ) ® - ® C(L; AR D] = CL; AR D] k=0,1,...
k

are defined and satisfy dod=0.

The equation dod =0 is equivalent to

deg’ x| +--4deg/x;
Z Z(—l) eg X1+ Fdeg'x; 1mk1(x1,...,mkz(xi,...,xi+k2_1),...,xk):0,
ki+kr=k+1 i
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which we call the Ao, formulas or relations. Here deg’x; = deg x; — 1, the shifted
degree. In particular, the Ao, formulas imply an equality

ma(mo (1), x) + (—1)* ¥ma (x, mo(1)) + mymy (x) =0,
which shows m; om; = 0 may not hold unless mgy(1) = 0. So mg gives an obstruction

to defining m; —cohomology.

Definition 6.3 An element b € C(L; Ag nov)[1]0 with b = 0 mod A(J{nov is called
a solution of the Maurer—Cartan equation or a bounding cochain, if it satisfies the

Maurer—Cartan equation
mo(1) +my(b) +ma(b,b) +ms(b,b,b)+---=0.
Here A7

Omoy = {Z a;Thieli ¢ ANonov | Ai > O}. We denote by M(L; A
of bounding cochains. We say L is unobstructed if M(L; Ai)Qinov) + .

) the set

O nov

Remark 6.4 We do not introduce the notion of gauge equivalence of bounding
cochains (Definition 4.3.1 in [9]) because we do not use it in this paper.

If M(L; Ao wov) 7 &, then by using any b € M(L; A0 1ov)» We can deform the Ao
structure m to m? by
b
m ey = (b,....,b,x1,b,....b,....b,....b,xp,b,....D
PO LX) =Y Mgy, b.....b.x1.b....b Xpe:b.. ... )
£l Lo £y Li—1 L

so that mll’ ) mll’ = 0 (Proposition 3.6.10 in [9]). Then we can define
HE((L.b); AQyo,) := H(C(L: AQ,,). mb),
which we call Floer cohomology of L (deformed by b).

In the actual proof of Theorem 6.2 given in Section 7.2 of [10], we do not construct the
filtered Ao structure at once, but we first construct a filtered A, g structure for any
nonnegative integers n and K, and promote it to a filtered Ao structure by developing
certain obstruction theory (Sections 7.2.6-7.2.10 of [10]). Here we recall the notion of
a filtered A, g structure from Section 7.2.6 of [10], which is mentioned later in the
proof of Theorem 1.5. See also Sections 2.6 and 4 of [8] for a quick review. We briefly
summarize the obstruction theory in the Appendix. Let G C R x 2Z be a monoid
such that prl_l([O, c]) is finite for any ¢ > 0 and prl_1 (0) ={Bo = (0,0)}, where pr;
denotes the projection to the i factor. We note that in the geometric situation, we take
G = G(L) introduced above. For 8 € G, we define

SUP{n |38 € G\ {Bo}, Xi=1 Bi = B} +pr(B)]—1 if B# Bo,

©7) 18] = b

Geometry & Topology, Volume 21 (2017)



Antisymplectic involution and Floer cohomology 41

where [pr;(B)] stands for the largest integer less than or equal to pr;(f). Using this,
we introduce a partial order on (G x Zxo) \ {(Bo,0)} by (B1,k1) < (B2,k2) if and
only if either

1 B1ll + k1 < || B2l + k2
or

IB1ll +ki =Bzl +k2 and [|B1] < IB2].

We write (B1,k1) ~ (B2, k2), when

IB1ll +k1 = B2l +k2 and [|B1] =[]l

We write (B1,k1) < (B2, k2) if either (B1,k1) < (B2,k2) or (B1,k1) ~ (B2, k2).
For nonnegative integers n, n’, k and k’, we also use the notation (8, k) < (n,k),

(n,k) < (' k", (B.k) S (n,k), (n,k) < (0, k'), etc in a similar way.

Let C be a cochain complex over R and C = C ® A(Iimv. Suppose that there is a
sequence of R—linear maps

my g Br(C[1]) > C[1]

for (B,k) € (G x Z) \{(Bo.0)} with (8,k) < (n, K). We also suppose that m g, is
the boundary operator of the cochain complex C.

Definition 6.5 We call (C, {my g}) a (G —gapped) filtered Ay g algebra if the identity

7. (1)
(6-8) Z Z(_l)deg x; mkz,ﬂz (xi(l) , mkl,ﬂl (xi(Z))a xi(3)) =0
Bi+B2=B i

ki+ka=k+1
holds for all (8,k) < (n, K), where
AZ(x) — in(l) ®xl_(2) ®xi(3)'
i

Here A is the coproduct of the tensor coalgebra.

Let C and C’ be filtered A4, k algebras. We consider a sequence of R-linear maps
of degree zero,

fr.p: Br(C[1]) — C'[1],

satisfying fo g, = 0.
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Definition 6.6 We call {f; g} a filtered An x homomorphism if the identity

Z Z Z mm’ﬂ/(fkl,ﬂl(xzm):---’fkm,ﬂm(x;m)))

m’i ﬂ/+Bl +"'+,Bm =ﬂ kl +"'+km =k

' x 1)
- Z Z( DEE* e, p, (677 mgy gy (), V)
Bi+B2=B i
ki1+kr=k+1

holds for (8,k) < (n, K).

We also have the notion of filtered A, g homotopy equivalences in a natural way. (See
Section 7.2.6 of [10].)

Theorem 6.7 [10, Theorem 7.2.72] Let C; be a filtered A, g algebra and C, a
filtered A, g+ algebra such that (n,K) < (n’,K’). Let h: C; — C3 be a filtered
Ay, k homomorphism. Suppose that Y is a filtered A, g homotopy equivalence. Then
there exist a filtered A, g+ algebra structure on Cy extending the given filtered A, g
algebra structure, and a filtered A,/ g’ homotopy equivalence C1 — C» extending the
given filtered A, g homotopy equivalence .

Next, let (LV, L) be a relatively spin pair of closed Lagrangian submanifolds. We
first assume that L@ is transverse to LV . Let C(LV, L©; AE)QHOV) be the free
A&, module generated by the intersection points L’ N L‘® . Then we can construct
a filtered Ao, bimodule structure {nk1 Kotk1 ko=0,1,... on C(LV LT AR ) over
the pair (C(LV; AR ), C(L9; AO ov)) Of Ao algebras as follows. Here we briefly

describe the map

nkl ko Bk] (C(L(l) A() nov)[l])®C(L(1) L(O) AO nov)®Bk0(C(L(O) AO nov)[l])
—>C(L(D L(O) A()nov)

0,nov

A typical element of the tensor product above is written as

(1
(POTM e @ POTHI 1) @ The (p)
) | (0) 20 O
®(P1(0’TA1 M ®"'®P122)T koe“ko)
for pe L'V N L Then Nk, ko, Maps it to

S #(M(p.q: B PV PV PO PO T el g)
q,B

with M =oB)+ YA + 2+ A @ and /' = pur(B)+ X iV +p+ > pnf®.
Here B is the homotopy class of Floer trajectories connecting p and ¢, and the
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sum is taken over all (g, B) such that the virtual dimension of the moduli space
M(p,q; B; PV, PV P P of Floer trajectories is zero. See Sec-
tion 3.7.4 of [9] for the precise definition of

M(p,q: B; P{V, .. PV PP,

Strictly speaking, we also need to take a suitable system of multisections on this moduli
space to obtain the virtual fundamental chain that enters in the construction of the
operators ny, r, defining the desired Ao bimodule structure. Because of the usage of
multisections, the counting number with sign

. p. p) (D). p O )
#(M(p.q: Bs P{V o PSP PY)
is a rational number, in general.

Now let B(C(LV; AR )N @ CLY LA ) ® B(C(L' ;AR )(1]) be
the completion of

B B, (CLV AR IIDRCELY, LD AR, ) ® By (C(L' Y3 AZ, 1]

0,nov 0,nov 0,nov
k0>0,k1>0

with respect to the induced energy filtration. We extend ng, x, to a bicoderivation
on B(C(LV:AQ WD ®C(LD LO:AQ ) ®B(C(LO: AR )[1]) which is
given by the formula

dxPe - exleyex® - ®xQ

deg’x§1)+~~~+deg’x(l)_ ,
= 2 (=D e ey
k/l<k1
- (€8} (V) (V)] (V)
ko<ko ®nk1yk6(xk1—k/l+1’""y""’xk())@xk(’)—i—l®'”®xko)

+dP(" @@ x) @y ®x @ ®x
7. (1) / A~
+ (_1)Edeg x; +deg yx(ll) ® - ®x](cll) Ry ® d(O)(X;O) R--- ®x](€(:)) )

Here d is defined by (6-5) and (6-6) using the filtered Ao, structure m® of
(C(LD:AQ,). m ) (i =0.1).

0,nov

Theorem 6.8 [9, Theorem 3.7.21] For any relatively spin pair (L1, L?") of closed
Lagrangian submanifolds, the family of maps {ng, .}k, k, defines a filtered A
bimodule structure on C(LV, L?; A((%mv) over (C(LV; A((%mv), C(LO; Aé)QinOV)).
Namely, dod = 0, where d is the bicoderivation defined Jjust above.
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Since the equation d o d = 0 implies, in particular,

10,0 ©10,0(») 4+ n1,0(m§V (1), ») + (=1)%EVng 1 (y, m (1)) = 0,

we have ng gong,o # 0, in general. However, if both of L @ and LV are unobstructed
in the sense of Definition 6.3, we can deform the filtered Ao, bimodule structure n by
bi € M(LD; A0 nov) SO that

b1, b
1t‘lOOO(.y) = Z nk],k()(bl’""bl?y’b()v'-'vbo)
ki.ko k1 ko

satisfies b'ngoo b‘ngoo =0 (Lemma 3.7.14 in [9]). Then we can define
69  HF((LY . b1), (L bo): AQ,,) := H(C(LD LV A, ). Pl%).
which we call Floer cohomology of a pair (LY, L?") (deformed by by, b).

So far, we assume that L@ is transverse to LV . But we can generalize the story
to the Bott—Morse case, that is, where each component of L@ N LV is a smooth
manifold. Especially for the case LY’ = L@, we have Nk ko = Mk, +ko+1 (€€
Example 3.7.6 in [9]) and an isomorphism

(6'10) HF((L b) (L b) A0 nov) HF((L b) AO nov)

for any b € M(L; A0 hov) by Theorem G (G.1) in [9]. Moreover, if we extend the
coefficient ring A0 oy [0 AR, , we can find that Hamiltonian isotopies W7: M — M
(i =0,1,s €10, 1]) with \IJO id and \Ifl W; induce an isomorphism

(6-11) HE((LV, by), (LY, bo); AR,)
=~ HF (W1 (L"), U1xb1), (Wo(L'?), Wosbo); A2))

by Theorem G (G.4) in [9]. This shows invariance of Floer cohomology of a pair
(LY, L®) over AQ, under Hamiltonian isotopies.

6.2 Proofs of Theorem 1.5, Corollary 1.6 and Corollary 1.8

Proof of Theorem 1.5 We consider the map (4-10) for the case m = 0. It is an
automorphism of order 2. We first take its quotient by Lemma A.8 (Lemma A1.49
in [10]) in the sense of Kuranishi structure, and take a perturbed multisection of
the quotient space, which is transverse to the zero section. After that, we lift the
perturbed multisection. Then we can obtain a system of multisections s on the moduli
space MM (J: B: Py, ..., Px) which is preserved by (4-10). Then Definition 6.1

k+1
yields the operators {my g}x g which satisfy the filtered A, g relations (6-8) together
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with (1-2). The sign in (1-2) follows from Theorem 4.12. To complete the proof, we
need to promote the filtered A, g structure to a filtered A structure keeping the
symmetry (1-2). This follows from an involution invariant version (see Theorem A.12)
of Theorem 6.7 (Theorem 7.2.72 in [10]). Although the proof of the invariant version
is a straightforward modification of that of Theorem 7.2.72 in [10], we give the outline
of the argument in the Appendix for readers’ convenience. a

Remark 6.9 In general, it is not possible to perturb a section of the obstruction bundle
transversal to the zero section by a single-valued perturbation. Using a multivalued
perturbation, we can take the perturbation to be transversal to the zero section and
invariant under the action of the stabilizer as well as another finite group action coming
from the symmetry of the problem. In our case, there may be a fixed point of (4-10).
But this does not cause any problem as long as we work with multisections and study
virtual fundamental chains over Q as in the proof of Theorem 1.5.

Proof of Corollary 1.6 For w: (D?,0D?) — (M, L) = (M,Fixt), we define its
double v: S — M by

w(z) for z € H,

v(@) = tow(z) forzeC\H,

where (D2, (—1,1,+/—1)) is identified with the upper half plane (H, (0, 1, o)), and
§2 = C U{oo}. Then it is easy to see that ¢;(TM)[v] = ur ([w]); see Example 4.8(1).
Then the assumption (1) implies that ©; = 0 mod4. Next, we note the following
general lemma.

Lemma 6.10 Let L be an oriented Lagrangian submanifold of M. The composition
(M) — m(M, L) 5 7

is then equal to 2¢1(TM)|«] for [a] € ma(M).

The proof is easy, and so it is omitted. Then by this lemma, the assumption (2) also

implies that the Maslov index of L modulo 4 is trivial. Therefore, in either case (1)
or (2), Theorem 1.5 implies mg r, g(1) = —mg g(1). On the other hand, we have

mo(1) = Z mo,,g(l)T“’(ﬂ)e“(ﬁ)/z
ﬂGTL’z(M,L)

by Definition 6.1 and (6-3), which is also the same as

Z Mo ¢ ﬂ(l)Tw(T*ls)eM(T*ﬂ)/z
Benr(M,L)
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because 72 = id and t4: m2(M, L) — m(M, L) is a one-to-one correspondence.
Therefore, since w(B) = w(t«P) and w(B) = u(w«B), we can rewrite mo(1) as

1
mo(1) = 5 Y (mo (1) +mo,r. (1) TPV,
B

which becomes 0 by the above parity consideration. Hence L is unobstructed. Actually,
we find that 0 is a bounding cochain; 0 € M(L; A ). Furthermore, (1-2) implies

0 nov
(6-12) my g(Py. Py) = (—) e Prded Py, (), Py).
We let
(6-13) PyUg Py := (_1)ng Py (deg P2+1) Zmlﬂ (P1. PZ)T“’(B)e“(B)/Z.
B

Then a simple calculation shows that (6-12) gives rise to
P1Ug Py = (—1)%ePrdeeP2p, g, py.

Hence Ug is graded commutative. a

Proof of Corollary 1.8 Let L be as in Corollary 1.8. By Corollary 1.6, L is unob-
structed. Since L = Fix t, we find that ¢1(TM)|m2(M) = 0 implies pz, = 0. Then
Theorem E and Theorem 6.1.9 in [9] show that the Floer cohomology of L over AQ,
does not vanish for any b € M(L; A0 nov) -

HF((L,b); ARy) # 0.

(Note that Theorem E holds not only over Ao hoy DUt also over A%V. See Theo-
rem 6.1.9.) By extendmg the 1som0rph1sm (6-10) to AIlOV coefficients (by taking the
tensor product with AQ, over AQ ), we also have HE((L, b), (L,b); AQ,) # 0.
Therefore by (6-11) we obtain

HE (¥ (L), Yrab), (L, b); ARy) #0,
which implies ¥ (L) N L # &. o

0,nov

6.3 Proofs of Theorem 1.9 and Corollary 1.10

6.3.1 Proof of Theorem 1.9(1) Let (V, w) be a symplectic manifold, M = N x N
and wpyr = —prjwn + priwy . We consider an antisymplectic involution 7: M — M
defined by t(x,y) = (y,x). Then L =Fixt = N. Let Jy be a compatible almost
structure on N, and Jyr = —Jy ® 1 + 1 ® Jy . The almost complex structure Jps is
compatible with wps . Note that w2 (T (N x N)) = priw2(TN) + prywa(TN).
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If N is spin, then L =Fixt = N is t-relatively spin by Example 3.12 and we have
c1(T(N xN))=wa(T(N xN))=0mod?2. Since w1 (L) — w1 (N x N) is injective,
Corollary 1.6 shows that L is unobstructed and m, defines a graded commutative
product structure Ug by (6-13).

Suppose that N is not spin. Take a relative spin structure (V,0) on L =Fixt = N such
that V' =pr}(TN) and o is the following spin structure on (TL& V)|, = (TLSTL)|..
Since the composition of the diagonal embedding SO(n) — SO(n) x SO(n) and the
inclusion SO(n) x SO(n) — SO(2n) admits a unique lifting SO(n) — Spin(2n), we
can equip the bundle T'L @ T'L with a canonical spin structure. It determines the spin
structure o on (TL @ V)| . (In this case, st = prfw2(TN).) Then clearly we find
that t*V = pr3 TN . Note that pry TN and pr3TN are canonically isomorphic to 7L
by the differentials of the projections pr; and pr,, respectively.

On the other hand, since (TL & t*V)|p = (TL&® TL)|L =~ (TL & V)|, the spin
structure o is preserved by t. Therefore, the difference of the conjugacy classes of
two relative spin structures [(V, 0)] and 7*[(V, 0)] is measured by wo(V & t*V) =
w2 (priTN @ pr;TN). Using the canonical spin structure on 7L @ T'L mentioned
above, we can give a trivialization of V @ t*V over the 2—skeleton of L. Hence
wa(V @ t*V) is regarded as a class in H*(N x N, L;Z»). Since

w2 (priTN @ prsTN) = wa(T(N x N)) = c1(T(N x N)) mod2
and (N x N) — mo(N x N, L) is surjective, Lemma 6.10 shows that the class is
equal to ur,/2. Hence by Proposition 3.10 we obtain the following:
Lemma 6.11 In the above situation, the identity map
M(J; VN 5 A gyT 100

is orientation-preserving if and only if uy (8)/2 is even.

Combining Theorem 1.4, we find that the composition

MR s Py POMYO) > MR (T2 B Py P 1)

— MPS (T3 B; Pi, ..., PO
is orientation-preserving if and only if
k+1+ Z deg' P; deg' P;

1<i<j<k
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is even. It follows that mg r, g(1) = —mg g(1) and hence we find that L =Fixt = N is
unobstructed. This finishes the proof of the assertion (1). Moreover, we also find that m,
satisfies Theorem 1.9 (6-12), which induces the graded commutative product Ug as
well for the nonspin case. a

6.3.2 Proof of Theorem 1.9(2), I: Preliminaries Before starting the proof, we clar-
ify the choice of the bounding cochain b for which this statement holds. Note we
constructed a filtered Ay structure on C(L; A((%nov) using t—invariant Kuranishi
structure and t—invariant perturbation. As we proved in Section 6.3.1, b = 0 is
the bounding cochain of this filtered Ao structure. In fact, mg becomes 0 in the
chain level by cancellation. This choice » = 0 is one for which the conclusion of

Theorem 1.9(2) holds.

Remark 6.12 This particular choice b = 0 does not make sense unless we specify
the particular way to construct our filtered A structure. Suppose we define a filtered
Ao structure on C(L; Aé)Qinov) using a different perturbation. The set of the gauge
equivalence classes of the bounding cochains are independent of the choice up to
isomorphism, so there exists a certain bounding cochain which corresponds to the 0 of
the filtered A structure defined by the 7—invariant perturbation. The conclusion of
Theorem 1.9(2) holds for that b and that filtered Ao structure. However b = 0 may

not hold in this different filtered Ao structure.

We now start the proof of Theorem 1.9(2).

Firstly we explain the proof of Theorem 1.9(2) under the hypothesis that there do not
appear holomorphic disc bubbles.

Let v: S2 — N be a Jy —holomorphic map. We fix three marked points 0, 1, 00 €
S? = C U {oo}. Then we consider the upper half plane H U {co} C C U {oo} and
define a map /(v): H— M by

1(v)(2) = (v(2), v(2)).
Identifying (H, (0, 1, 00)) with (D2, (=1, 1, v/—1)) where (-1, 1, +/—1) € dD?, we
obtain a map from (D2, dD?) to (M, L) which we also denote by /(v). One can
easily check the converse: For any given Jjs —holomorphic map w: (D?2,9D?) =~
(H,RU{o0}) > (M,L) = (N x N, Ay), the assignment
b(z) = pr, o w(i) for z € H,
priow(z) forzeC\H

defines a Jp —holomorphic sphere on N . Therefore the map v +— I(v) gives an isomor-
phism between the moduli spaces of Jy —holomorphic spheres and J3s —holomorphic
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discs with boundary in N. We can easily check that this map is induced by the
isomorphism of Kuranishi structures.

We remark however that this construction works only at the interior of the moduli
spaces of pseudoholomorphic discs and of pseudoholomorphic spheres, that is, the
moduli spaces of those without bubble. To study the relationship between their com-
pactifications, we need an extra argument, which will be explained later in Section 6.3.

Next we compare the orientations on these moduli spaces. The moduli spaces of
holomorphic spheres have a canonical orientation; see, eg Section 16 of [16]. In
Chapter 8 of [10], we proved that a relative spin structure determines a system of
orientations on the moduli spaces of bordered stable maps of genus 0. We briefly
review a crucial step for comparing orientations in our setting. See page 677 of [10].

Let w: (D?,9D?) — (M, L) be a Jps—holomorphic map. Denote by £ the restriction
of w to dD?. Consider the Dolbeault operator

dw*rmerrLy: WHP(D2,0D% w*TM L*TL) — LP(D* w*TM @ A%})

with p > 2. We deform this operator to an operator on the union ¥ of D? and CP!
with the origin O of D? and the “south pole” S of CP! identified. The spin structure o
on TL & V|p gives a trivialization of £*(TL & V|r). Since w*V is a vector bundle
on the disc, it has a unique trivialization up to homotopy. Hence £*V inherits a
trivialization which is again unique up to homotopy. Using this trivialization, the vector
bundle £ = w*TM descends to E’ on X.

The index problem is reduced to the one for the Dolbeault operator on X. Namely,
the restriction of the direct sum of the following two operators to the fiber product of
the domains with respect to the evaluation maps at O and S. On D?, we have the
Dolbeault operator for the trivial vector bundle pair (C”, R”). On CP!, we have the
Dolbeault operator for the vector bundle E’|cpt. The former operator is surjective, and
its kernel is the space of constant sections in R”. The latter has a natural orientation,
since it is a Dolbeault operator twisted by E’|cp1 on a closed Riemann surface. Since
the fiber product of kernels is taken on a complex vector space, the orientation of the
index is determined by the orientations of the two operators.

Now we go back to our situation. Pick a 1-parameter family {¢;} of dilations on
CP' = C U {oo} such that lim;_, yo0 ¢;(z) = —+/—1 for z € C U {oo} \ {~/—1}.
Here +/—1 in the upper half plane and —+/—1 in the lower half plane correspond to
the north pole and the south pole of CP!, respectively. As t — 400, the boundary of
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the second factor of the disc I(v o ¢;) contracts to the point v(—~/—1), and its image
exhausts the whole image of the sphere v, while the whole image of the first factor
contracts to v(—+/—1). Therefore, as r — 00, the images of the map z — I(vo¢;)(2)
converge to the constant disc at (v(—+v/—1), v(—+/—1)), with a sphere

zeS% (v(—«/—_l), v(z))

attached to the point. If we denote w; = I(v o ¢;), it follows from our choice V =
priTN that the trivialization of £7 V', which is obtained by restricting the trivialization
of wfV = (pryoI(vo¢;))*TN, coincides with the one induced by the frame of the
fiber V at v(—+/—1) for a sufficiently large ¢. Therefore, considering the linearized
index of the family w; for a large ¢, it follows from the explanation given in the above
paragraph that the map v — I(v o ¢p;) = w; induces an isomorphism

det(IndengjN (v)) = det(IndengjM (wy))

as oriented vector spaces. By flowing the orientation to ¢ = 0 by the deformation ¢y,
we have proven that the map v + I(v) respects the orientations of the moduli spaces.

Now we compare the product Ug in (6-13) and the product on the quantum cohomology,
presuming, for a while, that they can be calculated by the contribution from the interior
of the moduli spaces only.

Definition 6.13 We define the equivalence relation ~ on m2(N) by « ~ o’ if and
only if ¢1(N)[a] = c1(N)[e] and w(a) = w(a’).
For B = [w: (D?,0D?) — (N x N, An)] € II(Ay), we set

E: [(pry o w) # (pry o w): D?UD? - N]em(N)/ ~,

where D2 is the unit disc with the complex structure reversed and D2 U D? is the
union of discs glued along boundaries. This defines a homomorphism

(6-14) Y TI(AN) = m2(N)/ ~.

For o € m3(N), let M;ph’reg(J ~;a) be the moduli space of pseudoholomorphic maps
v: §2 — N of a homotopy class a with three marked points (without bubble). For
p € ma(N)/ ~, we put

MM Iy p) = | MPEUn: ).

oEP
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For B € TI(Ap), let MFE(JNxn; B) be the moduli space of pseudoholomorphic maps
u: (D?,0D?) — (N x N, Ay) of class B with three boundary marked points (without
disc or sphere bubble). We denote by /\/lg““i“’reg (B) the subset that consists of elements
in the main component. We put

M (yseyip) = | ME™(Unsen: B).
v(B)=p

Summing up the above cons;[ruction, we have the following proposition. For a later
purpose, we define the map J by the inverse of 7.

Proposition 6.14 We have an isomorphism of spaces with Kuranishi structure:
(6-15) It MEEME (T sy p) > MPNEE(T N ).

o
Moreover, J respects the orientations in the sense of Kuranishi structure.

Denote by * the quantum cup product on the quantum cohomology QH* (N ; AQ ).

0,nov

For cycles Py, P1, P> in N such that dim M%Ph(JN; p) = deg Py + deg Py +deg P>,
we can take a multivalued perturbation, a multisection, of M;ph(J N p) such that the
intersection of its zero set and (evg X evy X evz)_l(Po x P1 x P3) is a finite subset
in M;ph’reg(J N;p), ie it does not contain elements with domains with at least two
irreducible components. Counting these zeros with weights, we obtain the intersec-
tion number

(Po x Py x Pp) - [MPM™E( Ty : p)].

In other words, for homology classes [Py, [P1],[P2] € H«(N), we take cocycles
ag, ap and a, which represent the Poincaré duals of [Pg], [P1] and [P3], respectively.
We can take a multisection of M;Ph(J N p) such that the intersection of its zero set and
the support of evg ap Uevy aj Uevs as is contained in M;ph’reg(J N p). Since the zero
set of the multivalued perturbation of M;ph(J N p) is compact, evgagUeviagUevsas
is regarded as a cocycle with a compact support. Using such a multivalued perturbation,
we obtain [M;ph’reg(J N p)], which is a locally finite fundamental cycle. Thus we find
that (evg ap Uev} aj Uevl ax)[MP€(Jy; p)] makes sense.

The Poincaré pairing on cohomology is given by

(6-16) (a,b) = (a Ub)[N].
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By definition we have

(ag,ay * az) = Z (evgaoUevy ai Uev, az)[Mgph(JN; p)]T“’(p)ecl(N)[p]
pem2(N)/~

= Z (evgaoUevy ai Uev, az)[M‘;ph’reg(JN; )] T?P c1 Mol
pema(N)/~

From the assumption we made at the start of this subsection, the map m; is given by

(6-17) Z my g (P1, Pz)Tw(ﬂ)eM(ﬁ)/Z
By (B)=p — (Mglain,reg(JNxN; 0; P1, Pz),eVo)Tw(ﬂ)eu('B)/z-
Here P; and P, are cycles, and

Mrsnain,reg(JNxN; p; P, Py) = (_1)€Mr3nain,reg(JNxN; 0) X N2 (Py x Pp),

where € = (dim Ay + 1) deg P; = deg Py ; see (3-5). (We also assume that the right-
hand side becomes a cycle.) These assumptions are removed later in Sections 6.3.3,
6.3.4 and 6.3.5.

Taking a homological intersection number with another cycle Py, we have

Py (MM ( Ty ;i Pr, P2).evo)
=(—1)€P0 . (Mr;lain,reg(JNxN; p) X(evl ,eva) (Pl X Pz), eV())

=(—1)¢(evg PD[Po] U (ev1. ev2)* PD[ Py x Pp])[MEU™™ (I ns )],

where PD[P;] (resp. PD[P; x Py]) is the Poincaré dual of P; in N (resp. P; x Py in
N x N). We adopt the convention that

(6-18) (PD[P]Ua)[N]=a[P] forae H*(N).
Since dim Ay is even, (6-18) implies that
evi PD[P;] Uev’ PD[Py] = (1) Prdee P2 ey ev,)* PD[P; x Py).

By identifying M;Ph’reg(JN; p) and M‘;‘ai“’reg(J NxN;p) as spaces with oriented
Kuranishi structures, we find that

(PD[Po], PD[P1] % PD[P,]) = (—1)de P1dee P24 1) po 1y (Py, Py)),
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or equivalently,
(6-19) (PD[P;] * PD[P,], PD[Py]) = (—1)%e Pr{ee P24 g, (P, Py, Py).

Here the right-hand side is the intersection product of Py and my( Py, P;). Namely,
we put

(6-20) (P,Q)=P-Q=(-1)*eP4elyP xy Q) =#(Q xn P).

Note that we use a different convention of the pairing on cycles from [9; 10], cf
Definition 8.4.6 in [10], but the same as one in Definition 3.10.4 in Section 3.10.1 of
[15]. Therefore we observe the following consistency between pairings on homology
(6-20) and cohomology (6-16):

(P. Q) = (PD[P].PD[Q]).

6.3.3 Proof of Theorem 1.9(2), II: The isomorphism as modules To complete the
proof of Theorem 1.9(2), we need to remove the assumption (6-17), that is, that the
product my (P, P>) is determined only on the part of the moduli space where there is
no bubble. We study how our identification of the moduli spaces of pseudoholomor-
phic discs (attached to the diagonal Ay ) and of pseudoholomorphic spheres (in N )
extends to their compactifications for this purpose. To study this point, we define the
isomorphism in Theorem 1.9(2) as A nov modules more explicitly.

As discussed in the introduction, this isomorphism follows from the degeneration at the
E,—level of the spectral sequence of Theorem D [9]. The proof of this degeneration is
based on the fact that the image of the differential is contained in the Poincaré dual to the
kernel of the inclusion induced homomorphism H(Apn; Ag,nov) = H(N X N; Ao nov),
which is actually injective in our case. This fact (Theorem D (D.3) [9]) is proved
by using the operator p introduced in Section 3.8 of [9]. Therefore, to describe this
isomorphism, we recall a part of the construction of this operator below.

Let B € II(Any) = m2(N x N, Ay)/ ~. We consider M1.1(Jyxn; ), the moduli
space of bordered stable maps of genus zero with one interior and one boundary marked
point in homotopy class B. Let evg: M1.1(Jyxn;B) — An be the evaluation map at
the boundary marked point and evin: M1.1(Jyxn;B) = N x N the evaluation map
at the interior marked point. Let (P, f) be a smooth singular chain in Ay . We put

Mi1(INxN; B: P) = M1 (INxN; B) evoXy P

It has a Kuranishi structure. We take its multisection s and a triangulation of its zero set
Mi;1(Jnxn: B P)*. Then (M1:1(Jnxn; B; P)®, eVin) is asingular chainin N XN,
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which is by definition p; g(P); see Definition 3.8.23 of [9]. In our situation, where
mp(1) =0 for Ay in the chain level by Theorem 1.9(1), we have:

Lemma 6.15 We identify N with Ay . Then for any singular chain P C N, we have

(6-21) D" onun(prg(P)+ Y prg (myp,(P)) =0.
Bi1+B2=8

Here 0y xn is the boundary operator in the singular chain complex of N X N .

Remark 6.16 If 8 =0, then p; o is the identity map, and the second term in (6-21)
is equal to mq o(P). Recalling my o(P) = (—=1)"da, (P) in Definition 6.1, (6-21)
turns out to be

(6-22) (=D AN xn (91,0(P)) + (—1)"p1,0(day (P)) = 0.

When 8 # 0, (6-21) is equal to

(=)™ NN (p15(P)) + p1p(mi,0(P))
+promyg(P)+ Y pip (myp(P)=0.

B1+B2=8
B1,B2#0

Lemma 6.15 is a particular case of Theorem 3.8.9 (3.8.10.2) in [9]. See Remark 6.17
for the sign. We also note that p; o(P) = P; see (3.8.10.1) in [9]. We remark that
even in the case when P is a singular cycle, m;(P) may not be zero. In other words,
the identity map

(6'23) (C(ANv AO,noV)’ 8) - (C(ANv AO,I’]OV)v ml)
is not a chain map. We use the operator
pl,ﬂ: C(AN; A0,nov) - C(N X N; AO,nov)

to modify the identity map to obtain a chain map (6-23). Using the projection to the
second factor, we define pr: N xN 3 (x,y)— (y,y) € Any. We put

P1,8 = P2+ O P18
Then by applying p2« to (6-21), we obtain, for § # 0,

(6-24) —my0(p1,8(P))+p1 g(myo(P))+my g(P)+ Z P18, (my g, (P))=0.

Bi1+pB2=8
ﬂlaﬂ27é0
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Remark 6.17 The sign in (6-21) looks slightly different from one in (3.8.10.2) in [9].
The sign for 37 in [9; 10] was not specified, since it was not necessary there. Here we
specify it as 8p7 = (—1)"T19,7. This sign is determined by considering the case when
B = 0, which is nothing but (6-22). Another way to determine this sign is as follows.
In the proof of (3.8.10.2) given in Section 3.8.3 of [9], we use the same argument in the
proof of Theorem 3.5.11 (Theorem 6.2 in this article) where we define my o = (—1)"dL,
to get the Ao formula. The proof of Theorem 3.5.11 uses Proposition 8.5.1 in [10],
which is the case where £ = £1 = £, = 0 in the formulas in Proposition 8.10.5 in [10].

On the other hand, in the case of (3.8.10.2), we use the 0 interior marked point as
the output evaluation point instead of the 0 boundary marked point. Then the proof
of (3.8.10.2) uses Proposition 8.10.4 instead of Proposition 8.10.5 in [10]. We can
see that the difference of every corresponding sign appearing in Propositions 8.10.4
and 8.10.5 in [10] is exactly —1. Thus we find that §3; = (—1)"T19) in the formula
(3.8.10.2) (and also (3.8.10.3)) of [9]. This difference arises from the positions of the
factors corresponding to the 0% boundary marked point and the O™ interior marked
point in the definitions of orientations on My k) ¢(B) and My (1,¢)(B), respectively.
See the formulas given just before Definitions 8.10.1 and 8.10.2 in [10] for the notation

M,k),e(B) and M (1,¢)(B) respectively.

Definition 6.18 For each given singular chain P in N, we put

PBY=> D> (D¥(Pip o-opp)(P).

k=1 B1+-+Br=8
Bi #0

regarding P as a chain in Ay . Then we define a chain Z(P) € C(N; Aonov) by

I(P)=P + Z P(,B)Tw(ﬁ)e“(ﬂ)/z.
B#0

Lemma6.19 Z: (C(AN; Ao,nov). M1,0) = (C(AN; Aonov). m1) is a chain homotopy
equivalence.

Proof We can use (6-24) to show that Z is a chain map as follows. We prove that
myoZ—Zomyo =0 mod T7®®) by induction on w(B). We assume that it holds
modulo 7%®) and then study the terms of order T7®®) . Those terms are sums of
the form

(6-25) mo(P(B) +mig(P)+ Y. myg (P(B2))—(m1oP)(B)

B1+B2=8
Bi#0
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for the given w(B). By definition, (6-25) becomes
626 Y. Y (=D¥mioopip o o1 p)(P)

k=1,2,... B1+-+Br=8
Bi #0

+ > > ((=DF N (my g oB1,,0 P18 ) (P))—(m1 0 P)(B).
k=1,2,... ﬂl+"'.+%k:ﬂ

1

Using (6-24), we can show that (6-26) is equal to

627 > > (=D¥(@ip om0 0 0P1e)(P)

k=1,2,... B1++Bx=B
Bi #0

+ Y > (=DF@ip omyp, 0P1p, 00 0P1E)(P)

k=12,... Bi+-+Pr=P
Bi#0

- > > (—1)¥ (1,8, 0P1,8, 0 0P1,8, °©m1,0)(P)

k=1,2,... B1++Br=B

Bi #0
= Y o Pugpe Y. (=D¥(migopip,oc0pi g (P)
k=1,2,... B1 #0 B1+~~-+%k=ﬂ

+my g, 0P8, 0 0P g (P)—P1,g, 0 0P8, omio(P)).
Then (6-27) vanishes by the induction hypothesis.

On the other hand, Z is the identity modulo A The lemma follows by the standard

0,nov *
spectral sequence argument. O

Thus we obtain an isomorphism as A, oy —modules:
Ty H(N; Aonov) = HF (AN, AN; Ao,nov)-
In order to complete the proof of Theorem 1.9(2), we need to prove
(6-28) (Z(P1) Ug Z(P2),Z(Po)) = (PD[P1] * PD[P>], PD[Po]),
that is,
(6-29) (=1)%eeP1e 24D (my (Z(Py). Z(P2)). Z(Po)) = (PD[P1]+PD[ P2]. PD[Po)).

For the orientation of the moduli spaces which define the operations in (6-29), see
Sublemma 6.61 and (6-33)—(6-35) for the left-hand side and Definition 6.34 for the
right-hand side. We will prove (6-29) in the next two subsections.
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6.3.4 Proof of Theorem 1.9(2), III: Moduli space of stable maps with circle sys-
tem To define the left-hand side of (6-29), we use the moduli spaces and multisections
used in Lagrangian Floer theory, while we use other moduli spaces and multisections
to define the right-hand side of (6-29). Recall that in Theorems 6.2 and 1.5, we took
particular multisections to get the Aoo structure. The point of the whole proof we will
give here is to show that two multisections, one used for Lagrangian Floer theory and
the other one more directly related to the quantum cup product, can be homotoped
in the moduli space of stable maps with circle system, which will be introduced in
Definition 6.29, so that those two multisections finally give the same answer. The
purpose of this subsection is to define the moduli space of stable maps with circle
system and to describe the topology and the Kuranishi structure in detail. In the next
subsection, we will compare two moduli spaces and multisections to complete the
proof by interpolating the moduli space of stable maps with circle system.

We consider a class p € m3(N)/ ~. Put
MP"Un:p) = | MP'Un:a),

aEp
where M;Ph(J ;o) is the moduli space of stable maps of genus 0 with three marked
points and of homotopy class «. Let ((Z, (zo, 21, 22)), v) be a representative of its
element. We decompose X = | J X, into irreducible components.

Definition 6.20 (1) Let Xy C X be the minimal connected union of irreducible
components containing three marked points zg, z1 and z;.

(2) An irreducible component ¥, is said to be type [ if it is contained in Xg.
Otherwise, it is said to be type 1.

(3) Let X, be an irreducible component of type I. Let k, be the number of its
singular points in X, which do not intersect irreducible components of X\ Xg.
Let k., be the number of marked points on X,. It is easy to see that k, + k[, is
either 2 or 3. (See Lemma 6.21 below or the proof.) We say that X, is type I-1
if kg + k), =3 and rype I-2 if k, + k, = 2. We call these k, + k/, points the
interior special points.

Lemma 6.21 Let k, and k), be the numbers defined above. Then k, + k|, is either 2
or 3. Moreover, there exists exactly one irreducible component of type I-1.

Proof Consider the dual graph T of the prestable curve 3. Note that T is a tree
with three exterior edges with a finite number of interior vertices. Therefore, it follows
that there is a unique 3—valent vertex, and all others are 2—valent. Since the number
kq + k], is precisely the valence of the vertex associated to the component X, the
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first statement follows. Furthermore, since the dichotomy of k, + k, being 3 and 2
corresponds to the component ¥, being of type I-1 and of type I-2, respectively, the
second statement follows. O

Our next task is to relate a bordered stable map to (N x N, Ay) of genus zero with
three boundary marked points, to a stable map to N of genus 0 with three marked
points. For this purpose, we introduce the notion of stable maps of genus 0 with circle
systems, see Definition 6.29.

Firstly, we fix a terminology “circle” on the Riemann sphere. We call a subset C in
CP! a circle if it is the image of R U {oo} by a projective linear transformation ®
as in complex analysis, ie ®(R U {oco}) = C. From now on, we only consider C
with an orientation. The projective linear transformation @ can be chosen so that the
orientation coincides with the one on the boundary of the upper half space H.

For a pseudohologlorphic disc w in(N x N, Jyxny) with boundary on the diago—
nal Ay, the map J in Proposition 6.14 gives a pseudoholomorphic sphere v = J(w)
in (&, Jy). For three boundary marked points zg, z; and z of the domain of w, we
have corresponding marked points, which we also denote by zg, z; and z5 by an abuse
of notation, on the Riemann sphere, which is the domain of v. We also note that the
boundary of the disc corresponds to the circle passing through zg, z; and z, on the
Riemann sphere. Thus, when describing the pseudoholomorphic sphere corresponding
to a pseudoholomorphic disc, we regard it as a stable map of genus 0 with the image
of the boundary of the disc, which is a circle on the Riemann sphere.

Remark 6.22 (1) For each genus-0 bordered stable map to (N x N, Ay), we
construct a genus-0 stable map to IOV as follows. The construction goes componentwise.
For a disc component, we apply J as we explained above. For a bubble tree w® of
pseudoholomorphic spheres attached to a disc component at zi™, we attach (pry)«w®
(resp. (pry)«w™) to the lower hemisphere at zint (resp. the upper hemisphere at z'™).
Here (pr;)«w® is pr; ow® with each unstable component shrunk to a point. If pr; ow®
is unstable, we do not attach it to the Riemann sphere.

(2) For B € ma(N x N, Ay), pick a representative w: (D?,0D?) — (N x N, Ay).
Alt}olough w is not necessarily pseudoholomorphic, we have v: $2— N in the same way
as J. We call the class [v] € w2 (V) the double of the class [w] € ma(N X N, An).

In preparation for the definition of stable maps of genus 0 with circle systems, we
define admissible systems of circles in Definitions 6.23, 6.25 and 6.26.

Definition 6.23 includes the case of a moduli space representing various terms of (6-29),
that is, a union of doubles of several discs. We glue them at a boundary marked point of
one component and an interior or a boundary marked point with the other component.
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Let X, be an irreducible component of X, where ((X, (2o, 21, 22)), v) is an element of
M;Ph(J ~Nia). A domain which bounds C, is a disc in CP! whose boundary (together
with orientation) is C,. We decompose X, into the union of two discs D;'E so that
CP'= D} UD,, where dD] = C, as an oriented manifold. Then D, = —C, as
an oriented manifold.

Now consider a component 3, of type I-2. We say an interior special point of X, is
inward if it is contained in the connected component of the closure of X \ X, that
contains the unique type I-1 component. Otherwise it is called outward. (An inward
interior special point must necessarily be a singular point.) Note that each type -2
component contains a unique inward interior marked point and a unique outward interior
marked point.

Definition 6.23 An admissible system of circles of type I for (2, (29, z1,22)), V) is
an assignment of C,, which is a circle or an empty set (which may occur in case (2)
below, see Example 6.24(2)), to each irreducible component %, of type I, such that
the following hold:

(1) If ¥4 is type I-1, C, contains all three interior special points.
(2) Let ¥, be type I-2. If C, is not empty, we require the following two conditions:

e (, contains the outward interior special point.

e The inward interior special point lies on the disc D, namely either on C, or
Int D . If the inward interior special point p lies on Cq, the circle Cys on the
adjacent component X,/ contains p. Here ¥, meets X, at the node p.

(3) Denote by X, the unique irreducible component of type I-1, and let C be the
maximal connected union of all the C, containing C,,. If C contains all z;, we
require the orientation of C to respect the cyclic order of (zg, z1, z2) . If some z; is not
on C, we instead consider the following point z; on C described below and require
that the orientation of C respects the cyclic order of (zg, z{, z5): There exists a unique
irreducible component £, such that C is contained in a connected component of the
closure of ¢ \ X4, that z; is contained in the other connected component or X, and
that C intersects X, (at the inward interior special point of ;). Then the point Zlf is
this inward interior special point of 3.

Example 6.24 (1) Let us consider the admissible system of circles as in Figure 1.
The left sphere is of type I-2 and the right sphere is of type I-1. The circle in the right
sphere is C in Definition 6.23(3). This is the double of the configuration shown in
Figure 2.
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20

Figure 1: Illustration of Example 6.24(1)

Z

Z1

Figure 2: Illustration of Example 6.24(1): coincidence of second components

20

Figure 3: Illustration of Example 6.24(2)

The moduli space of such configurations is identified with the moduli space that is used
to define

(6-30) (my g, (P1. P2).p1,8,(Po)).

(2) Type I-2 components may not have circles. For example, see Figure 3.
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Next we discuss the admissible system of circles on the irreducible components of
type II. A connected component of type Il of X is the closure of a connected component
of X\ X¢. Each connected component of type II intersects X at one point. We call
this point the root of our connected component of type II.

We denote by X, a connected component of type II and decompose it into the irreducible

components:
= Za

a€l,

Then we consider a type II irreducible component ¥, contained ina X,. If X, does
not contain the root of X,, we consider the connected component of the closure of
>, \ X, that contains the root of X,. Then, there is a unique singular point of X,
contained therein. We call this singular point the roof of ¥, . Note that if 3, contains
the root of X, it is, by definition, the root of X, .

Definition 6.25 Let an admissible system of circles of type [ on X be given. We
define an admissible system of circles of type Il on X, to be a union

Co=|J Ca

a€l,

in which C, is either a circle or an empty set, and which we require to satisfy the
following:

(1) If the root of X, is not contained in our system of circles of type I, then all of
the C, are the empty set.

(2) If C, is nonempty, then it is connected and contains the root of X,.

(3) Let ¥, be a type II irreducible component contained in X,, and let Xj be the
irreducible component of X that contains the root of ¥, with a # b. If the root
of ¥, is contained in Cp, we require C, to be nonempty.

Definition 6.26 An admissible system of circles on X is an admissible system of
circles of type I together with that of type II on each connected component of type II.

Definition 6.27 Let X = | J, X, be the decomposition into irreducible components
and {C,} the admissible system of circles. (Each C, is either a circle or an empty set.)
Let p be a node joining components £, and X;. We call p a nonsmoothable node
if p lies in exactly one of C,; and Cp. Otherwise, we call p a smoothable node. That
is, a node p is smoothable if and only if one of the following conditions holds: (1)
peCqand peCy,or(2) p¢Cq and p ¢ Cy,.
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Remark 6.28 For a smoothable node p joining two components ¥, and 3, we can
glue them in the following way. We call such a process the smoothing at the smoothable
node p. If neither C, C ¥, nor Cp C ¥ contains the node p, we can perform the
gluing of stable maps at the node p. (In such a case, the admissibility of the circle
system prohibits that both C, and Cp are nonempty.) If both C, and Cj contain the
node p, we choose a complex coordinate z, of X, (resp. z of X3) around p such
that C, (resp. Cp) is described as the real axis with the standard orientation. Here we
give an orientation on the real axis by the positive direction. Gluing ¥, and X by
zq-zp = —t with t € [0, 00), we obtain the gluing of stable maps such that C, and Cj,
are glued to an oriented circle.

Definition 6.29 Let ¥ = J, X, be a prestable curve, ie a singular Riemann surface
of genus 0 at worst with nodal singularities, zg, z; and z, marked points on the
smooth part of 3, and u: ¥ — N a holomorphic map, and let C, C 3, be either an
oriented circle or an empty set. We call x = (X, zo, 21, 22, {Cys}, u: ¥ — N) a stable
map of genus 0 with circle system if the following conditions are satisfied:

(1) {C,} is an admissible system of circles in the sense of Definition 6.26.

(2) Let P be the set of nonsmoothable nodes on (X, zg, z1, 22, {Cq}). For the clo-
sure X’ of each connected component of X\ P, one of the following conditions
holds:

(a) With circles forgotten, u|x/: ¥’ — N is still a stable map. Here we put
marked points ({zg,z1,22}UP)NX on ¥’.
(b) The map u is nonconstant on some irreducible component of X’.

(3) The automorphism group Aut(x) is finite. Here we set Aut(x) to be the group
of automorphisms ¢ of the singular Riemann surface (X, zg, z1, z2) such that

uop =uand ¢p(| JCp) =JC,.
Since we only consider stable maps of genus 0, we omit “of genus 0” from now on.

Remark 6.30 (1) If C, # @, then C, must contain a node or a marked point.

(2) Let X, be an irreducible component, which becomes unstable after the circle
system is forgotten; ie the map u is constant on X, and the number of special points
contained in X, is less than three. Here a special point means a marked point or a node.
In such a case, we find that the number of special points on 3, is exactly two and
exactly one of them is on C,. The type I-1 component contains three special points;
hence it cannot be such a component. There are three possibilities, cases (i), (ii+)
and (ii—) described in Definition 6.31 below.
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root root root

Figure 4: Tllustration of Definition 6.31: left to right are cases (i), (ii+) and (ii—).

By an abuse of terminology, we call the inward special point of a type I-2 component X,
the root of ¥,. (The definition of the root of a type Il component is given just before
Definition 6.25.)

Definition 6.31 Let 3, be an irreducible component which becomes unstable after the
circle system is forgotten as we discussed in Remark 6.30(2). There are the following
three cases (see Figure 4):
(i) The root is in Int D and another special point is on Cj.
(ii+) The root is on C, and the other node is contained in Int Dj.

(ii—) The root is on C, and the other node is contained in Int D .

Remark 6.32 Suppose that X, is a component of case (i). The root is not on C,,,
so X, must be type I. Suppose that X, is a component of case (ii). The node, which
is different from the root, is not on C,, so X, must be type II.

Lemma 6.33 Let x = (X, 20,21, 22,{Cs},u: ¥ — N) be a stable map of genus 0
with circle system. If two adjacent components become unstable when forgetting the
circle system in the sense of Remark 6.30(2), both of them are of case (i). Moreover,
there cannot appear more than two consecutive components which become unstable
after the circle system is forgotten.

Proof Let X, and X,, be adjacent components which become unstable after the
circle system is forgotten. Without loss of generality, we assume that the root of 2,,
is attached to X4, . Then there are three cases:

(A) X4, and X, are type L.
(B) X4, istypel and X,, is type II.
(C) 24, and 2,4, are type 1L

By Remark 6.32, we find that in each case, we have the following:
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(A) Xg4, and X,, belong to case (i).
(B) X4, belongs to case (i) and X,, belongs to case (ii).
(C) X4, and X,, belong to case (ii).

Consider case (B). Since 2,4, is type I, Cy, must contain either one of zg, z1 or z3,
or a root of a component of type I. But the node at ¥,, N X,, is the only special
point on Cg,, and X, is type II. Hence case (B) cannot occur. Next consider case (C).
In this case, ¥,, is type II, but its root is not on C,, . Hence case (C) cannot occur.
Therefore the only remaining case is (A). Namely, both X,, and X, are type I, hence
case (i) in Definition 6.31.

Suppose that ¥,,, ¥4, and X, are consecutive components which become unstable
when forgetting the circle system. As we just showed, all of them are case (i). Note
that the nodes X4, N X4, and X, N X,, are nonsmoothable nodes. Thus the middle
component %,, does not satisfy Condition (2) in Definition 6.29. Hence the proof. O

Definition 6.34 We denote by M%Ph(J N o) (resp. M;ph(J ~; o; C)) the moduli space
consisting of stable maps (resp. stable maps with circle system) with three marked
points Z = (zg, z1, z2) representing class «. We put

M (I Py, Pa, Po) = Po Xevy (MPM(IN: 00) (v evn) X (P1 X P2)),
MM (TN C P, Pa, Po) = Po Xevy (MPM(IN;05C) ey eva) X (P1 X P2)).
As a space with oriented Kuranishi structure, we define
MY (Iwse; Py Pa, Po) = (=)™ P19 P2 ooy (MM (N @) vy vy X (P1X P2).
To define the orientation on M;Ph(J Nio;C; Py, Py, Py), we consider
MPVE (T a; Py, Py, Po)
= (=1)deePrdee P2 pysc e (MPME(I N @) ey evn) X (P1 X P2))
S MPM"(In:a: Py, Pa, Po).
(See the sentence after (6-14) for the notation M;Ph’reg(f ~:a).) For any element in
M;ph’reg(J Nio; P1, Py, Py), there is a unique circle passing through zg, z; and zp
in this order. Hence M;ph’reg(J N:o; P1, P2, Py) can be identified with a subset of
MM (Jn;a;C: Py, P2, Po). We denote this subset by MM (Jy ;a5 C; Py, P2, Po).
We define an orientation on M;ph’reg(J ~;a;C; P1, Py, Pp) in such a way that this

identification respects the orientations. We will explain in Remark 6.63(1) how to equip
the whole space M;ph(J N a;C; P1, P2, Py) with an orientation.

For p € m3(N)/ ~, we define MPM(Jy: p; Py, P2, Po), M (Jn; p:C; Py, P2, Po)
and M;ph(J ~; p;C) in an obvious way.
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Then we have

(PD[P1] ¥ PD[P;], PD[P))

= (=) Xz(e:va< PD[Py] Uev] PD[P;]Uev, PD[PZ])[Méph(JN; 0)]
0

= (=D} (evg PD[Po] U (ev1 x ev2) " PD[P1 x P2])IMTP(Jiv: p)]
P

= (=D® ) (evg PD[Po])[MF"(IN: ) (evy evn) X (P1 X P2)]
P
= (evg PD[Po))[MTP"(Jn; p; P1, P2)]
P
= (=D Py - [MP"(Jn:p: P1. Py)]
P

= Z#/\/l;ph(JN;,O; Py, P2, Py),
o

where €; = deg Po(deg P; +deg P>) and €3 = deg P;-deg P> . For the second equality,
we use that PD[P;] x PD[P,] = (—1)%e Prdee 2 pp[p; » P,] in H*(N x N). The
third and fifth equalities follow from our convention of the Poincaré dual in (6-18).
The fourth equality is due to the definition of M;ph(J N p; P1, P2). The last equality
follows from (6-20). In sum, we have

(6-31) (PD[P1] * PD[P,]. PD[Pol) = } _ #M"(Jv: p: P1. Pa. Po).
o)

Now we will put a topology on the moduli space /\/l‘;ph(J ~;a;C) derived from the
topology on the moduli spaces Mf,,p_ilf 1. (Jn; @) of stable maps of genus 0 with 3 + L
marked points in Definition 6.48 and Proposition 6.49. Here L is a suitable positive
integer explained later. To relate ./\/l;ph(J Ni;o; C) to M;p_}; 1 (Jn;a), we will put L
marked points on the source curve of elements of M;ph(J ~;o; C). (This process of
adding additional marked points is somewhat reminiscent of a similar process in the

definition of stable map topology given in [16].)

We start with an elementary fact: for three distinct points p, ¢ and r on CP1, the
circle passing through p, ¢ and r is characterized as the set of points w € CP! such
that the cross ratio of p, ¢, r and w is either a real number or infinity.

The following lemma is clear.
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Lemma 6.35 Let u'”,u: X — N be pseudoholomorphic maps from prestable

curves £ and T representing the class «. Let wi", wy”, wi"’ and wy"’ be four

distinct points on ¥ and w1, wa, ws and w4 four distinct points on an irreducible

component ¥, of ¥, such that a sequence (X, 2@ U{w{",...,wi’},u®) con-
verges to (X,Z U {wy,...,wa},u) in M;p_}ij‘t(JN;oz). Then wy", ..., wi" belong
to an irreducible component of £’ for sufficiently large i, and the cross ratio
[wi? : -+ wji’] converges to [wy : -+ : w4] as i tends to +o00.

We consider a stratification of M;ph(J n;a;C) by combinatorial types as follows.
Recall that by circles we always mean oriented circles in CP! as we stated in the
second paragraph after the proof of Lemma 6.21.

Definition 6.36 The combinatorial type c¢(x) of x € M;Ph(.l N;o;C) is defined by
the following data:

(1) The dual graph, whose vertices (resp. edges) correspond to irreducible components
of the domain X (resp. nodes of X).

(2) The data that tells the irreducible components which contain zg, z; and z3,
respectively.

(3) The homology class represented by u restricted to each irreducible component.

(4) For each irreducible component ¥, , whether C, is empty or not. If C, # &, we
include the data of the list of all nodes contained in Int D" bounded by the oriented
circle C, and the list of all nodes on C,. For each node p that is not the root of ¥,
we include the data that determines whether p lies in the domain bounded by C, or
not. This data determines the side of C, that p lies on. (Recall that C, is an oriented
circle, and that by “domain D bounded by C,” we involve the orientation together
as we mentioned in the third paragraph after Remark 6.22. So the orientation of C, is
a part of data of the combinatorial type.)

For a node p of X, we denote by X, , (resp. Yoy, p) the component of ¥ which
contains p as an outward node (resp. the root node). The combinatorial type of p is
defined by the following data:

(1) Cin,p contains p or not.

(2) Cou,p contains p or not.
Remark 6.37 The combinatorial type of a node p of ¥ only depends on the compo-

nents which contain p. The combinatorial data of ¢(x) determine the combinatorial
type of each node p, in particular, whether the node p is smoothable or not.
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Lemma 6.38 There are only finitely many combinatorial types in M%Ph(J Nia;C).

Proof This follows from Lemma 6.33 and the finiteness of combinatorial types of
M;ph(J NiO). o

Definition 6.39 Let ¢; and ¢, be the combinatorial types of some elements in
./\/l;ph(J ~;o;C). We define the partial order ¢; < ¢, if and only if ¢, is obtained
from ¢; by smoothing some of the smoothable nodes. See Remark 6.28 for the
smoothing of a smoothable node.

We set

MPP=) (T ;) = {x' € MP (Uni:0) | e(x') = ex)}
and

M=) (Jyia;C) = {x' € M (Ui es0) | e(x') = e(x)}.

Remark 6.40 (1) A combinatorial type ¢ determines the intersection pattern of the
circle systems. For x € M;ph(J N a;C), consider the dual graph T'(x) of | J C,. Note
that I"(x) is a subgraph of the dual graph of the domain of x € M;ph(J n:a;C). Since
the genus of the domain of x is 0, each connected component of I'(x) is a tree. Namely,
we assign a vertex vg(x) to each nonempty circle C, and an edge joining the vertices
Vg, (x) and vg, (x) corresponding to Cy, and Cg,, respectively, if they intersect at a
node of X (x). The graph I'(x) is determined by the combinatorial type c¢(x), and
we also denote it by I'(c). The smoothing of a node, which is an intersection point of
circles Cq4, and Cg,, corresponds to the process of contracting the edge joining vg, (x)
and vg,(x). Hence, if ¢; < ¢2, then I'(c2) is obtained from I'(¢y) by contracting
some of its edges. Therefore, we have a canonical one-to-one correspondence between
connected components of I'(¢;) and I'(cz). In particular, we find that

#ro(I'(c1)) = #mo(I'(c2)).
where #m(I"(c)) denotes the number of connected components of I'(c).

(2) Each circle C,4 in the admissible system of circles on x is oriented. If C,
intersects any other Cp in the circle system, we cut C, at these intersection points to
get a collection of oriented arcs. Recall that each connected component J of I'(x) is a
tree. Hence the union of oriented circles corresponding to the vertices in J is regarded
as an oriented Eulerian circuit, ie an oriented loop £y (x) which is a concatenation of
the oriented arcs arising from C, (a is a vertex in J). The oriented loop £j(x) is
determined up to orientation-preserving reparametrization.
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For a stable map with circle system, we can put appropriate additional marked points
on the circles in such a way that the circles can be recovered from the additional
marked points. More precisely, we consider the following conditions for the elements
in M;pr(JN;oz):

Let y € M;P}F‘L(ng;a), and let ZT = Z U {z3,...,2241} be the marked points.
Namely, y = (X,Z1,u: ¥ — N) is a stable map representing the class o. We
consider the following.

Condition 6.41 For each irreducible component 3, of the domain ¥, we have that
¥, NZT is either empty or consists of at least three points. In the latter case, X, NZT
lies on a unique circle C, on 3.

Note, however, the orientation of circles is not directly determined by Condition 6.41.
For the circles {C,} in Condition 6.41, we can associate the dual graph I"(y) in the
same manner. Let E(y) be the set of edges of T'(y).

For a fixed x € M;Ph(J ~io;C), we put additional marked points on the union of
circles in the admissible system of circles to obtain X € M%pi‘ 1 (JN;a) such that
Condition 6.41 is satisfied. We can find a neighborhood V(X) of X in

{j; c Msph

srr(JNi) | Y satisfies Condition 6.41.},

so that if y € V(X), we can obtain I'(y) from I'(X) by contracting edges in E’ and
removing edges in E”. Here E’ and E” are disjoint subsets of E(X), which may
possibly be empty. In particular, we have

#o(I'(¥)) < #mo(I'(§)).

Condition 642 5 e V(X) and #mo(T(X)) = #7o(T(F)).

Under Condition 6.42, we have a canonical one-to-one correspondence between con-
nected components of I'(X) and those of I'(y). To prove this, it suffices to describe
the way to determine the orientation of the circles {C,}. We consider Condition 6.43
below for this purpose. Let J(X) be a connected component of I'(X), and let J(¥) be
the corresponding connected component of I'(y); ie J(y) is obtained from J(X) by
contracting some edges.

To make clear that ZT =ZU{z3, ..., zo4 1} are marked points on X (¥), we denote it by
ZH(X) = (z0(X), ..., 224L(X)). Let = ;z)(X) be the union of irreducible components
which contain circles C, corresponding to the vertices in J(x). We can assign a cyclic
order on

Iy =1ilzi(¥) € Xy (X).1=0,1,2,3,....2+ L}
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using the oriented loop £ j(z)(X¥) defined as in Remark 6.40(2). Namely, the oriented
loop £ j(z)(¥) passes at z; (i € Ijz)) in a manner compatible with the cyclic order
on I ;(z).

For y satisfying Condition 6.42, we find that /%) = I j(3), which we denote by /.

Condition 6.43 Each circle C,/ on the domain of y given in Condition 6.41 is
equipped with an orientation with the following property. For each connected compo-
nent J of I'(X), the cyclic order on /; coming from the oriented loop £ y (¥) coincides
with the one coming from the oriented loop €7 (y) defined as in Remark 6.40(2) using
the orientation on C, for any vertex a’ in J(y).

Note that such an orientation on C, is unique, if one exists. Under Condition 6.43,
each circle C, in Condition 6.41 is oriented in such a manner. This is the way to define
the canonical one-to-one correspondence between connected components of I'(X) and
those of T'(y).

Condition 6.44 The quadruple (2, Z, {C,}, u) defines a stable map with circle system
C ={Cg}.
Definition 6.45 We set
UKX)=1{y € V(X) | y satisfies Conditions 6.41-6.44 }.
We denote the natural map by
n;lg: UKX) — M;ph(JN;Ol;C), (Z.27.u) > (2,2,{Ca}. u).

Remark 6.46 Note that we can take the above set V(X) for X in such a way that
M%ph’zc(x)(JN; a; C) is contained in the image of wL: U(X) — M;Ph(JN; a;C). Also

X
note that we have

TEUR)) C MP=E) (i 0;0).
Summarizing the construction above, we have:

Lemma 6.47 For any x € M;ph(JN; a;C), there exist a positive integer L and X €
M;pjfL (Jn; o) such that the above naturally defined map n)%: ux)— M;ph(JN; a;C)
satisfies nfL xX)=x.

We equip U (X) with the subspace topology of M;pfr‘ LUnsa).
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Definition 6.48 For U C M;ph(J ~;a;C), we define U to be a neighborhood of x if
and only if there exist a positive number L and X € M;PJE 1 (JN;a) as in Lemma 6.47
such that there exists a neighborhood U C U(¥) of ¥ satisfying £ LW)cU. Let

(x) be the collection of all neighborhoods of x .
We can show the following:

Proposition 6.49 The collection {(x) | x € M;ph(J Nio;C)} satisfies the axiom of
the system of neighborhoods. Thus it defines a topology on M;ph(.] N;a;C).

Proof Let U be a neighborhood of x and U a nelghborhood of X in U(X) as in
Definition 6.48. Take an open neighborhood U°of ¥in U. Forany y € U°, there is
a neighborhood W of § yinU(x)C M;PJE 1 (JN;a) such that W is contained in U (y).
Thus W C U(X) NU(Y). Hence we have that nL(W) = nL(W) is a neighborhood

of y. It remains to show that the definition of the neighborhood in Definition 6.48 is

independent of the choice of X. This follows from the next lemma. a
Lemma 6.50 Let X € M“phL(JN «) and X ;ijL/(JN a) be as in Lemma 6.47

such that 7z L) = 71~ (E’) = x. Then for any ne1ghborhood U C Z/l(x) of X, there
exists a ne1ghborhood U’ CU(F') of ¥ such that JT~ (U ¢ T L().

Proof Let W' C U(F') be a sufficiently small neighborhood of X’, which will be
specified later We will deﬁne a continuous mapping Dy W' —>U(F) C MSph rr(Uni@)
such that 7 0d>5;/ = . In other words, for y’ € W', we will find 5 y= d>x/(y )eU(X)
with 72 L( y) = n~, ( y/ ) =y Namely, we find L additional marked points on the
circles on the domaln Y (y’) of y’. We define ¥ in the following steps. Firstly, for
Yy’ eU(x’), we define L mutually distinct marked points w; (y") (j =3,...,2+L)on
the union of circles |_J C(y’) in the admissible circle systems of y’. By the construction
below, any w; (y”) does not coincide with zo(y’), z1(y’) or z2(y’). Then there exists
a neighborhood of X" in U(X") such that w;(y") does not coincide with any nodes
of y’ and defines an element in MP" (Jy: ). Finally, we find a neighborhood w’

3+L°
of ¥ in U(X') such that 5’ € W’ and ¥ € U(F).

Denote by Z1(¥) (resp. Z1(¥’)) the set of marked points in ¥, (resp. X’). For
J=3,...,24+ L, weneedto find w;(y’) on the admissible system of circles on X(y’).
Recall that y' = nilf//(i/).

Firstly, we pick three distinct points z;, (4)(X¥'), Zi,(q)(X’) and z;,(4)(X¥’) on each circle
C(x)q in the admissible circle system of x. Let C(x)q(;) C X(x)q(;) be a circle on
an irreducible component X (x), ;) of the domain of x such that z;(¥") € ZT(¥’)
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is on C(x)4(;). Note that the graph T'(y”) is obtained by contracting some edges of
['(X’). Denote by a’(j) the vertex of I'(y”) which is the image of the vertex a(;)
of I'(X’) by the contracting map. Then the component X(y’),(;) of the domain
of y" contains z;, (4(j))(¥')» Zir(a(j))(¥') and zj;(q(j))(¥'). There is a unique circle
passing through these three points, which is nothing but C(y’),/(;y C Z(¥)ar())
since y' = 71~, '(5"). Then we define w; (¥') on C(y")ar(j) C Z(¥)ar() so that the
cross ratio of Ziv@() X" Zin@(j)(X')s Ziya(y) (X) and z;(X) is equal to that of
Ziv@() V") Zin@(j) (') Zisa(y)(¥') and w;(¥”). Here the cross ratio is taken on
X (x)a(j) and X(y')a/(jy, which are both biholomorphic to cpt.

Note that w; (y”) depends continuously on y” in the following sense. Take a real projec-
tively linear isomorphism 5 from C(y’),/(;) to RP!in CP! such that Ziv@() (V')
Zir(a(j))(¥') and zj;4(jy) (') are sent to 0, 1 and co. Then Y5 (w;(y’)) is contin-
uous with respect to y’. Since w;(¥’) = z;(X) by the construction and w;(y")
depends continuously on §’, if ¥ is sufficiently close to ¥’ in 2/(X’), the O™, 1%
and 2" marked points on y’ and w i (') (j =3....,2+ L) are mutually distinct
and do not coincide with nodes of X(y’) on X(y’)s . Hence y’, with marked points
20(¥"), 21(3"), 22(¥"), w3(F"), ..., w2+ L ("), defines an element in MP}; (J; @),
which we denote by y. We take a neighborhood W’ of ¥’ in U(¥’') in order that
yeV(X) fory e W' . Note that the number of marked points of y is either zero or at
least three by the construction. Since 7'[~ ( y') =y’ is a stable map with admissible sys-
tem of circles, any y € W' satisfies Condmons 6.41-6.44. We define ®z/: W' —u (%)
by @3 (y’) = ¥ constructed above. It is continuous, and @z (X’) = X . Hence, for any
neighborhood U of ¥ in U(%), there exists a neighborhood U’ of ¥ in U(X’) such
that @3 (U') C U(X). This implies that 7L (U") C 7L (0). O

When the combinatorial type ¢ = ¢(x) is fixed, we have mentioned in Remark 6.46
that /(X) enjoys the following property:

(6-32) M= (T C) € kU F)).

We observe that /(X)) satisfies the second axiom of countability, since the moduli space
MZPJEL(JN ;) does. We recall from Lemma 6.38 that M%Ph(JN; «;C) carries only a
finite number of combinatorial types. Combining these observations with (6-32), we

obtain the following:
Proposition 6.51 M;Ph(.l N o; C) satisfies the second axiom of countability.

Hence compactness is equivalent to sequential compactness, and the Hausdorff property
is equivalent to the uniqueness of the limit of convergent sequences for moduli spaces
of stable maps with circle system.
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Proposition 6.52 The moduli space M;Ph(.l N o;C) is sequentially compact.

Proof Let x/) = (Z(x),z{/’,z{, 237 {C4" L, uV: £(x V) — N) be a se-
quence in M%ph(J ~;a;C). Because there are a finite number of combinatorial types,
we may assume that ¢(x /?) are independent of ;. First of all, we find a candidate
of the limit of a subsequence of x /. In Step 1, we consider irreducible components
in X(x /) explained in Remark 6.30(2). Since these components are not stable after
forgetting the admissible system of circles, we put a point on each component so
that these components become stable. We obtain x /T at this stage. Because the
moduli space of stable maps with marked points is compact, we can take a convergent
subsequence We denote its limit by xJ,. We will find an admissible system of circles
on xJ and insert irreducible components explained in Remark 6.30(2), if necessary, to
obtam a candidate of the limit of x ¢/ in Steps 2 and 3. There are three cases, case (i),
case (ii+) and case (ii—), in Definition 6.31. In Step 2, we deal with sequences clh
of circles on X (x /’T), which do not collapse to any node of ¥ (xJ). In Step 3, we
discuss when insertions of such irreducible components are necessary and explain how
to perform insertions to obtain the candidate of the limit of x /’. The detail follows.

Step 1 If x /) has irreducible components which become unstable after the circle
system is forgotten, we put an additional marked point z/>>** for each such component
X (?c /7). Such an irreducible component contains its root pr(ofo)t « » another special point
Pellq and the 01rcle C.7 . We can take z5/?> T foreach j with the following property.
For any j and j’, there exists a biholomorphic map ¢;/;: X(x /), — Z(x (/J Na
such that ¢;7; sends pd o+ Pota 2’ >+ and Ci7” 10 pdila. pali 2+
and C./", respectively. Such components are determined by the combmatorlal data,
hence the number of these components are independent of j. If there are £ such

components, we obtain a sequence x /)T Mgph Le(UNa).

Step 2 Since MSPh L¢o(Jn:a) is compact, there is a convergent subsequence of x /)T,
We may assume that x % is convergent. Denote its limit by x3 /\/lbph pe(Unsa) If
the marked points z3, ..., zp ¢ are forgotten, X (xJ) is a prestable curve of genus 0
with three marked points zg, z; and z. Hence we can define a unique irreducible
component of type I-1 in the same way as in Definition 6.23(1).

Let {Vi}x, with Vi1 1 C Vi, be a sequence of open neighborhoods of the set of nodes
on the domain E(x;'o) such that () Vi is the set of nodes. There exists a positive
integer N (k) such that if j > N(k), there is a holomorphic embedding

o T(x )\ Ve = S(x ).

For each component X (xJ,),, there is an irreducible component X (x ¢/>1), such
that ¢/ (Z(x5)a \ Vi) C Z(x V' F)
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From now on, we will take subsequences of {j} successively and rename it {;}.

Step 2-1 If Caﬁj) C Z(x Y1), is empty for any j, we set C; C Z(x ), to be an
empty set.

Step 2-2 Consider the case where there is k such that d),éj "(Z(x%)a \ Vi) intersects
the circle C /7’ on X (x /'), for any j.

We treat the following two cases separately.

Case 1 For any point p € X(xJ,), which is not a node, there is a neighborhood U(p)
of p such that C$/’ is not contained in ¢/ (U(p)) for any j .

Since ¥ (x1)q \ Vi is compact, after taking a subsequence of j, we may assume that
there are three distinct points p1, p2, p3 € Z(x%)a \ Vi such that there are mutually
disjoint neighborhoods U(p1), U(p2) and U(p3) with ¢/’ (U(p;i))NC,\)’ # @. We
pick p{> € ¢/’ (U(pi)) N C,7 . After taking a suitable subsequence of j, we may
assume that p//’ converges to p® for i = 1,2,3. Then we take the circle passing
through p{®, ps> and pi®, which we denote by C, C Z(xJL),. Since Ca(,j)
are oriented and all x /) have the same combinatorial type, C, is also canonically
oriented. It is clear that the circle C, is uniquely determined once the subsequence
of j is taken as above. (For example, consider the cross ratios.)

Note that Case 1 is applied to each irreducible component treated in Step 1; hence an
oriented circle is put on each such component.

Case 2 There is a point p on X(xJ), such that p is not a node and, for any
neighborhood U(p) of p, there exists a positive integer N such that if j > N,
then C§/’ is contained in ¢/’ (U(p)).

Since p as above is not a node, Ca(,j ’ must contain a unique special point by the
admissibility of the circle system. (If there are at least two special points, then these
points get closer as j — co. Hence there should appear a new component attached
at p in £(x71).) In this case, we attach a new irreducible component at p as in case (i)
in Definition 6.31. Note that the attached component contains a circle of type 1.

Step 3 Let p be a node on Z(x;'o). Then either p is the limit of nodes p*/’ on
Y (x Y’ T), or p appears as a degeneration of X(x/’*). We insert an irreducible
component explained in Remark 6.30(2) as discussed in Cases 1-2 and 2-2 below.

Case 1 p is the limit of nodes p /.

Case 1-1 If p and p/’
the node p as it is.

are either both smoothable or both nonsmoothable, we keep

Case 1-2 If one of them is smoothable and the other is nonsmoothable, we insert a
new irreducible component as in Remark 6.30(2) in the following way.
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Firstly, we consider the case that p‘/’ are nonsmoothable but p is smoothable. In

this case, we find that both components containing p‘/’ are of type I. We insert the
component of case (i) in Definition 6.31 at p.

Next, we consider the case that p*/’ are smoothable but p is nonsmoothable. If p‘/’
are smoothable nodes joining two components of type I in X (x /’%), we insert the
component of case (i) in Definition 6.31. Suppose that at least one of irreducible
components containing p/’ is of type II. There are two possibilities, which we discuss
separately. The first possibility is that both components contain nonempty circles in the
admissible system. Let X (x /1), be the component such that p*/’ is its outward
node and X (x /1), the component such that p*/’ is its root node. In this case, C/’
cannot collapse to p since C/’ must contain at least one special point other than p /.
Namely, if ¥ (x /), is of type I, then C,/’ must contain one of zg, z1, z» or a node
of a tree of components of type I. If = (x /?), is of type II, then C/’ must contain the
root node of X (x/’),. Hence we consider the case that C b(j ) collapse to p. Recall
that D Igj '+ denotes the domain in X (x “/’*), bounded by the oriented circle Cb(j ),
ItD ,gj '+ collapses to p, then we insert the component of case (ii—) in Definition 6.31.
Otherwise, we insert the component of case (ii+) in Definition 6.31.

The second possibility is that only one of X(x’%), or (x’*), contains a
nonempty circle in the admissible system. Note that the component X (x /’+), must
contain p'/’ as an outward node. It is impossible that C;/’ = @ and C}/’ # @.
Hence C// is nonempty. Since p‘/’ is a smoothable node, CS/’ does not con-
tain p/’. Denote by DS/’T the domain in X (x’*), bounded by the oriented
circle C7. If DS’% contains the node p/’, we insert the component of case (ii+)
in Definition 6.31 at the node p. Otherwise, we insert the component of case (ii—) in
Definition 6.31 at the node p.

Case 2 p appears as a degeneration of X (x /’1).
Case 2-1 If p is smoothable, we keep the node p as it is.

Case 2-2 If p is nonsmoothable, we insert a new irreducible component explained in
Remark 6.30(2) in a similar way to Case 1-2 above as follows.

Suppose that a sequence X (x/’*), degenerates to a nodal curve with a node p,
which is nonsmoothable. Let X (xJ),, and Z(xJ)),, be components containing the
node p such that £(x}),, is farther from the component of type I-1 than X (xJ)q, .
Here the component of type I-1 of X(xJ) is defined in the beginning of Step 2.

There are two possibilities. The first possibility is that there exists a positive integer k
such that C;7’ N’ (Z(x1)a, \ Vi) = @ for any sufficiently large j > N(k). In
this case, we find that X (x /1), is of type I. We insert the component of case (i) in
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Definition 6.31 at the node p. The second possibility is that there exists a positive
integer k such that 47’ Ny’ (Z(x L) 4, \ Vi) = @ for any sufficiently large j > N (k).
If there exists a positive integer k" such that D’ N, (S(x L)a, \ Vi) = @, we
insert the component of case (ii—) in Definition 6.31 at the node p. Here D/’ is
the domain in X (x ’*), bounded by the oriented circle CS/’. Otherwise, we insert
the component of case (ii+) in Definition 6.31 at the node p.

Remark 6.53 Suppose that the adjacent components X (xJ),, and Z(x1),, con-
tain circles Cq4, and Cg,, respectively, which are put in Step 2-2, and suppose that
T(xY ))a/l =>(xY ))a’z; ie this component degenerates to a nodal curve including
Y(xt)q, and Z(x}),, . Since Ca’l(j) is a circle which is connected, it passes through
the neck region corresponding to the node between X (xJ),, and T (x1)4,. Hence
Ca, and Cg, pass through the node, which is smoothable in the sense of Definition 6.27.
Case 2-2 is the case that one of C,, and Cyg, is a circle passing through the node and
the other is empty.

After these processes, we obtain x/, as the candidate of the limit of x (). By the
construction, x7, is equipped with an admissible system of circles.

Remark 6.54 By our construction, in particular, Step 3 Cases 1-2 and 2-2, we find

c(xl) < c(x D),
Now we show the following

Lemma 6.55 There is a subsequence of x ) that converges to x5, in M;ph(JN; «;C).

Proof We will add suitable marked points on x ¢/’ to obtain ¥/’ For an irreducible
component in x /?, which becomes unstable when forgetting the circle, we added the
marked point Za(j ’>*+ in Step 1. Since such an irreducible component contains three
special points, ie nodes or marked points and the holomorphic map is constant on the
irreducible component, the limit x}, must contain an irreducible component of the
same type. We add one more marked point on the circle on the component in x ¢/
and x7, respectively, so that the four special points on the component have the fixed

cross ratio. (In total, we add two marked points on the circle in this case.)

We put additional marked points on other irreducible components as follows. If an
irreducible component does not contain a circle in the admissible system, we do not put
additional marked points. Then the remaining components are either those discussed
in Step 2 or those discussed in Step 3. We deal with them separately.
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For an irreducible component in Case 1 of Step 2-2, we have three marked points
p1., p2 and p3 on the circle C. We pick p//’ € ¢/’ (U(pi))NC,, (i =1,2,3).
(Here we added three marked points on the circle.)

For an irreducible component in Case 2 of Step 2-2, we have a special point g on the
new attached irreducible component X (x7) . For sufficiently large j, the circle C o
is contained in ¢;/’ (U(p)). By the admissibility of the circle system, there should
be a special point ¢/’ on C, /). 'We put two more marked points g; and g5 on
the circle Cp on X (x/)p. We choose p ¢ ¢ (U(p)) which converges to some
p € X(x)s. We choose ¢{/,q57 € Ca(/) in such a way that the cross ratio of p/”,
qY, q(/) and q(/) is equal to the one of p, ¢, g1 and g, for any j. Here p is the
node, where we attach X (x7)p to X (x7), in Case 2 of Step 2-2. (In this case, we
add two marked points.)

For each newly inserted component X (x7,). in Step 3, we add two additional marked
points ¢1, ¢z € C. as follows. Firstly, we consider Case 1. Let £(x}), and Z(xJ)p
be the irreducible components of X(xJ) which intersect at p, and let X (x Dy,
and X (x /1), be the irreducible components of = (x /’T) which intersect at p*/’ .
Here we arrange that p (resp. p/’) is the root node of = (x1); (resp. =(x /' T),).
The new component X (x/% ), is inserted between = (x %), and X(xJ),. We denote
by p the node of X (x7, ). which has the same combinatorial type as the node p
(see Definition 6.36 for the definition of the combinatorial type of a node) and by p’
the other node of X(x2,).. Let d =a or b such that p is the root of X(x2,), if and
only if p*/’ is the root of Y (x Y1) ;. We discuss the following two cases separately:

(a) peC.and p' ¢ C,,
(b) p¢Ce and p' € C,.

Pick and fix k. Then we have V; and ¢{/’: S(x 1)\ Vi — Z(x %) as in the
beginning of Step 2. In case (a), we find that p/’ € C(J) . Pick g1,92 € C. \ {p}.
We choose points ¢{/> and ¢/’ on Cj/’ as follows. Pick 7’9 on Z(xY)z N

¢17 (S (x L)\ Vi). Then we take g{/’, ¢5/> € C {7’ such that the cross ratios of p/”,

ql‘j), q5”’ and p'"7) are equal to the one of 7, q1, ¢2 and 7.

In case (b), we find that pY) ¢ Ca(,j). Pick g1,¢42 € Cc \ {p"}. We choose points g{/’
and g3/’ on C ;7 as follows. Pick p’/> on C 3/’ N¢f/” (S(xL)\ Vi). Then we take
q{”’.q5" € C}7’ such that the cross ratios of p‘/’, q{/’,q3/’, p’"/’ are equal to the

one of p,q1,q92,p.

Next we consider Case 2. Let Z(x}),, and X(xJ),, be the irreducible components
which share the node p. Pick distinct three points g1, g2 and g3 on the newly

Geometry & Topology, Volume 21 (2017)



Antisymplectic involution and Floer cohomology 77

inserted components so that none of them are nodes. We note that the circle Cafj )
intersects at least one of d),gj) (Z(xL)a; \ Vi) (i =1,2). From now on, we fix such
a k and denote it by ko. We may assume that ¢/’ (2 (x$)a, \ Vi,) intersects C (/.
(The other case is similar.) Then Case 2 in Step 2-2 is applied to X (xJ)s,. Pick
P eCinNZ(x)a, \ Vik,- For all sufficiently large j, we arrange the neck region
VH(SQ( p Which is a connected component of the complement of ¢,§£) E(xH)\ Vko)
and degenerates to a neighborhood of the node p as follows. Pick and fix a suitable

biholomorphic map ¢/: X (x/’), — CP! such that

o V), ismappedtoanannulus {z€C|r/’ <|z| <RV} forsome 0<r " <3

and RY’ > 1,

« @)z eC ]z <)) contains ¢ (S(x e \ Vi)

By applying a dilation fixing 0 and co, we may assume that the circle Ca(/j ) is tangent
to the unit circle {z € C | |z| = 1}. Since Caﬁj) No (Z(x1)a, \ Vi) is not empty for
any k, we find that /) tends to 0. Similarly, since for each given k, the intersection
of C\7" and ¢/’ (2 (x5)a, \ Vi) is empty for all sufficiently large ; , the number R/’
tends to +o0o. Pick p’/’ € C {7’ such that ¢/ (p'/’)| < r/ and x;* with p'D
added converges to xJ, with p’ added. We pick ¢{/’, g3/’ and ¢§/> on C{/’ such
that | (qi7) = 1, |9V (g3)] = % and the cross ratios of p’‘/’, ¢{/, g5/
and qé-/) are the same as the cross ratio of p’, g1, ¢2 and ¢3.

After adding those new marked points, we obtain ¥/’ for all sufficiently large j
and X7 in MZSBP-I}IL (Jn: ) for some L. By the choice of those points, we find that ¥ ¢/

converges to X4, in M;p_};L(JN;a). By Definition 6.48, x /) converges to x/ in
M;ph(JN;a;C). |

This finishes the proof of Proposition 6.52. a
Now we have:
Theorem 6.56 The moduli space M;Ph(.l N o;C) is compact and Hausdorff.

Proof Since M;Ph(J N o; C) satisfies the second axiom of countability, compactness
is implied by Proposition 6.52. Then the Hausdorff property follows in the same way
as in Lemma 10.4 in [16]. m|

Theorem 6.57 The moduli space M;ph(J n;«;C) carries a Kuranishi structure.
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Proof We construct a Kuranishi structure on M%Ph(J ~;o;C) in the same way as the
case of the moduli space of stable maps in [16]; see Parts 3 and 4 of [13] for more
details.

Our strategy to construct Kuranishi structures on the moduli space of bordered stable
maps with admissible system of circles is to reduce the construction to the one for
moduli spaces of bordered stable maps with marked points by putting a suitable number
of points on circles. The only points which we have to take care of are the following
two points.

The first point to be taken care of is the way to deal with the admissible system
of circles in terms of additional marked points on the domain curve. An element
in M;Ph(J N;o;C) is a stable map with an admissible system of circles. For x €
M%ph(J ~;«;C), we put suitable marked points on circles in the admissible system of
circles to obtain an element X € M;p_}; 1 (JN;a) and

n;lg: Ux)— M;ph(JN;a;C), (.27, u) = (2,Z2,{Cs} ).

(See Lemma 6.47.) Note that JT%‘ is not injective. For x € M;Ph(JN; a;C), we take a
subspace of a Kuranishi neighborhood of X € U/(X), as we explain in the next paragraph,
to obtain a Kuranishi neighborhood of x.

If an irreducible component ¥, C X contains a circle C, # &, then C, must contain
at least one special point, ie a node or a marked point. Note that C, is an oriented
circle on X, . If a holomorphic automorphism ¢ of X, is of finite order preserving C,
and its orientation, and if ¢ fixes a point on C,, then ¢ must be the identity. Hence
the stabilizer of this component must be trivial. If the number of special points on C,
is less than three, we take the minimal number of marked points on C, in such a
way that the total number of special points is three. Let pi,..., p. be nodes on C,
and wi, ..., wg marked points on C,. Then, for each marked point w; on C,4, we
choose a short embedded arc Ay, on X, which is transversal to C, at w;. We may
move the marked point w; to w;- on ij such that pyp,.. .,pc,w’l, . ..,w,/C lie on
a common circle. This last condition is expressed using the cross ratio, and these
constraints cut out the set of such w’l, R w;c transversally. Thus if we restrict né to
the subset of 2/(x) such that the extra L marked points hit Ay, , the restricted map is
injective. (More precisely, a similar map on the Kuranishi neighborhood is injective.)
Therefore, we can use this subset of a Kuranishi neighborhood of 2/(X) as a Kuranishi
neighborhood of M;Ph(J N;;C).

The second point to be taken care of is about the gluing construction. We use the
gluing construction following Parts 3 and 4 of [13] at smoothable nodes. Let p be a
smoothable node. If no circle in the admissible system of circles passes through p, we
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use the gluing construction as in the case of stable maps. Otherwise, we proceed as
follows. Let ¥, and X intersect at the node p. Then the circles C, and Cp contain p.
In order to perform gluing, we need a coordinate at infinity; see Definition 16.2 in
[13]. For a stable map with an admissible system of circles, we use a coordinate at
infinity adapted to the circle system as follows. We pick a complex local coordinate &
on X, (resp. n on Xp) around p such that C, (resp. Cp) with the given orientation
corresponds to the real line oriented from —oo to 400 in the £—plane (resp. the n—
plane). For the gluing construction, we use the gluing parameter T € [Ty, co] for a
sufficiently large T > 0 such that the £—plane and n—plane are glued by - = —e ™7 .
In this case the parameter to smooth this node is [Tg, 00). Therefore such a point
corresponds to a boundary. (Or corner if there are more such points.) We remark that
in the case when there is no circle on the node, the parameter to smooth this node is
[T, 00) x S1. Then the construction of a Kuranishi structure goes through as in Parts 3
and 4 of [13]. O

Once we have Kuranishi structures on M%ph(J N;«) and M;ph(J ~;a;C), we also have
Kuranishi structures on their fiber products with singular chains P; .

For x = (2(x),Z,{C(x)q}.u: X(x) > N) € M;Ph(JN;a;C), we set
n(x) = the number of irreducible components of X (x),
nrp(x) = the number of irreducible components X (x), of type I-2 in X (x)
such that C(x), # @ does not contain the root node,
n1,bubble (X ) = the number of irreducible components X (x), of type I-2 in X (x)
such that C(x), contains the root node,
ny,z(x) = the number of irreducible components X (x), of type I-2 in X (x)
such that C(x), = @,
111 cire (X ) = the number of irreducible components ¥ (x), of type Il in X (x)
such that C(x), is nonempty,
n,z(x) = the number of irreducible components X (x), of type II
such that C(x), is empty.

Since these numbers depend only on the combinatorial type ¢, we also denote them by
n(c), nyp(c), nipubble(€), n1,z(¢), Ncire(c) and ny,z(c). Note that

n(c) = 1+ npp(c) + nppubble(c) + 11,6 (c) + ni1cire (¢) + n11,2(c)

because there always exists a unique irreducible component of type I-1. Then we find
the following proposition. The proof is easy and so omitted.
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Proposition 6.58 (1) The virtual codimension vcd(c) of the stratum with the com-
binatorial type ¢ is equal to

2(n(c) — 1) — 2ny,p(c) — n1pubble () — 111, circ (€)
= nipubble (¢) + 2711, (¢) + R cire(€) + 2n11,6(¢),
which is nonnegative.

(2) ved(c) =0 if and only if n(c) = nyp(c) + 1. Namely, all irreducible components
are of type I with nonempty circles and the circle on each component of type I-2
does not contain the root node.

(3) ved(c) =1 if and only if either case (A) n(c) = nyp(c) + 2 and nypupble(c) =1,
or case (B) n(c) = nyp(c) +2 and nycire(c) = 1. Namely, either all irreducible
components are of type I with nonempty circles and there is exactly one irre-
ducible component ¥, of type I-2 such that the circle C, contains the root node
of X, or there is exactly one type I component ¥, with C, # &, all others are
of type I with nonempty circles and the circle C, on each irreducible component
of type I-2 does not contain the root node.

Proposition 6.58 describes combinatorial types ¢ such that the corresponding strata in
M;ph(J ~:o;C) is codimension 1. There are two cases:

(A) n(c) = I’l[,p(c) + 2 and nl,bubble(c) = 1,
(B) n(c) =npp(c) +2 and nypcirc(c) = 1.
Case (A) and case (B) are treated in different ways. Firstly, we consider case (A).

Note that the stable map is constant on the irreducible components explained in
Remark 6.30(2). By our convention, we do not put obstruction bundles on these
components. Therefore, we can identify the following two codimension-1 boundary
components equipped with Kuranishi structures:

(1) A type I component splits into two irreducible components.

(2) A type I circle C, meets an inward interior marked point, and an irreducible
component of case (i) in Definition 6.31 is inserted at the node of the two
irreducible components.

See Figure 5, which illustrates an example with ny,(c) = 0.

These two strata are glued to cancel codimension-1 boundaries. See Remark 6.63(2)
for the cancellation with orientation. This is a key geometric idea to see the equality in
Lemma 6.15. From now on, we denote by

MP(Jn:e:C)

the moduli space with the codimension-1 boundaries of (1) and (2) identified as above.
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The remaining codimension-1 boundary components are in case (B), ie those with
nonempty type II circles in the admissible system of circles, which correspond to the
codimension-1 disc bubbling phenomenon in Mgnai“(J NxN:PB). We will study these
codimension-1 boundary components in Lemma 6.69. See Remark 6.63(3), (4) and
Section 6.3.1 for the cancellation with orientation in case (B).

6.3.5 Proof of Theorem 1.9(2), I'V: Completion of the proof In this subsection we
prove (6-29). First of all, we recall the following lemma, which is a well-known fact
on the moduli space of pseudoholomorphic spheres which is used in the definition of
quantum cup product [16]. Let p € m2(N)/ ~, where the equivalence relation ~ was
defined in Definition 6.13. For given p and cycles Py, P; and P> in N, we defined
MM (Jn; p: P1, P2, Po) in Definition 6.34.

Lemma 6.59 The moduli space /\/l;ph(J N p; P1, P2, Py) carries a Kuranishi struc-
ture K¢ and a multisection sy such that

D #HMPNIn:pi Py, Py Pg)) O TP et NIl = (PD[Py] % PD[ P2], PD[ Po}).
o

The sum is over p for which the virtual dimension of M%ph(J N p; P1, P2, Py) is zero.

Now we will consider the moduli space used to define the left-hand side of (6-29).
Let ,g = (B1,...,Bxr) such that B; # 0 € II(Ay). Set length(,g) = k. We define
Mi1(UNxN; B ; P) by induction on length(B). Firstly, we consider the moduli space
Mi,1,00(Jnxn:B) of bordered stable maps representing the class B attached to
(N x N, Ap) with one interior marked point and one boundary marked point. Here,
to specify the interior marked point as an output marked point, we use the notation
Mi,1,00(Jnxn: B) used in Section 8.10.2 of [10]. See the line just before Defini-
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tion 8.10.2 in [10] where the orientation on M (1,0)(/nxn: B) is given. We denote
by z; the first (and only) boundary marked point. Then we define

My 1,00(UNxN;: B P) = My (1,00(UNxN; Bev; X P.

This is a special case of Definition 8.10.2 in [10] with k = 1 and £ = 0, and the sign
is (—1)€ = +1 in this case.

When length(8) =1, ie E = (B1), we set
(6-33) Myt (Jnxw: Bi P) = =My q.0/(Jxwi i P).

Here we reversed the orientation of M (1 0y(Jnxn:B1: P) so that it is compatible
with Definition 6.18 in the case that k = 1.

Suppose that the orientation of Mj;; (JNxN; ,5 ; P) is given for length(ﬁ) < k. For
B=@B1....,Brk+1), we write B~ = (B2,...,Br+1). Then we define

(6-34) Ml;l(JNxN§B§ P)=—-M11(UNxN:B1)evi Xproevin M1,1(INxN: B P).

Namely, we reversed the orientation so that it is consistent with Definition 6.18 for
each positive integer k = length(fB). We also denote by M .1 (Jyxn: B; P) the chain

p2oevin: Mi;1(Unxn;:B: P)— An,

where p>(x,y) = (y,y). By an abuse of notation, we set My 1(Jnxn:;@: P) = P.
From now on, § is either & or (B1,..., Br) with B; # 0 foreach j =1,... k. For
each P(), Py, P, ,30, ,31 and /32, we define

(6-35)  M(JInxn: B B1. Ba. Bo: P1. Pa. Po) = Mi1(Jnxn: Bo: Po)ev,
Xevo MEN (I sns Bs M1 (Inxw Bii P1). M1, 1(Unxws B2: P2)).

Taking our Convention 8.2.1 (4) in [10] and the pairing (6-20) into account, the following
is immediate from definition.

Lemma 6.60 There exist a Kuranishi structure K1 on
M(Inxw:B's Bi. B2, Bo: P1, P2, Po)
and a multisection s1 with the following properties. We denote by ng the sum of
#(M(Inxn: B's i, Ba. Bo: Pr, P, Po))™
over (8'; ,51 , ,52, BO) whose total sum is B. Then we have

(6-36) (M2 (Z(P1). Z(P2)). Z(Po)) = D ngT*PF) et B2,
B
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Moreover, The multisection sy is invariant under the involution t4« on each disc compo-
nent with bubble trees of spheres.

The last statement follows from the fact that the multisection s; is constructed by
induction on the energy of the bordered stable maps keeping the invariance under 7 ;
see the explanation in Remark 6.9.

Consider the union of /\/;l(JNxN;ﬁ,iBI_»)BZ,EOQ P1, P, Py) over (ﬂ’;Bl,Ez,BO)
such that the total sum of (B'; Bl’ B2,B0) is B whose double belongs to class
p € ma(N)/ ~. (See Remark 6.22(2) for the double of §.) We glue them along
virtual codimension-one strata appearing in case (A) in Proposition 6.58, and denote
it by

(6-37) M(INxN:p: P, P, Po).

See Sublemma 6.61 for the description of codimension-one strata which we identify.
Each ./\/l(J NxN: B ,31 ,32 ,30, P1, P>, Py) has Kuranishi structure in such a way that
we can glue them to obtain a Kuranishi structure on ./\/l(J NxN;p; P1, P2, Py); see
also Lemma 6.64. Namely, we have:

Sublemma 6.61 The orientations of/\jl(JNxN; B ,51, ,52, Bo; Py, Py, Py) are com-
patible, and M(Jnyxn; p; P1, P2, Po) has an oriented Kuranishi structure.

Proof It is sufficient to see that two top-dimensional strata adjacent along a stratum
of codimension 1 induce opposite orientations on the stratum of codimension 1.

First, consider the case that a transition of strata occurs in one of M1 1(Jnxn; Bi; Pi)
for i =0, 1,2. It will suffice for us to check the compatibility of orientations inside
Mi,1(Jnxn; B: P) foragiven B. Let

B=(B1.....Bi. Bi+1r- .. Br):
Bay=(B1..... B0, B =Bit1.--.Br)

B'=(Bi1....Bi—1.Bi + Bit1. Btz Br).
We define

MZ(JNXN§B(2); P) = Ma(Unxn: Bi+1: M1a(Unxwn; (Bi+2.---, Bk); P)).

By Proposition 8.10.4 in [10] with 81 =0, k =k, =1 and £; = {5 =0, (6-33) and
the proof that py,o =iy mod Al in page 739 thereof, we find that

0,nov

Ma(Inxn:Ba: P) C (=DM ANFIG AL (I B P).
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By Proposition 8.10.4(2) in [10], we obtain

Mia(UInxn: Bans MaUnx: By P)) C (1) ™ AN LMy 1 (s B P).
On the other hand, Proposition 8.10.4(1) [10] also implies that
Mi1Unxn: Bari Ma(Insn: Bari P)) C (=DIMANIMy (I B P).
Hence the orientationiofM1,1(JNxN; g; P)and My 1(Unxn: B’; P) are compatible
along M1 1(Jnxn; By Ma2(Inxn: By P)).

Next we consider the remaining case, ie a transition of strata involving Mz(Inxn:B).
For ;31 (B1,1+-- -+ B1.k), we write ,81 = (B1,2+---,B1.k)- The moduli spaces

M(Inxn:B': Br. Ba. Bo: P1. Py, Po)

MInxn: B+ Bia; BT, Ba. Bo: Py, P2, Py)

are adjacent along a stratum of codimension 1:

(6-38) My, 1(Jnxn: Bo; Po)
eviXevg M3 (INxN: B's Ma(Inxn: Bri P1). M1, 1 (Unxws Bas P2)).

Instead of Proposition 8.10.4(1), (2), we use Proposition 8.5.1 in [10], and find that the
orientations of

and

M(Inxn: B Br. Ba. Bo: P1. Pa. Po)

MInxn: B + /31,1;,51_,,52, Bo: Py, P2, Py)

are compatible along the stratum given in (6-38).

and

The same argument apphes to Mi,1(Jyxn; ,Bl, P;) for i =0, 2. Hence the orientations
of the moduli spaces M(J NxN: B ,31 , ,82, /30, P1, P>, Py) are compatible with one
another and so define an orientation on M(J NxN:p: P1, P2, Py).

Thus we can glue oriented Kuranishi structures on M (Jnxn: B B 1, ,32, BO; Py, P>, Py)
to obtain an oriented Kuranishi structure on M(Jyxn: p; P1, P2, Po). a
The map % in (6-15) induces

(6-39) T MYAE(Jn i pi Pr, Pa, Po) = MEPME(Jy; p; Py, P2, Py),
where we recall

MPV (T p: Py, P2, Po)
— (_l)deg Py-deg P> Po Xev, (M;ph,reg(JN; p)(thevz) x y2 (P1 x Pz))
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from Definition 6.34. We extend 72 to a map
(6-40) 31 M(Inxn;p; P1, P2, Po) = MP(Jn; p; C; P1, P2, Po)

defined on the full moduli space as follows. Let ( pi, (Si,j i (Zi,j:0, Zi, jrint)s Ui, ]) ) be
an element of M1.1(JNxN; ,BZ,P) Here p; € |P;| and (Si,;, (Zi,j:0+ Zi, j:int) Ui,j) €
Mi,1(Jnxn; Bi,j) such that

Sf(pi) =ui1(zi,150) i1 (Zi,1sine) = 1i,2(20,2;0) -+ Ui ;=1 i ey — 15ime) = Ui & (Zi e;50)
where P; is (| P;|, f), | P;| is a simplex, and f: | P;| = N is a smooth map.

Suppose that S;,; is a disc component. Writing u;, ;j = (uj" "j+u; j), we obtain a map
Ui j: Xi,j — N with X; ; a sphere, the double of S; ;. For bubble trees, we goes as
in Remark 6.22(1).

We denote by C; ; C X; ; the circle along which we glued two copies of S; ;. Then i; ;
is defined by gluing ul‘*'j and u; ;oc along Cj,j in Xj ;, where ¢: X; j — X ; is
the conjugation with C; ; as its fixed point set.

We glue (%; j,u;,j) and (2; j4+1.u%;,j+1) at z; j:;ine and z; j+1;0. Here we identify
Zi,j;int € Sj,; as the corresponding pointin ¥; ; such thatitis in the disc bounding C; ;.
We thus obtain a configuration of a tree of spheres and a system of circles on it for each
i =1,2,0. We glued them with the double of an element M‘;ai“(J NxnN:B') in an
obvious way. Thus we obtain the map (6-40). (In case some of the sphere component
becomes unstable, we need to shrink it. See the proof of Lemma 6.62 below.)

It is easy to see that J is surjective.

Lemma 6.62 There is a subset D(J) C //\/\t(JNxN; p; P1, P», Py) of codimension at
least 2 such that the map J is an isomorphism outside D(J).

Proof We can easily check that the map J fails to be an isomorphism only by the fol-
lowing reason. Let ((%5, (z1, 22, o)), v) be an element of M(JNxN; 0; P1, P2, Py)
and let Z?is be one of its irreducible sphere components. Suppose that Efis is unstable.
(Namely we assume that it has one or two singular points.) Then its automorphism
group Aut(Z¢*) will have positive dimension by definition of stability. (We require
the elements of Aut(2$) to fix the singular point.) By restricting v to X%, we
obtain v; = (v;",v;"), where vi¥: ¢ — N are maps from the sphere domain ¢,
On the double (which represents J((295, (z1, 22, 29)), v)), the domain X% contains
two sphere components E;r and ¥;" on which the maps v and v;” are defined
respectively. We have two alternatives:
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(1) If one of v;" or v is a constant map, then this double itself is not a stable map.
So we shrink the corresponding component ;" or X; to obtain a stable map.
(This is actually a part of the construction used in the definition of J.)

(2) Suppose both v;" and v;~ are nonconstant and let g € Aut(Ed“) Then the map
v8 = (viH, v 0 g) deﬁnes an element of ./\/l(JNxN p; P1, P2, Py) dlfferent
from v; = (vi ,v;) but is mapped to the same element under the map J

We will denote by D(J) the subset of /\//\l(J NxN:pP; P1, P2, Pp) which consists of
(=98, (21, 22, 29)), v) with at least one unstable sphere component Z?is. This phe-
nomenon occurs only at the stratum of codimension > 2 because it occurs only when
there exists a sphere bubble.

This finishes the proof. a

Remark 6.63 (1) We give the orientation on M;Ph(J N p;C; Py, Pa, Py) as follows:
We recall from Proposition 6.14 that the map

5 MPUE (T p) — MPE (T p)

is an orientation-preserving isomorphism between spaces with oriented Kuranishi
structures. Taking Definitions 3.15 and 6.34 into account, we find that the map J"&
in (6-39) induces an isomorphism from Py Xey, Mmai“ T (JnxN:ps P1, P2) to
MSph 8 (Jn; p;C; P1, P2, Py) which is orientation-preserving if and only if we have
(- 1)deg PidegP2+1) — 1 Since P; = Mi1,1(JnxnN:D; P;), the orientation of the fiber
product Po Xey, ./\/lmaln " (JNxN: ,o,oPl P5) is the restriction of the orientation of
M(JNX Nip; Pr, PZ,PO) Recall that J extends to J in (6-40), which is an isomorphism
outside D(J) of codimension at least 2 (Lemma 6.62). Hence we can use J to equip
the moduli space M;Ph(J N p;C; P1, P2, Py) with an orientation in such a way that J
is orientation-preserving if and only if (—1)deg Pr{deg Pa+1) —

(2) For strata of virtual codimension 1, there are two cases: case (A) and case (B)
in Proposition 6.58(3). We also explained that each stratum in case (A) arises in
two ways of codimension-1 boundary of top-dimensional strata, ie phenomena (1)
and (2); see Figure 5. Note that there is a canonical identification, ie inserting/forgetting
the component of case (i) in Definition 6.31, between those arising from phenom-
enon (1) and those arising from phenomenon (2). The orientation of each stratum
of top dimension in ./\/lSPh(J N p;C; P1, Py, Py) is defined using the orientation of
M(J NxN: P Py, P, Py) as we just mentioned in Remark 6.63(1). Since the moduli
space M(J NxN; p; P1, P2, Py) is oriented, these two orientations are opposite under
the above identification to give an orientation on the glued space with Kuranishi
structure. As for the cancellation in case (B), see Section 6.3.1, Lemma 6.69 and the
following items (3) and (4).
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(3) We consider the involution 74 applied to one of the disc components S of the
fiber product factors appearing in a stratum of /\71(J NxN;p; P1, P2, Py), such that the
double of § is type II. Then the orientation of the circle C = dS embedded in the
domain ¥ of the corresponding sphere component is inverted under the operation on
M;ph(JN; 0:C; Py, P>, Py) induced by 74 under the map J.

(4) The moduli space /\/l;ph(J N p;C; P1, Py, Py) is stratified according to the com-
binatorial types ¢, see Definition 6.36. When c¢ is fixed, there are finitely many type II
components. There are involutions acting on these components by the reflection
with respect to the circle of type II. Namely, the involution reverses the orienta-
tion of the circle of type II. We call a Kuranishi structure (resp. a multisection) on
M;ph(J N p:C; P1, Py, Py) invariant under the inversion of the orientation of circles
of type 11, if the Kuranishi structure (resp. the multisection) restricted to each stratum
corresponding to ¢ is invariant under the involution acting on each type II component
in ¢. Note that these involutions are defined on the corresponding strata, not on the
whole moduli space ./\/l;ph(JN; 0:C; P1, P32, Py).

Lemma 6.64 The moduli space M;ph(J N p:C; P1, Py, Py) carries a Kuranishi struc-
ture Ry invariant under the inversion of the orientation of circles of type 1I. The
Kuranishi structure can be canonically pulled back to a Kuranishi structure on the
space /\71(JN><N; p; P1, Pa, Py). Moreover, there is a multisection s, of the Kuranishi
structure on Ms3ph(J N p;C; Py, P2, Py) with the following properties:

(1) The multisection s, is transversal to the zero section.

(2) The multisection s, is invariant under the inversion of the orientation of the
circles of type I

(3) The multisection s, does not vanish on D(7J).

Proof Lemma 6.64 is clear from construction except the following points.

Firstly, we consider the point of the moduli space M‘_Z’ph(J N p;C; P1, P, Py) such
that one of the following two conditions is satisfied:
(1) A circle in type II component X, hits the singular point of £, other than the
root thereof.
(2) A circle in type I-2 component %, hits the singular point other than its outward
interior special point.

We have to glue various strata meeting at such a point in M;ph(J N p;C; Py, Pa, Py).
We have already given such a construction during the proof of Theorem 6.57. By
examining the way how the corresponding strata are glued in M (JNxN;p; P1, P2, Py),
the gluing of corresponding strata of M;Ph(J N p;C; Py, Py, Py) are performed in
the same way. We like to note that the phenomenon spelled out in the proof of
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Lemma 6.62 concerns sphere bubbles of the elements of /Q(J NxN;p; P1, P2, Py),
while the phenomenon we are concerned with here arises from disc bubbles. Therefore,
they do not interfere with each other.

Secondly, we need to make the choice of the obstruction bundle of the Kuranishi
structure of MSPh(J N p;C; P1, Pa, Py) in such a way that it is compatible with one
of M(J NxN;p: P1, P2, Pg). Lemma 6.62 describes the locus D(J) where the map J
fails to be an isomorphism. Let v; = (v, ,v;") be the sphere bubble as in the proof
of Lemma 6.62. Then v;" (resp. v7") corresponds, via J, to a sphere bubble attached
to a pseudoholomorphic sphere at a point in the lower hemisphere (resp. the upper
hemisphere). In the construction of a Kuranishi structure on the moduli space of
holomorphic spheres (or stable maps of genus 0), we take obstruction bundles in order
to construct Kuranishi neighborhoods. Let E (v,-i) be a finite-dimensional subspace in
Qo1 ((vl-i)* T N) such that the linearization operator of the holomorphic curve equation
at vl-jE becomes surjective modulo £ (vii). In order to extend E (vii) to a neighborhood
of vi we used obstruction bundle data (introduced in Definition 17.7 in [13]), in
particular, additional marked points wij and local transversals DjE to the image of v
at vi(w ). For v;: CP! — N x N, we regard E(v;") and E(v ) as subspaces of

QUL ()" (TN ®0)) = Q% ((v;")*TN ®0)
and

QU ()* OB TN)) = Q¥ (0@ (v;)*TN),

respectively. Note that the linearization operator of the pseudoholomorphic curve
equation at v; is surjective modulo E(v;")® E(v;") C QO 1((v,)"‘(T(N X N))). When
we extend E(v;") (resp. E(v;)) to a neighborhood of v,, we use w; ; and D+ x N
(resp. w; ; and N xD; ;). Namely, we use the data w ; and D+- and the data w;
and D; ; separately, not s1multaneously

i,J

The Kuranishi structure can be taken invariant under stratumwise involutions since the
Kuranishi structure is constructed by induction on the energy, and we can keep the
finite symmetries as in the explanation in Remark 6.9.

The existence of a multisection in the statement follows from general theory of Kuranishi
structures once the following point is taken into account. By Lemma 6.62, there is a
subset D(J) of codimension at least 2 such that J is an isomorphism outside D(J).
Since the expected dimension of M;ph(J N:p:C; Py, Py, Py) is 0, we can choose an s,
that does not vanish on D(J). a

Remark 6.65 Generally, note that we can pull back a Kuranishi structure & on

M;ph(JN; 0:C; Py, P>, Py) to a Kuranishi structure on JQ(JNxN; 0; P1, Py, Ppy) in
a canonical way if the next condition () is satisfied. By construction of the Kuranishi

Geometry & Topology, Volume 21 (2017)



Antisymplectic involution and Floer cohomology 89

structure, we take a sufficiently dense finite subset 3 C /\/l;ph(J N p;C; P1, Pa, Py),
and for each 1 €3, we take a finite-dimensional subspace Eq(x) of Q0! (Zp uy TN) =
C®(Z, A% @u}TN), where (Z,, Z uy: Ty — N) is a stable map appearing in 1.
The subspace Eg(r) consists of smooth sections of compact support away from nodes.
Moreover, the union of Ey(r) and the image of the linearized operator of the Cauchy—
Riemann equation spans the space QO’I(E;, uy TN); see Section 12 of [16]. Now we
require the following:

* e support of any element of £¢(xr) does not intersect with the circles consistin
The support of any el f Eo(x) d i ith the circl isting
re MP(Jy:p:C; Pr, P2, Py).

We show that the condition (x) implies that the Kuranishi structure 8 can be pulled
back to M(Jyxn;p; P1, P2, Py) below.

We recall the construction of Kuranishi structure on M;ph(.] N p;C; P1, Py, Pp) in
Theorem 6.57 a bit more. For each r € 13, we take a sufficiently small closed neighbor-
hood U(x) of ¢ in M%Ph(JN;p;C; Pi, Py, Py). Let y e M;Ph(JN; 0:C; Py, P>, Py).
We consider B(y) = {r P |y e U(r)}. Using the complex linear part of parallel trans-
port along minimal geodesics as in Definition 17.15, Lemma 18.6 and Definition 18.7 in
[13], we transform a subspace Eg(r) with r € 3(1) to a subspace of Q0! (Zy.usTN),
where (Zy, Zj‘ ,uy: Xy — N) is a stable map appearing in 1. We fix various data, such
as obstruction bundle data on g, for our construction; see [13, Definition 17.7]. We
define E(y) C QO’I(E‘,, uy TN) as the sum of those subspaces for various r € P(p).
(We remark that this sum can be taken to be a direct sum [13, Lemma 18.8].)

By taking U(r) small, we may and will require that the supports of elements of E(y)
are disjoint from the circles consisting 1.

Now let § € M(Jnxn; p; P1, P, Po) with J3(§) = v. Using the fact that the supports
of elements of E () are disjoint from the circles consisting 1, we can lift E£(y) to a
subspace E(§) of Q%1 (Z;, uzTN), where (Zg, Zg‘, uz: X5 — N) is a stable map
appearing in 1). We use E (1)) as the obstruction bundle to define the lift of our Kuranishi
structure. See also Remark 6.70.

Let Z be a compact metrizable space, and let ROZ and ﬁlz be its Kuranishi structures
with orientation. Let 55 and 512 be multisections of the Kuranishi structures ﬁg
and ﬁlz , respectively. We say that (ﬁg ,502 ) is homotopic to (8% ,512 ) if there exists
an oriented Kuranishi structure ££*[9-11 on Z x [0, 1], and its multisection sZ*[0-1]
which restricts to (8% ,5%) and (ﬁz,slz ) at Z x {0} and Z x {1}, respectively. We
call such (R%*[0:1] §2x10.1]) 3 homotopy between (ﬁoz,sg ) and (ﬁlz,slz).

The moduli space /\/;l(J NxN:p; P1, Py, Pp) is stratified according to combinatorial
types. For u € M(Jyxn; p; P1, P2, Py), we decompose the domain of u into disc
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components and sphere components. We define an extended disc component of u to be
the union of a disc component D, (u) and all trees of spheres rooted on D, (u). We
denote it by ﬁa (u). An extended disc component is said to be of type I (resp. type II)
if the corresponding component of J(u), ie the double of D, (u), is of type I (resp.
type II). The involution 7, acts on each extended disc component. In particular, s
acting on an extended disc component Dy (u) of type Il is compatible with the inversion
of the orientation of the circle on the component of J(u) of type II, which is the double
of the disc component D, (u); see Remark 6.63.

Lemma 6.66 For the pull-back J*(85,5,) and (R1, 51), there is a homotopy (K, s)
between them that is invariant under 1 on each extended disc component of type II
acting on the first factor of M(Jnyxn; p; P1, P2, Po) x [0, 1].

Proof By Lemma 6.64, the moduli space //\/\l(JNxN; p; P1, P», Py) has the pair
J*(R2,52) of Kuranishi structure and multisection, which are invariant under the
inversion of the orientation of circles. We also have another such pair (&1, 51). Then the
standard theory of Kuranishi structure shows the existence of the desired homotopy. O

Lemma 6.67 We have

> ng =#(MP"(Iy:p:C: P1. Py, Pp))”.
B

Here the sum is taken over the class p € I1(An) =2 (N XN, Ap)/ ~ whose double be-
longs to class p € mp(N)/ ~, and the virtual dimension of M;ph(JN; p;C; P1, P2, Py)
is zero.

Proof If the moduli space /\’/\l(J NxN: p: P1, P2, Py) x [0, 1] had no codimension- 1
boundary in the sense of Kuranishi structure, the existence of the homotopy (K, s) in
Lemma 6.66 would immediately imply the conclusion. In reality, there does exist a
codimension- 1 boundary; however, it consists of elements with at least one component
of type II. Since s is invariant under the action 74« on the disc component of type II,
the contribution from the boundary cancels as in the proof of unobstructedness of the
diagonal in (N x N, —prjw + pryw) in Section 6.3.1. Hence the proof. O

Remark 6.68 Even though the dimension of a space Z with Kuranishi structure is 0,
the codimension-1 boundary can be nonempty. This is because the dimension of a
space with Kuranishi structure is virfual dimension. After taking a suitable multivalued
perturbation, its zero set does not meet the codimension-1 boundary.
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We now consider the forgetful map
(6-41) §: MPM(Jn:p;C; Py, Pa, Po) —> MP"(Jn:p; P1. Pa. Po),

which is defined by forgetting all the circles in the admissible system of circles. We
recall from Lemmas 6.59 and 6.64 that both moduli spaces M;ph(J N p; P1, P2, Po)
and M;ph(J ~; p;C; P1, P, Py) carry Kuranishi structures. We have also used mul-
tisections on M;ph(JN; o P1, P>, Py) and on M;Ph(JN; p:C; P1, P2, Py), denoted
by so and s, respectively.

Lemma 6.69 Let (R,,s2) be a Kuranishi structure with multisection on M;ph(J N;p;C;
P1, P,, Py) asin Lemma 6.64. Then (R, s2) is homotopic to the pull-back §* (R, s0).
Moreover, there is a homotopy between them which is invariant under the inversion of
the orientation of the type II circles. In particular, we have

#(MPN(Jy; p; C; Py, P2, Po))™ = #(MP(Jy; p; Pr, P2, Po))™
if the virtual dimensions of the moduli spaces on both sides are zero.

Proof The existence of a homotopy between Kuranishi structures &, and §* Ko is
again a consequence of the general theory once the following point is taken into account.
Note that §*s¢ and s, are invariant under the inversion of the orientation of circles of
type II. Then we can take a homotopy which is also invariant under the inversion of
the orientation of circles of type II.

We note that there are several components of M;ph(J N:p;C; Py, Py, Py) which are
of codimension 0 or 1 and contracted by §. Note that we took sg in such a way
that its zero set does not contain elements with domains of at least two irreducible
components; see the paragraph right after Proposition 6.14. Hence the zeros of §*sg
are contained in the subset where § gives an isomorphism, and we can count them
with signed weights to obtain a rational number. Namely, we have

#(MP"(In: p; C; Py, P, Po))g O =#(MP(Jy: p; P1, P2, Po))™.

If the moduli space M;ph(J N p;C; P1, P2, Pp) had no codimension-1 boundary in
the sense of Kuranishi structure, the existence of a homotopy between (83, 52) and
$*(Ro, 50) would immediately imply that

#MPN N i C: Py, Pa, Po))™ = #(MP(y: piC: Py P, Pg))T ™,

which would complete the proof. However, M;Ph(J N p;C; P1, Py, Py) does have a
codimension-1 boundary, which consists of stable maps with admissible systems of
circles containing at least one circle of type II. All the contributions from those compo-
nents cancel out by the involution, which inverts the orientation of the circles of type II.
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(This is a geometric way to see the vanishing of mg(1) in the chain level. We have
already checked that it occurs with sign in Section 6.3.1. See also Remark 6.63(3), (4).)
Hence the lemma. a

Remark 6.70 The pull-back Kuranishi structure §* (89, 50) does not satisfy the con-
dition (*) appearing in Remark 6.65. In fact, the obstruction bundle of F*(Ro, s5¢) is
independent of the position of the circles. Therefore, we may not pull back F* (8o, 50)
to a Kuranishi structure on /\/;l(J NxN:pP; P1, P2, Pg), while we can pull back the
Kuranishi structure K5.

By Lemmas 6.59, 6.60, 6.67 and 6.69, the proof of Theorem 1.9(2) is complete. a

Proof of Corollary 1.10 Viewing N as a closed relatively spin Lagrangian sub-
manifold of (N x N, —pr’fa)N + prﬁwN), we can construct a filtered Ao structure
on H(N; A((?Znov) which is homotopy equivalent to the filtered Ao, algebra given by
Theorem 6.2. This is a consequence of Theorem W in [9]. See also Theorem A in [9].
Then (1) and (2) follow from Theorem 1.9. Assertion (3) follows from Theorem X

in [9]. |

6.4 Calculation of Floer cohomology of RP2"+1

In this subsection, we apply the results proved in the previous sections to calculate Floer
cohomology of real projective space of odd dimension. Since the case RP! ¢ CP! is
already discussed in Section 3.7.6 of [9], we consider RP2"*1 for n > 0. We note that
RP2"+t1 c CP2"*! is monotone with minimal Maslov index 2n +2 > 2 if n > 0.
Therefore, by [17] and Section 2.4 of [9], Floer cohomology over A%} nov 18 defined. In
this case, we do not need to use the notion of Kuranishi structure and the technique
of the virtual fundamental chain. From the proof of Corollary 1.6, we can take O as
a bounding cochain. Hereafter, we omit the bounding cochain 0 from the notation.
By [18] and Theorem D in [9], we have a spectral sequence converging to the Floer
cohomology. Strictly speaking, in [18], the spectral sequence is constructed over Z,
coefficients. However, we can generalize his results to ones over A%, oy Coefficients in
a straightforward way, as long as we take the orientation problem, which is a new and
crucial point of this calculation, into account. Thus Oh’s spectral sequence over AOZ’ nov

is enough for our calculation of this example. (See Chapters 8 and 6 of [7] for a spectral

sequence over AOZnov in a more general setting.)
b

We use a relative spin structure in Proposition 3.14 when 7 is even and a spin structure
when n is odd. We already check that RP2"**! ¢ CP2"*! has two inequivalent
relative spin structures. The next theorem applies to both of them.
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Theorem 6.71 Let n be any positive integer. Then the spectral sequence calculating

HF (Rp2"+1 Rp2n+1; AOZ,HOV) has a unique nonzero differential

d2n+1: H2n+1(RP2n+l. Z) ~7 HO(RP2n+1' Z) ~7
which is multiplication by £2. In particular, we have

HF(RP2n+1,RP2n+1; AZ ) ~ (AZ /ZAZ )@(n+1).

0,nov 0,nov 0,nov

Remark 6.72 (1) Floer cohomology of RP™ over Z, is calculated in [17] and is
isomorphic to the ordinary cohomology. This fact also follows from Theorem 34.16 in
[7], which implies that Floer cohomology of RP™ over AZ2 s isomorphic to the

0,nov
ordinary cohomology over A%fmv.

(2) Theorem 6.71 gives an example where Floer cohomology of the real point set is
different from its ordinary cohomology. Therefore, it is necessary to use Z, coefficients
to study the Arnold—Givental conjecture; see Chapter 8 of [7].

Proof of Theorem 6.71 If n > 1, the set m(CP2"+1 RP2"*1) has exactly one
element B satisfying g p2n+1(B1) = 2n + 2, which is the minimal Maslov num-
ber of RP2"T1. By the monotonicity of RP2"+! c CP2"*1, a degree counting
argument shows that only Mj(J; B1), among the moduli spaces M3 (J; B) with
B € mp(CP27+1 RP27+1) contributes to the differential of the spectral sequence.
First of all, we note that t induces an isomorphism modulo orientations:

(6-42) 4. Ma(J; B1) — My(J; By).

Later we examine whether 7, preserves the orientation or not, after we specify relative
spin structures.

Since w[B1] is the smallest positive symplectic area, M5 (J; B1) has codimension- 1
boundary corresponding to the strata consisting of elements which have a constant disc
component with two marked points and a disc bubble. However, when we consider the
evaluation map ev = (evg, evy): Ma(J; B1) = RP?*T1 x RP2"+1 these strata are
mapped to the diagonal set, whose codimension is bigger than 2. Thus we can define
fundamental cycle over Z of ev(M2(J; By)), which we denote by [ev(M2(J; B))].
We also note

dim Mo(J;B)) =2n+2+42n+1+2-3=2dimRP>"*!

Lemma 6.73 Consider the evaluation map ev: My(J; By) — RP2"T1 x Rp2n+l,
Then we have
[ev(Ma(J; By))] = £2[RP# T x RP2 T,

where [RP2"T1 x RP2"+1] js the fundamental cycle of RP?"+1 x Rp2n+1,
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Proof For any distinct two points p,q € CP2"T1 there exists a holomorphic map
w: S =C U{oo} — CP2"*1 of degree 1 such that w(0) = p and w(oo) = ¢, which
is unique up to the action of C \ {0} = Aut(CP';0,00). In case p,q € RP2"*T1 the
uniqueness implies that w(z) = tw(cz) for some ¢ € C \ {0}. Using this equality
twice, we have w(z) = w(|c|?z). In particular, we find that |c| = 1. Let a be a
square root of ¢, and set w’(z) = w(az). Since ac/a = 1, we obtain w’(z) = tw’(z).
(Note that w and w’ define the same element in the moduli space M;ph(J ([CP1]))
Thus the restriction of w to the upper or lower half plane defines elements w, or
w; € M»(J; B1). Namely, there exist wy, w; € M»>(J; B1) such that ev(w,) =
ev(w;) = (p, g). Conversely, any such elements determine a degree-one curve by the
reflection principle.

To complete the proof of Lemma 6.73, we have to show that the orientations of the
evaluation map ev at w,, and w; coincide. Note that 74 (wy,) = w; and 74 oev = ev.
Thus it suffices to show that 74 in (6-42) preserves the orientation. First, we consider
the case of RP*"3. In this case, RP*"*3 is r—relatively spin. Therefore, by
Theorem 4.10, the map (6-42) is orientation-preserving because

%/’LRP4”+3(BI) +2=2n+44

is even. We next consider the case of RP#" 1. We pick its relative spin structure
[(V,0)]. By Theorem 4.10 again, the map

T Ma(J; BT Wl 5 My (g BIT0)]
is orientation-reversing because
Lugpant1(B1) +2=2n+3

is odd. On the other hand, by Proposition 3.14 we have t*[(V,0)] # [(V,0)]. Let ¢
be the unique nonzero element of H2(CP**T1 RP4*+1:7,) =~ 7,. It is easy to see
that ¢[B1] # 0. Then by Proposition 3.10, the identity induces an orientation-reversing
isomorphism

Ma(J: BT W My (J; B)IOL,

Therefore, we can find that
Ta: MZ(J; Bl)[(V’U)] _>M2(J; Bl)[(V’G)]

is orientation-preserving. This completes the proof of Lemma 6.73. |

Then Lemma 6.73 and the definition of the differential d imply
d>" 1 (PD([p])) = [evo(M2(J; Bi)ev, X [p])] = £2PD[RP?"*1],
which finishes the proof of Theorem 6.71. O
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Remark 6.74 1In Section 3.6.3 of [9], we introduced the notion of weak unobstructed-
ness and weak bounding cochains using the homotopy unit of the filtered A, algebra.
We denote by Myeak(L; Ao nov) the set of all weak bounding cochains. We also defined
the potential function PO: Myeak(L: Aonov) = A for» Where A (D is the degree-
zero part of A(')': nov- Then the set of bounding cochains M(L; Ag nov) is characterized
by M(L; Ao noy) = POL1(0). About the value of the potential function, we have the

following problem:

Problem 6.75 Let L be a relatively spin Lagrangian submanifold of a symplectic
manifold M. We assume that L is weakly unobstructed and that the Floer cohomology
HFE((L,b), (L,b); A(I;nov) deformed by b € Myea(L) does not vanish for some
field F. In this situation, the question is whether BO(b) is an eigenvalue of the
operation

¢ cUger(M): QH(M: A{ ) — QH(M; A{ ).

F
0,nov *

Here (QH(M; A({ hov)» U@) s the quantum cohomology ring of M over A
Such statement was made by M Kontsevich in 2006 during a conference of homological
mirror symmetry at Vienna. (According to some physicists this had been known to
them before.) See also [1]. As we saw above, RP2*t1 c CP?"*1 for n > 1 is
unobstructed. Since the minimal Maslov number is strictly greater than 2, we find
that any b € H'(RP?"T1; F) ® Ag Loy Of total degree 1 is a bounding cochain; ie
PO (b) = 0 by the dimension counting argument. On the other hand, Theorem 6.71
shows that the Floer cohomology does not vanish for F' = Z,, and the eigenvalue is
zero in the field F = Z, because ¢1(CP?" 1) =0 mod 2. Thus this is consistent with
the problem. (If we take F' = Q, the eigenvalue is not zero in Q. But Theorem 6.71
shows that the Floer cohomology over Aé)Qinov vanishes. So the assumption of the
problem is not satisfied in this case.) Besides this, we prove this statement for the
case of Lagrangian fibers of smooth toric manifolds in [15]. We do not have any

counterexample to this statement at the time of writing this paper.

6.5 Wall crossing term in [5]

Let M be a 6—dimensional symplectic manifold and L its relatively spin Lagrangian
submanifold. Suppose the Maslov index homomorphism py: Hy(M,L;Z) — Z is
zero. In this situation, the first named author [5] introduced an invariant

Wy M(L:AS ) > AFC

0,nov 0,nov*
In general, it depends on a compatible almost complex structure J, and the difference
VY ; — Wy, is an element of AFQ

0,nov *
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Let us consider the case where 7: M — M is an antisymplectic involution and
L = Fixt. We take the compatible almost complex structures Jo and J; such
that t«Jo = —Jop and 1.J7 = —J1. Moreover, we assume that there exists a one-
parameter family of compatible almost complex structures 7 = {J; | ¢ € [0, 1]} such
that t«J; = —J;. We will study the difference

(6-43) vy —Yy,
below. Namely, we will study the wall crossing phenomenon by the method of this paper.

Let « € Hy(M; Z). Denote by M («; J) the moduli space of J—holomorphic spheres
with one interior marked point and of homology class «. We have an evaluation map
ev: My(a;J) — M. We assume

(6-44) eviMy(a; Jo)NL=eviMi(a; 1) NL =92

for any « # 0. Since the virtual dimension of M (a; J) is 2, (6-44) holds in generic
cases. The space

(6-45) Mi(@: T L) = | {1} x (Mi(@: Jo)ew xmr L)
t€l0,1]

has a Kuranishi structure of dimension 0, which is fibered on [0, 1]. The assumption
(6-44) implies that (6-45) has no boundary. Therefore, its virtual fundamental cycle
is well defined and gives a rational number, which we denote by #M(«; J; L). By
Theorem 1.5 in [5], we have

Yy, -V, = Z#Ml(oﬁ J; L)Tw(a)-
o
The involution naturally induces a map t: M («; J; L) > My(t«0; T; L).
Lemma 6.76 The map t: Mi(«; J; L) — Mi(t«a; J: L) is orientation-preserving.

Proof In the same manner as in the proof of Proposition 4.9, we can prove that
T Mi(a; J) = M (t«a; J) is orientation-reversing. In fact, this case is similar to the
case where k = —1, ur(B) = 2c1(0) =0 and m = 1 of Proposition 4.9. Note that ©
also reverses the orientation on M if % dimg M is odd. Therefore, for any ¢ € [0, 1],
T respects the orientation on M (o; J¢)ev Xpr L and that on M (twat; Jy)ev Xar L.
Hence the lemma. i

Lemma 6.76 implies that, in the case of a 7 fixed point, the cancellation of the wall

crossing term via involution does not occur because of the sign. Namely, Formula (8.1)
in the first author’s paper [5] is wrong.

Geometry & Topology, Volume 21 (2017)



Antisymplectic involution and Floer cohomology 97

Appendix: Review of Kuranishi structure — orientation
and group action

In this appendix, we briefly review the orientation on a space with Kuranishi structure
and the notion of a group action on a space with Kuranishi structure for the readers
convenience. For a more detailed explanation, we refer to Sections Al.1 of [10]
and A1.3 of [10] for Sections A.1 and A.2, respectively.

A.1 Orientation

To define an orientation on a space with Kuranishi structure, we first recall the notion of
its tangent bundle. Let M be a compact topological space, and let M have a Kuranishi
structure. That is, M has a collection of a finite number of Kuranishi neighborhoods
(Vp, Ep, Tp, Y¥p, sp) for p € M such that:

(k-1) Vj, is a finite-dimensional smooth manifold which may have boundaries or
corners;

(k-2) Ej is a finite-dimensional real vector space, and dim V, —dim E), is indepen-
dent of p;

(k-3) Ty is a finite group acting smoothly and effectively on V), and linearly on Ej;

(k-4) sp, which is called a Kuranishi map, is a ', —equivariant smooth section of
the vector bundle E, x V), — V), called an obstruction bundle;

(k-5) ¥p: s;l(O) /T'p — M is a homeomorphism to its image;

&-6) U, ¥p(s, (0)/Tp) = M;
(k-7) the collection {(V,, Ep, I'p, ¥p.Sp)}perm satisfies certain compatibility con-
ditions under coordinate change.

See Definitions A1.3 and A1.5 in [10] for the precise definition and description of the
coordinate change and the compatibility conditions in (k-7), respectively. We denote
by P the finite set of p € M above. By Lemma 6.3 in [16], we may assume that
{(Vp . Ep, Ty, ¥p.5p)pep is a good coordinate system in the sense of Definition 6.1 in
[16]. In other words, there is a partial order < on P such that the following conditions
hold: Let ¢ < p (p,q € P) with wp(sljl(O)/Fp) N wq(sq_l(O)/Fq) # &. Then there
exist:
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(gc-1) a I'y—invariant open subset V4 of V; such that

Vg (Vn(sy ' (0)/Tp) g (571 (0)/Ty)) € Vpg/ Ty
(gc-2) an injective group homomorphism /p,4: I'y — I'p;

(gc-3) an hpg—equivariant smooth embedding ¢p4: Vpg — V) such that the induced
map Vyq/ Ty — V,/ T} is injective;

(gc-4) an hpg—equivariant embedding ¢A>pq: Eg xVpq — Ep x V) of vector bundles
which covers ¢,, and satisfies
$pg ©Sq =Sp O Ppg, Vg =Vp©oPpg-
Here ¢pg: Vpg/Tq = Vp/T'p is the map induced by ¢pq .

Moreover, if ¥ <g < p and wp(sljl 0)/Tp)N 1/fq(sq_1 (0)/T) N, (s, 1(0)/Ty) # 2,
then there exists
(g¢c-5) ¥pgr € I'p such that

hpg ©hgr = Ypgr - hpr 'yp_qlr’ ®pq © Pqr = Vpgr - Ppr.  Ppq © Par = Vpgr - Ppr-
Here the second and third equalities hold on ¢q_r1 (Vpg) N Vgr N'Vp, and on
E; x (g, (Vog) N Vgr N Vpy), respectively.

Now we identify a neighborhood of ¢,4(Vp4) in V), with a neighborhood of the zero
section of the normal bundle Ny, V, — Vp4. Then the differential of the Kuranishi
map s, along the fiber direction defines an /,4,—equivariant bundle homomorphism

dfiberSp: NVM Vp = Ep X Vpg.
See Lemma A1.58 in [10] and also Theorems 13.2 and 19.5 in [13] for detail.

Definition A.1 We say that the space M with Kuranishi structure has a tangent bundle
if dfibersp induces a bundle isomorphism

Ep xVyq
‘lASpq(Eq X Vpq)
as I'q—equivariant bundles on a neighborhood of Vjg N, 1(0). (See also Chapter 2
of [13].)

(A-1) Ny, Vp =

Definition A.2 Let M be a space with Kuranishi structure with a tangent bundle. We
say that the Kuranishi structure on M is orientable if there is a trivialization of

ANPE* ® NPTV,

compatible with the isomorphism (A-1) and whose homotopy class is preserved by the
I'p—action. The orientation is the choice of the homotopy class of such a trivialization.

Geometry & Topology, Volume 21 (2017)



Antisymplectic involution and Floer cohomology 99

Pick such a trivialization. Suppose that s, is transverse to zero at p. Then we define an
orientation on the zero locus s, 1(0) of the Kuranishi map sp, which may be assumed
so that p € s5,71(0), by the equation

EpxTpsy ' (0) =T, V.

Since we pick a trivialization of APE} ® APTV), as in Definition A.2, the above
equality determines an orientation on s, 1(0), and also on Sp 1(0)/T,. See Section 8.2
of [10] for a more detailed explanation of orientation on a space with Kuranishi structure.

A.2 Group action

Next we recall the definitions of a finite group action on a space with Kuranishi structure
and its quotient space. In this paper, we used the Z,—action and its quotient space (in
the proof of Theorem 1.5).

Let M be a compact topological space with Kuranishi structure. We first define the
notion of an automorphism of Kuranishi structure.

Definition A.3 Let ¢: M — M be a homeomorphism of M. We say that it induces an
automorphism of Kuranishi structure if the following holds: Let p € M and p’ = ¢(p).
Then, for the Kuranishi neighborhoods (Vy, Ep, I'p, ¥, sp) and (Vyr, Epr, Tpr, Wrpr, Spr)
of p and p’, respectively, there exist pp: Iy = Tpr, @p: Vp = Vpy and @1 Ep — Epy
such that:

(au-1) pp is an isomorphism of groups;

(au-2) ¢p is a pp—equivariant diffeomorphism;

(au-3) @p is a pp—equivariant bundle isomorphism which covers ¢, ;

(au-4) spropp = Pp o Sp;

(au-5) Ypro@p =@oy,, where ¢p: sp_1 0)/Tp —>s;,1 (0)/ T'pr is a homeomorphism

induced by ¢, | 551(0)"

We require that p,, ¢, and ¢, above satisty the following compatibility conditions
with the coordinate changes of Kuranishi structure: Let g € v/, (s_1 (0) /Tp) and ¢" €

Ypr (5,1 (0)/ ) such that ¢(q) = q'. Let ($pg. $pq- hpg) and (Bpra’s bprq's hprg)
be the coordinate changes. Then there exists ypqpq’ € I'pr such that the following

conditions hold:
(auc-1) ppohpg = Vpgp'q’ - (hpg' © pg) - Vp_qlp’q’;
(auc-2)  ¢podpg = Vpap'a’* (Pp'q’ ©¥q);
(auc-3) @podpq = VYpap'a’ - (Bp'q’ ©Pq)-
Then we call ((op, ¢p. (ﬁp) p: @) an automorphism of the Kuranishi structure.
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Remark A.4 Here (pp, ¢p, ¢p)p are included as data of an automorphism.

Definition A.5 We say that an automorphism ((pp.¢p, @p)p: @) is conjugate to

!

(0> ¥ Pp)p; @') if @ = ¢” and if there exists yp € ['y(,) for each p such that:

€1 Py =vp-p-vpy s
(€j-2) ¢, =Vp-¥p;
(j-3) @, =Vp @p.
The composition of the two automorphisms is defined by the following formula:
((op. 03 @3)p: 0") 0 (02, 03, §2)p; @7)
= ((Pg2(p) @ Po () © Pp P () © Pp)pi @' 0 97).
Then we can easily check that the right-hand side also satisfies the compatibility

conditions (auc-1)—(au-3). Moreover, we can find that the composition induces the
composition of the conjugacy classes of automorphisms.

Definition A.6 An automorphism ((0p, ¢p. @p)p: @) is orientation-preserving if it is
compatible with the trivialization of APE; ® APTV,.

Let Aut(M) be the set of all conjugacy classes of the automorphisms of M and let
Autg(M) be the set of all conjugacy classes of the orientation-preserving automor-
phisms of M. Both of them become groups by composition.

Definition A.7 Let G be a finite group which acts on a compact space M. Assume
that M has a Kuranishi structure. We say that G acts on M (as a space with Kuranishi
structure) if, for each g € G, the homeomorphism x — gx, M — M induces an
automorphism g, of the Kuranishi structure, and the composition of g« and A4 is
conjugate to (gh)«. In other words, an action of G to M is a group homomorphism
G — Aut(M).

An involution of a space with Kuranishi structure is a Z, action.
Then we can show the following:

Lemma A.8 [10, Lemma A1.49] If a finite group G acts on a space M with Kuran-
ishi structure, then the quotient space M /G has a Kuranishi structure.

If M has a tangent bundle and the action preserves it, then the quotient space has a
tangent bundle. If M is oriented and the action preserves the orientation, then the
quotient space has an orientation.
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A.3 Invariant promotion

As we promised in the proof of Theorem 1.5, we explain how we adopt the obstruction
theory developed in Sections 7.2.6—7.2.10 of [10] to promote a filtered A, g struc-
ture to a filtered Ao, structure keeping the symmetry (1-2). Since the modification
is straightforward, we give the outline for readers’ convenience. We use the same
notation as in Section 6.1. We first note that in our geometric setup, the Lagrangian
submanifold L is the fixed point set of the involution 7. So t acts trivially on C(L; Q)
in Theorem 6.2. Moreover, the induced map t« given by Definition 4.2 is also trivial
on the monoid G(L). (See Remark 4.3.)

Let G C R> x 2Z be a monoid as in Section 6.1. We denote by B an element of G.
Let R be a field containing Q, and let C be a graded R—module. Put C = C ® A(If,nov.
Following Section 7.2.6 of [10], we use the Hochschild cohomology to describe the
obstruction to the promotion. In this article, we use C¢ = C ® R[e, e~!] instead of C
to encode the data of the Maslov index appearing in (1-2). Here e is the formal variable
in A(Ii nov+ Note that the promotion is made by induction on the partial order < on the
set G X Zx¢, which is absolutely independent of the variable e. Thus the obstruction
theory given in Sections 7.2.6-7.2.10 of [10] also works on C€. Let {mg g} and {fx g}
be a filtered A, g algebra structure (Definition 6.5) and a filtered A, x homomorphism
(Definition 6.6). They are R—linear maps from By (C[1]) to C. We naturally extend
them as R[e, e~ !] module homomorphisms and denote the extensions by the same

symbols. We put
miﬂ = mk,ﬂeprz(ﬂ)/2: Bk((_je[l]) N (_je[l],
(A-2) ’ - :

where pry: G CR>o%x2Z — 27 1is the projection to the second factor. In the geometric
situation, pr, is the Maslov index u; see (6-3). For each K, we have a map

(A-3) Op: BxC¢[1] = BxC*®[1]

defined by
Op(a1x1 ® - @ agxg) = (~1)*(afxx ® - ®alxy)

for a; = Zj cje’/ € Rle,e”!] and x; € C . Here

(A-4) «=K+1+ Y  degx;degx;
1<i<j<K

and

(A-5) a;‘ — Z ¢j (=),
J
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Obviously we have Op o Op = id.

Definition A.9 An R[e, e~ '] module homomorphism g € Hom(B(EIe([l]), Ce[1]) is
called Op—invariant if go Op = Op og.

Then it is easy to check the following. Recall that 7,8 = 8 for B € G.

Lemma A.10 A filtered A, g structure {my g} satisfies (1-2) if and only if mj, 8
defined by (A-2) is Op—invariant.

Definition A.11 A filtered A, k algebra (C,{my g}) is called an Op—invariant fil-
tered Ay k algebra if {mlec’ ﬁ} is Op—invariant. A filtered A, x homomorphism {fx g}
is called Op—invariant if {f,i ﬂ} is Op—invariant. We define an Op—invariant filtered
Apn k homotopy equivalence in a similar way.

The following is the precise statement of our invariant version of Theorem 6.7 (Theo-
rem 7.2.72 in [10]) which is used in the proof of Theorem 1.5.

Theorem A.12 Let Ci be an Op—invariant filtered A, g algebra and C; an Op—
invariant filtered A, g’ algebra such that (n,K) < (n’,K’). Let h: C; — C, be an
Op-—invariant filtered A, g homomorphism. Suppose that b is an Op—invariant filtered
An, k homotopy equivalence. Then there exist an Op—invariant filtered A,/ g’ algebra
structure on Cy extending the given Op—invariant filtered A, g algebra structure and
an Op—invariant filtered A, g homotopy equivalence C1 — C, extending the given
Op-invariant filtered A, g homotopy equivalence b.

Proof To prove this theorem, we mimic the obstruction theory to promote a filtered
Ay k structure to a filtered Ao structure given in Sections 7.2.6-7.2.10 of [10].

Let (C,{mg g}) be a filtered A, g algebra. As mentioned before, we first rewrite
the obstruction theory by using C¢ instead of C. This is done by extending the
coefficient ring R to R[e, e !] and replacing my g by mz, 8 in (A-2) as follows: We
put my; = my g, for Bo = (0,0). (Note that my = m,ec’ Bo .) We naturally extend my
to an R[e, e~ !] module homomorphism which, by abuse of notation, we also write
mg: Br(C¢[1]) — C°[1].

As in the proof of Theorem 7.2.72 in [10], we may assume that (n, K) < (n’, K') =
m+1,K—1)or (n,K)=(n,0) < ®', K')=(0,n+ 1) to consider the promotion.
We consider an R[e, e~!]-module Hom(BgC*®[1], C¢[1]) and define the coboundary
operator &1 on it by

(A-6) 81(p) =1 0@+ (—1)*ET g om,
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for ¢ € Bg/C¢[1]. Here my: BC*®[1] - BC®[1] is a coderivation induced by m;
on C¢ as in (6-5). We denote the §; —cohomology by

(A7) H(Hom(Bg C*[1],C°[1]). 81)

and call it Hochschild cohomology of C¢. We modify the definition of the obstruction
class as follows. As in the proof of Lemma 7.2.74 in [10], we put (||8]l,k) = (n’, K');
see (6-7) for the definition of ||8]|. Then, replacing my g by mi’ g We modify [10,
(7.2.75)] so that

deg’x (1) M 2y (3
E : z :(_1) e miz,ﬁz(xi ’milyﬂl (7). x; )’
B1+B>=8, k1+ka=k+1 i
Uk Bk B)

where x € Bx/C¢[1]. Note that eP2(B1)/2pr2(B2)/2 — pr2(B)/2 Then this defines an
element

0% 4(C) € Hom(Bg:C°[1], C¢[1])
which is a §; —cocycle. Thus we can define the obstruction class
(A-8) [0k 5(C)] € H(Hom(Bg C*[1], C[1]). 81)
for each ||8]| = n’. Under this modification, Lemma 7.2.74 in [10] also holds for C®.

Now we consider the Op—invariant version. The map Op defined by (A-3) acts on
BgC¢[1] and C*[1], and so on Hom(Bg/C¢[1], C¢[1]) as involution. We decompose
Hom(Bg C*[1], C¢[1]) so that

(A-9) Hom(Bg:C*¢[1],C*[1])
= Hom(Bg C¢[1], C¢[1])°P & Hom(BgC*®[1], C¢[1])~ P,

where Hom(Bg-C¢[1],C¢[1])°P and Hom(Bg-C¢[1],C¢[1])~ °P are the Op—invariant
part and the anti-Op—invariant part, respectively.

Suppose that (C,{my g}) is an Op—invariant filtered A, g algebra. By Lemma A.10,
we have Op—invariant elements

m ;= my. pe?2 /2 ¢ Hom(Bg C*[1], C¢[1])°P.

Note that the map Op and §; defined by (A-6) commute. Therefore, if we use mg B
we can define an Op—invariant Hochschild cohomology

(A-10) H(Hom(Bg C®[1], C®[1]),81)°P := H(Hom(Bg C*[1], C¢[1])°?, §1).
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Moreover, the construction of the obstruction class above yields the Op—invariant
obstruction class

(A-11) 0% 5(C)]% € H(Hom(Bg-C¢[1], C*[1]),81)".

Then the following lemma is the Op—invariant version of Lemma 7.2.74 in [10] whose
proof is straightforward.

Lemma A.13 Let (n’, K') be as above and C an Op—invariant filtered A, x algebra.
Then the obstruction classes

0% 5(C)]?" € H(Hom(Bg-C¢[1], C*[1]), 1)

vanish for all § with ||B|| = n’ if and only if there exists an Op—invariant filtered
Ay g structure extending the given Op—invariant filtered A, g structure.

Moreover, if C — C’ is an Op—invariant filtered A, x homotopy equivalence, then
0% 4 (C)]OP is mapped to [o%: 4(C ")]°P by the isomorphism

H(Hom(Bg/C¢[1], C¢[1]), 81)°P == H(Hom(Bx C'*[1], C’°[1]),81)°P

induced by the Op—invariant homotopy equivalence.

Once Op-invariant obstruction theory is established, the rest of the proof is parallel to
one in Section 7.2.6 of [10]. i

Similarly, using the Op—invariant obstruction theory for an Op—invariant filtered A, g
homomorphism, we can also show the Op—invariant version of Lemma 7.2.129 in [10]
in a straightforward way.

Lemma A.14 Let (n,K) < (n’,K’), and let Cy, C», C{ and Cj be Op—invariant
filtered Ap/ g algebras. Let : Cy — C» and b': C{ — C5 be Op—invariant filtered
Ap,x’ homotopy equivalences. Let g(1,: C1 — C| be an Op—invariant filtered A, g
homomorphism and g ): C; — Cé an Op—invariant filtered A, g homomorphism.
We assume that g(2) o b is Op—invariant A, g homotopic to h’ o g1).

Then there exists an Op—invariant filtered A,/ g’ homomorphism gf{): Cy — Cy such
that g("l') coincides with g1, as an Op—invariant filtered A, g homomorphism and that
g2 o b is Op—invariant filtered A,k homotopic to b’ o g("{).
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